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1 Introduction

Stephen Hawking [2] showed that the area, A, of the event horizon of a black hole never
decreases in physical processes. It was later pointed out by Bekenstein [3] that this outcome
is similar to the statement of the ordinary second law of thermodynamics, namely that the
total entropy, S, of an isolated system never decreases. Consequently, Bekenstein proposed
that the entropy of a black hole is proportional to its area. By considering the propagation
of fields in a curved background and close to the event horizon, Hawking later discovered
that black holes radiate with the spectrum of an ideal black body with temperature 7" [4, 5].
Correspondence between thermodynamics of black holes and the known first and second
laws of thermodynamics was further investigated in [6]. However, the statistical origin of
black hole thermodynamics is still an open problem to realize.

In 1979, Ruppeniner [7] proposed a novel method to study the thermodynamics of
physical systems, such as black holes. This approach makes use of Reimanian geometry
to explore the thermodynamical properties of these systems. The Ruppeiner’s metric is
based on the fluctuation theory of equilibrium states of the physical systems. In fluctuation
theory, every thermodynamic equilibrium system can be characterized as an equilibrium
manifold and each point on this manifold is an equilibrium state of the system. The physical
system could fluctuate between different points on the equilibrium manifold and, hence,
the line element of the stable points on the manifold is proportional to the fluctuation
probability. This line element is the basic idea for geometric thermodynamics [8]. Prior



to Ruppeiner, it was Weinhold who had additionally introduced the phase thermodynamic
space and had developed a geometric description of the equilibrium space of thermody-
namic states. The Weinhold metric is based on energy representation [9]. Subsequently,
the metric was also extended to mass and entropy descriptions, respectively, by Weinhold
and Ruppeiner and they were, consequently, able to work out the curvature of the equi-
librium manifold. This formulation of thermodynamics equips us with the powerful tools
needed for dealing with thermodynamic problems , as they also been employed to study
the thermodynamics of black holes [10-18].

In this paper, we explore new metrics for the thermodynamic geometry of black holes
in the representation of electric charge (Q-metric) and angular momentum (J-metric).
We write the partial derivatives in terms of Poisson and Nambu brackets, and employ
them to represent the conformal transformations. The general conformal transformation
between any two metrics are also obtained using the Poisson and Nambu brackets. Using
this approach, the Hessian with an arbitrary number of parameters are also worked out.
Moreover, we prove that the divergent points of the specific heats correspond exactly to
the singularities of the thermodynamic geometry. The brackets notation is also utilized
to work out heat capacities, metric elements, and curvatures. Finally, we investigate the
thermodynamics of the Meyers-Perry black hole with three spins.

The outline of this paper is as follows. In section 2, we introduce Q-metric and J-
metric and show that they are related to the Ruppenier and Weinhold metrics through
conformal transformations. In section 3, we study the relationship between singularities
of the scalar curvature in various representations of thermodynamic geometry and phase
transitions of different heat capacities. In section 4, we show that for Meyers-Perry black
hole with three spins, the phase transitions of heat capacities are exactly at the same points
of the curvature singularities. Finally in section 5, we discuss our results.

2 Conformal transformation between different metrics and bracket no-
tation

Weinhold was the first to introduce a geometric formulation of thermodynamics [9]. The
second derivatives of the internal energy (mass) with respect to the entropy and the other
extensive variables of the system give the Weinhold metric as follows:
2
dsty, = %d}@d}(f. (2.1)
Ruppeiner later developed another geometric formulation of thermodynamics and statisti-
cal mechanics [7] in which the second derivatives of entropy with respect to mass and the
other extensive variables of the system give the Ruppeiner metric as follows:
2
ds% = %dxwxa (2.2)
The line elements of the Weinhold and Ruppeiner geometries are conformally related [19,
20]:
1 0*°M

dsh = —————dX'dX7 2.
SR = T OXi0X7 (2.3)



where, X* are entropy and the other extensive variables of the system. In the case of the
charged black hole (Reissner-Nordstrom), the first law of thermodynamics is:

dM = TdS + ®dQ (2.4)

where, (T, ®) and (S, Q) are the intensive and extensive variables of the system, respec-
tively. The Weinhold metric can be rewritten as:

ds?/ (S, Q) = dTdS + d®dQ (2.5)

where, T and ¢ are the explicit functions of () and S. What is more, the first law can be
transformed into:

1 )
dS = dM — =dQ. (2.6)

which implies that the Ruppeiner metric can be written as follows:
dsp(M,Q)=d| = |dM —d | = | dQ (2.7)
T T
The combination of (2.5) and (2.7) gives:

ASH(M, Q) = ~ s}y (5,Q) (28)

Equation (2.7) represents a Riemannian geometry, which contains some information about
the thermodynamics of the physical system. Specifically, the Ricci scalar of this geometry
contains a certain amount of knowledge and is a measure of interaction. It also plays a
key role in figuring out the thermodynamic stability of the system. As an example, the
divergences of this variable are linked to the phase transitions of the system, which are
the singularities of the specific heats [1]. Investigation of different types of black holes,
such as the charged black hole, has revealed that the divergences of the Ricci scalar of
the Ruppenier geometry corresponds to the singularities of C'g. This argument has been
proved in [1] for black holes with three parameters. A generalization of this proof for the
black holes with an arbitrary number of parameters is discussed in the third section of
this paper. In this section, we develop a new geometric formulation of thermodynamics
in which the singularities of the Ricci scalar are the phase transitions associated with the
heat capacity at a fixed temperature (C7) and we dubbed it Q-metric. This argument will
be demonstrated in the third section.
The first law of thermodynamics might be recast as follows:

Q) = édM - %dS (2.9)
Regarding (2.9), one might infer that the Q-metric is:
dsy(M,S) =d <1> dM —d <T) ds (2.10)
o )
Therefore its line element is:
dsg(M,S) = a)?jgngdXide (2.11)
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Figure 1. The conformal transformations between various metrics.

where, X's are mass and entropy. Furthermore, we will prove that the phase transitions of
Cq and Cg, respectively, coincide with the singularities of the Ricci scalar of the metrics
whose elements can be derived from the second derivatives of certain functions with respect
to extensive/intensive variables. It should be noted that the proofs will not be easy to
present in the conventional algebra; however, we will introduce a new convenient notation
by using poisson and Nambu brackets.

As already mentioned, the Ruppeiner and Weinhold metrics are related to each other
by the conformal transformation (2.8). Besides, Q-metrics are conformally related to the
Ruppenier and Weinhold metrics. In order to obtain the conformal transformations, we
transform eq. (2.10) to (2.12) below:

1

-1
2

Td®dS — édes = —édﬁw(s, Q) (2.12)

The conformal transformation that connects the Q-metric and the Ruppeiner metric is:

1 T ~1 1 1
ds?o(M, S) = d (q)) dM —d (@) dS = 5 d®dM + 5 TdBdS — dTdS (2.13)

= 2ds’p(M. Q)

Figure 1 depicts the conformal transformations that connect different metrics.
It is interesting to have a general formula for the conformal transformations between
different geometries. To get such a formula, we write the first law as follows:

0A 0A
A= — B — 2.14
1= (55), 7+ (50), 2149

where, A is a function of B and C'. Moreover, one can define the A-metric as follows:

2 A o 4
ds?A(B,C’):a)?ideldXJ; X'=(B,0C) (2.15)



The B-metric and C-metric are also defined as in the following:

0’B o ,
2 = ——- ¢ -]' ? =
dsp(A,C) = oimmmdX'dXT X' = (4,C) (2.16)
ds? (A, B) = ﬂdxidxj- X'=(A,B) (2.17)
So\Wb B = HXigxi AT '

Contemplating (2.15) and (2.16), we reach the relation below, which connects the A-metric
to the B-metric via a conformal transformation.

ds’4(B,C) = —(8’4> ds’p(A, ) (2.18)
0B )

It is also straightforward to gain the conformal transformations between A-metric and
C-metric and also between B-metric and C-metric.

In the following, we will write the partial derivatives in terms of Poisson and Nambu
brackets. The bracket method has invaluable benefits. It will help us not only to gain a
better insight into the different thermodynamic relations but it is also useful for generalizing
the thermodynamic formula to arbitrary dimensional phase spaces as we will see in some
parts of this paper. Moreover, it allows us to obtain some exact results for the Hessian
metric and to calculate heat capacities very easily.

In order to obtain the relation between partial derivatives and Poisson bracket, we
should consider f, g and h as explicit functions of (a,b). The following useful relation can
then be obtained by a simple calculation:

=@ D), e

is the Poisson bracket. Consider the following useful identity (for a proof, see appendix A):

(2.19)

where,

{f7 g}a,b {h7 k}a,b = {f7 h}a,b {g‘) k}a,b - {f7 k}a,b {g‘) h}a,b (221)
It is also simple to demonstrate that:
{f’ g}a,b = {f? g}c,d{c7 d}a,[ﬁ (222)

where, a = a(c,d) and b = b(c,d). Therefore, eq. (2.19) can be rewritten as:

8 7h a 7h‘ C
ag h {97 h}a7b {g’ h}gd
The Jacobian transformation in this notation can be written as:
af af
0 f, g oh Ok {fa g}a,b
(fr9) _ ( )k <8g>h — {f ghns = (2.24)

o0 | (), (i),



Now, we utilize (2.23) to write eq. (2.18) as:

0A {A,C} b
2 _ (o4 2 UbhMiab oo
ds®p = (3 )Cds B= T ’C}a,bds B (2.25)

where, B = B(a,b) and C' = C(a,b). As we will see below, writing the conformal trans-
formation in the bracket representation will significantly ease the task of generalizing it to
three or more dimensional spaces.

Contemplating A = A(B, C, D), where B(a,b,c), C(a,b,c) and D(a,b, c), and following
an approach like the two dimensional case, we also show that the conformal transformation,
which connects the two metrics in the A and B descriptions, as follows:

{Aa Cv D}a b,c
7Wd523 (2.26)

a,b,c

ds® 4 =

in which we have utilized another new notation called the Nambu bracket. For a better

understanding, consider the functions f(q1, 92, ¢3), 9(q1, 92, q3), h(q1, g2, q3) and k(q1, g2, q3).
Now, we want to work out the derivative of f with respect to g when h and k are fixed.
Following the above method and doing some simple calculations, we get:

<af> _ {f’ h’ k}qmm% (2‘27)
ag h,k {g’ h’ k}ql,qwm

where, the Nambu bracket is defined as follows:

3
_ of oh Ok
{f:h, k}thﬂmq;z - igl Eijk dq; 0q; D (2.28)

and g5, is the Levi-Civita symbol. Like the Poisson bracket, the Nambu one also has some
useful properties such as the Skew-symmetry:

(£, Far f33 = (=" { o), Foys Fom) ) (2.29)

where, m and p are the permutation operator of the subscripts and the parity operator of
these permutations, respectively [21, 22].
The Leibniz rule is expressed by:

{f1f2, f3, fa} = fu{fo, f3, fa} +{f1, f3, fa) fo (2.30)

an the fundamental identity by:

{{f17f27f3}7f47f5} + {f37 {f17f27f4}7f5} + {f37f47{f17f27f5}} = (231)
{flana {f3af47f5}}

The Jacobian transformation will be as follows:

9(f1, fa f3)

(g1, 92,95) {1 F2: FsYg1,0.00 (2.32)
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Figure 2. Representation of conformal factor between various metrics for Kerr Newman black
hole. Here, 2 and ® are angular velocity and electric potential, respectively.

