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Abstract: We calculate entanglement entropy in a non-relativistic field theory described

by the Schrödinger operator. We demonstrate that the entropy is characterized by i) the

area law and ii) UV divergences that are identical to those in the relativistic field theory.

These observations are further supported by a holographic consideration. We use the

non-relativistic symmetry and completely specify entanglement entropy in large class of

non-relativistic theories described by the field operators polynomial in derivatives. The

entropy of interacting fields is analyzed in some detail. We suggest that the area law of the

entropy can be tested in experiments with condensed matter systems such as liquid helium.
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Introduction. Entanglement entropy of a field system is defined by tracing over modes

that reside inside a chosen surface Σ [1, 2]. If the total system is characterized by a

pure quantum state the subsystem inside the surface is described by a density matrix

ρ̂ with the von Neumann entropy S = −Trρ̂ ln ρ̂ known as entanglement entropy (see

recent reviews [3, 4] and references therein). This entropy is non-vanishing provided there

are short-distance correlations in the system. The presence of such correlations has two

consequences: a) entanglement entropy is determined by geometry of the surface Σ, to

leading order by the area of Σ and in higher orders by intrinsic and extrinsic geometry of

Σ, see [5, 6]; and b) the entropy is UV divergent. In d space-time dimensions, for a field

system described by a relativistic wave equation, one finds that

S ∼ N
Area(Σ)

ǫd−2
. (1)

The exact coefficient of proportionality in (1) depends on the regularization scheme, N

is the number of field species. Entanglement entropy has been actively studied in the

literature. The main focus has been made on the relativistic field systems and especially

the conformal field theories. In the latter case a holographic description of entanglement

entropy has been proposed that suggests an alternative way to compute the entropy in the

strongly coupled conformal field theory dual to supergravity on anti-de Sitter space-time [4].

The definition of entanglement entropy is applicable to any system that has a quantum

mechanical description and does not necessarily tie to the Lorentz symmetry. A typical

example considered in the literature is a finite system of coupled non-relativistic oscilla-

tors [1, 2]. The Hamiltonian of this system is quadratic in momenta. The continuous

limit then reproduces a relativistic field described by the Klein-Gordon operator which is

quadratic in time derivative. The primary purpose of the present note is to compute the

entanglement entropy for a field system described by the Schrödinger field operator linear

in time derivative. The field system in this case can not be presented as a collection of

harmonic oscillators. Nevertheless, as we show below, the structure of the entropy in this

case is essentially identical to the one in a relativistic field theory.

The AdS/CFT correspondence can be generalized to non-relativistic conformal field

theories [7, 8] (for an earlier work see [9]), see also [10]. These theories describe the

“fermions at unitarity”. In a wider context the non-relativistic theories effectively describe

many realistic systems well studied experimentally and theoretically in condensed matter,

liquid helium He4 is the standard example. Our results thus are applicable to these systems

too.

The field models with the broken Lorentz symmetry are sometimes considered as UV

completions of otherwise non-renormalizable relativistic effective theories, e.g. the General

Relativity. We anticipate that our results can be extended to those theories.

The replica method. Before proceeding we remind the technical method very useful

for calculation of entanglement entropy. This method is known as the replica method,

see ref. [11]. One first observes that −Trρ̂ ln ρ̂ = (α∂α − 1)Trρα|α=1, where ρ̂ = ρ
Trρ is

the renormalized density matrix. The next observation is that for the density matrix

obtained by tracing over modes inside the surface Σ we have that − lnTrρα = W [α],
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where W [α] = − lnZ(α) and Z(α) is the partition function of the field system in question

considered on Euclidean space with a conical singularity at the surface Σ. Thus one has that

S = (α∂α − 1)W (α)|α=1 . (2)

One chooses the local coordinate system {Xµ = (τ, xi)}, where τ is Euclidean time, such

that the surface Σ is defined by conditions τ = 0, x1 = 0 and (x2, . . . , xd) are the coordinates

on Σ. In the subspace (τ, x1) it is convenient to choose the polar coordinate system τ =

r sin(φ) and x1 = r cos(φ) where angular coordinate φ changes in the limits 0 ≤ φ < 2π.

