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1 Introduction

The study of black holes in AdS spacetimes has driven a great deal of investigation in
fundamental physics, as the AdS/CFT correspondence [1-3] has led to significant progress in
our understanding of both gravity and gauge field theories. In particular, precision holography,
which aims to investigate the duality between gravity and conformal field theories beyond
leading order in the large N and strong coupling regime, is currently the focus of intensive
research. In the gravity side, this involves studying corrections to AdS spacetimes, such as
higher derivative corrections [4-11] or 1-loop effects, like those of logarithmic type [12-18].



By their own nature, the study of these corrections is a challenging endeavour. In this
work, we focus on higher derivative corrections to black hole solutions of minimal gauged
five-dimensional supergravity, with a special focus (but not only) on supersymmetric solutions.

The black hole solutions in this theory are in general characterized by the mass, electric
charge and two different angular momenta. As usual in the case of AdS, the supersymmetric
solutions must have rotation, which increases the complexity of their analysis. The simplest
of those solutions was first written by Gutowski and Reall [19], describing a black hole with
electric charge and two equal angular momenta. More general solutions of this theory —
with arbitrary mass, charge and distinct angular momenta, and containing the most general
supersymmetric solution as a particular case — were found in [20]. Our focus will be on
studying corrections to this solution, which we call the CCLP solution.

There has been recent work in understanding higher derivative corrections in five-
dimensional supergravity. The starting point involves applying the off-shell formalism of
N = 2 gauged supergravity [21] with all possible four-derivative invariants [6, 9, 22-34].
Integrating out the auxiliary degrees of freedom leads to an explicit action for the metric and
gauge field [6, 9, 31], which can be further simplified by implementing field redefinitions [9, 34].
From the point of view of holography, such theory is now dual to a superconformal field
theory with unequal central charges a # ¢, the difference (a — ¢) being proportional to the
higher-derivative couplings [35].

Refs. [8, 9] have recently been able to compute the corrections to the thermodynamic
quantities of the CCLP black hole,! showing that, in the supersymmetric case, the result
precisely agrees with the corresponding superconformal index of the dual CFT, which contains
corrections controlled by difference of central charges (a — ¢). These references made use
of the on-shell action in order to compute the free energy in the grand canonical ensemble,
from which one derive the subsequent thermodynamic quantities, such as energy, charges and
entropy. A key aspect of their computation is that, in order to obtain the free energy at first
order in the higher-derivative corrections, it suffices to evaluate the on-shell action on the
two-derivative solution, following the Reall and Santos method [36] — see also [37-39]. Thus,
their approach avoids the complicated task of solving the equations of motion.

Here we take a different approach in order to study the corrections to the CCLP solution.
We consider extremal (but not necessarily supersymmetric) black holes and we study their
near-horizon geometries. Due to the enhanced symmetry of the near-horizon region, solving
the equations of motion is much easier than for the full solution. Thus, our goal is to compute
the corrections to these solutions and to their thermodynamic quantities by studying their
near-horizon geometries.

There are several reasons that motivate us to pursue this goal. First, even though the
results of [8, 9] perfectly agree with field theory expectations, the Reall-Santos approach
depends on carefully dealing with boundary terms in the on-shell action, which is even more
subtle in the case of AdS spacetimes [39]. Thus, we consider it wise to derive those results by
a different method. In addition, the on-shell action approach does not tell us much about
the interpretation of the thermodynamic charges derived from it. In fact, [10], which studied
supersymmetric near-horizon geometries with equal angular momenta, already observed a

See also [34] for a similar analysis that includes.



discrepancy between the thermodynamic electric charge and the standard definition of charge
understood as a surface integral. Here we further analyze this issue for general near-horizon
geometries. Another reason for following the near-horizon approach is that it presumably
allows for an easier generalization to subleading corrections with respect to the on-shell
action method, as we argue in section 7. Finally, obtaining a solution of the equations
of motion (in our case, the near-horizon geometry) gives us much more information than
just the thermodynamic properties and can be useful for other purposes, like e.g. the study
of perturbations [40].

