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1 Introduction

Black holes are one of the compact objects in general relativity, and they represent the final
stage of the collapse of massive stars. They possess a spherical surface known as the event
horizon, which has no outgoing geodesic. Upon entering the horizon, an ingoing geodesic
moves toward the center of the black hole, recognized as the singularity [1]. Consequently, no
radiation can escape black holes in any manner. From a classical viewpoint, the mass of a
black hole comprises reducible and irreducible components. The reducible energy can only
be altered via interactions, whereas the irreducible mass does not decrease [2, 3]. Hawking
introduced the concept of black holes radiating energy, known as Hawking radiation. This
insight enables black holes to be conceptualized as thermal objects with a temperature
proportional to surface gravity [4, 5]. These characteristics of black holes prompted the
formulation of entropy by Bekenstein [6, 7], which is related to the surface area of the black
holes and is referred to as Hawking-Bekenstein entropy. Following the definition of the
relevant variables, the laws of black hole thermodynamics were established in 1970s [8]. These
laws encompass the zeroth, first, second, and third laws, grounded in concepts such as surface
gravity over the event horizon of stationary black holes, fundamental form of the first law,
and assertion of the non-decreasing area of black holes. Additionally, there was a mass
formula based on the mass bound and constant black hole area of the Kerr-Newman black
hole [9]. These studies have transformed black holes into thermally radiating objects, with
their behavior explained by thermodynamic variables and laws.



(Anti-)de Sitter ((A)dS) spacetime is a maximally symmetric Lorentzian manifold. The
spacetime with a positive cosmological constant, A, is referred to as the de Sitter (dS)
spacetime, whereas the spacetime with a negative constant is referred to as the AdS spacetime.
In contrast to the Minkowski space, the submanifold of the dS spacetime is a hyperboloid
in a five-dimensional flat spacetime. Coordinate singularities occur at £ = 0,§ = m,6 = 0,
and § = 7 when using the coordinate representation (t,¢,6,¢). Furthermore, the spatial
sections with a fixed ¢ take the form of spheres S with a positive curvature. However, the
AdS spacetime can be represented as a coordinate patch of half of the Einstein static universe.
Gravity in the AdS spacetime is closely related to conformal field theory (CFT) on its boundary.
This relation is the AdS/CFT correspondence [10, 11], which asserts a relationship between
D-dimensional AdS spacetime and a (D — 1)-dimensional CFT defined on its boundary. In
the context of AdS correspondence, efforts have been directed toward establishing a similar
correspondence in the dS spacetime, known as the dS/CFT correspondence, linking the dS
spacetime to the CFT of its boundary [12, 13].

In the realm of quantum gravity, Vafa proposed the Weak Gravity Conjecture (WGC) as
an explanatory framework for the charge-to-mass ratio [14, 15]. Succinctly stated, the WGC
posits that any gauge force must exert a greater influence than gravity, expressed as % >1,
with saturation occurring in extremal black holes. This conjecture is rooted in quantum
gravity principles and is particularly relevant in the absence of global symmetries. In the
context of quantum gravity, as Hawking radiation does not entail the emission of charged
particles, evaporating black holes release particles regardless of their global charges [16, 17].
The WGC encompasses a group of studies that align with the ideas related to this conjecture.
Various methods support the conjecture, including studies introducing correction terms to
avoid naked singularities, as the absence of naked singularities implies the validity of the
WGC inequality [18].

Building on studies on the WGC, Goon and Penco investigated the universality of the
thermodynamic relation between entropy and extremality under perturbation [19]. Pertur-
bations in free energy yield a relationship between mass, temperature, and entropy with
corrections. The leading-order expansion of perturbative parameters reveals an approximate
relation that can be linked to higher-derivative corrections [20], generating a connection
between shifts in entropy and the charge-to-mass ratio [18, 21, 22]. This relation ensures
the validity of the WGC when the shift in the mass of extremal black holes is proportional
to the shift of entropy with a negative constant [23] which is also studied in [24]. Based on
the relation proposed by Goon and Penco, considerable progress has been made, including
analysis of the relation between various AdS spacetimes such as charged BTZ black holes
and Kerr-AdS black holes from the WGC perspective [25-37].

