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ABSTRACT: Four-dimensional N' = 2 gauged STU supergravity is a consistent truncation
of the standard N/ = 8 gauged SO(8) supergravity in which just the four U(1) gauge fields
in the Cartan subgroup of SO(8) are retained. One of these is the graviphoton in the ' = 2
supergravity multiplet and the other three lie in three vector multiplets. In this paper we
carry out the analogous consistent truncation of the newly-discovered family of w-deformed
N = 8 gauged SO(8) supergravities, thereby obtaining a family of w-deformed STU gauged
supergravities. Unlike in some other truncations of the deformed A = 8 supergravity that
have been considered, here the scalar potential of the deformed STU theory is independent
of the w parameter. However, it enters in the scalar couplings in the gauge-field kinetic
terms, and it is non-trivial because of the minimal couplings of the fermion fields to the
gauge potentials. We discuss the supersymmetry transformation rules in the w-deformed
supergravities, and present some examples of black hole solutions.
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1 Introduction

It had long been thought that the maximal NV = 8 gauged SO(8) supergravity theory
that was constructed by de Wit and Nicolai in 1982 [1] was unique. However, based on a
gauging-independent formulation of the theory [2], evidence was recently found indicating
that in fact there exists a one-parameter family of inequivalent N' = 8 gauged SO(8)
supergravity theories, characterised by an angular parameter w [3]. When written in the
purely electric frame, the new theories were given in [4].

There have subsequently been a number of studies in which truncations of the new w-
deformed maximal supergravity have been made, typically with the focus being on finding
scalar-field truncations in which the scalar potential still has a non-trivial dependence
on the parameter w [5-11]. This can lead to a richer structure of anti-de Sitter (AdS)
stationary points and domain-wall solutions, with the nature of the vacuum state now
being dependent on w.

It is also of interest to study truncations of the new N' = 8 supergravities that give rise
to families of supergravities with reduced supersymmetry. In this paper, we investigate the
consistent embedding of N' = 2 gauged U(1)* STU supergravity, and also the embedding



of N = 4 gauged SO(4) supergravity.! In both cases, with the embedding we consider, we
find that the scalar potential of the truncated theory no longer carries any dependence on
the deformation parameter of the larger A = 8 theory, even though the N’ = 8 potential
does, of course, depend upon w. However, this does not mean that the entire bosonic sector
of the truncated theory is necessarily independent of w. In the case of the truncation to
the U(1)* gauged STU models, we find that the scalar couplings in the gauge-field kinetic
terms carry non-trivial w dependence, and so, for example, charged black hole solutions
will, in general, acquire w-dependent modifications.

If one stays purely within the bosonic sector, the w dependence of the scalar couplings
to the gauge-field kinetic terms can be absorbed by means of duality transformations,
together with scalar field redefinitions. However, since the gauge potentials have minimal
couplings to the fermions, this means that the necessary duality transformations are not in
fact symmetries of the full supergravity theory, and so w is a non-trivial parameter of the
full w-deformed STU supergravity theories. In particular, it can affect the supersymmetry
and the fermion couplings.

We also investigate some further consistent truncations, where the resulting theories
are considerably simplified. One obvious such example is where one sets the four U(1)
gauge fields pairwise equal. At the same time, for consistency, four of the six scalar fields
are set to zero, leaving just a single dilaton/axion pair. In this truncation it turns out
that the w dependence in the scalar couplings of the kinetic terms for the remaining two
gauge fields can in fact be removed merely by using a shift symmetry of the axionic scalar,
with no need to perform any dualisation of the gauge fields, and so then the entire theory
becomes independent of the w parameter.

This pairwise equal truncation can in fact be viewed as the abelian U(1) x U(1) trun-
cation of N' = 4 gauged SO(4) supergravity. It is of interest therefore to investigate the
truncation of the deformed N = 8 supergravity to N' = 4. For the embedding we adopt,
we find that the same thing happens; namely, that the scalar potential is independent of
w and furthermore that the w-dependence in the scalar couplings to the gauge-field ki-
netic terms can be eliminated by means of a shift symmetry transformation of the axionic
scalar. Interestingly, therefore, although one does not obtain a family of deformed N = 4
gauged SO(4) supergravities via truncation from the deformed N = 8 supergravities by this
method, there do in fact exist deformed N' = 4 gauged SO(4) supergravities, as constructed
by de Roo and Wagemans long ago [13]. The deformation parameter « in these theories is
very similar in nature to the deformation parameter w in the gauged N' = 8 theory, being
associated with a parameterisation of the duality complexion of the gauge fields prior to
gauging. It may be, however, that the deformations in the A/ = 4 theories are intrinsic to
the N/ = 4 gaugings, and they do not necessarily have a larger interpretation with N' = 8.

'In the corresponding ungauged theory, the term STU refers to the triality of SL(2, R) x SL(2, R) x
SL(2, R) global symmetries, and was extensively discussed in [12]. In the gauged STU model, the global
symmetry in the bosonic sector is reduced to U(1) x U(1) x U(1). However, since one of the factors in the
symmetry group is an electric/magnetic duality symmetry, this factor is broken completely in the full STU
gauged supergravity, because of the minimal coupling of the fermions to the gauge fields. Further details
of the gauged STU supergravity can be found in [14, 15].



Returning to the deformed U(1)* gauged STU models, we find that different further
truncations are possible for which the w deformation parameter remains non-trivial. For
example, we can perform a “1 + 3” truncation in which three of the original gauge fields
are set equal, giving rise to a theory with just two remaining independent gauge fields
with AE}) = Ab and Ag) = AELS) = Af,fl) = Ai /v/3. At the same time, for consistency,
the three dilatonic scalars of the STU theory are equated, and the three axionic scalars
are equated. The resulting supergravity theory is in fact a gauged version of the Poincaré
supergravity one would obtain by reducing five-dimensional minimal supergravity on a
circle. It can easily be seen that the w parameter enters non-trivially in the scalar couplings
to the gauge field kinetic terms, since the duality transformation that would remove it lies
outside the symmetry group of the scalar coset. Thus since this duality transformation can
no longer be performed in the gauged theory, where the gauge potentials couple minimally
to the fermions, we have a non-trivial family of w-deformed gauged supergravities in this
truncation.

A further consistent truncation allows the second gauge field AZ and the axionic scalar
to be set to zero. Of course, this is no longer a supersymmetric theory, but it is a consis-
tent truncation of the STU supergravity. The resulting bosonic theory is the w-deformed
generalisation of the “Kaluza-Klein theory” obtained by the circle reduction of pure five-
dimensional Einstein gravity, augmented by the addition of the scalar potential. The
w parameter is again non-trivial, in the sense that it can only be removed by perform-
ing a dualisation of the remaining gauge field, which would be disallowed because its
gauge potential couples minimally to the fermions, and so viewed as a truncation of the
full STU model in which fermions are retained, it will still carry the imprint of the w
parameter.

The paper is organised as follows. In section 2, we describe the truncation of the fields
of N' = 8 supergravity to those of N' = 2 STU supergravity. Substituting into the formalism
of the w-deformed A = 8 theories, we thereby obtain the corresponding w-deformed STU
supergravity theories. Our focus is on the bosonic sector, together with finding the terms
in the supersymmetry transformation rules for the fermionic fields that are needed in order
to investigate the supersymmetry of bosonic solutions. We also determine the range of
the w parameter in the STU supergravities that spans the space of inequivalent models.
In section 3 we examine some further truncations of the w-deformed STU supergravity
theories. These include the case where one sets the four gauge fields pairwise equal, at the
same time setting four of the six scalar fields to zero, which, as we mentioned above, gives
a theory where the w parameter becomes trivial. We also discuss the non-trivial case of
the 1 4+ 3 split described above, where two gauge fields are retained. We present dyonic
black hole solutions in the further truncation to a single gauge potential. In section 4
we examine some features of the family of deformed N' = 4 gauged SO(4) supergravities
that were constructed by de Roo and Wagemans, which do not arise as truncations of the
w-deformed N = 8 theories. After conclusions in section 5, we include two appendices.
Appendix A contains the detailed form of the scalar couplings to the gauge-field kinetic
terms in the w-deformed STU supergravities, and appendix B contains further detailed
expressions of the various tensors that appear in the supersymmetry transformation rules.