The conical space in question is then defined by making the coordinate φ periodic with the

period 2πα, where (1 − α) is very small.

In order to calculate the effective action W (α) we use the heat kernel method. For man-

ifolds with conical singularities this method was earlier developed in great detail in [12, 13].

Consider a quantum bosonic field described by a field operator D so that Z = det−1/2 D.

Then the effective action is defined as

W = −1

2

∫

∞

ǫ2

ds

s
TrK , (3)

where ǫ is an UV cut-off, is expressed by means of the trace of the heat kernel K(X,X ′, s) =

〈X|e−sD|X ′〉 satisfying the heat kernel equation

(∂s + D)K(X,X ′, s) = 0 ,

K(X,X ′, s = 0) = δ(X,X ′) . (4)

In the Lorentz invariant case the heat kernel K(φ, φ′, s) (where we skip the coordinates

other than angle φ) on regular flat space depends on the difference (φ−φ′). The heat kernel

Kα(φ, φ, s) on space with a conical singularity is then constructed from this quantity by

applying the Sommerfeld formula [14]

Kα(φ, φ′, s) = K(φ− φ′, s)

+
ı

4πα

∫

Γ
cot

w

2α
K(φ− φ′ + w, s)dw . (5)

The contour Γ consists of two vertical lines, going from (−π+ ı∞) to (−π− ı∞) and from

(π− ı∞) to (π−+ı∞) and intersecting the real axis between the poles of the cot w
2α : −2πα,

0 and 0, +2πα respectively. For α = 1 the integrand in (5) is a 2π-periodic function and

the contributions of these two vertical lines cancel each other. Thus, for a small angle

deficit the contribution of the integral in (5) is proportional to (1 − α).

The Laplace operator. In d space-time dimensions, for a relativistic theory described

by the massless Klein-Gordon operator or, in Euclidean signature, by the Laplace operator

∇2 = ∂2
τ +

∑d−1
i=1 ∂

2
i , where τ is Euclidean time, the heat kernel is known exactly

K(τ, τ ′, x, x′, s) =
1

(4πs)d/2
e−

1
4s

[(τ−τ ′)2+
P

i(xi−x′

i)
2] (6)
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We take (d − 2)-surface Σ to be the plane defined by equations x1 = 0, τ = 0 so that

(x2, x3, . . . , xd) are coordinates on Σ. In the polar coordinate system τ = r sinφ and x1 =

r cosφ we have for two points (r, φ) and (r, φ′) that (τ − τ ′)2 + (x1 −x′1)
2 = 4r2 sin2(φ−φ′

2 ).

The trace is defined as TrKα =
∫

dd−2xi

∫

∞

0 dr r
∫ 2πα
0 dφKα(φ = φ′, r′ = r, xi = x′i, s).

For the contour integral Γ we find that [12, 13]

C2(α) ≡ ı

8πα

∫

Γ
cot

w

2α

dw

sin2 w
2

=
1

6α2
(1 − α2) . (7)

Thus one obtains for the trace of the heat kernel ([12, 13])

TrKα =
1

(4πs)d/2
(αV + s 2παC2(α)A(Σ)) , (8)

where V =
∫

dτdd−1x is the volume of spacetime and A(Σ) =
∫

dd−2x is the area of surface

Σ, and

S(d) =
2

3(d− 2)

π

(4π)d/2

A(Σ)

ǫd−2
(9)

for entanglement entropy in d space-time dimensions

The Euclidean Schrödinger operator. We consider a non-interacting system de-

scribed by a non-relativistic field operator D = −2im∂t −
∑d−1

i=1 ∂
2
i . Written in this form

the Schrödinger operator D can be viewed as a reduction of the massless Klein-Gordon

operator in d+1 dimensions 2∂ξ∂t −∂2
i after projecting onto the space of fixed momentum

∂ξ = −im as described in [7–9]. The Euclidean Schrödinger positive operator is further

defined as

DE = 2m
√

−∂2
τ − ∂2

i , (10)

which is formally obtained by a double analytic continuation t→ iτ , m→ −im. The heat

kernel of this operator is a product of the heat kernels of two operators

e−sDE = e−s2m
√

−∂2
τ · e−s(−∂2

i ) .

