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1 Introduction

The systematic study of spacetimes that become asymptotically flat far from an isolated
source was initiated in the 1960s. Bondi, van der Burg, and Metzner [1] as well as Sachs [2]
used coordinates (now called Bondi coordinates) that are adapted to the outgoing null rays
of an isolated gravitating and radiating system. Their analysis allowed them to compute
the asymptotic Einstein equations in Bondi coordinates and the symmetry transformations
that preserve the metric at infinity and the Bondi coordinate conditions. The group of such
transformations, the Bondi-Metzner-Sachs (BMS) group, is larger than the Poincaré group of
transformations that preserve Minkowski spacetime. Lorentz transformations are contained
in the BMS group, and the group has a semi-direct product structure similar to that of the
Poincaré group. However, the infinite-dimensional commutative group of supertranslations
replaces the four-dimensional group of spacetime translations in the Poincaré group, though
the spacetime translations remain a subgroup of the supertranslations.

More recently, the analysis of asymptotically flat spacetimes has been revisited, and
larger groups of symmetry transformations were found which preserve different geometric
quantities at future null infinity (this is described in more detail in section 2) [3, 4]. These
new groups include the extended BMS group [5, 6], the generalized BMS group [7], and the
Weyl-BMS (BMSW) group [8-12]. While the action of BMS transformations on the Bondi
metric functions has been computed to nonlinear order [13-16], the actions of the extended
BMS, generalized BMS and BMSW transformations have been computed to linear order
only [8, 17]. In this paper, we derive the nonlinear transformations of the leading-order metric
functions in vacuum for the generalized BMS and BMSW groups. These transformations
reduce to the known nonlinear BMS and linearized BMSW results in the appropriate limits.



Fully nonlinear transformation laws can be useful for exploring the viability of alternative
definitions of charges associated with symmetries. An example is the recent investigation
of ref. [18] of continuity of various charges as the cross-section of future null infinity is
varied. They are also useful for understanding the space of vacua which is relevant to the
quantum theory [8, 17].

The remainder of this paper contains a review of the different asymptotic symmetry
groups in section 2. The main results are derived in section 3 and compared with existing
results in section 4. Some applications of these results are given in section 5.

2 Review of asymptotic symmetry groups in asymptotically flat
spacetimes

In this section, we review the different asymptotic symmetry groups in asymptotically flat
spacetime to establish our notation and conventions.

We use retarded Bondi coordinates (u,r,60',0%) = (u,r,0%) near future null infinity,
following refs. [1, 5, 6, 8, 9, 14, 17, 19-23]. We will use throughout the notations and
conventions of Flanagan and Nichols [14] (henceforth FN). The key metric functions in
Bondi gauge are the induced metric hap(64), the Bondi mass aspect m(u,#4), the angular
momentum aspect Na(u,64), and the shear C4p(u,#4). The metric expansion obtained
from the asymptotic conditions, the gauge conditions and the vacuum Einstein equations is

1 om 1 CapCAB 1
2 |t . 2 _ AB
ds® = {27?, e + O (TQH du 2 [1 T + O (7‘3)] dudr

1 D 1
+r? hAB+;CAB+%hAB+ (743” (d6 — UAdu)(d0P — UBdu).  (2.1)
Here
DgCAB 1 2 1 1 1
A _ B ~ | “2arA - A BC ~AB nC -
Uu" = 92 7,3{ 3N +16D (CpcC )—1—20 D CBC} +O(T4>, (2.2)

R is the two dimensional Ricci scalar of hap(64), and A, B are angular indices which run

hAB and hyp, respectively. Also we have

over the values 1,2 and are raised and lowered with
generalized the treatment of FN, following Compere, Fiorucci and Ruzziconi [17], to allow the
induced metric h4p to differ from the canonical round metric, so that R is allowed to be an
arbitrary function of 4 instead of being constrained to R = 2. This generalization requires
replacing the leading term in the expansion (FN,2.3b) with R/2, adding the term D?*R/8
to the right hand side of the evolution equation (FN,2.11a) for the Bondi mass aspect, and
adding the term C43DPR /4 to the evolution equation (FN,2.11b) for the angular momentum
aspect [17]. In this paper we specialize to spacetimes which are vacuum near .# ", and so
the subleading shear tensor Dyp of (FN,2.3c) vanishes, by (FN,2.10).