The study of near-horizon extremal geometries does present some challenges. Unlike the
case of spherically symmetric black holes, where one can elegantly reduce the problem to an
algebraic system of equations by using the entropy function formalism [41-44], for rotating
black holes the story is more involved [11, 45-50]. In the case of five-dimensional solutions,
black holes with two equal angular momenta are of cohomogeneity 1 and have an enhanced
symmetry group that leads to a drastic simplification of the near-horizon solutions [10, 19].
However, when the two angular momenta are different, the solutions take a more complicated
form and we are required to solve a very intricate system of differential equations. On top
of this, there is the question of identifying the various charges and potentials of the black
hole from the near-horizon region. By following the approaches of [10, 11, 51-54], we will
compute the charges (electric charge and angular momenta) by using Komar integrals [55]
that are independent of the surface of integration and hence can be evaluated at the horizon.
The potentials (electrostatic potential and angular velocities of the horizon) are on the other
hand defined as differences of certain quantities between the horizon and infinity, and hence
cannot be determined from the near-horizon region alone. Nevertheless, one can identify
unambiguously certain quantities that we will refer to as near-horizon potentials. It turns
out that the entropy, charges and these potentials satisfy a near-horizon version of the first
law of thermodynamics, which was already observed (in the case of equal angular momenta
supersymmetric solutions) in [10]. Here we show that this law holds for general near-horizon
extremal geometries (including higher-derivative corrections) and we provide an explanation
for it that allows us to interpret the near-horizon potentials.?

In the supersymmetric case, our results reproduce those of [8, 9] up to an ambiguity
in the definition of the electric charge. On the other hand, for most of our analysis we do
not restrict ourselves to supersymmetric solutions and we consider general extremal black
holes with arbitrary charge and different angular momenta.

This work is organized as follows. In section 2, we review the details of the five-dimensional
supergravity action with higher derivative corrections. We discuss how to compute the
conserved charges and we review the CCLP solution of the two-derivative theory. Section 3
is devoted to a general analysis of near-horizon geometries. We introduce an appropriate
ansatz and show how to identify the angular coordinates and near-horizon potentials in full
generality. We then move on to section 4 where we obtain the near-horizon geometry of
the extremal CCLP black holes. We introduce a novel parametrization that allows us to
write the solution in a fully explicit and compact form, and we derive and study the various

2See [56, 57] for a more general investigation of the laws of black hole thermodynamics at the near-horizon
region.



thermodynamic quantities and relations. The analysis of the four-derivative corrections to the
solution comprises section 5 while we focus on the corrected thermodynamics in section 6. We
conclude with some remarks and open problems in section 7. In appendix A we provide some
explicit formulas for the near-horizon solutions that are too long to be displayed in the main
text. We include as well a Mathematica notebook with our (even longer) complete results.

2 Review of higher-derivative AdSs supergravity

2.1 Action

In this section we briefly review the five-dimensional gauged supergravity theory of interest.
We focus on preparing ourselves to study the four-derivative corrections of the theory and
the corresponding Noether surface charges. After a careful series of field redefinitions starting
from the off-shell formalism [6, 9], the result of the supergravity action is relatively compact

1 C2 c3
S = d° R+12c19> — —F% — — P F, F)p A
167G / € \/@{CO + 12¢c19 4 12\/§€ uvd po AN
(2.1)
1 1 1

+ A1ag? {XGB = 5 Cpo FIVFP7 + gF‘* — me“l”’o)‘RHVaﬂRpaaﬂAA} } :
where g is equal to the inverse length of AdS and the Gauss-Bonnet invariant Xgg, Weyl
tensor C,,,0 and the Maxwell field invariants F? and F* are given by

Xop = Rupo R*?P7 — AR, R" + R?, (2.2a)
2 1

Cuupa = Ruupa - g (R,u[pgcr}z/ + Ru[agp}u) + éRg,u[pga'}Va (22b)

F?=F,F", (2.2¢)

F*=F,, F"PF,,F7". (2.2d)

The various constants ¢; are defined as ¢; = 1 4+ ag?dc; with
dcg = 4)hg, dcp = —10A + 4, dco = 44X + 4o, dcg = —12A1 + 49, (2.3)

where A1 and A\ are two free coupling constants that control the corrections. The action is
written in a way such that the first line in (2.1) is the usual two-derivative contribution when
a is set to zero. We note that the effect of Ay is just to renormalize the coupling constants
and fields of the two-derivative action. In particular, since it changes the normalization of
the Einstein-Hilbert term, it is natural to introduce an effective Newton’s constant,

