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ABSTRACT: By studying the effect of the O(a’®) string theory corrections to type IIB
supergravity, including those corrections involving the Ramond-Ramond five-form field
strength, we obtain the corrected equations of motion of an Abelian perturbation of the
AdSs-Schwarzschild black hole. We then use the gauge theory/string theory duality to
examine the coupling-constant dependence of vector current correlators associated to a
gauged U(1) sub-group of the global R-symmetry group of strongly-coupled N = 4 super-
symmetric Yang-Mills theory at finite temperature. The corrections induce a set of higher-
derivative operators for the U(1) gauge field, but their effect is highly suppressed. We
thus find that the O(a’3) corrections affect the vector correlators only indirectly, through
the corrected metric. We apply our results to investigate scattering off a supersymmetric
Yang-Mills plasma at low and high energy. In the latter regime, where Deep Inelastic
Scattering is expected to occur, we find an enhancement of the plasma structure functions

in comparison with the infinite 't Hooft coupling result.
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1 Introduction

The gauge theory /gravity duality [1-4] is a powerful tool that may hold the key to unlocking
the mysteries of strongly-coupled field theory. Although the applicability of the duality has
so far been limited to theories with a high degree of symmetry, it is nonetheless important to
understand the strong-coupling regime of these theories fully, as they share many features
with QCD. A very important and phenomenologically relevant example of a system which
can be studied using the AdS/CFT correspondence is the quark-gluon plasma (QGP). This
system, which can be obtained as a result of the collision of two heavy nuclei, such as those
collisions achieved at RHIC, has shown tantalizing hints of ideal hydrodynamic behaviour

(for some review articles see [5-11]).



On the other hand, if one applies the gauge theory/string theory duality to calculate
the hydrodynamic properties of the large N limit of an N' = 4 supersymmetric Yang-Mills
plasma with gauge group SU(N), one finds results that may be close to those measured
for the QGP [5]. A lot of attention has therefore been devoted to the study of the various
transport coefficients of supersymmetric plasma in the hydrodynamic regime, in an effort
to more accurately model the behaviour of the quark-gluon plasma studied at RHIC. This
programme of approaching the real-world QGP using AdS/CFT techniques requires taking
into account many non-trivial aspects, such as the fact that the QGP contains fundamental
quarks, whereas N' = 4 supersymmetric Yang-Mills theory only has fields in the adjoint
representation of the gauge group. Another major ingredient that must be included is going
beyond the infinite 't Hooft parameter limit, as the QGP is governed by large yet finite
coupling. On the supergravity side, this corresponds to adding string-theoretic higher-
curvature corrections to the gravitational background.

The hydrodynamic regime describes the behaviour of plasma at distance scales > 1/T,
where T is the temperature of the plasma. One may choose to study plasma in the opposite
regime, namely for distance scales < 1/7T', by using a different physical probe. One can
deduce many useful properties of plasma by considering its response to a hard probe, such
as a photon or a parton. In this work we are concerned with Deep Inelastic Scattering (DIS)
in strongly-coupled N/ = 4 supersymmetric plasma at finite 't Hooft coupling. As is well-
known, DIS is a key process for investigating hadronic structure. A lepton scatters from
a hadron through the emission of a virtual photon with four-momentum ¢*. This photon
then probes the hadron structure at distances of order \/ 1/¢?, thus giving us valuable
information about the distribution of momenta amongst the various partons comprising the
hadron. The relevant quantity for studying deep inelastic scattering is the matrix element
of two electromagnetic currents inside the hadron. In particular, the hadronic tensor is
defined in terms of structure functions which can be extracted from the imaginary part of
the two-point function of the electromagnetic current.

There are two distinct regimes for this process, separated by the coupling strength of
the theory. At weak coupling the appropriate description is given by perturbative QCD.
The operator product expansion of the current-current correlator is dominated by twist-two
operators in the perturbative regime. On the other hand, at strong coupling, the operator
product expansion is dominated by double trace operators, and the process can be studied
using the gauge/string theory duality [12].

The situation for plasma is different but entirely analogous to that of scattering off
a single hadron. One may now view the scattering as taking place off “quasiparticles”
which constitute the plasma. Clearly, a knowledge of the structure functions governing
this process yields valuable information on the dynamics of plasma in an important regime
which is not probed in the hydrodynamic limit. In particular, deep inelastic scattering
in N' = 4 SYM plasma at infinite 't Hooft coupling has been reported in several recent
articles [13-21]. In the holographic dual description, finite 't Hooft coupling corrections
to the structure functions of an N/ = 4 SYM plasma can be investigated by considering
the effect of higher-curvature terms on the vector fluctuations of the metric. This is the
subject of the present article.



So far, the community has focussed a lot of its effort on finite 't Hooft coupling cor-
rections to the transport properties of plasma in the hydrodynamic regime (see for in-
stance [22-31]). Such transport properties include the shear viscosity and the mass-density
diffusion constants, both of which can be obtained by studying tensor fluctuations of the
supergravity metric with higher-curvature corrections. One the other hand, the vector fluc-
tuations of the metric yield quantities such as the charge diffusion and conductivity. The
finite coupling corrections to these quantities have been considered so far only for the cases
where the additional curvature terms have been of mass-dimension four and six. The case
of N = 4 supersymmetric Yang-Mills plasma, where the stringy corrections are known, and
are found to yield dimension eight operators, has not been considered. Therefore, the for-
malism we develop below for computing the effect of these dimension eight corrections on
the vector fluctuations, can be applied to the computation of the charge conductivity and
diffusion constants for N' = 4 supersymmetric Yang-Mills plasma with 't Hooft coupling
corrections. In this paper, we are not concerned with the hydrodynamic regime, choosing
instead to focus on the effect of the finite coupling corrections on the structure functions of
the plasma. We will consider the effect of the corrections on the charge transport properties
in a future work [32].

Let us define the premise of the paper more carefully. We investigate the full effect
of the O(a’?) string theory corrections to the retarded correlators of the vector currents
associated with a gauged U(1) sub-group of the global R-symmetry group of N' = 4
supersymmetric YM theory. This allows us to compute the structure functions Fy with
s = 1,2 of a strongly-coupled N/ = 4 supersymmetric YM plasma with gauge group SU(V)
for finite values of the 't Hooft coupling. The structure functions are extracted from the
imaginary part of the retarded current-current commutator

Rul) =i / dhz e O (o) < [J(x), Jy(0)] >, (1.1)

where ©(x¢) is the Heaviside function, while J,(x) is the conserved current associated
with the gauged U(1) subgroup mentioned above. The expectation value is understood as
a thermal average over the statistical ensemble of an A/ = 4 SYM plasma at temperature 7T
It is assumed that in this plasma the tensor R, (¢) plays an analogous role as the hadronic
tensor does in deep inelastic scattering off a single hadron. In that case, the imaginary part
of the hadronic tensor allows us to extract the structure functions of the hadron, which in
perturbative QCD describe the partonic nature of the hadron.

The tensor structure of the retarded current-current commutator can be derived from
two properties: J,(x)-current conservation and R, (q) = R,.(—q), so that

qu9v n- qudv
Ru(q) = <77;w - ) Ry + [nunv - QQq(anV+anM) + Pl (n-q)?| Ry, (1.2)

Q? (@%)?
where the flat four-metric 7, is chosen with mostly plus signature (—1,1,1,1), while n*
is the plasma four-velocity and Q? is the virtuality, defined as Q? = ¢> — w?. In the
plasma rest frame n* = (1,0,0,0). We have also defined ¢* = (w, 0,0, ¢) as the momentum
transfer. Thus, ¢ - n = —w and this is a negative quantity.



We define the DIS plasma structure functions as follows

1

Fi(zp,Q%) = o ImR, (x5, Q?), (1.3)
and ( )
_ —\n-q 2

F %)= I : 1.4
Z(wB7Q ) 0T mRQ(xBaQ ) ( )

Notice that we have defined a new Bjorken variable which involves the temperature

2 2

rp — — Q = Q . (1.5)

2(¢-n)T 2T

This paper has two main results: the first is that the 't Hooft coupling corrections to
the retarded current-current correlators for the electromagnetic U(1) group enhance the
plasma structure functions. This is the physical result of the formalism developed below,
as far as DIS is concerned.

On a more formal level, at distance scales < 1/T', the computations reported here
imply that the higher-curvature O(a/?) operators affect the on-shell action of the vector
perturbations only through the correction to the metric. This applies to the full set of cor-
rections involving the metric and the Ramond-Ramond five-form field strength appearing
in type IIB supergravity. We show below that the corrections to the Maxwell equations
due to these terms only appear at very high powers of the radial coordinate u, so that their
effect vanishes at the boundary v — 0.

The paper is organized as follows. In section 2 we briefly describe the basic action and
metric setup for the computation of the retarded current-current correlators at infinite
't Hooft coupling. In section 3 we study the string theory corrections to the metric,
introducing also the ansatz for the vector fluctuations of the ten-dimensional metric and
the Ramond-Ramond five-form field strength. In section 4 we perform a detailed study of
the contributions of the type IIB string theory action at O(a/3) which contain the Ramond-
Ramond five-form field strength. In section 5 we derive the Maxwell equations for vector
fluctuations with the O(a’3) corrected metric. We then consider deep inelastic scattering
and explicitly show the enhancement of the longitudinal and transverse plasma structure
functions due to the mentioned string theory corrections. In the conclusions presented in
section 6 we discuss our results. The full expression of the C* term when vector fluctuations
are included is presented in appendix A. In appendix B we provide a detailed analysis of
the equations of motion, along with the subtleties arising from the higher derivative terms
introduced by the higher-curvature corrections to the gauge field action. In appendices C
and D we give details of how to solve the equations of motion with finite 't Hooft coupling
corrections for the high and low energy regimes respectively. For the later case the physical
interpretation is a multiple scattering series.

