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ABSTRACT: This paper is an extended version of our short letter on a new proposal for
holographic boundary conformal field, i.e., BCFT. By using the Penrose-Brown-Henneaux
(PBH) transformation, we successfully obtain the expected boundary Weyl anomaly. The
obtained boundary central charges satisfy naturally a c-like theorem holographically. We
then develop an approach of holographic renormalization for BCFT, and reproduce the
correct boundary Weyl anomaly. This provides a non-trivial check of our proposal. We
also investigate the holographic entanglement entropy of BCFT and find that our proposal
gives the expected orthogonal condition that the minimal surface must be normal to the
spacetime boundaries if they intersect. This is another support for our proposal. We also
find that the entanglement entropy depends on the boundary conditions of BCFT and the
distance to the boundary; and that the entanglement wedge behaves a phase transition,
which is important for the self-consistency of AdS/BCFT. Finally, we show that the
proposal of arXiv:1105.5165 is too restrictive that it always make vanishing some of the
boundary central charges.
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1 Introduction

BCEF'T is a conformal field theory defined on a manifold M with a boundary P with suitable
boundary conditions. It has important applications in string theory and condensed matter
physics near boundary critical behavior [1]. In the spirit of AdS/CFT [2], Takayanagi [3]
proposes to extend the d dimensional manifold M to a d + 1 dimensional asymptotically
AdS space N so that ON = M U @Q, where @ is a d dimensional manifold which satisfies
0@ = OM = P. We mention that the presence of the boundary @ is very natural from the
point of view of the UV/IR relation [4] of AdS/CFT correspondence since the presence of
boundary in the field theory introduce an IR cutoff and this can be naturally implemented



in the bulk with the presence of a boundary. Conformal invariance on M requires that N is
part of AdS space. The key point of holographic BCFT is thus to determine the location of
boundary @ in the bulk. For interesting developments of BCFT and related topics please
see, for example, [5-16].

The gravitational action for holographic BCFT is given by [3, 5] (taking 167Gy = 1)

I:/N\FG(R—zA)Jrz/QJE(K—T)+2/M\/§K+2/P\/59 (1.1)

where T is a constant and 6 = arccos(nps.ng) is the supplementary angle between the
boundaries M and (), which makes a well-defined variational principle on the corner
P [17]. Notice that T can be regarded as the holographic dual of boundary conditions
of BCFT since it affects the boundary entropy (and also the boundary central charges,
see (2.43), (2.44) below) which are closely related to the boundary conditions of BCFT [3, 5].
Considering the variation of the on-shell action, we have

5T = — / Vh (Kaﬂ (K - T)haﬂ) Shap — / V(KT — KRi1)6g,: + / Vo 00854
Q M P
(1.2)
For conformal boundary conditions in CFT, Takayanagi [3] proposes to impose Dirichlet
boundary condition on M and P, 6g;j|pr = dog|p = 0, but Neumann boundary condi-
tion on ). And the position of the boundary () is determined by the Neumann boun-

dary condition
K — (K —T)h*® = 0. (1.3)

For more general boundary conditions which break boundary conformal invariance even
locally, [3, 5] propose to add matter fields on @ and replace eq. (1.3) by

Kop — Khep = %Tfﬁ, (1.4)
where we have included 27'h,g in the matter stress tensor Tfﬂ on (). For geometrical shape
of M with high symmetry such as the case of a disk or half plane, (1.3) fixes the location
of @ and produces many elegant results for BCFT [3, 5, 6]. However since @ is of co-
dimension one and its shape is determined by a single embedding function, (1.3) gives too
many constraints and in general there is no solution in a given spacetime such as AdS. On
the other hand, of course, one expect to have well-defined BCFT with general boundaries.

To solve this problem, [5] propose to take into account backreactions of Q). For 3d
BCFT, they show that one can indeed find perturbative solution to (1.3) if one take into
account backreactions to the bulk spacetime. In other words although not all the shapes
of boundary P are allowed by (1.3) in a given spacetime, by carefully tuning the spacetime
(which is a solution to Einstein equations) one can always make (1.3) consistent for any
given shape. However, it is still a little restrictive since one has to change both the ambient
spacetime and the position of () for different boundaries of the BCFT.

As motivated in [3, 5], the conditions (1.3) and (1.4) are natural from the point of view
of braneworld scenario, and so is the backreaction. However from a practical point of view,



it is not entirely satisfactory since one has a large freedom to choose the matter fields as long
as they satisfy various energy conditions. As a result, it seems one can put the boundary
(@ at almost any position as one likes. Besides, it is unappealing that the holographic dual
depends on the details of matters on another boundary @. Finally, although eq. (1.4) could
have solutions for general shapes by tuning the matters, it is actually too strong since as
we will prove in the appendix it always makes vanishing some of the central charges in
the boundary Weyl anomaly. In a recent work [18], we propose a new holographic dual
of BCFT with @ determined by a new condition (1.9). This condition is consistent and
provides a unified treatment to general shapes of P. Besides, as we will show below, it
yields the expected boundary contributions to the Weyl anomaly.

Instead of imposing Neumann boundary condition (1.3), we suggest to impose the
mixed boundary conditions on @ [18]:

(K™ — (K — T)he?),, 57 =, (1.5)
13" 8has = 0. (1.6)

where IT, %% and I a%lﬁ " are the projection operators satisfying I1 o +1I_, Ba/ﬁl =

+afB +afB
53/65 and Hiaﬁa A Hia,ﬁoflﬁl = Hiijalﬁl. Since we could impose at most one condition

to fix the location of the co-dimension one surface (), we require 11 +a%,6 L= AagBo‘lﬁl and
trAB =1 from II 111 =II;. Now the mixed boundary condition (1.5) becomes

(K — (K — T)h*P)Anp = 0, (1.7)

where A, are non-zero tensors to be determined. It is natural to require that eq. (1.7) to
be linear in K so that it is a second order differential equation for the embedding. Thus
we propose the choice Ayg = hqpg in [18]. In this paper, we will provide more evidences for
this proposal. Besides, we find that the other choices such as

Aag = AMhag +XoKog +AN3Rag +---, A1, A2 #0, (1.8)

all lead problems.
To sum up, we propose to use the traceless condition

TByaa = 2(1 — d)K +2dT =0 (1.9)

to determine the boundary Q. Here Thyog = 2Ko3—2(K —T)hqg is the Brown-York stress
tensor on (). In general, it could also depend on the intrinsic curvatures which we will treat
in section 4. A few remarks on (1.9) are in order. 1. It is worth noting that the junction
condition for a thin shell with spacetime on both sides is also given by (1.4) [17]. However,
here @) is the boundary of spacetime and not a thin shell, so there is no need to consider
the junction condition. 2. For the same reason, it is expected that @) has no back-reaction
on the geometry just as the boundary M. 3. Eq. (1.9) implies that @ is a constant mean
curvature surface, which is also of great interests in both mathematics and physics [19]
just as the minimal surface. 4. (1.9) reduces to the proposal by [3] for a disk and half-
plane. And it can reproduce all the results in [3, 5, 6]. 5. Eq. (1.9) is a purely geometric



equation and has solutions for arbitrary shapes of boundaries and arbitrary bulk metrics.
6. Very importantly, our proposal gives non-trivial boundary Weyl anomaly, which solves
the difficulty met in [3, 5]. In fact as we will show in the appendix the proposal (1.4) of [3]
is too restrictive and always yields co = by = 0 for the central charges in (1.10), (1.11).
Since b is expected to satisfy a c-like theorem and describes the degree of freedom on the
boundary, thus it is important for b; to be non-zero.

Let us recall that in the presence of boundary, Weyl anomaly of CFT generally pick
up a boundary contribution (T), in addition to the usual bulk term (T7}), , ie. (T}) =
(T7),; + 6(x1) (T&) p, where §(21 ) is a delta function with support on the boundary P.
Our proposal yields the expected boundary Weyl anomaly for 3d and 4d BCFT [20-22]:

(TH) p = 1R + coTrk?, d =3, (1.10)

(T2, = 16‘;2 EPY 4 by Tok® + byCoe Rk, d=4, (1.11)

where ¢1, ¢2, b1, by are boundary central charges, a = 272 is the bulk central charge for 4d
CFTs dual to Einstein gravity, R is intrinsic curvature, kg, is the traceless part of extrinsic

bdy)

curvature, Cj;i is the Weyl tensor on M and (—E; is the boundary terms of Euler

density F4 used to preserve the topological invariance
2 1
EYY =4 (2Tr(kR) — kR + gTrk?’ — kTrk? + 3k3) : (1.12)

Since @ is not a minimal surface in our case, our results (2.43), (2.44) are non-trivial
generalizations of the Graham-Witten anomaly [23] for the submanifold.

The paper is organized as follows. In section 2, we study PBH transformations in the
presence of submanifold which is not orthogonal to the AdS boundary M and derive the
boundary contributions to holographic Weyl anomaly for 3d and 4d BCFT. In section 3, we
investigate the holographic renormalization for BCFT, and reproduce the correct boundary
Weyl anomaly obtained in section 2, which provides a non-trivial check of our proposal. In
section 4, we consider the general boundary conditions of BCFT by adding intrinsic curva-
ture terms on the bulk boundary Q. In section 5, we study the holographic entanglement
entropy and boundary effects on entanglement. In section 6, we discuss the phase tran-
sition of entanglement wedge, which is important for the self-consistency of AdS/BCFT.
Conclusions and discussions are found in section 7. The paper is finished with three ap-
pendices. In appendix A, we give an independent derivation of the leading and subleading
terms of the embedding function by solving directly our proposed boundary condition for
Q. The result agrees with that obtained in section 2 using the PBH transformations. In
appendix B, we show that the proposal of [3] always make vanish the central charges c;
and b; in the boundary Weyl anomaly for 3d and 4d BCFT. In appendix C, we give the
details of calculations for the boundary contributions to Weyl anomaly.