2 The embedding of the STU model

2.1 The bosonic sector

The standard gauged STU supergravity theory can be obtained as a consistent truncation
of standard N' = 8 gauged SO(8) supergravity. In this embedding, the SO(8) gauge fields
are truncated to retain only those in the U(1)* Cartan subalgebra of SO(8). As well as
the metric and the four U(1) gauge fields, the bosonic sector includes three scalars from
the 35, of scalar fields, and three axionic scalars from the 35, of pseudoscalar fields in the
gauged SO(8) theory. The fermions will be discussed in section 2.3.

The embedding was described in [14] in the case of a further truncation in which the
three axionic scalar fields are set to zero.? The complete embedding of the bosonic sector
of the gauged STU model, including also the axions, was given in [15]. This was achieved
by giving an explicit form for the 56-bein

IJ
w7 viikL
V=|/ v 2.1
kaIJukéKL7 ( )

that enters in the construction of N = 8 supergravity given in [1]. In order to construct the
corresponding w-deformed version of the gauged STU supergravity model, we may simply
take the same construction of the V matrix, and substitute it into the formulae presented
in [4] for the w-deformed N = 8 supergravity.

We shall use the same notation and conventions as in [14] and [15]. In [15], V was
expressed in the symmetric gauge

_ L0 dijre
V= exp{ Wi <¢mnpq 6 >}, (2.2)

where ¢"** is totally antisymmetric and self-dual in the sense that

. 1
5 = G0 = Gt 6" 23

Denoting the index pairs {12,34,56,78} by {a} with o = 1,2,3,4, the self-dual tensor

7% takes the form

Pkt = Dije = ﬁ[(@(1)6(12)+§>(1)6(34)) + (@(2)6(13)+§)(2)6(24)) + (<I>(3)e(14)+§>(3)6(23))} ’
(2.4)

where 65]1’2 = +1 whenever {4, j, k, £} is an even (odd) permutation of {1, 2, 3,4}, 65]1’2 ==+1

whenever {i,j,k, ¢} is an even (odd) permutation of {1,2,5,6}, and so on. We write the

three complex scalars as

@) = ¢, ¢ (2.5)

2This further truncation would be inconsistent in general, in the sense that the equations of motion for
the axionic scalars would not permit setting them to zero in generic solutions. However, if one restricts
attention to solutions where the wedge products of pairs of field strengths vanishes, then the axions can be
set to zero.



The scalar kinetic terms are constructed as —ﬁAﬁ{“Aﬁ‘W, where Agke is given by [1]
1 0 A

DYV =——1 ") 2.6

a 24/2 (.Amjkg 0 (2:6)

These kinetic terms are independent of the w deformation of the N/ = 8 theory.

The scalar potential V' is defined in the standard way in N' = 8 gauged SO(8) super-
gravity, except that now with the w deformation the definition of the 7" tensor is modified.
Thus one has [4]

3 y 1 "
V= |- 0P + gl | (27)
where T;7% is decomposed into its irreducible parts
) 3 ) 3 .

Here A" is symmetric in ij and A, #F¢ is antisymmetric in jk¢ and traceless, i.e.
A" = 0. The T tensor in the w-deformed theory is defined by [4]

T,/ = (671‘” ub s + e UkUJ)(Uz‘mJK W KT = VimJ K ’UjmKI) : (2.9)

The four gauge fields of the deformed STU model are taken to be in the U(1)* Cartan

subalgebra of the SO(8) gauge fields, whose field strengths are F'// = dA!7 — %gAIK/\AKJ.
Thus, taking into account an SO(8) triality rotation as discussed in [14], we write

A2 % A0 £ A® 4 A®) L AD] g3 — % [AD 4 AC) _ 4®) _ 4@,
A % (AN —A® 4 4B 4] AT = % [AD — 4@ — A® £ 4] (2.10)

The corresponding field strengths F(® will simply be given by
F@) = dA@ 4 =1,23,4. (2.11)

The kinetic terms for the gauge fields are calculated from those of the gauge fields in the
w-deformed SO(8) gauged supergravity, using the expressions given in [4]. Specifically, one
has e~ ! Lrp= —%(iG;_JMV FJ,IJ + h.C.), where3

i(uijIJ + 62iw ,UijIJ)G:VIJ _ (Uij[J . 62iw Uz‘jIJ)F:;IJ’ (212)
and where F ;Z/ is defined for any 2-form as the complex self-dual projection*

1 1.
FJV =3 <FW + 51 eu,,ponU> . (2.13)

*Note that in (2.12), and elsewhere also, we are not taking into account higher-order fermion terms.
Our object in this paper is to obtain the bosonic sector of the w-deformed STU supergravity theories, and
also to obtain those terms in the supersymmetry transformation rules that are sufficient for testing the
supersymmetry of bosonic solutions.

*We are using conventions similar to those in [16] here, in which G, = 6£/6F,, and hence G}, =
Z F), = iMF},. (Our definitions of the self-dual and anti-self-dual projections, Fi5, = L(Fuw £1"F ),
with “F, = L€u,0F?7, are opposite to those in [16].)



Using the expressions for the v and v tensors that we can read off from (2.1) and (2.2),
we are now in a position to calculate the bosonic Lagrangian for the U(1)* truncation of the
w-deformed SO(8) supergravity. We find that the scalar potential (2.7) is unmodified from
its expression in the original w = 0 theory. The bosonic Lagrangian for the w-deformed
STU model is then given by

3

1 1
e L=R-3 > ((9¢a)?+sinh® ¢, (904)?) — i (F ) MagFT O 4 he)—v,  (2.14)
a=1
where the scalar potential is
V = —2¢°(cosh ¢y + cosh ¢y + cosh ¢3) . (2.15)

The complete expression for Mg, which is rather complicated, is given in appendix A.

The important point to note is that although the scalar kinetic terms and potential
are unmodified by the w deformation, the kinetic terms for the gauge fields, encapsulated
in the matrix Mg, depend upon w in a non-trivial way. Specifically, for no choice of
the constants k, is it possible to use the residual U(1)? global symmetry o, — o, + kq of
the scalar kinetic and potential terms to absorb the w dependence in the matrix M,g. Of
course, in the ungauged theory, the w parameter could be absorbed everywhere if one made
an appropriate electric/magnetic duality transformation on the field strengths. However,
this transformation would not be contained within the SL(2, R)? global symmetry of the
ungauged theory.® (See appendix A for details.) In the purely bosonic sector of the gauged
theory, the kinetic terms of the field strengths are identical to those in the ungauged theory,
and hence the same duality transformation would allow one to remove the w dependence
here as well. However, in the complete gauged theory including the fermions, the minimal
coupling of the spinors to the gauge potentials prevents one from making the duality
transformation, and hence w cannot be removed by means of field redefinitions in the
w-deformed STU supergravities.

