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1 Introduction

An instanton in gauge theories is a topologically nontrivial solution described by a self-dual
or anti-self-dual connection with a finite action. Such instantons play an important role in
the nonperturbative dynamics of gauge theories, in particular, to understand the vacuum
structure of quantum field theories [1]. One of the most powerful uses of instantons in
recent years is in the analysis of strongly coupled gauge dynamics where they play a key
role in unraveling the plexus of entangled dualities that relates different theories. One
of the highlights is the remarkable theory of Seiberg and Witten [2, 3] which determines
the low-energy behavior of N' = 2 supersymmetric gauge theories exactly. In N = 2
supersymmetric gauge theories, the instantons lead to quantum corrections for the metric
on the moduli space of vacua.

A semi-classical evaluation of the path integral requires us to find the complete set
of finite-action configurations which minimize the Euclidean action. In pure Yang-Mills
theory, the complete set of self-dual gauge fields of arbitrary topological charge k can
be obtained by solving some quadratic matrix equations, known as the Atiyah-Drinfeld-
Hitchin-Manin (ADHM) equations [4], which are a set of nonlinear algebraic equations



constraining a matrix of moduli parameters. It can be shown [5] that the functional integral
in the semi-classical approximation reduces to an integral over the instanton moduli space
in each instanton sector. In principle the low-energy effective action can also be calculated
from first principles via conventional semi-classical methods using instantons.

It is known that the instanton calculus in supersymmetric theories is fully controllable
when the theories are weakly coupled. This leads to the idea of testing the Seiberg-Witten
theory by calculating the instanton effects and comparing these expressions with those
extracted from the Seiberg-Witten curve. For reviews, see, for example, [5, 6]. Since the
integral over a generic instanton moduli space is too complicated to be done directly, it
was fully accomplished only recently by using the localization technique and considering
the resolution of the instanton moduli space via the ADHM construction relevant to a
noncommutative gauge theory [7]. It has been checked [8] that the results computed using
the method of localization perfectly agree with the Seiberg-Witten solution for N/ = 2
supersymmetric gauge theories.

On the mathematical side, instantons lie at the heart of the recent works on the
topology of four-manifolds [9]. In particular, Donaldson used the moduli space of instantons
over a differentiable four-manifold to construct topological invariants of the four-manifold
and showed that the moduli spaces of instantons often carry nontrivial and surprising
information about the background manifold.

One would like to extend the path integral approach to include gravitation. Although
the Euclidean gravitational action is not positive-definite even for real positive-definite
metrics, one can evaluate the functional integral by first looking for non-singular stationary
points of the action functional and expand about them. Such critical points are finite action
solutions to the classical field equations called “gravitational instantons”, the gravitational
analogue of Yang-Mills instantons [10]. These are defined as complete, non-singular, and
positive-definite metrics which are self-dual or anti-self-dual metrics of vacuum Einstein
equations [11]. Omne can show [12] that the self-dual or anti-self-dual metrics are local
minima of the action among metrics with zero scalar curvature.

In general relativity, the Lorentz group appears as the structure group acting on or-
thonormal frames in the tangent space of a Riemannian manifold M [13]. Under a local
Lorentz transformation which is the orthogonal rotation group O(4), a matrix-valued spin

Ap = wyA gda™M plays a role of gauge fields in O(4) gauge theory. From the

connection w
O(4) gauge theory point of view, the Riemann curvature tensors precisely correspond to
the field strengths of the O(4) gauge fields wy4 5. (More details will be explained in section
3.) Since the group O(4) is a direct product of normal subgroups SU(2)z, and SU(2)g, i.e.
O(4) = SU(2), x SU(2)g, the four-dimensional Euclidean gravity, when formulated as the
O(4) gauge theory, will basically be two copies of SU(2) gauge theories.

As we summarized above, Yang-Mills instantons are important to determine the vac-
uum structure of quantum field theories and the ADHM construction provides a description
of all instantons on R? in terms of algebraic data. One would expect that gravitational
instantons play a similar substantial role in quantum gravity although the quantum as-
pect of general relativity has encountered long-standing difficulties because there is hardly

any common ground between general relativity and quantum mechanics. The well-known



divergences in a quantum theory of gravity suggest that a field theory of gravity like as
Einstein’s general relativity is a purely low-energy or large-distance approximation to some
more fundamental theory. Therefore, the gauge theory formulation of gravity may be help-
ful to glimpse some basic structures of such a fundamental theory because nonperturbative
and quantum aspects about gauge theories are relatively well-known.

Whereas gravity is different from gauge theory in several marked ways, underlying
mathematical structures are very similar to each other in many ways [11]. See, for example,
the table 1 in [14]. It was shown [15-18] that certain classes of gravitational instantons
such as the asymptotically locally Euclidean (ALE) and the asymptotically locally flat
(ALF) hyper-Kéhler four-manifolds can be constructed as a hyper-Kahler quotient of a
finite-dimensional Euclidean space.! This construction is actually akin to the ADHM
construction of Yang-Mills instantons on R?* [4] and has a natural interpretation in terms
of D-branes in string theory. Moreover, the hyper-Kéhler quotient construction of Yang-
Mills instantons on an ALE or ALF space [20-24] is a natural generalization of the original
ADHM construction of instantons on flat space. The study of Yang-Mills theories on a
curved manifold has recently received renewed attention because they are involved with
effective field theories of D-brane and NS5-brane configurations [25, 26].

Now our motivation of this paper has surfaced. In this paper and its sequels, we wish
to go beyond a mere formal analogy between gravity and gauge theory and try to answer
to the following questions:

A. What is the precise relation between gravity and gauge theory variables?
How much are they parallel?

How is the topology of a Riemannian manifold M encoded into gauge fields?

o o w

What are crucial differences?

=

Can it be applied to examine a quantum nature of gravity?

The paper is organized as follows. In section 2, we will summarize Yang-Mills instan-
tons on a curved four-manifold to set our notation and explain why Yang-Mills instantons
on a Ricci-flat manifold is a solution of the coupled equations in Einstein-Yang-Mills theory.

In section 3, we will employ the decomposition in [27] to explicitly realize that the
Lorentz group O(4) is a direct product of normal subgroups SU(2);, and SU(2)g, i.e.
O(4) = SU(2)r x SU(2)g.2 It is then easy to show [29, 30] that the four-dimensional
Euclidean gravity, when formulated as the O(4) gauge theory, will basically be two copies
of SU(2) gauge theories. In particular, it can be shown that one of SU(2)’s decouples
from the theory when considering self-dual or anti-self-dual metrics called gravitational
instantons. As a result, one can show that gravitational instantons satisfy exactly the same

LA general construction of essentially all known deformation classes of gravitational instantons was
recently reported in [19].

2See also [28] for geometric aspects of the decomposition according to the group structure O(4) =
SU(2)r x SU(2)r.



self-duality equation of SU(2) Yang-Mills instantons on the Ricci-flat manifold determined
by the gravitational instantons themselves. Therefore, every gravitational instantons can
be interpreted as self-gravitating SU(2) Yang-Mills instantons although the reverse is not
necessarily true. This provides a powerful method to find a particular class of Yang-Mills
instantons on a general self-dual four manifold.

In section 4, we will elucidate with explicit examples how it is always possible to
find Yang-Mills instantons on a Ricci-flat manifold M using the prescription in section
3 whenever a gravitational instanton solution is given. Our method vividly realizes the
Charap-Duff prescription [29, 30] for SU(2) Yang-Mills instantons on a Ricci-flat manifold
(see also [31]). We will easily reproduce already known solutions in literatures [32-35] in
this way and also find new Yang-Mills instantons as a byproduct.

In section 5, some issues about topological invariants for Riemannian manifolds will be
discussed. In the gravity side, there are two topological invariants [11] known as the Euler
characteristic x(M) and the Hirzebruch signature 7(M), while, in the gauge theory side,
there is a unique topological invariant up to a boundary term given by the Chern class of
gauge bundle. The correspondence between gravitational and Yang-Mills instantons then
implies that the two topological invariants for gravitational instantons should be related
to each other. We conjecture a possible relation between x (M) and 7(M) by inspecting
several known results in literatures [36-38].

In section 6, we draw our conclusions and discuss open issues for future works.

Finally, we set up our index notation which is especially useful for the explicit calcula-
tion in section 4; otherwise diverse spaces we are considering would lead to some confusions.

Index notation. We employ the following index convention throughout the paper:

e M,N,P,Q,---=1,---,4: world (curved space) indices,
e A,B,C,D,---=1,--- ,4: frame (tangent space) indices,
e i, 5,k ---=1,23: three-dimensional world indices,
°i,7, l;:, [, = 1,2,3: three-dimensional frame indices,

e a,bc,d,---=1,2,3: SU(2) Lie algebra indices.

2 Yang-Mills instantons on riemannian manifold
Consider a curved four-manifold M whose metric is given by
ds® = gy (x)dzMda? . (2.1)

Let m: E — M be an SU(2) bundle over M whose curvature is defined by

1
F=dA+ANA = 2FMN(:U)dxM/\de

1
= 9 <6MAN — ONApn + [AM, AN])dacM AN de (2.2)



where A = A%, (x)T%dz™ is a connection one-form of the vector bundle E. The generators
T of SU(2) Lie algebra satisfy the relation

[T%, T = —2¢%eTe (2.3)

where we choose an unconventional normalization TrT*T? = —4§% for later purpose.

Let us introduce at each spacetime point in M a local frame of reference in the form
of four linearly independent vectors (vierbeins or tetrads) E4 = EA0), € T(T M) which
are chosen to be orthonormal, i.e., E4 - Ep = dap. The frame basis {E4} defines a dual
basis 4 = E4dz™M € T(T*M) by a natural pairing

(EA,E) = 04. (2.4)

The above pairing leads to the relation EﬁE% = 5@. In terms of the non-coordinate
(anholonomic) basis in I'(T'M) or I'(T* M), the metric (2.1) can be written as

ds® = 0,pE* @ EP = 6B ER da™ @ daN
= gun(z) deM @ dav (2.5)

or

2
<§s> = 6"PE, 0 Eg = 6*PENEY 0y @ On

= ¢MN(z) 0y @ Oy (2.6)
Using the form language where d = dzM 0y, = EAE, and A = Ayda™ = AQEA, the
field strength (2.2) of SU(2) gauge fields in the non-coordinate basis takes the form
F=dA+ANA= ;FABEA/\EB
- ;(EAAB—EBAA+[AA,AB]+fABCAC>EA/\EB (2.7)
where we used the structure equation
dEA = ; fecEB A EC. (2.8)
The frame basis E4 = EXL0) € T(T M) satisfies the Lie algebra under the Lie bracket
[Ea, Eg) = — fag“Ec (2.9)

where
fapo = EX ER (0mEnc — OnEwnc) (2.10)

are the structure functions in (2.8).
Consider SU(2) Yang-Mills theory defined on the Riemannnian manifold (2.1) whose
action is given by

1

Sym = —
16912/1\4

/ d*z/gg™MT gNOTr Fasn Fpo. (2.11)
M



The self-duality equation for the action (2.11) can be derived by observing the follow-
ing identity

6RSPQ
2 /g
/d4£66MNPQT1"FMNFpQ, (2.12)
M

1
32912/M

- 1
32912/M

2
Sym = / d*z\/gTr <FMN + QMRQNSFPQ>
M

where eMNPQ is the metric independent Levi-Civita symbol with €234 = 1. Note that the
second term in eq. (2.12) is a topological term (total derivative) and so does not affect the
equations of motion. Because the first term in eq. (2.12) is positive-definite, the minimum
of the action (2.11) can be achieved by the self-dual gauge fields (instantons) satisfying

1 €RSPQ

Fyn ==+ IMRINSEFPQ. 2.13
2 g Q (2.13)

In the non-coordinate basis, the self-duality equation (2.13) can be written as the form
1
Fup = :|:26ABCDFCD (2.14)

with the field strength Fap = E%EgFMN in (2.7).
It is easy to check that the SU(2) instantons defined by (2.13) automatically satisfy
the equations of motion
dMNDyFyp =0 (2.15)

because we have the following relation from the self-duality (2.13)

VN 1 EQMNR
g DMFNP::'ZQQPQ DMFNR:O (216)

V9

where we used the Bianchi identity for the SU(2) curvature (2.2), i.e.
eMNPRD N\ Fpg = 0. (2.17)

The covariant derivative in (2.15) is with respect to both the Yang-Mills and gravitational
connections, i.e.