We will consider three different asymptotic groups obtained from three different phase
space definitions (see refs. [4, 12] for reviews). In the coordinate system 3' = (u,64) on &+,
the diffeomorphisms 1) : &7 — #* have the following form for all three groups:

= e [u+ 504, (2.3a)
04 = xA(6P), (2.3b)



where y : §2 — S? is a diffeomorphism of the two-sphere S?, and for a point P on .+ we
have defined y* = y*(P) and ' = y'(x»(P)). The groups are:

o The Weyl BMS (BMSW) group suggested by Freidel, Oliveri, Pranzetti and Speziale [8—
12]. For this group the two-sphere diffeomorphism y and the functions 5 and « can be
freely chosen.

o The generalized BMS (GBMS) group suggested by Campiglia and Laddha [7] and
further studied in refs. [17, 24-29]. For this group the function « is determined as a
function of x as follows. Let esp be one of the two volume forms on the two-sphere
that are determined up to sign by the metric hsp. Define the function w, by

1
X+€AB = ——€AB, (2.4)
Wy

where . is the pullback operator. Then we have

1
e = — (2.5)
||

which will have the consequence that GBMS transformations preserve the volume form
€Ap up to a sign (see section 3.4 below).

e The BMS group [1, 2, 30-32], the subgroup of GBMS for which the diffeomorphisms x
are restricted to be global conformal isometries of the two-sphere. As a consequence
the metric hyp is preserved under BMS transformations.

3 Derivation of transformation laws

In this section, we derive the transformation properties of the metric functions under nonlinear
BMSW transformations, for solutions which are vacuum near ..

3.1 Supertranslations
Consider first supertranslations, and specifically the finite supertranslation ¢ : .4 — &+,

Denoting the coordinates (u,84) by 3* and defining 7 = y* 09 = (u,#4) the mapping 1
on £ is given by

u=u+p304, 04 =06 (3.1)



Under this mapping the metric functions transform as

hap(0?) = hap(6?), (3.2a)
Cap(u,04) = Cap(u+ B,07) — 2D, DB + hapD?*3, (3.2b)
(u,6%) = m(u + 6,6%) + SDANAP (u+ 5,6)DpB + {N*P(u+ 5,64)D4Dpf
%NAB(U + 8,60DABDBA + iDAﬁDAR, (3.2¢)
_ 3 3
Na(u,0%) = Na(u+ 8,0%) +3m(u+ B,0%)DaB + 5 DaBD"BDER — S DAR(DB)*

—i—%DBﬁ [DADCcBC(u + 8, HA) — DBDCCCA(U + 8, HA)}

+2D8 Caclu+ B,6%) NPC(ut 6,6%) + S Daff Dl DeN"(u + 5,0%)
(DB DONac(u+ 6,04) + 3 Dah Dp DeSNC(u + 5,6%)
(DB DOBNea(u + 5,0%). (3.2d)

Here dots denote derivatives with respect to u, D4 is the covariant derivative associated
with hap, and R is the Ricci scalar of hag. Also Nap = C’AB is the Bondi news tensor,
and (DB)? = DABD4B. The transformation laws (3.2) apply to all three groups, BMSW,
GBMS and BMS.