2 Infinite 't Hooft coupling

At infinite 't Hooft coupling, the string theory holographic dual to finite-temperature N’ = 4
SYM theory is the AdS-Schwarzschild black hole solution with a five-sphere as the internal



space. This is a solution of type IIB supergravity with only the leading curvature terms,
namely the Einstein-Hilbert action coupled to the dilaton and the five-form field strength:

! / A% V-G | Ryg — (8¢)* —
2/4%0 1079

1

510 = 4.5!

(F5)*] . (2.1)
It is easy to check that the solution of this system for a constant dilaton and N units of
five-form flux through the five-sphere is given by the metric
(7T R)* R?

(—f(w)dt* + d?) +

2 _
ds” = u 4u? f (u)

du® + R*dO3 (2.2)
where f(u) = 1 — u? and R is the radius of the AdSs and the five-sphere. In these
coordinates the AdS-boundary is at w = 0 while the black hole horizon is at v = 1. We
denote the AdSs coordinates by the indices m, where m = {(1x = 0,1,2,3),5}.

The AdS/CFT correspondence stipulates that supergravity fields are dual to certain
field-theory operators. In this work we are concerned with the conserved current .J,(x)
associated with a gauged U(1) subgroup of the SU(4) R-symmetry group possessed by
the N =4 SYM theory [33]. The supergravity field corresponding to J,(z) is the s-wave
(massless) mode of the vector fluctuation about the background of eq. (2.2). More precisely,
we introduce off-diagonal fluctuations G, of the metric, where a is an index on the five-
sphere, and plug this fluctuating metric into the ten-dimensional action eq. (2.1), making
sure that we are picking a specific Abelian subgroup [34, 35]. We employ the following
ansatz for the perturbed metric [35-37], for a general case which includes the black brane
metric with obvious substitutions, where we have imposed that the internal metric is the
five-sphere

4
ds* = | gmn + 3R2 Ap Ay, | de™dz"™ + R? dQ2

4
+  R? (sim2 y1 dys + cos® y1 sin® yo dyy + cos? y1 cos? o dy5) Ay dx™ . (2.3)

V3

We write the metric of the unit five-sphere as dQ% where
dQ% = dy% + cos?y; dy% + sin? ¢ dyg, + cos? y; sin® yo dyi + cos?y; cos® yo dyg .

Also, we use the reduction ansatz for the five-form field strength F5 = G5 + %G5, where:

4 R[S,
5 R /3 ZZ1 i o P (2.4)

while F5 = dA is the Abelian field strength and €5 is the volume form of the five-dimensional
metric of the AdS-Schwarzschild black hole. The Hodge dual * is taken with respect to
the ten-dimensional metric, while * denotes the Hodge dual with respect to the 5D metric
piece of the black hole. In addition

p1 = siny, H2 = COS Y1 sinys, i3 = COS Y1 COS Y2, (2.5)

b1 =13, b2 = Ya, ¢3 =15 . (2.6)



Inserting the above ansdtze for the type IIB supergravity fields into the zeroth-order super-
gravity action of eq. (2.1) and discarding all the higher (massive) Kaluza-Klein harmonics
of the five-sphere, we are then left with the following action for the zero-mode Abelian
gauge field A,;,:

N2
S = ~ 642 R /d4m du/—g g™ g™ Fp Fpq, (2.7)

where the Abelian field strength is F,,,,, = OmAn — Op A, the partial derivatives are 9, =
0/0z™, while ™ = (t, &, u), with ¢ and & = (21, x2, x3) refer to the Minkowski coordinates,
and g = det(gmn ), where the latter is the metric of AdS-Schwarzschild black hole.

The equations of motion derived from the above action are just the Maxwell equations
for the bulk five-dimensional Abelian gauge fields A,, on the AdS-Schwarzschild spacetime
eq. (2.2). By studying the bulk solutions of these equations subject to certain boundary
conditions that we will specify shortly, we can obtain the retarded correlation functions [38,
39] of the operator J,(z). At the level of this section, these correlators would pertain to
the infinite 't Hooft coupling limit. Our aim is to obtain the leading coupling-constant

dependence of these correlators. We now describe how this is achieved.

3 The O(a’®) string theory corrections

We would like to derive the leading order o/-corrected action for the vector fluctuations
of the metric. The higher-curvature corrections on the supergravity side correspond to
finite-coupling corrections in the field theory. In other words, for any given field-theoretic
observable O, we can write a series Og+O1/\" +- - -, where A is the 't Hooft coupling, and
nq is a positive number which indicates that the lowest order correction to the result at infi-
nite coupling Oy need not begin at order one. The inclusion of higher-derivative corrections
to the supergravity must take place at the level of the ten-dimensional action, through the
evaluation of stringy corrections to eq. (2.1). The leading corrections were found to begin
at O(a’®). There is a large volume of literature on these corrections, and the initial appli-
cation to holography was at zero temperature [40], where the metric was found to remain
AdSs x S°, verifying certain non-renormalization theorems of CFT correlators. At finite
temperature [41, 42], much of the work focussed on the corrections to the thermodynamics
of the black hole. The corrections were then revisited in references [43-45], where the
computation of the o’-corrected metric was improved and attempts were made to address
the issue of the completeness of the corrections at leading order in /. More recently, the
conjectured lower bound for the ratio of the shear viscosity to the entropy of any mate-
rial [46, 47],! has prompted interest in the higher curvature corrections to the supergravity
duals of gauge theories, primarily in the spin-2 sector of the fluctuations [22, 26]. In [27, 50]
the higher curvature corrections to the dual of N'= 4 SYM were parsed thoroughly to de-
termine how they affect the metric. Our case is slightly more complicated, because we
must use the corrected metric as our background and must also evaluate the action for
the vector fluctuations of the metric, thereby obtaining the corrected Lagrangian for the

More recent studies have shown that the conjectured universal lower bound does not hold when certain
higher-derivative corrections are included. For a discussion see [48, 49] and references therein.



field A,,. There are therefore two distinct parts to the calculation: the first part consists of
obtaining the minimal gauge-field kinetic term using new perturbed and corrected metric
and five-form ansditze. The second part of the computation consists of obtaining the correc-
tions to the gauge field Lagrangian coming directly from the higher-derivative operators.
The reason why these two steps are distinct is that the first step will require insertion of
the corrected perturbation ansatze into the minimal 10D supergravity two-derivative part
eq. (2.1). The second step requires insertion of the uncorrected perturbation ansitze into
the higher-curvature terms in ten dimensions.
The corrections to the 10D action are given by [27]

S% = d%z /-G {76_3¢W4 +o (3.1)

2/-@%0
where v encodes the dependence on the 't Hooft coupling A through the definition v =
é £(3) (o/ /R?)3, with R* = 4rg; No/2. Setting \ = g3,(N = 47gsN, v becomes

1 1

The Wy term is a dimension-eight operator, and is given by

W4 — Chmnk Cpmnq ChTSp Cq

rsk

1
+ ) Chkmn Cpqmn ChTSP Cq

rsk’

(3.3)

where qu o 1s the Weyl tensor. The dots in eq. (3.1) denote extra corrections containing
contractions of the five-form field strength Fj, which we can schematically write as v(C37 +
C?T? + CT3 + T%), where C is the Weyl tensor and 7 is a tensor found in [27] and
composed of certain combinations of F5. The authors of [27] showed that the metric
itself is only corrected by Wy, essentially due to the vanishing of the tensor 7 on the
uncorrected supergravity solution. After taking into account the contribution of this term
to the Einstein equations, one finds the corrected metric [41, 42, 44]

2
at = () (CH@ K @A +d) + | P + BP0k, (34
where
K(u) = exp [y (a(u) +4b(u))],
P(u) = exp [yb(u)],
L(u) = exp [y c(u)].
and
) 16825 S Tsu 1010605 o .
395 , 1075 , 4835
b(u) = g u® + 39 ut — 39 ub, (3.9)
o(u) = ;1),2 (1+u2) (3.10)



Notice that rg is related to the temperature by

7T R?

ro = , (3.11)

so that there is a hidden but important y-dependence inside rg. The reader should be
aware that there is some confusion in the literature regarding the o/-corrected metric, and
we refer the reader to [42] for a discussion. We use the metric of [42], and our conventions
follow theirs’ closely, with the obvious change of coordinate u = 73 /7.

Now that we know the corrected metric, we are able to obtain the minimal kinetic term
of the U(1) gauge field. To this end, we must construct the corrected versions of eq. (2.3)
and eq. (2.4) and insert them into the two-derivative supergravity action eq. (2.1). The
metric ansatz we use is that of eq. (2.3) with the appropriate corrected substitutions, and
the imposition R — R L(u) to take account of the non-factorisability of the corrected
metric. As for the ansatz for F5 we use the fact that we are only interested in the terms
which are quadratic in the gauge-field perturbations in order to define the following ansatz,
which is a direct extension of the unperturbed ansatz of eq. (2.4)

4 RL? [,
= — - y F . -12
Gs RE + /3 ;:1 du; Ndo; | N\ *Fy (3.12)

Note that we are not interested in the part of G5 which does not contain the vector
perturbations. This part is denoted by €, and only contributes to the potential of the
metric, and is thus accounted for by the use of the corrected metric in the computation.
Therefore, the only difference between this ansatz and the uncorrected one as far as the
gauge field is concerned is the warp factor L(u), which starts at O(u*) and will be seen to
drop out of all of our results. Inserting the metric ansatz and the F5 ansatz into the action
eq. (2.1), we obtain the kinetic term for the gauge field A,,, as expected:

N2 m, Vol
S = ~ 64n?R /d4x du/—g L (u) g™ g™ Fpp Fpq » (3.13)

where the dependence on the dimensionless factor L(u) is acquired by the proper reduction
from ten dimensions [52], and ultimately arises as a consequence of the non-factorisability
of the corrected metric [42]. The determinant factor \/—g refers to the five-dimensional
part of the 10D metric of eq. (2.3), and all 5D indices are raised and lowered by that metric.