DyFnp = 0 Fnp —Tun®Fop — Typ®Fyg + [Aur, Fnp), (2.18)

where Ty n? is the Levi-Civita connection.

Now the problem we pose here is how to construct instanton solutions satisfying (2.13).
Several questions immediately arise. Is it possible to find an instanton solution satis-
fying (2.13) on an arbitrary Riemannian manifold ? Or is there any constraint on the
background manifold for the existence of Yang-Mills instantons ? What is the moduli
space of SU(2) instantons defined on a given four-manifold M 7

We think the above questions are still open. Nevertheless, there are several examples
on Yang-Mills instantons defined on a curved four-manifold. For example, the famous



ADHM construction on S* [4], Yang-Mills instantons on CP? [39], H x S? (H = Poincaré
half-plane) [40], ALE [20, 21] and ALF spaces [22-24]. Also many other solutions have been
constructed so far [41-47]. See, for example, [48-50] for a review and references therein. In
particular, Taubes proved [51] that all compact oriented four-manifolds admit nontrivial
instantons. But recently it was shown [52] that there exists a noncompact four-manifold
having no nontrivial instanton. So far, we do not have a general description a la ADHM
of all instantons satisfying the self-duality (2.13).

We will show that a large class of Yang-Mills instantons satisfying (2.13) or (2.14) can
be solved by gravitational instantons. To be precise, we will show that every gravitational
instantons satisfy the self-duality equation (2.13) for SU(2) gauge fields on a Riemannian
manifold defined by the gravitational instanton itself. To prepare our setup, let us consider
the case when SU(2) Yang-Mills and gravitational fields are both dynamically active. The
total action is defined by

S =Sym+ Sa (2.19)

where the Yang-Mills action Sy s is given by (2.11) and the gravitational action is given by

1
Sq = 1600 /M d*z\/gR + surface terms. (2.20)
The gravitational field equations read as
1
RMN - ngNR = 87TGTMN (2.21)

with

1 1
Tun =, o ﬂ<waMﬂWQ—SWNEwFH§- (2.22)
49y nr 4

For an instanton solution satisfying eq.(2.13), the energy-momentum tensor (2.22) iden-
tically vanishes, i.e. Thyy = 0 and then eq.(2.21) enforces the vacuum Einstein equations

Rarn = 0. (2.23)

Conversely, the reason that (anti-)self-dual Yang-Mills fields do not spoil Ricci-flatness
of a manifold is due to the vanishing of the Euclidean energy-momentum tensor (2.22).
Our interest is to solve the coupled equations (2.13) and (2.21) simultaneously. Therefore,
the four-manifold M in eq.(2.13) should be Ricci-flat, i.e., satisfying the vacuum Einstein
equations (2.23).

3 Gravitational instantons

Under local frame rotations in O(4), the vectors transform according to

E(z) — EY(z) = Ep(x)AB o (z),
EA(z) — BY (2) = AMp(2)EB(2) (3.1)



where A4g(x) € O(4). The spin connections wys(z) then constitute gauge fields with
respect to the local O(4) rotations

wiyr — Awp A7 AdyAT! (3.2)
and the covariant derivative is defined by

DyEa = 0mEs —wn® AEp,
Dy EA = 0y EA + wp A gEB. (3.3)

The connection one-forms w?p = wy? gdz™ satisfy the Cartan’s structure equa-
tions [13],
T4 = dEA + wip A EP,
RAB = deB + wAC /\wCB,
where T4 are the torsion two-forms and R4 g are the curvature two-forms. In terms of

local coordinates, they are given by

A A A A B A B
Tyn® = aMEN—(?NEM + wnr BEN_WN BEMa
A A A A C A C
Ryn B = 8]\/[(,()]\[ B_anM Btwyn cWN B —WN cWMm B-
Now we impose the torsion free condition, TMNA = DME]‘% — DNE]\A;I = 0, to recover the

standard content of general relativity, which eliminates wj; as an independent variable, i.e.,

1
wapc = BYlwype = 2(fABC — fBca + fcaB)

— wacn (3.8)

where f4pc are the structure functions given by (2.10). The spin connection (3.8) is related
to the Levi-Civita connection as follows

Tun? = wysEYES + EL 0y ER. (3.9)

Since the spin connection wysap and the curvature tensor Ry;n4p are antisymmetric
on the AB index pair, one can decompose them into a self-dual part and an anti-self-dual
part as follows [27, 28]

WMAB = A%})QH“AB + Aﬁ\?“ﬁ%& (3.10)
RynaB = FJEH/GUXB + Fz&iﬁﬁ%& (3.11)

where the 4 x 4 matrices %z and 7% 5 for a = 1,2,3 are ’t Hooft symbols defined by

T = 5 = €435 6,7 €{1,2,3},

Ty = M = Ogiv (3.12)



Note that the 't Hooft matrices intertwine the group structure of the index a with the
spacetime structure of the indices A, B. We list some useful identities of the 't Hooft
tensors [27, 28]

i = i;EABCD nep”. (3.13)

NS nen’ = 6acdBD — dapdBC £ £ABCD, (3.14)
eapepnon = FOren'n® + 0pania — spanSa®), (3.15)
s =0, (3.16)
NSS! = 60ap + o, (3.17)
S he = M e (3.18)
e ST = Sacmgn’ — dapnse” — dsenin’ + dppne’ (3.19)

where USSEZG = p and 775433” = 4B

Of course all these separations are due to the fact, O(4) = SU(2);, x SU(2)g, stating
that any O(4) rotations can be decomposed into self-dual and anti-self-dual rotations. To
be explicit, for an infinitesimal O(4) transformation, i.e., A4 g(z) ~ 645 + M p(x), we can

take the following decomposition

AaB(@) = X4 (@)np + A (@)TaB (3.20)

where )\‘(l+)(£ﬂ) and )\‘(1_)(3:) are local gauge parameters in SU(2)z, and SU(2) g, respectively.
To be specific, let us introduce two families of 4 x 4 matrices defined by

[T{]aB = 1B, [T aB = N45B- (3.21)

According to the definition (3.12), the matrix representation of the generators in (3.21) is

given by

0 001 00 —10 0100

- 0 010 ; 00 01 ; -10 0 0

T! = T2 = T3 = 3.22

+ 0 —-100|" ~F 10 oo0f °F 0001’()
-10 00 0-100 00-10
00 0-1 00-1 0 010 0

- 1 , -1 : -1

T! = 0010 . T? = 000 . T8 = 0001 (3.23)
0-10 0 100 0 0 00-—1
1000 010 0 0010

Then egs. (3.17) and (3.18) immediately show that T'¢ satisfy SU(2) Lie algebras, i.e.,

[T¢, T = —2e9%°T, [T¢,72] = 0. (3.24)



According to the definition (3.21), the self-duality (3.13) leads to the important relation

1
[T]ap =+ 24P [TL]op. (3.25)

The 't Hooft matrices in (3.21) are two independent spin s = ;’ representations of
SU(2) Lie algebra. A deep geometrical meaning of the 't Hooft symbols is to specify the
triple (I, J, K) of complex structures of R* = C2 as the simplest hyper-Kéhler manifold for
a given orientation. The triple complex structures (I, J, K) form a quaternion which can
be identified with the SU(2) generators 7' in (3.21) [28].

Now we introduce an O(4)-valued gauge field defined by A = A(+)“Tji +A)eT where
AFe — Ag\j;)ade (a = 1,2,3) are connection one-forms on M and T¢ are Lie algebra
generators of SU(2);, and SU(2)g satisfying (3.24). The identification we want to make is

then given by

w = ;WABJAB = A= AWara 4 AB)ee, (3.26)

Since the group SO(4) is a direct product of normal subgroups SU(2);, and SU(2)g, i.e.
SO(4) = SU(2), xSU(2) g, we take the 4-dimensional defining representation of the Lorentz
generators as follows

1

*Plep =, (naplTilen + Hs(T%ep)

1 I
=5 <77%B778*D + 77aAB77(aJD)a (3.27)

where T'¢ and T are the SU(2);, and SU(2)r generators given by eq. (3.21). It is then
easy to check using egs. (3.24) and (3.19) or eq. (3.14) that the generators in eq. (3.27)
satisfy the Lorentz algebra. According to the identification (3.26), SU(2) gauge fields can
be defined from the spin connections

1

wnmlep = 2WMAB[JAB]CD

1 1
= (QwMABUZBMTi]CD + (QWMABﬁaAB> [T%]cp

= AT 0p + AT e = [Auep- (3.28)
That is, we get the decomposition (3.10) for spin connections.

Using the definition (3.21), the spin connection (3.10) and the curvature tensor (3.11)
can be written as follows:

warap = AT ap + AT ap, (3.29)
Rurnap = FSN T ap + FA T as, (3.30)

where
Fyi = 0 AR - oAy + 1457, A7) (3.31)

Using the Lie algebra (3.24), one can write the field strength (3.31) as the component form

FOt = 00 AP — oy AG)* — 2200240 ALE) (3.32)

,10,



which is precisely the same as eq. (2.2). Therefore, we see that Ag\j) = Ag‘j)a ¢ can

be identified with SU(2);, r gauge fields and FJS[K, = FJS%GTE with their field strengths.
Indeed one can also show that the local O(4) rotations in (3.2) can be represented as the

gauge transformations of the SU(2) gauge fields Agj):

(£) () p -1 -1
AM — A(i)AM A(:I:) + A(i)aMA(i) (3.33)
where A1) (7) = exp()\?i)(x)Ti) € SU(2),r are group elements defined by eq. (3.20).
Let us recall the symmetry property of curvature tensors determined by the properties
about the torsion and the tangent-space group

Rapcp = —RaBpc = —Rpacp (3.34)

where Rapop = Ei\([ Eg Ryrnvep. Also note that the curvature tensors satisfy the first
Bianchi identity

Rapep) = Rapep + Rapse + Racps =0 (3.35)

which is an integrability condition originated by the fact that the spin connections (3.8) are
determined by potential fields, i.e., vierbeins. It is easy to see that the following symmetry
can be derived by using egs. (3.34) and (3.35)

Racp = RcpaB- (3.36)

The gravitational instantons are defined by the self-dual solution to the
Einstein equation

1
RynaB = iQEABCDRMNCD- (3.37)

Note that a metric satisfying the self-duality equation (3.37) is necessarily Ricci-flat because

Ryn = RMANA = iésNABCRM[ABC] = 0 and so automatically satisfies the vacuum
Einstein equations (2.23). Using the decomposition (3.30) and the relation (3.25), eq.(3.37)
can be written as

a Qa —)a Qa 1 a a —)a Qa
Fy T8 ap + Fy i (T ap = i2€ABCD(FJ§2_]2/ [T%ep + F AT ) en)
= £(F T an — FSA T ap)- (3.38)
(=)a

Therefore we should have F, i = 0 for the self-dual case with + sign in eq. (3.37) while

F ]Ej },a = 0 for the anti-self-dual case with — sign and so imposing the self-duality equa-

tion (3.37) is equivalent to the half-flat equation F(+)* = 0.
A solution of the half-flat equation F&) = 0 is given by A& = Ajtd/\jz1 and then
eq.(3.33) shows that it is always possible to choose a self-dual gauge A& — 0. Therefore,

one can see the following important property. If the spin connection is, for example, self-
dual, i.e. AL — 0, the curvature tensor is also self-dual, i.e. F 1§4_ ]2, = 0. Conversely, if the
curvature is self-dual, i.e. F' (7]2, = 0, one can always choose a self-dual spin connection by

(=) _ (-)

a suitable gauge choice since F, i = 0 requires that A,,’ is a pure gauge. In other words,

— 11 —



in this self-dual gauge, the problem of finding gravitational instantons is equivalent to one

of finding self-dual spin connections [14]

1
wMAB = £ 26ABCDwMCD (3.39)

)a

which is equivalent to the (anti-)self-dual gauge condition Agd; = 0 according to the
decomposition (3.29). The gravitational instantons defined by eq. (3.37) are then obtained
by solving the first-order differential equations defined by (3.39).