To derive the transformation laws (3.2), we extend the diffeomorphism (3.1) to a diffeo-
morphism 7 : M — M which coincides with 1) on .# T, by assuming a general power series
expansion in 1/r and using the notation z* = (u,r,64) and z® = 2% o n:

1 1 1
i = u A + 180 (0% + 55 (04 + 0 (703) , (3.3a)
1 1
F=r4+ R(l)(u,ﬁA) + ;R(Q) (U,HA) +0 (72) , (3.3b)
74 = 04 4 IO 04 + 58D, 04) + L@, 6%) + O (:4)  (330)

Here the functions g1, 3, R R (1) $(2) and {B) are arbitrary. One subtlety is that
although x(M4 transforms as a vector under diffeomorphisms of the two-sphere S2, the higher
order functions {4 and {4 in eq. (3.3c) do not. We remedy this by parameterizing the
diffeomorphism ¢ : S? — S? on the two sphere at fixed u and r in terms of three vector
fields x(M4, y@4 and y3)4.

P = 0ge (%) 0 e (r?) o gy (r™ ) [1 +0 (7,14)] - (3.4)

Here for any vector field ¥ on S? the map py(e) is the knight diffeomorphism that moves
any point £ units along the integral curve of ¥ that passes through that point [33, 34]. By



comparing eqs. (3.3c) and (3.4) we find that!

. 1 B A

24 = @4 4 §X(1) opxMA, (3.5a)
R 1

;@4 X(S)A yBg X(2)A éx(l)BaB (X(I)CacX(I)A> ' (3.5b)

We next take the pullback gup = 1+gap of the metric (2.1) using the expansions (3.3) and
imposing that it has the same form as the metric (2.1), but with different metric functions
which we denote with overbars. We adopt the shorthand notation that O(af,n) means
the O(r™") piece of the (af) component of this metric comparison. The derivation takes
place in a series of steps where each step is simplified using results from the previous steps.
From O(uw,0), O(ur,1), O(rA,0), O(rr,2) and the trace part of O(AB, —1), respectively,
we find that

RW =, (3.6a)
M = o, (3.6b)
YDA = _pABDL3, (3.6¢)
50 = — (DB, (3.64)
RO — %D%. (3.6¢)

We then obtain from O(AB, —2) and from the trace-free part of O(AB, —1) the transformation
laws (3.2a) and (3.2b) for the metric hyp and shear tensor Cyp.
Next we find from O(rA, 1), O(rr,3), O(ru,2), and O(rA,2) respectively that

X = 2O (u 46,64 Disf — L DADpDP 5 + S DABD?, (3.7a)

5% = LCan(ut 5,64 DABDP5 + (DB D5, (3.7b)
R® — —%DACAB(U +8,6°)DpB — ENAB(u +5,6")DaBDpf + ER(DB)Q
—iCABw +8,0")DaDpB + iDADBzaDADBﬁ - é(DW, (3.7¢)
NOZp- —%DAﬂC'Bc(u + 8,008 (u + 8,04 + %NAB(U + 8,01 DpB(DB)?
~N"C(ut 8,04 DA BDRBDCH + {Cpclu+ 8,04 DAEDP DO

6

~5Cclu+ B,69DEDADPS — LDPCpc(u+ 5,6°)DASDC

1 1 1
+ZDBCAC(U + B,0DBBDeS + QDABDBDQBDBB - gDADBDCﬁDBﬁDCﬁ
5

24

+SRDAB(DE), (3.7d)

!This is most easily derived using the formula for the pullback of a knight diffeomorphism in terms of Lie
derivatives: pg(e). =Y. €"(£y)"/nl.

1 1
DAB(D*B)? + EDA/aDBDCﬁDBD% + EDADBBDBBD%




where D? = D4 D4 and (DB)? = DABD 4. Finally from O(uu, 1) and O(uA, 1) we obtain the
transformation laws (3.2c) and (3.2d) for the Bondi mass aspect m and angular momentum
aspect Ny4.

