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1 Introduction

There exist various dualities in string theory. Among them, T-duality is directly connected
with the geometry of the target space and thus has to be a characteristic property of stringy
geometry.

One of the formulations to analyze T-duality is the approach of doubled geometry,
which has manifest O(d,d) invariance, and there, the existence of so-called nongeomet-
ric fluxes has been proposed [1]. On the other hand, the fluxes H, F, @ and R and
their transformations have also been conjectured from T-duality analysis in supergravity
compactification scenario [2, 3]. It has been proposed that T-duality converts H-, F-,
@- and R-fluxes into each other. Recently, there are further developments related to T-
duality. Double field theory [4] is a manifestly O(d, d) covariant field theory which allows
also for T-duality along non-isometry directions. Examples for other developments are the
branes as sources for Q- and R-fluxes [5, 6] and the S-supergravity [7]. The topological
T-duality [8, 9] is also proposed to analyze T-duality with flux. However, the background
geometric structures for nongeometric fluxes are not well understood.

A background geometry in string theory with NS H-flux [10] is known to be a Courant
algebroid [11, 12], and the standard Courant algebroid of the generalized tangent bundle
TM @& T*M is of particular interest in the framework of generalized geometry [13, 14]. The
T-duality on the H-flux is well understood as an automorphism on the standard Courant
algebroid if txty H = 0 [15].

However, we cannot simultaneously introduce all degrees of freedom of H-, F-, Q-, R-
fluxes as deformation of the Courant algebroid. The only independent deformation in the
exact Courant algebroid is a 3-form (H-flux) degree of freedom [16, 17].

Recently, the Courant algebroid on a Poisson manifold, i.e. the Poisson Courant alge-
broid, has been introduced in [18] as a geometric object for a background with R-flux. It is
shown that the nontrivial flux R of a 3-vector can be introduced consistently on a Poisson
manifold as a deformation of the Courant algebroid. It is the ‘contravariant object’ [19]
with respect to the standard Courant algebroid, which is the exchange of T*M with T'M
and H-flux with R-flux. The T-duality on the R-flux has also been analyzed and it has
been shown that the duality of R-flux with Q-flux is also understood as an automorphism
on the Poisson Courant algebroid [20].

In this paper, we analyze the geometric structure of the Poisson Courant algebroid
and a duality between H-flux and R-flux, which we call flux duality, in detail. We also
construct the corresponding worldvolume theories, a topological sigma model and a current
algebra with the structure of this Poisson Courant algebroid.



We first discuss the mathematical features and some structural correspondences be-
tween the standard Courant algebroid with H-flux and the Poisson Courant algebroid with
R-flux. By analyzing both coboundary operators, we generalize the duality between the
de Rham cohomology and the Poisson cohomology as the background algebraic structure.
Moreover, we have a new interpretation of this duality as a canonical transformation on a
graded symplectic manifold,! and we formulate a flux duality, a duality between the H-flux
and R-flux.

Then, we discuss field theoretic realizations of the Poisson Courant algebroid as a
symmetry; we construct a topological sigma model and a current algebra. To this end,
first we reformulate the Courant algebroid in terms of supergeometry. The construction
of the Courant algebroid by using supergeometry and the derived brackets are introduced
in [23]. This formulation uses a so-called QP-manifold, a differential graded symplectic
manifold [24, 25]. The advantage of the use of supergeometry is that the topological sigma
model and the current algebra are constructed straightforwardly from the supergeometric
data. The general theories are known as the AKSZ construction of topological sigma
models [26] and the supergeometric BFV formulation of current algebras [27].

It is known that the AKSZ sigma model in three dimensions generally has the structure
of a Courant algebroid [28-30]. Physically, this is a theory of a topological membrane.
Following general arguments, we construct a topological sigma model from the Poisson
Courant algebroid in three dimensions. When the three-dimensional world volume has a
boundary, i.e. when we consider the open membrane, we obtain a two-dimensional boundary
sigma model a la WZW. This is the Poisson sigma model with R-flux on the Dirac structure
of a Poisson Courant algebroid. From the point of view of the sigma model, T-duality is
changing the boundary conditions of the topological membranes. There is an approach
with a similar concept proposed in [31]. The difference is that our formalism is based on
the Poisson Courant algebroid.

We also construct a current algebra of the Poisson Courant algebroid on loop space,
coming from the canonical formulation of the theories on (1 4 1)-dimensional spacetime
S x R. In the H-flux case, this is the Alekseev-Strobl current algebra [32], which has the
structure of the standard Courant algebroid with H-flux as underlying symmetry. This type
of current algebra can also be reformulated by using the supergeometric construction [27,
33]. Following these general formulations, we construct a corresponding current algebra
with R-flux.

This paper is organized as follows. In section 2, we review the supergeometric construc-
tion of Courant algebroids and, in section 3, we apply it to the Poisson Courant algebroid.
In section 4, we discuss the mathematical structure of the duality of the standard Courant
algebroid and the Poisson Courant algebroid. In section 5, we discuss the meaning of R-flux
of the Poisson Courant algebroid from the perspective of double field theory. In section
6, we review the AKSZ sigma model. Then, we construct a topological sigma model of
the Poisson Courant algebroid and analyze its boundary theories. In section 7, we con-

IT_duality has been formulated as a canonical transformation on the string phase space in [21, 22].
Canonical transformations in this paper are defined on a graded target manifold.



struct the current algebra of the Poisson Courant algebroid. Finally, section 8 is devoted
to conclusion and discussion. In the appendix, our notation of supergeometry in this paper
is summarized.

2 Courant algebroids and supergeometry

In this section, we briefly review supergeometry, its definition and related terms which are
necessary to construct the topological sigma models from the standard Courant algebroids
using the AKSZ construction in section 5. Here, we review definitions of Courant algebroids
in the first subsection. Courant algebroids provide the background geometry of T-duality.
The second subsection then reviews a differential graded symplectic manifold, which is
called a QP-manifold. In the AKSZ formulation, a QP-manifold is used to construct a
topological sigma model. Finally, in the third subsection, the supergeometric construction
of the Courant algebroids from QP-manifolds of degree 2 is explained. The formulation is
based on the fundamental theorem that general Courant algebroids are equivalent to QP-
manifolds of degree 2. This short review of the techniques involved provides the foundation
to flow into the definition of Poisson Courant algebroids and their realization through
supergeometric construction.

2.1 Courant algebroids

Let us start with recalling the definition of the Courant algebroid.

Definition 2.1. [12, 3] The Courant algebroid is a vector bundle E over M with three
operations, a pseudo-Euclidean metric (—,—) on the fiber, a bundle map p : E — TM
(called the anchor map), and a binary bracket [—, —|p (the Dorfman bracket) on the space
of sections T'(E), which satisfy the following conditions:

1) [e1,[e2,e3]p]lp = [le1,e2]p,es]p + [e2, [e1,e3]p] D,
2) pler)(ez,es) = (ler,e2]p,e3) + (e2,e1,es3]p),
3) pler){e2,es) = (e1,[e2,es]p + [e3, e2]p),

where ey, ez, e3 € I'(E).

Regarding its application to string theory, Courant algebroids appeared in the context
of generalized geometry [13, 14]. In this case, the vector bundle is the direct sum of tangent
bundle and cotangent bundle E = TM @ T*M and is introduced as an extension of the
Lie algebroid of tangent vectors. We call such a Courant algebroid the standard Courant
algebroid:

Definition 2.2. The standard Courant algebroid is a Courant algebroid as defined above,
where we take E =TM ®T*M. The anchor is the natural projection p: TM & T*M —
TM. The operations of the Courant algebroid are as follows:
<X—|—O¢,Y—|—ﬁ> = LXB+LYQ7
p(X +a) =X,
(X +a,Y+8]p=[X,Y]+ LxB — tyda,
for sections X+a,Y+p € T(TM®T*M), where X, Y are vector fields and «, B are 1-forms.



In string theory, there exists a 3-form flux, which is usually called H-flux. In the case of
a compactification, this flux can be nonvanishing in general. We can make a deformation
of the standard Courant algebroid by a closed 3-form H, which preserves the Courant
algebroid conditions. We call such a deformed Courant algebroid a Courant algebroid
with H-flux.

Definition 2.3. The standard Courant algebroid with H-flux is the Courant algebroid
which contains the same inner product (—,—) and anchor map p : TM & T*M — TM

as the standard Courant algebroid. The Dorfman bracket is deformed by the 3-form flux to
the bracket defined by

[X-i—()é,Y—Fﬁ]H:[X,Y]—I—Lxﬂ—byd()é—%—beyH. (2.1)

The Courant algebroids on TM & T*M, more precisely, exact Courant algebroids
are classified by H3(M, R) [16, 17]. This means that we can only introduce the H-flux
deformation as independent degree of freedom among all fluxes in the standard Courant
algebroid.

2.2 Supergeometric construction

In the following, we review the supergeometric formulation of the Courant algebroids based
on a so-called QP-manifold. Here, the structures of a Courant algebroid in the previous
section is reconstructed by the supergeometric method.

First, we give a definition of a graded manifold. A graded manifold M is a ringed space,
whose structure sheaf is a Z-graded commutative algebra over an ordinary smooth manifold
M. The grading is compatible with the supermanifold grading, that is, a variable of even
degree is commutative and a variable of odd degree is anticommutative. By definition, the
structure sheaf of M is locally isomorphic to C*(U) ® S*(V'), where U is a local chart on
M, V is a graded vector space, and S*(V) is a free graded commutative ring on V. For
rigorous mathematical definitions, we refer to [35, 36].

In this paper, we only consider nonnegatively graded manifolds. An N-manifold (i.e., a
nonnegatively graded manifold) M equipped with a graded symplectic structure w of degree
n is called P-manifold of degree n and denoted by (M,w). w is also called P-structure.
We denote the degree of a function f € C*°(M) by |f|. A graded Poisson bracket on
C*(M) is defined as {f, g} = (—1)F""+1ix iy w, where the Hamiltonian vector field X
is defined by the equation ix,w = —df for any f € C*°(M), where ¢ is the differential on
M. A vector field Q on M is called homological if Q% = 0.

Definition 2.4. A QP-manifold is a P-manifold (M,w) endowed with a degree 1 homo-
logical vector field Q such that Low =0 [24].

We call the homological vector field @ a Q-structure and the corresponding triple
(M,w, Q) a QP-manifold. For any QP-manifold, there exists a Hamiltonian function © €
C>° (M) associated to the homological vector field ¢ with respect to the graded Poisson
bracket {—, —}, that is,

Q={6,-}. (2.2)



Then the homological condition, Q% = 0, implies that © is a solution of the classical
master equation

(0,0} =0. (2.3)

Such O is called a homological function or a Hamiltonian function. In order to construct
a QP-manifold, we specify a symplectic structure w and a Hamiltonian function ©. The
classical master equation provides one unique geometric condition on the objects involved.
In the next subsection, we demonstrate how the structures of a Courant algebroid emerge
from a solution of the classical master equation in QP-manifold of degree 2.