2.2 Range of the w parameter

Having obtained the embedding of the STU model into the w-deformed N = 8 gauged
supergravity, the question arises as to what is the range of the angle w that parameterises
inequivalent STU supergravity theories. In the full A/ = 8 theory the inequivalent gaugings
are parameterised by w lying in the interval 0 < w < %ﬂ' [3, 4]. The arguments that show
that the “naive” answer of 0 < w < 27 for the parameter range of inequivalent theories
is actually reduced to 0 < w < %ﬂ' depend quite subtly upon the use of field redefinitions
involving the A/ = 8 fields. In the truncation to the A/ = 2 STU theories, many of the
original fields are set to zero, and so it is necessary to investigate within the restricted set
of fields that are retained to see whether or not the conclusions about the non-trivial range
of the w parameter remains unchanged.

°If it were contained within the SL(2, R)® global symmetry, then it would have been possible to absorb
the w parameter by means of a field redefinition of the scalars.



Looking at the form of the matrix of scalar fields Mg that appears in the gauge-field
kinetic terms in (2.14), and which is given in appendix A, it is evident that there is a
symmetry under which we send

w-——>a2+-%, ba —> —a, (2.16)
or in other words, Mag(¢a,0q,w) = Mag(—da,0a,w + %77) This corresponds to the first
of the three discrete symmetries discussed in [4], and as can be seen from (B.4) and (B.5),

K

we have uinL — Ujj L and ViK1, — —Vijkr. The matrix M,g, which is symmetric,

also has the property
MZB(qbav Uavw) = Ma,@(gbaa —0Oaq, _W) s (217)

where the star denotes a complex conjugation. The complex conjugation of M,z has the
effect in the Lagrangian (2.14) of reversing the sign of the e*?? F,ECVY) Fp(g) terms, while
leaving the sign of the actual kinetic terms F,S,Of) F®) m ynchanged. This sign change
can be undone by means of a parity reversal, and this is the third of the three discrete
symmetries discussed in [4]. Finally, we consider the second discrete symmetry considered
in [4], namely

w—%w+%. (2.18)

This involved a discrete SU(8) matrix e¢'™/8 Pg, where Py is a real and orthogonal 8 x 8
matrix with det(FPs) = —1, and satisfying P82 = 1. An example that is convenient for our
purposes is

Py = diag(—1,1,1,1,1,1,1,1). (2.19)

From the transformations in equation (2.2) of [4], this will give a symmetry of the theory if

uin L reverses sign when exactly one of the four indices is a “17, and if v;jx 7, — eim/2 VijKL

for all index assignments where exactly one index is a “17, and v;jx;, — e~im/2 VijKL

otherwise. It can be seen from (B.4) and (B.5) that these can be implemented by means

of the transformations

, T
Oq —> 0, =04 — =

2

of the three axionic scalars of the truncation to the STU model. The symmetry also requires

(2.20)

sending [4]
A A (A AT AT) s (A2 AT @21

The upshot of these symmetries is that the w-deformed STU theories may be viewed
as inequivalent if w lies in the interval

0<w< =, (2.22)

ool X

just as in the case of the w-deformed N = 8 supergravities.”

SWe are very grateful to the referee for suggesting to us that the deformed STU theories might also be
equivalent under the transformation (2.18).



2.3 Supersymmetry of the w-deformed STU supergravities

Here, we shall present the terms in the supersymmetry transformation rules for the w-
deformed STU supergravities that are relevant for investigating the supersymmetry of
bosonic solutions in the theories. We obtain these by substituting the STU truncation into
the transformation rules of the w-deformed N = 8 theory, which are given in [2]. Up to
the order in fermion fields to which we shall be working, they are given by

. N g
6¢,LLZ = 2D/$€l + Z Hpazj p)/po—%uej + gA(l)U Y €5 to
. L 3 . g
5ijk _ _A;Zkl 'Y'ufl + EH;V[ZJ,YMVEH o \/igA(g)l”k El NEN
6eua = Eiryawui + Eiryawui’
(SAMIJ = —\/ﬁ(ewuifj + €_iwvijjj) (Ek o Xijk + 2\/5 Ei wfl) + h.c.,

- o 1 .
5“?] = _2\/§UklIJ (G[lxjkl] + ﬂ&.zgklmnpq 6mX’npq) )

vt = —2v/2 g’ <€[ixj’fl] - Z—ZEWWWI @mxm,q> . (2.23)
The ellipses in the transformation rules for the fermions represent terms of higher order
in fermion fields. The derivation of the complete set of transformation rules in the N' = 2
truncation, including all the higher-order fermion terms, would be straightforward but
rather involved. One also has to take into account the compensating transformations
that would be necessary in order to maintain the symmetric gauge choice (2.2) for the
parameterisation of the coset for the scalar fields [17].
In the above equations, Duei is defined to be

lg e (2.24)

Duei = Vuei + 5B

where sz is the composite and gauge connection, and 7:[Wij is defined through

F;uI/J = (eiwuzf‘] + efiwviﬂj)%wij- (2.25)

The various tensors uinL, Vi KL Ag), A Ak Huyij, etc., in the w-deformed STU model
can be found in appendix B.

In the truncation to the N' = 2 STU models, six of the eight gravitini and eight
supersymmetry parameters are set to zero. Given our truncation in the bosonic sector,
where we keep the four gauge U(1) potentials (A}f, A,Sf, Aff, A;g), there are four different
ways we could truncate the gravitini and supersymmetry parameters. For definiteness, we

shall choose the truncation where we set all wz and € to zero except
¢, and €, for i =1,2. (2.26)

The corresponding truncation for the spin—% fermions involves setting all 7% = 0 except

for the six fields
i34 i56 i78)

(X » X » X 3 for i = 172 (227)



One can verify from the complete supersymmetry transformation rules that the truncation
to the N/ = 2 STU theories is indeed consistent, in the sense that the variations of the fields
that are set to zero remain equal to zero. It can be seen from the expressions in (B.14)
for the components of the connection Bfw’ that appears in the covariant derivative D,
in (2.24) that with our choice for the truncation to N' = 2, it is the potential A}f that is
the graviphoton in the supergravity multiplet. We present the transformation rules for the
scalar fields, after taking account of the compensating transformations mentioned above,
and the transformation rules for the surviving gauge potentials, at the end of appendix B.

3 Consistent truncations of the w-deformed STU model

3.1 Pairwise equal gauge fields
There is a consistent truncation in which we set the gauge fields pairwise equal, at the
same time truncating out two dilaton/axion pairs. For example, we can set

1 1
V2 V2

This then leads to the Lagrangian

FO=rW = —p  FO=FB = —_F  gy=¢3=09=03=0. (3.1)

e 'L =R- %((%}1)2 - %sinh2 ¢1 (001)? + 2g*(2 + cosh ¢

1[14 ze?w 1—zedw
where 1
z = €91 tanh §q51 . (3.3)

The electrically charged rotating black hole solutions in this theory were obtained in [18].
(The general charged rotating black holes in the ungauged STU supergravity were con-
structed in [19].) It is evident that in this further truncation of the w-deformed STU
supergravities, the parameter w has now become trivial, in the sense that it can be ab-
sorbed into a redefinition of the oy scalar field,

o1 — 01 — 2w. (3.4)

We shall discuss the embedding of the nonabelian extension of this theory to N = 4 gauged
SO(4) supergravity, and the related topic of its deformation that was discovered long ago
by de Roo and Wagemans [13], in section 4.