We have thus completed the first step in our programme, that of obtaining the minimal
gauge kinetic term from the two-derivative supergravity action. The next step is to obtain
the effect of the eight-derivative corrections of eq. (3.1). Concretely, we must determine the
five-dimensional operators that arise once the perturbed metric and five-form field strength
ansitze are inserted into eq. (3.1). Crucially, we are able to use the uncorrected ansitze
eq. (2.3) and eq. (2.4) in this step, because using the corrected ones results in terms of even
higher order in «. The salient point to take from the discussion in the next section is that a
simple operator analysis together with an analysis of the equations of motion reveals that
the contributions arising directly from the ten-dimensional higher-curvature operators will



not contribute to the on-shell action in this work. We explain this important statement in
the next section, where we also introduce the explicit expressions for the ten-dimensional
eight-derivative corrections.

4 The higher-curvature operators

We first introduce the explicit expressions of the eight-derivative corrections. In addition
to Wy = C*, we have the terms that we denoted above by v(C37T + C?7T2% + CT3 + TH).
The tensor C is the Weyl tensor, and it only depends on the metric. The six-tensor 7 is
defined in terms of the self-dual field F* = (1 + %) F5/2 via

_ + + + + +
TABCDEF = ZVAFBCDEF + 16 [FABCMNFDEF FABFMNFDEC

where there is implicit antisymmetry in [A, B,C] and [D, E, F] in addition to symmetry
under the interchange [A, B,C] < [D, E, F|. Note that for the purposes of this section
we write the ten-dimensional indices in capital letters, reserving small caps for the AdS-
Schwarzschild coordinates, and denoting the coordinates of the five-sphere by indices with
a tilde a. The six-tensor 7 is a complicated object in terms of its index structure, but
it is a rather simple object when viewed from the point-of-view of the 5D effective field
theory obtained upon integrating out the sphere. The sheer size of the six-tensor 7 means
that it is very difficult (impossible) to compute its contribution to the 5D gauge field
Lagrangian directly. We will therefore adopt a different approach below. We are interested
in evaluating Capcp and Tapoper on the perturbed ansitze eq. (2.4) and eq. (2.3). We
write the two tensors Capcp and Tapoper as

Capep = Cihop + Cihep + Cihen
TABCDEF = TXBCDEF + T/(ll]gCDEF + Tffg(JDEF J (4.2)
where the superscript (i) on each term in the right hand side of this equation denotes the
power of Fy, contained within that term, where F;, is the field strength of the U(1) gauge
field. A crucial property of the six-tensor 7apcpgr is that it vanishes when evaluated
on the uncorrected F5 and Gy with no vectorial perturbations. In other words, 7 (¥
is zero. Given that we are only interested in operators which are quadratic in F, we
can then completely discard the operators C72 4+ T*, which is a massive simplification.
We then focus on the terms given by y(C* + C3T + C?7T?). We first note that C* only
contains the metric and no factors of the F5 ansatz. Our strategy will be to discuss the
terms C3T + C?7T? and draw general conclusions about the 5D operators that can arise
from them. We will then compute C* explicitly using the metric ansatz, and show that it
confirms our conclusions about the expected class of operators. This is not a surprising
outcome in a certain sense: the terms containing 7 are nothing but the supersymmetric
completion of the C* term. Our final conclusion will be that these operators all come in
with a very high power in u, the radial coordinate. Given that the holographic partition
function is evaluated in the ultraviolet, i.e. in the limit u — 0, we can prove that the only

contributing operator is the minimal kinetic term of eq. (3.13).



The important point to remember in the following analysis is that we use the uncor-
rected metric and five-form ansatze. This has crucial consequences, the first being that the
Weyl tensor factorizes on the unperturbed metric because the latter is a direct product.
Moreover, the five-sphere has vanishing Weyl tensor. In addition, the tensor Tarnypgrs is
such that terms with one AdS index and five internal S° indices are zero, and terms with
one internal index and five AdS indices are also zero. Finally, the fact that we are only
interested in terms that have two factors of Fjj, where the latter is the U(1) gauge field
strength, simplifies the analysis considerably. The final deduction that we require below
is that the terms coming from 7(2) will give rise to five-dimensional operators composed
solely of g3, Fij, ViF;; and the five-dimensional Levi-Civita tensor €gpcde, where all the
indices are AdS-Schwarzschild indices. This is a direct consequence of the ansatz for 7(12):
at most it has two-derivatives, and at least one of them must reside in the field strength
F;j. Therefore, we cannot obtain terms that go like R;;, the Ricci tensor of the AdS-
Schwarschild space, or like R;;;;, because both of these require two derivatives acting on
the metric components. This will become clear when we discuss the details of the analysis.

4.1 C?7? terms

In this section we will examine the ten-dimensional eight-derivative terms and determine
the five-dimensional gauge-field and gravity operators that will result upon dimensional
reduction. The approach is based on a counting of the derivative terms and symmetries of
each particular term. Let us begin with the C?7?2 term. According to [50] there are eight
of these terms, with different Lorentz contractions. They are given by:

C*T? = Capep Casce Tocruts Tercuis (4.3)
+(CaBcp CaBer Topeurs Teraurs + Capep Capcr TBecu1) TpraHIg
+Capcp Capcr Tauprs Teaurig)
+[CaBcep Caprc Teceniy Torucrs + Casep Caprc Tecenis Tpairay

+Capcp Caprc Teorurs Tpencrs + Capep Caprc Tecuers Torucry) + h.c.

where we have neglected the numerical coefficients of the terms and left the metric tensors
implicit. We are only interested in operators quadratic in the gauge-field A,. Immediately
it follows that the only contribution can arise via [C(©)2[T(D]2] so that all of the metric
factors and the Weyl factors are non-fluctuating. There are two types of contributions:
those with only F;; and those with Fj; and Vi Fj;.

4.1.1 C?72 terms with no VF*

The first term (see [50]) is given by

30240 G 0 0 1 1
C*T? = 86016 G(o) G(o) G(o) G(o) Gﬂ{G(o?G(o)G(o) Cﬁlch C§<)LME Tz()G)FHIJ Tjéj\)fPQRs
(4.4)

The two-tensor G(O)G( )G( 0) (gbi C(O) C(gbid C’Elb)ce is diagonal and has no S° indices.
The entries are of the form (u5,u5,u5,u5,u ). Therefore, if we want to consider the five-

dimensional gauge-invariant operators coming from the above equation, then it is clear that

,10,



the Cégld C?Ob)ce term gives us simply Clomn! Cl113 , where C is the Weyl tensor evaluated on

the AdS-Schwarzschild space only. Now, the remaining piece is
G 1
G(O) G( 0) G(O?G(O)G(O)TlgG)FHU TE(A)rPQRs

The factors of 7(0) can only give F;; and Gy, where everything now is in the AdS-
Schwarzschild space. Therefore the two operators that can be obtained after integrating
out the S° from this piece are simply

Clmn’ C'™™ g7" Fy\ Fy, | (4.5)
and
élmni élmnjgisz . (4.6)

Schematically, the contribution of such operators is u*(u?F2, + u3F2,).
This manner of computation can then be extended to all of the ten-dimensional oper-
ators of the form C?72. For example, the next term in the list is given by is

0 1 1
C*T? = GEF G Gl Gl Oy eP Cioy ™" T D cnrs Torw iy - (4.7)

To get the contribution of this operator to the five-dimensional effective theory we must
enumerate the various types of operators coming from two factors of F;; and as many factors
of the metric as we need, as well as the factor C§, ©)sj C'Sg;d, evaluated in AdS-Schwarzschild.

(

These will have the form

O CM FyyF,  Ca? C™gign F?, Ca? C*Mgi g™ Fju Py, (4.8)
where we have used the fact that C’”kl = Cs(g)ij C(ngl obeys C’;jkl = Cg“j =
_ngkl = —C’;]lk. The contribution of these operators is again of the schematic

form u(u*F2, + u*F2)).
The final type of term is that given by
272 LH ~IM (0)BCD ~AEBFG 4-(1) (1)
C*T? = GGl G) Cy Co)y" " Tpcenrs Toomran - (4.9)
We must now enumerate all the operators that will contain the six-tensor CC(LO)de C?Oe)f 9 and

two factors of Fj; and all the necessary metric factors. For example, we have
éade éaefg def 9dg Fbm gmn Fne . (410)

Again, the explicit u-dependence of this operator is of the same form as that of the previ-
ous two.

4.1.2 C?72 terms with VF*

Let us extend this kind of analysis to the term in 7(!) which goes like VEF*. In this case, we
can now build operators from Fj; and VF;;. The analysis then follows exactly as before.
For example, from the Weyl tensor with two up indices, we obtain

[C?o)]AB(T(l)T(l))ab — Cin' C"™ I g %9V Fyo Vg . (4.11)
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Onme can check that this operator gives us terms like u” (92 A4,)%. We also get u%(0,0,A,)?,
and u?(02A,)?. In principle, we may also have terms that involve the Levi-Civita tensor,
such as

élmni C«lmnj 9ij €abcde Vanc Fde . (4.12)

The point here is that these operators enter with a very high power dependence in u. The
reason is that we need at least five factors of ¢?° to contract the indices, which then means
that this operator will enter with at least u” in its coefficient, rendering it harmless.

Also, there are now terms with odd numbers of derivatives acting on the gauge field.
These come from the connection piece in the covariant derivative V. For example, from
the above operator we have

Clann C'™3 P g9 Fyo Vi Fyy . (4.13)

This term then gives us contributions of the form u’9,A4, 0,0,A,. Of course, we may have
other contractions amongst the terms, but the overall effect is the same. The crucial point
is the high power of u which enters into these higher derivative operators. Another operator
is given by

élmni C‘vlmnj 9ij gab gcf gdg Vach vafg . (4.14)

A simple counting of powers of u reveals that these two operators contribute at the
same order.