In this work, we investigate the universal relation proposed by Goon and Penco in dS
black holes [19], where it has not been extensively studied in dS spacetimes. In particular,
our focus is on another extremal condition where the outer horizon and cosmological horizon
coincide, known as the Nariai spacetime. While the relation is proposed in a general case,
we investigate the details of the equations that constitute the relation. The components of
the relations are observed to differ from those of AdS black holes, but the overall relation
remains valid. By analyzing different types of black holes, namely Schwarzschild-de Sitter



(SdS), Reissner-Nordstrom-de Sitter (RNdS), Kerr-de Sitter (KdS), and Kerr-Newman-de
Sitter (KNdS), the universality of the thermodynamic relation is confirmed in dS black holes.
Furthermore, our results suggest that the WGC is still applicable in the dS spacetime.

The structure of this paper is as follows: in section 2, we provide a review of thermo-
dynamic variables and the Nariai limit of the three types of black holes. In section 3, we
examine (2.1) in SdS black holes. Subsequently, we propose the application of the relation
to RNdS black holes in section 4 and KdS and KNdS black holes in section 5. Finally, we
summarize our findings in section 6.

2 Universal relation and Nariai limit

2.1 Goon and Penco relation

Goon and Penco built the relation between the derivative of mass and entropy [19],
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where M, Q, and e represent mass, additional quantities, and the perturbative parameter,
respectively. While introducing perturbative corrections to the free energy G(T), ji), including
a proportional correction to the action I of the system is viable. While contributions by
boundary terms may arise, they are negligible. This correction is specifically applied to
the cosmological term in the action, resulting in alterations to the horizon radius, mass,
temperature, and entropy. Furthermore, the leading-order expansion of (2.1) can be linked
to the Weak Gravity Conjecture (WGC) by establishing proportions between the higher
derivatives of mass and entropy.

AMeyi () = —To(M, Q)AS(M, Q) (2.2)

This expansion is associated with higher-derivative corrections, giving rise to AS(M, Q) ~
Az > 0 as demonstrated in [18]. Importantly, if our calculations align well with (2.1), it

expands (2.2), demonstrating the validity of the WGC.

2.2 SdS black hole

In the case of dS spacetime, the metric includes additional terms related to the cosmological
horizon, characterized by the cosmological constant A. The horizons, denoted as the inner,
ri, outer, r,, and cosmological, r. horizons (r; < r, < r.), can be derived. However, the
Schwarzschild black hole, with only two horizons, possesses only r, and r.. To obtain the
extremal limit, the horizon of the black hole must be equal to both the inner and outer
horizons, i.e., rp, = r; = 7,, accompanied by a temperature of zero. In contrast, the Nariai
limit has a horizon identical to both the outer and cosmological horizons, i.e., r, =1, = 7.
For simplicity, we assume G = ¢ = 1. SdS black holes are spherically symmetric solutions
of Einstein’s equations with zero electric charge and angular momentum. The metric is
expressed as follows

1
f(r)

ds? = —f(r)dt* + < dr® + 1 (d0? +sin? 0dg?),  f(r)=1-"" - (23)



where M and A represent the mass of the black hole and cosmological constant, respectively
(A = Z%. The entropy and Hawking temperature at the event horizon rj are given by

Ap K 1 rof
S = — = 2 T = — = — —_— .
4 e on  4n <8r )T:rh ’ (2:4)
where Aj, is the surface area of the black hole. Utilizing these thermodynamic variables,
including the mass of the black hole, we can formulate the first law of thermodynamics as

dM = TdS. (2.5)

If we get f(r) = f'(r) = 0, we can derive the Nariai radius and mass as
l

N = ﬁ7
l
My =25 (2.7)

(2.6)

2.3 RINdAS black hole

The RNdS black hole is a static solution of the Einstein-Maxwell equations, introducing an
additional term for electric charge over that present in the SdS case:

1
ds® = — f(r)dt* + —dr? + 2 (d6? + sin® 0do?)
f(r) (2.8)
oM Q2 1., iQ '
f(’,") e — 771 + 7’.72 — gA'I" y Audm'u = Tdt,

where () represents the electric charge. The RNdS black holes share the same form of entropy
and temperature as Schwarzschild black holes. Evaluating all variables in RNdS black holes
enables us to establish the first law of thermodynamics:

dM = TdS + 3dQ. (2.9)

We then compute the radius and mass as those for Schwarzschild black holes,

l [ 1202

1202 + 12 (1 +4/1— 13?)