3.2 1+ 3 split of the gauge fields

In view of the fact that, as we just saw, the w parameter becomes trivial within the context
of the pairwise-equal truncation of the deformed STU model, it is of interest to see whether
there exist different consistent truncations in which w remains non-trivial. An example is
provided by making instead the following truncation.

b2 =¢3=¢1, 02 = 03 =01,
AS) _ A}“ A@) — ABG) — 4() — 1 A2 (3.5)



If at the same time, in the fermionic sector one sets 3 = x5 = ™ (with i = 1,2 as
before), the resulting truncated theory is N/ = 2 supersymmetric. It is in fact a gauged
version of the Poincaré supergravity one obtains by dimensionally reducing five-dimensional
ungauged minimal supergravity on a circle. The bosonic Lagrangian takes the form

1
elL=R- %(aqsl)? — ;sinhQ b1 (Do1)? — Z(FJVC‘ Sap T 4+ h.e.) =V, (3.6)
where

V = —6g° cosh ¢, (3.7)

and the 2 x 2 matrix Sy, has components given by

1
S = oA [4 cos(2w + o1) cosh 2¢; — (3 4 cos 207 ) sinh 2¢¢

— 4isin(2w + o1) cosh ¢y + 2isin 207 sinh ¢1] ,

2V/3
A

1
Soy = IA [4 cos(2w + o1) cosh 2¢1 + (3 + cos 201) sinh 26

S1g = So1 = —

(icos o1 + cosh ¢ sinoy) sinh ¢ sinoy ,

— 4isin(2w 4 o1) cosh ¢1 — 2isin 207 sinh ¢1] , (3.8)
with

A = 2cos(2w + o1) cosh ¢1 + 2 cos 207 sinh ¢ — 2isin(2w + o7 ) cosh 2¢;
—isin 207 sinh 2¢; . (3.9)

It was observed in [20] that the ungauged theory (and hence also the scalar and gauge-
field kinetic terms in (3.6)) has a global SL(2, R) symmetry under which the field strengths
F! and F? and their duals transform in a 4-dimensional irreducible representation (see [21]
for details). It is evident from the form of the matrix S, that the electric/magnetic duality
rotation described by the U(1) subgroup of this SL(2, R), under which o would shift by
the angle of the duality rotation, cannot be used in order to absorb the parameter w. In
other words, the duality rotations that one would have to perform in order to eliminate
the parameter w from the gauge field kinetic terms in (3.6) lie outside the global symmetry
group of the theory.

In fact, it is not difficult to work out the explicit form of the duality transformation
that removes the w dependence in the gauge-field kinetic terms. The general Sp(4, R) trans-
formations that are symmetries of the gauge field equations of motion take the form [16]

F! F!
F? F? A B
— A A= 3.10
G G|’ (C’ D) ’ (3.10)
Go Go
where A, B, C and D are 2 x 2 matrices satisfying
ATc-cTA=0, B'D-D'B=0, ATD-C'B=1. (3.11)

,10,



The required duality transformation will be such that the scalar matrix S, viewed as a
function of w, satisfies

(C+iD S(w))(A+iBS(w)) ' =i5(0). (3.12)

Solving for the matrices A, B, C' and D, we find A =D = 1 cosw and B = —C = 1 sinw,
and hence the transformation matrix A in (3.10) is given by

A (]lcosw ]lsmw>. (3.13)

—1sinw 1cosw
In other words, the two field strengths F'' and F? are both dualised in the same way,
F* — F% cosw+ G“ sinw. (3.14)

This U(1) transformation manifestly lies outside the SL(2, R) symmetry group of the
scalar coset manifold, under which the two gauge fields and their duals transform as a
four-dimensional irreducible representation. Note that we can write S(w) in terms of the
undeformed matrix S(0) as

i1S(w) = (cosw—1i85(0) sinw)_l(sinw—f-iS(O) cosw) . (3.15)

The upshot is that in the gauged theory where the fermions couple minimally to
the gauge potential of the graviphoton, and hence one therefore cannot perform duality
transformations, the parameter w must be non-trivial.

It is straightforward to see that Sy, given in (3.8) has the symmetries

1
Sab(tho-l?w) = Sab<_ 01,01, w + 271') s (316)

and
Sap(@1,01,w) = Sap(d1, —01, —w) . (3.17)

One can also see that the truncation (3.5) is compatible with the transformations (2.20)
and (2.21), and so we conclude that the range of w parameterising inequivalent theories in
this truncation is again given by (2.22). In fact one can straightforwardly verify directly
that the Lagrangian (3.6) is invariant under the transformation o1 — o1 — %7‘(’, combined
with a shift of w by %TF, together with the transformation of the gauge fields that is implied
by (2.21).

3.3 Single gauge field truncation

We may perform a further consistent truncation of the w-deformed supergravity described
in section 3.2, theory in which the gauge field F? and the axion o; are set to zero. The
function M = S1; that forms the prefactor of the remaining gauge-field kinetic term now
becomes

cosw —ie31 sinw

M = . 3.18
—isinw + €391 cosw ( )

— 11 —



Within the bosonic theory it is possible to absorb the parameter w, by making a U(1) €
Sp(2, R) duality transformation of the field strength and its dual,

F F COS (v sin «v
— A A= . 3.19
(G) (G) ’ (— sinav  cos a) ( )

If we implement this U(1) transformation with the parameter & = w + $m, then from
iM — (c+idM)(a+ibM)~! it would have the effect of replacing M in (3.18) by

M' = e, (3.20)

Thus, were it not for the fact that in the full supergravity theory the bare potential A,
appears in the covariant derivatives of the fermions, one could implement this U(1) duality
transformation on this particular single gauge field truncation of the deformed STU theory
where in addition o7 is set to zero, and thereby remove the w deformation parameter.
This is not possible within the framework of the supergravity theory, and so in this sense
w remains a non-trivial parameter here, even though it is trivial as far as the bosonic
solutions themselves are concerned. This is very different from the situation discussed in
section 3.1 for the case of the truncation with pairwise-equal field strengths. In that case
the w-parameter was removed purely by means of a constant shift redefinition of the axionic
scalar field.
The Lagrangian for this o1 = 0 further truncation of the single gauge field truncation
can be written as
1
(6_\/§¢ sin? w 4 V39 cos? w)
sin 2w sinh /3¢
8(67\/5(1) sin w + V39 cos? w)

F2

1, p Lioo
e L=R 2(8gb) 0

P B Fope + 692 cosh (%) , (3.21)

where we have now given the remaining scalar field a canonical normalisation, by defining
¢ = V3 1. Note that in the undeformed case, where w = 0, this becomes the standard

Lagrangian of the gauged “Kaluza-Klein theory”,’
e 'L=R- }(&Z))Q - 1ff‘/g‘z’ F? 4 6g° cosh i (3.22)
2 4 V3) ‘

(This is the theory that comes from the Kaluza-Klein reduction of five-dimensional Einstein
gravity, with the added scalar potential.)

If we stay within the framework of the gauged theory coupled to fermionic fields, so
that one is not allowed to make duality transformations on the field strength F),,, then it
is easy to see that the bosonic theories described by (3.21) are inequivalent for values of
the w parameter lying in the interval 0 < w < 3. This follows from the fact that (3.21)
has a symmetry under sending

w—>w+g, b — —. (3.23)

"David Chow has pointed out to us that the Lagrangian (3.21) in the special case that w is set equal to %ﬂ'

was encountered in [22] as a consistent truncation in an Einstein-Sasaki reduction of D = 11 supergravity.

— 12 —



Furthermore, if we send w — —w the sign of the e*"?? I}, I}, term is reversed, and this
can be undone by means of a parity transformation. Note that because the axionic scalar
o1 has been set to zero in this truncation, we no longer have the further symmetry under
w— w+ %W that was present in the STU model, and thus here the parameter range for
inequivalent theories is 0 < w < iﬂ rather than 0 < w < %ﬂ'.