Consider now the contribution of the C(QO) term with four indices up. One may be
tempted to think that the u-dependence drops, but that is not the case. Consider for
example a situation where the contractions are such that we have the following operator

Cyt CoHL g 7 Fy Vi Fy (4.15)

By direct computation of C9 Csthl , we may show that the contributions of this operator
enter at the same power in u. Again, operators with the Levi-Civita tensor are not ruled
out, so we may obtain

Cst O € iy VEFYE . (4.16)

The index contractions imply that the least power with which this operator contributes

9

is then u”, as before. The same argument follows for the contribution of C(QO) with six

indices up.

4.2 (37 terms

The C3T term is uniquely given by
037 = CJKMN CKLRS CJPLQ TMNPQRS + h.c.. (4.17)

The compactification of this term will receive two types of contributions. In the first, all
the gauge-field dependence will reside in 7. This term is then written as C?o) T3 where
7@ here denotes the part of 7 containing two powers of the gauge field. The other type
of contribution will be that where the quadratic dependence on the gauge field is shared
between the C? factor and the 7 tensor, and we denote this by C(l)C(QO)T(l). We begin
with the former.

- 12 —



3 2
4.21 CHT®

This term is given by
C3T = CTEMN 0y B Oy PR TR s (4.18)

Again, the vanishing of the Weyl tensor on the S° means that the compactification of
this term is straightforward. The Weyl tensors simply go to the AdS ones, so that all the
indices in the above expression become AdS indices. Moreover, 72 cannot contain pieces
of the form VF, as is clear from the definition of the tensor 7. Thus, the 72 piece is
restricted to providing two factors of Fj;, as well as factors of the metric tensor. A simple
five-dimensional operator resulting from the compactification would then be

CIRFmn CP9CHT™ Gy Grg Gns F2 (4.19)
The resulting contribution is then uS(u?F2, + uF2,). Another operator is given by
Gk Gorlagy s B (4.20)

We find this to be given by u8(F2, + uF?2,), exactly as for the previous operator. There
are many other contractions for the indices inside this operator, but they all contribute at
the same order in wu.

2 (1)

ol

First, write the following shorthand notation for the contraction of three Weyl tensors

4.2.2 C;)C

CTEN ™0k r® = [C?Q)]CNEQHS- (4.21)

In these terms the gauge-field dependence enters directly into the Weyl tensor itself. These
are in principle very complicated terms. This can be schematically written as

Gy Gy G [[CayClo)Crople™ B9 1 +1C10)Cty Croyl o™ B9 1 +1C(0)Clo) Crnyl o™ 29 1)
1
T]\(/I])VPQRS : (422)
where for example we have for the second term:
GMGEPGHE [C0)CyCro) o N 6% = GGIGEPGHRCIK N OP1RC) 5 . (4.23)

We raise the indices and consider the tensor Cz{s{ M CEI)P LQC}?)LRS . The indices J, M,
N, L, R, S are all AdS indices. To get a non-zero result, we then require that both P and
Q@ are internal or AdS indices. But the tensor CL(]DP LQ s off-diagonal, and so P and Q
cannot be AdS indices. Therefore, we can write the contribution of this term as

ikm ) pla 0 rs 1
CJ o )plqclgl) 71

0) s+J mnpqrs *

(4.24)

where p and ¢ are internal S® indices. Examining the tensor C](.l)ﬁlq, we find that it only
has first derivatives of the gauge field A,. We must now determine what manner of AdS-

(1)

Schwarzschild tensors can come from le P4 ypon integrating out the five-sphere. The
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fact that Cj(»l)ﬁlq contains two internal indices means that the only available tensor is again
simply of the form gl“Fja. For example, we cannot obtain Rl“Fja because this one contains
three derivatives, but the maximum number of derivatives contained in the Weyl tensor
is two.

From the Tn(zerﬁQrs term we get the usual suspects, namely terms like Fj; and Ggp. In
principle, we may obtain terms of the form egpege VZF? as well. For example, we have
the operator:

CIFM™ G 61 g Foj Fons - (4.25)

-VVG may also have an operator hke
kl 9 Y9nrlaj €Emsdef V . ( . 6)

The latter operator actually contributes at a very high order in u, because of the factors
of the metric which contract the Levi-Civita tensor with the V F' tensor.

4.3 The contribution of the operators as a series in u

Having determined the form of the five-dimensional operators descending from the eight-
derivative corrections to type IIB supergravity, we are able to compute their contribution to
the gauge-field Lagrangian explicitly. Given that the relevant quantity as far as holography
is concerned is the on-shell action evaluated on the boundary of the space, it is sufficient
to exhibit the low-u dependence of the contributions. We find the following terms:

u(Dadp)? + -+ ul (0, 4p)°
+u" (00 Ap) (00, Ag) + u' (000, Ag)?
+u® 0y Ap) (0u0uAg) + - + uP(BaOuAp)? + -+ +u’(02A5)* + -+ (4.27)

where the --- denote terms which have coefficients that contain a higher u-dependence.
The notation here is such that Greek indices «, 3, denote the four-dimensional Minkowski
slices of the AdS-Schwarzschild space, i.e. the directions ¢, x, y, z. The crucial point is
that the inclusion of these terms does not affect the on-shell action of perturbations whose
typical length scale is much smaller than 1/7, as we discuss in the next section.

5 The corrected equations of motion

We have argued above that inserting the perturbed metric and five-form field strength
into the eight-derivative corrections results in a slew of operators for the gauge field, all
of which contain at least two factors of the gauge field strength Fy;, and two factors of
the AdS-Schwarzschild Weyl tensor €. In a certain sense the higher dimensionality
of the corrections is then replaced by high dependence on the radial coordinate uw. In
principle, we should be able to organize the result of the dimensional reduction of the
O(a’) corrections into a series of eight-derivative gauge invariant operators quadratic
in Fy,, with fixed coefficients, in the manner of [29, 30]. However, whereas the latter
references consider operators that are at most carrying six derivatives, our case goes up to
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eight derivatives, and the large number of such distinct operators, coupled with the sheer
size of the expression produced even just by the C* correction (see appendix A), means that
such a programme is unfeasible. We therefore rely on the results of the previous section,
considering the terms with the lowest u-dependence. Let us illustrate the behaviour of these
terms schematically: the action in the presence of the corrections at small u is given by

3.2
du’rg

action o /d4x du [—uQ (0,4.) + u? (91 A4,)* +

2u3

B (024,)% + 7 Bou® (024,) (0uAr) +--- |, (5.1)

where the first line is the contribution of the minimal F? kinetic term, and the terms with
coefficients B; arise directly from the eight-derivative term itself, with the dots denoting
extra terms arising from the eight-derivative corrections but containing less u-derivatives
(the terms considered here are the most problematic). Due to the high positive power
of u in the terms coming from Sc 7, we find that none of the terms produced affect the
solutions of the equations of motion in the ultraviolet. They all enter with at least u% in
their coefficient, rendering them irrelevant at small u. To see this, recall that the relevant
quantity for holography is the on-shell action evaluated at the boundary of the space u = 0.
Now, it is easy to show that the gauge field must behave like A, = a+bu+cu log(u)+---
near the boundary, because the ultraviolet boundary is a regular singular point of the
equations of motion, with indices o = 0,1. If we take this form and plug it into eq. (5.1),
and then take the limit u — 0, the only contributing terms will be those coming from the
minimal kinetic term. We refer the reader to appendix B for more details of this argument,
and a thorough examination of the equations of motion. Further, this conclusion means
that we may eliminate all terms of O(u*) or higher from L(u), P(u) and K (u) as defined in
eq. (3.4), as they will not contribute to the on-shell action. The effect of this is dramatic:
it means that for the purposes of this computation we can assume that the corrected
metric is factorisable, because L(u) = 1 + O(u*), and therefore drops out of the entire
computation. A final important observation is that the overarching SU(4) gauge symmetry
of the vector fluctuations ensures that, at least at quadratic order in the Lagrangian, no
mixing with other fluctuations can occur. For fields which are sourced by the O(a?)
corrections themselves, any effect on our calculations will contribute to even higher power
of o and therefore does not enter into what follows [27].

The upshot of the preceding arguments is that we may compute the equations of
motion solely using the minimal F2? term and the corrected metric, retaining only O(u?)
corrections in the functions P(u), K(u) and setting the warp factor L(u) to one, as it is
given by 1+ O(u*) + ---. Given these enormous simplifications, we may now present the
corrected equations of motion for the gauge fields. We first fix the gauge A, = 0, and
choose the perturbation as a plane-wave propagating in the zs-direction [14]. Thus, an
appropriate ansatz for the gauge field is

Ayt & u) = e @I A (). (5.2)

,15,



The equations derived from eq. (2.7) are then given by

Ay +w fK?(u) Ay =0, (5.3)

A+ f, A+ 0, <log [K(?(Z)(“)D A+ [w:—f’;;";g;(“) P2(w)A; =0, (5.4)

!+ 9y (log L7(u) A= " PYu) (kAg +w As) = 0. (5.5)

o P Kw]) ™" uf ’ ’ o
where we have defined @ = wR?/(2rg) and k = gR?/(2r(). Defining a(u) = A)(u) we may
recast eq. (5.5) into

4 a0, (g 00 Y P (TR I

o, (ot lg{ Plu fféiu)D “=0. 00

In order to solve the above equations we have to impose certain boundary conditions.

For the non-vanishing U(1) gauge fields we have generic boundary conditions at u = 0.
Specifically, from eq. (5.5) we obtain

11}1% [wd' (u)] = &k (k Ag + @ A3)umo = &% AL(0). (5.7)

On the other hand, at w = 1 the appropriate boundary condition that must be imposed is

equivalent to selecting only solutions that describe waves going into the black hole, such

that there is no reflection off the horizon [38, 39]. At zero temperature, this condition is

consistent with the requirement of regularity of the solutions at the AdS horizon u — co.