My = . (2.11)
3v/61y /1 + /1 - 12¢

2.4 KdS black hole

The metric for KdS Black holes represents one of the stationary solutions of the Einstein
equations. The KdS metric expressed in Boyer-Lindquist coordinates is as follows as

.2 2 2 ) 2., 2 2
ds? = 2 (dt— i 9d¢2> g P g Besnf <adt— rta d¢> ,

p = A, Ay P =
1 1
A= (r2 + a2) (1 — 3Ar2> — 2mr, Ag =1+ gaz cos? 6, (2.12)
1
p? =12+ a%cos? b, E:1+§Aa2,



where m and a represent the mass and spin parameter, respectively. Before deriving ther-
modynamic variables, we must transform (2.12) into another form. This transformation is
necessary because it has a non-zero angular velocity at the boundary r > 1, rendering the first
law invalid. To address this issue, we must perform a transformation as outlined in [38—40].

1
t—=T, ¢— D+ gaAT. (2.13)

We can then change (2.12) into [41],

AT 2 2 2
ds? = — 525 (DodT — asin? 0d®) " + L—dr? + L—dp®
p-= Ar A@
+p252(a<1—3Ar )dT—(r +a )d@) .

KdS black holes exhibit a different form of entropy and temperature [42] compared to the
other two black holes,

arAr ’r:rh

Sp = OrLrlr=m_
h 47 (13 + a?)

) Th:

2 2
M , (2.15)

Additionally, other variables include the actual mass, angular momentum, and angular
velocity [43].
1A.2

m am a (1 - EATh)
=, J==, Qhph=——"7—=. 2.16

g r2 + a? (2.16)
From the thermodynamic variables derived previously, we can formulate the first law of
thermodynamics for KdS black holes as

Next, we calculate the Nariai radius and set the mass variation A, in (2.12) to zero.
1?2 —a? 124212
rN=—"=4|1+4/1 - —7, 2.18
V6 \l (12 — a?)? (2.18)

300212 + (lz_a2)2 <1+ 1 12212 >

(12—a?)

My = . (2.19)
6v/612V/12 — a2\/1 +,/1- (lg%jg;

The mass can then be derived by substituting (2.12) into the mass function of the KdS
black hole.

3 Universal relation on SdS black hole

We will evaluate (2.1) for the three black holes, focusing on the Nariai limit, as opposed
to the methods followed in the investigations by Goon and Penco [19]. We begin with the
SdS case. First, we examine how the action changes:

I= m%/dx‘*\/fg(R— 2A), (3.1)



where R and A are the Ricci scalar and cosmological constant. According to [19], the
cosmological constant becomes the perturbation parameter, yielding

Izﬁ%/ﬁﬁJﬂﬂR—2ﬂ+dA% (3.2)

where € is a very small constant. The correction shifts the metric function in (2.3),

o 2M 1+e, 5, . 2M  (1+e)r?
where Q% = d#? + sin? 0d¢. We obtain the shifted mass set f(r) = 0 in (3.3),
. NG B 1+ ei% (3.4)
C2ym 202 45 '
We need function of € to build (2.1). This can be derived by transforming (3.4) as
20273 5 2271 M | 7l
e=2T" _M+7\F e TR LT, (3.5)
S5 2ﬁ S5 S
Next, we obtain a partial derivative to (3.5) with a fixed mass,
o) ?—3(1+¢S
(6) == (I+e)S (3.6)
0S ) m 252

We can compute temperature from (3.3) using the Hawking temperature equation (2.4),

1a?-3(1+6)S

T = 3.7
g — (3.7)
Combining (3.6) and (3.7) to get left-hand side of (2.1), we obtain
5 S3
T =——F—. 3.8
Oe 252 (3.8)