3.2 Conformal transformations of the Weyl BMS group
We now turn to conformal transformations v : £ — #+ of the form
i ="y, 04 = 04, (3.8)
Under this mapping the metric functions transform as
hap(0?) = e T hap(6?), (3.9a)
Cap(u, 0‘4) = e "Cyp(eu, HA) — 2ue™ " (DADB — ;hABDZ) e’, (3.9b)
m(u,04) = e3m(e"u, 04) + ie%CAB(eTu, 0D aDpe™ + iue?)TNAB(eTu, 0D Dpe”
—I—%ueMDANAB(eTu, 0 DpT + ieSTuQNAB(eTu, 0YDaTDpT
—%ue% {DADBeTDADBeT - ;(D267)2] + iue‘”DATDAR, (3.9¢)
Na(u,0) = 2" Na(eTu, 04) + 3ue® m(e"u, 04) D y7
+iu2e47 (DATDBTDBR — ;DARDBTDBT)
—i—;u e’ "D ym DT DerNEC (e7u, 04) — 1’&3657—(1)7')2 DYrNga(eTu, 04
+gu2e4TDAT DT DeNBC (eTu, 04) — ZuQe"‘T(DT)2 DYNyc(e7u, 64)
+ZU€STDBT {DADCC’BC(eTu, 64 — DBDCCCA(eTu,HA)}

+Zue3TDBT Cac(e™u, 04) NBC (eTu, 64). (3.9d)

To derive the transformation laws (3.9), we again extend the diffeomorphism (3.8) to a
diffeomorphism 1 : M — M which coincides with ¥ on .#T, by assuming a general power
series expansion in 1/r and using the notation z® = (u,r,#4) and z* = 2% o 7

1 1
i = e {u + ;B(l)(u, 04) + 75(2)(% o)

+0 (:3) , (3.10a)

1
) ['r + RW(u, )+ L) (u, GA)} +0 (ﬂ) : (3.10b)
1 1 1 1
04 = 04 + WA (u, 01 + Sx@(w, 04) + 5 P4 (u,04) + 0 (4) . (3.10¢)
T r r
Here as before the functions V), &, RD R (D) %2 and ¢ are arbitrary, and we
use instead of Y4 and {34 the covariant quantities x(?4 and y(34 defined by egs. (3.5).
We next take the pullback gup, = 7xgap of the metric and follow the same steps as in
section 3.1. From O(rA,0), the trace part of O(AB,—1), and O(rr,2), respectively, we



find that

xWA = —ue* W48 Dpr, (3.11a)
1
RW = §ue2ThAB(DATDBT + DaDpT), (3.11b)
1
g = —QU%%(DT)?. (3.11c)

We then obtain from O(AB, —2) and from the trace-free part of O(AB, —1) the transformation
laws (3.9a) and (3.9b) for the metric hap and shear tensor Cap.
Next we find from O(rA, 1), O(rr,3), O(ru,2) and O(rA,2) respectively that

1
X(2)A = §uegTCAB(eTu, GA)DBT

1
+§u2647 (DATD2T — DADprDB7 — DATDBTDBT) , (3.12a)
1
B2 = 1 237 Cap(eTu, 6 DATDP 1 + 4u3€3T(DT)2D2€T, (3.12b)
1 1
R® = —ZueQTCAB(eTu, 0YDaDpe™ — ZU2C4TNAB(GTU,9A)DATDBT
1 1 1
—§e3TuDACAB(eTu, 0YDpT + 4SQT 2 |D Dge” DADPe T—§(D2€T)2
1
+Ze47u2R(DT)2, (3.12¢)
1 1
X34 = —1—6ue4TDATC’BC(e u, 04)CBC (eTu, 9A) + 7Y 257 DCAC (eTu, 0 DPr Dot

fiu " DBCpeo(eTu HA)DATDCT+ Vi 24 Cpe(eTu, 0 DA DB D "

24 Cpo(eTu, 0 DT DADBE™ 4+ 12> CAB (e7u, 04 Dpr(Dr1)?
+;u eS"NAB(eTu, 04 Dpr(D7)? éu?’eGTNBC(eTu,HA)DATDBTDCT
—|—;u " DATDBrDp D% — %ugeSTDBTDCTDADBDceT

1
DA (D?r)* + Sl DATDpDoT D D

24
1 5} 3
+6u366TDBTDADBTD2T — éu?’eﬁTDADBTDBT(DT)2 + Zu?’eGTDATDZT(DT)2
1
—2u 35" DAr D DT DB DT — 21 366TDAT(DT)4
+6u3eGTDAT(DT)2”R. (3.12d)

Here the angular indices A, B are raised and lowered with h4p and not hap given by eq. (3.9a).
Finally from O(uu, 1) and (uA, 1) we obtain the transformation laws (3.9c) and (3.9d) for
the Bondi mass aspect m and angular momentum aspect V4.