The self-duality equations (3.37) are imposed on the second group indices [C'D] of the
curvature tensor R4pcp and they do not touch the first group indices [AB]. But note that
the first Bianchi identity (3.35) reshuffles three indices in R4apcp and the symmetry (3.36)
is consequently deduced. Thereby the self-duality condition for the second group should
necessarily be correlated to the one for the first group [29, 30]. In other words, because
the Riemann curvature tensors satisfy the symmetry property (3.36), the gravitational

instanton (3.37) is equivalent to the self-duality equation

1
RaBEF = i2€ABCDRCDEF- (3.40)

Then, using the decomposition (3.30) again, one can similarly show that the gravitational
instanton (3.40) can be understood as an SU(2) Yang-Mills instanton defined by (2.14), i.e.

1
F) = iQEABCDFé:E) (3.41)

where FE:B) = FIgiB)aTi = E%EgF]%z, are defined by eq. (2.7). In a coordinate basis, the
self-duality equation (3.41) can be written as the form (2.13) because one can deduce that

ENENFG) = i;gABCDEgEgF%)
= Fip = i;gABCDEﬁEﬁEgEgF}g
_ :I:;gMRgNS eABCP RS EEESFL,)
= :I:l ehare gMRgNSFI(aiQ) (3.42)

2 /g

where /g = detEﬁ.

Therefore, we see that gravitational instantons defined by eq. (3.37) are solutions of
both (2.13) and (2.23) and so they can be regarded as Yang-Mills instantons in the sense
that the self-duality equation of gravitational instantons can always be recast into exactly
the same self-duality equation as the SU(2) Yang-Mills instantons on a Ricci-flat manifold.
But note that the Yang-Mills instantons as well as the four-dimensional metric used to
define eq. (3.42) are simultaneously determined by gravitational instantons. Therefore, the
self-duality in eq. (3.42) cannot be interpreted as SU(2) instantons in a fixed background.
Although every gravitational instantons satisfy the self-duality equation (2.13) for Yang-
Mills instantons on a Ricci-flat manifold, the converse is not necessarily true: An SU(2)
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instanton on a Ricci-flat manifold is not always a gravitational instanton. For example,
Yang-Mills instantons on ALE spaces in [20, 21] and ALF spaces in [22-24] consist of a more
general class of solutions than those obtained from ALE and ALF gravitational instantons.

As was pointed out above, the self-duality in eq. (3.42) should not be interpreted as
SU(2) instantons in a fixed background because we are solving the coupled equations (2.13)
and (2.23). We are not solving eq. (2.13) on a non-dynamical background manifold. Note
that the Yang-Mills action (2.11) is invariant under the conformal transformation

gun — gun = Q2 (2)gun, (3.43)

assuming that Fjy are metric-independent. As a result, the self-duality equations (2.13)
are also invariant under the transformation (3.43). However the conformal transforma-
tion (3.43) is no longer a symmetry of the coupled system defined by the action (2.19) be-
cause the gravitational action (2.20) is not invariant under the transformation (3.43) and
so breaks the conformal symmetry. Furthermore the assumption that Fj;n are metric-
independent is no longer valid when gravity is coupled to Yang-Mills fields. Therefore,
eq. (3.42) does not have to be invariant under the conformal transformation (3.43). Of
course, this feature is consistent with the fact that the Yang-Mills instantons satisfying
eq. (3.42) are defined by the Einstein-Yang-Mills action (2.19).

We will finally check the claim that the gravitational instantons can be regarded as
Yang-Mills instantons by showing that the former satisfies the same equations as the latter.
First, we show that the second Bianchi identity for curvature tensors is reduced to the
Bianchi identity for SU(2) gauge fields:

©pE) o, (3.44)

VimBypiap =0 & Dy Fyp =

where the bracket [MNP] = MNP + NPM + PMN denotes the cyclic permutation of
indices. The covariant derivative on the left-hand side of eq. (3.44) is defined by

VuRypag = Oy Rypap—Tun®Ropap—Tup? Rvgan —wn“ ARNpeB—wn® BRNPAC

(3.45)
and, on the right-hand side, it is given by eq. (2.18). Rewrite the covariant derivative (3.45)
as the form

VuRNpag = O BRypap—Tun®Ropap—Tvp? RNgap+wiracRNpos—RnpacwycB.
Using the decompositions (3.29) and (3.30) and the commutation relations (3.24), we get
VuRNpaB = <5MF](VJ}) - FMNQFQ(;}) - FMPQF](VJZQ) + [AEJ’, F](VJ;:)DAB
b F(—) T QF(—) T QF(_) A(—) F(—) )
"‘(M p—Tun“Fop —Tup“Fyg + [Ay Fypl B
= (DiPFVR+ DI FR) (3.46)

Therefore, we arrived at the result (3.44) that the second Bianchi identity for curvature
tensors is equivalent to the Bianchi identity for SU(2) Yang-Mills fields. Note that all the
terms containing the Levi-Civita connection in eq.(3.44) are canceled each other.
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After rewriting the self-duality equation (3.40) as
1 €RSPQ
Rynap ==+ IMRINSRpPQaB; 3.47
2 g Q (3.47)
the covariant derivative is taken on both sides to yield
€NRPQ
2 g
where the Bianchi identity (3.44) was used. The relation (3.46) then guarantees that the
Yang-Mills equations

9" MY pRyNAB = F VrRpgoaB =0,

@MVDEF =0 (3.48)

will be satisfied accordingly. So remarkably it turns out that gravitational instantons can
actually be identified with Yang-Mills instantons in the sense that the gravitational and
Yang-Mills instantons satisfy mathematically the same self-duality equations. But, as we
discussed before, the self-duality equation (3.42) must be interpreted as self-gravitating
Yang-Mills instantons rather than SU(2) instantons on a rigid background.

4 Yang-Mills instantons from gravitational instantons

We showed in the previous section that every gravitational instantons satisfy the self-duality
equation (2.13) on a Ricci-flat manifold defined by the gravitational instanton itself. We
have constructed SU(2) gauge fields as the projection of the spin connection (3.2) onto the
self-dual part and the anti-self-dual part by using the ’t Hooft symbols. The embedding
to relate gauge and spin connections was suggested long ago by Charap and Duff [29, 30].
(See also [31].) In this section, we will elucidate with explicit examples how Yang-Mills
instantons can be obtained from gravitational instantons.

To be specific, we want to find Yang-Mills instantons satisfying eq. (2.13) where the
background metric gasn is a gravitational instanton obeying eq. (3.40). First, we will cal-
culate the spin connection (3.8) for a given gravitational instanton metric and then identify
SU(2) gauge fields Ay according to the identification (3.26). As was shown in (3.42), the
corresponding field strength Fiy;n of the SU(2) gauge fields automatically satisfies the self-
duality equation (2.13) on a curved manifold M whose metric is given by the gravitational
instanton itself.

We will easily reproduce already known solutions in literatures [32-35] in this way.
As a byproduct, we will also find new Yang-Mills instantons on a curved manifold M. It
might be emphasized that it is always possible to find Yang-Mills instantons on a Ricci-flat
manifold M by the same procedure whenever a gravitational instanton M is given, as will
be illustrated with several examples. Here we refer to the index convention in section 1.

4.1 Gibbons-Hawking metric

The Gibbons-Hawking metric [53] is a general class of self-dual, Ricci-flat metrics with the
triholomorphic U(1) symmetry which describes a particular class (A-type) of ALE and ALF
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instantons. The Gibbons-Hawking metric for gravitational multi-instantons is given by

ds* = V1 (2)(dr + qida")? + V (z)da'da’

= ¥ (dr 4 qidz")? + e~ da'dat, (4.1)
where i
1
V(x) = e 2@ — ¢ 4 o Z i — g | (4.2)
a=1 a

with ¢ = 0 for ALE instantons and ¢ = 1 for ALF instantons. Here we use the world
index M = (i,4 = 7) with i = 1,2,3 and the frame index A = (7,4) with ¢ = 1,2,3.
Note that ¥ = 1(z), ¢; = ¢;(x) and the Killing vector /01 generates the triholomorphic
U(1) symmetry.

One can easily read off the vierbeins from the metric (4.1) as

B = eV (dr + qidx?), E' = e Yy (4.3)
and
0 0
A= - A = ¥ — (s . .
E;=e P E, =e <(9@ qi (97'> (4.4)

Using the torsion-free condition, T4 = dE4 + wAB A EB =0, one can calculate the spin
connections. For example, one can get from eq. (4.3)

. A A 1 A ,
dE* = ¢¥ ((%Q/)dm’ NdT + Oppgida’ A d? + injdx’ A dxj>

- 1 A -
= — <6wa¢¢E4 + 263wfl'jE]> A E?

= —wy A Ei,
where f;; = 0;q; — 0;¢;- Therefore, one can read off
. 1 N
Wiz = ewaﬂ/)E4 + 263wfijEj. (4.5)

Similarly, the spin connections and the structure functions can be obtained as follows

S 1 5
wy = 6w8i¢E4 + 263wfl'jE],

1)

1 i ; ;

wij = —2€3wfijE4 + 61/’ (81’(/1E‘7 - a]sz)’ (46)
fia = =0, Fa=e"

fi; =0, Fits = One?dl — D;eVst. (4.7)

Note that we are explicitly discriminating the three-dimensional world and frame indices
as (i,7,k,---) and (1,7,k,---), respectively. It is easy to see that the self-duality equa-
tion (3.39) for the spin connection (4.6) is reduced to the equation

1
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Using the result (4.8), one can now read off the self-dual SU(2) gauge fields defined by
wap = AN p:

A = e2wﬁ§48i¢(d7 + qjdacj) + ﬁ%@i¢da@j
= eV 0nt B4 = Bnt BV (4.9)
That is, with the notation E:t) = Vo) = 0,
. 1_
AY = ngngA = 27721535 log V. (4.10)
It is easy to derive the following relation from eq. (4.8)
ew@@iew — 38¢€w8i€w = u. (4.11)
Using the above results, one can get the field strengths for SU(2) gauge fields (4.9)
be 2b
Fii = EjAY — B AG — 2e"C AQ AL + [ Af
= €Y0;0ae + 30ie¥ 0ue? — 208 0¥ Ope?, (4.12)
bc b
F%, = E%A? — E}Ag — 2% CA%AE + ij'flAg + fi}l%Az
= ewak (gal%jaiew —sam@jew> —4553,%0ke¢8ae¢ +8kew <€al%iajew —Eak58i€w> . (4.13)
Now it is straightforward to check that the above SU(2) field strengths are self-dual, i.e.