Once we know the solutions of the equations of motion, the next step is to evaluate

the on-shell action by inserting the solutions into eq. (2.7), which, after integration on u

and using the boundary conditions above, gives 2
NZrp2 B w
Son—shell = - 167’(’25?4 /d4$ |:a <A0 + K A3) |u=0 - Al aqu(u)|u=0] . (58)

Defining the on-shell action density

Sonfshell = /d41' Svonfshelh (59)

one may now obtain the desired current-current correlator by differentiating with respect
to the boundary value of the gauge field A, = A,(u = 0), so that

24
0 Son—shell

B ="94,04,

(5.10)

The results of this section can therefore be used to compute the fully-corrected solution
of the equations of motion for the gauge fields A, at order O(a’?), in any desired regime

2We remind the reader that, following the prescription of [14, 38, 51], we have dropped the contribution
to the on-shell action coming from the horizon at u = 1.
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of the parameters of the system, provided that the length scale of the perturbation is
much smaller than 1/7. By holography, this enables us to obtain the behaviour of the
electromagnetic current-correlator at finite 't Hooft coupling. We now proceed to solve
the equations of motion of the gauge fields in the regime appropriate for deep inelastic
scattering.

5.1 Solving the bulk equations

At this point we need to solve the Maxwell equations for the bulk U(1) gauge field. To
avoid confusion, we define kg = q/27T and wy = w/27T. The quantities denoted with a
subscript o are those corresponding to the case where O(a’?) corrections are not considered
(i.e. infinite 't Hooft coupling limit). It is also convenient to define K? = k? — @? (recall
that the virtuality @ is given by Q? = ¢ — w?, so K = QR?/(2r9)). We also define
K2 = k}—w3 = Q*/(2rT)?. Tt is then convenient to recast the EOMs as a time-independent

Schrédinger-like equation®

" =V (u)p =0. (5.11)
For this purpose we define the function ¢ (u) = Q(u) a(u) and by choosing
17 1/2
o =Gty | (5.12)

we obtain the Schrodinger-like equation (5.11) with the potential given by

= 5 {7 e (el T (7).

Let us firstly try to intuitively understand the relation between the gravity and field theory
descriptions by analyzing the parametric dependence of the potential barrier given by
the above potential. There are special regions of parameter space for which the physical
behaviour is rather distinct, and they are distinguished by the following ratio, which we
denote by r4, and which is defined in terms of the physical dimensionfull quantities of the
plasma, namely w, ¢ and T"

Ko q/2xT K 265\ 2
"1 k3 T (Q/anT) T K (1+9%) (5.14)

In figure 1 we plot the O(a/?)-corrected potential barrier V(u) as a function of the vari-
able u, for different parametric values of the ratio r, and different values of the 't Hooft
coupling, as explained below. We also plot the potential barrier for the same values of this
ratio without string theory corrections, thus allowing us to see the effect of finite coupling
explicitly. In the limit of infinite coupling, the potential becomes

lim V(u) = ! !

Jim w(l -2y | (1 + 6u® — 3u') + K3 — kg u?| . (5.15)

*We here neglect the terms in the Lagrangian coming from the higher-derivative corrections, as they do
not influence the final result.
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Figure 1. The potential barrier for the Ay gauge field. In each figure there are three different
values for the 't Hooft coupling, i.e. A — oo, 50 and 10, indicated by solid, dashed and dotted lines,
respectively. Figures 1.a, 1.b and 1.c correspond to different values of the parameters r, and k. In
figure 1.a ry = 1.14 and k¢ = 20; in figure 1.b r, = 1.539 and k¢ = 27; while in figure 1.c r, = 1.71

and kg = 30. Ky has been set to 3\/3/2 for all curves.
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The potential barrier for the longitudinal mode Ay without o’ corrections is plotted with
a solid line. We can distinguish among three possible parametric situations in terms of
the ratio r,. In the first case (figure 1.a) the ratio r, is 1.14, which gives a non-vanishing
potential barrier. This case corresponds to intermediate energies where the structure func-
tions of deep inelastic scattering are expected to be very small. For extremely large values
of A the "tunneling effect” through the potential barrier is very small. For finite values of
A the height of the potential barrier decreases, depending on the actual value of A, thus
enhancing the tunneling effect as the value of the 't Hooft coupling decreases. In fact, we
have used the values A = 50 (dashed line) and A = 10 (dotted line) to show explicitly this
effect in each figure. In the figure 1.b r, = 1.539 and we see that for this limiting case the
height of the barrier vanishes for A — oco. Figure 1.c shows the potential for r, = 1.71. This
case corresponds to the high energy scattering process, where the potential barrier disap-
pears and the wave can propagate all the way towards the black hole horizon and can thus
be absorbed. This implies that the retarded current-current correlation function acquires
an imaginary part thereby giving non-vanishing structure functions. We confirm that the
O(a'?)-corrections to the potential decrease the height of the barrier independently of the
/K3 values. This enhances the probability of complete propagation of the wave to the
black hole horizon, therefore increasing the imaginary part of the tensor R, as the value of
A decreases. Notice that for the above figures we have used the values A = 50 which gives
v ~ 0.00042, while for A = 10 it gives v ~ 0.00474. In addition, the height of the barrier
is very sensitive to the value of the 't Hooft coupling as can be seen from the figures.
We now focus on the transverse modes A;(u). From equation (5.4), we can define

P(u) = B(u) Ai(u), (5.16)

where

(K@) L) f\
z(u)_< ) ) . (5.17)

Proceeding as in the previous case, we obtain a time-independent Schrédinger-like equation
for A;
¢"(u) = V(u) p(u) =0, (5.18)

where the potential is

Y Pu) [(w?— k2 fK?(u)
V(w =5, - wf? ( K2(u) ) (5.19)
which for A — oo reduces to
K§ — 5+1
lim V() = 0 70 (U0 +1). (5.20)
A—00 u(u? —1)

In figure 2 we display the potential barrier for the transverse modes A;. From top to
bottom, these figures correspond to the ratios r, = 1.14, 1.539 and 1.71, respectively. In
each figure we have three curves corresponding to A — oo (solid line), A = 50 (dashed line)
and A = 10 (dotted line) as in figure 1. It is clear that we again have a reduction in the
barrier height for decreasing A, which implies an enhancement of the structure functions.
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Figure 2. The potential barrier for the transverse modes A;(u). In each figure there are three
different values for the 't Hooft coupling, i.e. A — oo, 50 and 10, indicated by solid, dashed and
dotted lines, respectively. Figures 2.a, 2.b and 2.c correspond to different values of the parameters
rq and kg. In figure 2.a r; = 1.14 and k¢ = 20; in figure 2.b r, = 1.539 and k¢ = 27; while in figure
2.crg = 1.71 and ko = 30. Ky has been set to 3\/3/2 for all curves.
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Having physically motivated the expected enhancement in our results, we now com-
pute the current-current correlation functions, reading off the structure functions from the
imaginary parts. Interestingly, one can consider two different parametric regimes.

Let us briefly study the low energy regime, leaving details of the computation to the
appendix C. We focus on the parametric region where x < K3, which is equivalent to
the low temperature regime ¢7? < Q3. In addition, by restricting the radial coordinate
u to a small region 0 < u < 1/K?* < 1, equations (5.4) and (5.6) can be solved in
perturbation theory. The physical interpretation is given by a multiple scattering series at
low energy [14].

The on-shell 5D action of eq. (5.9) together with the on-shell action density (5.8) can
be split into two terms:

Son—shell = S(O) + S(l)

on—shell on—shell ?

(5.21)

where S(SSL shept 18 the zero temperature contribution to the on-shell action, while the other

term is proportional to 7%. Thus, within the parametric region mentioned above and with
the regularization scheme used in [14] the on-shell action becomes

© N? QN [0 A o An? 02
Sonfshell = _647{'2 log A2 |:(q 0o t+w 3) —Q Ar - Ar weo’ (522)
where A is a regulator in the gauge theory. As expected, this expression is not corrected by
the effect of the O(a’®) term in the 10D action. Therefore, the corresponding expression
for the retarded current-current correlator at zero temperature gets no o/-corrections. For

0)
N?Q? Q? qud
0) __ v
w2 =% oe (T ) (me - ). (5.2

R,(w we obtain
which is real. These are indeed the expected results since at zero temperature the AdSs x .S°
metric is left uncorrected by the higher derivative corrections to the classical supergravity
action [40].
The second term in the on-shell action above is
S0 N N272T4 2

3
on—shell — 30 QG (1 + 157) |:(q AO + WA3)2 + 2Q2 AT . AT:| . (524)

u=0

We thus see that R,(}V) is corrected at finite 't Hooft coupling. The o’-corrections do not
introduce an imaginary part into the retarded current-current correlator for low energies
and, therefore, the plasma structure functions in the present regime vanish?.

In the next section we explore the role of the a/-corrections in the high energy regime,
where deep inelastic scattering is expected to occur.

5.2 High-energy scattering

In this section we consider the high energy regime where r > K3. We examine the

equations of motion of the gauge fields, and we keep only the leading terms in an expansion

4There is, however, a very small contribution to the structure functions in this regime which is due to
the “barrier tunneling” effect, which is similar to the contribution reported in [14].
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in powers of u. The idea is to compute the corrections to the equations of motion in a
double expansion in u and +, simultaneously applying the condition x > K. This is easy
to do in practice, and a quick calculation reveals that the corrected equations of motion

are given by

a(w)’ + B 4 O(U)} o/ () + ([1 + 3157] K2+ O(u2)> aw) =0,  (5.25)
" D2 Ai(u) + ([1 - 3?157] KU+ O(u2)> Ai(u) =0. (5.26)

The analysis is then simplified considerably if one defines the variable k = (1 4 v325/8)k,
where it is crucial to keep in mind the relations xk = qR?/(2rg) and ro = 7TR?/(1 +
v 265/16).