2.3 QP-manifolds of degree 2

In this paper, we want to formulate a specific type of Courant algebroid, the Poisson
Courant algebroid, using the above-mentioned supergeometric method. This formulation
is possible due to the well-known equivalence of a QP-structure of degree 2 with a Courant
algebroid on a vector bundle E [23]. This subsection reviews the construction of the
Courant algebroid on a general vector bundle E including the special case where E =
TM @ T*M. In the next section, the construction is applied to the Poisson Courant
algebroid and its properties are discussed.

First, we start with a vector bundle E over a smooth manifold M with fiber V and a
graded manifold M = T*[2]E[1]. Here E[n] denotes the shift of fiber degree by n.

Let z° be a local coordinate on M and e a basis of sections of E. Local coordinates on
the graded double vector bundle M are denoted by (x%, 1%, ¢;) with degrees (0,1,2). Local
coordinates on E[1] are (z,7%), where n® is a local coordinate on fiber V[1] of E[1]. By
assuming a fiber metric (—,—), we identify V*[1] with V[1]. Therefore, we use the same
local coordinate n® for the cotangent space T*[2] of the fiber of V[1]. Finally, &; is a local
coordinate on the fiber of T*[2]M. The structure of the graded manifold can schematically
be represented by the following diagram,

M —— B[

| |

T*2M —— M
We consider the canonical embedding map of the vector bundle E into M:
j:E®TM - M .

The embedding map j can be written using local coordinates by
-, i a i S ( i g)
] * :1; 76 ) 8551/ :1; 777 P YA

For a section e € I'(F) the pushforward is a function, j.e € C*°(E][1]). We use the same
symbol for F and jFE, if there is no risk of confusion.

We decompose the structure sheaf by degree, i.e., the space of functions on M as
C®(M) =3 .0 Ci(M), where C;(M) is the space of smooth functions of degree i. We



have the following equivalences by the map j:
Co(M) = C=(M),
C1(M) = I(E),
Co(M) ~T(A’E@© TM)

etc.

1

The next step is to introduce a graded symplectic form of degree 2 on M. We take
the following symplectic structure,

w=06x' A& + %kabén“ A on, (2.4)

where (n®,n?) = k% is the fiber metric. This defines a P-structure and leads to the
corresponding graded Poisson bracket {z%,¢;} = 6%; and {n®,n°} = k.

Finally, a Q-structure on M is defined by a homological function © of degree 3 as
n (2.2). Using local coordinates, the general form of a degree 3 function is given by

. 1
0= Pla(ﬁ)ﬁma + gcabc(a:)nanbncv (25)

where piy(z) and Cup(x) are arbitrary local functions of x. The homological function
satisfies the classical master equation, {©,0©} = 0. This gives a set of relations among
the degree zero local functions p’,(x) and Cype(z). The above triple (M,w, Q) defines a
QP-manifold of degree 2.

The operations on the Courant algebroid are defined using a graded Poisson bracket
and derived brackets. The pseudo-metric, Dorfman bracket and anchor map are then
reconstructed via the following expressions:

(e',e®) = j*{jee", jue’},
e, e?]p = j* {{je", 0}, jue},
ple)f =5 {jee, {0, 5. f}}, (2.6)

where f is a function on M and e,e!,e? € T'(E). As a consequence of the classical master
equation, these three operations satisfy the defining relations of a Courant algebroid.

In the case of E = TM @ T*M, we take local coordinates (2%, ¢, p;, &;) with degree
(0,1,1,2), where z* are local coordinates on M, ¢’ is a local basis on the fiber of T[1]M, p;
is a local basis on the fiber of T*[1]M and §; are local coordinates on the fiber of T*[2]M.

Note that we have identified n* = (¢%, p;). The fiber metric is taken as k = < 691. 6;j ) Then
the graded symplectic form is given by ’
w =0z’ A 6& + 5¢° A Op;. (2.7)
If we take the Q-structure function as
| o
O =&iq' + i Hijn(x)a'd'a", (2.8)

we get the standard Courant algebroid by (2.6). The anchor p becomes the natural pro-
jection from T'M & T*M to T'M and the Dorfman bracket becomes (2.1).



3 Supergeometric description of Poisson Courant algebroids

In this section, we reformulate the Poisson Courant algebroid, the Courant algebroid on
a Poisson manifold in [18], using supergeometry. First, we give its definition and then
construct the corresponding QP-manifold.

Definition 3.1. Let (M, ) be a Poisson manifold with a Poisson structure m € T(A2TM)
and R € T(A3TM) be a 3-vector field, which is closed with respect to the Poisson bivector
field, |7, R]s = 0, where [—, —|g is the Schouten bracket on multivector fields on N*T M.

A Poisson Courant algebroid is a vector bundle E = TM & T*M over the Poisson
manifold M, which incorporates the three operations of a Courant algebroid. The inner
product (—,—) on TM & T*M is the same as in the standard Courant algebroid case. The
bundle map p : TMET*M — TM is defined by p(X +a) = 7t (a), where 7* : T*M — TM .2
The bilinear operation is defined by

[X +ao,Y + /B]E = [O‘MB]W + LoY — 1gdr X — tatg R,

where X +a, Y+ € T(TMOT*M), de(—) = [7,—|s and [—, =]z : T*M xT*M — T*M is
the Koszul bracket given by [, Blx = Lyt (0)B— Lyzp—d(m(a, 8)). The data of a Poisson
Courant algebroid can then be encoded in the quadruple (E =TM @ T*M,(—,—),[—, =%,
p=0@h).

We can regard the Poisson Courant algebroid as a contravariant object associated to the
standard Courant algebroid. Contravariant geometry is a differential calculus in which the
roles of T'M and T*M are exchanged [19, 37]. Therefore, we call [—, —|% the contravariant
Dorfman bracket and we can call this structure the contravariant Courant algebroid.

After giving the definition of the Poisson Courant algebroid, we reconstruct this al-
gebroid by supergeometric methods. For this, we use the same graded manifold M =
T*[2]T*[1]M as in the case of the standard Courant algebroid. We also take the same sym-
bols for the local coordinates (z°, ¢%, p;, &) and the canonical graded symplectic form (2.7).

Then the homological function defining the Q-structure for the Poisson Courant alge-
broid is

ik
O = (z)&p; — ;8({;;2 %Rijk(ﬂf)z?ipjpk, (3.1)
where 7 = 179 (z) (9(33i A % € T'(A’TM) is a bivector field and R = 3 R"7* () 8‘21- A % A %
is a 3-vector field. The function © satisfies {©,0} = 0, i.e., it defines a Q-structure, if and
only if 7 is a Poisson bivector field and R satisfies [r, R]s = 0, i.e., it is d, closed. These

(2)q'pipr +

two conditions are exactly the ones required for the Poisson Courant algebroid.
The derived brackets define all the operations on C*°(T*[1]M @ T[1]M) = T'(TM @
T*M) appearing in the Poisson Courant algebroid as

p(X +a)f(z) = J*H{X (@)pi + i(2)q", O}, f(2)},
(X +0,Y + 8] = 7 {X " (2)pi + culx)q’, O}, Y7 (z)p; + Bj(w)¢’ },
(X +a,Y +5) = j{j(X + ), j.(Y + 5)}.

278 . T*M — TM is defined by the map 7*(a) = Wijai(x)% for any 1-form, o = o (2)dz".




We can confirm the above relations using local coordinates. The first equation gives

p(X +0)[(@) = (X @)pi + aila)d', O}, 1) = woi oD (), (35)

and thus this is the anchor map p = 0@ 7! : TM &T*M — T M. The second equation gives

X +a,Y + B = 7 {X (2)pi + cu(a )qi,G} Yj(x)Pj + Bj(x)q’}

- Oxk + oz "
okl . ) ji o .
+ aﬂj X8, — ;k ank — RJ]“Oéjﬁk) J P
08;  Ouoy orik
+<aj jk8ﬁk +8 J ]kﬁ + Ot ajﬁk)j q
= la,Blr + LYY — 13d X — R(o, B, —), 3.6
a B

and thus is the Dorfman bracket of the Poisson Courant algebroid on TM & T*M. The
third equation is the same as in the case of the standard Courant algebroid.

The classical master equation, {©,0} = 0, leads to the following conditions on these

operations,
p(le1, e2]R) = [ple1), p(e2)], (3.7)
[617 [627 63] ] [[61’ 62]R7 63]R + [627 [617 63]%]7}%7 (38)
pler)(ez,es) = ([e1,ealR e3) + (€2, [e1, es]R), (3.9)
pler)(ez, e3) = (e1, [e2, €3]k + [es, e2]R), (3.10)

where e, € I'(T'M & T*M). These are the relations required for the Poisson
Courant algebroid.

Thus, in the graded manifold method, the difference between the standard Courant
algebroid and the Poisson Courant algebroid lies in the choice of the homological function.
The most general homological function ©® on F = T'M & T*M possible for the Courant
algebroid is

i ik Lok i g
Hij(2)d'q’q" + 5 Fii" (2)q'¢’ i

O = 7(2)&q’ + 0" (z )&pﬂrB

+§Qz‘jk($)qipjpk+ S,RJ (z)pipjp- (3.11)
The classical master equation then imposes structural restrictions onto the expansion co-
efficients. One of the conditions for 7 and o is 7'307% 4+ 077, = 0. The two simplest
solutions are 7 = 0, ¢ # 0 or 7 # 0, 0 = 0. In the standard Courant algebroid case,
Tij = 5ij and 0 = F = @ = R = 0, and in the Poisson Courant algebroid case, ¢ = 7,

QI (x) = —%’Tg (x) and 7=H = F = 0.




4 Duality between H-flux and R-flux

In this section, we study the meaning of H-flux geometry and R-flux geometry. We analyze
the ‘duality’ transformation between two Courant algebroids in terms of supergeometry and
the homological algebra. The key operation is a canonical transformation on the graded
symplectic manifold (the P-manifold). This duality is a generalization of the correspon-
dence between de Rham cohomology on differential forms and Poisson cohomology on
multivector fields.

In this section, we denote the homological function © of the standard Courant algebroid
in (2.8) as Oy and the one of the Poisson Courant algebroid in (3.1) as ©p.

4.1 Flux duality transformations as canonical transformations

Suppose the Poisson structure 7 is nondegenerate. We construct the duality transforma-
tion between the standard Courant algebroid and the Poisson Courant algebroid, which is
derived from the transformation between the two homological functions © 7 and ©g. This
leads to a duality between the standard Courant algebroid cohomology and the Poisson
Courant algebroid cohomology.