In the above equation, the Nambu bracket is the 3 x 3 determinant whose elements are the
derivative of f; with respect to g;. Considering all the functions as explicit functions of ¢,

q2 and g3, we have:

8(f17f27f3)
8(91792793)

= {f1, f2, 3} = {fl’fz’f?’}fhm,qs
y J2, 91,92,93 {91792793}(1171127%

(2.33)

The conformal transformation between various representations of the thermodynamic met-
rics of Kerr Newman black hole with the mass, M(S, @, J), is depicted schematically in
figure 2.

Considering A = A(X', X2%,...,X") and X’ = X'(z!,...,2"), we show that the
conformal transformation that connects the line elements in the A-representation X'-
representation is given by:

A X2 X" "
{ Vot...o ds? 1 9.34
X

ds?y = —
SATTIXT X2, X3, X"},

n
>

In the above equation, we use a new notation as in previous cases and generalize the partial
derivative for a function which is a function of n + 1 variables. Contemplating f, g and h,,

(n=1, 2,3, ...) which are functions of ¢;,i = 1,...,n + 1 variables, we have:
af _ {f’ hi, .., h”}ql,CIz7~~,qn+1
of _ (2.35)
ag h1 hn {ga hla B hn}q17q27---7Qn+1
where,
G Of Ohy Ohy O
hi,..., hn = ik —— L — 2.36
il Pk g z‘jk.;:f 751 b, dq; Oqx, Oq (2.36)

Thus, in this section, we showed that the partial derivatives in two and three dimen-
sions, respectively, are related to the Poisson and Nambu brackets. This method could also



be extended to cover every higher dimensional phase spaces. Besides, it has a lot of merits
and assists us to perform very difficult algebraic operations effortlessly and the thermody-
namics formula in this notation could be simply generalized to any arbitrary dimensional
phase spaces.

3 Correspondence between transitions and singularities

In most black holes, the phase transitions are of the second order type. The most impor-
tant phase transitions in black hole thermodynamics are associated with the divergences of
specific heat with a fixed charge, electric potential, temperature, and entropy. Moreover,
by studying various charged and rotating black holes, it turns out that the divergences of
specific heats correspond to the curvature singularities of various thermodynamic geome-
tries, for which we provided a proof in [1]. Using the bracket method, we generalize that
work to an arbitrary number of parameters in this section. By making use of the bracket
notation, we particularly generalize our former work to an arbitrary number of dimensions.

We start with a brief review of the Ricci scalar and different specific heats. Taking
into account the permutation symmetries of the Reimann tensor’s indices, one could show
that it has only one independent element in two dimensions. Therefore, the Ricci scalar

could be written as:
2R1212

g
where, g is the determinant of the metric. Consider the following equation for black holes

R=

(3.1)

with a two-dimensional thermodynamic space as in (3.2) below:

2
dM = bidg; (3.2)
=1

where, b; = (%—Jq\/,[) and g; are intensive and extensive variables, respectively, and the metrics

elements in the energy (mass) representation are defined by:
0b;
i = | =— 3.3
% <3qa‘> (33)

The Ricci scalar may be written as follows:

ijzkgijkai{ajv ak}ql’qQ

S (CHS L

where, a1 = g11, as = go2 and a3 = gi2. In general, the phase transitions of the physical

R(q1.q2) = (3.4)

systems are attributed to the divergences of the heat capacities, which are one of the most
important thermodynamics variables [23] that show the variation of an extensive variable
due to the change in its conjugate parameter. By defining specific heat at fixed electric
potential as following equation:

(3.5)

T{S,®
C@ZT(as) —7{ }S’Q
P

T ),  {T.®}g,



= Mes _ 1(9T) 1TQksq _ 1 _ Oy
958 =1 ~7T\95)Q T T{5Q}sq Cq CaCs

_ Moo _ 1 Bﬁ) _ 1 1®5tsq _ 1 {2550 TR {T®lso __ _ Cp  _ _1
9QQ = T TT\0Q)g  TiQSlsq T1@8}so (TQ)so (T8lsq TQkCq — TCs

_ Mgsqg _ l(al) o l{Tvs}S,Q _ l{qu)}S,Q {Tv':D}S,Q {TvQ}s,Q _ a _ Qu
95 = 1 T T1\? S T {Q»S}S,Q T {Q:S}s,Q {T:q’}s,Q {TvQ}S,Q  kCq sl

Table 1. The elements of the two dimensional Ruppenier metric.

it can be demostrated that the phase transitions of specific heat Cg occur accurately in
the singularities of R(S, @), which is the Ricci scalar of the Ruppenier metric. Here, we
use the new notation of this paper to show this fact. It is straightforward that the phase
transitions of Cg are the zeros of {T', ®}4 . Moreover, we know that the Ruppenier metric
is related to Weinhold metric by a conformal transformation.