We then calculate the Nariai extremal condition, referred to as Sy, from T = 0 before
completing the (2.1),

wl?
SN = ———. 3.9
N7 3+ (3:9)
We begin with using (3.9) at the Nariai limit (3.8) to obtain
lim <—T85> I — (3.10)
M—My o€ ) 6\/3(14-6)5
and then substitute (3.9) into (3.4),
[
My = (3.11)

After differentiation, we obtain the form:

OMp _ l
( Oe )T_ 6\/5(14_6)%' (312)

Lastly, by comparing (3.10) and (3.12), we observe that the form of (2.1) is also verified

in the dS case, similar to (2.1). However, this differs from the result in [19]. Our exact
solutions in (3.10) and (3.12) have a minus sign, which arises due to the presence of a positive
cosmological constant, a characteristic feature of dS spacetimes.



4 Universal relation on RNdS black hole

In this section, we will examine the RNdS metric. RNdS black holes feature an additional
term with the electromagnetic tensor in the action, making them a solution to the Einstein-
Maxwell field equation with a cosmological constant. The metric undergoes perturbation to the
cosmological constant term in the action, similar to the SdS black hole discussed in section 3,

1
I=o [da'V=g(R-2(1+ A= FuF™), (4.1)
T

where F,, = 0,A, — 0, A, pertains to the electromagnetic tensor. Similar to the case of SdS
black holes, the perturbation parameter on the cosmological constant modifies (2.8) as

2
f(r):1—¥+%—§(1+6)/\7“2- (4.2)

We can obtain mass as an equation of €, S, and @ from the metric function in (4.2),
_ VS @VE 1+ S3
2y 28 202 3"

Now, we transform (4.3) to e and differentiate it with entropy S with a fixed mass and

M

(4.3)

electric charge,

2nA M Pr QPr?

= : — —1 4.4
€ S% + g + 2 ) (4.4)
(ae) _ wl*S —3(1+¢€) 5% — Q*r%I? (4.5)
0S) o 253 ' '

As we did for the SdS metric, we can calculate the Hawking temperature 7" from (4.2),

ileS —3(1+¢€)S?—Q*r2?

T = - 4.6
4 lZﬁSg (4.6)
Combining (4.5) and (4.6), we obtain
a5 S3
B i (4.7)
Oe 2722

Setting 7' = 0 from (4.6) aids in identifying the entropy of Nariai extremal case. Because
the equation has two solutions, extremal and Nariai, we select the Nariai case.

7T2 €
SN=6(1[+€) <1+\/1—12(1l+2,)622). (4.8)

Substituting (4.8) into (4.7), we obtain

3

) oS l 12(1+€)Q?
1 -T— e — AL I :
M;%N< Tae)M’Q odonaot (1+\/1 7 ) (4.9)




Subsequently, we determine the left side of (2.1) by inserting (4.8) into (4.3),

12 (1 +€) Q% + 12 <1 +/1— 12(1;€)Q2>
My = (4.10)

3\/6(1—1-6)[\/1—1- |1 — 209

For the last step, we differentiate (4.10) with e,

OMy\ l 12(1+9@%\°
(" >T,Q_ 12V (11 03 (“w E ) | (4.11)

Given that (4.9) and (4.11) share the same form, (2.1) can also be applied to the case of
RNdS black holes. The tendency to attach a minus sign is also observed, mirroring the
behavior of SdS black holes.

We examined the relation within the Nariai limit. However, for direct applicability to the

WGC, applying our calculations within the extremal limit is preferable, because the original
WGC concept is rooted in the extremal limit of AdS black holes. Therefore, we derive the
extremal limit of RNdS black holes by obtaining another solution for 7' = 0 from (4.6),

7T2 €
SE:G(ll—i—e) (1—\/1—12(1;;)@2). (4.12)

Before establishing the relation in equation (2.1), we must derive equations akin to (4.9)
and (4.11). By substituting (4.12) into (4.7), we obtain

lim (—Tas

l 12(1+¢€) Q? :
= - |1 1) 4.13
M= 86>M7Q 12/6 (1 + )2 ( \/ . ) -

If we subsequently substitute (4.12) into (4.3), the mass can be expressed as

12(1 4 €) Q2 + 12 (1— 1—12(17;)692)
Mg = (4.14)

3\/6(1—|—e)l\/1— |1 - 20ee

Upon taking the partial derivative of (4.14), we obtain an equation similar to (4.11),

Mg\ l o 120+r0@?)’
(ae )m_ N (1 \/1 — ) : (4.15)

Finally, we observe that (2.1) remains valid in the extremal limit of RNdS black holes.
However, both (4.13) and (4.15) feature a negative sign in their exact solutions, akin to the
Nariai limit case. Thus, RNdS black holes in the extremal limit also adhere to the trend
observed in RNdS black holes within the Nariai limit.