Notations. G, gij, hag and oy, are the metrics in N, M, @ and P, respectively. We
have p=(1,...,d+1),i=(1,...,d),a=(1,...,d) and a = (1,...,d—1). The curvatures
are defined by R’ = (%FZJV—FFZAF;.\V—(M < v), Ry, = R, and R = R",. The extrinsic
curvature on Q) are defined by K = V n#, where n, is the unit vector normal to () and

pointing outward from N to Q.



Note added. Two weeks after [18], there appears a paper [51] which claims that our
calculations of boundary Weyl anomaly (2.43), (2.44) are not correct. We find they have
ignored important contributions from the bulk action Iy for 3d BCFT and the boundary
action Ig for 4d BCFT. After communication with us, they realize the problems and
reproduce our results (2.43), (2.44) in a new revision of [51]. For the convenience of the
reader, we give the details of our calculations in appendix C. We also emphasis here that,
from our analysis, it is natural to keep T as a free parameter rather than to set it zero.
Otherwise, the corresponding 2d BCFT becomes trivial since the boundary entropy [3] is
zero when T = 0. Besides, we emphasis that, as we previously demonstrated in section 4,
by allowing intrinsic curvatures terms on (, one can always make the holographic boundary
Weyl anomaly matches the predictions of BCFT with general boundary conditions. This
may or may not match with the result of free BCFT since so far it is not clear whether and
how non-renormalization theorems hold. However in the special case it holds, e.g. in the
presence of supersymmetry, it just means the parameters of the intrinsic curvature terms
are fixed, which is completely natural due to the presence of more symmetry.

2 Holographic boundary Weyl anomaly

According to [24], the embedding function of the boundary @ is highly constrained by
the asymptotic symmetry of AdS, and it can be determined by PBH transformations up to
some conformal tensors. By using PBH transformations, we find the leading and subleading
terms of the embedding function for @) are universal and can be used to derive the boundary
contributions to the Weyl anomaly for 3d and 4d BCFT. It is worth noting that we do
not make any assumption about the location of @) in this approach. So the holographic
derivations of boundary Weyl anomaly in this section is very strong.

2.1 PBH transformation

Let us firstly briefly review PBH transformation in the presence of a submanifold [24].

Consider a (p+ 1)-dimensional submanifold ¥ embedded into the (d + 1)-dimensional bulk

N such that it ends on a p-dimensional submanifold 9% on the d-dimensional boundary

M. Denote the bulk coordinates by X* = (z¢, p) and the coordinates on ¥ by 7% = (y?,7)

withi=1,...,dand a = 1,...,p. The embedding function is given by X* = X#(7%).
We consider the bulk metric in the FG gauge

B dp? n gijdxtdz?
- 4p? P

Here p = 0 denote the boundary of the metric. It is known that if one assume the metric

ds® (2.1)

0 1 1
gij admits a series expansion in powers of p, g;; = (g)ij + p(g)ij +---, then (g)ij can be fixed
by the PBH transformation [26]*
() L (o0 B9
P RY — el I 2.2
gl] d_2< 1] 2(d—1) 1] ( )

!Note that in our notation, the sign of curvatures differs from the one of [24, 26] by a minus sign.



PBH transformations are a special subgroup of diffeomorphism which preserve the
FG gauge:

5p = —2p0r(x), (2.3)
, 1 e g .
at =t =5 [" g )0y0(0) + aio). (2.4)
0
(0) (0)

: ij ij
and ag(z) is the diffeomorphism of the boundary M. To keep the position of 0¥ on M, we

Here o(z) is the parameter of Weyl rescalings of the boundary metric, i.e., d,9,.” = 20g

require that af(z)|as = 0.
Next let us include the submanifold. The metric on ¥ is given by

1 1, i o

hr‘r = R + ;aTX a‘rXJg’ij(Xv T)a (25)
1 . .

hap = ;(%XlabX]gij (X, 7). (2.6)

To fix the reparametrization invariance on ¥, we chose similarly the gauge fixing condition
T=p, her =0 (2.7)

Now under a bulk PBH transformation (2.3), (2.4), one needs to make a compensating
diffeomorphism on ¥ [24] such that 6p = 67 and 0har = 0 hyr + 0:E%hgp = 0 in order to
stay in the gauge (2.7). This gives

£ =—270(z) and &%= 2/ dr'7' hyr h®0y0. (2.8)
0

As a result, X* changes under PBH transformation as

60X =£29, X" —d, (2.9)
where £% is given by (2.8) and a’ is given by eq. (2.4). As in the case of the metric, if one
expand the embedding function in powers of 7,

7 a (0)1 a (2)1 a

the first leading nontrivial term can be fixed by its transformation properties [24]. In
fact, since

§X'=0,
X — 9o ?gabaag?iabg - %(S)ifaja, (2.11)
one can solve the second equation of (2.11) by
82()1' = iki, (2.12)
2p



where k' is the trace of the extrinsic curvature of 9%
0 (0) (0). .0, (0. (0
k= hoki, = pab (aaabxz _ Qe a.x00 4 r;kaaXJaka> , (2.13)

(0) (0)
h® is the inverse of h 4 which appears in the expansion:

1.0 ©. (0 10
hap = ~0a X0 X7 gij (X, 7) 4+ 1= —hoap - (2.14)
T

T
0, . : : . O
and ¢, is the Christoffel symbol for the induced metric h 4.
Now let us focus on our problem with p = d —1, ¥ = Q and 0¥ = P. Inspired
by [3], we relax the assumption of [24] and expand X° in powers of /7 in the presence of

a boundary:

7 a (O)Z a (1)1 a (2)2 a
X(my") = X (y") + VTX (y") + 7 X (y") + - (2.15)

This means that ¥ = @ is not orthogonal to the AdS boundary M generally due to the

(1),
non-zero X*(y®). Then we have

1 ) )
hra = ~0- X0, X79i(X, 7) (2.16)

L. () @ 0 L Q. L. 0.1
- L X9,X7g" + 2i <2X’8aXJ(g)ij +X10,X9G + XzaaXJXkak(g)ij> .
272 T

Imposing the gauge (2.7), we get

(1) (1)

X' =|X|nt, (2.17)
(2). 1 .. @ 1 .00, 1)
hi X7 = —Zhwajm2 =5 T nPn'| X2, (2.18)
. 1 1 @
where n' is the normal vector pointing inside from P to M, |X| = \| XX, hi; =
0 . ) .
(g)ij — n;n; is the zeroth order induced metric on ¥, k' = —n'k and & = V;n'. It is

(2).
worth noting that X* is on longer a vector due to the appearance of the affine term in

eq. (2.18). This is not surprising since we have imposed the gauge (2.7) which fixes all the

reparametrization of @) except the one acting on 0Q = P [24]. One can easily check that

(0) .
r ilnknl is indeed covariant under the residual gauge transformations of the reparametriza-

tion of P. Besides, note that coordinates are not vector generally, so there is no need to
)
require X"* to be a vector. What must be covariant are the finial results such Weyl anomaly

and entanglement entropy.



Now let us study the transformations of X* under PBH. From eq. (2.9), we obtain

§X' =0, (2.19)
1), Q).

5X1 = —o X, (2.20)
@, @ 10, . 1 @\ .

0X' = —20X1—|—§|X] h 0o — 5 1+ 2|X|7 | n'n’0j0. (2.21)

Using the following formulas

Son' = —on’, (2.22)
5ok’ = —20k" — p n'n 9,0, (2.23)
W, i i 0 i

06 U5 = 0;Vgo +6;,Vjo — g ;,V'o, (2.24)

one can easily check that egs. (2.17), (2.18) indeed obey the transformations (2.20), (2.21).

)
One may also solve (2.21) directly and obtain for the normal components of X* as:

) |

e X 100 (o

nin; X7 — +2||k — SIXPT e ( 4 rgnm) . (2.95)
14 b

(0) (0). .
Here I'T, = F;knmj n* and ¢ is a parameter to be determined. Note that a term propor-

RN, (1)
tional to n'n/9;| X |? from (2.18) drops out automatically in (2.25) since | X (y®)| is functions
of only the transverse coordinates y“, such term vanishes due to the normal derivatives.

(2).
As we have mentioned, X" is no longer a vector in the normal sense due to the gauge
2).
fixing (2.7). Instead, X' admit some kinds of deformed covariance under the remaining

diffeomorphism after fixing the FG gauge (2.1) in N and world-volume gauge (2.7) on Q.
It is clear that the remaining diffeomorphism are the ones on M and P. The key point is

that, for every diffeomorphism on M, there exists compensating reparametrization on () in
(2).
order to stay in the gauge (2.7). As a result, X"* is covariant in a certain sense under the
combined diffeomorphisms on M and ). As we will illustrate below, the deformed gauge
symmetry is useful and it fixes the value of the parameter A\; to be zero.
Without loss of generality, we consider the Gauss normal coordinates X’ = (x,y%)
on M

(0)

ds%; = gijda:idazj = da? + (0ab + 22ki; + g+ ) dy®dy®, (2.26)

where P is located at z = 0, and @ is determined by
x = ai(y)V7 +azx(y)T + - - (2:27)

To satisfy the gauge (2.7), we should choose the coordinates on @) carefully. For example,
the natural one 7® = (y®, 7) does not work. Instead, we should choose 7® = (y'®, 7) with



the embedding functions given by

P (2.28)

r=a(yY)VT+a(y)T+ - (2.29)
1

ya = y/a — Zoﬂbaba% (y,)T + - (2'30)

Notice that n® = (1,0,---,0) and I'?,, = 0 for the Gauss normal coordinates (2.26). Recall
also that k = —n;k’, we obtain from eq. (2.25)

1+a3(y) k
/ 1
as(y)) = ———LF o X 2.31
W) =5 : (231)
Now let us use the remaining diffeomorphism to fix the parameter ¢;. Consider a remaining
diffeomorphism
x =1+ cx + 0(2) (2.32)
which keeps the position of P and the gauge egs. (2.1), (2.7). From egs. (2.29), (2.31),
(2.32), we have
1+ai(y)
2p
Since the new coordinate z’ satisfies the gauge (2.1), (2.7), it must take the form (2.25)

' =x—cx? +0(2®) = a1 (v)VT — ( k+01§ +c a%(y’)) T+ (2.33)

because of PBH transformations. Substituting n” = (1,0,...,0) and FZ;n/ = 2c¢ into
eq. (2.25), we get
1+ai(y k
as(y') = —I_S;(y)k - 015 —cai(y) +2ce (2.34)

for the new coordinate /. Comparing eq. (2.34) with the coefficients of 7 in eq. (2.33), we
find that they match if and only if ¢; = 0. Hence our claim.