As mentioned above, in this single gauge field truncation with ¢y also truncated out,
the bosonic solutions are all equivalent to solutions in the w = 0 theory, if we ignore the
minimal coupling of A, to the fermions and then allow duality transformations of the field
F,,. Thus we can construct solutions to the theory (3.21) by making such duality rotations
on known solutions of (3.22). As an example, we may consider the static dyonic black hole
solution of the theory (3.22), which was recently constructed in [23]. Implementing the
duality rotation we arrive at the conclusion that the following dyonic black hole solves the
equations of motion coming from (3.21):

N

2
s = () ot + (i) (U e st 0ag?)).

f
¢=\/§10gf[27 f=fo+g**H H,, f0=1—2ﬁa
1 T
_ (1 —Bifo) (A =B200) L.
4= \@Kvﬂm H1> o <\/5271 H2> smw} i
+2\/§u[ iﬂl cosw + 5172 sinw} cosfdy ,
P 1
Hy =7 (1= 2B1fo + B1B2f3) Hy =511 —2Bafo + Br1B2f3)
m=1-281+ 15, Yo =1—282+ 132 (3.24)

The physical electric and magnetic charges of this black hole are given by

Q = \//%( 51’72 cosw — 5271 sinw),
1 2

P = \9%( P cosw + il”YZ Sinw) (3.25)
2 1

and its mass is

M- (1= B1)(1 = B2)(1 — B152) ‘
Y172

In a similar fashion the purely electric and purely magnetic rotating black holes in the

(3.26)

“gauged Kaluza-Klein” theory, which were constructed in [24, 25], can be duality rotated
into solutions of the w-deformed theory described by (3.21). Rotating black holes with
charges carried by two of the four gauge fields of STU supergravity were constructed
in [26]. These can similarly be duality rotated to give solutions in the full w-deformed STU
supergravities.

It is instructive also to examine how the supersymmetry of specific solutions depends
on the value of the w deformation parameter. For example, within the class of black-hole
solutions (3.24) we may consider the case where we set f2 = 0 and where we also take the
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extremal limit, which is achieved by setting

B = ; (3.27)

N | =
SRS

and then sending p to zero. This gives

M:iq, Q:iq cosw , P:%q sinw. (3.28)
At w = 0, this solution is just a standard supersymmetric black hole in the gauged STU
supergravity theory, with a single field strength carrying an electric charge. When the de-
formation parameter is non-vanishing, the solution is still extremal, with M = \/Q? + P2,
but, as one can verify from the transformation rules (2.23), it is no longer supersymmetric.
This can most easily be seen by looking at the gaugino transformation rule, which can be
written in the general form dx ~ Z¢. One can verify that the determinant of the matrix =
has a factor (1 — e?“), which is non-vanishing unless w = 0. This example suffices to illus-
trate the point that although a family of solutions in the w-deformed STU supergravities
may be obtained from an w = 0 solution merely by means of a duality transformation, the
supersymmetry of the solution is nevertheless dependent on the value of the w parameter.
Of course, while it can be relatively easy to check the supersymmetry of a family of
w-deformed solutions that are obtained, as above, by means of duality transformations of
previously-known solutions of the undeformed theory, it is likely to be more challenging
to discover new supersymmetric solutions in the deformed theory that are not related to
previously known such solutions in the w = 0 theory.

4 N = 4 gauged SO(4) supergravities

The pairwise-equal field strength truncation that we discussed in section 3.1 can also be
viewed as an abelian U(1) x U(1) truncation of N’ = 4 gauged SO(4) supergravity. The
embedding of the N = 4 theory into the standard N' = 8 gauged SO(8) supergravity
was discussed in detail in [27], where the explicit form of the S7 reduction from eleven-
dimensional supergravity was also presented. One can easily verify from the expressions for
the u!7 and v;j7; tensors given in [27] that if one substitutes them into the w-deformed
N = 8 gauged supergravity, then again the w parameter becomes trivial, since it can be
absorbed by means of a shift transformation of the axionic scalar field. In other words, one
cannot by this means derive a non-trivial family of N' = 4 gauged SO(4) supergravities as
an embedding in the w-deformed A/ = 8 theory. It is interesting that nonetheless a family
of deformed N = 4 gauged SO(4) supergravities does exist; it was constructed long ago by
de Roo and Wagemans in [13].

The bosonic Lagrangian of the de Roo and Wagemans gauged SO(4) theory, parame-
terised by the extra angle «, takes the form [13]

20,Z0"Z  1[1+Ze(@=h) 14+ Ze—ia+8)

L=R- i +i\2, LH4e T
‘ E_R (1—|Z|2)2 4 ]_fZei(Oéfﬂ)( (1)) ].*Zeii(a‘i»B)

(F5) +he |-V, (41)
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where the potential is given by

1

V= =D (g7 +95) (1 +12Z1%) — €997 + e g5 (Z + Z)] — 4grgasina,  (4.2)
and the angle 3 is defined in terms of «, g1 and g2 by
i 2 —ia 2
s € gite g
e’ = ‘eiag2 +e—ia 2‘ : (43)
1 92
The standard N' = 4 gauged SO(4) supergravity corresponds to taking o = %7’[‘.
If we now introduce scalar fields ¢ and y, and define
(-1 . _
=3 = ere (4.4)

then the scalar kinetic terms in (4.1) become —1(0p)?* — 1e? (9x)? and the potential
becomes

1 1 - ,
V= —5(9f +93)(X?+X?) - 5(911 + g3 + 29193 cos 20)/? (X2~ X?) —4gigosine,  (4.5)

where

X% =e¥, X2 = e % 4 \2e?. (4.6)

One can in fact define new gauge coupling constants, in terms of which the scalar potential
becomes independent of the parameter a. We do this be introducing g; and gs, defined by

L1 1

gt = 5 (ot + 3) + 5 (g1 + g3 + 29793 cos 20)' 72,

L1 1

3 = 5 (gt + 93) — 5 (g1 + g5 + 29793 cos 20)/2. (4.7)

The potential (4.5) then becomes simply
V=-3X*-E X% 43132, (4.8)

which is the form for the standard N = 4 gauged supergravity potential. In particular, it
is now independent of the de Roo-Wagemans parameter a.. Of course, there is a price to be
paid, namely that the gauge field kinetic terms will have a more complicated dependence
on «, since the expression (4.3) defining 8 must now be written in terms of §; and go
rather than ¢g; and g». Also, the gauge coupling parameters ¢g; and g» appearing in the
definitions of th@ Yang-Mills field strengths, F (il) = dAfl) + %gleijkAzl) A A’Fl) and F(iQ) =
dAfQ) + %gxi jkA%Q) /\A’é), and in the gauge covariant derivatives acting on the fermion fields,
will now have more complicated expressions in terms of §; and go. Note that from (4.7)
we have

G H+B =G +3d, i1g2sina=qgs. (4.9)
An alternative way to write the bosonic sector of the de Roo-Wagemans theory is to
absorb the angle (aw — 3) as a phase factor in a new complex scalar

2= Zel(@ P (4.10)
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in terms of which (4.1) becomes

2 I .
6—1523_%_1 1+Z(F+z)2+

1 —2ia )
i T2 (FE) the| -V, (411)

1_ ze—2ia ( (2)

where now the scalar potential V' is written as

V= (g%|1+z|2+g§|1+26_2m|2) —4g1gosina. (4.12)

1|z

Since the scalar potential in the de Roo-Wagemans theory is independent of @ when
written in terms of the redefined gauge couplings §; and g2 as in (4.7), then if we restrict
attention to gauge fields in the abelian U(1) x U(1) subgroup of SO(4) ~ SU(2) x SU(2), we
may then remove all remaining dependence on the parameter « in the bosonic equations

of motion by performing appropriate dualisations of the abelian gauge fields, say F(:)’l)w

and F(32) e such that the /#2=#) phases are removed from the gauge-field kinetic term
prefactors that arise from (4.1).> We can then use the same kind of technique that we used
in section 3.3, to generate solutions of the deformed family of theories simply by making
duality rotations of already-known solutions of the original undeformed theory. For exam-
ple, a rotating dyonic black hole solution of the pairwise-equal STU gauged supergravity
was recently constructed in [29], generalising the purely electric rotating black holes [18].
It is then straightforward to construct dyonic solutions in the de Roo-Wagemans theory, by
taking the solution in [29] with its field strengths F(l) and F(Q), with their duals @(1) and
G(2), and then taking the field strengths in the de Roo-Wagemans theories to be given by

1 o
Fay = Fuy cos 5(B —a) = Gy sin 5 (B~ a),

1 ~ .1
Fl9) = Fy) cos 5(5 +a) — Gg) sin 5(6 +a), (4.13)

with the metric, dilaton and axion fields left unchanged.