First, we define a canonical transformation on a P-manifold. Let a € C%®°(M). €% is
the exponential adjoint operation,

e f =+ {f.a} + 5 {{fad b+

for any f € C°°(M). If « is of degree n, this transformation preserves degree and satisfies
{ed f edag) = ed{f, g}, where f,g € C®(M).

)

Definition 4.1. For any function « of degree n, €°* is called a canonical transformation.

e%e is also called twisting [39)].

Both the standard Courant algebroid and the Poisson Courant algebroid are realized
on the same P-manifold (7*[2]T*[1]M,w). Therefore, the duality transformation 7' from
H-flux to R-flux is a symplectomorphism on 7%[2]T*[1]M such that the two homological
functions are mapped, T : O — ©Op, where

1 o
O = &q' + gHijk(x)qijqka (4.1)
L 1 9nik . 1 ..
Or = 7 (2)&ipj — §W($)qujpk + gR”k(fﬂ)pinpk- (4.2)
We denote o), = %Wij(l‘)pipj and a; = %Trigl(x)qiqj. a, generates a so-called [-

transformation and o, generates a b-transformation. Note that oy is a trivial transfor-
mation on O, Oy = Oy, and oy is a trivial transformation on Og, *»Op = Op,
from {Op,aq} =0 and {Op,a,} = 0. By direct computation, we get the relation

0 o

Op = edore % edr Qp, (4.3)

~10 -



where R = A37?H. On the basis of the QP-manifold, this canonical transformation acts as

edor e ~d0q dop gt = gt (4.4)

edore~0aqedop gf = 7l ()p;, (4.5)

o~ Bovp; =~ ()P, (4.6)
_ omik

edoreOaaedang; = & + kall(:c)qul. (4.7)

The Liouville 1-form is transformed as
0 = &dx' — q'dp; — &oa' — pidg’ =V (4.8)

Note that j*7f(a) = ePor e %aedr j*o for a 1-form a.

The standard Courant algebroid with H-flux and the Poisson Courant algebroid with
R-flux are transformed by a symplectomorphism between two QP-manifolds if 7 is nonde-
generate. From this observation, we understand that a flux duality is characterized by a
symplectomorphism between two QP-manifolds T': (M,w, Q) — (M, w,Q’). In this sense,
B- and fS-transformations are special cases of flux duality transformations.

The flux duality transformation in (4.3) will be reinterpreted in the sigma model lan-
guage on an open manifold as a change of boundary conditions in subsection 6.4.

4.2 Two cohomologies on T*[2|T™*[1|M

Qu = {Oy,—} and Qr = {Op,—} are two coboundary operators increasing degree by 1
on the space of functions on the QP-manifold M = T*[2]T*[1]M. Expanding C*°(M) =
> >0 Ci(M) by degree, (Coe(M), Q) becomes the complex for both coboundary operators,
the so-called standard complex of the Courant algebroid [40], where @ = Qg or Q =
Qr. (Ce(M),Qpu) defines the standard Courant algebroid cohomology H-, (M, Qr) and
(Co(M), Qr) defines the Poisson Courant algebroid cohomology Hp-,(M,QR).

Both cohomologies are known cohomologies on the special subspaces. As discussed in
section 2, there exists the embedding map of the Courant algebroid to a graded manifold,
j:E®TM — T*2|T*[1]M, where E = TM & T*M is the Courant algebroid. We take a
local 'basis (8% ,dzt, 8?51') on E ®TM.? The local basis is mapped as j : (821- ,dax?, 8‘?02-) —
(Pir 4", &i)-

First, we consider the standard Courant algebroid with H-flux. Since T'[1]M is isomor-
phic to T*M, let us consider the subspace C*°(T[1]M). An element v € C*°(T[1]M) can
be written ss

1 i i
V= Vi (x)g" -+ - q*. (4.9)
~ is mapped to a differential form by pullback,

1 . .
Jiy = o Vs (x)dx™ A -+ Ada's. (4.10)

3The first 6('917
T

of the tangent bundle of the image of the anchor map.

is the basis of the tangent bundle in the Courant algebroid and the third % is the basis
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Thus, C*°(T'[1]M) is equivalent to the space of differential forms Q®(M). We can easily
show that the operation of Qm on C*°(T[1]M) is the de Rham differential d on Q°*(M),

d(j*y) = =j"Qu~- (4.11)

Therefore, the restriction of the standard Courant cohomology HE-(M,Qpn) to
C(T[1]M) is equivalent to the de Rham cohomology,

HéCA(M7 QH) oo (T]1]M) = HC;R(M’ d) (412)

Next, we consider the Poisson Courant algebroid case. Note that 77*[1]M is isomorphic
to T'M. Let us consider the subspace C°°(T*[1]M ), whose elements can be written as

u = yun s (x>pi1 CDi- (413)

The pullback maps v to a multivector field,
1 ... 0 0

kA . . 4.14
Ju= (x)ax“ Ao A Ox's (414)
Hence, C*°(T*[1]M) is equivalent to the space of multivector fields T ) (M).
If we put R =0, then Op is given by
L i
®R = _{ﬂ-v @0} =357 (x)pjpkaglq s (415)
R=0 2
and
Qru = {Or,u} = —{{m, G0}, u}, (4.16)
for w € C°°(T*[1]M). Since the derived bracket {{—, O}, —} is equivalent to the Schouten
bracket [—, —]g, and the graded Poisson bracket of R with elements of C°°(T*[1]M) is zero,
Qr is equivalent to the Poisson differential dr = [r, —]s on T3, (M),
dr(j u) = —j"Qru . (4.17)

The cohomology defined by the coboundary operator d, is the Poisson cohomology,
HE(M,dy). Therefore, the restriction of the Poisson Courant cohomology Hpca (M, QRr)
to C°°(T*[1]M) is equivalent to the Poisson cohomology,

Hpca (M, Qr) oot Hp (M, dxr). (4.18)

4.3 Duality of cohomologies

Since we are considering an even dimensional manifold and a nondegenerate Poisson struc-
ture, we can prove that HSx, (M, Qp) is isomorphic to Hpoa (M, Qr). This is a general-
ization of the well known result that if M is symplectic, the de Rham cohomology and the
Poisson cohomology are isomorphic, Hkn(M,d) ~ H¥ (M, d,) [37).
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The map AFmé . QF(M) — Tfoly

cohomology and Poisson cohomology,

(M) induces a homomorphism between de Rham

NErt s HE (M, d) — HE(M, dy).

If 7=! is symplectic, the de Rham cohomology on °(M) is isomorphic to the Poisson
cohomology:

Hjjp(M,d) ~ HE(M, dr). (4.19)

In our duality theory, the de Rham cohomology is extended to HSq,(M,Qn) and
the Poisson cohomology is extended to Hpny(M,Qgr). Duality of H-flux and R-flux is
understood as duality of H§~, (M, Qn) and Hpca (M, Qr) on the same space C°°(M).

Let f be a general function on M = T*[2]T*[1]M, f € C*®(M). From (4.3),
it follows that Qgf = 0 < QR(G‘S‘*Pe_‘SO‘qe‘San) = 0and f = Qugg & [f =
Q R(e(s% e Oaq gdap g). Therefore, we obtain maps from elements of the @ g-complex to ele-
ments of the Q)g-complex,

T : f s e®ore O elop f, (4.20)

The flux duality map of complexes T': Co(M) — Co(M) gives rise to the isomorphism of
cohomologies, T': H§~y (M, dy) = Hpep (M, dR).
We obtain the following theorem.

Theorem 4.2. Let © be a nondegenerate Poisson structure, that is, m

is symplectic,
and R = N37'H. Then, the standard Courant algebroid cohomology is isomorphic to the

Poisson Courant algebroid cohomology,

HEca (M, Qu) = Hpoa(M,Qr). (4.21)

5 Poisson Courant algebroids from double field theory

In this section, we show that the Poisson Courant algebroid is a solution of the section
condition (the strong constraint) in double field theory. This shows that the Poisson
Courant algebroid is directly connected to the geometry of double field theory.

5.1 Supergeometric formulation, Poisson structure and double field theory

We start with the supergeometric formulation of the geometry of double field theory [38].
We take a doubled configuration space M in 2d dimensions with local coordinates (v, )
and a QP-manifold of degree 2, T*[2]M\ with fiber coordinates, (1;,7"), such that {y’,n;} =
{g;,7'} = §';. Moreover, we introduce degree one canonical conjugate coordinates (g*,p;)
such that {¢',p;} = &';.

On this P-manifold, the geometry of double field theory is formulated using the Q-
structure homological function,

O¢c = mqi + ﬁipi. (5.1)
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The classical master equation, {©¢, ©¢c} = 0, gives rise to the section condition,
ii'n; = 0. (5.2)
The C-bracket is constructed by the derived bracket,

le1, e2]c = j*{{jse1,Oc}, jrea}, (5.3)

where eq, eg are sections of TM\@ T*M.

We choose a nontrivial physical configuration space, a d-dimensional submanifold M C
M with local coordinate z¢ under the assumption that M has a Poisson structure w. We
can consider a local coordinate transformation with following Jacobian,

_ ozt Ot i i
O(x,x): i 0y :<5J 77]) (5.4)

9(y,9) o o 0 &7

Alternatively, this local coordinate transformation can be realized as a twist of the original
©¢ by the canonical function o, = %ﬂ'ij(.%)pipj. Here, we denote the original homolog-
ical function as O = &¢' + £'p;. The canonical transformation deforms the homologi-
cal function,

ap i, & ij 1 9mi* i
Oc =€e""O¢ = &iq" + 'pi + T Eip; — iW(JU)Q DjPk- (5.5)
This corresponds to the change of variables,
1 oIk
ni =& — 5@(@%’}% (5.6)
i =& —mg. (5.7)

We need the second term in (5.6) for consistency of the Poisson structure with the local
coordinate transformation (5.4). The section condition is deformed to

= 1 Ok
Finally, we take 5@ = 0 corresponding to the submanifold defined by Z; = 0, and obtain
homological functions of both standard and Poisson Courant algebroids,

O¢|i=0 = On—o + Op—o. (5.9)

Note that O¢ defines a double complex, since {O@p—9,Or—0} = 0. In this paper, we
analyze these two Courant algebroids. In fact, © g—g + O r—¢ defines a Lie bialgebroid on
TM @ T*M.* Since we change the section condition 7' = 0 to §~Z = 0, in general, the
configuration space M is not embedded as a direct product M x M in the doubled space,
but is a nontrivial submanifold of the doubled configuration space.