1
F$p = QsABCDFgD. (4.14)

To be specific, one can explicitly see that

1
25;3.ij9]% = —eY9;0,e¥ — 30;e¥0,e? + 25?8kew8kew
= F, (4.15)

where the relation (4.11) was used. In terms of the harmonic function in eq. (4.2), the
above field strength can be represented by

1 1
Ffy =,V 20:0.V - ;’V*?’aivaav + OV IOV OV (4.16)

and eq. (4.11) can be written as
0;0;logV + 0;log VO;logV = 0. (4.17)

It would be interesting to compare eq. (4.17) (after the replacement 0; — 0y since the
function V(z) does not depend on 7) with the 't Hooft ansatz Aj = 7,0, log ¢(z) for
SU(2) multi-instantons (see eq. (4.60b) in [1]) satisfying?

0,0, log ¢ + 0, 1og 0, log ¢ = 0. (4.18)

Our result here recovers the self-dual gauge fields in [33] (for H = V).

*Note that eq. (4.11) can be represented in terms of frame derivatives as 0;0;¢ — 30;10;¢ = 0 which
also reduces to the form (4.18) with the identification ¢ = — 1 log ¢.
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4.2 Taub-NUT metric

The Taub-NUT metric is the simplest ALF space described by the Gibbons-Hawking met-
ric (4.1) with e = 1 and k& = 1. Using the spherical coordinates, it is given by

3
ds® = c2dr® + Z c(o")? (4.19)
i=1

with the coefficients ¢; = ¢ # c¢3 given by

cr(r) = 1\/T —|—m, c(r) =eo(r) = ;\/rz —m?, c3(r) = m\/r - (4.20)

2V r—m r+m

The Maurer-Cartan one-forms {o?} satisfy the following exterior algebra [11]

. 1 ieiel) .
do" + Qe”kaf Ao® =0. (4.21)
The vierbein bases are given by
E*=cdr, E'=co' (NS, (4.22)
and 1 1
E,= 0, E, = ki (NS[i]), (4.23)
Cp C;

where k; are the basis vectors dual to ¢?, i.e. (¢, Kj) = 5;, satisfying
[I{l’, Iij] = 6;3'fclik (424)

Here we indicate no summation convention for the index ¢ with the notation (NS[i]). The
spin connections read as

242 -2
(NS[i]), wﬂ:—eﬁ,%(ﬁ 5 ) (NS[if]). (4.25)

. orei
= o 9
CiCj

Wii ¢ ij
Note that the spin connections in eq. (4.25) are not completely self-dual, but the anti-

self-dual part is simply given by w(}) = ; (WAB — %6ABCDwCD) = —N%p U; and so their
curvature tensors identically vanish thanks to eq. (4.21). The curvature tensors are so

self-dual, i.e. Rap = F*n% g, which are given by

8m i g2 pdaph
Riy=Ru= " (B' B+ E* A EY),
Riy=Ry—— ™ (E'AE' 4+ B2 B (4.26)
=287 7 )3 ’ :
4m 3 mh L pd oA pd
Ryi=Ry=—, " (E NE'+ B AE).
The corresponding SU(2) gauge fields can be identified from (4.25) as
i 1 r—mot
i_
A= 2(“’14+°"?3) T r4m 2’
: 1 r—mo?
2 _
; 1 4m? o3
3 _ _
A :2(w12+w34)_(—1+(r+m)2) - (4.27)
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Therefore, the field strength of the SU(2) gauge fields (4.27) can be calculated to be

F=dA+AANA
1
= _for)nigEA A EP 4.28

with 4 g
iy Amo 30 8m
f (T) - (r+m)3 f (T)a f (7”) (r—i—m)?"
Note that the SU(2) field strengths in (4.28) are self-dual, i.e. F' = xF', which, of course,
coincide with the curvature tensor (4.26).

(4.29)

Our result here agrees with the self-dual gauge fields in [34, 35].

4.3 Eguchi-Hanson metric

The Eguchi-Hanson metric [54] is the simplest ALE space described by the Gibbons-
Hawking metric (4.1) with e = 0 and k = 2. Let us consider the metric given by

2 2
ds* = h=2(r)dr? + 2 (0 +03) + Cl h%(r)o3 (4.30)
with the function h(r) = /1 —a*/r4. The Maurer-Cartan one-forms {o'} satisfy the

exterior algebra

. 1 il .
do' — 2e”kaj Ao® =0. (4.31)

Note that the sign is different from the Taub-NUT case (4.21), with which the metric (4.30
becomes self-dual. The spin connections are given by eq. (4.25) for ¢, = h™1(r), c; = o =
r/2, and ¢3 = rh(r)/2 and their components are

1 at 3
wiy = wsy = 2<1+ 4>U ;

.
1 a*

wig = Wiz = 2\/1— a0 (4.32)
1 at 4

wiizwéiZQ\/l_T4U’

which are clearly self-dual. The curvature tensors are straightforwardly computed by

s e O
Rﬁ:Rgglz 6 (E ANE“+ FE /\E),
S e
Ry =Ry =~ (B'AE' + BN E%), (4.33)
r
20" (5 i pd o i
Ryy = Ryy == <E NE'+ B AE).

The self-dual curvature tensors for the Eguchi-Hanson metric (4.30) can be determined
by SU(2) gauge fields A* = 411“)14377213 = (f(r)ol, f(r)o?, g(r)o3) where

f(r):;\/l—ji, g(r):;<1+fi>. (4.34)
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The corresponding SU(2) field strength coincides with the curvature tensor Rap = Fn% g
in (4.33) where F® = dA® — ¢ AP A A and they are given by
F= ; fermigEA N EB (4.35)
with A 4
fir =% =P, Pe="%
Our result here agrees with the self-dual gauge fields in [32, 35].

(4.36)

4.4 Atiyah-Hitchin metric

The Atiyah-Hitchin metric [55] describes a four-dimensional hyper-Kéhler manifold with
SO(3) isometry that was introduced to describe the moduli space of SU(2) BPS monopoles
of magnetic charge 2. Let us consider the Bianchi type IX space [12] which is locally
described by the metric with an SU(2) or SO(3) isometry group

3
ds® = a2dr* + Z a?(o")? (4.37)
i=1

where a, = ajasas and a;’s are functions solely of 7. The self-dual conditions for all Bianchi
IX solutions are given by the equations

1 day a3 +a3—a}
= —_ al
a, dr 2a9a3 ’
1 day a3+ a?— a3
= — (9, (4.38)
a, dr 2azaq
1 dag a2+ a3 — a}
- — a3,
a, dr 2a1a9

where three constant numbers «;, i = 1,2, 3, satisfy oo = €35 k- Choosing (aq, g, ag) =
(1,1,1) will lead to the Atiyah-Hitchin metric [55] while (aq, a9, a3) = (0,0,0) yields the
Eguchi-Hanson type I or IT metric [54].
Identify the vierbein basis from the metric (4.37)
. ‘ 9
{Eza E4} = {al'O'Z, a’TdT}? {EQ’EZL} = {a;lmi,a;la } (439)
T
without summation convention for the index i. The left-invariant 1-forms {¢'} on S3
satisfy the exterior algebra (4.31) and the dual basis vectors {x;} satisfy the Lie algebra
[Ki, kj] = —¢&;33k%- Note that the metric (4.37) has the same structure as the Taub-NUT
metric (4.19). Therefore, the spin connections also have the same structure as follows

a , a?—l—a?—ai N 3
Wiy = aj_ ot (NS[Z]), (Uij = 8;31% 2az~a]~ g (NS[’L]]), (440)

where the prime means the derivative with respect to 7. Note that the spin connections
in (4.40) are not self-dual in general. One can check using eq. (4.38) that the spin connec-
tions in eq. (4.40) satisfy the following relation

1 1 1 1
(isean =~ i+ pegpn) = a0t (NSl (a.41)
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Therefore, they become self-dual only when (a1, ag,a3) = (0,0,0) which was completely
solved. (See eq. (4.23) in [12] for the exact solution.) But the curvature tensors will be
self-dual, i.e. ]&; K, = 0 in eq. (3.30), because the curvature tensor of the anti-self-dual spin
connections in (4.41) identically vanishes due to eq. (4.31).

Let us define SU(2) gauge fields as follows

1 1
A® = 4nijAB =w,; + 204(10“ (NS[a)). (4.42)

Our previous result (3.41) implies that the field strengths F* = dA® — e%¢A® A A defined
by the SU(2) gauge fields in (4.42) are necessarily self-dual. Now we will show that it is
the case. It is straightforward to calculate the SU(2) field strength

a \’ al alal.  ala
Fe = <a“ dr A o + ¢ 2; - 226 - Z “lob Ao®  (NSla])
T T T T

= adr A g% 4 ¥ (c;a — ape — Zibozc> o’ Ao (NSla)), (4.43)

where a, = a},/a,. Using the identity [56] derived from eq. (4.38),

- ~ o~ ~
a a1 — 2as2a3 — Aoz — azQa
L . ete, (4.44)
alar as0a3

we see that the field strength (4.43) has the correct self-dual structure, i.e.

F=dA+ANA
1
= B A B
a, a A B

20,0,

The self-dual gauge fields in eqgs. (4.42) and (4.43) describe a Yang-Mills instanton on
the Atiyah-Hitchin space and it consists of a new solution to the extent of our knowledge.

4.5 Real heaven

The real heaven metric [57] describes four dimensional hyper-Kéhler manifolds with a
rotational Killing symmetry which is also completely determined by one real scalar field.
The metric is given by

ds® = (95¢) " H(dr + qodz®)* + (83¢)(ewdxadxa + dz3dz?)
= e 2% (dr + qodz®)* + *Pidz'da’ (4.46)

where ¢, = —®8 51, (o =1,2) and the function ¢ (x) is independent of 7 and satisfy the
three-dimensional continual Toda equation

(02 + 33 + H2e? = 0. (4.47)

The rotational Killing vector is given by ¢,0,%0/07 with constants c,.
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We identify the vierbein vectors as
E' = ebidy (NS[i]), EY = ¢4 (d1 + qadz®). (4.48)
where
21 = 292 = Pyepe?, €293 = 201 = 9g1). (4.49)

From the torsion-free equation dE4 + wAB ANEB =0, we get
~ 1 ~
wyy = _e¢4_¢i8ie_¢4E4 . 2€—¢4—¢i—¢j fijEj (NS[i]),

1 P 2 A
ng- = — 26_¢4_¢i_¢j fijE4 + 6_¢i_¢j (aj€¢iEZ - ai6¢j Ej) (NS[Z]]), (450)

where f;; = 0;q; — 0jq; with ¢; = —egij(?ji/).

It is straightforward to check that the self dual relations, ws; = ws; and ws; = wij,
are satisfied if and only if the continual Toda equation (4.47) is satisfied. However, the
relation wjs = ws; is not satisfied. In order to cure this mismatch, first note that we can
perform the local frame rotation (3.1) as follows

EA = AMBEB
10 0 0 E!
01 0 0 E?
_ ' . (4.51)
00 cos? —sin E3
00sinj cosj A
The spin connections also transform according to eq. (3.2)
g = AMewpA g + A (dAhC (4.52)
where
00 00
110000
AMo(dA 0, = d 4.53
o )" B oloo o1 T ( )
00-10

and dr = (= gae % E% + e¢4E3‘). Note that the frame rotation (4.51) affects the self-
duality condition only for wy; = wy; + %dT due to the inhomogeneous term (4.53). In other
words, Wy; = Ws; and wss = wj; are automatically satisfied thanks to the previous relations.
Now it is straightforward to check that wjs = wjs = w33 = (wgi — éqaef%Ed + 5e¢4E‘1).
Therefore, the spin connections in (4.52) become self-dual.