Let us first consider the solution of eq. (5.25). Defining & = (2/3)ku®?, we find that
the general solution is given by a(§) = ¢1Jy(§) +c2No(&). To fix the constants ¢; 2, we must
impose the appropriate boundary conditions. At the U.V. we have the generic Dirichlet
condition demanded by AdS/CFT. At the I.R. we must impose the incoming wave boundary
condition. One notices that an important simplification occurs [14]: it is the fact that this
infrared b.c. can be imposed at relatively small values of u < 1. The argument is that,
at high energies, the absence of a potential barrier means that there is no mechanism to
generate reflected waves at intermediate values of u < 1, since it would necessarily describe
reflection off the black hole. We proceed as follows: notice firstly that although v < 1
the argument of the Bessel functions is large since & = (2/3)ku®/? and k > K3, for all
the values far beyond the peak of the potential u > ug ~ 1/ k%/3. In that region one can
asymptotically expand the Bessel functions and get: Jo(&) ~ /2/(m€) cos(é — 7/4) and
No(€) = /2/ (7€) sin(¢ — 7/4). Remembering the time-dependence e~*, we see that the
solution becomes an outgoing wave if ¢; = —icy. We prove this statement in appendix D.
We have thus fixed the ratio of ¢; to ¢z, and the magnitude of the latter is then fixed by
the U.V. boundary condition. The same arguments can be applied to solve the equation
of A;, as explained in [14].

We finally have that the solutions for equations (5.25) and (5.26) which obey the
incident-wave condition at the black hole horizon © = 1 and the conditions demanded by
the AdS/CFT correspondence at the boundary u = 0 are given by [14]

a(u) = —z‘g K2 HY <§ku3/2> AL(0), (5.27)
and
Al(u) _ i <k;> 1/3 \/u H(l) <2/€U3/2> AT(0)7 (5.28)
r(1/3) \3 1/3\3

where H,(,l)(:v) is the first Hankel function defined by H,(,l)(:v) = Jy(z) + 1Y, (x), where
J,,Y, are the usual Bessel functions of order v. The next step is to evaluate the on-shell
action for these field configurations. Using the following form for the action density

A N2 72

~ w
Son—shell = =15 4 [a (Ao + A3) lu=0 — A; OuAi(u)|u=0| , (5.29)
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we obtain

A N? T’(Q]
Son—shell = _487T2R4 (530)
k or (KNP 1
k2 |2 1 — | A7 —i| A3
V< (e (5) -t iy (5) [ 40
where g is the Euler-Gamma function {5 = 0.57---. Remembering that
1
= o ImRy, (5.31)

we can express the structure function Fj in terms of the physical momentum ¢ and the
temperature 7', obtaining

3N2T2) < q )2/3, (5.32)

N 5 —3/2
= (1 A ) 16I'2(1/3) \ 67T

where A is the 't Hooft couppling and £(3) ~ 1.20. Observe that our result is enhanced
in comparison with the zero-order result of [14]. From this we can define the transverse
structure function as Fr = 2xgF), where 25 = Q?/(2wT).

Now, we can similarly obtain the longitudinal structure function F7p,

325 B N2Q%zp
Fy ~ <1 + 0 EB3)A 3/2> 06r2 (5.33)
which is related to F5 through F7, = Fo — 2xpFy, where
B " D R = “ R 5.34
27 gpp THRT gpp iR (5-34)

The parametric estimates of the above equations are similar to those of [14] where they do
not include finite 't Hooft coupling corrections. Thus, in our case we have

5 N2T2 2 M2\ 2/3

Fr <1 + 8{(3))\_3/2> . <x§§ > , (5.35)
325 B N2T? [ 22,Q?

F <1+ 39 E(3)A 3/2> . ( ?2 > . (5.36)

We see that in the small-zp regime at xp < T/Q, Fr, < Fp. As in [14], this result looks
quite different from the results of DIS from a single hadron at weak and strong coupling,
where in the high energy limit the transverse and longitudinal structure functions are
parametrically of the same order.

6 Conclusions

In this work we have investigated the behaviour of holographic vector current-current

correlators when the leading higher derivative corrections to the low energy type IIB su-

3

pergravity are included. These corrections enter at order v o ', and are built out of
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both the metric and the five-form field strength. The metric at leading order in v is not
corrected by the higher-derivative terms containing Fy, but only by the v C* term.

By considering vector perturbations of the metric and the five-form field strength
around the corrected AdS-Schwarzschild background, we derive the modified Maxwell equa-
tions for the Abelian gauge field which is dual to the vector current of a gauged U(1)
subgroup of the R-symmetry group of N = 4 SYM at finite temperature.® Although the
higher curvature corrections induce a large number of additional operators to the gauge
field Lagrangian (i.e. additional to the minimal kinetic term), a careful examination re-
veals that these operators enter with very high powers of the radial coordinate u (u5 or
higher). Given that the on-shell action for the gauge field reduces to a boundary term to be
evaluated in the ultraviolet u — 0, we thus find that the direct effect of the extra operators
vanishes on-shell. The net result is that the influence of the higher-curvature string theory
corrections is indirect, and is effected by the modification to the metric only. We would
like to emphasize this result: the higher derivative operators induced in five dimensions
do not affect the on-shell action in the high energy (scattering) regime. The latter is only
affected by the modifications of the metric through the minimal gauge-field kinetic term.

It is interesting to emphasize the distinct effects of the two sets of O(a’®) corrections.
On the one hand, there is the YW, = yC* term which only involves the Weyl tensor
and thus the metric. This term couples to the Einstein equations so that its presence
modifies the metric, yielding the corrections computed in [41, 42]. The supersymmetric
completion of the C* term brings a full set of O(a’?) corrections which contain the Ramond-
Ramond five-form field strength, as discussed above. These do not modify the background
metric, as discussed in [27, 50]. Now, studies have shown that the corrections to the AdS
metric are actually universal,® that is to say, independent of the internal manifold [28].
To be precise, the corrected AdS metric can be derived from a unique 5D Lagrangian
which is independent of the internal compactification manifold (see [28] for details). The
consequences of this for quantities which depend on tensor fluctuations (such as the shear
viscosity) is that the finite-coupling corrections to these quantities are also universal. The
consequences for vectorial perturbations are intriguing but more subtle: at high energy
for the vector fluctuations of the supergravity background, we have argued that the full
set of ten-dimensional higher-curvature terms only produce an indirect effect on the on-
shell action for the gauge fields, through the corrected metric. Given that the latter is
universal, one may be tempted to then declare universality of the corrections to the high
energy vector-current correlators, which is obviously a very interesting result. However,
this is reliant on a certain caveat, which we must clarify: the reason why the 5D operators
induced by the O(a/?) do not affect our calculations is that they contained at least two
powers of the AdS-Schwarzschild Weyl tensor, so that they entered with high powers of
the radial coordinate u, rendering them irrelevant at the U.V. Given that the tensor 7°

contains at most one derivative of the gauge kinetic term F, we may phrase the caveat

°For the zero temperature case one recovers the results of the low energy type IIB supergravity, i.e.
when no o’ corrections are included. This is in full agreement with expectations, since at zero temperature
the system reduces to the simpler AdSs x S® metric solution.

5We thank the referee for raising this important point.
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in the following way: if the O(a’) corrections can be shown to only yield 5D operators
that are of the same mass dimension or higher (i.e. dimension eight or higher, such as
C?F?,C%(VF)?), then the corrections to the structure functions computed above are indeed
universal. In the case of ' = 4 SYM we are able to show that this is in fact true, but
we were aided by the simplicity of S°, and the fact that it has vanishing Weyl tensor,
so that all of the higher-derivative operators we found contained at least two powers of
the AdS-Schwarzschild Weyl tensor, and were thus irrelevant. Moreover, the tensor 7
vanishes for the unperturbed AdS-Schwarzschild x.S° background, which also simplified
our analysis considerably and eliminated a large class of five-dimensional operators. To
prove universality of the structure functions, one would have to show that this also occurs
for other internal manifolds, generalizing our work in the manner of [28]. This analysis is
beyond the scope of this paper, but is certainly worth pursuing. We speculate that the likely
outcome would be universality of the vector-current correlators, as it seems unlikely that
the tensorial corrections are universal, and the vectorial ones not. It would be interesting
for the compactification to be performed for a more general class of internal manifolds, to
see if this conjecture is correct.

We have applied our results to compute the structure functions governing deep inelastic
scattering off an N' = 4 SYM plasma. We have found an enhancement of all of the
relevant structure functions. The same trend is found in deep inelastic scattering off a
single hadron [12]. Particularly, in reference [12] the structure functions were obtained
from string calculations in different Bjorken parameter (z) regimes as a function of the 't
Hooft coupling. For instance, for the parametric region x < 1/v/A the structure functions
Fy and F, behave as 1/v/)\.

On the other hand, a comparison of the plasma structure functions with the results for
an N =4 SYM plasma at weak 't Hooft coupling is not straightforward. For instance, in
the high energy regime, a pertubative quantum field theory calculation yields the following
behaviour of the trace of the retarded current-current correlator at weak coupling [33]

~ AN2T? <10g A2 4 001) + O(A)) . (6.1)

This function increases from small values of the 't Hooft coupling, reaches a maximum,
and then decreases for larger values of A. In fact for large values of the 't Hooft coupling
this expression is not reliable, and so a comparison between this result and the ones we
obtain at strong coupling in egs. (5.35) and (5.36) is not conclusive.