The heat kernel of the (d − 1)-dimensional Laplace operator ∂2
i is given by expression

similar to (6). As for the heat kernel of the first order operator 2ım∂τ it is convenient first

to Laplace transform [15] it to the heat kernel of the second order operator −∂2
τ ,

e−s2m
√

−∂2
τ =

∫

∞

0
dσ

m√
π

s

σ3/2
e−

s2m2

σ e−σ(−∂2
τ ) (11)

and then use expression of the type (6) for the heat kernel of operator −∂2
τ . Switching to

the polar coordinates (r, φ), τ = r sinφ, x1 = r cosφ, we find for the heat kernel function

of two points characterized by different angular coodinates φ and φ′ (r′ = r, x′i = xi),

〈φ′|e−tDE |φ〉 =
2ms2

(4πs)
d+1
2

∫

∞

0

dσ

σ2
e−(sm)2/σe−r2 sin2 χ

2
( 1
σ

cos2 ψ

2
+ 1
s

sin2 ψ
2
) , (12)
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where we introduced χ = (φ− φ′) and ψ = (φ′ + φ).

The kernel now depends on two angular variables ψ and χ. This is a consequence

of the absence of the Lorentz symmetry. Constructing the heat kernel on space with a

conical singularity we have to make the heat kernel to be periodic function of both angles,

χ and ψ, with the period 2πα. We are however interested in the result to leading order

in (1−α). The Sommerfeld formula applied to the angular coordinate χ already gives the

term proportional to (1 − α). Thus, it is sufficient to apply the formula (5) only to the

angular coordinate χ and consider the other angular variable ψ as periodic with the period

2π. Calculating the trace one thus first replaces χ by χ+ w, takes φ′ = φ, integrates over

φ from 0 to 2π and then applies formula (5) to w. Using the integral

∫ 2π

0
dφ

∫

∞

0
drre−r2 sin2 w

2
( 1
σ

cos2 φ+ 1
s

sin2 φ) =
π
√
sσ

sin2 w
2

and
∫

∞

0 dσσ−νe−(sm)2/σ = (sm)2(1−ν)Γ(ν − 1) and formula (7) we arrive at the expression

for the trace of the heat kernel

Tre−sDE =
2m−1αV

(4πs)
d+1
2

+
s

(4πs)
d
2

2πC2(α)A(Σ) , (13)

valid up to terms of order (1 − α)2. We see that the volume part of the trace of the heat

kernel has the dependence on the proper time s typical for the heat kernel of the Laplace

operator in (d+ 1) dimensions. This seems to be consistent with the way we obtained the

Schrödinger operator as a reduction from the Klein-Gordon operator in (d+1) dimensions.

On the other hand, rather surprisingly, to leading order in (1 − α) the surface term

in (13) is precisely identical to the surface term in the heat kernel of the d-dimensional

Laplace operator (8). The entanglement entropy in a non-relativistic theory in any dimen-

sion d is thus given by the same formula (9) as in the case of a real scalar field described

by the Lorentz invariant Laplace operator. In four space-time dimensions we hence obtain

S(d=4) =
A(Σ)

48πǫ2
. (14)

In usual signature the non-relativistic field is naturally described by a complex function.

For a complex field everything we have just calculated then should be multiplied by 2.

The fact that the entropy does not depend on the mass parameter m has a simple

explanation. The operator DE is invariant under the rescaling τ → βτ , m → β m. Note

that both terms in (13) are invariant under this rescaling. Since the entropy is not supposed

to be a function of τ (or t in the usual signature) it is not a function of m either.

A holographic consideration. Recently there have been proposed some dual gravity

descriptions of non-relativistic systems. In this note we use the approach suggested in [10].

As an example we consider 5-dimensional geometry described by metric

ds2 = L2

(

dr2

r2
+

1

r2

3
∑

i=1

dx2
i −

dt2

r2z

)

, (15)
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which is invariant under the scale transformations

t→ λzt, xi → λxi, r → λr . (16)

For z = 2 these are also the symmetries of the Schrödinger operator D. Thus, one expects

that (for z = 2) the metric (15) gives us a gravity description of the non-relativistic system.