B 1(82M

9ij = T 8X’8X3> ; X' =(5,Q) (3.6)

The elements of the Ruppenier metric are listed in table 1. Considering the scalar
Ricci (3.4), it is easy to show that the denominator is given by:

Mjgs M;Q — L{T (I)} _ {T’ (I)}S,Q {Sv @}S,Q {57 Q}S,Q
% Mjc,g@ T2V FISQ T2 {s, q)}S,Q {s, Q}S,Q

L (8sa) (680sg) 11y (1) an
T2\ {S,®}go ) \{5.Qlsq) T?\Ca)\Cs) TCasCs '
where {5, Q}g o =1 and Cy is defined as follows:

C — <(%2> _ {Qas’}S,Q _ {Q,S}&q)
RNV {2,550 {2550

Thus, it is easy to see that the singularities of R(S, Q) are the roots of {T, <I>}57Q. So, we
assert that the phase transitions of Cg correspond precisely to the singularities of R(S, Q).

(3.8)

Moreover, we can rewrite the Ricci scalar R(S, Q) using the metrics elements in table 1 as
the following equation.

Cp J_1 _ Qo __1 J_ _Qa _Cp _ Qa | Cp 1
CpCs | TCs? CgCyg 5.0 TCg CpCg’ CapCyg 5.0 CpCs | CeCs’ TCg 5.0

R = 3.9
et h
TCsCs
where C7r is given by:
o — (29} _1@Tisg (3.10)
T \oe ), {9.T}so '

In the case of black holes with three parameters, like the Kerr-Newman black hole, one
can show that the singularities of R(S, @, J) and Cg o are the same by following a procedure
as the above. In order to prove this, we first study the specific heats and Ruppenier metric
and we show finally the correspondence between them. For the Kerr-Newman black hole



Ruppenier metric elements
_ 1 (9PM\ _ 10T 1 _1({o*MmM )\ _ 1(oT .«
gss =T (652 ) - T(ﬁ)J,Q ~ Tiaq 9sQ =1 asa@) - T(%)SJ = TkCiq
_ 1 (oM _ 1 0T —__B _ 1 (oM _ 102 — __Couo
9s1 =T (858J) = T(@J)S,Q = Tuto, 9e=TT (aJa ) = T(@J)S,Q = TC;oCrq
_ 1 (*M) _ 1 (02 — _Cau _ 1 (o*Mm _;(@) — _Coo
9@ =1 \9g? ) T T\9Q) ;4 ~ QFTCq 977 =71\ 972 ) =T 97 )s@Q = TTC,4
Compressibility parameters
a=1(29) — 11@%Nso B=1(22), ~=il%s0s
Q\9T )y ; — QIO TYsq., J\ar)0.Q ~ Q{T0Q}s 0.,
k= _l(@ﬁ) _ _l{Q7T7J}S,Q,J — _1(6;] _ 1 {J7T7Q}3,Q,J
Q\o®)r QT Y50, n J\aa)rq T TQYs.0.

Table 2. The elements of the Ruppenier metric with three parameters and compressibilities.

the compressibilities are given in table 2. Using Maxwell’s relation (appendix B), we can
show that:
Ca.s=Cos,q (3.11)

Other interesting relations between heat capacities have been shown in appendix C.
The elements of the Ruppenier metric could be defined as in the following equation:

1 [ M ;
These metrics can be written as functions of heat capacities and compressibilities (See
table 2).
For the KN black hole, the denominator of the Ricci scalar with three parameters is:

Mgs Msq Msy
T T T

1
Mgs Mgqg Mgy | — ~ _
T /o il T3 {T’(I)’Q}S,QJ -

Mys Mig My,
T T T

1
T2Cs0Cs,0Cs,0

(3.13)

Hence, the singularities of the Ricci scalar R(S, @, J) are the zeros of {T,®,Q}g, ;. In
addition, these zeros are the phase transitions of Cg  at a constant electric potential and
angular velocity.

One might also generalize these outcomes to a general case with (n+ 1) parameters in
which the intensive variables are more than three. In this case, the first law of thermody-
namics can expressed by the following equation:

dM =TdS + > ®,dQ; (3.14)
=1

where, T" and ®;s are the intensive variables. The metric elements of the thermodynamic

geometry can be also defined as:

R 1<82M

,10,



The scalar curvature R(S,Q1,Q2,...,Qy) is proportional to the inverse of the square de-
terminant of the metric.

-2
9sQ1 95Q2 --- 9SQn
R(S,Q1,Qa, ..., Qn) oc | J&1S I@Q2 - IO (3.16)
Using egs. (3.14) and (3.15), we can rewrite eq. (3.16) as:
-2
R(Sv le QQ’ ) QTL) X (T—(TL+1){T7 ®17 q)Qv R (I)n}S,Q17Q2,.,,7Qn) (317)

On the other hand, the heat capacities can be defined by:

O <85> T{S’ ®17®277®n}S7Q177Qn (3 18)
By, Do,. by, = 4| o = )
v 6T ®q,P9,...,Pp {T’ (1)17 (b27 T 7¢n}S7Q17.”7Qn
CS‘I) o = (862:[) _ {S7 QlJ @27 e 7®H}S’Q17A..’Qn (3 19)
T 001 ) 50,...0, {S, @1, Do, .. "(I)”}S,Ql,...,Qn ‘
C g », = <aQ2> — {S7 Ql? Q27 e 7®H}S’Q17A..’Qn (3 20)
Q1,5,...,0p 002 ) 50,0, {S,Q1,Pa,..., (I)”}S,QL...,QH .
: : (3.21)
C01.Q2...8 = <8Q”> = {5 Q17Q2"”’Q"}57Q17~-~,Qn (3.22)
1,402,005 8(1)77, S,Q17"'7Q7L {S, Ql, QQ, sy (I)"}S,Qh...,Qn
2 1
One might get (n +1) numbers of relations similar to (C.13) between these heat
n J—

capacities. To extend our results in (3.7) and (3.13) to a general case with an arbitrary
number of parameters, we recast (3.17) to the following form:

1
Tt AL 21, P2, Prts ) @ = (3.23)

1 {5, @1, P2, ..., P0t5.0,.0,...00
Tt 0218, ks, 0, 0, (S, @y, s, ... @n}&zizzmzn
{S, Q1, (1)2, SRRE) (I)n}S,Q1,Q2,..-,Qn {57 Qla Q2a ) ‘@n}S,Ql,Qz,...,Qn
{8,Q1, 2, -, Pu}50, 0000 15 Q1,Q2, s P} 0, 0n..On

{5.Q1,Q2,- ... Qn}s0,.00,.0n

o {Sa Qb QZ? DR QR}S,Ql,QQ,,,,,Qn

1 (T, @1, @2 Pt 0,050, | (19 P1 P2, Putg g, 0.0,
T\ {8, @1, P2, Pt 0, 0o ) \ A9 QL P2 Prtg 0, 000

{57 Q17(I)27- . '7®H}S,Q1,Q2,,,,,Qn {S7Q1?Q27” . 7Qn—17®n}S’Q17Q27“.’Qn _
{SaQ17Q27"' 7(I)n}S,Q17Q2,-”,Qn o {S’ Q17Q27-'~7@71—17@%}57@1’@2,“.7@”

— 11 —



) ) @) (e as) -
T\ Coy 0,0, ) \CS®s,..0, ) \C@1.5...0,) \CQ@1.Q2..Qu_1,5

1
T"Co, @,,..0,050,,..0,C01.5...0n - CQ1.Q20.Qn_1.8

To accomplish (3.23), we multiplied, in the first step, the early term by fractions, which
are identity, and then the nominator of every fraction by the denominator of the next
one, which are the heat capacities (3.18)—(3.22), and the nominator of the last fraction
equals one, namely {S,Q1,Q2,...,Qn}s0, 0,..0, = 1- The singularities of the Ricci
scalar R(S,Q1,Q2,...,Q,) occur only at the phase transition points of the heat capacity
Ca, ®,,..0, which are the roots of {T, &1, P»,. .. 7¢’n}S,Q1,Q2,...,Qn' It is important to note
that the multi-term

1
(CS7<I>27~-~7¢7LCQ1757--~7<I>77, - 'CQlyQQ»-v-in—lys) = {5, ®1,Ps,..., (I)n}S,Ql,Qz,...,Qn (3.24)

has no divergences. What is more, one might also conclude that the Hessian (in M repre-

sentation) is of the following form:

Mqg,s Mg,q, --- Mqg,qQ. T

— (3.25)
Coy,0s,..,.0,08.05,..,8,00Q1,5,..8, - - - CQ1,Q2,...Qu 1,8

Clearly, it would be quite impossible to obtain equations (3.23) and (3.25) without the
bracket notation used here. Now, let us to return to the RN black hole and verify the
phase transitions of Cg. The interesting point that arises in this case is that the phase
transitions of this heat capacity do not correspond to the singularities of R(S, Q); however,
they are equal to the divergences of R(S,®). The line elements of the metric related to
this Ricci scalar are:

1 ([ M :
Gi=—=|=————1];X"=(5,0 2
g’L] T <8X18X]> I (57 ) (3 6)
where, the enthalpy is defined by:
(S, ®) = M(S,Q(S, @) — DQ(S, @) (3.27)

Additionally, using eq. (2.23), we can rewrite heat capacity as:

o :T<3S> :T{S,Q}S,Q:T{S,Q}S,fb
9 ), {1,Qtsg {1 Qe

The phase transitions of Cg are the roots of the denominator or the roots of {T,Q} 5.0
Making use of (3.4), the denominator of R(S, ®) is:

(3.28)

() ()| !
T\os2) T\9508) | _ 1 _ Cs

1 <82J\71> 1 <82]\7[) - T2{T7 Qlse = TCq (3.29)
T \9%05 ) T \ 522

— 12 —
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Figure 3. The connection between the singularities of Ricci scalar and phase transitions.

It is plain that the divergences of R(S,®) are the roots of {T,Q}¢ 4. So, we assert that
the phase transitions of Cg are equal to the singularities of R(S, ®). Moreover, we should
check the correspondances between the phase transitions and the singularities of other

heat capacities such as the one at a fixed temperature (Cp = (%)T) or the one with fixed

entropy (Cg = (g%) ). One might ask the singularities of which curvature corresponds

to the phase transitions of this heat capacity? We argue that the answer is the following
@Q-metric

Q_ 1 oM LY

It is clear that both singularities of R?(S, @) and phase transition points of Cr are the roots
of {T, d} s.g- One could show that the phase transitions of Cg is given by the singularities
of the Ricci scalar, R(T,Q), corresponding to the following metric:

= 1 oM\ i
9i="% <8X28XJ> ; X' =(Q,T) (3.31)

where, ﬁ(Q, T) is the free Helmholtz energy and is defined as
M(Q,T) = M(S(T,Q),Q) — TS(Q, T) (3.32)

The connection between the phase transitions and the divergences of the Ricci scalar is
depicted in figure 3 for the RN black hole.