There are other interesting applications that can be addressed with the results obtained
here. Among them would be a computation of the leading 't Hooft coupling corrections
to the electric conductivity and the charge diffusion constant of strongly-coupled N = 4
SYM. We will report on these issues in a forthcoming paper [32].
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A Vector fluctuations and the Wy-term

The fluctuation ansatz of eq. (2.3) and that of eq. (2.4) ensure that we pick a specific U(1)
subgroup of the SU(4) R-symmetry group of the dual field theory. Plugging the ansitze into
the two-derivative Lagrangian of type IIB supergravity gives the gauge kinetic term for the
U(1) field, as explained in section 5. The substitution of the ansatz into the eight-derivative
operators of eq. (3.1) results in a large expression, which, in principle, can be placed into
a series of higher-derivative operators quadratic in the U(1) field strength F,,, (we have
ignored operators with higher factors of the field strength, as they do not contribute to
the linearized equations of motion), as we discussed in section 5. Unfortunately, such a
scheme is made prohibitively difficult by the sheer size of the expression. We here include
the expression obtained when the metric ansatz is inserted into the C* term, to confirm
the arguments of section 5. Setting A, = 0 using the gauge symmetry, we first decompose
the Wy term as follows,

u®

Wi = 66 1 (u)2 ROT [

WJ:J: + Wyy + th + sz + Wzt] ) (Al)

where W3 contains only the quadratic combination A,Ag. Observe that, at least for the
C* term computed here, the A, and A, perturbations do not mix with any others, so that
symmetry entails that W, can be obtained from W, simply by replacing A, — A, in the
latter. In what follows we denote the various derivatives acting on gauge fields using the
notation A,(f’m’n) (u) = 9}0T I A, (t, z,u). In this appendix we exhibit the results for W,
and Wy by way of illustrating the type of operators that are induced. For W, we obtain:

Waw = <647T4T4uf(u)2 (78u4 —67u’ + 14) ALOD ()2 4 52874 T4 f (1) A0 ()2

+16m2 T f (u)? (Tu? — 12) AQLO (u)?2 — 7047 T f (1) AL () ALY (u)
3842 T2 f (u)® ALY (u)? — 12072722 f ()3 AL (1) AL-20) (1)

+167°T2 (21u* — 45u% + 16) AL (u)? + 33uf (u)2AL20) (u)?
+96uf (u) AT (1) — 128727202 f (u)? ALOD (u)?
—647°T?uf (u) (u2 + 3) A0 () ACOD) () 4 330, A200) (4,)2
+2uf (u) [687T2T2uf( )AL2) () + 15 A5307270>(u)} A200) ()
F167°T % f (u){ f (u) [ 47T f (u) (28—53u2) AL (u)+5 (Tu? —4) AL20 ()|

—(12-37?) A 2°0>(u)}A<001 (u )) (A.2)

,26,



For the contribution quadratic in A;, we get

Wi = 384°T” f2(u) A" () + Tuf () A" () + 33udi™ " (u)?
+228772T2 Qf(u)A(IO 1) (u)Q 9127T4T4 3f( )3A 002)( )2
+960m* T f (u)? (Tu? — 2) Agoo D ()2 + 18472 T2 f2(u )A§0’2’0) (u)Ago’O’Q) ()
16472 T % [f(u)(&’) B 7u2)A§0’1’0) (U)A§0,1,1)(u)

+5 (—12772T2uf(u)A§0’0’2)(u)+A£0’2’0)(u)> Agowu)] . (A3)

The other contributions are similar in structure, so we shall not present them here.

B The equations of motion

As we saw in the last section, the eight-derivative O(a’?) corrections introduce a multitude
of higher derivative operators, and we must take account of them properly to solve the
equation of motion within perturbation theory. The situation is entirely analogous to that
studied by Buchel, Liu and Starinets in [22]. In that paper, the authors were concerned
with the tensor perturbations of the metric, but the logic is the same. When we derive
the equations of motion from an action which contains higher derivative terms like A7 A”
dangerous boundary terms like 0 A/, and 0 A’} will be introduced. These threaten to ruin the
consistency of the variational principle, necessitating the addition of boundary localized
terms that ensure that all variations are simply proportional to dA,, so that the Dirichlet
problem is well-posed. Such an idea is familiar from Einstein gravity, where the problem
is made consistent by adding the exterior curvature term. In our case, as in [22], we must
add boundary terms by hand to make the variational procedure consistent. At the end of
the day, these terms do not contribute to the physical answers we seek in this work, as will
become clear shortly.
To see how this works in detail, it is convenient to introduce the Fourier transform of
the field A,
A = _ / d4k —iwt+iqz
(L, Zu) = e Ag(u) . (B.1)
(2m)*
Upon inserting this into the total action for the gauge field A, (i.e. the action containing
both the two derivative term F2? and the higher-curvature terms in the appendix above),

we obtain the expression:

g _ NQTS / d4k /ld [A A//A +(B +~B )A/A/
total = T 16 2pd (2m)4 J, U |YAwW ApA—k 1T Ybw)AgA_k

O AL A g + (D1 + YDy ) ARA_y, + v Ew ALA” , + yF AYA ] . (B.2)

The coefficients By and D; arise directly from the minimal kinetic term F2. The subscript
W indicates that the particular coefficient comes directly from the eight-derivative correc-
tions. Moreover, By and D; contain some y-dependence, but they are non-vanishing in
the v — 0 limit, while every other coefficient vanishes in that limit. We will discuss the
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explicit form of the various coefficients shortly. First, we remark that upon varying the
action of eq. (B.2), we obtain the equations of motion:

AAL+ CAY +2DA, — 9, (2BA}, + CAy + FA]) + 92 (AAy + 2BA] + FA}) =0, (B.3)
where B = B + 7By and so on. We may write this equation in the form
A+ p1Aj + pody, = 0(v), (B.4)
where we have moved all y-dependence to the right. A careful examination of the variation
of eq. (B.2) then convinces us that in order to remove all dangerous variations to order 2
we must add the boundary term

N%r3 d'k !
- A ARA B.
S 16772R4/(27r)4/0 d“a“[ TEW ek (B.5)

Fi
+vEw (p1A% + 2p0Ai) ALy — ;VALA'_;C] .

After appending this necessary term to the action eq. (B.2), we may then write the action as

N2 odk [t 1
Stotal - _167T2R4 / (271')4/0 du |:2A_kEAk + &L‘I)] . (BG)

where LA}, = 0 is simply the equation of motion of eq. (B.3), and ® is a boundary term.
Upon evaluating the on-shell action, the only surviving term is the boundary term, as we
expect from holography. This is given by

1
® = (B— A)ALA_; + 5 (C— ANALA
/
—FE'A[A_; + EAJA , — EAYA_; + E (p1A}, + 2poAg) ALy — Z ALA . (B.)

Therefore, the strategy is to solve the equation of motion eq. (B.3), then insert the solution
into the action, which leaves us only with the boundary term ®. This is what was done
in the main text of the paper, with massive simplifications arising from the fact that the
only term which contributes to the boundary action is By from the first term of eq. (B.7).
This is because the coefficients Ay, By, Cw, Ew and Fy all have high positive powers
of u, which, coupled with the regularity of the solutions of Ap(u) at w = 0, means that
their contribution to the boundary term vanishes. Let us now list the various coefficients
used in this section, for the contribution of C* calculated in the previous appendix. First
we have the coefficients with no vy-dependence py and py, given by

and p; = f'(w) (B.8)

O

where @y = w/(27T) and kg = q/(27T). For the coefficients originating from the F? term

@ — f(u)k

= (u)

in the action of the gauge field, we obtain

~ K(u)f(u)L(u)
BT e
w? — f(u)KQ(u)fi2

Dy = —K@P@)Li(w) | = ooy |
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where @ = wR?/(2rg) and k = qR?/(2rg). For the terms originating from the higher
curvature term in the action, we have the following expressions, here evaluated only for
the C* operator, retaining only the A, fluctuation:

2
Aw = — v’ [15f(u)Kg + 17w]] |

3
4
B = — ju* [(14 = 67u? + T8u*) — Sussf — 24uf (u)nf] |
4yt 2 2 2_2
Cw = =gy BF @B = 85 — d1ei]
3
Dw = —, fZ(u) [33uf?(w)rg + 33uwwy + 126uf (u)rjeg

+4£2(u)(Tu® — 20)k3 + 4(16 — 45u* + 21u")j] |
Bw = —11u°f*(u),
4
Fy = 3u5 f(u)(53u? — 28). (B.10)

We remind the reader that although we have computed these coefficients explicitly only for
the C* operator (see appendix A), the full set of 10D eight-derivative terms are expected
to have the same leading power dependence in u, as explained in section 4. To demonstrate
that none of these coefficients contribute to the on-shell action, we write Ay = Ag + vA1,
in order to solve the equations of motion perturbatively in . Now, the equation of motion
for Ag is then simply given by

Ag + p1A6 + pvo =0. (Bll)

This equation has a regular singular point at v = 0, with indices 0 = 0,1. Expanding
around the point © = 0, we can therefore write a general solution of the equation in the
form Ag = a + bu + culog(u) + ---. Now, because we are only interested in the on-shell
action to O(7), and given that Ay, By, Cw, Dw, Ew, Fy in eq. (B.7) all start at O(v),
it is clear that the only term contributing to the on-shell action is By A} A_;. We must
however also show that the solution of the equation of motion of A; in the ultraviolet region
is unaffected by the terms Ay, By, Cw, Dw, Ew, Fyy. Plugging the ansatz A, = Ag+vA41
into the EOM of eq. (B.3), we get the equation of motion of A; as

Ou [2B1]y—0AL] = 2D1|y—0A1 =V (Ay). (B.12)
where

AW /0, + CwAIO + 2 ((D1 — Dl‘fy—»O) + Dw) AQ
— 0Oy (2(B1 — B1|7H0)A6 + 2BWA6 + CwAp + FwAg)
+02 (Aw Ao + 2Ew Af + Fiw A)) = V(4). (B.13)

We are only interested in the solution of Ay in the region of small u. Taking into account
the power dependence of the coefficients Ay, Bw, Cw, Dw, Ew, Fyy and the behaviour of
Ap near the boundary, we find that the only contributing factors in the potential V' (A) are
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those given by 2 ((D1 — Di|y—0)) Ao — Ou (2(B1 — Bi|y—0) Aj. We have therefore showed
that the only relevant terms are By and Dq, both of which arise from the minimal kinetic
operator F2. This completes the analysis for A,. The exercise is entirely analogous for the
other fluctuations.