As a summary, by using the PBH transformations and the covariance under remaining
diffeomorphism, we find the leading and subleading terms of embedding functions are
universal and take the following form

o, @

X' =|X]|n', (2.35)

(2). 1+\()1()|2 1 (1) 2 1(0). (1)2

X'=—— k- -hY9;|X — =TIt |X 2.
N S99, X O = 2T X (2.36)

In the Gauss normal coordinates (2.26), the embedding function has very elegant expression

CL2
s =gy - o0

These are the main results of this section. One may still doubt eq. (2.36) due to the non-

Er+--- (2.37)

covariance. Actually, we can derive it from the covariant equation (1.9) together with the
gauge (2.7). So it must be covariant under the remaining diffeomorphism. This is a non-
trivial check of our results. Please see the appendix for the details. Besides, we have checked
other choices of boundary conditions such as eq. (1.7) with Ayg = hag + Ao Kag + A3Rag-
They all yield the same results egs. (2.35), (2.36), (2.37). This is a strong support for
the universality.



2.2 Boundary Weyl anomaly

In this section, we apply the method of [25] to derive the Weyl anomaly (including the
boundary contributions to Weyl anomaly [5]) as the logarithmic divergent term of the
gravitational action. For our purpose, we focus only on the boundary Weyl anomaly on
P below.

Let us quickly recall our main setup. Consider the asymptotically AdS metric

2 _ dz? + gijdajida;j

ds 2

: (2.38)

where z = \/p, gij = gg»)) + 2295) + ey gz-(](-)) is the metric of BCFT on M and gg), fixed
uniquely by the PBH transformation, is given by (2.2). Without loss of generality, we
choose Gauss normal coordinates for the metric on M

ds?w = g,gjq)d:cidxj =dz® + (aab + 2zk;; + 22qap + 23y + - - ) dy®dy®, (2.39)
where the boundary P is located at x = 0 . The bulk boundary @ is given by z = X (z,y).
Expanding it in 2z, we have

r=a1z+az® + -+ (bap1Inz + age)24 + - - (2.40)

where a; and by are functions of y®. By using the PBH transformation, we know that
as is universal and can be expressed in terms of a1 and the extrinsic curvature k through
eq. (2.37). aj can be determined by the boundary condition on (. Noting that K§ =

\/f-ls—iafég + O(z), we get the leading term of eq. (1.7) as

ay
K§—(K-T)) A8 = [ (1 —d)———= +T | A%+ ... =0, (2.41)
( B ﬁ) a M+ CL% a
where --- denotes higher order terms in z. It is remarkable that we can solve a; from

eq. (2.41) without any assumption of A;; except its trace is nonzero. In other words, we
can solve a; from the universal part of the boundary conditions. From egs. (2.37), (2.41),
we finally obtain

Trk

—— " cosh?p,, - 2.42
2(d—1)COS Prs (2.42)

T =(d—1)tanhp,, a3 =sinhp,, as=—
where we have re-parameterized the constant T' in terms of p., which can be regarded as
the holographic dual of boundary conditions for BCFT. That is because, as will be clear
soon, p, affects the boundary central charges as the boundary conditions do. It should
be mentioned that one can also obtain aj,as by directly solving the boundary condition
eq. (1.9) or eq. (1.7) with Aag = hag + AaKag + A3Rap + - - . They yield the same results
for (T, a1,as) but different results for (as,aq,---).

Now we are ready to derive the boundary Weyl anomaly. For simplicity, we focus on
the case of 3d BCFT and 4d BCFT. Substituting egs. (2.38)—(2.42) into the action (1.1)
and selecting the logarithmic divergent terms after the integral along x and z, we can

~10 -



obtain the boundary Weyl anomaly. We note that I;; and Ip do not contribute to the
logarithmic divergent term in the action since they have at most singularities in powers
of z~1 but there is no integration alone z, thus there is no way for them to produce log z
terms. We also note that only as appears in the final results. The terms including aj
and a4 automatically cancel each other out. This is also the case for the holographic Weyl
anomaly and universal terms of entanglement entropy for 4d and 6d CFTs [27, 28]. After
some calculations, we obtain the boundary Weyl anomaly for 3d and 4d BCFT as

(T%) p = sinh p, R — sinh p, Trk?, for 3d BCFT, (2.43)

8

which takes the expected conformal invariant form [20-22]. It is remarkable that the

1 1\, - _
(T, = <EPY 4 (cosh(2p*) - 3> Trk® — cosh(2p,)C%, k", for 4d BCFT. (2.44)

coefficient of Elfdy takes the correct value to preserve the topological invariance of F4. This
is a non-trivial check of our results. Besides, the boundary charges ¢;,b; in (1.10), (1.11) are
expected to satisfy a c-like theorem [5, 7, 29]. As was shown in [3, 6], null energy condition
on @ implies p decreases along RG flow. It is also true for us. As a result, egs. (2.43), (2.44)
indeed obey the c-theorem for boundary charges. This is also a support for our results.
Most importantly, our confidence is based on the above universal derivations, i.e., we do
not make any assumption except the universal part of the boundary conditions on Q. Last
but not least, we notice that our results (2.43), (2.44) are non-trivial generalizations of
the Graham-Witten anomaly [23] for the submanifold, i.e., we find there exists conformal
invariant boundary Weyl anomaly for non-minimal surfaces.

We remark that based on the results of free CFTs [21] and the variational principle, it
has been suggested that the coefficient of Ck in (2.44) is universal for all 4d BCFTs [22].
Here we provide evidence, based on holography, against this suggestion: our results agree
with the suggestion of [22] for the trivial case p = 0, while disagree generally. As argued
in [29], the proposal of [22] is suspicious. It means that there could be no independent
boundary central charge related to the Weyl invariant /cC®*¢ bcha. However, in general,
every Weyl invariant should correspond to an independent central charge, such as the case
for 2d, 4d and 6d CFTs. Besides, we notice that the law obeyed by free CFTs usually does
not apply to strongly coupled CFTs. See [30-33] for examples.

To summarize, by using the universal term in the embedding functions eq. (2.37) and
the universal part of the boundary condition eq. (1.7), we succeed to derive the boundary
contributions to Weyl anomaly for 3d and 4d BCFTs. Since we do not need to assume the
exact position of @, the holographic derivations of boundary Weyl anomaly here is very
strong. On the other hand, since the terms including a3 and a4 automatically cancel each
other out in the above calculations, so far we cannot distinguish our proposal (1.9) from
the other possibilities such as eq. (1.7) with Aag = hag + AaKag + A3Raz. We will solve
this problem in the next section.

3 Holographic renormalization of BCFT

In this section, we develop the holographic renormalization for BCFT. We find that one
should add new kinds of counterterms on boundary P in order to get finite action. Using
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this scheme, we reproduce the correct boundary Weyl anomaly eqs. (2.43), (2.44), which
provides a strong support for our proposal eq. (1.9).

3.1 3d BCFT

Let us use the regularized stress tensor [34] to study the boundary Weyl anomaly. This
method requires the knowledge of (as,aq4,---) and thus can help us to distinguish the
proposal (1.9) from the other choices. we will focus on the case of 3d BCFT in this
subsection.

The first step is to find a finite action by adding suitable covariant counterterms [34]. We
obtain

Lyen = /N dz*VG(R — 2A) + 2 /Q dz*Vh(K - T) + 2/M dz®\/g (K -2 ;RM>
+2/de2ﬁ(9—90 — K), (3.1)

where Ijs includes the usual counterterms in holographic renormalization [34, 35], 6y =
0(z = 0) is a constant [5], K is the Gibbons-Hawking-York term for Ry on M. Notice that
there is no freedom to add other counterterms, except some finite terms which are irrelevant
to Weyl anomaly. For example, we may add /o Rp and ﬁKJQVI to Ip. However, these
terms are invariant under constant Weyl transformations. Thus they do not contribute to
the boundary Weyl Anomaly. In conclusion, the regularized action (3.1) is unique up to
some irrelevant finite counterterms.
From the renormalized action, it is straightly to derive the Brown-York stress tensor
on P
B, = 2<KMab — KMUab) + 2(0 - eo)aab (3.2)

In sprint of [5, 34, 35], the boundary Weyl anomaly is given by

_ B® . 4(0—6) — 2Ky
a = —a =
(Ta)p = ;13% z llgtl) 22 ’

(3.3)

where 0 = arccos ——%— + O(2%), 6y = arccos(tanh p) and Ky = zaz(‘/gT Vo) 4 O(23).

A /gxa:+x/2
Actually since we are interested only in boundary Weyl anomaly, we do not need to calculate
all the components of Brown-York stress tensors on P. Instead, we can play a trick. From
the constant Weyl transformations o, — €20ap, /0 — €2°\/0, 0 — 0 and Ky — e Ky,

we can read off the boundary Weyl normally as

[ vz, = [ v e - )~ 2K), (3.4)
P P

which agrees with eq. (3.3) exactly.
Substituting eqs. (2.38)—(2.42) into eq. (3.3), we obtain

1
(T%) p= —Zsech2(p) [48a3-+sinh(p) (2R +6¢— 3k —6Trk?) +sinh(3p) (2¢—k* —4Trk?)]
(3.5)
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Comparing eq. (3.5) with eq. (2.43), we find that they match if and only if

1
ag = < sinh(p) (cosh(2p)(—2R — 4q + k* + 10Trk?) — 4R — 8¢ + 3k + 12Trk?) , (3.6)

which is exactly the solution to our proposed boundary condition (1.9). One can check
that eq. (1.7) with the other choices Ayg = hop + MNaKap + A3Rop gives different a3 and
thus can be ruled out. Following the same approach, we can also derive boundary Weyl
anomaly for 4d BCFT, which agrees with eq. (2.44) if and only if ag and a4 are given by the
solutions to condition (1.9). This is a very strong support to the boundary condition (1.9)
we proposed.