Furthermore, for a black hole with (n+ 1) parameters, one can define the heat capacity
as follows,

C _ T {S7 Ql oo Q’I’L}‘bla-“yq)”
Q1,Q2,..,Qn {T’ Q17 ey Qn}@l,...,@n

We will show that the singularities of R(®q, ®o,...,P,,) are the divergences of this heat
capacity. Using eq. (3.26) and considering the conjugate potential M = M — S @i

(3.33)

one constructs the elements of the metric with the following Ricci scalar:

-2

-1\"C C .C
R(S. @1, Dy, ... D)) ox K) 5,Q2,::@n C8,01,Q5,..Qn - - C5,01,....0 (3.30)
T C01,Q2,,Qn
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Thus, the correspondence between the singularities of the Ricci scalar and the phase tran-
sition is clear.

In this section, we proved a correspondence between the heat capacities divergences
and the singularities of the Ricci scalar of the thermodynamic geometries. The correct co-
ordinates were also identified in which the Ricci scalar singularities of the metric correspond
to the divergences of heat capacity.

4 The relation between phase transitions and singularities for the Myers-
Perry black hole with three spins

Recently, the Myers-Perry black hole [26] has been of the particular interest due to its rich
thermodynamics [27-33]. This black hole is a direct generalization of the Kerr black hole
in higher dimensions with rotation in more than one plane. The number of the rotating
planes (V) are confined by

ve 15 w

where, the bracket gives the integer part and d is the dimensions of the space time. The
mass of this black hole in both the odd and even dimensions is given by:

N d
d—2 d—sH 42
M — T d-2 < SQ > (42)

where, S is the entropy and the spin J; is attributed to the ith rotating plane. The
temperature and angular momentums are given by (4.3) and (4.4), respectively:

1

N N d—2
8.J2 4?2
T=" [d 3— §S2+4J2 H<1+S2) (4.3)

87p 42\ 7
Q) =——" 1 L 4.4
=y SQ+4J1%£[1<+SQ> (44)

Although the thermodynamics of the Myers-Perry black hole with two rotating planes,

‘f\
|

f
|

equal spins, and a particular number of nonzero equal spins have been extensively ex-
plored [27, 32-34].The Hawking temperature for a Myers-Perry black hole with more than
two and unequal spins have been obtianed in [34]. However, specific heats and phase tran-
sitions have not yet been reported for more than two and unequal spins. This is perhaps
due to the complicated algebra that is often associated with the conventional methods for
cases with more than two spins. In order to show the power of the bracket notation, we
exploit it to derive the thermodynamics of the Myers-Perry black hole with three spinning
planes, whereby we gain its phase transitions.
The mass of the Myers-Perry black hole with three spins is given by:

1 1 1
-9 _ @-2) 2\ @-2) 2\ @-2)
=92t (1 e ) (1 +4 ‘]2) (1 +4 ‘]3) (4.5)

S? S? S?
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d lejganngzo J1=J27EJ3 J1=J2:J3 Jl;éJQ%Jg
7 One point One point One point One point
8 Two points One point One point One point
9 Two points One point One point One point
10 Two points Two points One point Two points
11 Two points Two points Two points Two points
12 Two points Two points Two points Two points

Table 3.
phase transition.

The number of phase transitions for C,

J,Js- For dimensions above 31, there is no

d J1:J2andJ3:0 J1:J2#J3 J1:J2:J3 Jl#JQ#Jg
7 No point One point No point Two point
8 One point One point No point Two point
9 One point One point No point Two point
10 One point Two points One point Three points
11 One point Two points One point Three points
12 One point Two points One point  Three points

Table 4.
of dimensions.

The number of phase transitions for the heat capacity Cq, ,.q, in an arbitrary number

d J1:J2andJ3:O J1:J275J3 J1=J2:J3 J175J275J3
7 No point One point One point Two point
8 No point One point One point Two point
9 No point One point One point Two point
10 No point Two points Two points Three points
11 No point Two points Two points two or three points
12 No point Two points Two points Three points

Table 5. The number of phase transitions for the heat capacity Cr o, o, with an arbitrary number

of dimensions.

We examine the following three heat capacities of Myers-Perry black hole in this work:

Cr tygs = T(
C’91792793 = T(
Cro,,0, = <

as
T

>J17J2,J3

>Q1792,Qs
)T,91,92

ar

o7,
03

o {57 J17J27J3}S,J1,J2,J3

N {T7 J17J27J3}S7J17J27J3

(4.6)

_T {Sa Ql7 QQa 93}57J1,J27J3
{T,1,Q2,Q3} 5.7, 75,75

_ {J37 T7 Qla QQ}S7J17J27J3

(4.7)

N {937 T7 Ql’ QQ}Sle,J%JB

(4.8)

The exact statement for these heat capacities have been already derived; however, they
appeared to be very long and we would not repeat them here. Instead, we have listed the
number of phase transitions in tables 3, 4, and 5 and some relevant graphs are included,

,15,



(52+4.J2)(d—2)(dS?+4dJ> -3 52—28 J2)S
Chgos(J1=Jo=J; J3 =0) = T T351°560.J4-8dS2J2—24 S2J2+dS%+80dJZ

(5%+4J2)(d—2)(dS?*+4dJ> -3 5236 J2)S
Crpgs(J1=Jo=Jg=J) = T 3511008 JE—16dS2J2—24 52J21dS3112dJ4

(—24J244dJ?—dS?*4+2 S?)(dS?+4dJ?—3 S2—28 J2) S

Cay,00:(1 = Jo = J;J3 = 0) = — (—28 J2+4dJ2+3 52—dS?)(S2+4 J2)

(4dJ?—32 7242 8%-dS?)(dS?+4dJ?—3 5236 J2)S
(4dJ?=36 J2+3 52—dS?)(S?+4 J?)