For z = 1 metric (15) is the anti-de Sitter metric which has larger symmetry SO(4, 2). In

this case the AdS/CFT correspondence is at work with a precise dictionary of translation

between the quantum field theory and the gravity descriptions.

In the AdS/CFT correspondence it is known that entanglement entropy has a holo-

graphic gravity description (for a recent review see [4]). The entropy is defined in the

quantum theory living on the boundary of the 5-dimensional space-time (15). Since the

geometric quantities are usually divergent when extended till the boundary one considers

a regularized boundary at r = ǫ. According to the AdS/CFT dictionary, ǫ plays the role

of the UV regulator on the field theory side. For a given 2d-surface Σ on the regularized

boundary consider a minimal 3d-surface γ such that it lies entirely on the slice t = const

and ∂γ = Σ. According to the holographic proposal the quantity

Shol =
Area(γ)

4G5
, (17)

computed on the gravity side with Newton’s constant G5, is identical to entanglement

entropy computed for the quantum fields defined on the 4d-boundary of the space-time (15).

The correspondence is easily established for the UV divergent part of the entropy as soon

as we note that

Area(γ) =
L3

2ǫ2
A(Σ) + . . . , (18)

where . . . stands for the subleading terms. Moreover, in the AdS/CFT correspondence one

has a relation

πL3

2G5
= N , (19)

where N is the number of fields (species) in the boundary theory. In fact, the theory on

the boundary is a SU(n) Yang-Mills theory, n =
√
N is the number of colors. Thus, using

the holographic proposal one obtains

Shol = N
A(Σ)

4πǫ2
, (20)

which is the right expression for entanglement entropy of N relativistic fields in four space-

time dimensions. (Note that the holographic UV regulator ǫ is not identical to the proper

time regulator ǫ appearing in the heat kernel calculation.)

We now notice that the induced metric on a slice of constant t of (15) does not de-

pend on the parameter z. Thus, for a given surface Σ on the regularized boundary the

minimal surface γ and its area are the same for any value of z. Assuming that the holo-

graphic description of entanglement entropy can be extended to other values of z we ob-

tain that the entropy then is still proportional to the area of Σ and is UV divergent in
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the same way as for the relativistic fields. For z = 2 the theory on the boundary is a

non-relativistic theory described by the Schrödinger operator. The holographic description

thus is consistent with our direct calculation of entanglement entropy in a field theory with

the Schrödinger operator.

Furthermore, from the fact that neither of the quantities that appear in (17) depends

on z it is natural to conclude that relation (19) still holds for value z = 2 so that N in this

case is the number of degrees of freedom in the non-relativistic theory. The holographic

formula (20) then is consistent with the findings in this note: N non-relativistic fields

produce same entanglement entropy as N relativistic fields. Clearly, this statement and

the equation (20), can be extended to any dimension d. We note that in higher dimension d

entanglement entropy is given by expression (9) (the exact numerical prefactor may depend

on the regularization scheme) and is invariant under the scale transformations (16). For

z = 3
2 the holographic entropy was earlier calculated in [16] and agrees with our result.

We also note that the invariance under transformations (16) with λ = 2 helps to

understand the structure of the heat kernel (13). Under (16) the proper time s rescales in

the same manner as r2, s→ λ2s. Since the volume V changes as V → λd+1V one needs s
d+1
2

in the denominator of the volume term in (13) for the invariance under transformations (16).

Finally we note that in the holographic description [7, 8] of the non-relativistic con-

formal field theories the metric on the gravity side contains a null circle. This may seem

to make more difficult the holographic interpretation of entanglement entropy in this case.

However, we observe that the induced metric on the slice t = const in the gravity de-

scription of [7, 8] is identical to that of in metric (15) so we expect that the holographic

description of entanglement entropy considered in the present paper can be extended to

the conformal case as well. This however requires a separate more careful consideration.

The interacting fields. So far we have considered the non-relativistic fields without

interaction. The holography is however supposed to describe a strongly coupled field sys-

tem. In order to check the holographic predictions we have to introduce interaction. The

interaction can be included by adding a potential term
∫

ddxV (ϕ) to the classical action,

here ϕ = {ϕi , i = 1, . . . , N} is a set of fields in question.