To end this section, let us talk more about the stress tensors on P. In general, since
the Brown-York stress tensor on () is non-vanishing, we have

Sloen = = / N / VI T 8000 + - / VTS 6hag (3.7)

From the viewpoint of BCF'T, the variations of effective action should takes the form

0lg = = /\ﬁTlﬂagU /\F T 500ab+J60) (3.8)

where J and O are the currents and operators on P, respectively. After the integration
along z on @, we can identify lien With lef. Since ogqp = lim, 0 =% hap , integration of hg, on
Q can also contribute to the stress tensor on P. So T and T ab are different generally.
Interestingly, they always yield the same Weyl anomaly 7T.%, = T, due to Tp“, = 0 and
the fact that the integration on Q, i.e. dzz™, cannot produce terms of order O(z°). An

advantage of T is that it is always finite by definition 7% = \Qﬁ f{fg“b since g is finite.

The integration of the other components of h,g on @ give the new operator O on P. It is
worth noting that since h,g is related to g;; on-shell, the new operator O coming from h,g

()
1]
quantity appears naturally as the new operator on the boundary of BCFT.

is also related to geometric quantity derived from g According to [40], such geometric

3.2 4d BCFT

Now we study the holographic renormalization for 4d BCFT, which is more subtle. We
find that one has to add squared extrinsic curvature terms on the corner P in order to
make the action finite.

We propose the following renormalized action

ren—/dmf’f( —2A)+2/

Q
1 _
2/ dy3\/5 <9 — 0y — EKM + aRp + BTI"K% +’y> . (3.9)
P

dz*Vh (K = T) + 2 /M dzt\/g (K —3- iRM)

Similar to the case of 3d BCFT, I includes the usual counterterms in holographic renor-
malization [34, 35], 0y = 6(z = 0) is a constant [5] and Ky is the Gibbons-Hawking-York
term for Rps on M. It is worth noting that the induced metric on @ is AdS-like, i.e., it
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can be rewritten into the form of eq. (2.38) except that now g;; are in powers of z instead
of z%. In spirit of the holographic renormalization for asymptotically AdS, one can add
a constant term 7 and an intrinsic curvature term Rp into Ip. However, they are not
enough to make the action finite. Instead, we have to add the extrinsic curvature terms
Tr.f(g2 on P. This maybe due to the presence of the singular corner P and the non-AdS
metric on . Note that Rp ~ f(% ~ O(z?) are designed to delete the O(2) divergence in
the action.? It should be mentioned that KQ ab can be regarded as new boundary operator
from the viewpoints of BCFT, since it is defined by the embedding from P to ) rather
than to the spacetime where BCFT lives. On the other hand, Kj; 4 is not an independent
operator, since it is defined by the derivatives of the metric for BCFT. As a result, if we
add K2, ~ O(z?) terms on P, we get ill-defined stress tensors with 9,6(z)T%,, where z = 0
denotes the location of P. This means there is energy flowing outside P, which is not a
well-defined BCFT. For these reasons, we propose eq. (3.9) as the renormalized action.

Substituting eqs. (2.38)—(2.42) into the action (3.9), we can solve «, § and 7 that make
a finite action. It is remarkable that as and a4 disappear in the divergent terms of the
action (3.9) once we impose the universal relations (2.42). Thus the solutions to «, § and
~ are irrelevant to a3 and a4. After some calculations, we get

1 1
a=-—7 sinh p,, (= Ecoshp* coth p,, ~v=0. (3.10)

A quick way to derive eq. (3.10) is to consider AdSs in the bulk and choose spherical
coordinates and cylindrical coordinates on M for o and (3, respectively. Note that the new
counterterms aR, ~ BTrK 22 ~ O(ps) vanish for the trivial boundary condition p, = 0.

Now we are ready to calculate the boundary contributions to Weyl anomaly. Similar
to the 3d case, from the constant Weyl transformations o4, — €*0gp, /o — €3¢/, 0 — 0,
Ky — e Ky, Rp — e *Rp and Trf(% — e*QGTrK%, we can read off the boundary Weyl
anomaly as

/ dy*\/o0 (T3) p = 2/ dy*\/o ((d—1)(0 — 69) — Knr + (d — 3)(aRp + BTYKR)),
P P

(3.11)
To make eq. (3.11) finite, we solve

az = —% sinh p, (cosh(2p,) (R + 4¢ — k* — 9Tvk?) + 2 (R + 4q — k* — 6Trk?)), (3.12)

which is exactly the solution to our proposed boundary condition (1.9). Substituting the
above as into eq. (3.11), we get

1
(T2 =75 [—27sech?(p,) (48as+qk— 61— 2kTrk* — 6 Trk® + Tr(kR) +7Tr(kq))
—3cosh(2ps) (k (—3R—12¢+k*+27Trk?) +271+90Trk> —9Tr(kR) — 63Tr(kq))

q+9kR+9kq—811—13k> +-45kTrk? — 54Tr(kR) +54Tr (kq) | (3.13)

*We have Kqgf ~ O(1) and Kqf ~ O(z). Thus only the combination TrK3, is of order O(2?).
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Comparing eq. (3.14) with eq. (2.44), we find that they match if and only if

1
4= Tooe [24kR —14k® —21kq+90kTrk? + 1350+ 108Trk* —90Tr (kR) — 144Tr (kq)

+4cosh(2p,) (6kR —4k3+6kq—9 (31+6Trk® + Tr(kR) —5Tr(kq)))
+cosh(4p,) (—2k>+9kq—18kTrk? —9 (31+12Trk* —2Tr(kR) —8TR(kq))) |,  (3.14)
which is again the solution to the boundary condition (1.9) we proposed. The other choices

of boundary conditions give different az and a4 and thus can be excluded. In the above
calculations, we have used the following formulas

1 2
EY =4 (m(me) — kR + §k3 — kTrk? + 3Trk3> , (3.15)
.2
Trk3 = §l<:3 — kTrk? + Trk3, (3.16)
_ 1 1 1 1 1 1
ac kb — kR — Zkqg+ k3 — —kTrk® + = Tr(k ~Tr(k 1
C K, 67?, 6q+6 5 'y +2r(72)+2r(q) (3.17)

in Gauss normal coordinates (2.39). Since the calculations are quite complicated, the
non-patient readers can study some simple examples instead. For example, AdS in spher-
ical coordinates and cylindrical coordinates are good enough to reproduce most of the
results above.

To sum up, we have developed a scheme of holographic renormalization for BCFT. We
find that it reproduces the correct boundary Weyl anomaly egs. (2.43), (2.44) only when @
is determined by eq. (1.9). This is a non-trivial check of our proposal for holographic BCFT.

4 General boundary condition

In this section, we consider more general boundary conditions for BCFT. As we have
mentioned before, the constant 7' in the gravitational action eq. (1.1) can be regarded
as the holographic dual of boundary conditions for BCFT, since it is closely related to
boundary central charges. Naturally, we propose to add intrinsic curvature terms on @ to
mimic general boundary conditions. For simplicity, we focus on the case of Ricci scalar.
Now the gravitational action for holographic BCF'T becomes

I:/N\FG(R—QA)+2/Q¢E(K—T—ARQ)+2/M\/§K+2/P\/59, (4.1)

where A is a constant. Similarly, we suggest to impose the mixed boundary conditions on
() with the non-trivial one given by

Ty®, = 2(1 — d)K + 2dT + 2\(d — 2)Rg = 0. (4.2)

Below we will apply the methods of section 3 and section 4 to investigate the boundary
contributions to Weyl anomaly. As it is expected, we find the boundary central charges
depend on the new parameter A\. And again, these two methods give the same results only
if the bulk boundary @ is determined by the traceless-stress-tensor condition eq. (4.2).
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4.1 General boundary Weyl anomaly I

Now let us use the method of section 2 to derive the boundary Weyl anomaly. For simplic-
ity, we focus on AdSy with spherical coordinates and cylindrical coordinates below. The
generalization to higher dimensions and other metrics is straightforward.

B dz% + dr? + r2d6? + 2 sin? 0d¢?

ds? = spherical coordinates (4.3)
ds* = dz® + dr? —{;27‘2(192 i dy27 cylindrical coordinates. (4.4)

Pisat r =79 and @ is given by r = r(z) with
r =171+ sinh p,z — gcosh2 p*z2 +agzd 4+ - (4.5)

where k is % for sphere and % for cylinder. From the leading term of eq. (4.2), we can
re-express 1T’ in terms of p, and \. In general, we get

T = (d — 1) tanh p, + A\(d — 1)(d — 2)sech?p. (4.6)

Substituting eqs. (4.3)—(4.6) into the action (4.1) and selecting the logarithmic divergent
term after the integral along r and z, we can obtain the boundary Weyl anomaly. Similarly,
one can check that I and Ip in the action (4.1) and ag, a4 in the embedding function (4.5)
are irrelevant in the above derivations. Rewriting the final results into covariant form,

we obtain
(T%) p = sinh p, (1 — 2\ coth p) R — sinh p, (1 — 2\ tanh p,) Trk?. (4.7)

Interestingly, now the central charges with respect to R and Trk? become independent,
which implies that there are two independent boundary central charges for 3d BCFT gen-
erally. This is the expected result, since every independent Weyl invariant should corre-
spond to an independent central charge. The above discussions can be easily generalized
to higher dimensions and general metrics. For 4d BCFT, we obtain

1 1 _
(THp = gEdey + <cosh(2p*)(1 — 4Atanh p,) — 3) Trk?
— cosh(2p,) (1 — 4 tanh p,)C% K, (4.8)

Now the central charges related to Trk? and C%° b Clgba are still not independent. One can
check that, by adding more general curvatures in I, the boundary central charges can
indeed become independent. For example, let us consider the action

1:/ \/E(R—zA)H/ \/E(K—T—ARQ—AZRQgRQQRQgHz/ \/§K+2/ N
N Q M P

(4.9)
(d—1)
cosh? p,

where RQ%‘ = Rqj + 5%. Following the above approach, we derive

1 1 -
(T p = gE}fdy + (cosh(Qp*)(l — 4\ tanh p,) — 3 16X, tanh® p*secth*> Trk3

— cosh(2p,)(1 — 4 tanh p,)C%, K, (4.10)
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We remark that in obtaining the results (4.8) and (4.10), it is necessary to consider non-
AdS solutions in order to derive the central charge related to C*¢ bc];:ba since Cupeqg = 0
for AdS.