If one introduces SU(2) gauge fields by

1 _ _ 1
Al = 417ij,43 =W, =w,;+ 25§d7', (4.54)

the corresponding field strengths, F@ = dA® — ¢ AP A A€, should be self-dual according to
the general result (3.41). This can also be proved by using the relation (3.19) which leads
to the following result

1 » - - 1 ~
P = 477%9 <dWAB +wac A wCB> = 477213RAB- (4.55)
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Hence the self-duality of F'* results from the self-dual curvature tensors R AB. Or one can
check it by a straightforward calculation using eqs. (4.50) and (4.47) though rather tedious.

The self-dual gauge fields in eq. (4.54) describe a Yang-Mills instanton on the real
heaven (4.46), which is a new solution to the extent of our knowledge.

4.6 Euclidean Schwarzschild solution

The Euclidean Schwarzschild metric [10] was constructed by the Wick rotation of the
Schwarzschild black-hole solution. It is not a gravitational instanton (not a hyper-Kéhler
manifold) although it is a Ricci-flat manifold. The metric takes the form

2 2m\ !
ds? = <1 — m>d72 + <1 — m) dr® + r2(df? + sin 6%d¢?). (4.56)
r r

The radial coordinate is constrained by r > 2m and the time coordinate 7 is an angular
variable with period 8mm. Hence this solution has the topology R? x S2.

After defining the vierbein basis (Ei = h(r)~tdr, E? = rd@,E3 = rsinfdo, Bt =
h(r)dr), it is easy to compute spin connections:

wis = —hd0, wig = —hsin 0de, wss = — cos Bdg,
1
Wiz = —2(h2)/d7, wyy = wyg = 0, (4.57)
where h(r) = \/ 1-— 2;”. The corresponding curvature tensors are given by
m _; 5 m _i 5 2m _; i
Ris = — "Bl A B2 Ris=— "Bl AE3 Ry=", E'ANE!
i2 3 ) i3 r3 ) 1A= 3 )
2m _s 3 m s i m 3 i
Rys =, E*ANE? Ry =— E°NE! Ry =— EB°ANE* 4.58
3= .3 ) 24 r3 ) 34 r3 ) (4.58)
which are not self-dual anymore although they are Ricci-flat, i.e., Rap = Racpc = 0.

Because the spin connections in eq. (4.57) are neither self-dual nor anti-self-dual, we
can consider both type of SU(2) gauge fields defined by

L (+)a
A = 4nf4j;3) WAB- (4.59)

The field strengths, F&)e = gA®a _ gabe AEBb A A&E)e should be either self-dual (for the
+ sign) or anti-self-dual (for the — sign) because we get the following result

1 () 1 (+)a
(£ — 477,(4iB) <deB + wac /\WCB) 4 ,(4iB) RaB, (4.60)

which can be derived by using the relation (3.19). According to the general result (3.41),
the SU(2) gauge fields in eq. (4.59) automatically satisfy the self-duality equation (2.13)
where the background geometry is given by the metric (4.56). Therefore, the solution (4.59)
indeed describes an SU(2) Yang-Mills (anti-)instanton on the space (4.56).

The solution (4.59) was originally found by Charap and Duff [29, 30]. The reason for
the revival here is that the solution (4.59) exposes an interesting structure for a Ricci-flat
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manifold. According to the decomposition (3.29) and (3.30), we see that the Euclidean
Schwarzschild metric (4.56) describes the sum of an SU(2), instanton and an SU(2) g anti-
instanton. Therefore, an interesting question is whether this kind of feature is generic or
not. Remarkably it can be shown [58] that any Einstein manifold satisfying Rap = Adap
for either A = 0 or A # 0 always arises as the sum of SU(2);, instantons and SU(2)g
anti-instantons.

5 Topological invariants

The correspondence between gravitational and Yang-Mills instantons now raises an intrigu-
ing question about topological invariants in gravity and gauge theories. In the gravity side,
there are two topological invariants associated with the Atiyah-Patodi-Singer index theo-
rem for an elliptic complex in four dimensions [11], namely the Euler characteristic x (M)
and the Hirzebruch signature 7(M), which can be expressed as integrals of the curvature
of a four dimensional metric while, in the gauge theory side, there is a unique topological
invariant up to a boundary term given by the Chern class of gauge bundle. Thus a natural
question is how the two kinds of topological invariants for self-dual four manifolds can be
related to the Chern class of instanton bundle. In particular, the two topological invariants
for gravitational instantons should be related to each other, in other words,

ax(M)+br(M) = c, a,b,c e, (5.1)

because there is only a unique topological invariant ca(E), the second Chern class, for
Yang-Mills instantons.

The topologically inequivalent sector of instanton solutions is defined by the homotopy
class of a map from a three sphere at asymptotic infinity into the gauge group G = SU(2)

f:S*—=Su(@) (5.2)
and the topological charge is defined by an element of the homotopy group m3(SU(2)) = Z.
Viewed the spin connections in eq. (3.2) as gauge fields in G = O(4) = SU(2), x SU(2)g,

one may also classify the topological sectors of the O(4) gauge fields in eq. (3.10) by the

homotopy class of the map
f:S*— 0(4) = SU2);, x SU(2)x. (5.3)

Hence the homotopy group of O(4) in the gravity theory is isomorphic to two copies of the
additive group of integers

m3(0(4)) ~ m3(SU(2) x SUQ)R) ~ Z & Z. (5.4)

Consequently, there are two independent gravitational topological charges [11], i.e., the
Euler characteristic x(M) and the Hirzebruch signature 7(M).
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The Euler number x(M) for the de Rham complex and the signature 7(M) for the
Hirzebruch signature complex are, respectively, defined by*

1
(M) = . 2/ eABCDR .5 A Rep
™ JM
1 ABCD 2
s NRcp — 0ap NOBcp N6 5.5
+16772/8M6 4B A\ Rep = J0ap Ncp NOED ), (5.5)
1 1
M) = — TrR AR — Tro A R oM 5.6
(M) 24772/M ' 24772/31\4 01 B+ ns(0M), (56)

where 0 4p is the second fundamental form of the boundary OM. It is defined by
0AB =wAB — W0AB, (5.7)

where wap are the actual connection 1-forms and wgap are the connection 1-forms if the
metric were locally a product form near the boundary [11]. The connection 1-form wyap
will have only tangential components on 9M and so the second fundamental form 645
will have only normal components on M. And ng(OM) is the n-function given by the
eigenvalues of a signature operator defined over M and depends only on the metric on
OM [11]. The topological invariants are also related to nuts (isolated points) and bolts
(two surfaces), which are the fixed points of the action of one parameter isometry groups
of gravitational instantons [36].

We have verified in the previous sections that, for gravitational instantons, one of the
SU(2) factors in (5.3) completely decouples from the theory. Therefore, the topological
classification of (anti-)self-dual spin connections will essentially be the same as eq. (5.2)
in the gauge theory. That is the reason why we expect the relation (5.1) for the topo-
logical invariants in egs. (5.5) and (5.6). Now we will confirm the relation (5.1) explicitly
determining the coefficients.

Since 645 in eq. (5.7) are antisymmetric on the AB index pair, we will decompose
them into a self-dual part and an anti-self-dual part according to eq. (3.10)

Oap = a g + a0 . (5.8)

We take the normal to the boundary to be (A = 4)-direction and so we have 953. =0. It
is then straightforward to express the topological invariants in terms of SU(2) gauge fields
using the decompositions (3.10), (3.11) and (5.8):

1
_ (+)a (Ha _ p(—)a (—)a
xX(M) = 12 / (F NF F ANF >

oo

oM

+121 ) / cabe <a(+)a _ a(—)a> A (a(+)b _ a(—)b> A (a(“C - a(‘)c>
™ JoMm

“Note that our definition is different in signs of boundary terms from that in [11] because we choose the
orientation d*z A dr = —dr A d*z to be positive and the 7-direction to be normal to the boundary dM
while the orientation dr A d®x was chosen to be positive in [11].
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1 a a —)a —)a
— o [ Vi (PSR - FG G Jata

1 - -
ik (g(Ha _ (e (pHe | p)a) g8
+87T2/a Vhe <aE a; )(FM + )dm

+ ! v heabegiik (aéﬂa—af_)a) <a£+)b—a£_)b> <ag+)c—ag_)c> Bz, (5.9)

1272 Jous i j j k k

1
(M) =, / <F(+)“ AFHa p poa p F(_)“>
™ JM

b (40 () o
oM

1 a a —)a —)a
S Ve v R v e

1 san B B
wk( (Ha _ (—)a (Ha (-0 3
+2471'2 ot \/he’:‘ <a; a > <Fjl% ij )d T + ns(aM), (5.10)

where we defined the volume forms as B} A E2 A E3 A EY = \/gd4x and EL A E2 A EglaM =
Vhdz.

An interesting pattern appears in the topological invariants. First consider a compact
Einstein manifold without boundary, i.. 9M = 0. It turns out [58] that F(1)% and F(-)e
are self-dual and anti-self-dual instantons, respectively. Then we see that the Euler number
X(M) = xT (M) +x~ (M) does not distinguish self-dual and anti-self-dual instantons since
both contribute with equal sign while the Hirzebruch signature 7(M) = 77 (M) — 7~ (M)
distinguishes self-dual and anti-self-dual instantons. Based on the observation, we can draw
general properties about 4-dimensional compact Einstein manifolds where all boundary
terms vanish. As we mentioned above, the Euler number x (M) gets equal sign contributions
from self-dual and anti-self-dual gauge fields while the Hirzebruch signature 7(M) is not the
case. Thus we see that x(M) > 0 with the equality only if M is flat. This is the Berger’s
result [11]. We can further refine the Berger’s result by looking at the expressions (5.9)
and (5.10):

(M) = — ! / FappEe > (5.11)
272 Jur -

because F(-) describes SU(2) anti-instantons. The inequality (5.11) will be saturated if

and only if a compact four-manifold is half-flat, i.e. F(-)¢ = 0. In the result, we get a

general relation

|7(M)| (5.12)

where the bound is saturated only for T* and K3 surface, which are compact self-dual
four-manifolds as either trivial or nontrivial gravitational instantons. This result is known
as the Hitchin-Thorpe inequality [11].

For noncompact manifolds, there are additional boundary terms as shown in (5.9)
and (5.10) which are not separated into the self-dual and anti-self-dual parts unlike as
the volume terms. In particular, the eta-invariant ng(0M) for k self-dual gravitational
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instantons [38] is given by

% (k—1)(k—2)

ns(OM) = ~ap 3k

(5.13)

where ¢ = 0 for ALE boundary conditions and ¢ = 1 for ALF boundary conditions. Be-
cause the topological invariants for a noncompact manifold with boundary have nontrivial
boundary corrections, it is not easy to demonstrate the relation (5.1) although such a rela-
tion should exist for general half-flat manifolds. But, one may infer by investigating known
examples so far that the following relation

X(M)=|r(M)|+1 (5.14)

would be satisfied for noncompact gravitational instantons. It turns out [36-38] that ALE
instantons including all ADE series and ALF instantons of AD series satisfy the rela-
tion (5.14).°

Therefore, the evidence for the relation (5.14) is overwhelming. Since we believe that
the relation (5.1) will be generic independently of asymptotic boundary conditions and
topology, we conjecture that the relation (5.14) will be true for general noncompact grav-
itational instantons. It may be proved by showing the following identity for gravitational
instantons, e.g., with F(7)% = 0 and so taking the self-dual gauge A(-)* = 0:

1 1
X0 =7 = o [ POeapteg [ gt poe
™ JMm ™ Jom
1 abe_(+)a p (+)b p (+)e _
+127T2 /aMe a ANa TP Na ns(OM)
— 1. (5.15)

Indeed, for ALE and ALF spaces, one can derive the relation x(M)—7(M) = 1—4]; (S+,D)
using eqs. (12), (13), (14) and (20) in [37]. If M has a spin structure, the index of the Dirac
operator, I ! (S+, D), must identically vanish [12], and thus we confirm the above identity.
For general cases, we do not know how to rigorously prove the above identity and so we
leave it as our conjecture.