5 Universal relation on KdS black hole

5.1 Smarr formula on KdS black hole

The method for computing the mass or temperature of black holes should be clarified. The
straightforward approach involves using the metric function, where f(r) = 0. However, for
the KdS black hole, calculating these quantities directly is not as straightforward owing to
its complication. Therefore, we will resort to the Smarr formula. The original form can
be found the Kerr-Newman black hole [9],

(5.1)
where A, L, and () represent the surface area, angular momentum, and electric charge,

respectively. This form is generalized into AdS and dS black holes with a cosmological
constant [43, 44]. Consequently, the generalized Smarr formula of the KdS black hole which

o (7 _ 1\, S _5)2
M_(S l2>J +4ﬂ(1 = (5.2)

5.2 Testing universal relation on KdS black hole

we will use is given as

Finally, we will verify the relation for KdS black holes. The KdS solution comprises axially
symmetric black holes with an axis of rotation. The action is identical to the SdS action,
leading to a process similar to the SdS case. A, in (2.12) then becomes:

A, = (7‘2 + a2) (1 - é (I1+¢) Ar2) —2mr. (5.3)

When e = 0, (5.3) will be recovered to an uncorrected solution. With perturbation parameter
€, we can derive mass from generalized Smarr formula in KdS black holes, (5.2),

w2 —(1+4+¢€S
M = \/47T3l45' (4m312J2 + 52 (w12 — (1 +¢€)9)), (5.4)
which can be reproduced as M from A, = 0 with S = @, M = Z3,and J = Z3. We
then set (5.4) as a function of € to make the relation,
wl? (27r2J2 + 5% —2¢/miJt 4 7TM253)
g3
Taking the partial derivative to (5.5), we get
<ae> At TR 4+ S% (7% — (14 €)S) (7% = 3(1 +€)S) (5.6)
0S) vy 473 J21252 + 2584 (712 — (1 +¢€)S) ' '

In contrast to the other two sections, it is easier to calculate using (2.17) as T' = (%)J [44]

and (5.2),
B —Art A 4 52 (712 — (14 €)S) (712 — 3(1 +¢€)S)
Ar212\/S3 (rl2 — (1 + €)S) A3 22 + S2(xl2 — (1 + €)9))

; (5.7)




which can be reproduced to the result of T' = ’%
side of (2.1) by combining (5.6) and (5.7),

[42]. We can then build the right

r (8S> B 43 21282 + 25% (x12 — (14 €)5)
M,J

e _471'%[2\/53 (2= (1+6)8) (4m 22 + S2(nl2 — (1 + 6)9))

Subsequently, we compute the Nariai extremal condition for KdS black holes, which can be
calculated by setting T' = 0 because extremal black holes have zero temperature,

52 (wﬂ —(1+ e)) <7rl2 —3(1+ e)S) B ) (5.9)

If we solve (5.9), the four roots will be obtained as

2 1 27274 1 4r2[4 47316
51,2=+\/2+Pi P+ ,
3(1+¢€¢  2V91+e 21| 9(1+¢) 27(1 + €)3 /9(2{:?52 + P
wil2 1 27274 1 42[4 47316
=304 2\/9(1 T TPES 9(17r+ g - T
where

72 (18 — 144J%14(1 + €)?) Qs

P= + ,
9(1 + €)2Q3 9(1+¢)?

Q=1"%—432J%13(1 + €)? + 12\/3\/—J2120(1 + €)2 4 288J416(1 4 €)4 4 6912.J6112(1 + €)S.