Gs

Gog=—0
°of 77 + 4ag? )Xo

(2.4)

which will naturally appear in some of our results. From the holographic perspective, the
A; couplings modify the CFT central charges a and ¢, and in particular they break the
degeneracy between them — this is a generic effect of higher-derivative terms [35, 58—61].
In fact, we have [6, 9]
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2.2 Equations of motion and conserved quantities

From the action (2.1), we can derive the equations of motion &£, and &£, by varying the
metric as well as the gauge potential, respectively. This gives us

1 o o 1
Euw = =59l + Py Ragap) = 2V V2 (Pauya + Mauya) = 5 FuloFli)’ (26)

C3 5 )\1 « , 5 o
£y = —V, F" + me”am FopFys + me"mﬂ’y RogpoRys™ . (2.7)
where
oL’
Puvps = 55— = C0gpufpYolv + M1 @|2Rpmpo — 4 (Ru[ﬂgolv - RV[pQG]u> + 2940951 12
OR v po
1 1 5 1
- §F,U,VF,DO' - Egu[pga}uF + g (F,uozF[pago]zx - FuozF[pago]u> ] ) (2'83‘)
A
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v = 9O _oyia(—cwrp, + pep, pro (2.8¢)
- aij — €2 1 po 2 po ) .

and £’ = £ — Lcg is the Lagrangian without the Chern-Simons terms.? It is manifest that
these nonlinear coupled differential equations are highly complicated to solve. Nevertheless,
our goal is to solve them for near-horizon geometries and to evaluate the charges from a
first principles approach. Here we review how obtain the conserved charges via the Noether
current associated to spacetime symmetries and gauge transformations. For a thorough
analysis of the conserved charges of the theory (2.1) we refer to [10]. Here we quote their
results and remark on some of the main subtleties.

Due to the Chern-Simons terms, there are several notions of electric charge that one may
consider [62]. Here we will use the “Page” charge [63], which is given by

1 C3 2)\10[ >
= F—2pFpnA- Qcs ), 2.9
@ =" 16nch /z (* 3 3 s (2:9)

where Q2cg is the Lorentz-Chern-Simons three-form defined by

2
Qg = dw®™ A wgp — 3 W% A wle AWy, (2.10)

and w® = w“b# da* is the spin connection and the Latin indices are flat. This charge satisfies
a Gauss law, so the result is independent of the choice of integration surface X, as long as
this is a co-dimension 2 spacelike hypersurface homeomorphic to the sphere at infinity. Thus,
it can be evaluated at the black hole horizon, > = H. On the other hand, @ is gauge and
frame dependent, due to the gauge and Lorentz-Chern-Simons three-forms, respectively. The
gauge ambiguity can be fixed by demanding regularity of the vector field at the horizon,
but the frame ambiguity is more worrisome as there is no canonical choice of frame. We
revisit this point in detail in section 6.1.

3We also point out that we define the Lagrangian without the (16wG5)™* factor, so £ = coR+ ... .



If the solution has a Killing vector {,, one also finds the conserved current

Je =dQ;, (2.11)
where Q; is the Noether charge three-form, given by

1
327G
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Q¢ =

and where
PHYPT _ pHVPT | TIHVPO _ (P#[VPU} + H/‘[W’U]) , (2.13)

where the antisymmetrized terms are there to guarantee that P##??l = 0.* The integral of

J¢ over any Cauchy slice C then yields the conserved charge, and through the use of Stokes
theorem one can reduce this to an integral over the boundary, > = 9C,

JE] = /EQg- (2.14)

In this case, it is important that 3 is the sphere at infinity, since dQ, # 0 and therefore
we do not have a Gauss law. Hence, the conserved charges such as the total energy and
angular momenta must in principle be computed at infinity. A way around this consists
in defining a “Noether-Komar” charge three-form

Q:=Q;—Q, (2.15)

where dQ2 = J 5‘on—she117 so that we have dég = 0 on-shell. Finding such a three-form € is
always possible by noting that, on-shell, one has J, = —% * EL. For more details about the
construction of these Komar charges, we refer to [10, 11, 51-54]. Now, the integral of @6 is
independent of the surface of integration, and it computes the Noether charge as long as the
integral of € at infinity vanishes. Thus, one can use Q5 to evaluate the charges as an integral
over the horizon. However, there is a final twist in this story. If one only has access to the
near-horizon region, then one usually cannot fix the ambiguity in €2 by demanding that its
integral at infinity vanishes. This is one of the reasons why it is not possible to compute the
mass from the near-horizon region. Fortunately, in the case of the angular momenta, it is
possible to fix this ambiguity. It turns out that, in a stationary spacetime, one can choose the
Q for the rotational Killing vectors in a way that its integral on any constant time surface®
vanishes [10]. For a very explicit example of this we refer to [11]. Thus, to make the long
story short, it turns out one can actually compute the angular momenta by integrating (2.14)
on the near-horizon region as long as we integrate on a constant time surface.