091792,93(J1 =Jo=J3= J) = —

Ca, 00,05 (J15 J23 J3 = 0) =
((d—3)S* 44 (Jo?+J12)(d—5)S?+16 J12 Jo?(d—T7) ) (d—2)S* —4 (Jo?+J12) (—4+d) S? 416 J; 2 Jy%(d—6) ) S
((d—3)S1—4 (Jo?+J12)(d—5)S2+16 J12 Jo?(d—T7) ) (S2+4 J12) (S2+4 J2?)

d+3

__2
Cra,a,(h = Jo = J; Js = 0) = 5572 (§2 4+ 4J2) 772

SQ
)

—(—172876+192J5d+1445%J4 ~48J4dS?—4J2 54 +4.J2dS* +350—dS°)

Cr.0,,0,(J13J23 J3 = 0) =

CT,Ql,Qz(Jl =Jyo=J3=J) =

1.\, 43
2(2J—8)(2J+8)(—36.J2+4d.J2+352 —dS?) <(52§§J2) ‘”) (Sﬁ)

Table 6. The representation of heat capacities in different states.

too. Some special cases of heat capacities are presented in table 6. We observe that

the heat capacity C}j, s, 7, has no phase transitions in space time dimensions above 31

(d = 31), neither has the case J; = Jy and J3 = 0 in dimensions higher than thirteen
(d=13). There are either one or two transitions points in the dimensions lower than 31

(d = 31) for Jy # Jo # J3. The heat capacity at fixed angular momentums, Cq, 0, 0,

has no phase transitions in dimensions below 10 (d = 10) when J; = Jy = J3. This

heat capacity has either two or three phase transitions when J; # Jo # J3. Moreover,

the heat capacity Cr o, 0, has not phase transitions when J; = Jy and J3 = 0. From

figures 4, and 7, it is obvious that the singularities of the Ricci scalar R(S, 1, 9,Q3)
and R’(S,.J1, Jo, J3) exactly correspond to the phase transitions of C J1,.J2,05 and Cr.a, .,

respectively. Interestingly, we see that the phase transitions in the right side of figure 5 are

not the second order phase transitions, rather they might be of higher order types.
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Figure 4. Left: Graph of the the heat capacity Cj, s, s, with respect to entropy, S, for J;= 1,
Jo= 2 and J3= 3. The dot red, dot-dashed blue, and solid green curves correspond to d =7, d =9
and d = 11, respectively; Right: Graph of the the scalar curvature R(S, 1,2, 3) with respect
to entropy, S, for Ji= 1, Jo= 2, and J3= 3. The dot red, dot-dashed blue, and solid green curves
correspond to d =7, d =9 and d = 11, respectively.
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Figure 5. Left: Graph of the the heat capacity C, s, s, with respect to entropy, S, for J1=1,
Jo= 2 and J3= 3. The dot red, dot-dashed blue, and solid green curves correspond to d = 8, d = 10
and d = 12, respectively; Right: Graph of the the heat capacity Cy, j, 7, with respect to entropy,
S, for J; = Jo= 2, and J3= 0. The dot red, dot-dashed blue, and solid green curves correspond to
d =13, d = 14 and d = 15, respectively.

5 Conclusion

In this work, the Nambu brackets were exploited to obtain a simple representation of the
conformal transformations that connect different thermodynamic metrics to each other.
We explored two new formulations for the thermodynamic geometry of black holes in the
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Figure 6. Left: Graph of the the scalar curvature Cq, o, o, with respect to entropy, S, for J,=
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d =9 and d = 11, respectively; Right: Graph of the the scalar curvature Cq, o, o, with respect to
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Figure 7. Left: Graph of the the scalar curvature R%(S, Jy, J2, J3) with respect to entropy, S, for
J1=1, Jo= 2, and J3= 3. The dot red, dot-dashed blue, and solid green curves correspond to d = 7,

= 9 and d = 11, respectively; Right: Graph of the the scalar curvature C'r o, o, with respect
to entropy, S, for J1=1, Jo= 2, and Js= 3. The dot red, dot-dashed blue, and solid green curves
correspond to d =7, d =9 and d = 11, respectively.

electric charge and spin representations. These formulations yield the correct relation be-
tween heat capacities and curvature singularities. Using the Nambu bracket approach, we
also obtained some interesting exact results that relates the Hessian matrix in an arbitrary
dimensions to specific heats. Thus, one can easily identify the singularities of the thermo-
dynamic scalar curvature. The relationship between singularities of the scalar curvature in
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Figure 8. Graph of the the scalar curvature Cr o, o, with respect to entropy, S, for J; = Jo=1,
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d = 12, respectively.

various representations of thermodynamic geometry and phase transitions of different heat
capacities were also studied. We also investigated the Myers-Perry black hole with three
spins. It will be interesting to explore the thermodynamics of the Meyers-Perry black holes
with more than three spins. We hope to report on our progress in this area in the near
future. Our exact results will be useful for a clear understanding of different aspects of the
thermodynamic geometry of physical systems.