Moving forward, a detailed examination of the four roots obtained is necessary. If we
consider the limit J — 0, S1, S3, and Sy do not revert to the SAS Nariai extremal condition.
Additionally, the third term of S5 and S4 becomes imaginary as J increases. Consequently,
So stands out as the only root suitable for use as Sy.

wl? 1 [272[4 1 | 4r2i4 4736
Sy =85 =—+- +P— = — P+ . (5.10)
3¢ 2\ 9¢2 2\] 9¢2 97¢3 /2362214 n

Substituting (5.10) into (5.8), we then build the right hand side of the relation,

lim
M—Mpn

<T85’> o 43 J21253 4 255 (7% — €So)
Oc/n am3i2y /83 (n12 — (1+ €)Sp) (4n3J212 + S3(nl2 — (1 + €)Sy))
(5.11)

We substitute (5.10) into (5.4),

My = \/ s ;w(;z;;) 52 (4731292 + S3 (n12 — (1 + €)S,)), (5.12)
and take partial derivative with e,
(8]\/IN> _ 473721253 + 255 (71?2 — €So) C (513)
Oc Jma 4n32\[SF (nl2 — (1 + €)Sy) (4m3J22 + S3(nl2 — (1 + €)Sy))

,10,



Note that (5.11) and (5.13) are identical. This implies that the GP relation can also be
identified in KdS black holes with the Nariai limit. Moreover, a closer look reveals that the
exact results in (5.11) and (5.13) feature a minus sign. This observation indicates that the
trend observed in the properties of dS spacetime remains valid, thereby aligning with the
findings in the other two types of black holes.

5.3 Testing universal relation on KNNdS black hole

To apply our calculation to black holes with angular momentum and electric charge, we
adjust (5.3) to represent the KNdS case, as follows

1
A, = (r2 + az) (1 —3 (1+¢) ArQ) —2mr + Q% (5.14)
Furthermore, we modify the Smarr formula, (5.2), for KNdS black holes,
2
1 S (7Q? S
M? = W—) 202 (T 2 1

(S 12 I 47 \ S + w2 )’ (5.15)

where Q is the electric charge. We can derive the perturbed mass from (5.15),

1

M = \/47‘[‘3l45' (47r3l2J2(71’l2 — (1 —+ G)S) + (7T2Q2l2 =+ 7Tl2S — (]. -+ 6)52)2- (516)

By setting a function of e from (5.16),

ml? (2%2,]2 +7mQ%S 4+ 52 — 2/71 T + w3Q2J2S + 7TM2S3)

Then, taking the partial derivative of (5.17) with respect to S,
(86) ATt — m2QP1 (PQA + 257) + 52 (w2 — (1 + €)S) (w1 — 3(1 +¢€)S)
0S)miq 43 J21252 4 271293 (n Q2 + S) — 2(1 + €)SP
(5.18)

We can easily calculate temperature, 7', using (5.15) and (5.7),

o AT P - QP (P QPP 125%) + 5% (nl’ — (146) S) (w1 -3 (1+¢) S) (5.19)

4ﬂ%¢s3<4ﬂ3ﬂz2 (112 —(1+€) S) +(nl2(7Q2+S) — (1+¢€)S2)?

We then proceed to construct part of the relation by multiplying the inverse of (5.18)
and (5.19),

7 (85) _ —4r3 J2128% — 271283 (mQ* 4+ S) + 2 (1 +¢€) S5
¢/ 1,10 47r3z2\/53 (473722 (w12 = (1 + €) 8) + (72 (xQ + S) = (1 + ) $2)°)
(5.20)
Setting 7' = 0 to obtain the Nariai limit condition, as in the previous subsection,
—art A — QU2 (R2QAP + 282) + 82 (w12 — (14 €)S) (wl? = 3(1+ €)S) =0.
(5.21)