In the one-loop approximation one splits ϕ = ϕc + ϕq, where ϕc is the classical back-

ground field and ϕq is the quantum field. The integration over ϕq then reduces to calcula-

tion of the functional determinant of operator DE +M2(ϕc), where M2
ij = ∂2

ijV (ϕc). The

heat kernel of this operator is the product e−sDE · e−sM2
. Using the already calculated

trace (13) we obtain for the entropy of interacting fields in d dimensions

S(d) =
A(Σ)

12(4π)
d−2

2

Tr

[

Md−2Γ

(

1 − d

2
,M2ǫ2

)]

, (21)

where we used that
∫

∞

ǫ2 s
−d/2e−M2s = Γ(1 − d

2 ,M
2ǫ2). Using the asymptotic behavior

Γ(−α, x) = α−1x−α + . . ., we find that the leading UV divergence of the entropy (21) is

again (multiplied by N) (9) and is thus not affected by the presence of the interaction in

the action. This universal behavior is consistent with the holographic calculation. As we

have seen, the holography predicts that the leading UV term in the entropy (20) is the
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same as for free fields. The interaction however shows up in the sub-leading UV divergent

and UV finite terms. For instance, in four dimensions we find

S =
A(Σ)

48π

(

N

ǫ2
+ Tr[M2(γ − 1 + ln(ǫ2M2))]

)

(22)

valid both in relativistic and non-relativistic cases. The second term in (22), depending

on the potentieal V (ϕ), may contain the terms subleading in N . The matrix M2 in (22)

depends on the (constant) background field ϕc so that one may apply the renormalization

technique similar to one developed in [17] for cosmic strings. We also notice the earlier

work on entanglement entropy in relativistic O(N) model [18, 19].

Polynomial field operators, symmetry and the entropy. The symmetry argument

helps to obtain the general structure of the entropy in the case when the non-relativistic

theory is described by a polynomial field operator

DP = −∂2
τ +m2(1−n)(−∂2

i )n . (23)

The heat operator (∂s + DP ) in this case is invariant under the transformations

xi → λxi , τ → λnτ , s→ λ2ns ,

and xi → βxi , m→ β
n

1−n m . (24)

The trace of the heat kernel then should have the form

Trαe
−sDP = a

m
(d−1)(n−1)

n

s
d+n−1

2n

αV + bC2(α)

(

mn−1

s1/2

)
d−2
n

A(Σ) , (25)

which is invariant under (24), where a and b are some constants which may depend on n

and d. Entanglement entropy in a quantum field theory described by the polynomial field

operator (23) is

S ∼
(

mn−1

ǫ

)
d−2
n

A(Σ) . (26)

For n > 1 the UV divergence of entanglement entropy becomes milder than in the rela-

tivistic case (1).

Conclusions. Entanglement entropy is determined by the short-distance correlations in

the field system. That’s why it is surprising that the non-relativistic theory is characterized

by the same entropy as a relativistic field theory although the short-distance behavior of

two theories is different. (Indeed, in d dimensions the equal time correlation function is

1/|x|d−2 for a relativistic scalar field and δ(x) for a non-relativistic field.) In the present

note we have demonstrated this by a direct calculation of entanglement entropy using the

replica method and by extending the holographic description of entanglement entropy to

the non-relativistic theories which have dual gravity descriptions. The agreement between

two methods, in particular, indicates that the holographic description of entanglement

entropy should have wider applications.
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The fact that we have the area law in the non-relativistic case may have some interest-

ing consequences. In particular, the area law could be checked experimentally. One would

have to prepare a pure state in a condensed matter system available at the laboratory and

then arrange a situation when part of the system is “hidden” for observations. This may

be yet another way to find in condensed matter the features typical for black holes, the

analog of the Hawking radiation [20] is the well known other example.

This paper is based on the talk which the author gave at “Symétries non relativistes:

théorie mathématique et applications physiques”, Tours, 23-24 juin 2009. The helpful

discussions with A. Barvinsky, D. Fursaev, O. Lysovyi are kindly acknowledged.
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Attribution Noncommercial License which permits any noncommercial use, distribution,

and reproduction in any medium, provided the original author(s) and source are credited.
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