Finally, we are also interested in the entropy of the black hole, which is given by the
Iyer-Wald formula [64, 65]

1
5= g |, VAP e (2.16)

4Those terms do not affect the equations of motion, but they are crucial in the computation of the Noether
charge.
5The time coordinate is taken as the coordinate associated to the time-like Killing vector.



where v is the determinant of the induced three-dimensional horizon metric and n,, is the
binormal to the horizon normalized via n,,n*" = —2. We note that this formula, just like
those for the charge and the angular momenta, is gauge-dependent. It is possible to refine
Wald’s formalism in order to derive a gauge-invariant entropy formula [66-68], but here
we will fix this ambiguity by demanding regularity of the gauge field at the horizon. The
validity of this approach is ultimately verified by checking that our results are compatible
with the first law of thermodynamics and that they agree with the results of [8, 9], obtained
by different methods.

2.3 Black holes: review of the CCLP solution

As we are interested in finding corrections to the five-dimensional AdS black hole with two
distinct angular momenta and electric charge as was first constructed in [20], we briefly review

the solution, along with its thermodynamic quantities. The metric and gauge field are given by

Ag [(1+ ¢?r?) p?dt + 2qv] dt 2 Agdt 2 ptdr?t ptdg?
gs2 = — Dol +g:)_p2 *2qv]dt q?‘“ﬁi(_ﬂ —w) 2T L0
EaZpp p p* \EaZh Ay Ay
2 .2 b2
+ 1 ja sin? 0d¢? + - + ——— cos? Ody)?, (2.17)
Za =
V3q (Aedt )
=— —w
2/)2 EaEb ’
where
1 2 4 2ab
v = bsin? Od¢ + a cos? Odv, A, =g? <T2 +a2) (T2 +b2> <1+ 5 2) + q +2a ¢ _ 2m,
g’r r
d d
w=asin?0 ¢+bcos 0— 7/} Ap =1—a%g?cos® § — b%g?sin? 0,
Za b
p? =12+ a%cos® 6+ b? sin? 6, S, =1-—d?¢%
v =2mp* — ¢* + 2abqg’p’, By =1-bg"
(2.18)

The general non-extremal black hole is paramatrized by the four parameters {a,b,m,q}
associated to the angular momenta Jp, Jo, energy E and electric charge (). The conserved
quantities Ji, Jo and @ may be found via the Komar integrals we introduced above (but
specified for the two-derivative theory)

1 7 [2am + gb (1 + a*g?)]
= Tor / xdEy = YeRch , (2.19)
1 7 [2bm + qa (1 + b%g?)]
= dg, = 2.2
JQ 167TG5 /53 * &/, 4G5E%Ea ) ( 0)
1 1 RELE
— xF——FANA 2.21
Q= Torcs /g ( Ve ) 1G5Z,5, (221)

where {3 = —g,¢d2" and &, = —g,pdx* are the Killing vectors —ds and —0, expressed
as 1-forms.



The Hawking temperature is derived by requiring appropriate periodic identifications
in Euclidean time, which leads to

T—p— ri [(1+ g% (2r2 + a® +b2)] — (ab + ¢)*
2rry [(r2 + a?) (r2 + b%) + abq]

(2.22)

It is important to also find the chemical potentials associated to the angular momenta and
the electric charge. The angular velocities €27 and 2y are given by

Q. @ (r2 +02) (14 ¢*r2) + bq _b(ri +a®) (1+¢%r3) +aq
TR @) (P02 +abg T (7 +a?) (P2 +0%) +abg

(2.23)

Via the Killing field that generates the horizon x* = 0; 4+ 10, + Q20y, the electrostatic
potential is