A Partial derivative and braket notation

In the following, we provide the proofs for identity (2.21) and the Jacobian transforma-
tion (2.24). We could write the following equation:

_(of of
g (%) 0+ (2) a1

if f is a function of ¢ and h. By considering a new function k, we rewrite the above

(@), (@), (5),~ (&), 43

Taking into account (2.19), we have:

{fvg}a,b {h, k}a,b o {f h}a,b{ga k}a,b —{, k}a,b{97 h}a,b

equation as:

_ (A.3)
{g7 h‘}a,b {97 k}a,b {97 k}a,b{g7 h}a,b

At last, we get the identity (2.21):
{f7 g}a,b{h7 k}a,b = {f7 h’}a,b{g? k}a,b - {f7 k}a,b{g’ h}a,b (A4)
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The Jacobian transformation can be written in the bracket notation in the form below:
8- ()., (,3).-
d(h, k) oh ), \0k/, Ok ), \Oh ),
<Uwhﬂ<wmhﬂ_<wmhﬂ<mxhﬂ
{hok}op ) \ Ak Rty {k,hYyop ) \ AN K}y
_ {f7g}a,b{h7 k}a,b _ {f7g}a,b
(i) Rl

(A.5)

We can also obtain the following equation using matrix product and the chain rule:

{flv fas oo 7f7L}h1,h2,...,hn {h17 ha, ..., hn}ql,qg,...,qn = {f17 Jas - 7fn}q1,q2,“.,qn (AG)

Considering fo = ha, ..., fn = hy, yields

<6fl> _ {f17f27"'7fn}q17q27..,,qn (A?)
o f2,f35 s fn {hl’f2’""fn}mﬂqun

B Maxwell’s equations and Nambu brackets

The Maxwell’s equations can be recast in the brackets notation.
Based on the first law of thermodynamics, dM = TdS + ®dQ, one could get the

Maxwell’s relation as follows:
oT 0P
) - (22 B.1
<8Q>s (8S>Q (B1)

{T, S}SQ =—{2, Q}S,Q (B.2)

which is equivalent to:

One can also derive the Maxwell’s relations for the KN black hole as follows:

{S, o, Q}s,Q,J = _{Sv Q, J}S,Q,J (B.3)
{9, J, Q}&Q,J ={T., S, Q}s,Q,J ; {2,Q, J}s,Q,J =—{T., S, J}SQ,J (B.4)

Furthermore, one could extract some more Maxwell’s relations:

{T, @, Q}s,Q,J =—{T,Q, J}S,QJ (B.5)
{(I)a Qv Q}S,Q,J = _{Ta Sa Q}S,Q,J ) {Qa Ja (I)}S,Q,J = {T7 Sv ®}57Q,J (BG)
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C Properties of heat capacities

Using equation (2.19), we can define the specific heats with a fixed charge, electrical po-
tential, temperature, and entropy for the Reissner-Nordstrom black hole, respectively.

Cop = T(%)@ - m (C.2)
o= (5),= o
os=(32), - ool - o e

In the last case, Relation (2.23), has been used. We can also obtain some well-known
relations between different heat capacities as follows:

2
Co —Cq = —Tia (C.5)
Ta2C
Cy—Cq = TT (C.6)
Cr = —Qk (C.7)
CoCr(CeCs) ' =1 (C.8)

where, a and k are the electric potential coefficient of expansion and isothermal compress-
ibility, respectively. Using the bracket representation, they can be rewritten as follows:

a:1(8Q> :1M:1W:1<35) ©9)

Q or (0] Q {T>(I)}S,Q Q{qu)}sg Q oo T ’
1 R\ _l{QvT}s,Q B {Q’T}S,Q B <8T>

b= Q<3‘I>>T N Q{2 T}gq _a{Q’cp}S’Q ~ M 9% 0 (C.10)

In which Maxwell equations have been used to get the first equation. It is suitable to prove
Relations (C.5) and (C.8), respectively, by:

oS oS
Co-Co=T (aTL(aT)Q

{Sv(I)}S,Q o {SvQ}S,Q
{T.2}so {T.Q}sg

(C.11)

o [18.9)50{T Q)5 g ~ (5. Q)50l T  BY5q] _  [{5.T}s0(® Q)50
_ {T.9}5,0{T. Q)50 {T,9}50(T. Q)50
7 {®,Q}50{®, Q)0 {T. P}g _ TQa?
(1.0} 50T Q)5 (1.0} g
5. Qs ) (1@ Ths g (5,9}50\ ({@.5)s0\] "
CaCr(CaCs) = (T{T,Q}S,Q><{¢7T}S,Q>]X (T{T@}S,Q)<{¢,S}S,Q>] -
(C.12)
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Moreover, one could exploit the important relations between the heat capacities with three
parameters as follows:

Cr0C17(Cr5C58) ' =1 CgCro(CosCoa) ' =1
Cs5.0Cs0(Cs.7Cs0) =1 CpCor(CsCpa) ' =1
CroCra(CreCry) ' =1 ; CaqgCar(CasCas) ' =1 (C.13)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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