3.3 Two-sphere diffeomorphisms of the Weyl BMS group

The third category of transformations in the BMSW group are diffeomorphisms of the
two sphere:

w=u, 64=x26"). (3.13)



This extends to the exact four-dimensional diffeomorphism

u=u, 04 = x4 (6P), r=r, (3.14)

under which the metric functions transform by the pullback of the two-sphere diffeomor-

phism y:
hap = X«has, (3.15a)
Cap = x+CaB, (3.15b)
m = X«Mm, (3.15¢)
N4 = x«Na. (3.15d)

3.4 Two-sphere diffeomorphisms of the generalized BMS group

We now turn to the generalized BMS group instead of the Weyl BMS group, and focus again
on two-sphere diffeomorphisms. The diffeomorphism 1 on £ takes the form

= ey, 64 = x4 (6P). (3.16)

Here the function a(64) is determined as a function of y by the requirement (2.5).

To compute the transformation of the metric functions under the mapping (3.16) we
combine the results of sections 3.2 and 3.3. We decompose 1 as ¥ = 15 o 1)1, where 91 is
the two-sphere diffeomorphism (3.13), and 1) is the conformal transformation (3.8) with
7 chosen to be

T=aox ' (3.17)

The corresponding spacetime diffeomorphisms are related by n = 12 o 11, and the pullback
of the metric is then given by

M«Gab = M1 © N2+ Jab- (3.18)

It follows that we can compute transformed metric functions as follows. Start with the metric
functions hap, m, Na,Cap, and act with the pullback 79, which yields the transformed
metric functions hap,m, Na,Cap given by eqgs. (3.9) using the parameter (3.17). Next, act
with the pullback ;. using the prescription (3.15) which yields the final metric functions

EAB:X*;LAB, m = x«m, NA:X*NA, CAB:X*CAB- (3.19)

In particular from eq. (3.9a) the final induced metric is given by hap = Y« (e=*"hap), and
so the final volume form is

6—204

éap = x«(e *Teap) = e 2 *xueap = €AB = T€aB, (3.20)

X

where we have used egs. (3.17), (2.4) and (2.5).



3.5 Conformal isometries of the BMS group

We now turn to the boosts and rotations of the BMS group. These are a special case of
the GBMS two-sphere diffeomorphisms (3.16) where Y is restricted to be a global conformal
isometry, so that

xshap = ihAB- (3.21)
wWx

Here w, is defined by eq. (2.4), and we are excluding improper Lorentz transformations.
The transformation laws are therefore given by combining egs. (3.9), (3.17) and (3.19). It
follows from the analysis that led to eq. (3.20) that the two-metric is preserved, h AB = hapg.
Moreover for rotations we have w, = 1, and for boosts we have w, = (coshy — cos © sinh )2,
where « is the rapidity parameter and O is the angle between the boost direction and the
direction determined by #4. From eqgs. (2.4), (2.5) and (3.17) we obtain that

e’ = wxolxl = wy -1 = (coshy + cos © sinh 7)2. (3.22)
It follows that e” is purely I = 0 and [ = 1, and so it is annihilated by the differential operator
DiDp — hagD? /2. This implies that the following terms vanish in egs. (3.9) for boosts and
rotations: the second term in eq. (3.9b), and the second, third and sixth terms in eq. (3.9c).
In addition the terms involving R in egs. (3.2) and (3.9) will vanish when we specialize to
round two-metrics with R = 2, as is normally done for the BMS group.