V3gqr?
d = x"A - x"A = + : 2.24
XAl soo = X Aubr, = 5270202 1 07) + abg (2:24)
Finally, the entropy can be computed via the area of the horizon
o T2 [(r% + a?) (r2 4 b?) + abq] . (2.25)

2G5 EaEbT+

We are particularly interested in extremal solutions, i.e., those where the inner and outer
horizons coincide and the Hawking temperature vanishes. This condition is satisfied for

Av(ry) =0, 8.A(ry)=0. (2.26)

For extremal solutions, the parametrization chosen in [20] with {a, b, m,q} is not optimal as
A, is an order 6 polynomial and in order to write the thermodynamic quantities in a compact
way, one would also require to use the parameter r which is dependent on the others. We
remedy this difficulty by finding a novel parametrization that automatically solves (2.26).
The result is that the metric and thermodynamic quantities can be written compactly in
terms of three parameters. We discuss this in detail in section 4.

Finally, the CCLP solution becomes supersymmetric when the constraint

m

=TT aibs (2.27)

q

is satisfied. In general, the Lorentzian supersymmetric solutions are pathological unless
one imposes an additional condition, corresponding precisely to the extremality condition
OrAy(r4+) = 0. For this supersymmetric and extremal solution the entropy can be expressed
explicitly as a function of the charges as

S = W\/4g—2Q2 —

T
Gsg3

(J1+ J2). (2.28)

In addition, since the extremal supersymmetric solution only depends on two parameters,
the charges satisfy a nonlinear constraint

2V3g71Q +

3
T _ T 2Q) 27
4972Q% — J+J]— — JiJo=0. (229



These results can be matched with the field theory prediction for the entropy associated to the
superconformal index as first shown in [69-71]. References [8, 9] found the higher-derivative
corrections to these expressions and matched them again with the field theory results at
subleading order in (a — ¢). Here we intend to re-derive those results by analyzing the
higher-derivative corrections to near-horizon geometries.

3 Near-horizon geometries with SL(2,R) x U(1) x U(1) symmetry

3.1 Ansatz

The near-horizon geometries in which we are interested consist of an AdSy geometry fibered
over two circles, with a total symmetry group SL(2,R) x U(1) x U(1). Near-horizon geometries
of the same type have been studied in previous literature, e.g. [49, 72]. However, here we
perform an independent analysis that we deem to be more suitable for the applications we
pursue. In particular, it is crucial to us not only analyzing the local form of the solution
but also its global structure.

Without loss of generality, a metric and vector field with SL(2, R) x U(1) x U(1) symmetry
can always be written as

2 2 o dr? Wi(z) , , &
ds®=W(z) | —r7dt"+ — | + dx” + Z Hup(z) (dpg — werdt) (dop — wprdt) ,
r G(z) ot

(3.1)

2
A=qrdt+ ) Aa(z) (ddpg — werdt) (3.2)

a=1

where a,b = 1,2, the coordinate x is compact and ¢;, ¢2 are angular coordinates with
periodicity 27.5 The quantities w, are constant — required by the SL(2,R) symmetry —
and they are interpreted as chemical potentials conjugate to the angular momenta in each
of the directions ¢; and ¢o. They are related to the angular velocity of the horizon, but
in the near-horizon geometry they lose that meaning as we lack an asymptotic region from
where we can measure those velocities. Analogously, the constant v is a variable conjugate
to the electric charge and hence it is related to the electrostatic potential, although again
the lack of an asymptotic region forbids us to interpret it as the usual electrostatic potential
at infinity. Importantly, the three potentials (¢, w1, w2) are univocally determined from the
near-horizon geometry once we impose regularity of the metric (absence of conical defects)
and of the gauge field (absence of divergences). We detail this below.

The metric (3.1) still has some gauge freedom associated to reparametrizations of the
x coordinate. This allows us to set an extra condition in order to fix the gauge, and we
find it useful to set

W (z)
G(z)

det [Hyp(z)] = const. (3.3)

5As we will see, the metric functions G(x) and Hy,(z) have to satisfy certain properties in order to ensure
absence of conical defects.