4.2 General boundary Weyl anomaly 11

In this section, we take the method of section 3 to study the boundary Weyl anomaly for
general boundary conditions. Due to the Ricci scalar in Ig (4.1), we should add new a
Gibbons-Hawking-York term K¢ in Ip. Recall that the induced metric on @ is AdS-like,
i.e., it can be rewritten into the form of eq. (2.38) except that now g;; are in powers of
z instead of z2. In spirit of the holographic renormalization for asymptotically AdS, one
can add a constant term and intrinsic curvature terms on P. Besides, from the experience
of section 3, one has to add extrinsic curvature terms in order to make the action finite
generally. This is may because of the presence of the corner P and the non-AdS metric on
(). Based on the above discussions, we propose the following renormalized action for 3d
and 4d BCFT

I, = / e IVG(R — 20) + 2 / da™VA(K — T — ARo) (4.11)
N Q

1
2 [ dz? K-d-1)—-——R
#2 [ aetva (K- @0 - g
1 _
+ 2/ dy"\/o <9 — 0 — ﬁKM — 20K + aRp + BTrK) + 7> . (412
P _

where «, 8,7 are parameters and will be determined below. For 3d BCFT, we have v =
2Xsechp,, and «, y are free parameters since they are related to finite counterterms. Below,

we focus on 4d BCFT.
For simplicity, we focus on AdS with spherical coordinates and cylindrical coordinates.

B dz? + dr? + r2dQ?

ds? 5 , spherical coordinates, (4.13)
z
dz% + dr? 4 r2d6? + sin® 0dp? + dy3
ds? = &2 tdar 2+ sin” fdg” + y27 cylindrical coordinates I, (4.14)
z
d 2 d 2 2d92 d 2 d 2
ds> = & tar 5 eyt yz, cylindrical coordinates IT, (4.15)
z

Again, we put P at r = ro and label @ by r = r(z) with
k
r =1+ sinh p,z — 5 cosh? p,2? 4+ agz® + agzt + - - (4.16)

where k take values (=, 2 L) for the metrics (4.13), (4.14), (4.13), respectively. From the

ro’ To’ To
traceless-stress-tensor condition eq. (4.2), we can solve the above embedding function. For

the spherical metric (4.13), we can get exact solution

r= 7“3 cosh? p, — (z — 7o sinh py)2. (4.17)
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For the first kind of cylindrical metric eq. (4.14), we obtain
" cosh p,(9sinh(2p.) — 4A(9 cosh(2p.) — 8))
3 =

4.18
54r3(1 — 4\ tanh p,.) ’ (4.18)
wr = cosh p, (=84 sinh p, + 44\ sinh(3p.) + cosh p, — 11 cosh(3px)) (4.19)

T 108/3(1 — 4\ tanh p,) '

As for the second second of cylindrical metric eq. (4.15), we have
h p.(9sinh(2p,) — 36 cosh(2p.) + 28\
4y — €8 P 51n(2p) cosh(2p4) + )7 (4.20)
10873 (1 — 4X tanh p,)

" cosh p, (4 (47 sinh(3p,) — 81 sinh(ps)) + 19 cosh(ps) — 47 cosh(3py)) (4.21)

4= .

8647r3(1 — 4\ tanh p,)
Substituting eqs. (4.13)—(4.16) into the action (4.11) and requiring the action finite,
we derive

sinh p,
4 )

1
a = Acosh p, — 8= 1 cosh p, coth p, — Acosh p,, v = 4\ sechp,. (4.22)

Again, az and a4 do not appear in the divergent terms of the action (4.11). Actually, we
can use only two of the three examples in egs. (4.13), (4.14), (4.15) to derive eq. (4.22).
The third one provides a double check of our calculations.

Now we are ready to calculate the boundary contributions to Weyl anomaly. Similar
to the cases of section 3, with the help of constant Weyl transformations, we can read off
the boundary Weyl anomaly as

[ antvair,
:2/dy?’ﬁ(dA+(d—1)(0—00)—KM—2A(d—2)KQ+(d—g)(aRP+5TrKg)), (4.23)
P

Substituting eqs. (4.13)—(4.22) into the above formula, we can derive the boundary Weyl
anomaly for the three examples in eqgs. (4.13), (4.14), (4.15), which exactly agrees with the
result eq. (4.8) of last subsection. This is a strong support to our proposal of holographic
BCFT with zero trace of the stress tensors on @, i.e., Tpy?,|g = 0.

5 Holographic entanglement entropy

5.1 General formula

Let us go on to discuss the holographic entanglement entropy. Following [36, 37|, it is not
difficult to derive the holographic entanglement entropy for a d-dimensional BCF'T, which
is also given by the area of minimal surface

_ Area(va)

SA 4GN )

(5.1)

where A is a (d — 1)-dimensional subsystem on M, and 4 denotes the minimal surface
which ends on 0A. What is new for BCFT is that the minimal surface could also end on

~ 18 —



A A Q

Figure 1. OBA > OBA’ > OA’.

the bulk boundary @, when the subsystem A is close to the boundary P. See figure 2
for example.

We could keep the endpoints of extreme surfaces 74 freely on @, and select the one with
minimal area as 4. It follows that 4 is orthogonal to the boundary ) when they intersect

N34 1Qlyang = 0. (5.2)

Here ng is the normal vector of @ and nf, are the two independent normal vectors of v4.
It is easy to see that if 4/, is not normal to @), one can always deform 7/, to decrease the
area until it is normal to Q.® Let us take an example in figure 1 to illustrate this. For
simplicity, we focus on static spacetime and constant time slice. Then the normal vector
of 74 alone time is orthogonal to ng trivially. It is worth keeping in mind that the induced
metric on constant time slice is Euclidean and positive definite. Below we focus on the case
d = 2. It is straightforward to generalize our discussions to higher dimensions. Consider an
extreme surfaces OA in figure 1, where O is a fixed point in the bulk, and O A is not normal
to the boundary (. Then select an arbitrary point B alone O A as long as it is near enough
to the boundary. Starting from B, we can construct a minimal surface BA’ that is normal
to the boundary and ending on the boundary at A’ . Since the metric is positive definite
and B is near enough to the boundary, we have BA > BA’ and thus OBA > OBA’. Next
we construct a minimal surface OA’ linking A" and O. By definition, it is smaller than
OBA’. As a result, we have OBA > OBA’ > OA’. 1f OA’ is not orthogonal to @ either,
we can repeat the above approach again and again until the extreme surface is normal to
Q. Now it is clear that the minimal area condition leads to the orthogonal condition (5.2).

Another way to obtain the orthogonal condition is that, otherwise there will arise
problems in the holographic derivations of entanglement entropy by using the replica trick.
In the replica method, one considers the n-fold cover M, of M and then extends it to
the bulk as N,. It is important that N, is a smooth bulk solution. As a result, Einstein

3We thank Dong for emphasizing this point to us.
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equation should be smooth on surface 4. Now the metric near v4 is given by [37]

ds®> = T—ig(dr2 + r2dr?) + (9ij + 2Kaijz® + 0(7“2)) dy'dy’,
where ¢ = 1 — %, r is coordinate normal to the surface, 7 ~ 7 + 27n is the Euclidean
time, y* are coordinates along the surface, 2* = (rcos7,rsin7) and Kyi; are the two
extrinsic curvature tensors. Going to complex coordinates z = re”, the zz component of
Einstein equations
R.. = —lczz T (5.3)

is divergent unless the trace of extrinsic curvatures vanish X, = 0. This gives the condition
for a minimal surface [37]. Labeling the boundary @ by f(z,z,y) = 0, we obtain the
extrinsic curvature of () as

KNEaZfaZf< =+ (5.4)

8zf azf) 4
z

So the boundary condition (1.9) is smooth only if 0.f|y.,n@ = 0zflysn@ = 0, which is
exactly the orthogonal condition (5.2). It should be mentioned that the smooth requirement
of the general boundary conditions (1.7) may yield more constraints in addition to the
orthogonal condition (5.2). When A,s includes higher curvature terms, sometimes the
smooth requirement even leads to contradictions. This can also help us to exclude a large
class of A, in the boundary condition (1.7). Since our boundary condition (1.9) yields
the expected orthogonal condition (5.2), this is also a support to our proposal.

In summary, the holographic entanglement entropy for BCFT is given by RT for-
mula (5.1) together with the orthogonal condition (5.2). As we will show below, there
appear many new interesting properties for entanglement due to the presence of boundaries.

5.2 Boundary effects on entanglement

Let us take an simple example to illustrate the boundary effects on entanglement entropy.
Consider Poincare metric of AdSs

o dz2? +dz? — dt?

ds 5 ,

- (5.5)

where P is at = 0. Solving eq. (1.9) for @), we get x = sinh(p)z and T" = tanhp > 0.
We choose A as an interval with two endpoints at x = d and x = d + 2I. Due to the
presence of boundary, now there are two kinds of minimal surfaces, one ends on @ and the
other one does not. It depends on the distance d that which one has smaller area. From
egs. (5.1), (5.2), we obtain

S 5o log(%), d>d,, 5:6)
- 1 4d(d+2l '
sty + ady log (“H™), d<d.,

where d. = Ive 2/ +1 — [ is the critical distance. The parameter p can be regarded
as the holographic dual of the boundary condition of BCFT, since it affects the boundary
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Figure 2. Subsystem A and its mirror image A’.

entropy [3] and the boundary central charges (2.43), (2.44) as the boundary condition does.
It is remarkable that entanglement entropy (5.6) depends on the distance d and boundary
condition p when it is close enough to the boundary. This is the expected property from
the viewpoint of BCFT, where the correlation functions depend on the distance to the
boundary [40].