4 Comparisons with previous results

Our results (3.2), (3.9), (3.15) and (3.19) agree (mostly) with a number of previous com-
putations in special cases:

e The linearized BMSW computations of Freidel, Oliveri, Pranzetti and Speziale given in
eqs. (4.42) of ref. [8], taking into account that the variables (F, T, W, T, P4) used there
are given in terms of variables used here to linear order as (R/4,5,7,8 + ur, Ny —
DA(CpcCBY) /16 — CapDcCBC /4).

e The linearized GBMS computations of Compere, Fiorucci and Ruzziconi given in
egs. (2.20)—(2.24) of ref. [17], noting that their angular momentum aspect N4 is related
to ours by their eq. (2.8).

o Our nonlinear computations in the BMS context given in appendix B of ref. [14] and
appendix B of ref. [15]. These method used in those computations was to combine the
Bondi-coordinate charge expression (FN,3.5) of ref. [14], which is known to be covariant,
together with known nonlinear transformation of the symmetry generator vector fields
on T to indirectly deduce the transformations of the metric functions. The results are
limited to nonradiative regimes where N4p = 0 since the charge expression (FN,3.5)
was derived only in that context. Demonstrating consistency with the results of this
paper requires using (i) the condition N4p = 0; (ii) the simplifications discussed after
eq. (3.22) above; (iii) the definition (3.6) of ref. [15] of the variable N4; and (iv) the



evolution equation (FN,2.11a) for the Bondi mass aspect which shows that 7 = 0 in
vacuum when Nypg = 0.

e The nonlinear BMS transformation laws derived in appendices C.5 and C.6 of the
book [13] by Chrusciel, Jezierski, and Kijowski, using the fact that their angular
momentum aspect is related to ours by a factor of —3. For supertranslations the results
agree, except for the transformation law for Ny, their eq. (C.124). The difference seems
to arise from a discrepancy between our eq. (3.7b) for the function 3®) compared to
their corresponding eq. (C.114). For boosts the results do not agree.?

e The nonlinear BMS transformation laws recently derived by Chen, Wang, Wang and
Yau in ref. [16], which are consistent with our results when the simplifications discussed
after eq. (3.22) above are used.

We also note that the action of finite transformations of the extended BMS group as well as
Weyl transformations have been given by Barnich and Troessaert in ref. [35]. That paper uses
the first-order Newman-Penrose formalism, which can be translated to the Bondi formalism
used here using, for example, the results of ref. [36]. Also refs. [37, 38] have demonstrated
that for non-radiative spacetimes, the mass and angular momentum aspects transform in the
coadjoint representation of the extended BMS group, both at the linear and nonlinear levels.

5 Applications

5.1 Vacuum structure

One application of our nonlinear transformation results (3.2), (3.9), (3.15) and (3.19) is to
obtain an explicit parameterization of “vacuum” states which in a local region of .#* are
diffeomorphic to the data for Minkowski spacetime. This allows us to reproduce and generalize
slightly the GBMS results of Compere, Fiorucci and Ruzziconi given in section 3 of ref. [17].
The result is as follows. First, following refs. [8, 9, 17] we define the Liouville or Geroch

vac

tensor N5[hopl, a function of the metric hop, as follows. We choose a conformal factor
e?™ to make €>"hap a unit round two-metric, by solving the equation

2D%r 4 2e*" =R (5.1)
for 7. We then define the tensor
NS =2e"(DaDp — hagD?/2)e™", (5.2)
which has the property
DANYS = —%DBR. (5.3)

2While we have not been able to track down the source of the discrepancy in this case, we note that the
boost results of Chrusciel et al. disagree with ref. [16] as well as with our results.