Now, even though (3.1) is the most intuitive way of writing a metric with the given
symmetries, it is not the most convenient form when solving the equations of motion. In
fact, by performing a change of coordinates

Y1 = 5191 + S2¢2
’ (3.4)
Y2 = S3P1 + s492,

where the s; are constants, we can rearrange the solution as

2
ds®> = W (z) (—rzdtQ + aig) + Z((;:)) dx? + V[/(C:igag(:u)dy% + B(z) (dys + J(x)dy, — rdt)?
A= grdt + (Ai(z) = 0T (@) + k) dys + (As(@) +0) (dys + J (@)dys — rdt) ,

(3.5)
where we have set gu20y,y, 9yoy, = 1 following the gauge condition (3.3). Furthermore, we
have decomposed the A,, and A,, components of the gauge field in a way in which ) as well
as the new constant k£ are gauge parameters. Thus, they do not appear in the equations of
motion, but nevertheless they are fixed by regularity, as we show next.

3.2 Angular coordinates and chemical potentials

In practice, once a solution of the form (3.5) has been found, one must then undo the
change of variables (3.4) in order to identify the angular coordinates ¢, and the chemical
potentials w,. However, one does not know a priori this change of variables and one must
derive it entirely from the properties of the near-horizon metric (3.5). Here we show how
to do this in full generality upon the assumption of S? topology, which is the topology of
the CCLP black hole horizon [20].

As was mentioned, the coordinate x is compact and thus it has a range x € [z, z9],
which is determined by the vanishing of G(z) at those points. However, by doing a linear
change of variable x — « + Sz we can always set 1 = —1, 9 = 1. Observe that the effect
of this change of coordinates can be reabsorbed by performing y; — v1/3% and redefining
{G(:U),J(:U),Al(z:),k} — {BzG(x),BJ(:B),ﬁfll(w),ﬁk‘}. Hence, without loss of generality
we assume x € [—1,1], which allows us to interpret z = cosf with 6 € [0, 7], although we
will work in terms of z for convenience.

The points x = +1 are then identified as the poles of the horizon. Near those points the
angular coordinates are identified by demanding regularity of the metric, i.e., absence of conical
defects. Let us examine the behavior of the metric near those points for a constant ¢ and r slice

W (z) G()
o) dax® + Wdyf + B(x) (dyz + J(z)dy,)? . (3.6)

First, we introduce the coordinate z such that

2 _
d83—

W(z)
dz=d 3.7
Integrating this relation near x = +1 yields
22G'(1) 2G'(—1)
=14+ 4 =—-14————— 4. .
T +0(24), = R +0(z4) (3.8)

,10,



We then rewrite the y, coordinates in terms of the angular coordinates ¢, as in (3.4). We
demand the periodicity of ¢, to be 27 and s; are undetermined coefficients. We series expand
the metric around # = —1 and = = +1 up to order z2. Then, in order for the geometry to
be regular, the metric around those points must take the form

dsi(z = +1) = d2} + 23 (dgo + Cidgn)® + (Dy + Ey27)dg + O(21) (3.9)
dsi(x — —1) = d2® 4 22 (dpy + C_dg2)* + (D_ + E_2%)d¢% + O(z1), (3.10)

where Cy, Dy, E1 are constants. In particular, this means that

Gootn = 25+ O(Z1),  Gprgs =0+ O(23) (3.11)
near x = 1 while

Iongr = 22+ O(22),  ggrg, = 0+ O(2%) (3.12)
near x = —1. These are four conditions that fix the four coefficients s;. We find the unique

solution up to orientation changes to be

y1 = 2H(1)p2 + 2H(—1)¢1,

(3.13)
y2 = —2J()H(1) g2 — 2J(=1)H(-1)¢1,
where we have defined
_ VB@)W(z)
From the relations (3.13) we find the generators of rotations
0oy = 2H(=1) (9 — I (~1)0y2) a15)

6¢2 = 27'[(1) (6:1/1 - J(l)ayz) )

which we need in order to compute the angular momenta. We can also obtain the area
element of the horizon in terms of the angular coordinates,

d¥s = dx Ndyy A dys = 4dx A dpr A dpaH(L)H(—1)(J(—1) — J(1)), (3.16)
which allows us to compute the area right away
A =320 H()H(-1)(J(1) — J(=1))|. (3.17)

After identifying the angular coordinates, we can apply the change of coordinates (3.13)
in (3.5) and rewrite the metric in the canonical form (3.1). This allows us to read off the
chemical potentials wy

1 1
PN —J-D) T T 2PMUIM) — (1)

w1 = (3.18)

On the other hand, the electrostatic potential is determined by the regularity of the gauge
field at the poles of the horizon. This can be analyzed by using (3.5). Since the metric
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component gy, vanishes at x = %1, the component of the gauge field A,, must also vanish
at those points — otherwise the gauge field would be singular, as one can check by computing
its norm. Thus, we impose

Ai(x) = J(x) + k T 0 (3.19)
and we find
_ A1) = Ay (-1
)= 5(1) — J(l_l) , (3.20)
J(-1)A

(3.21)

In this way, all the chemical potentials are intrinsically determined by the regularity of
the solution.