To extract the effects of boundary, let us define a new physical quantity when ANP =0

Iy =S§FT — SR, (5.7)

CFT
SA

where is the entanglement entropy when the boundary disappears or is at infinity.

For simplicity, we focus on the case p, > 0. In the holographic language, SSF T is given by

the area of minimal surface that does not end on @). Thus, SSF T"is equal to or bigger than

SECF T and I4 is always non-negative. It is expected that boundary does not affect the
divergent parts of entanglement entropy when A N P = 0, so all the divergence cancel in
eq. (5.7). As aresult, I4 is not only non-negative but also finite. For the example discussed

above, we have

0, d>d,
Ia=1 | 2 ) (5.8)
Elog(m)—ﬁ, 0<d<dc,

which is indeed both non-negative and finite. Actually in this simple example, [ 4 is just one
half of the mutual information between A and its mirror image, so it must be non-negative
and finite. See figure 2 for example. For this simple case, the metric at the mirror image
O’ of a point O is given by the metric at the point O. One should keep in mind that the
mirror image is only an auxiliary tool, there is no real spacetime outside the boundary Q.

5.3 Entanglement entropy for stripe

In this subsection, we study the entanglement entropy of stripe in general dimensions.
Consider a BCFT defined on M the half space x = x; < 0, and consider a subsystem
A given by the constant time slice — < x1 < 0, —L < x9,x3, - ,249-1 < L. The
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Figure 3. The minimal surface of stripe.

bulk boundary @ is given by the co-dimension-1 surface x = ztanf. Here the parameter
¢ = arctan(sinh(py)), where p, is the parameters that we used in previous section. 6 + 5
is the angle between @@ and M. See figure 3.
Let the minimal surface v be specified by the equation x = z(z) with the boun-
dary condition
z(0) = 1. (5.9)

The induced metric on the minimal surface -~ is

(1 +2/(2))dz? + 30, da?
22 '

ds? = (5.10)

and gives the equation of motion
' ()
241 /1 + 2/ (2)?

for the minimal surface. There are two kinds minimal surface. If C' = 0, the solution is

=(C, C = constant, (5.11)

x = —I. The other situation is C' # 0, in this case, assume when z = z,, 2/(2,) = co. Let
(x0,20) be the coordinates of the point P’ where @ and ~ intersect. It is g = z(z9) =
zptan . Denote the unit normal vectors of ) by nff, the unit normal vector of v by n}.
At point P’ we have n® - nY = 0. This gives the boundary condition

2'(20) = — cot 6. (5.12)

Now we solve (5.11) together with the boundary conditions (5.9), (5.12). Using the condi-
tion (5.12) we have

2371 = 28 cos 6, (5.13)
and
(2!
7 (2) = = . (5.14)
1 — (£)2d-1)
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Figure 4. F(0) for d = 3 (left) and d = 4 (right).

We also have the relation
Zx Zx
xo +l:/ x’(z)dz—i—/ 7' (2)dz. (5.15)
0 20

This allow us to solve for z,,

l
Ze = , (5.16)
(0)
where
1 a1 1 -1 L
= —dx +/ ——————dr — tanf(cos ) d-1
/ v/ 1 — x2(d-1) (cos&)ﬁ vV1-— 72(d—1) ( )
B (cos?6; . VDl (-4
= < 2(d 26@-1) 2> +2 <2(d 1)) —tan@(cos&)d%l, (5.17)

2(d—1) F(ﬁ)

where B(z;a,b) is the incomplete beta function. When d > 3, there always exist some
critical point . such that F'(.) = 0, as we can see in the figure 4 for d = 3 and d = 4. One
can also show that 6. is a monotone decreasing function of d. In particular in the limit
d— 400, . — 0.

In the limit § — 0., z, — 400, the solution will tend to the case C' = 0, i.e. the solution

x = —I. For 6 > 0. there is only one solution of minimal surface x = —I. For 6 < 0. we
have two minimal surface solutions, the desired solution is the one with a smaller area.
Consider first the surface x = —[. It is easy to obtain its area
Ao
A= ———— 5.18
' (d—2)et (5:18)
where Ag is the area of the entangling surface. The area of the other surface is
&) ([l :
As=Ay
2z 9=14/1 1‘2d1 cos@dl.ilfd1 1— .1‘2(d 1
Ap
=" 5.19
(d—2)ed_2 ( )
a—2
Ay \FF<2(d i) ) (cosf) da-1 <1 —(d—2) d 9
= + o | 5, ; cos’6 ) | +
d—2 2" 2(d 2(d—1
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Here € is the cutoff and 2 F} (a, b; ¢; 2) is the hypergeometric functions. In the limit  — 6.,
zy — 400, as aresult, Ay — Aj. One could also show A, is a monotone decreasing function
of 8 when 6 < 6.. Therefore in the region 0 < 6., Ay < Aj, the entanglement entropy is
given by f—é.

We remark that our holographic calculation suggests that there is a phase transition
at the critical value 8 = .. In our example we see that 6. is independent of the size of the
stripe [. But it is probably related to the shape of the entangling surface in general. As the
parameter 6 is expected to be dual to the boundary condition of BCFT, it is interesting to
explore what is the nature of the boundary condition in the field theory that would lead
to this phase transition in the BCFT.

6 Entanglement wedge

According to [38, 39], a sub-region A on the AdS boundary is dual to an entanglement
wedge €4 in the bulk where all the bulk operators within £4 can be reconstructed by
using only the operators of A. The entanglement wedge is defined as the bulk domain of
dependence of any achronal bulk surface between the minimal surface v4 and the subsystem
A. Apparently, it seems to conflict with the holographic proposal of BCFT by [3] and us,
where the holographic dual of A is given by IV, which is larger than £4 generally. Of course,
there is no contradiction. That is because CFT and BCF'T are completely different theories.
For CFT, although we do not know the information outside, there still exists spacetime
outside A. As for BCF'T, there is no spacetime outside A at all. Besides, we should impose
suitable boundary conditions for BCF'T, while there is no need to set boundary condition
on the entangling surface for CFT.

It is interesting to study the entanglement wedge in the framework of AdS/BCFT. For
simplicity, we focus on the static spacetime and constant time slice. Recall that the entan-
glement wedge is given by the region between the minimal surface v4 and the subsystem
A on M. A key observation is that entanglement wedge behaves a phase transition and
becomes much larger than that within AdS/CFT, when A is increasing and approaching
to the boundary. See figure 5 for example. This phase transition is important for the self-
consistency of holographic BCFT. If there is no phase transition, then the entanglement
wedge is always given by the first kind (left hand side of figure 5). When A fills with the
whole boundary M and P, there are still large space left outside the entanglement wedge,
which means there are operators in the bulk cannot be reconstructed by all the operators
on the boundary. Thanks to the phase transition, the entanglement wedge for large A is
given by the second kind (right hand side of figure 5). As a result all the bulk operators
can be reconstructed by using the operators on the boundary.

7 Conclusions and discussions

In this letter, we have proposed a new holographic dual of BCFT, which can accommodate
all possible shapes of the boundary P with a unified prescription. The key idea is to
impose the mixed boundary condition (1.9) so that there is only one constraint for the
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Figure 5. Entanglement wedge for small A and large A.

co-dimension one boundary ). In general there could be more than one self-consistent
boundary conditions for a theory [41], so the proposals of [3] and ours have no contradiction
in principle. However, the proposal of [3] is too restrictive to include the general BCFT.
The main advantage of our proposal is that we can deal with all shapes of the boundary
P easily and that it can accommodate nontrivial boundary Weyl anomaly as is needed in
a general BCFT. It is appealing that the bulk boundary () is given by a constant mean
curvature surface, which is a natural generalization of the minimal surface.

Applying the new AdS/BCFT, we obtain the expected boundary Weyl anomaly for 3d
and 4d BCFT and the obtained boundary central charges satisfy naturally a c-like theorem
holographically. As a by-product, we give a holographic disproof of the proposal [22]
and clarify that the validity of the Sgp = Sgg conjecture [42] which is based on [22]
and is sensitively dependent on the choices of boundary conditions of non-free BCFT.
Besides, we find the holographic entanglement entropy is given by the RT formula together
with the condition that the minimal surface must be orthogonal to @ if they intersect.
The presence of boundaries lead to many interesting effects, e.g. phase transition of the
entanglement wedge. Of course, many things are left to be explored, for instance, the
holographic Rényi entropy [43, 44|, the edge modes [45, 46], the shape dependence of
entanglement [47, 48], the applications to condensed matter and the relation between BCFT
and quantum information [49]. Finally, it is straightforward to generalize our work to
Lovelock gravity, higher dimensions and general boundary conditions.

Acknowledgments

We would like to thank X. Dong, L.Y. Hung, F.L. Lin for useful discussions and comments.
This work is supported in part by the National Center of Theoretical Science (NCTS) and
the grant MOST 105-2811-M-007-021 of the Ministry of Science and Technology of Taiwan.