The topological invariant in SU(2) gauge theory is given by the second Chern number

1

where F{,, = dAS,, + ésabcAg’/M N AS ;. Note that the SU(2) field strength coming
from the spin connections is given by F& = dA¢ — aabcAlé N Ag. So they are related
by A, = —2A% and Fy,, = —2F& [35]. Taking this factor into account, one can see

®Ap_1 ALE (e = 0) and ALF (e = 1) instantons are described by the Gibbons-Hawking metric (4.1) and
Do ALF instantons are described by the Atiyah-Hitchin metric (4.37). Especially, Kronheimer obtained
the explicit construction of the ALE manifolds as hyper-Kahler quotients [16] which heavily relies on the
algebraic structure of the Kleinian groups I' and the crucial identification between the Hirzebruch signature
7(M) and the number of conjugacy classes of the finite group I'. See the table 2 in [59] for the relation
(5.14) of all ALE manifolds. See also the table D.1 in [11].
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that the Chern number (5.16) has the same normalization factor as the Euler number in
eq. (5.9), ie.,
1

k=, /M F& A FS. (5.17)
This fact provides us an interesting insight why the instanton number (5.17) for SU(2)
instantons satisfying (2.13) is not necessarily integer-valued [32, 33]. Note that the Euler
number (5.5) as well as the signature (5.6) are all integer-valued. Therefore, if there is
a nontrivial boundary correction in the Euler number (5.9), the instanton number (5.17)

will not be an integer, i.e., a fractional number in general. We will illustrate it with

explicit examples.

5.1 Taub-NUT space
For the product metric

_lrg+m 1,4

To —mMm
ds* = | ol Ldrt (15 —m?) (o1 +03) + m2ro B i, (5.18)
the spin connections are given by
(wo);3 =0,  (wo);; = wy;(r =ro). (5.19)
Hence the second fundamental form at the boundary r = rg is
03 =wy(r =mo),  0;5=0 (5.20)
or )
i_ 7o 1, 3_ 7o 2’ 5 _ 2m 203. (5.21)
ro+m ro+m (To—i—m)

Using egs. (4.28) and (5.21), we get the following result

FOAF® = 24m3 rem ol Aa? Aod Adr,
(r4+m)>
)2
a® N F*,—, =—4m2(r0 m) ol ANo? A od
’ (ro +m)* ’
. . R 2 2,.2
anandd = 0 Gl A2 A S, (5.22)
(ro +m)*

Therefore, we see that the boundary integrals vanish because
a® N F?y—oo =0, al Aa? A ag|mﬁoo = 0. (5.23)

Finally we get the topological numbers for the Taub-NUT space

1
(M) = / F* A\ F®
M

472
24 3 o) o
- ol ANa® A 03/ T g = 1, (5.24)
471'2 S3 m (7"' + m)5
- -\ -
o2 ™
96m3
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1
(M) = /M F® A F® 4 ng(OM)
2

We have used the result (5.13) for the n-invariant with & = 1. In this case, the Eu-
ler number (5.24) is equal to the instanton number (5.17) because there is no boundary
correction [34, 35]. And it is straightforward to check the relation (5.15).

5.2 Eguchi-Hanson space
For the product metric
4N\ —1 2 2 4
ds? = (1 - a4> dr? + Cf(a% +o2)+ 0 (1 - a4>a§, (5.26)
"o

the second fundamental form at the boundary r = rq is

i1 a* ;1 a* s 1 at
i 1 3 2 3 3
— 1_ — 1_ = 1 . 5.27
a 2\/ 7néa , a 2\/ 7“30 , a 2( +r§>a (5.27)

Note that we have to choose the angular coordinate ranges
0<6<m, 0 <y < 2m, 0<vy <27 (5.28)

to remove the apparent singularities in the metric at » = a. Thus the boundary at co
becomes RP3.

Then we obtain the following result

a a 6a8 1 2 3
FYNF®= o No®Ao” Adr,
T
a® A Fa|r0*>00 =0,

a' Na® A aP|ry oo = 801 Ao A oS, (5.29)

and get the topological numbers for the Eguchi-Hanson space

1 1
M) = F® A F@ abc a A b A af
X( ) 47T2 /M + 127T2 /81\4E “ “ “

6a® <1 6 3 1
0 / 01/\02/\03/ odr + / cAAGPAed ="+ =2 (5.30)
RP? a T RP? 2 2

42 9672
~ -~ P ~ -~ -
=82 :Sig =8n2
1
(M) =, 2/ F*AF* 4+ ng(0M) = 1. (5.31)
™ JM

Unlike the Taub-NUT case, there is a nontrivial boundary correction for the Euler
number (5.30). Since the instanton number (5.17) does not take the boundary contribu-
tion into account, it gets a fractional number k£ = g [33, 35]. Ome can check that the
relation (5.15) is satisfied.
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5.3 FEuclidean Schwarzschild solution

This solution is interesting because it has a nontrivial Euler number [10] although it is not

a gravitational instanton. But it turns out that this solution is actually the sum of SU(2),

instanton and SU(2) g anti-instanton, which explains why it has a nontrivial Euler number.
Take the product metric

2 2m !
ds® = <1 — m>d72 + <1 — m> dr? 4 r2(d6? + sin 0%d¢?). (5.32)
70 To
The second fundamental form at the boundary r = rq is then given by
ol =-"dr,  d=d=0 (5.33)
o

Using the result (4.58) with the definition F(*+)* = infB)aRAB, we obtain

2
FEa p pE)a _ i?’"j dr A dQ A d,
T
dEap pEay
a1 A &2 A @3 = . (5.34)

It is then straightforward to get the topological invariants [10]

XM+ x~ (M) =2, (5.35)
(M) =17(M) -7 (M) =0, (5.36)

=
=
Il

)

where (M) = x~ (M) =1 and 7" (M) = 77 (M) = } + n(0M). Hence we confirm that
the Euclidean Schwarzschild solution (4.56) is the sum of an SU(2) instanton and an anti-
instanton. And the relation (5.14) implies that 75(M) = 0 or n(OM) = —g. Therefore the
SU(2) instanton for the Euclidean Schwarzschild solution (4.56) has the same topological
invariants as the Taub-NUT space (4.19) [29, 30]. Note that two instantons belong to
different gauge groups, one in SU(2);, and the other in SU(2)g, and so they cannot decay
into a vacuum. As a result, the space (4.56) should be stable at least perturbatively. One
may ask whether this kind of feature is special or general. Remarkably it can be shown [58]
that any Ricci-flat four-manifold always arises as the sum of SU(2), instantons and SU(2) g
anti-instantons. Hence any Ricci-flat manifold should be stable for the same reason.

5.4 Topological invariant of Yang-Mills instantons

We have noticed that the instanton number (5.16) for (anti-)self-dual gauge fields satis-
fying (2.13) is not necessarily integer-valued because it does not take possible boundary
corrections into account. But the equivalence of the self-dual systems in (2.13) and (3.37)
implies that we need to also consider boundary contributions for the topological charge
of Yang-Mills instantons defined on a curved manifold. Thereby we suggest the Chern
number for an instanton bundle including boundary corrections

1 1 1
k= / FONFe + / AY N\ F — / AN AP N AC (5.37)
167’1’2 M 167T2 OM o 967T2 OM oo
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which can be identified with the Euler characteristic (5.9) in the self-dual gauge, A =,
with the gauge theory normalization AY,;, = —2A% and Fy,;, = —2F¢ and is accordingly
integer-valued. Note that the boundary term in (5.37) is precisely the Chern-Simons form
for the SU(2) vector bundle at an asymptotic infinity.

Now we consider the four-manifold M to have two ends, one at an asymptotic infinity
OM s and the other at an inner boundary dMj describing nuts and bolts of gravitational
instantons [36]. For example, the inner boundary is at r = m for the Taub-NUT space (4.19)
and at r = a for the Eguchi-Hanson space (4.30). Using the identity F* A F* = dK where

1
K = A NdA® + 35“”%“ A AP A AC (5.38)

and the boundary operation M = OMy — OMs,% one can rewrite the instanton num-
ber (5.37) as the Chern-Simons integral on the inner boundary dMy, i.e.,

1 1
k= / ATNFC — AN AP A AC ). (5.39)
1672 Jous, 6

Recall that the instanton number (5.37) is simply the expression of the Euler number (5.9)
and the Euler number x(M) can be determined by the set of nuts and bolts through the
fixed point theorem (eq. (4.6) in [36])

X(M) = t(nuts) + 2 f(bolts). (5.40)

Then we get a very interesting result that the Chern-Simons integral (5.39) on the inner
boundary dMj simply counts the number of nuts plus the twice of the number of bolts in
gravitational instantons:

1

k= 1672

1
/ (A“ AF® —  gbepa n Ab A AC> = fi(nuts) + 2 f(bolts). (5.41)
oMo 6
It is easy to check the result (5.41) for the Taub-NUT space (f(nuts) = 1, f(bolts) = 0)
and for the Eguchi-Hanson space (#(nuts) = 0, #(bolts) = 1), using the previous results
with the relation A§,,, = —2A¢% and F{; = —2F¢.

6 Discussion

Let us go back to the questions we have raised in section 1. So far we have focused on
the similarity between gauge theory and gravitation. A main source of the similarity is

coming from the fact that the O(4)-valued 1-forms w?

p are gauge fields (a connection of the
spin bundle SM) with respect to O(4) rotations as shown in eq. (3.2). Then the Riemann
curvature tensors in (3.7) constitute O(4)-valued curvature 2-forms of the spin bundle SM.
Therefore, the four-dimensional Euclidean gravity can be formulated as a gauge theory
using the language of the O(4) gauge theory. Via the fact that the Lorentz group O(4) is

a direct product of normal subgroups SU(2);, and SU(2)g, i.e. O(4) = SU(2) x SU(2)g,

5The sign is due to our choice of orientation. See the footnote 4.
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Property Einstein Yang-Mills

Metric gun(x) or EA
Torsion dEA +wAg ANEB =0
Cyclic identity RABANEB =0
Einstein equation Guyn =87GTyN o
Coupling constant [G] = L? [y m] = L°
Symmetry Spacetime Internal
Interaction Long-range Short-range

Table 1. Einstein vs. Yang-Mills.

the four-dimensional Euclidean gravity can be decomposed into two copies of SU(2) gauge
theories. In particular, the (anti-)self-dual sector satisfying (3.37) can be formulated as an
SU(2) gauge theory, as clearly indicated in eq. (3.33).

Nevertheless, gravity is different from gauge theory in many aspects. A decisive source
of the difference is the existence of a Riemannian metric which does not have any coun-
terpart in gauge theory. We highlight some crucial differences between gauge theory and
gravitation with the table 1.