4 Near-horizon geometry of the two-derivative theory

4.1 Solving the equations of motion

The near-horizon extremal geometry in minimal gauged supergravity can be obtained by
taking the appropriate near-horizon limit of the CCLP solution. However, the resulting
metric and gauge potential are considerably involved and not in the form of (3.5). Another
obstacle is that in the case of higher-derivative gravity, we do not know the complete solution
and we must work directly in the near-horizon geometry. Thus, here we solve directly the
equations of motion of the two-derivative theory for the ansatz (3.5). This allows us to
extract some insight on how the equations may be solved and then to implement it in the
case when higher derivatives are turned on. Along the way, we use inspiration from the

CCLP metric in some steps of the derivation.
First, it is useful to express the equations in the frame

dr

¥ = VWrdt, el = VW —, e? = 5da:,
r

e
e = ﬁdyl, et = \/E(dyg + Jdy, — rdt) .

We note that the functions J(x) and A;(x) always appear with at least one derivative acting
upon them, and we can instead consider our variables to be J'(z) and A (z), reducing the
order of the equations. In fact, it proves interesting to perform the change of variables

g g _SB-jA
wB’ ! wB2

where we have introduced the functions j(z) and ((z). In terms of these variables, the

(4.2)

&3 component of the Maxwell equation and the £34 component of the Einstein equation
yield, respectively

3¢ —2V3AAL =0, j 4+ C¢Ay=0. (4.3)

— 12 —



These can be integrated immediately to find

1 - . o 1 .
C=K1+%A%, J=K2—I€1A2—ﬁflga (4.4)

where k1 and ko are integration constants. On the other hand, we have the following
combination of components of Einstein equations

G" —24°W +2

Eoo — Ex0 = — 0 4.5
00 22 W ; (4.5)
so that we can express W in terms of G as
G// + 2
= —. 4.6
2147 (4.6)

Another interesting combination of Einstein equations is the following

B+ % <W (243 - 3(G'W' + Gw"))

3

Eoo + Ex + E33 + Ega = BV

(4.7)

+3GW'? + 246°W3 — 6W2> + (3GWA’22 + A+ 2v3A2%k, + 3,.@12) ] =0.

1
9

This equation determines algebraically B in terms of G and Ay, since W is also determined
by G. The remaining Einstein equations and the £; component of Maxwell equations form
a highly nonlinear system of equations of G and Aj. Furthermore, these contain up to six
derivatives of GG, making finding the solution highly challenging. To remedy the difficulty, we
take inspiration from the near-horizon limit of the CCLP metric and consider the following
ansatz for these functions

G=(1-2%)(rs+rmaz), Ay=12, (4.8)

w

with undetermined constants x;. With this, we can obtain an explicit expression for B
from (4.7). For general values of k;, the solution for B contains square roots — being the
solution of the quadratic equation (4.7). However, we constraint the x; constants in order
to form a perfect square inside the square root, so that B becomes a rational function of
z. It turns out that doing so already solves most of the components of the equations of
motion. The remaining components simply set an additional constraint on the remaining
integration constants k;.

Finally, J and A; can be obtained by integrating (4.2). Thus, the solution is determined
up to solving the constraint equations between the k; coefficients. We do not explicitly show
the constraint here due to its complicated nature. In fact, one of the most challenging aspects
about the solution is finding an appropriate parametrization in which these coefficients take
a simple form. We have been able to identify a set of three parameters (X,Y, Z) that allow
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us to express the solution in an explicit and fairly compact form. The result reads