,10,



General vacuum data can now be parameterized in terms of an arbitrary two-metric hap(8¢)
and a function 3(6%) as follows:

Nap = Niglhobl, (5.4a)
Cap = (u+ B)NYX§[hep] — 2(DaDp — hapD?/2)B, (5.4b)
m = — O Nlhen) (5.40)
Na=o0. (5.4d)

The result (5.4), when restricted to metrics hap whose volume form is fixed as appropriate
for the GBMS group, agrees with egs. (3.10) and (3.26) of [17]3. The result (5.4) is also
consistent with the results of section 4.7 of ref. [8] on the vacuum structure.

We obtain the form (5.4) of general vacuum data by applying a general BMSW trans-
formation to Minkowski data. We parameterize the BMSW transformation by composing
the two sphere diffeomorphism (3.13), the conformal transformation (3.8), and the super-
translation (3.1). We start with the Minkowski data

hag, Cap =0, m =0, Ny =0, (5.5)

where hap is a unit round two metric. Acting with the two-sphere diffeomorphism y using
eq. (3.15) gives the data

hap = x«hap, Cap =0, m =0, Ny =0. (5.6)

Next acting with the conformal transformation 7 using eqs. (3.9) gives

hag = e_QTX*;LAB, (5.7a)
Nap = —2¢"7(DaDp — hapD?/2)e” = 2" (DsDp — hapD?/2)e™", (5.7b)
Cup = uNag, (5.7c)
m = —éuNABNCD/%ACi}BD, (5.7d)
Njg=0. (5.7¢)

Here D4 and D 4 are the derivative operators associated with hap and h ap and we used R = 2.
From eq. (5.7a) we can obtain generic two metrics hap by choosing x and 7 appropriately, and
it will be convenient following [17] to use hap to parameterize the state rather than y and 7. In
the GBMS context of [17] the conformal transformation 7 is constrained to be a function of y,
which constrains h 4B to have the same volume form as h AB, as discussed in section 3.4 above.

3The comparison uses their relation (2.8) between the two different angular momentum aspects, and that
their variables gap, ® and C' are given in terms of ours by gap = hap, C = 8 and ® = 27 — In~y;. Here ~; is
chosen so that the metric v, *e*"hap is flat. It is given explicitly by vs = 2/(1 + 2z)?, where (z, ) are the
complex stereographic coordinates associated with the round metric €2 hap.
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The final step is to act with the supertranslation § using eqgs. (3.2). This yields

hap = hag, (5.8a)
Nap = Nap = 2¢"(DaDp — hapD?/2)e", (5.8b)
Cap = (u+ B)Nap — 2(DaDp — hapD?/2)B, (5.8¢)
m = _éCABNCDhAChBD7 (5.8d)
Ny = 0. (5.8¢)

Here egs. (5.8a) and (5.7a) yield the relation (5.1) that determines 7 in terms of the final
metric hap. We used the identities (5.3) and NABNBC = NBDNBDEAC/Q, which is valid
for any symmetric traceless tensor in two dimensions. The results (5.8) together with the
definition (5.2) now yield the parameterization (5.4).

5.2 Other coordinates on phase space

The choice of Bondi coordinate metric functions is somewhat arbitrary, and is useful to
consider other coordinates on the phase space that simplify the description. One organizing
principle is to use variables which vanish in vacuum regions of .#* [17, 39]. Another is
to use variables with simple transformation properties under conformal transformations [8—
11, 40, 41]. These considerations lead to the following modified definitions of Bondi mass
aspect, shear, and news tensor [8, 9, 17]:

1
M=m+ gCABNAB, (5.9&)
Cap = Cap — uNXaBC[hCD], (5.9b)
Nap = 0.Cap = Nap — Ni5hep], (5.9¢)

where N} is defined in eq. (5.2). We do not need to redefine the angular momentum aspect
Na.* With these definitions M, Nap and N4 vanish in vacuum regions from eqs. (5.4)°.

We can rewrite our transformation laws (3.2) and (3.9) in terms of the new variables (5.9),
extending the linearized transformation laws of sections 4.5 of ref. [8] and 2.2 of ref. [9]. Under

“Note that our definition of N4 coincides with the covariant angular momentum aspect Pa of refs. [8, 9].