“In the case where H and R are nonzero this defines a proto-Lie bialgebroid [34, 42]. Solutions of the
classical master equation give a dependency between both fluxes if the Courant algebroid is exact [16, 17].
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5.2 Poisson Courant algebroid R-flux in double field theory

Finally, we want to discuss how the R-flux of the Poisson Courant algebroid relates to the
R-flux in double field theory. For this, we compute the B- and S-twist of the homological
function (5.1). This gives the following description of all fluxes H, F, @ and R in terms of
their potentials

e e 800 = (; — Brni?™)q" + (7" — 0mB™ + 7" Bum 8™ )ps
1 -
—+ 5 [—BmﬁzBrs + anBrs:| qanqS

1~ ~ 1 ~ 1 :
+ |:28Zan + (Blmaans - 8man + iBlsalen - 28san> ﬁ82:| Piqmqn

1 1 ~ ~
+ [23i5hk - 5311'815% + 9" By, 8™

1 _ _ . A
- 5 [_BlialBrs + aiBrs - BlsalBir + asBir + BlralBis - arBis] BShﬁrk:| quhpk’
1 i phk 1 ih plk 1 11 hk 1 Al pih onk
+ |50 8™ — 0,87 B — — 370" + ~ B, 0" 8" B
2 4 4 4
1 . 1~
+ ZBlnﬁmalBhk - 581an/8nh5mk
1 _ N N .
+3|(_BlnalBrs+8nBrs_Blsaanr+aanr+Blraans_aans)BSZBrhﬁnk] PiPhDPk,

(5.10)

where B = %Bij (y,9)¢'q’ and B = % B (y, §)pip; are functions on the ordinary coordinates
y and their duals §. The Q-structure function of the H-twisted standard Courant alge-
broid (2.8) realizes the double field theory H-flux in the supergravity limit (7’ = 8% = 0)
with vanishing 3-field, 3% = 0. Indeed, truncation of (5.10) to this frame leads to the
correct local description of H-flux in terms of its potential Hy,s = %8[,ZBTS]. On the other
hand, truncation to the non-geometric frame, where 7, = 0; = 0 and B;; = 0, leads to
the correct description of R-flux in terms of its potential R* = %@’ﬂhk}. Finally, the
truncation to the frame such that 7' = 9" = 0 and B;;j = 0 gives the correct description
of R-flux in terms of R¥"* = % Bl g, 8% This brings us into the position to compare the
R-flux of the Poisson Courant algebroid to the R-flux of double field theory. For this, we
have to distinguish two cases, which will be discussed in the following.

The first case concerns the meaning of the transformation Oy — ©p (4.3) of the
standard Courant algebroid with H-flux to the Poisson Courant algebroid R-flux. For this
transformation, we introduce the Poisson bivector field 7. Since, as described above, the
standard Courant algebroid with H-flux already works in the supergravity frame with zero
(-field by the identification y* = 2* and §; = &; = 0, the resulting Poisson Courant algebroid
also works in the same frame. The Poisson tensor 7 is introduced as additional freedom,
which is not related to the flux potentials 8 and B, and the resulting Poisson Courant

algebroid with R-flux serves as a different way of representing an H-flux background on a
1 9n%

Poisson manifold. On the other hand, the term —5 Gk

¢*pip; in (3.1) is a so-called Poisson
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connection with vanishing curvature. Therefore, it must be distinguished from a @Q-flux
term in double field theory.

In the second case, if the Poisson Courant algebroid is seen as a stand-alone object,
we can make contact to the double field theory R-flux. Through identification of (5.10)
o (3.1) we find

I (@)& = i — nmB™ (y 9) + 7" B (4, §)8™ (4, ), (5.11)
which leads to the identification 7% (z)&; = 77 or 7% (x) ai,. = 8‘;

the section condition is solved. Integration of this equation leads to

Ui = /Wijl(l‘)dl'j. (5.13)

Since there is no H-flux coefficient in the Poisson Courant algebroid, we obtain the relation
B;i =
by the potentials B or 5, but is a Poisson connection arising from the underlying space, and

a?/i = 0 due to (5.12). The term —%%’%qkpipj in (3.1) is not sourced

its origin is different from the @-flux in double field theory. Finally, the local description
of R-flux is then given in terms of the S-potential via

R = 9 ay ’Bhk ( ~)}y =0,j=f 7= 1(z)dz
_ ]‘ hk]
1
LAl (.14

To summarize, the Poisson Courant algebroid can be interpreted in two different ways,
depending on the frame chosen in double field theory. In order to analyze the property of
R-flux, we can use this correspondence, and on spacetime with a Poisson structure, some
parts of R-flux geometry can be analyzed as H-flux geometry.

6 Topological sigma models

We want to consider field theoretical models with Poisson Courant algebroid symmetry.
Here, we construct a 3-dimensional AKSZ sigma model, i.e., a theory of a topological
membrane with 3-vector flux R, following the construction of a topological membrane
theory based on the standard Courant algebroid [41, 42]. For this purpose, first we shortly
review the concept of AKSZ sigma models [26, 30, 43].

6.1 AKSZ sigma models

Let (X, D, u) be a differential graded manifold X with a D-invariant nondegenerate measure
p, where D is a differential on X. Let (M, w, @) be a QP-manifold, and let Map(X, M)
be the space of smooth maps from X to M. It means that we consider the sigma model
on the worldvolume X embedded into the target space M.
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Since Diff (X) x Diff (M) naturally acts on Map(X, M), D and Q induce differentials D
and Q, respectively, on Map(X, M). Explicitly, ﬁ(z, f) =D(2)0f(2) and Q(z, f) = Qf(2),
for all z € X and f € Map(X, M).

The evaluation map ev : X x Map(X, M) — M is defined as ev : (z, f) — f(z), for
any z € X and f € Map(X, M). The chain map on the space of graded differential forms,
2 (X x Map(X, M)) — Q*(Map(X, M)), is defined as

() v, vg) = /X w2z, Hn,. . ),

for a graded differential form w, where v; are a vector fields on X and [, u is the Berezin
integration on X. The composition u.ev* : Q*(M) — Q°*(Map(X, M)) is called trans-
gression map.

A P-structure w on Map(X, M) is defined by

W = peeviw.

Note that w is nondegenerate and closed since the operation p.ev* preserves these proper-
ties. The corresponding graded Poisson bracket on the mapping space Map(X', M) is also
denoted by {—,—}. We show later that this bracket is the BV bracket {—, —}py or the
Poisson bracket {—, —}pp-

A Q-structure function S on Map(X, M) is constructed as follows. S consists of two
parts S = Sy + S1. We take a canonical 1-form (the Liouville 1-form) ¥ on M such that
w = —0vY and define Sy = Lf),u*ev*ﬁ. Moreover, we define S; = u.ev*©, where O is
the homological function on M. Then we can prove that S is a homological function on
Map(X, M),

{5,8} =0, (6.1)

using the definitions of Sy and S7 and the properties of the maps. A degree 1 homological
vector field @ is defined as @ = {5, —}. The classical master equation shows that @ is a
coboundary operator, Q% = 0.

From the above construction, we can prove that the mapping space Map(X, M) is a
QP-manifold. This structure is called an AKSZ sigma model. If X = T'[1]X, where X is a
manifold in n+1 dimensions, the QP-structure on Map(X, M) is of degree —1. In this case,
a QP-structure on Map(7'[1]X, M) is equivalent to the Batalin-Vilkovisky formalism of a
topological sigma model including all ghosts and antifields. {—, —} is the BV antibracket,
and it is denoted by {—, —}pv.

If X is a manifold in n dimensions, the QP-structure on Map(X, M) is of degree
0. In this case, a QP-structure on Map(7T'[1]X, M) is equivalent to the Hamiltonian BFV
formalism and {—, —} is an ordinary Poisson bracket. Then we denote {—, —} by {—, —}pp.

6.2 AKSZ sigma models with boundary

Recall the definition of a canonical transformation in subsection 4.1. Let M be a QP-
manifold of degree n. For any function a € C*°(M) of degree n, e% is called a canonical
transformation, since {e% f, e gl = et {f, g}, where f,g € C®(M).
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For our purpose, we choose a special kind of canonical transformation, called canonical
function with respect to a Lagrangian submanifold L.

Definition 6.1. Let (M,w,Q) be a QP-manifold of degree n. A function o of degree n
is called canonical function with respect to L, if Oz = 0, where L is a Lagrangian
submanifold of (M,w) and |z is the restriction to L.

This transformation changes the target QP-manifold to (M, w, ©4) with 0, = €% 0.
Since the P-structure does not change, the new Q-structure function S’ in the AKSZ sigma
model becomes

S = Sy + 5!
= Lppev + pevedo. (6.2)
If 0X = (), S’ also satisfies the classical master equation, since {¢**©, %@} = e% {0, 0} =

0. If X # (), the boundary conditions are deformed by «, so that S’ satisfies the classical
master equation. In this case, using Stokes’ theorem, a straightforward computation gives

(S, 8"} = L ppoas (ip x id)* ev™9 + poxs (ig x id)* ev*e’*®, (6.3)

where iy is the inclusion map ig : X — X and pgxy« is the boundary integration on 0X
by the pullback u, by the map iy. Since the classical master equation, {S’, S’} = 0, must
be satisfied for consistency of the theory, the right hand side of (6.3) must vanish. The
condition is expressed on M as follows [29, 44].

Proposition 6.2. We assume 0X # 0. Let (M,w, ) be a QP-manifold of degree n and
L a Lagrangian submanifold of M, which is the zero locus of the canonical 1-form 4, where
w = —01.

Let a« € C®(M) of degree n be a canonical function with respect to L, i.e.,
%O, = 0. Then, the classical master equation, {S’,S'} = 0, is satisfied in an AKSZ
sigma model (6.2).

From proposition 6.2, the mathematical structure of an AKSZ sigma model with
boundary is described by a quintuple (M,w,©, L, «).

A canonical transformation by a canonical function « can be interpreted as an intro-
duction of a boundary term in the sigma model action S.

Let S” = ¢ %5’ where @ = psev*a. Then, S’ and S” have equivalent geometric
structures,

S = e % g

= %Sy + pevie %20

= 7% Sy + pevo. (6.4)
Let us consider the special case, where « satisfies {a,a} = 0. Then, since e %S, =
So — {50, &}, o generates a boundary term Spx = —pugx«(ig X id)*ev*a,

S" = Sy —{So, &} + px evO
= So — Lp psevia + . ev'e
= S — pox« (ip x id)"ev*a. (6.5)
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Therefore, twisting of S by « introduces a boundary term induced by transgression of «,
Sox = — [y 1t (i x id)*ev*ov.

6.3 Contravariant Courant sigma models

We construct the AKSZ sigma model induced from the Poisson Courant algebroid.

Let us take a 3-dimensional manifold X with boundary 0X. The worldvolume is
a supermanifold X = T[1]X. Let (¢%,6") be local coordinates of degree (0,1) on X.
Elements of Map(X, M) are superfields, which we denote by boldface letters. For example,
e € I'(X,x* M) corresponds to a local coordinate e on M, where & : X — M.