5 Conclusions

In this paper we have constructed a family of deformed A/ = 2 gauged STU supergravities,
starting from the recently discovered family of w-deformed N' = 8 gauged SO(8) supergrav-
ities. The STU theories have a field content comprised of the N' = 2 gauged supergravity
multiplet coupled to three vector multiplets. The four U(1) gauge fields lie in the Cartan
subgroup of the original SO(8) gauge fields of the A/ = 8 supergravities.

Unlike some other truncations of the w-deformed N = 8 supergravities that have been
studied recently, in the case of the STU model truncation the scalar potential is unchanged
in the presence of the w parameter. However, the scalar functions that multiply the kinetic
terms of the U(1)* gauge fields do depend upon w in a non-trivial way, in the sense that it

8The required duality transformations lie outside those contained in the SL(2, R) global symmetry of
the kinetic terms in the Lagrangian, and hence the phases cannot simply be absorbed by means of scalar
field redefinitions. The situation here is analogous to that for the w-deformed STU supergravities, as we
discussed in section 2.
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cannot be absorbed merely by means of redefinitions of the scalar fields. If one were free to
make duality transformations of the gauge field strengths also, then the w parameter could
be absorbed. However, the fermions have minimal couplings to the gauge potentials, and
thus in the full w-deformed STU supergravity one cannot make duality transformations in
order to absorb the w parameter, and so it is in this sense non-trivial. Thus although purely
bosonic solutions in the w-deformed STU supergravities can be rotated into solutions of
the usual STU model, their supersymmetry properties and their couplings to the fermion
fields are different.

We then studied two different supersymmetric consistent truncations of the w-deformed
STU supergravities. In the first, where the four gauge fields are set pairwise equal, we
arrived at a theory where the w parameter becomes trivial, since it can now be absorbed
by means of a shift symmetry transformation of the axion that remains in the truncation.
By contrast, in a different consistent truncation in which again two gauge fields remain,
but this time achieved by equating three of the original gauge fields, we showed that the w
deformation parameter remains non-trivial. The crucial difference between the two cases
is that in the first, the duality transformation that eliminates the w parameter lies within
the global symmetry group of the scalar coset manifold, and so the same effect can be
achieved by performing a symmetry transformation on the scalar fields, thereby absorbing
the w parameter. In the second truncation, the required duality transformation that would
eliminate w lies outside the global symmetry group of the scalar manifold, and so w cannot
be removed by means of scalar symmetry transformations in this case. Since the duality
transformations are disallowed in the gauged theory because of the minimal couplings of
the gauge potentials to the fermions, the w parameter remains non-trivial in this case.

We presented a class of static dyonic black holes that generalise some solutions that
were recently constructed in the usual gauged STU model in [23]. These black holes are
embedded within a truncation of the STU theory in which all except one of the gauge
fields are set to zero, at the same time setting the three dilatonic scalars ¢, equal, and
the three axionic scalars o, equal. Viewed purely as bosonic configurations, the solutions
we obtained in this paper would not be genuinely “new” in the sense that we obtained
them by making a duality rotation on the gauge field strength of the previously obtained
solutions. This duality transformation would be a symmetry relating one member of the
family of w-deformed theories to another, with different w, were it not for the minimal
coupling of the gauge potential to the gravitini. Thus as solutions of the full deformed
STU supergravities, the dyonic black holes we constructed can be viewed as being new.

The pairwise-equal truncation of the w-deformed supergravities, where, as mentioned
above, w becomes trivial, is in fact itself a U(1) x U(1) truncation of N' = 4 gauged SO(4)
supergravity. This raises the question as to whether the w parameter again becomes trivial
if one embeds the full N' = 4 theory into the w-deformed N = 8 supergravities. The
embedding for the N' = 4 truncation was given in detail in [27], and using this, we were
able to demonstrate that here too, the w parameter can be absorbed once the truncation
is performed.

It is intriguing that nevertheless, there does exist a one-parameter family of deformed
N = 4 gauged supergravities with SO(4) gauge group, constructed in [13]. We studied some
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properties of these theories, and presented some examples of bosonic solutions that could
be obtained by making dualisations of the field strengths in previously-obtained solutions.

The discovery of the w-deformed N = 8 gauged supergravities has raised many intrigu-
ing questions, and opens the way for the investigation of the solutions and the truncations
to smaller theories. There is also the important question as to whether the deformed
supergravities have a higher-dimensional origin.
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A Gauge field terms in w-deformed STU supergravity

Here we present the complex matrix M,g that gives the kinetic terms for the gauge fields
in the w-deformed STU supergravity model that we constructed in section 2. The matrix

can be conveniently written in the form

1
Map = BNaﬁ , (A1)
where the denominator D is given by
D = dye M 4 dge Y + o + a2e?™ 4+ aget, (A.2)
with
- 1 . . . JN
oy = 5(—1 -+ C% -+ C% + C% + 2616203) s
1 2 A2 4 foa s
Oy = 5(—1 + C% + C% + C% — 2616263) s
o = %§1§2§3 [ei(a1+02+03) + ello1—o2—03) + el(=o1+o2—03) + ei(—01—02+03)] ’
o = _%§1§2§3 [6_1(01+U2+U3) + 6—1(01—02—03) + e—i(—aﬁ-ag—ag) + e—i(—m—ag—f—ag)} ’
Qg = —5%cos 201 — §3cos 209 — 82 cos 2073 . (A.3)

Here, we have defined

84 = sinh ¢, , Cq = cosh ¢, . (A.4)

The matrix Mg is symmetric in its indices a and 3.
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The diagonal components of the numerator matrix N,z are given by

M1 = due™ — aue®™ + (Bor + Boz + Bos)
+(Boo + 321 + Baz + Baz)e P + (Bao + Ba1 + Baz + Baz)e?™,
Nag = dye™™™ — aue™ + (Bo1 — Boz — Bo3)
+(Boo + ﬁ21 — Baz — Bag)e” B + (Bao + Bo1 — Poz — Pas)e™™,
Niz = age™™ — aue™ + (—Bo1 + Boz — Bos)
+(Bo0 — Ba1 + a2 — Pas)e 2 + (Bao — Ba1 + Baz — Baz)e?™,
Nig = age™ — aye™ + (—Bo1 — Boz + Bos)
+(Bo0 — Ba1 — a2 + Pas)e 2 + (Bao — a1 — Baz + Baz)e?™, (A.5)

where

Bo1 = 26158983 cos o9 cos o3, o2 = 26258153 cos oy cosoz, oz = 26358189 COS 01 COS 09,

Bao = aa, P20 = —aa, (A.6)
Bo1 = 51(éaé3 + ¢é1)cosay,  fag = 89163 4 é2) cosog,  fag = 83(¢1é2 + é3) cos oz,
fo1 = 51(CaCg — ¢1)cosor,  Pag = 82(¢183 — Cg) cosoa, [z = §3(C1C2 — ¢3) cOs 3.

The off-diagonal components of N, are as follows.