A Another derivation of (2.36)

In section 2.1, we have obtained the key result (2.36) from the PBH transformation together
with the explicit requirement of covariance under the residual diffeomorphism of the gauge
fixing condition (2.7). In this appendix, we derive eq. (2.36) directly from the covariant
equation (1.9) and the gauge fixing (2.7). The analysis is manifestly covariant with respect
to (2.7) and provides an independent derivation of the (2.36).
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To compute K, we note that the extrinsic curvature K,z on @ is
Kog=n Kéfﬁ, (A1)

where
Ky = 0a05X" — 0505 X" + T, 0. X203 X", (A.2)

’ygﬁ is the Christoffel symbol for the induced metric h,g and ng is the unit normal vector
on Q. The components of K" ap CAN be worked out easily. Expanded in powers of /7 for

small 7, we have

%i)z 1 S()z(;() +1 (101)771 ()1()@31()’6()1() 2 M. 1 (0> @1, Q)
KgT:( S - T XX+ X'XEX,,+0(1), (A.3)
21 T 14 (X7)2 VT vk
2(X 2(2) 2X ki %2325 +3 1Pl ik 315 &)
. 1 .
wo, 2 e 2N g 2k " ATX ik +O(r), (Ad)
14(X7)2 14(X7)2 (1+(X7%)?)2
()})i 1 3}’&) 41 <12)m (581318 ()1() 1) 10, @O, 1
K;T:_4 TP 2 s mXUrzTF X’me+O< 1/2> (A.5)
T T 1+ (X7)2 ’
1 (2) o) 2 O @ f)l() Kt ()1()1
=" VT ab Xk = — hapX'+= ?lb>
1+ ( ) 14(X7)2 14(X7)?
XX, 1T XXk,
TX+0(r1?), (A.6)
&)
(14+(X7)?)?
Since nQai = 0, we have
Q o QaXZ
ny =-n; 5 (A7)
The trace K is
D) (X2 @) Q(lg)l Ok xm
K = —(pt1)yrn@xi 2 P T )(m) TPnQXT @i op S+ (AB)
14 (X7)2 14 (X?)?
Generally n, and n; can be expanded as
1 1
nf= W NI = R (A.9)
Taking them to (A.7) we have
1o,
ng = WX, (A.10)
1o, @,
WY = —5%’?)(1 — WX (A.11)

— 96 —



Using the relation
OXHOXY -

= Do P
where dsz2 = haBdTadTﬁ = ﬁu,,dX #dX" is the induced metric on (), we obtain that also
fzpi = 0. Hence

(A.12)

h™T = hPP = GPP — (ng)QG"’p (A.13)
and as a result
). 9
moi _ VX (A.14)
1+ (X2

D @, ()1()1()2() + 5 (lo“)m ()1()2()1()’f()1()
WX — _peXi o : (A.15)

(Xi2(1 + (X)2)3/2

0) (1),

The gauge hyr = 0 lead to the result 0,X; X" = 0, which means XZ is orthogonal to

0Q .

boundary submanifold P. Using nﬂa X*# =0 one could show that n is also orthogonal

to P. We have the following relations

1), 1) )
Xt =\ (X7)2nt, (A.16)
1
(;)L)Q = - ng,
Q).
14 (X7%)2

where n; is the unit normal vector of P. Taking (A.9)(A.14)(A.16) into (A.8) we have

) 1), (1) (1)
K= (s )WOR 4 70k 72 ey TRXXX )
1+(X7%)? (1+(<X)z')2)3/2 (Xz')Q
(A.17)
Now on the surface Q, K = p%lT, we obtain

(l)z T2

1),
2). 1 X%)2 ) 1 <o> 1), (1
it = LEKDT e LR Qe (A.19)
2p 2

Recall that from the gauge h,, = 0, we can solve the transverse components of X’ as
egs. (2.17), (2.18). Combining eqgs. (A.18), (A.19) and egs. (2.17), (2.18) together, we
recover exactly egs. (2.35), (2.36).

B Boundary Weyl anomaly for the proposal of [3]

In this appendix, we show that the BC (1.4) proposed by [3] always make vanish the
central charges ¢z and b; in the boundary Weyl anomaly (1.10), (1.11) for 3d and 4d
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BCFT. Since b, is expected to satisfy a c-like theorem and describes the degree of freedom
on the boundary, thus it is important for b; to be non-zero. We emphasis that this holds
for any energy-momentum tensor TSB on @ as long as the BC (1.4) holds. In this sense, the
proposal of [3] is too restrictive to include the general BCFT, in particular, the non-trivial
4d BCFT.

Let us first start with a simple example to see explicitly how c¢e and b; vanish in the
proposal of [3]. Consider AdS with cylindrical coordinates on M egs. (4.4), (4.15) so that
only the Trk?~! terms are non-vanishing in the Weyl anomaly (1.10), (1.11). We note that
in the present case, the equation (1.4) does not admit a solution with a constant 7" term and
one needs to include on @ either nontrivial matter fields or higher derivatives gravitational
action terms. For simplicity, let us consider the addition of an intrinsic Ricci scalar Rg on
Q. In other words, we focus on the action (4.1). Requiring all the components of stress
tensors on () vanishing, we get the following exact solutions

1
A= ——cothp,, T =(d—1)coth(2p,), r=rg+sinhp, z. (B.1)
2(d—2)
Substituting eqgs. (4.4), (4.15), (B.1) into the action (4.1) and selecting the logarithmic
divergent term after integration alone r and z, we find

(I3)p =0 (B.2)

for both 3d and 4d BCFT. This means that c; = b; = 0. This example can be easily
generalized to include general higher curvature terms, i.e., we replace Rg by L(Rgagry) in
action (4.1). Using the trick of [27], we expand L(Rgagry) around a ‘background-curvature’
RQO!BM = —m(hw\hm — hayhgy). Then we find only the first a few terms up to
(Rg — Rg)?! ~ 297! contribute to the boundary Weyl anomaly for d-dimensional BCFT.
We have worked out the cases for 3d and 4d BCFT on cylinders and find they all yield
eq. (B.2). So the boundary Weyl anomaly ¢z, b1 indeed vanish for 3d and 4d BCFT in the
proposal of [3]. We have also constructed a model with only matter on @) (non-minimally
coupled scalar field with suitable potential energy), which also yield co = b3 = 0.
Now let us present the general proof. Consider the following action

1:/N\FG(R—M)+2/Q\/E(K—T+Lm(¢))+2/M\/§K+2/Pﬁe (B.3)

where L,,(¢) is the Lagrangian of matter fields ¢ on Q. According to [25], we can derive
the Weyl anomaly as the logarithmic divergent term of the gravitational action. Recall that
Iy and Ip do not contribute the logarithmic divergent term.? Considering the variation
of the on-shell action, we have

of = — / vh ((Kaﬂ — (K —T)h*s — ;Tfﬁ> 0has + E¢5¢>
Q

B /M \/g(K” - Khij)(sgij + /p \/E (90ab50ab + P¢>5¢) ) (B-4)

4Instead of In z, Iny and Ip may contribute terms such as z" In z with n > 1, which vanish in the limit
z— 0.
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where Ey denotes E.O.M for matter fields ¢ on @, Py is the conjugate momentum of ¢
along the direction np, which is the normal vector pointing from @ to P. If one impose
the BC (1.4), one obtain for arbitrary boundary variations dg;;, 0o, and d¢:

I = — /M VI(KY — KhiT)sg;; + /P V7 (60500 + Pso0) (B.5)

where we have used the EOM Ej; = 0. It is worth noting that the integral on () vanishes
due to the BC (1.4). This is the main reason why the proposal of [3] yields trivial boundary
central charges co and b; in egs. (1.10), (1.11). In fact as we will show below, the integration
on M and P in eq. (B.5) are not sufficient to produce the full structures of the boundary
Weyl anomaly.

To proceed, we note that the logarithmic divergent term of §1 is equal to the variation
of the Weyl anomaly A

Stlne = 6A=3 [ Vi (1), +5 [ Voo (T2 (B.6)

Since there is no integration alone z on M and P, the only way to produce In z in 67 is
that the integral element includes In z. There are two possible sources for In z: one is the
expansion of g;; and the other one is the expansion of the embedding function (2.40)
9ij = gi(]o) + 2292) +- Zd(ggl/m + hl(;l/m Inz)+---, forevend (B.7)
r=a1z4+az® + -+ (bay1Inz + agp1) 24 + . (B.8)

Note that there is no Inz term in g;; when d is odd. As a result, there is no bulk Weyl
(d/2)
j

same order O(k%) where k is the trace of the extrinsic curvature of P. In general, E.O.M

anomaly <TZ’> oy for odd d. Tt is also worth keeping in mind that / and by are of the
for matter fields 4 = 0 will also give In z terms in ¢ . However, such terms are expected to
yield new contributions to Weyl anomaly in addition to the geometric Weyl invariant such
as egs. (1.10), (1.11). See [35, 50] for some examples. Since here we are interested only
in the geometric Weyl invariant which defines ¢ and b1, we will ignore these In z terms of
¢ (from E4 = 0) in this appendix. Of course, ¢ can inherit In z terms from g;; (B.7) and
z (B.8) through eq. (1.4). And these In z terms are functions of hz(»?/ ? and b1

Let us firstly consider the case without the boundary P, i.e., the standard case of
AdS/CFT. From the above discussions, we must have

(6D aslme = — /M VI(KT — Kh'9)5g;; = 5/M V90 (Ti),, (B.9)

When d is odd, we have <TZ’> 1 = 0, which agrees with the fact that there is no In z term
in g;; and thus in (61)p. When d is even, one can check eq. (B.9) by straightforward
calculations. Actually eq. (B.9) must be satisfied since I|ine = [, /g0 (T¢) in AdS/CFT.

In the presence boundary P, the formulas of (61)y and 6(\/go (T}) ) do not have
any change. So eq. (B.9) is still satisfied up to a possible boundary term 3, on P from
6(@<ﬂ?>M). Then from egs. (B.5), (B.6), we get

(OI)plme = /P ﬁ(éa“"éaaw%w) ne =20 /P Voo (T5) p + /P Vo (6gi)  (B.10)
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(d/2)
ij
W92 and bgr1 are of order O(k?%), while (1%)p, is of order O(k%"!). Thus they cannot

ij
contribute to (T))p at all. Actually, the terms linear in hg?/ 2)

Notice that only the terms linear in A and bgy1 could include In z in (67)p. However,

and bgy1 take the form
z1n z, which vanish in the limit z — 0. Thus, we have

[ Ve Tet [ Vatuoa) =0 (B.11)

for arbitrary boundary variations.