The AKSZ construction on Map(X, T*[2]T*[1]M) gives the bulk AKSZ sigma model.
We denote the P-structure by

w = / p (6x' A SE; +0q" A op;). (6.6)
X

If a = 0, the Q-structure function has the following form:

) ) L 1 9k ) 1 ..
S = /Xﬂ <€id$l —p;dq' + 7 (x)€;p; — iﬁ(w)qlpjpk + ?)lRij(w)pipjpk> . (6.7)

We call (6.7) the Poisson Courant sigma model or the contravariant Courant sigma model.
We take the variation of S,

5S = / L (5£ida:i + ¢,déx’ — op;dq’ — p,;diq’
X

1 9mik

+6 (w”(m)sipj — 5 g ()PP + 1R”’“(w>pmjpk>) . (6:3)

3!

The equations of motion for € and q are obtained by integration by parts. Since
6S|ox :/6 nox (&0x' + pioq’) lox, (6.9)
X

the boundary terms, &;6x° + p;6q°, must vanish in order to derive consistent equations
of motion. This equation determines the boundary conditions. It is satisfied, if for the
Liouville 1-form it holds ev*¥ = 0 on the boundary of the membrane in the target space.
This means, that the Lagrangian submanifold £ is the zero locus of ¢.

On the other hand, the boundary condition must be consistent with the classical master
equation on the mapping space, {5, S}py = 0. Direct computation gives

(S, S}ny = /8 o (sida:i ~ pidg’ + 7 (@),
X

1 ok
2 Ozt

(6.10)
ox

i L i
(2)a'p;py + 5 R (w)pz-pjpk>
We can take boundary conditions &;|px = 0 and p;loxr = 0, such that (6.9) and (6.10)

vanish. Therefore, in terms of the target space, the structure is & = p; = 0. This
corresponds to the Dirac structure [12] T* M of the Poisson Courant algebroid TM & T M.

~19 —



Next, we consider a more nontrivial case with boundary term, modifying the Q-
structure by a canonical function «. As an example, we take o = —%Bij(x)qiqj , constructed
from a 2-form B = 1B;;(z)da’ A dz7. The Q-structure changes to

i i ij 1 9mi* i L i
S = / po| &da' — pdq’ + 77 (x)&p; — == (®)qg'p;p), + o R7* (x)p;p;p),

1 .
+/ pox =Bij(z)q'q’, (6.11)
X 2

where we have used the expression S” = ¢ 7%’ in (6.5). The boundary term deforms the
boundary conditions. The variation §5” restricted to the boundary is
1 8Bjk(f£)

08" lgx = /ax Hox KE@ t 9 Ay qjqk> oz’ + (p; — Bij(x)q’) oq' + -+

Since these terms must vanish, consistent boundary conditions are as follows:

10B ik\ T ; .
Elox = 5 M) gt pilox = By@)lox. (6.12)

The master equation, {S”,S5”}gy = 0, requires another consistency condition, i.e., the
integrand of Sy is zero on the boundary,

1 9nik

<7Tij (z)€ip; — 2 on

= 0. (6.13)

. 1 ..
(x)q'p;p); + R”k(w)pz-pjpk>
oxX

3!
Similarly, (6.12) and (6.13) can be converted to a condition on the target space, such that

1 9mik

i i L i
=7 J(l‘)&pj — 5@(1’)(] PPk + ﬁRjk(.T)pipjpk =0 (6.14)

holds on the Lagrangian submanifold £’, defined by

_10Bj(2) ;i

- R J
5@ 2 o q°q, Di BZJ(fE)q . (615)

Substituting (6.15) into (6.14), we obtain the following geometric structure on L'

ij 19m7* i L ik
7 (x)ipj — §W(lp)q Djpk + gR (7)pip;pr (6.16)
1 ,,,0Bi; 1 orim 1 -
= <2wlm o, Bk = 55— BitBim — lem"BqumBkn> ¢¢q" =0.
(6.16) is equivalent to®
[B,B], = \*B’R. (6.17)
"The Koszul bracket [—, —]. is extended to the space of all differential forms as the Lie bracket satisfying

the Leibniz rule. The homomorphism B’ : TM — T*M is defined by B’(X) = B;; X'(x)d/0z’, where
X = X(2)0/02" is a vector field.
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The commutator of a 2-form B with respect to the Koszul bracket is twisted by a 3-vector
field R. If B =71, (6.16) becomes

H =dB = N*B’R. (6.18)

Next, we construct the boundary action on T[1]0X by integrating out the superfield

1

g, and using the Stokes’ theorem. Suppose 7 is nondegenerate, i.e., 77" is symplectic.

Integrating out &, from the action (6.11), we obtain the equations of motion p; = —W%ldmj.
By substituting this equation to (6.11), the action becomes the boundary (twisted) AKSZ
sigma model with WZ term in two dimensions,

- o o
S = pox (7 1)ijq dz? + §Bij(w)qij
ox

[y - - - m ..
- /X p g B @) () (ol d (6.19)

This is the Poisson sigma model [45-47] deformed by a WZ term [48].
The action without ghosts can be obtained as follows. We expand the superfields in
components as

1
®(0,0) = 2V (0) + &P (0)0" + 5@5?)(0)0“0". (6.20)

If we integrate over 6" and drop ghost fields with nonzero degrees, we get the
physical action:

A 1 S
S = —/ (77 1)ijq" Adx? — ZBij(x)g' A ¢
ox 2
1.
—/ gR”k(x)(ﬂ'_l)il(W_l)jm(w_l);mdxl Adx™ A dx™, (6.21)
X .

where 2zt = (0% and ¢ = da“q,(})i. If we add the kinetic term, we obtain a string sigma

model action with R-flux,

S = 1/ Gij(x)dxi A xdx? —/ ((ﬂ_l)ijqi Ada? — lBij(x)q" /\qj>
2 Jox X 2
1 ..
—/ S RIF@) () (™) jn (77 gndx! A dz™ A da™. (6.22)
X

6.4 Duality of Courant sigma models

We have discussed duality transformations of the standard and the Poisson Courant alge-
broids in section 4. In this subsection, we derive the same result from the analysis of the
corresponding sigma models.

We perform the duality transformation on the level of sigma models. The AKSZ con-
struction on a three-dimensional manifold X with boundary gives rise to two Courant sigma
models, one with the Poisson Courant algebroid structure with R-flux, constructed in the
previous subsection, and one with the standard Courant algebroid structure with H-flux.
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The BV action of the Poisson Courant sigma model is (6.7). On the other hand, from
the AKSZ construction, the BV action of the standard Courant sigma model is

. . 1 o
S = /X 1 <§Z~dm’ —p;dq' + &,9" + 3‘I{ijk(alc)qlq]qk) . (6.23)

We consider the following twisting of the standard Courant sigma model by applying the
twist (4.3) as

S B 1 o
S = / p (&da’ —g'dp;) + e 5"‘16‘5%/ p <£iqz+3,Hmk(w)qu]qk>- (6.24)
X X !
This is equivalent to

1

S = e %ap gdag e~ dap /X/‘ (Eida:i - qidpi) + /Xu <£iqi + S'Hz‘jk(w)qiqjqk) , (6.25)

where o), and o4 are understood as papx«evoy, and ppy«evay. We have

e Oapdage0ap ) = G +/ 5

1 .. .
tox <7T”(w)pipj +piql>
ox

1 .. »
- / pox (—27r”(w)pipj+7r”(w)pipj>
ox
= 50+/ pox (pig') . (6.26)
oxX

Therefore, by this twist, the action becomes the Courant sigma model with boundary term,

o 1 o .
S’ = /X,u (Eidw’ —q'dp; + €,4" + 3‘lrafijk(a:)qlqjqk) + /8X rox (pig'). (6.27)

From (4.4)—(4.7), redefining the superfields as

z = ', (6.28)
q' = Wij(az)p’j, (6.29)
pi = - (x)a”, (6.30)
& =&+ agmjfwml(zc)ﬂjq/lv (6.31)

we can simplify the total action as

S — / M <£/idm/i _p/idq/i
X

197k
2 Oxt

g . 1

+m(x)€'ip’; — (@)q"pjp"), + 5 RY (iv)p'ip’jp’k> - (6.32)
The resulting action is the same as the BV action of the Poisson (contravariant) Courant
sigma model (6.7), and we obtain the relation between H and R, R = A37mEH | again.
Therefore, in the theory of the topological membrane, the duality transformation between
H-flux and R-flux is a change of boundary conditions.

- 29 —



7 Current algebras

In this section, we consider a current algebra a la Alekseev and Strobl [27, 32, 33, 51]
corresponding to the Poisson Courant algebroid in two-dimensional spacetime.

7.1 Poisson brackets with fluxes from target QP-structures

In this subsection, we briefly review the Hamiltonian method to construct a Poisson bracket
of canonical variables with fluxes from general target QP-structures [27].

Let (M,w) be a P-manifold of degree n — 1. We take a worldvolume X =
Y x R in n dimensions and a space supermanifold X = T[1]X, since we consider the
Hamiltonian formalism.

The simplest method to determine a Poisson bracket is to construct it from w =
pseviw. Since X is in n — 1 dimensions and w is of degree n — 1, the graded symplectic
structure w is of degree zero due to the integration .. Then, we obtain a graded Poisson
bracket of degree zero, that is, an ordinary Poisson bracket {—, —}p5. However, the Pois-
son brackets obtained in this way cannot include fluxes, since the target space geometric
datum © is not used. In [32], the symplectic form was deformed by b-transformation to
include H-flux.

Here, we use another method to incorporate the geometric datum ©. First we consider
a QP-manifold of degree n, (M, w, ©), as an extended target space. A Lagrangian subman-
ifold £ with respect to w is regarded as the target space of physical canonical quantities.
w defines a graded Poisson bracket, {—, —}, of degree —n.

Then, we consider the derived bracket {{—, ©}, —}, which is of degree —n + 1, and use
the following fact.

Theorem 7.1. Let (M,w,Q) be a QP-manifold, L a Lagrangian submanifold with respect
to w, and pr : M — L the natural projection. If the derived bracket is restricted to L,
then it gives the graded Poisson bracket {f, g}, = {{pr*f,©},pr*g} B for functions f and
g on L.

We can easily prove that {f, g}, is antisymmetric and satisfies both the Leibniz rule
and the Jacobi identity using {pr* f,pr*g} = 0.

In order to define a Poisson bracket on the mapping space, we transgress the derived
bracket to the mapping space Map(X', M). Then, the derived bracket {{—,S1},—} of
degree zero, with S1 = u.ev*0, defines the Poisson bracket on the mapping space,

{F7 G}PB = {{F7 51}, G} 7 (7'1)

where F,G are functions on the mapping space. Precisely speaking, for a function
f € C*(L), we introduce test functions € on X of degree n — 1 — |f|. A Lagrangian sub-
manifold of Map(X, M) is denoted by EA, and the projection map is pr : Map(X, M) — L.
We can prove that the restriction of the derived bracket to a Lagrangian submanifold EA,
pro{{—; 51}, =} = {{—, 51}, —}|z, becomes an ordinary Poisson bracket {—, —}pg,

{peerev™pr* f, poesev prigtpy = pro{{me1ev’pr* f, S1}, pseaevprig}. (7.2)

~93 -



The Poisson bracket depends not only on ©, but also on the choice of the Lagrangian
submanifold L.