Nig = {_ i§1§2§3 [61(01+U2+U3) + 61(01—02—03) o ei(—01+02—03) . ei(—01—02+03)]
+1581(éac3 + ¢1) sin 01}621“’

+{_ i§1§2§3 [e—i(al+0'2+03) + e—i(o’1—0’2—0'3) o e—i(—o’1+0’2—0'3) o e—i(—Ul—O'Q-‘rO'g)]

+1 §1(6263 — 61) sin U1}62iw
+[1 57 sin 201 + 2815285 sin o5 sin o3 (A7)

and

N34 = {_ 1§1§2§3 [ei(al+az+03) 4 ei(Ul*O’Q*O’g) _ 61(70'14»0'270'3) _ ei(—al—02+g3)]

— i§1(égé3 + 61) sin (71}6_21w

+{ i§1§2§3 [6—1(01+02+03) + 6—1(01—02—03) o e—i(—01+02—03) o e—i(—01—02+03)]

— i§1(6263 — 61) sin 0'1}621w
+[i 87 sin 20 — 2618233 sin o sin o] (A.8)
with {Ni3, Nas4} being given by making the cyclic replacements

(51, 82, 83) — (82, 83, 51), (€1,¢2,¢E3) — (C2,¢3,¢1), (01,02,03) — (02,03,01)
(A.9)
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in {N12, N34} respectively. Finally, {N14,N23} are obtained by again applying the cyclic
replacements (A.9) to {Ni3,Na4} respectively.

It can easily be verified that the deformation parameter w cannot be absorbed by
making shift transformations of the axial scalar fields o1, 09 and o3, and hence w is a
non-trivial parameter in the deformed STU model that we have constructed. In fact, it
can be seen that the required duality transformation of the gauge fields that removes the
w parameter from the matrix M,z is

Fla) 1 cosw 1sinw) [ F©@
Al
(G(a)> 7 (—]1 sinw 1 COS(U) <G(a) ’ ( O)

that is to say, a simultaneous duality rotation of all four fields through the same angle
w. This element of the Sp(8, R) symmetry of the gauge-field kinetic terms lies outside the
SL(2, R)? symmetry of the scalar coset, and hence the w parameter is non-trivial here. It
then follows that we can write the matrix Mg of the w-deformed STU theory in terms of
Mo s, the corresponding matrix in the undeformed (w = 0) theory, as

iM = (cosw +iMg sinw)™ (i Mg cosw — sinw). (A.11)

B Expressions in w-deformed STU supergravity

Here, we collect some expressions for the various quantities that appear in the Lagrangian
and the supersymmetry transformation rules in the w-deformed STU supergravity. The
starting point for obtaining these is the expression for the 56 x 56 matrix V), defined
by (2.2) and (2.4). It is useful to note that the matrices defined by the three terms in (2.4),
proportional to @, @ and ®®), all commute, and thus we may write V is the product
of three commuting terms,

V="V, (B.1)

The individual factors are given by evaluating (2.2) with ¢;;xe replaced by
ol = V2 (21 1D 1 g (B30 (B.2)

to obtain Vj, and analogously for Vs and V3. From these, we can read off the tensors

u(a)inL and v(a);jk 1, defined from V, for a = 1,2, 3 in the obvious way using (2.1). This
gives”
1 - 1 - I D
u(a) 45" = cosh §¢a 590, u(a)ap“” = cosh 5% 55L, u(a) 5" = 553 oL,
1 : 1 —io 1 : 1 io
U(a)ABCD = ) sinh §¢a € " €aBcop U(G)ABGD = B} sinh §¢a € " €iBcD (B-3)

9The u(a)i; X% and v(a)ijrxr tensors for any specific choice of a can be seen to coincide with the wu;; *

and vk given in [27] (modulo conventions and correcting a typographical error in [27]) for the embedding
of NV = 4 gauged SO(4) supergravity into the maximal gauged theory. This should be no surprise, since
the scalar sectors then coincide. What is perhaps less obvious is that the scalar embedding of the complete
STU supergravity should just be given by a product of the three commuting factors V = V; Va2 Vs.
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where we divide the index range (1,...

,8) into (A = {1,2,3,4},A = {5,6,7,8}) when

a=1; (A={1,2,5,6},A = {3,4,7,8}) when a = 2; and (A = {1,2,7,8}, A = {3,4,5,6})

when a = 3.

The complete wu;;

K

follows. The tensor uin L is given by

12
U2

34
U2

56
u12

78
U12

56
U34

78
U34

78
Us6

13
u13

15
Uu1s

17
uir

and the tensor

1

Vi212 = 5818283/(751752153),
1

V5656 = 5818283t1t3/t2,

1
V1234 = V3412 = —C2C351 /11,

56
= Us6

— ’LL3434
1

= 5615253/(t1t2),
1

= 5628183/(t1t3) ,
1

= 5638181/(t1t2)7
1

= 5038182152/151

1
= 5628183t3/t1,

1
= 5015253t3/t2,

14 23

=Ul4 =u23 =

16 25

=Uije = U25 =

18 27
=uig = u27

vijKk L is given by

= urs

U24
U26

= u28

1
V1256 = Use12 = —C1C352/t2,

34 _

56 _

= 3616203,
Uy 12
Usg 12
g2
us6
g
u7s
24— 57 = g5 = 1O
26 — 44537 = 5638 = wyr
28— 44gs3 = 4930 = 115 %

1
V3434 = 5818283?52753/?51 ;

1
V7878 = 5818283t1t2/t3,

2 2
V3456 = V5634 = 5010253753, V3478 = V7834 = 5016382&,
1
V1324 = V2413 = —V1423 = —U2314 = —551/751 ,
1
V1526 = V2615 = —V1625 = —V2516 = —582/t27
1
V1728 = V2817 = —V1827 = —U2718 = —583/7537
V5768 = V6857 = —U5867 = —UE758 = —581?51 ;
V3748 = V4837 = —U3847 = —U4738 = —582752 ;
V3546 = V4635 — —U3645 — —U4636 — —583153,
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= Ues

V1278

L and v;jk 1, tensors for the matrix V can then be seen to be as

1
= —c18283t1ta,
o C15253t1t2
== tit
2818 ,
5251530113

1
= —c35189l1t2,
o Cas15201t2

1
5038182151/?52 ;

1
= 5625153t1/t3,

1
5015253752/753 ;

68 1

1

U4848 = 5
1

46 _ L
Use = 9

1
= V7812 = 5610283/153,

V5678 = V7856 = 5620381751 )

(B.5)



where we use the notation

1 1 :
cq = cosh 5%, $q = sinh 5% , t, = 7. (B.6)