For 3d BCFT, <TZ»Z'>M = 0 and Qp(dgi;) disappear. Eq. (B.11) implies that
Jp /00 (T) p is a topological invariant. As a result, we must have ¢ = 0 in the bound-
ary Weyl anomaly (1.10). For 4d BCFT, <Tf>M and Qy/(dg;j) are non-zero. Note that
Q1(0gi5) is proportional to the Weyl tensor C' and its derivatives. Therefore for the simple
case where Cjjri|p = Vi Cijri|p = 0, we have Qpr(dg;5) = 0. This together with eq. (B.11)
implies that [ p/00(Ty)p is a topological invariant. So b; related to Trk3 must vanish
in the boundary Weyl anomaly (1.11). Notice that in this argument we only require Cjjx
to Vanisl(lo)at the boundary P. It can be nontrivial inside M. For instance, the following

metric g,

i with a free parameter ¢ works well for our purpose:

ds? = da® + [(1+ cx)® + O(a)]dy? + [1 + O(a*)]dy?2, (B.12)

where x = 0 denotes the location of P. One can easily check that the above metric
satisfy Cijuilp = VmCijulp = 0 but Ciju|nm # 0 generally. Now since the boundary
central charges are independent of the shapes of the boundary, so we also have by = 0
for the boundary with Cjji|p # 0. One can also include higher curvature terms on @ in
the action (B.3) and the proof proceeds exactly the same way. Therefore we find that,
independent of the form of the matter or gravitational action, the proposal of [3] always
give ¢o = by = 0 in the boundary Weyl anomaly (1.10), (1.11). As we explained above, the
reason why the proposal of [3] always yield ca = by = 0 is that the requirement that all the
components of stress tensors on ) vanish T3 = 0 is too strong. On the other hand, if one
require only the trace of the stress tensor to vanish as in our proposal then the integral
on () in eq. (B.4) is no longer zero and one can indeed obtain non-trivial boundary central
charges ¢z and b; in egs. (1.10), (1.11).

Finally we remark that, as the careful readers may notice also, the solution (B.1) with
as = 0 does not obey the universal law for ay = — % pe Py as in eq. (2.42). This is not

2(d—1)
surprising since the parameter A does not lie in the “physical range”. In fact the solutions

to our proposal Tpy$ = 0 are not unique when we allow higher curvature terms in the
stress tensors. Generally as long as the parameters of the higher curvature terms lie in
some “physical” region, there is an unique solution which satisfies the universal law for
as and give the non-trivial boundary central charges. We select this kind of solution as
the physical one. However when one set the parameters of higher curvature terms to the

critical value as in eq. (B.1), the physical solution is replaced by a different solution which

cosh? p.
T 2(d-1)
in [24]: for higher curvature gravity such as Lovelock gravity, the bulk entangling surfaces

violate the universal law of ay = Trk. Actually, the same situation already appears
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obtained by minimizing the entropy functional are not unique. One usually select the one
which can be continuously reduced to the minimal surface when the parameters of higher
curvature terms are all turned off. This kind of surface always satisfy an universal relation
for ag [24]. However if one set the parameters of higher curvature terms to the critical
value as in eq. (B.1), there exist solutions which violate the universal relation [24]. Thus,
the universality of as in our proposal has the same meaning as the one in [24]: it holds
as long as the parameters of higher curvature terms lie in the physical ranges. Curiously,
the proposal of [3] has solution only if the parameter of higher curvature terms takes the

_1

critical value \ = 5d=2) coth p, and this prevents the realization of non-trivial boundary

central charges.

C Derivations of boundary contributions to Weyl anomaly

In section 2.2, we have shown the key steps of holographic derivations of boundary con-
tributions to Weyl anomaly. Here we provide more details. We work in Gaussian normal
coordinate and find the following formulas useful:

T = (d — 1) tanh p,,

k cosh? p,
x:sinhp*z—%z2+a323+a4z4+..._ (C.1)

Since we want to consider the general boundary condition (1.7), we keep as and a4 off-
shell in this appendix. For the bulk action Iy = —2d [, v/G and the BCFT boundary
metric (2.39), we have

1 /0 1 o),
\@zzdﬂ 9[1+2229i+"']7 (C.2)

where

\/@: \/@ [1+km+; (k*+q—2Trk*) 2*

1
5 (K4 3kq— 6K Trk? 4314 8Trk” — 6T (k) $3+...] 7

4 R—k%2—2q+3Trk? —2kTrk?®+kq+3l+6Trk3+Tr(kR)—5Tr(k
(;)EZ_ Q(d_q; T n rk*+kq+ +di1+ r(kR) r( q)x_’_'”. (C.3)

Here - - - denotes terms of order O(k*) which do not contribute to boundary Weyl anomaly
for 3d BCFT and 4d BCFT.
For the boundary action I =2 [, Vh(K —T), we need

1. /@ 1,0
Vh= ~d (g) V14 Gra ' [1+222(g)3:| to

R+2(d—2)q—2dTrk? — k> +5Trk?
2(d—2)(d—1)
—3dl—4dTrk3 +4dTr(kq) + kq—2kTrk?4+61+10Trk3 —9Tr(kq) + Tr(kR) 5

— Zl’—i‘"‘,

d?—3d+2

gmczl"‘
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R+2(d—2)q—2dTrk?— k> +5Trk?
2(d—2)(d—1) ‘
—3dl —4dTrk3 +4dTr(kq) +kq—2kTrk? +61+10Trk® —9Tr (kq) + Tr(kR) 2
* & _3d+2 T
D,  R—Kk*+Trk?  kq—2kTrk?+2Trk3 — Tr(kq)+Tr(kR)
Ja="42q d—2
K=— (\fn ), n'= S <—1:’,g”,(g)ab8ba:> 4 (C.4)
i N
where 2/ = 0,z and --- denotes higher order terms irrelevant to the boundary Weyl
anomaly for 3d BCFT and 4d BCFT.
Now we are ready to derive the boundary Weyl anomaly. Substituting the above for-
mulas into the action (1.1) and selecting the logarithmic divergent terms after the integral
along x and z, we can obtain the boundary Weyl anomaly. For 3d BCFT, we have

TT_ | _

IN:—llnl/ \/@ 48a3—3sinhp* (2R+k2—2q+2Trk2)+sinh(3p*)(—k2+2q—4Trk2)},

Io= fln /\/>48a3+s1nh( ) (2R+k*+6q—14Trk?) +sinh(3p.) (—k*+2q— 4Trk:2)}

where we have ignored terms without In * = above. Combining Iy and I together, we get

Il :/ v (3)(73 — Trk?) sinh p, (C.5)
€ P

which exactly gives the boundary Weyl anomaly (2.43). It is remarkable that az and all
non-conformal invariant terms automatically cancel each other out.
Similarly, for 4d BCFT we have

1 /(o) 1
In=In- / (U)E [—576a3k sinh p, —576a4 —2k3—|—23kq— 16kR
€Jp

—30kTrk?+451+72Trk® — 66 Tr(kq) +24Tr (kR )
—4cosh(2p,) (kq—2kR+91+12Trk? —12Tr(kq) +6Tr(kR))

+cosh(4p.) (2k3 — Bkq+6kTrk? — 91— 24Trk® +18Tx (kq) } (C.6)
Io=In- / Vo 216 1728a3k:sinhp*+1728a4+26k:3—135[—69kq—60k:R

+54kTrk? —216Trk> 4198 Tr(kq) +144Tr(KR)
+12cosh(2p,) (k*+4kq+kR—9kTrk®+91+30Trk® —21Tr(kq) — 3Tr(kR))

+3cosh(4p,) (—2k> — 6k Trk? +24Trk> — 18Tr(kq) +3kq-+91) } (C.7)

Combining the above Iy and I together, we obtain

/o) 1
Il,1= / (3%4 [51{:3—9k(3R+Trk2)+54Tr(kR)
€ P

+3cosh(2p) (k3+3k(q+R—3Trk‘2) +18Trk® —9Tr(kq) — 9Tr(kR)) }
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1 1 _ -
:/ \ (g) [ gE}fdy—l— (cosh (2p*)—3> Trk® —cosh (2p.) O k°, (C.8)
P

which yields exactly the boundary Weyl anomaly (2.44). In the above calculations, we have
used egs. (3.15), (3.16), (3.17). Similar to the 3d case, as, a4 and all of the non-conformal
invariant terms automatically cancel each other out in the final results.

To end this appendix, let us discuss the physical meaning of the parameter p,. As
we have mentioned, p. can be regarded as the holographic dual of boundary conditions of
BCEFT since it affects the boundary entropy [3] and also the boundary central charges (2.43),
(2.44) which are closely related to the boundary conditions of BCFT. To cover the general
boundary condition, it is natural to keep p, free rather than to set it zero. If we set
p« = 0, we get zero boundary entropy Spqy, = 48—} for 2d BCFT [3] which gives trivial
BCFT. Furthermore, it is expected that the boundary central charges related to different
conformal invariants are independent in general. As a result we must keep p, free. Of
course, as discussed in section 4 one could add intrinsic curvature terms on @ in order to
make all the boundary central charges independent.

Finally, we notice that for 4d BCFT, the case p, = 0 can reproduce the proposal of [22]
and agree with the boundary Weyl anomaly of N/ = 4 super Yang-Mills multiplet with a
special choice of boundary conditions that preserve half of supersymmetry [51]. For the
convenience of the reader, we list the boundary Weyl anomaly of free super Yang-Mills
multiplet with general boundary condition in the large N limit below [51].

T2y =

2 A _ _
8E}fdy + < + ") Tk — C%, kb, (C.9)

3 70

D
s

and ‘R’ refers to the Dirichlet boundary condition and Robin boundary condition respec-

where An := n? —nf with the total number n? +nf = 6 fixed. Here ‘s’ denotes scalar, ‘D’
tively. An = 0 corresponds to the case that half of the supersymmetry is preserved [52—-54].
It is not known in general when non-renormalization theorem of the trace anomaly holds.
In case it does, the result (C.9) agrees with the general expression (4.10) of the holographic
anomaly if the coefficients for the intrinsic curvature terms on Q) are fixed to be:

1
A= 1 tanh(2p.), (C.10)
cosh? Px coth? Px
= — A 11
A2 1120 " (C.11)

where p, is a free parameter.
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