Note that we can use the following formula to connect the target space computations
to the superfield computations,

{{ps€1evpr* f,S1}, peeaevprigl = prereaev™{{pr*f,©},prg}, (7.3)

where f,g € C™(L).

Simple candidates for L are canonical Lagrangian submanifolds, which we denote by
Eo. For instance, in the case of the Courant algebroids, two simple Lagrangian subman-
ifolds in Map(&X,T*[2]T*[1]M) are Map(X,T*[1]M) = {(z,p;,q",&,)|¢&; = q¢' = 0} or
Map(X, T[1]M) = {(z*,p;, q",&,)|€; = p; = 0}. Generally, we cannot obtain the twisted
Poisson bracket with fluxes by simple restriction to these canonical Lagrangian submani-
folds. We do a special twisting of functions on the mapping space, before restricting the
space to a canonical Lagrangian submanifold, where the twisting does not depend on fluxes.
This procedure derives a Poisson bracket with flux.

The space of functions on a canonical Lagrangian submanifold is con-
structed as C®(Ly) = {priopeev*pr*f|f € C®(Loy)}. We twist the func-
tions to be e’ peeviprif = €% [, pe(o,0)f(p(o,0)). The twisted derived bracket
{{e% peeev*pr* f, 81}, €% i eev* prg} restricted to Ly gives rise to a Poisson bracket with
fluxes, if we choose a properly. The formula is

{e‘s“,u*elev*pr*f,eéau*egev*pr*g}PB = ﬁ“*{{edau*elev*pr*f,Sl},e(s“u*aev*pr*g}. (7.4)

Assume that a nontwisted Poisson bracket {—,—}pp on the canonical Lagrangian
submanifold is nondegenerate, that is, symplectic. Then, there exists a graded symplectic
form w fo = HxeViwr, on Eo corresponding to this Poisson bracket. We choose oy =
Lppxev*ie, as the twisting function, where 9., is the Liouville 1-form, such that we, =
—0Ur,. Note that ap does not depend on the fluxes.

Here, we have twisted the space of functions on the mapping space and restricted it to
the canonical Lagrangian submanifold. We could also obtain the same Poisson bracket by

o and

twisting the canonical Lagrangian submanifold with a canonical transformation e~
restricting the derived bracket to the twisted Lagrangian submanifold.

We demonstrate the procedure in the H-flux case.

Example 7.1 (Poisson brackets twisted by H-flux). We construct the Poisson bracket
of the standard Courant algebroid with H-flux on the cotangent space of the loop space
Map(S*, T*M). First we determine the Poisson brackets of the canonical quantities.

Let us consider the QP-manifold of the standard Courant algebroid, M = T™*[2]|T*[1]M,
in section 2. Take local Darboux coordinates (x, p;, ¢*, &;) of degree (0,1,1,2). The canon-
ical graded symplectic structure is expressed by w = dz' A 6§ + op; A d¢'. We take a
canonical Lagrangian submanifold with respect to w, Lo = {(z%, p;)|& = ¢* = 0}.

5This condition is satisfied, if M is a double graded cotangent bundle of a graded manifold A/, for
example, M = T*[n]T*[n — 1JN. All QP-manifolds in this paper are double cotangent bundles.
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Since the Q-structure function of the standard Courant algebroid is © = &¢* +
%Hijk(a:)qiqj ¢", the derived brackets for the canonical quantities on £ are

{{:Uiv@}vxj} =0, (75)
{{z',0},p;} = &', 7.6
{{Pia@}>pj} = _Hijk(x)qk-

Next, we consider the mapping space. Take the supermanifold X = T[1]S! with lo-
cal coordinates (c,60). Local coordinates on Map(T[1]St, T*[2]T[1]M) are superfields
x'(0,0) : T[1]S* — M and ¢'(o,0) € T(T*[1]S* @ z*(T[1]M)) of degree (0,1) and canoni-
cal conjugates &,(0,0) and p;(c,0) of degree (2,1), &;(0,0) € T(T*[1]S' @ 2*(T[2]M)) and
p(,0) € T(T*[1]S' @ a* (T AT, [1]M)).

The transgression of (7.5)—(7.7) induces the derived bracket on superfields. The con-

crete expression is

{{azi(o, 9)751}7$j(0/70/)} =0, (7.8)

{{mi(o—ve): Sl}vpj(a—/v 9/)} = _51](5(0' - G')(S(G — 9/)7 .

{{pi(0,0),81},p;(0",0)} = Hij(x)q"(0,0)8(0 — )30 — 0'). (7.10)
The Liouville 1-form on the Lagrangian submanifold is ag = tppsevd, = — [ pp;dx’.

Twisting by the Liouville 1-form aq gives rise to the transformation ¢* — q* — dx*. If we
reduce to the canonical Lagrangian submanifold £y defined by &; = ¢° = 0, we obtain

{wi(aa 0)7 a/ (U/v 9/)}PB =0, (7.11)
{x' (o, 0),p;(c',0)}ps = —0'56(0 — )80 — 0, (7.12)
{pi(0,0),p;(0",6")}pn = —Hiji(x(0,0))da"(0,0)8(c — o")6(6 —¢').  (7.13)

We expand the superfields by the local coordinate 6 on T[1]S?,
®(0,0) = (o) + M (0)0. (7.14)

The degree zero component in the expansion is the physical field (and degree nonzero
components are ghost fields). In this example, physical fields are z°(¢) = z(?%(o) and
pi(o) = pz(-l) (). The Poisson brackets of the physical canonical quantities are degree zero

components of (7.11)—(7.13):

{z'(0),27(c")}pB = 0, (7.15)
{z'(0),p;(0")}pB = &'j0(c — '), (7.16)
{pi(o),pj(0")}pr = _Hijk($)ao$k(0)5(0' —ad). (7.17)

These are the Poisson brackets of the canonical quantities with H-flux in [32]. The sym-
plectic form of Alekseev-Strobl type, which induces (7.15)—(7.17), is

: 1 o
w = / do 62" N\ Op; + / doHijp,(x)0gx' 62’ A Y (7.18)
Sl 2 Sl
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7.2 Current algebras from target QP-structures

A current algebra is a Poisson algebra on the mapping space. Consider a subspace of
C*°(M), which is closed under the derived bracket {{—,©}, —}. This subspace becomes
a Poisson algebra on the mapping space after transgression. The finite degree subspace,
S0 Ci(M) = {f € C®°(M)||f| < n—1}, is closed under the derived bracket. If Cy,_1 (M)
is transgressed to Map (X', M), twisted by «q and restricted to the Lagrangian submanifold
Eo, we obtain a current algebra with fluxes.

For the H-flux case, we demonstrate the construction in the following example.

Example 7.2 (Alekseev-Strobl current algebras). Based on the result in example 7.1,
we take Cy @ C1 = {f € C°(T*[2]T*[1]M)||f| < 1} as space of functions. Elements of
Co @ C are functions of degree zero, jos) = f(x) and functions of degree one, jj(xtq) =
ai(7)q" + X' (7)pi- Ji(x+a) is equivalent to a section of TM @ T*M, since it corresponds
to a;(x)dx? + Xl(x)% Let jo)) = 9(x) and j1yy+p) = Bi(z)q" + Y (z)p;. The derived
brackets of functions are easily computed,

{{jO(f)7 6}7.]0(9)} =0,

{{]1(X+a)7 }Jo(g)} TN o —p(X + Of)]o(g),
{{i1(x+a): Oh d1iv48)} = —J1((X+a,Y +6]m) (7.19)

where [X + «,Y + (g is the Dorfman bracket on the standard Courant algebroid with
flux H,

[X—}—Oz,Y—{—ﬁ]H = [X,Y]—FLxﬁ—LydOz—FLXLyH. (7.20)

for X, Y e I(TM), o, € T'(T*M).
Currents are identified with twisted functions on the Lagrangian submanifold of the
mapping space. In order to construct currents, we apply the transgression map to jg and

j1. Then, we twist them by ag and finally restrict the resulting functions to the Lagrangian
submanifold defined by &; = ¢' = 0. The corresponding currents are

Ty (€)= Pr.e’ peyev*jo) s = /TD]S1 pey f (),
J(1)(x+0) (€0)) = Pra€’® fie0)ev™ (1) (ua) = /T[1]51 pe) (—ai()de’ + X' (z)p;), (7.21)

where €;) = €(;)(0,0) is a test function of degree i on the super circle X' = T[1]S'. The
integrands of degree zero components of Jy and J; are

Joyp) (o) = f(x(0)), J1)(x+a)(0) = ai(2)052 (o) + X' (2)pi(0),  (7.22)

which are the correct AS currents.
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We compute the Poisson algebra of these supergeometric currents from the Poisson
brackets of canonical quantities (x¢, p;) obtained in example 7.1:

{Jocr)(€), Jo(g)(€')}pB = 0, (7.23)
{J1(x10)(€), Jorg)(€)}pB = p(X + ) Jy(g) (€€'), (7.24)
{J1(x+0)(€), Jiv+5)(€)}PB = J1((X+a,y+8]) (€€)

[ ey (X +a Y+ f)@), (725)
T[1)S?

where Jo( ) = fT[l]Sl pemyg(x), J{(Y+5) = meSl pe) (—Bi(x)dx’ + Y'(x)p;). The AS
current algebra is given by the physical components of the supergeometric currents, i.e.,
degree zero components, in (7.23)—(7.25):

{Jo(s) (@), Jogg)(a") }pB = 0, (7.26)
{N1(x10)(0); Jo) (@) }pB = —p(X + a)Jy(g) (2(0))d(0 — o), (7.27)
{Jix+0) (@), Jiy+8)(0)}PB = =T (X 40,y +8]5)(0)d(0 — o)

)
HX + ), (Y +§))0)0:0(0 —0').  (7.28)

This coincides with the generalized current algebra described in [32].

7.3 Poisson bracket twisted by R-flux

By the same method as in the previous section, we derive a current algebra with R-flux
from the supergeometric data of the Poisson Courant algebroid.

Let us consider a two-dimensional worldsheet ¥ = S x R and take the tangent bundle
TLM = Map(S*, TM) of the loop space LM = Map(S', M) as phase space, dual to the
cotangent bundle T*LM = Map(S',T*M) in the standard Courant algebroid case. Let
2%(0) be local coordinates on the base and ¢'(c) local coordinates on the fiber, where o
parametrizes S!.