The tensors Ag) and A, % take the forms

Aﬁ{) = diag(aq, a1, as, as, as,as,aq,ay) , (B.7)
a1 = e W c1cac3 + e S18983t1tals as = e W c1caC3 + e 818283t1/(t2t3) ,
as = €_iw c1Cc2C3 + ei“’ 818283t2/(t1t3) s ayg = e_i“ c1CoC3 + eiw 818283t3/(t1t2) s
and
A(2>1234 = —A<2>2134 = —(e_iw c15253/ (tats) + e 620381151) )
Ap)1P0 = —A5)2" = —(e7¥ casisz/(tits) + € cregsata) |
A1®™ = —Ap)2'™ = — (7% egs1s2/(tita) + €Y creassts)
A(2> 3456 = —A(2>4356 = —(efiw 638182t2/t1 + el 610283/t3) ,
Apy3™ = — A% = —(e7¥ cosisats/ts + ¥ ciezsa/ta)
A(2>5678 = _A(2)6578 = —(e_iw c15283t3/ta + e cacgsi/th),
Apys'?t = —A)a' B = —(e7% c1s983tats + € caczsity)
A(2>5126 = _A(2)6125 = —(e7¥ cas183t1t3 + € crezsata)
A(2)5346 = —A(2)6345 = —(efiw 638182t1/t2 + Ciw 610283/t3) y
Apy ™ = — A 8*17 = —(e7¥ cosissty [ty + € ciezsa/ta)
A(g) 7568 = —A(2)8567 = —(efiw 618283t2/t3 + €iw 628381/751) ,
A(2>7128 = —A(2>8127 = —(e_iw c3S182t1tg + €iw 610283t3) . (B.8)
Solving (2.25) gives the non-zero components H,,, = (7:1“1,12,7:[#,,34,7:[#,,56,7:[#,,78)T in

terms of the four non-zero components of F},, "/, namely F,, = (F,,*2, F,,,3*, F,,,°, F,,, )T,

as H,, = KF,,, where K is the 4 x 4 matrix

1
K=— B.
D*J’ (B.9)

and D is defined in (A.2), with the star denoting complex conjugation. The components

of J can all be given in terms of

Jin = 9 (1 + 57 + 534 s3)cicacs — € (chtats /[t + catits/ta + Catita/t3)s15253

—e79 (532 4 532 + s3t3)creacs + eIV (2 4 ¢ + ¢ — 1)s15083t1t0t3,

Jig = % (3 — 3 — B)crsasstats + e (s5t5t1 + s3t3t) — 3 /t1)s1c2c3
e (A3 [ty + At [tz — shttats)c1s953 + € S (57 — 53 — s3)sicacsty,  (B.10)
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by defining the cyclic operator C and the parity operators Pi2, P23 and Pi3 that act on
the scalar fields by

C: (91,02, ¢3,01,02,03) — (P2, @3, $1,02,03,01) ,

P12 : (01,02) — (=01, —032),

Pos : (09,03) — (—02,—03),

[LEE (01,03) — (—0o1,—03). (B.11)

We then have

Joz = Pa3(J11), J33 = Pi3(J11), Jag = Pr2(J11),
Ji3=C(J12), Jia=C(J3),
Jo1 = Pa3(J12), Joz = Pa3(J14), Jog = Pa3(J13),
J31 = Pi3(J13), J32 = P13(J14), J34 = P13(J12),
Ju1 = P12(J14), Ji2 = P12(J13), Juz = P12(J12) - (B.12)

The scalar field kinetic terms in the Lagrangian (2.14) come from the quantities A,/ ikt
that are defined in (2.6). We find that they are given by

1 .. —io 1 L io
A = —5(0u01 —isinh 61 9u01) €771, AT = = (Bu1 +isinh g1 0,0) €,
1 . 1
.»4‘1?56 7( Ou2 — isinh ¢o 0,02) €772, Ai478 7( @2 + isinh ¢o 0,02) € €2,
1 .. o G
A}??s _ \/i(auﬁbi% — isinh ¢3 0,03) e, Ai456 7( O3 + isinh ¢3 0,,03) €72,

(B.13)

The non-vanishing components of the connection B appearlng in the covariant deriva-
tive (2.24) are given by

B}d = 852 <6 o1 sinh? ¢1 + 0,02 sinh? ¢2 + 0,03 sinh? ng)

823 = BfA <8u01 sinh? qSl 002 sinh? §¢2 — 0,03 sinh? 2¢3) ,

1 1
Bls = B = — ( 9,01 sinh? §¢1 + 0,02 sinh? 52— Ouos sinh? 2¢3> ,
B =B ——i(-0 'h?1 ~9 'h?1 0,05 sinh? =
= Pus = o1 8inh” @1 — 9,09 sinh” ~¢9 + J,,03 sin 2(;53 ,
By =By =-gA%  Bu=-Bu= A,gf,
826 = BM5 = _gAZ6, B,LLB = BM7 = —gAZS . (B14)

It is useful also to note that although the gauge potentials that we actually use in the
STU model are A&a), which are defined in terms of A, = (Allf, A/?fl, Azﬁ, AZB)T by (2.10),
the expression for the gauge-field kinetic terms can be written more simply in terms of

— 23 —



the original fields. Thus if we also define G, = (G}f, Gf’f, G?LG, GZS)T, then the solution
to (2.12) can be written as

1
G,Lw = QF,uzu Q= 5 R, (B'15)

where the 4 x 4 matrix R has components given by

1 R R R R 1 _4 A R R R
Ri1 = 564“" (2616963 4+ 1 — &3 — &3 — é3) + ¢ Y (2816963 — 1+ + 34 &3)

1 o A a
+§€21w [1/(t1t2t30 - tltg/tg - tltg/tg - tgtg/tl] 5159283

1 U
+§e 2 Tt tots — t1/(tats) — ta/(tits) — t3/(t1t2)] 818283
+i (8% sin 2071 + 83 sin 209 + 3 sin 203) , (B.16)

R12 = Cin (él — 62 — é3)§1/t1 — 6_2iw (61 + 62 + 63)§1t1 + 61§2§3 COS((TQ — 03) N

with the remaining components being given, as with (B.12), by

Ros = Pa3(Ru1), Rg3 = Pi3(Ru1), Ruy = Pi2(Ru),

Ri3 = C(R12), R4 = C(Ra3),

Ra1 = Pas(Ra2), Ras = Pa3(Ra4), Ras = Pas(Raz),

R31 = Pi3(Ras), R32 = P13(Ru4), Ry = Pi3(Ri2),

Ry = Pi2(Ru4) Ry2 = P12(Ras) , Ry = P12(Riz) . (B.17)

(Recall that the hatted quantities ¢, and 3, are defined in (A.4).) The matrix M,z that
appears in the Lagrangian terms for the gauge fields in (2.14), and that is presented in
appendix A, is related to Q by

Map = (2QD)as, (B.18)
where
11 1 1
gLt DA g gr (B.19)
211-11 -1
1-1-11

is the matrix that implements the change of field variables, ALO‘) = (2A,)?, as in (2.10).

We also present the supersymmetry transformation rules for the gauge potentials and
the scalar fields of the w-deformed STU supergravities, which we discussed in section 2.3.
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We find for the gauge potentials

514/112 = —V2(eYeysosstity + e Weaessy [t)E lvux
\/i(elw028183t1t3 +e” 016382/t2)6 Yu X
\/5(6“"033152151152 + e Weiegs3/t3))E Y s

—2(6“"01@03 + e “s1s983/( tltgtg)) & W EU + h.c.
5Ai4 = \@(e“"clcgc?, +e W “s18983tats/t1)eE zWX
\/5(61”033152151/752 + e ey eos3ts)E ’YuX
\/5(6‘“’023133751#3 +e” clcgsgtg)) € Y X 3) 4 h.c. ,

5A26 = —V2(e%egsysata/t + e Wercassts)e z%X
\/5(6“’01@03 +e W “s18983t1t3/t2)E; %X
\@(6‘“015253752/153 +e @ cac351t1))€ Yy X 3) 4 he. ,

5A;8 = \/i(@leQSlsgtg/tl +e” 010382t2) € Vu X
\/5(6“"015253153/752 + e Weyessity)E Yy XZ@
\/i(e“”clcQ% +e @ “s15983t1ta/t3)€ Yy X 3 4 hc. (B.20)

—~

where y!® | 2 and 3 mean v, 56 and y*"® respectively.

After making the necessary compensating transformation to restore the symmetric
gauge choice for the scalar fields, we find that the scalar supersymmetry transformations
become

(5(]51 — isinh ¢1(50’1) = 2[6101 ey (1) €ij
(5¢2 — isinh (15250'2) = 2\/?5’102 e’ (@ Eij
(5¢3 — isinh (Z)350'3) = 2[6103 DS €ij - (B.Ql)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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