C High-energy scattering

In this section, we examine the solution of the equations of motion of the gauge fields in the
high energy regime x > KC3. Obviously, we would ideally like to solve the equations in the
full regime of v and for any energy range, but this is clearly not possible for two reasons.
The first is that the equations are made tremendously complicated by the finite coupling
corrections, and the second reason is that we do mot know the full set of finite-coupling
corrections with their exact coefficients. These obstacles are all surmountable, and this is
the aim of this appendix. We are able to overcome these difficulties once we recognize two
important observations, the first being that the part of the solution of the equations we
actually require is that in the U.V. region u < 1. The second observation is that we may
take the C* contribution of eq. (B.10) as typical of the corrections, because the supersym-
metric completion of this contribution will only serve to correct the numerical coefficients
in eq. (B.10). The crucial point, which we used liberally in the main body of the paper, is
that the supersymmetric completion to the C* term enters with the same u-dependence.
Taking these two observations on board, we can then use the WKB approximation to solve
the equations of motion in three regimes of u: the v < 1 regime, the intermediate u re-
gion, and the near-horizon region v ~ 1. The strategy will be to use the matching of the
solutions to show that the boundary condition ¢; = —icy of section 5.2 is justified. By
doing this, we show that the effect of the horizon can be included in the U.V. solution
without knowing the full form of the corrections, as argued in section 5.2. We thus show
that the U.V. solution can then be treated in isolation from the rest, and therefore that the
structure functions are derivable without the exact need for the knowledge of the behaviour
of the corrections in the infrared. Note that for the purposes of this section we will only
consider the A, perturbation, but extending our discussion to the other perturbations is
straightforward.

We will use the results and notation of the preceding appendix in this section. In
particular, we use C* contribution in eq. (B.10), augmented with a constant a, which will
allow us to trace the effect of eq. (B.10) in what follows. Taking this contribution into
account, the equations of motion are then given by:

AA]+ CA| +2DAy, — 0, (2BA}, + C Ay + FA}) + 02 (AA, + 2BA] + FA}) =0, (C.1)

where the functions A, B,C --- are defined in the preceding appendix. We remind the
reader that the requirement of x > K3 is equivalent to setting x ~ w. First we look at
the near-horizon region u ~ 1. It turns out that in this region, as expected, we obtain
an outgoing wave and an ingoing wave as solutions of the equation. The frequency of the
solution is untouched by the finite-coupling corrections: this observation was made by many
authors with regard to scalar, vectorial and tensorial perturbations of the supergravity
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solution [26, 29, 31], and is expected to actually hold at any order in o/ (we also examine
this issue in forthcoming work). Picking the ingoing wave condition, we obtain the solution

AZ = c3(1 — u)"/UnT) (C.2)

where ¢, T" are the physical momentum and temperature respectively. Solving the equation
of motion in the near-boundary region u < 1, we obtain the following solution:

AF(€) = €3 (11 3(8) + 2Ny 3(9)) (C.3)
with
€= (2/3)ku®? and k= (1 + 911657> QfT, (C.4)

where we have expanded the equations in a power series in u, as appropriate for the small u
region. We now require the solution for the intermediate-u region, and for this we utilize the
WBK method, as described in [13]. We cast the eq. (C.1) in the form of the Schrédinger
equation, to order «, writing ¢(u) = YAy, so that ¢(u)” — V(u)p = 0. The forms of
Y(u) and V(u) are very complicated, and so we do not include them here. Instead, in
figure 3 we show the behaviour of V(u) for this situation. Particularly, the three curves
correspond to the values 7y = 1.14, kg = 20 and Ky = 3V 3/2 for these parameters. The
solid line shows the behaviour for infinite 't Hooft coupling, the dashed line indicates the
case for A = 50 with the metric corrections only (these two curves are the same as shown
in figure 2.a). The dotted line in figure 3, also for A = 50, shows the potential when both
the metric corrections and the corrections from the C* term are both included as given
in equation (C.1). Crucially, we can see that the behaviour of this last curve is smooth,
and that in the LLR. it decreases even faster than the curve with only metric corrections
(the dashed). We view this as a strong indication that the potential in the I.R. is always
smooth and well-behaved. We emphasize that the supersymmetric completion of the C*
contribution will only correct the O(1) coefficients in eq. (B.10), and we do not expect this
to alter any of the arguments presented here. In any case, we only require the form of
the intermediate-region solution in the u > 0 and v < 1, so that we can carry out the
matching to A7 and Aj. Defining o(u) = [ V=V (u')du', we obtain the solution in the
intermediate region

Ar (u) <C4ei‘7(“) + 056724‘7(“)) . (C.5)

_ 1
S(u)|y/o' (u)]

Now that we have obtained Aj in the three required regions, we apply the matching as
follows: we firstly require that for v > 0 we have equality of Aj (u) and A; . Expanding
AL (1 —z) for < 1, we obtain the schematic behaviour

Ay (1—2) ~ cqw 1T o g tia/(AnT) 4 (C.6)

We need to match this to A7 (1—2) = c327/47) and so it must be that c¢5 = 0. This is
identical for the behaviour without corrections. We must now match the solutions A (u)
and Aj (u) for the region v < 1. We have the behaviour

C4

_ 2
A7 (u) ~ L (1 + 3iku3/2 +276au2> SR (C.7)
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Figure 3. The potential barrier for the A, gauge field. The infinite 't Hooft coupling limit is
indicated by a solid line, while the dashed and dotted lines have A = 50. We have used r, = 1.14,
ko = 20 and Ko = 3V/ 3/2 for all three curves. The dashed line only contains metric corrections
while the dotted line includes both metric and the C* corrections of eq. (B.10).

Note that the coefficient « of the contribution of eq. (B.10) does not affect the solution at
its lowest power of u, as expected from the general arguments presented above. Therefore,
regardless of the exact form of eq. (B.10) the effect occurs at too high a power of u. As for
the Ay (u) in the large & region, we obtain the expansion

9 [ok\ V¢
AS(u) ~ \/Ml/z ( \ ) % (C.8)

1 ' j A
X <2(Cl _ ,L'CQ)eZ(g)k‘u3/2—57r/12) + ;(Cl + 102)6_2(123191’&3/2_57(/12)) 4.

A simple analysis of these two limits then reveals that in order to match Ay (u) to A} we
must have ¢; = —ico, as argued in the main body of the paper. The intuitive reason is that
any other choice would mean there is some reflection off the black-hole horizon, which is
physically unacceptable. We have thus shown that the condition ¢; = —ice can be applied
at small values of v without worrying about the detailed behaviour at the horizon, as long
as the boundary condition at the horizon corresponds to no reflection. This simplification
is precisely due to the fact that we work in the high-energy regime, where the potential
becomes irrelevant for the computation. In the low-energy (hydrodynamic) regime, we
expect this to no longer apply.

D Scattering at low energy and finite 't Hooft coupling

In this appendix we perform the analysis of the EOMs for low energies, x < K3, which is
equivalent to considering the low temperature regime ¢7? < Q? when the virtuality Q>
is fixed. For the small u region 0 < u < 1/ IC% < 1, together with the assumption that
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A; k3> 2 Al and similarly for a, in the limit A — oo, equations (5.4) and (5.6) become

" K% L 2 .
A — VA =—kjud,;, (D.1)
u
and 2
1
d'"+ d—-""a=—-riua. (D.2)
u u

Now, consider the case when the 't Hooft coupling is finite. Within the same level of ap-
proximation as before, and within the parametric region 0 < u < 1/K? < 1, equations (5.4)
and (5.6) become

2 2
U 4
and
2
a”—i—la'—,C a:—<1+3257> K ua. (D.4)
U u 4

The next step is to solve these equations in perturbation theory. For that purpose it is
convenient to define &€ = 2K u'/2, so that the equations (D.3) and (D.4) become

? 1d 1 - 325 K2 ¢
<d52 Teac ' §2> W) == <1+ 4 W) (16166) e, 05)
and ? 1d 325 2¢d
K

respectively, where in equation (D.5) we have redefined A;(§) = A4;(0) £ h(&).

In order to study these equations perturbatively, let us begin with equation (D.5). The
zeroth order solution is A9 (€) = K (€), where K is the modified Bessel function of order
one. The function & A(¥) (&) approaches one at the AdS boundary. The general solution is
given as a sum of the general solution of the homogeneous ordinary differential equation

and the convolution of the Green’s function with the source of equation (D.5)

we=ne) - [Tacie ) (1+770) (15 ) ey o)

where G(&, £') is the Green’s function corresponding to the differential operator of eq. (D.5)
with appropriate boundary conditions. This is the same Green’s function as given in [14].
The O(u)-perturbation theory solution for the transverse modes can be expressed as

Ai(u) = AEO) (u) + Agl)(u), where

A = 2K 4,(0)u? K [2Ku'?] (D.8)
K2 325
AV () = Ai0) 1y <1+ | 7> w. (D.9)

For small values of u, we can expand the modified Bessel function. Thus we obtain

A () ~ 4;(0) (1 +uk? [log K2 — 1+ logu + 2£5]) (D.10)

,33,



where £p is the Euler-Gamma function which is 0.57 - --.
The solution for the longitudinal modes in perturbation theory can be expressed as
a(u) = a9 (u) + aW (u), where

aO(u) = —2k2 AL(0) Ko[2 K u'/?], (D.11)
K4 325
aV(u) = —2AL(0) 15 K6 <1+ y 7> : (D.12)

For small values of u we can expand the modified Bessel function as follows
a % (u) ~ k% AL(0) [log K% + logu + 2£5] . (D.13)

Inserting these approximations for the transverse and longitudinal components of the gauge
fields into the on-shell action, we obtain the results for the low energy scattering presented
in section 5.1.
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