We would like to construct Poisson brackets between 2'(c) and ¢‘(0). For that, we
use the QP-manifold of the Poisson Courant algebroid, which is M = T*[2]T*[1]M with
Q-structure © = 7% (z)&pj — %887;? (z)g'pipr + %Rijk(x)pipjpk. We take a Lagrangian
submanifold £y = T[1]M of M parametrized by local coordinates (z*,¢"). The derived
bracket on T'[1]M is

{{l’i?@}’xj} =0, (729)

{{',0},¢’} = 7 (x), (7.30)

1,
on' i

{{e" 0} ¢’} = ~R*@)pp + 5 1 (2)g". (7.31)

The transgression of (7.29)—(7.31) gives the derived brackets on the superfields. If we
restrict them without twisting to the canonical Lagrangian submanifold parametrized by
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&, = p; = 0, we obtain the Poisson bracket without R-flux,

{mi(gﬂ 0)7 :Bj (0/7 0/)}PB =0, (732)

{x'(0,0),¢' (0/,0)}pp = —7(x(0,0))5(c — 0')5(0 — 0'), (7.33)

(4(0,0), ¢ (o', }ois = —?;;:]Z(a:(a, 0)q"(0,0)5(c — )60 — ). (7.34)

In order to introduce R-flux, we would like to consider a nontrivial restriction with twisting.
For simplicity, we assume that 7 is nondegenerate. In order to obtain an AS type
current algebra, we take the Liouville 1-form induced by the symplectic form w,, defined
by the Poisson bracket (7.32)—(7.34). This is ag = — [ p q'(71)ijda? + - -+, where - -
contains terms without q°.
Twisting by ap induces the twist p; — p;— (7~ 1);;da?. After the restriction & = p; = 0
to the canonical Lagrangian submanifold, we get the Poisson brackets with R-flux,

{x'(0,0),2/ (o, 0)}pp = 0, (7.35)
{x'(0,0),¢ (0,0 }pg = -7 (x(0,0))5(0c — 0’)5(0 — ¢'), (7.36)
(4(0,0), (o, 0) o = — <Rijk(x)(7r—1)k,dxl + ‘37;2 (w)qk> 5o —o)5(0—0). (7.37)

Physical Poisson brackets are the degree zero components of these equations. Here we
denote physical fields by z°(0) = (V%(¢) and ¢'(0) = ¢V?(5). Then, the Poisson brackets
on the physical canonical quantities are

{z'(0),27(0")}pB = 0, (7.38)
{z'(0),¢ (o) }pp = " (2(0))d(0 — o), (7.39)

or

(@) (@ = (R @) ulo)ra + 55 @a" ) @)oo ). (1.40)

The relations (7.38)—(7.40) can also be derived by [-transformation. If R = 0, the
relations (7.38)—(7.40) are obtained by pullback of the Poisson structure on T'M, lifted
from the Poisson structure = on M [52], to the mapping space. In this case, the R-
tlerm is i;ltrodgce.d by .B—transformation, 2t = 2t and ¢' — ¢' + pY wj—,ja(,xk , where 8 =
38Y(2) 527 N 557 is a bivector field such that [r, 5]s = R.

The symplectic form of Alekseev-Strobl type which induces (7.38)—(7.40) is

w = / do (7~ 1);;05" A og?
S1

or

1 ~
_ _ pijk(_—1 l k -1y, m -1y n 41
- /S 1d0( R ()00 + axkq)<” Jim02™ A (7 V) jnda™. (7.41)
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7.4 Contravariant current algebras with R-flux

Here, currents are constructed from functions of degree equal to or less than one on the
target space, Co @ C1 = {f € C°(T*[2]T[1]M)||f| < 1}, which is the same space as in the
case of the AS current algebra. Take a function of degree zero jo = f(x) and a function
of degree one j1 = X'(z)p; + a;(x)q". By transgression of jy and j; to the mapping space,
twisting by ag such that p; — p; — (7 !);jdx’, and restricting them to the canonical
Lagrangian submanifold, we obtain the supergeometric currents,

Ty (€)= Prae’™ paeyev o)) = /Tmsl peq f (),
J1)(xX1a) (€0)) = Pra€®0 pie(0)eV* (1) (ua) = /Tms1 pieqoy(—X " () (1)ijda? + oy (x)gq’).

If we take the degree zero components of the superfields, we obtain AS type currents,

Jop)(0) = f(2(0),  Jixsay(0) = X (2(0))(n71)ij0027 (0) + ai(z(0))q' (o). (7.42)

The algebra of these supergeometric currents is computed from the Poisson brackets of the
canonical quantities (7.35)—(7.37):

{Jo)(€), o) (') }pB = 0,
{JI(X+a)(€)>JO(g) (6,)}PB = p(X + a)JO(g)(eel)v
{N1x+0)(€)s Ty a8 (€) )P = Ti(x 10,y 1817 (e€)
+ / /Lde(o)el(o) <X + o, Y + ﬁ> (33), (743)
T[1)S!
where
(X +a,Y + 0% = (o, flr + LY — 18d- X — R(a, B, —), (7.44)

is the contravariant Dorfman bracket with R-flux on TM @ T*M and p(X + ) = (a) is
the anchor map. Component expansions give rise to physical current algebras:

{Jo()(9), Jogy (")} = 0, (7.45)
{N1(x10)(0), Jog) (0")}pB = —p(X + ) Jy(g)(x(0))d(0 — o), (7.46)

{N1x10)(0)s Ty 1) (@)} pB = =i (X 4oy +8)75) ()0 (0 — )
HX + o, Y + 6)(0")056(0 — o). (7.47)

This formula (7.45)—(7.47) is consistent, even if the Poisson structure = is degenerate.
Therefore, we do not need to impose a nondegeneracy condition for 7 in the current algebra.

8 Conclusions and discussion

The Poisson Courant algebroid, which is a contravariant object of the standard Courant
algebroid, has been formulated by supergeometric construction. The duality between these
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two specific Courant algebroids has been analyzed in detail. As a result, the duality trans-
formation is a canonical transformation on the graded symplectic manifold and the trans-
formation between the 3-form H-flux in the standard Courant algebroid and the trivector
R-flux in the Poisson Courant algebroid has been derived. In [29, 48, 53], twisting of a
bivector field by a 3-form H, a so-called twisted Poisson structure, has been discussed.
From the above duality, we have obtained its contravariant geometric structure in (6.17),
twisting of a 2-form by a trivector field R.

Moreover, we have shown that this duality is, from the mathematical viewpoint, the
generalization of the correspondence between the de Rham cohomology and the Poisson co-
homology. We also discussed that the same duality can be derived on the sigma model level.

By using the supergeometric formulation, we have constructed a 3-dimensional AKSZ
sigma model and a 2-dimensional boundary sigma model with the structure of a Poisson
Courant algebroid. From the physical viewpoint, we are considering a theory of a topolog-
ical membrane on a Poisson manifold. From the general form of the homological function
given in (3.11), (see also [28, 29]) we can introduce all types of third rank tensors (H,F,Q
and R) with various covariant and contravariant suffixes. However, it is remarkable that the
3-vector R can only be introduced on the Poisson manifold. Then, we derived the topolog-
ical string on the Poisson manifold as the boundary theory of that topological membrane.
Of course, the theory obtained in this way can be identified with the Poisson sigma model
by field redefinition. What we found is that there is a specific way to lift the boundary
theory to the topological membrane including R-flux on the Poisson manifold.

We have also constructed a current algebra with R-flux on the tangent space of the
loop space from the target space QP-manifold data. The resulting current algebra is the
contravariant counterpart of the current algebra with H-flux of Alekseev-Strobl type.

The R-flux has also been discussed in [54, 55| using double field theory. There, the
nongeometric R-flux is characterized as a Jacobiator, the quantity corresponding to the
anomaly of the Jacobi identity, i.e. RY* ~ ﬁl[i%j]. In section 5, we have discussed the
Poisson Courant algebroid and its trivector field R from the point of view of double field
theory. If we take the special solution of the section condition defined by the Poisson
structure m, the resulting spacetime has the Poisson Courant algebroid structure. There-
fore, we have found that our formalism describes the R-flux in the frame specified by this
particular solution.

In our formulation, /3 is independent of the Poisson bivector 7, thus we can consider the
special case [r+ 3,7+ ]s = 0. It means that 7+ (3 is again a Poisson structure. Note that
it does not mean a deformation of the Poisson Courant algebroid. This is a Maurer-Cartan
condition of 3, d,f3 + %[5, Bls = 0, and we obtain the R-flux as the Jacobiator [56, 57],

R=—3[8,8ls. (5.1)

This is the same formula in the definition inspired by the double field theory. The meaning
of this observation will be discussed in future work.
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A  Formulas in graded differential calculus

We summarize formulas of graded symplectic geometry.

A.1 Basic definitions

Let z be a local coordinate on a graded manifold M. A differential on a function is
defined by

%
of
d = dz . Al
() = d=" o4 (A1)
A vector field X is expanded using local coordinates by
X = Xa(z)3 (A.2)

0z
The interior product is defined by the differentiation by the following graded vector field
on T[1]M,

Bl

0dz®’

ix = (=D)XIx(2) (A.3)

9
0dz®
degree (form degree plus degree by grading) of a. Note that |d| = 1, |dz?| = |2*| + 1 and

%

tx| = |X| — 1. For vector fields, X = X%(2)-%.,Y = Y(z zﬂ, the graded Lie bracket is
0z 0z

gy 3 xivlya 0X* 3

where we define dzb = 6°,. For a graded differential form «, we denote || as total

X Y] =X s — ) FEar (A.4)
We obtain the following formula,
Xf = (-1)¥ixdf = (—1)TFDXgr(x), (A.5)
where
_>
0
dz® ((926> = 5ab. (AG)
Proof. We prove (A.5). Since X f = X*(z) 85;{, we have
K kS
_)Xl — (=Xl )Xl xe a
(=D xdf = (1) (=1)!*X (Z)Odz“ dz 9aa | - (A.7)
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Therefore,

#(X) = d ﬁf( ()azb>

iy ERYREi
:(_lyfllmX[ (Xb()aﬁ>]é%a
=21\1 =

= (=1)I=EDIXT ) (IXT=l2Dd2l+1) xb ) [dz“ (é})] SZ{:

5f
() (FHDIX xag,
= (DN () 22,

A.2 Cartan formulas

The Lie derivative is defined by
LX = Lxd — (—1)(‘X|_1)X1dbx = Lxd—i- (—1)|X|dbx.

Its degree is |Lx| = | X]|.

(A.8)

(A.9)

Let a and B be graded differential forms. We can show the following graded Cartan

formulas,

ahf = (_)\allﬂlg Aa,
d(a A B) = da A B+ (1) dp,
ix (@A B) = ixaAB+ (=D)IXFD g Ay B,
Lx(anp)=LxaAp+ (—1)‘0‘”X|aALxﬁ,
Lxd = (—1)*ldLyx,

ity — (—1)(XIEDAYI=D, )
Lxiy — (—1 tyLx = LX,Y]s

LxLy — (-)FWILy Ly = Lixy).