The metric is constrained to be covariantly constant with respect to the Levi-Civita
connection (3.9) or equivalently the vierbeins are constrained to be torsion-free, i.e., T4 =
dEA + wAp A EB = 0. This constraint leads to the result that the spin connections wip
are determined by potential fields, i.e., vierbeins, as eq. (3.8). As a result, a primary field
for gravity is the metric tensor rather than a gauge field (a connection of vector bundle).
This extra structure comprises a core origin of the differences in the above table.

Recently one of us showed [27] (see also recent reviews [28] and [60]) that Einstein
gravity can be derived from electromagnetism in noncommutative space. In particular, the
vierbeins F 4 in gravity arise from the leading order of noncommutative U(1) gauge fields
and higher order terms give rise to derivative corrections to Einstein gravity. Actually the
Einstein equations arising from the noncommutative gauge fields and the resulting emergent
gravity motivate to newly address the questions in section 1 in a more broad context
to include noncommutative U(1) gauge theories. For example, it was rigorously shown
in [61-64] that noncommutative U(1) instantons are equivalent to gravitational instantons.
Therefore, it will be very interesting to find a precise map between noncommutative U(1)
instantons and Yang-Mills instantons because a particular class of Yang-Mills instantons
can be obtained from gravitational instantons as was shown in this paper. We hope to
draw some valuable insights from this line of thought in our future works.

Now our method in section 3 can easily be generalized to get new instanton solutions
by the conformal rescaling method [41, 42]. Suppose that (M, g) is a self-dual gravitational
instanton and consider a Weyl transformation given by eq. (3.43) which can be represented
as B4 = Q(z)EA € T(T*M) or E4 = Q Y(2)E4 € D(TM) in terms of vierbeins. Under
the Weyl transformation, the spin connections transform as follow:

ap =wap + (EglogQEA — Exlog QEP). (6.1)
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We can apply the decompositions (3.10) and (3.11) to the transformed spin connection (6.1)
and the corresponding curvature tensor R = dw + w A @, respectively. After all, we will get

new SU(2) gauge fields defined by
A = g(Ha 4 o((+)a AG)a _ o(=)a (6.2)

where AT are the self-dual gauge fields determined by the original self-dual spin connec-
tion wap and

Y = 277%};“@3 log Q) B4 (6.3)

and the corresponding SU(2) field strengths will be given by

F®a — gi@a _ jabe J&)b 5 f(E)e. (6.4)
Now we can make two different choices:”

) Fiy = jean G (65)

am  F) = —;eABCDﬁgD)“. (6.6)

For the first choice (I), we will get a self-dual Yang-Mills instanton while, for the second
choice (II), an anti-self-dual Yang-Mills instanton. Then one can show [58] that, for the
case (I), the Ricci-scalar R = gMN Ry will identically vanish, i. e R = 0, but the case
(IT) seems to give rise to an intriguing manifold satisfying RM N~— 4 gM NR = 0. Because
the Ricci scalar transforms under the Weyl transformation (3.43) as Q3R = QR — 601,92
where [, refers to the scalar Laplacian on (M, g), we see that the rescaling function Q(x)
must be harmonic, i.e. Q10,0 = 0, for the case (I), taking into account that R = 0. But
the harmonic function Q(z) will allow mild singularities [41, 42] which can be removed by
a gauge transformation.

By the same procedure as eq. (3.42), the self-dualities in egs. (6.5) and (6.6) can be

written as
1 ERSPQ

Fik = +, Vi gMRgNSFJ(:Q) (6.7)
where \/ g= 94\/9. However, taking into account the conformal invariance of self-duality,
we get the self-duality equation on the original four-manifold (M, g), i.e
1 8RSPQ
2 /g

Consequently, we get new Yang-Mills instantons on an original Ricci-flat manifold (M, g)

Fia== gMrINSFg . (6.8)

after the Weyl transformation (6.1). More details about explicit solutions obtained in this
way and their topological properties will be discussed elsewhere.

"It may be worthwhile to compare the solution (6.3) with 't Hooft ansatz (see section 4.3. in [1]) in
singular (the case (I)) and regular (the case (II)) gauges. Note that the solution (4.9) from the Gibbons-
Hawking metric takes the form (6.3) for the case (I).
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In this paper we showed that any gravitational instanton is an SU(2) Yang-Mills instan-
ton on the gravitational instanton itself. Regarding to this property, there is an interesting
theorem (Example 3 (page 302) in [20] and see also section 7 in [21]) that there always

exists an instanton bundle on an ALE manifold M with the instanton number £ = 1 — \11“\

(IT'| denoting the order of I' in M = (6_2\//1’) defined by (5.16) such that the moduli space of
self-dual connections on the instanton bundle is a four-dimensional hyper-Kéhler manifold
and coincides with the base manifold M. Inferred from our result, the above property seems
to be true for other self-dual manifolds. To be precise, suppose that M(E — M, k) is the
moduli space of self-dual connections on a vector bundle E over M with instanton number
k where M is a gravitational instanton. Then, each non-empty, non-compact 4-dimensional
component of the moduli space M(E — M, k) is isomorphic to the gravitational instanton
itself. It will be interesting to clarify this assertion.

Acknowledgments

We are grateful to Kimyeong Lee for guiding us to a correct direction. HSY thanks Jungjai
Lee for helpful discussions for some issues. The work of C. Park was supported by the
National Research Foundation of Korea (NRF) grant funded by the Korea government
(MEST) through the Center for Quantum Spacetime (CQUeST) of Sogang University
with grant number 2005-0049409. The work of H.S. Yang was supported by the RP-Grant
2009 of Ewha Womans University.

References

[1] R. Rajaraman, Solitons and instantons, North Holland, Amsterdam The Netherlands (1982).

[2] N. Seiberg and E. Witten, Monopole condensation, and confinement in N = 2
supersymmetric Yang-Mills theory, Nucl. Phys. B 426 (1994) 19 [hep-th/9407087]
[SPIRES].

[3] N. Seiberg and E. Witten, Monopoles, duality and chiral symmetry breaking in N = 2
supersymmetric QCD, Nucl. Phys. B 431 (1994) 484 [hep-th/9408099] [SPIRES].

[4] M.F. Atiyah, N.J. Hitchin, V.G. Drinfeld and Yu.I. Manin, Construction of instantons,
Phys. Lett. A 65 (1978) 185 [SPIRES].

[5] N. Dorey, T.J. Hollowood, V.V. Khoze and M.P. Mattis, The calculus of many instantons,
Phys. Rept. 371 (2002) 231 [hep-th/0206063] [SPIRES].

[6] E.J. Weinberg and P. Yi, Magnetic monopole dynamics, supersymmetry and duality,
Phys. Rept. 438 (2007) 65 [hep-th/0609055] [SPIRES].

[7] N.A. Nekrasov, Seiberg- Witten prepotential from instanton counting, Adv. Theor. Math.
Phys. 7 (2004) 831 [hep-th/0206161] [SPIRES].

[8] N. Nekrasov and A. Okounkov, Seiberg- Witten theory and random partitions,
hep-th/0306238 [SPIRES].

[9] S.K. Donaldson and P.B. Kronheimer, The geometry of four-manifolds, Oxford University
Press, Oxford U.K. (1990).

,33,


http://dx.doi.org/10.1016/0550-3213(94)90124-4
http://arxiv.org/abs/hep-th/9407087
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9407087
http://dx.doi.org/10.1016/0550-3213(94)90214-3
http://arxiv.org/abs/hep-th/9408099
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9408099
http://dx.doi.org/10.1016/0375-9601(78)90141-X
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,A65,185
http://dx.doi.org/10.1016/S0370-1573(02)00301-0
http://arxiv.org/abs/hep-th/0206063
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0206063
http://dx.doi.org/10.1016/j.physrep.2006.11.002
http://arxiv.org/abs/hep-th/0609055
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0609055
http://arxiv.org/abs/hep-th/0206161
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0206161
http://arxiv.org/abs/hep-th/0306238
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0306238

[10]
[11]

[12]

[13]

[18]

[19]

[20]

[21]

22]

[23]

[24]

[25]

[26]

[27]

28]

[29]

[30]

S.W. Hawking, Gravitational instantons, Phys. Lett. A 60 (1977) 81 [SPIRES].

T. Eguchi, P.B. Gilkey and A.J. Hanson, Gravitation, gauge theories and differential
geometry, Phys. Rept. 66 (1980) 213 [SPIRES].

G.W. Gibbons and C.N. Pope, The positive action conjecture and asymptotically euclidean
metrics in quantum gravity, Commun. Math. Phys. 66 (1979) 267 [SPIRES].

C.W. Misner, K.S. Thorne and J.A. Wheeler, Gravitation, W.H. Freeman & Co., New York
U.S.A. (1973).

T. Eguchi and A.J. Hanson, Selfdual solutions to euclidean gravity,
Ann. Phys. 120 (1979) 82 [SPIRES].

N.J. Hitchin, Polygons and gravitons, Math. Proc. Camb. Phil. Soc. 85 (1979) 465.

P.B. Kronheimer, The construction of ALE spaces as hyper-Kdhler quotients, J. Diff. Geom.
29 (1989) 665 [SPIRES].

G.W. Gibbons and P. Rychenkova, Hyper-Kdhler quotient construction of BPS monopole
moduli spaces, Commun. Math. Phys. 186 (1997) 585 [hep-th/9608085] [SPIRES].

S.A. Cherkis and N.J. Hitchin, Gravitational instantons of type D(k),
Commun. Math. Phys. 260 (2005) 299 [hep-th/0310084] [SPIRES].

O. Biquard and V. Minerbe, A Kummer construction for gravitational instantons,
arXiv:1005.5133 [SPIRES].

P.B. Kronheimer and H. Nakajima, Yang-Mills instantons on ALE gravitational instantons,
Ann. Math. 288 (1990) 263.

M. Bianchi, F. Fucito, G. Rossi and M. Martellini, Fxplicit construction of Yang-Mills
instantons on ALE spaces, Nucl. Phys. B 473 (1996) 367 [hep-th/9601162] [SPIRES].

S.A. Cherkis, Moduli spaces of instantons on the Taub-NUT space,
Commun. Math. Phys. 290 (2009) 719 [arXiv:0805.1245] [SPIRES].

S.A. Cherkis, Instantons on the Taub-NUT space, Adv. Theor. Math. Phys. 14 (2010) 609
[arXiv:0902.4724] [SPIRES].

E. Witten, Branes, instantons, and Taub-NUT spaces, JHEP 06 (2009) 067
[arXiv:0902.0948] [SPIRES].

C. Vafa and E. Witten, A strong coupling test of S duality, Nucl. Phys. B 431 (1994) 3
[hep-th/9408074] [SPIRES].

M.R. Douglas and G.W. Moore, D-branes, quivers and ALFE instantons, hep-th/9603167
[SPIRES].

H.S. Yang, Emergent spacetime and the origin of gravity, JHEP 05 (2009) 012
[arXiv:0809.4728] [SPIRES].

J. Lee and H.S. Yang, Quantum gravity from noncommutative spacetime, arXiv:1004.0745
[SPIRES].

J.M. Charap and M.J. Duff, Gravitational effects on Yang-Mills topology,
Phys. Lett. B 69 (1977) 445 [SPIRES].

J.M. Charap and M.J. Duff, Space-time topology and a new class of Yang-Mills instanton,
Phys. Lett. B 71 (1977) 219 [SPIRES].