5Conversely, the condition that M, Nap and N4 all vanish is not sufficient to imply that the region is of
the vacuum form (5.4). The additional condition needed is that the shear C'4p must have the form (5.4b),
which is equivalent to the vanishing of the dual covariant mass (5.11) given that Map = 0.
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supertranslations we find from egs. (3.2), (5.9) and (5.3) that

hap(6°) = hap(8°), (5.10a)

Cap(u,0%) = Cag(u+ 3,0%) —2D4DpB + hapD*B8 + BN ZShep), (5.10b)

Nap(u,04) = /\/’AB(quB,BA), (5.10¢)
M(u,04) = M(u+ 8,64) + %DANAB(u + 8,0 Dpp

F APt 3,04 DABDRS, (5.100)

Na(u, 04) = No(u+ 3,0%) + 3M(u+ 8,0 DaS + 3.4 (u+ 3,0 e DB
%D,m DB DoNPC (u+ B,6%) — Z(Dﬁ)Q DN (u+ B, 6%)
+%DA5 DpBDcBNBC (u + 8,04)

—%(Dﬁ)Q DYBNeoalu+ 3,6%). (5.10e)

Here .# is the dual covariant mass defined by Freidel and Pranzetti [9] given by
M = *CABEBCN + 4D DB ACCgc, (5.11)

and the terms linear in ( in eq. (5.10e) have been manipulated as described there. Note that
the transformation laws (5.10) are much simpler than the original versions (3.2).

For conformal transformations we first compute the transformation law for N5[hop].
Denoting the solution of eq. (5.1) by 7[hcp], we find that T[e**hep] = T[hep] — ¢, and it
follows from the definition (5.2) that [cf. eq. (4.56) of ref. [8]]

N¥[e*hep] = NY¥S[hep] — 2e¥(DaDp — hapD?/2)e™ Y. (5.12)

Now from egs. (3.9), (5.9) and (5.3) we find that

hap(681) = e T hap(6™), (5.13a)
Can(u HA) = e "Cap(eu, GA) (5.13b)
NAB( 04) = Nap(eTu, 64), (5.13¢)

u, 0) = 3" M(eTu, 04) + ;ue4TDANAB(e u,0) DT
+ie5Tu2NAB (e"u,0)DaTDprT, (5.13d)

Na(u, 04) = 2" Na(e"u, 04) + 3ue3™ M(eu, 0) DAt + 3ue® . (e7u, 0)e L Dpr

3 3
+ou 24 Do DT DeNBC (e7u, 04) — 74 uw?e* (D7)2 D Nac(e"u, 04)

1
+2u 35" D DT Dot NBC (e7u, 04)

1 .
—1u3e5T(DT)2 DETNg (e u, 0. (5.13e)

Again these transformation laws are much simpler than the original versions (3.9).
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From egs. (5.10) and (5.13) it follows that the transformation laws for the dual covariant
mass .# have the same forms (5.10d) and (5.13d) as for the mass M, except that the
modified news tensor N4 is replaced by its dual N 4B = €acN CB. This was previously
shown to linear order in ref. [9].

We also note that a different kind of simplification can achieved by defining the modified
mass aspect

1
M =m — ZDADBCAB. (5.14)

The transformation laws for this quantity under supertranslations and conformal transfor-
mations are

_ 1 1 1
M(u, 04) = M(u + 8,0%) + ZD% + Z721)25 + 5DARDAﬁ, (5.15)
and
_ 1
M(u, 04) = e3"M(e"u, 04) + Zuei)” [D4€T + RD?" + 2DARDAeT}

1
+ §eQTCAB(eTu, 0D sDpe” — ue® (DADPe™)(DaDp — hapD?/2)e”. (5.16)
The terms on the right hand side in eq. (5.16) other than the first term vanish in the BMS
context, when R = 2 and €” is purely | = 0 and [ = 1. This mass definition is therefore
natural to use in the BMS context, but somewhat less so in the more general BMSW context.
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