YXIYT=1)

A.3 Differential forms

Let o = dz"* A+ - -Adz*" g, ...q,, (2) be an m-form on M. The contraction of a(X, —

with a vector field X on M is

(X, =, =) = ()XWl (=, o).
Proof.
(X, =,y =) =dz" N ANd2" gy ey, (2) (Xbazb>

= (—1)Xl(al=lzl=1) g m (Xb§b> Az N - Ndz2"" g, .q,, (%)
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— (1) XIal=lal=D) () (XI=D(24D) x01 4202 &L @z, (2)
= (=Xl xar gz Ao A d2¥ a0, (2)
= (=Xl ()X 5 o (A.19)

By induction using (A.18), we obtain the general formula,

(X, X1, -+, X1) = —(=1)Z= Xil(al+), S, @, (A.20)
(X, s Xjyoo, Xy X)) = _(_1)|Xi||Xj|Oé(Xm’... Xy, X, - X1). (A21)

Especially, if « is a 2-form, we derive
a(X,Y) = —(=)XIWla(y, X). (A.22)

A.3.1 Exterior derivatives

The exterior derivative on a function is given by (A.5),
df(X) = ()XY x 7, (A.23)
Let a be a 1-form on M. Then, from the Cartan formulas, we obtain
do(X1, Xp) = (=1) XX 0 (X5) — (—1) 2ol (1) KXl X0 (X)) — a([X0, X)) (A24)
For a 2-form «, the formula gives

da(X1, Xg, X3) = (=1)XlelHD) X 0( X5, X3) — (=)l ) IXallXel x, 0 (X X5)
+(=1D)Ksllal+D) () (IXHX2DIXs X0 0 (X)) X)) — o[ X1, X3, X3)
+(=DXeXsl o ([X, X3, Xo) — (—1)Xl0Xel+1X8D o (X5, X 5], X7).
(A.25)

Let @ = dz™ A--- Adz*" g, ...q,, (2) be an m-form on M. Then, we can prove the following
formula by induction,

da (X15X27"' aXm)

—Z 1y Xilllattm) S XX X (X X Xom) (A.26)
+Z 1) (=) i XS s G o ([, X, Kooy Koo s Xon):
1<J

A.4 Graded symplectic form and Poisson bracket

Let w be a symplectic form of degree n. Since w is a 2-form, its total degree is |w| = n + 2.
Let z = (¢%, pa) be Darboux coordinates such that |q| + |p| = n. Then we obtain

w = (—D[WPFD gge A dp, = (—1)"dg A dp,
= (—1)"al(—1)Ud+=DAPHD g A dg® = (=1D)PF dpg A dg®. (A.27)
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Then, the Liouville 1-form w = —d¥ is given by

9 = (=1)Plp,dg® = —(=1)"*1"ldlpdg® = (=14l ggep, (A.28)
_(_1)|q|(|p|+1)qadpa = _dpaqa- (A'29)

The Hamiltonian vector field X of a function f is defined by

Lx,;w = —df. (A.30)
Its total degree is | X¢| = |f| —n. In order to obtain the Darboux coordinate expression of
Xy, assume that X = X, 82 Ye 52. Then we derive
— (=1 \X|+pxai N XHaya_9 9 . ( _ 1yl gge A d )
LXfw <( ) 8dpa+( ) 8dq ( ) q" Ndadp
_>
Of . Of
— dpg——. A.31
—dgq"* 943 o, (A.31)
By solving this equation, we finally obtain
— =
X, = faB>_(_1)Iqllzalfa3 (A.32)
d 99" Opa Opq 0q° ‘ ‘
9 El
Here, gqa = (—1)(|f|_q)qaq£ is the right derivative.
The graded Poisson bracket is defined by
{f.9} = Xpg = (=) dg = () x 1x w. (A.33)

It satisfies

{f.g} = —(—1 )(If\—n)(\g\—n){g I,
{f.9h} = {f.g}h+ (-1 )'f‘ ”)'g‘g{f h}

For the Darboux coordinates, we get the relations

{a", o} = 6%, {py, ¢} = —(—1)ldllelge,, (A.34)
For functions, f = f(q,p) and g = g(q,p), the graded Poisson bracket is given by

==
{f.q} = fo dg (—1 )Iq\lplf6 39
’ 9q Opq Opa 8(]
X is called symplectic vector field, if Lxw =0, i.e., dixw = 0. Let X,Y be symplectic
vector fields. Then, [X,Y] is the Hamiltonian vector field for —(—1)Xlixiyw.

(A.35)

Proof.

txyw = (Lxey = ()N Lyw = (1) Mdixiyw
= —d[—(—1)¥ixiyw]. (A.36)
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If X =Xy, Y = X, are Hamiltonian vector fields, then the following equation holds,

s xgw = (DM dx ik . (A.37)
Therefore, we get
Xir.gy = —[ X5, Xgl. (A.38)
Since tx,tx,w = — (=gt (X, X ), we easily derive

{f.9} = (=DM iy w
= ()W (X, Xp) = ()P (Xy, X). (A.39)

We consider the AKSZ construction on Map(&X', M). Let D be a differential on X. It
can be locally expressed as D = 0“%. We denote with D the vector field on Map(X, M)
of degree 1, which is induced by D. Then the following equation holds,

{tppev™d, pwev™ f} = —1pp.ev*df <: /d”+ladn+19df(0, 0)) , (A.40)

for f € C®(M).

Proof. So = 1ppsev*y is a Hamiltonian for the vector field ﬁ,i.e., Xs, = D. Therefore,
we get

{1 ppnev™d, jev” £} = {So, puev” £}
= (_1)|SO|LbLX/,L*cV*fw
= —tppxevdf. (A.41)

B Formulas on the mapping space

B.1 Functional differential calculus

We list the formulas, that we use on the mapping space Map(X, M). Let X be a manifold
of dimension d = n 4+ 1. The mapping space functions are superfields. They depend
on variables on X = T[1]X, which is a (d, d)-dimensional supermanifold with even local
coordinates o* and odd local coordinates 6*, where p=1,...,d.

A component expansion of a superfield ®(o, §) of degree |®| in Grassmann variables is

defined as

d
B(0,60) = 3 5y ()00, (B.1)
j=0""

where the j = 0 term ¢(o) is not accompanied by 6#. Since |0| = 1, we get |dp,...;| =
] j.
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The functional derivative on the mapping space is

3 3(0,0)
50(0’,0')

Expanding this equation in components, we obtain the formula for the left functional

=640’ — 0)840' —0). (B.2)

derivative,

N | 5

BL e ORI €y gy ——————————
(S(I) 0_ 9 ]Z]‘ Cpnpjpjn #d6¢#j+1"'#d(g)7

(B.3)

Where €,...pu; ;.1 --uq 18 the completely antisymmetric Levi-Civita symbol. By degree count-

By na@)| = —(|®| — d + j). We require the following identity for the

right functional derivative,

ing, we obtain

SF Fo

2o (_IFlel=d) 2 B4
== (-1) s (5.4)
for an arbitrary superfield F. From this equation, we have the right derivative

for components,

% d 1 5
= — (-1 ‘¢|+j(|¢‘+d+l)—9#1 e QFie, B.5
6<I>(J> 9) JZO ]'(d - ])' ( ) 5¢uj+1'"ud(0) ML g g1 ped ( )

-
Computing the right derivative % using the above formula, we summarize

?@ (0,60
550" 0,; 6% o’ — 0)6% (0" —0), (B.6)
<_
®(0,0) 0 || (1+d)+d sd " sd /
500, 0) =(-1) 0o —0a")o%0 —6"). (B.7)
The degrees of the right and left derivatives are
<_
R N A B3)
§®(c,0)|  |6®(0,0)] ) '
For an arbitrary superfield F', we have
F
VF F%
50(0.0)| ~ |00(o.g)| ~ I+ d-12 (B.9)

The following left and right Leibniz rules hold for arbitrary superfields F' and G:

oy 3Ty o, 56

F B.1
S (FG) = S0 Gt (-1 (8.10)
5 Go F 5

_lGld—=leh 22
(FG)— 55 =F- 5o +(-1) 55 G. (B.11)
The measure on the worldvolume supermanifold is defined by pu = do'---do?df? - - - do*
and its degree is |u| = —d. The following equation for the Grassmann delta function holds
/ 10080 — 0)D(0,0) = &(c,0') (B.12)

where g = d?0 - - - d'6.
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B.2 Graded symplectic geometry

In this subsection, we map the structures on M to structures on the target space
Map(X, M) by the transgression map p.ev*.

Let z°(o, 0) be a local basis superfield of the mapping space Map(X', M), corresponding
to a logal coordinate 2’ on M. We write a vector field on the mapping space for X =
XZ(Z) 0z*

X = / D)X X (2(o, 9))&309). (B.13)

Then, the interior product is

)X / XX (2(0,0)) (B.14)

(62%)(0,0)"

The symplectic form w on the mapping space corresponding to w = (—1)™9dg" A dp; is
defined as
w= [ 1 (DD (0,6) 7 p(o,6). (B.15)
X

We have |w| = || +1+|¢)| +1+|p;|=—-d+2+d—-1=1"
The differential on a function f is

6f = / d(12°1+1) (551 )(0,9)&%’:9). (B.16)

We define the Liouwville 1-form (the canonical 1-form) 9 on the mapping space as
w = —089. (B.17)
The Hamiltonian vector field is defined by
w=-0f, (B.18)
and the BV bracket we define by

{f g}ty = Xrg. (B.19)

Then, direct computation gives the following local expression of the BV bracket on the
mapping space,

pye-ta [ |4 5 ?9 10+ S O 5 ?9 B.9
.9l = /. [ (e L2 (B.20)
We can prove the following identities of the graded Poisson bracket of degree 1,
{f,gysy = —(=1)THVUHI g gy, (B.21)
{f.gh}ev = {f.gtevh + (1) TVl (£ hYgy, (B.22)

{f.{g.hysviev = {f.g}pv, B}py + (=) HEDUD 6 L f prpyipy.  (B.23)

"This is degree counting to determine the sign factor. In fact, w is a 2-form of degree d — 1. Then we

count the sign factor as degree d + 1.
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Remark B.1. We list up the degrees of the defined objects.

A vector field has | X| = —d + | X?| + d — |2{| = |X?| — |2!|. An interior product has

x| = —d+ | XY +d— (]2 +1) = | XY —[2%] =1 = |X]| — 1, since |62%| = |2} +1. A
symplectic structure has |w| = —d+1+|q‘|+1+ |p;| = 1. A differential on a function has
6f| = —d+1+]|2"|+|f|+d—|2'| = 1+ |f|. A Hamiltonian vector field has |X¢| = 1+ |f]|
and therefore [tx,| = |f].
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