— 11 —



Solving (5.21), we obtain four roots

G . wl? 1 244 N 412212 L X
Y27 3116 91462 ' 9(1+e)?
376 3024
L 1 4m2]4 87T2Q2l2 2%?{:]5)3 + 32(142)
24( 9(1 1 L+ Aot ’
91+ 6) 9( +e) 4\/9(17r+e 7+ 9(1+e¢)? +X
G wl? 1 244 N 412212 L X
T30+ e) 9(1+e)?2 ' 9(1+e)?
316 30214
L 1 4m2[4 87T2Q2l2 oy 2%(617r+le)3 + 32(1—?&)
24| 9(1 1 T AnQR
(1 + 6) 9( +e) 4\/9({1—4‘6 213 H-e)2 + X
where
X (m21% — 2m2Q%12)% — 36(1 + €)2(4rt T2 + QYY) Y

oL + )2y UET(ETSE
Yy = 728 (23 —108(71* + 2Q*)A + \/(—(22 —365)3 + (Z3 — 21612A + 1082A)2)é>

Z =1 -2Q?
A= (477 +QH(1 + )2

Like in the KdS case, three roots, S, S3,S4 cannot revert to the SdS case if we set Q = 0,J =0
as the limits. Therefore, Sy is the Nariai condition of the KNdS black hole,

2 474 20022
Sy =52 = 3(31 J + ;\/9(217T+l6)2 + ;L(Wl f!ﬂ +X
B } 4r2]4 7r2Q2l2 2%?{ril53 + 32633%4 o
2091 +€)2  9(1+e) 4\/9?{??2 n 4”;?:;; — ©
Substituting (5.22) into (5.20),
lim (—Tas> _ —4m3J22S3 — 271253 (n Q% + Sp) +2(1 + €) S5
M—Mpy Oe ) ur 477%[2\/55’ (4m3 J22(nl2 — (1 4 €)S2) + (712(7Q + Sa) — (1 + €)52)?)
(5.23)

which corresponds to the right side of (2.1). Finally, by substituting (5.22) into (5.16) and
taking the partial derivative with respect to e,
<8M> - —4m3 J21253 — 27253 (1Q? + S2) + 2(1 + €)S3
Oe 1.0 am312\[83 (4nd J22(nl2 — (1+ €)Sy) + (nl2(7Q + S) — (1 + €)$3)?)
(5.24)

We can thus confirm the consistency of (5.23) and (5.24). This reveals that the GP relation
remains valid for the Nariai limit of KNdS black holes, demonstrating that the GP relation
is reasonably universal regardless of the variables included.
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6 Summary

Goon and Penco investigated the thermodynamic relation of perturbed extremal black holes
and its leading-order expansion with respect to the perturbation parameter [19]. Their
theoretical framework bears a resemblance to the proof of the WGC derived from higher-
derivative corrections on the action. Consequently, they argue that their relation can elucidate
the WGC. In this study, we replicate their calculations with dS black holes in the Nariai limit.

Initially, we investigated SdS black holes, applying the Nariai limit as SdS black holes
possess 7, and 7.. Our results, expressed in (3.10) and (3.12), share the same analytic solution,
enabling us to establish the same relation as (2.1). This reaffirms the validity of the concept
presented in [19] for the SAS case. Moving on to RNdS black holes, with three horizons 74, 7,
and r., we selected the extremality condition to align with the Nariai limit. Our calculations
yielded identical results in (4.9) and (4.11), verifying the applicability of (2.1) to RNdS black
holes with the Nariai limit. Finally, KdS black holes, featuring more than two solutions similar
to the RNdS cases, were studied. In the case of KdS, we utilized (5.2) to obtain variables.
With certain assumptions, we successfully reproduced the results discussed in the subsection
explaining KdS. Through various processes, we established that (2.1) could be derived in KdS
black holes. Furthermore, considering that our computations are based on the Nariai limit of
the dS spacetime, the presence of a negative sign in exact solutions such as (3.12), (4.11),
and (5.13) can be attributed to the mass bound. Moreover, since the negative sign is a
consequence of the positive cosmological constant, it is closely linked to the dS spacetime. As
our results share the same form as (2.1), we can extend our analysis to (2.2). This implies a
proportional relation between the shifts in mass and entropy, as indicated in [18, 21, 22].

In summary, our calculations, at least for the studied black holes, reveal the universal
nature of the relations. The exploration of the proportional relationship between corrected
mass and entropy provides a pathway to understanding the WGC. The WGC offers intriguing
insights into the realm of quantum gravity, and studies such as the one presented in this
paper contribute to a deeper comprehension of this fundamental aspect of physics.
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