,34,


http://dx.doi.org/10.1016/0375-9601(77)90386-3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,A60,81
http://dx.doi.org/10.1016/0370-1573(80)90130-1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRPLC,66,213
http://dx.doi.org/10.1007/BF01197188
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA,66,267
http://dx.doi.org/10.1016/0003-4916(79)90282-3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=APNYA,120,82
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JDGEA,29,665
http://arxiv.org/abs/hep-th/9608085
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9608085
http://dx.doi.org/10.1007/s00220-005-1404-8
http://arxiv.org/abs/hep-th/0310084
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0310084
http://arxiv.org/abs/1005.5133
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1005.5133
http://dx.doi.org/10.1016/0550-3213(96)00240-4
http://arxiv.org/abs/hep-th/9601162
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9601162
http://dx.doi.org/10.1007/s00220-009-0863-8
http://arxiv.org/abs/0805.1245
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0805.1245
http://arxiv.org/abs/0902.4724
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.4724
http://dx.doi.org/10.1088/1126-6708/2009/06/067
http://arxiv.org/abs/0902.0948
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.0948
http://dx.doi.org/10.1016/0550-3213(94)90097-3
http://arxiv.org/abs/hep-th/9408074
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9408074
http://arxiv.org/abs/hep-th/9603167
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9603167
http://dx.doi.org/10.1088/1126-6708/2009/05/012
http://arxiv.org/abs/0809.4728
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0809.4728
http://arxiv.org/abs/1004.0745
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1004.0745
http://dx.doi.org/10.1016/0370-2693(77)90841-3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B69,445
http://dx.doi.org/10.1016/0370-2693(77)90782-1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B71,219

[31] M. Bianchi, F. Fucito, G.C. Rossi and M. Martellini, ALE instantons in string effective
theory, Nucl. Phys. B 440 (1995) 129 [hep-th/9409037] [SPIRES].

[32] H. Boutaleb-Joutei, A. Chakrabarti and A. Comtet, Gauge field configurations in curved
space-times. 3. Selfdual SU(2) fields in Eguchi-Hanson space, Phys. Rev. D 21 (1980) 979
[SPIRES].

[33] H. Boutaleb-Joutei, A. Chakrabarti and A. Comtet, Gauge field configurations in curved
space-times. 4. Selfdual SU(2) fields in multicenter spaces, Phys. Rev. D 21 (1980) 2280
[SPIRES].

[34] C.N. Pope and A.L. Yuille, A Yang-Mills instanton in Taub-NUT space,
Phys. Lett. B 78 (1978) 424 [SPIRES].

[35] H. Kim and Y. Yoon, Effects of gravitational instantons on Yang-Mills instanton,
Phys. Lett. B 495 (2000) 169 [hep-th/0002151] [SPIRES].

[36] G.W. Gibbons and S.W. Hawking, Classification of gravitational instanton symmetries,
Commun. Math. Phys. 66 (1979) 291 [SPIRES].

[37] G.W. Gibbons, C.N. Pope and H. Romer, Index theorem boundary terms for gravitational
instantons, Nucl. Phys. B 157 (1979) 377 [SPIRES].

[38] G.W. Gibbons and M.J. Perry, New gravitational instantons and their interactions,
Phys. Rev. D 22 (1980) 313 [SPIRES].

[39] N.P. Buchdahl, Instantons on CP?, J. Diff. Geom. 24 (1986) 19.

[40] E. Witten, Some exact multipseudoparticle solutions of classical Yang-Mills theory,
Phys. Rev. Lett. 38 (1977) 121 [SPIRES].

[41] G. Etesi and T. Hausel, Geometric construction of new Taub-NUT instantons,
Phys. Lett. B 514 (2001) 189 [hep-th/0105118] [SPIRES].

[42] G. Etesi and T. Hausel, New Yang-Mills instantons over multi-centered gravitational
instantons, Commun. Math. Phys. 235 (2003) 275 [hep-th/0207196] [SPIRES].

[43] H. Kim and Y. Yoon, Instanton-meron hybrid in the background of gravitational instantons,
Phys. Rev. D 63 (2001) 125002 [hep-th/0012055] [SPIRES].

[44] H. Kim and Y. Yoon, Yang-Mills instantons sitting on a Ricci-flat worldspace of double
D4-brane, Phys. Rev. D 63 (2001) 126003 [hep-th/0101179] [SPIRES].

[45] Y. Brihaye and E. Radu, On d = 4 Yang-Mills instantons in a spherically symmetric
background, Europhys. Lett. 75 (2006) 730 hep-th/0605111] [SPIRES].

[46] E. Radu, D.H. Tchrakian and Y. Yang, Spherically symmetric selfdual Yang-Mills instantons
on curved backgrounds in all even dimensions, Phys. Rev. D 77 (2008) 044017
[arXiv:0707.1270] [SPIRES].

[47] O. Miskovi¢ and R. Olea, Topological regularization and self-duality in four-dimensional
anti-de Sitter gravity, Phys. Rev. D 79 (2009) 124020 [arXiv:0902.2082] [SPIRES].

[48] M.S. Volkov and D.V. Gal’tsov, Gravitating non-abelian solitons and black holes with
Yang-Mills fields, Phys. Rept. 319 (1999) 1 [hep-th/9810070] [SPIRES].

[49] S.A. Cherkis, Instantons on gravitons, arXiv:1007.0044 [SPIRES].
[50] M. Dunajski, Solitons, instantons and twistors, Oxford University Press, Oxford U.K. (2010).

,35,


http://dx.doi.org/10.1016/0550-3213(94)00552-P
http://arxiv.org/abs/hep-th/9409037
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9409037
http://dx.doi.org/10.1103/PhysRevD.21.979
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D21,979
http://dx.doi.org/10.1103/PhysRevD.21.2280
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D21,2280
http://dx.doi.org/10.1016/0370-2693(78)90476-8
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B78,424
http://dx.doi.org/10.1016/S0370-2693(00)01224-7
http://arxiv.org/abs/hep-th/0002151
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0002151
http://dx.doi.org/10.1007/BF01197189
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=CMPHA,66,291
http://dx.doi.org/10.1016/0550-3213(79)90109-3
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=NUPHA,B157,377
http://dx.doi.org/10.1103/PhysRevD.22.313
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHRVA,D22,313
http://dx.doi.org/10.1103/PhysRevLett.38.121
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PRLTA,38,121
http://dx.doi.org/10.1016/S0370-2693(01)00821-8
http://arxiv.org/abs/hep-th/0105118
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0105118
http://dx.doi.org/10.1007/s00220-003-0806-8
http://arxiv.org/abs/hep-th/0207196
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0207196
http://dx.doi.org/10.1103/PhysRevD.63.125002
http://arxiv.org/abs/hep-th/0012055
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0012055
http://dx.doi.org/10.1103/PhysRevD.63.126003
http://arxiv.org/abs/hep-th/0101179
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0101179
http://dx.doi.org/10.1209/epl/i2006-10191-8
http://arxiv.org/abs/hep-th/0605111
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0605111
http://dx.doi.org/10.1103/PhysRevD.77.044017
http://arxiv.org/abs/0707.1270
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0707.1270
http://dx.doi.org/10.1103/PhysRevD.79.124020
http://arxiv.org/abs/0902.2082
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0902.2082
http://dx.doi.org/10.1016/S0370-1573(99)00010-1
http://arxiv.org/abs/hep-th/9810070
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9810070
http://arxiv.org/abs/1007.0044
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1007.0044

[51] C.H. Taubes, Self-dual connections on manifolds with indefinite intersection matriz, J. Diff.
Geom. 19 (1984) 517.

[52] M. Tsukamoto, An open four-manifold having no instanton, arXiv:1004.3394 [SPIRES].

[53] G.W. Gibbons and S.W. Hawking, Gravitational multi-instantons,
Phys. Lett. B 78 (1978) 430 [SPIRES].

[54] T. Eguchi and A.J. Hanson, Asymptotically flat selfdual solutions to euclidean gravity,
Phys. Lett. B 74 (1978) 249 [SPIRES].

[65] MLF. Atiyah and N.J. Hitchin, Low-energy scattering of nonabelian monopoles,
Phys. Lett. A 107 (1985) 21 [SPIRES].

[56] A. Hanany and B. Pioline, (Anti-)instantons and the Atiyah-Hitchin manifold,
JHEP 07 (2000) 001 [hep-th/0005160] [SPIRES].

[57] C.P. Boyer and J.D. Finley, III, Killing vectors in selfdual, euclidean FEinstein spaces,
J. Math. Phys. 23 (1982) 1126 [SPIRES].

[58] J.J. Oh and H.S. Yang, FEinstein manifolds as Yang-Mills instantons, arXiv:1101.5185
[SPIRES].

[59] D. Anselmi, M. Bill6, P. Fré, L. Girardello and A. Zaffaroni, ALFE manifolds and conformal
field theories, Int. J. Mod. Phys. A 9 (1994) 3007 [hep-th/9304135] [SPIRES].

[60] H.S. Yang, Emergent geometry and quantum gravity, Mod. Phys. Lett. A 25 (2010) 2381
[arXiv:1007.1795] [SPIRES].

[61] M. Salizzoni, A. Torrielli and H.S. Yang, ALE spaces from noncommutative U(1) instantons
via exact Seiberg- Witten map, Phys. Lett. B 634 (2006) 427 [hep-th/0510249] [SPIRES].

[62] H.S. Yang and M. Salizzoni, Gravitational instantons from gauge theory,
Phys. Rev. Lett. 96 (2006) 201602 [hep-th/0512215] [SPIRES].

[63] H.S. Yang, Instantons and emergent geometry, Europhys. Lett. 88 (2009) 31002
[hep-th/0608013] [SPTRES].

[64] H.S. Yang, Noncommutative electromagnetism as a large-N gauge theory,
Eur. Phys. J. C 64 (2009) 445 [arXiv:0704.0929] [SPIRES].

,36,


http://arxiv.org/abs/1004.3394
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1004.3394
http://dx.doi.org/10.1016/0370-2693(78)90478-1
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B78,430
http://dx.doi.org/10.1016/0370-2693(78)90566-X
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,B74,249
http://dx.doi.org/10.1016/0375-9601(85)90238-5
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=PHLTA,A107,21
http://dx.doi.org/10.1088/1126-6708/2000/07/001
http://arxiv.org/abs/hep-th/0005160
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0005160
http://dx.doi.org/10.1063/1.525479
http://www-spires.slac.stanford.edu/spires/find/hep/www?j=JMAPA,23,1126
http://arxiv.org/abs/1101.5185
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1101.5185
http://dx.doi.org/10.1142/S0217751X94001199
http://arxiv.org/abs/hep-th/9304135
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/9304135
http://dx.doi.org/10.1142/S0217732310034067
http://arxiv.org/abs/1007.1795
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=1007.1795
http://dx.doi.org/10.1016/j.physletb.2006.01.072
http://arxiv.org/abs/hep-th/0510249
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0510249
http://dx.doi.org/10.1103/PhysRevLett.96.201602
http://arxiv.org/abs/hep-th/0512215
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0512215
http://dx.doi.org/10.1209/0295-5075/88/31002
http://arxiv.org/abs/hep-th/0608013
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=HEP-TH/0608013
http://dx.doi.org/10.1140/epjc/s10052-009-1117-9
http://arxiv.org/abs/0704.0929
http://www-spires.slac.stanford.edu/spires/find/hep/www?eprint=0704.0929

	Introduction
	Yang-Mills instantons on riemannian manifold
	Gravitational instantons
	Yang-Mills instantons from gravitational instantons
	Gibbons-Hawking metric
	Taub-NUT metric
	Eguchi-Hanson metric
	Atiyah-Hitchin metric
	Real heaven
	Euclidean Schwarzschild solution

	Topological invariants
	Taub-NUT space
	Eguchi-Hanson space
	Euclidean Schwarzschild solution
	Topological invariant of Yang-Mills instantons

	Discussion