A
Ve my
oy - DXP— (z+ )YVE 4227
G = (1 x ) T2 ,
A (1- R?) 9 2
B= — 1-R*-2XYZ
492 (3 — R?)  2¢2(3 — R2)* A2 { ( )
A
+ S (L X =Y = )1+ X +Y = )1+ X =Y+ Z)(-1+ X +Y + Z)|,
4v/29v/1 — R2 ) 2 (4.9)
J=— 1-R*-2XYZ
(3 — R?) (X2 —Y?2) BA? [( )
—A(1- R4 222 (X2 + YY) + 2X2Y2 + XY Z (14 R?)) ] :
- 2V3(1-R?-2XYZ) ((1-R*) (1-R*-2XYZ) - A?)
b (3— R?) (X2 — Y2)BA2 ’
P VE(-R - 2XYZ)VI- R
S g(3—R)A ’
where we have introduced the notation”
A=1-z(X?-v?) -2, (4.10)
X?24+Y?2+4 22, (4.11)

We note that the expressions for J and A are divergent for Y — X, but the divergent piece
is a constant term that can be reabsorbed in the choice of integration constant from (4.2),
so the solution is actually regular at X = Y.%

From these expressions it is quite clear that a real Lorentzian solution only exists if R <1
and therefore in terms of the (X,Y, Z) parameters the space of solutions lies within the unit
ball in R3. Note that at R = 1 the horizon area is zero yielding a naked singularity. For
this reason, we choose to consider only the regime R < 1. These parameters turn out to be
related to the original parameters (a, b, q,m,r;) of the CCLP solution [20] via

X 3—2R? — R+ 4X2Y? +4X%72% 4+ 4272 s 1-R?
““yz M 84221 TR T e
) (4.12)
yo ¥ 1-R2-2XYZ
g7’ = 29273

This can be checked by comparing some of the metric components at the horizon taking into
account that x = cos(26)? and by comparing the expressions for the charges and entropy
that we provide below. In addition, we verify that the relations (4.12) automatically solve

"This R should not be confused with the Ricci scalar.

8We discuss the case of X =Y in subsection 5.2 and the solution of the various functions in the ansatz is
written in (5.9).

In particular, the g, and g, components are the easiest ones to check.
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. Unit Sphere
B Allowed Values of (X, Y, Z)

[ Supersymmetry

Figure 1. The allowed region in the parameter space (X,Y, Z) of extremal black holes is given by
two sections of a unit sphere as shaded in blue. The unit sphere is denoted in gray. Supersymmetry is
allowed on the pink plane defined by X +Y + Z = 1. Extremal and supersymmetric black holes are
allowed for regions where the supersymmetric plane intersects with the extremal solutions. Note that
the supersymmetric plane only intersects in one of the two blue regions.

the equation that determines the position of the horizon as well as extremality condition for
CCLP black holes (2.26). Therefore, (4.12) provides an interesting and useful parametrization
of the space of extremal CCLP solutions.

Besides the constraint R < 1, these relations also inform us that we should restrict our
space of solutions to X2 < Z? and Y? < Z2, which are equivalent to the usual constraints
(ag)? < 1, (bg)? < 1. In this way, the space of solutions is restricted to two pyramidal spherical
caps as shown in figure 1. Finally, in terms of the (X, Y, Z) parameters the supersymmetric
condition (2.27) takes the simple form

X+Y+Z=1. (4.13)

In this case, we can write these variables explicitly in terms of a and b as

b 1
49 Y* = 9 A — (4.14)

X*:ia PR )
1+ (a+b)g 1+ (a+b)g 1+ (a+b)g

where the star x is meant to represent supersymmetric extremal values.

4.2 Thermodynamics

With the solution (4.9), we evaluate the various thermodynamic quantities of the black hole.
Using the general formulas (3.18) and (3.20), it is straightforward to obtain the near-horizon
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chemical potentials

V2 (2% - X?) [XY?Z+ (2Y + X2) (X? + Z% - 1)]
VI-RZ(B-R)2XY +Z(1+X2+Y2-22)] ’

W, = —

 V2(Z2-Y)[YX2Z 4 (2X +YZ) (Y24 2% - 1)]
w2 VI—RZ(B—R)2XY +Z(1+X24Y2-22)] "’ (4.15)
. V31— R —2XYZ)[Z(1- R?) - 2XY]

TWI-RE(B-RO[XY + Z(1+ X2 +Y2— 22)]
We can also obtain the black hole entropy S = A/(4G5) by direct application of (3.17), yielding

m™V1—R?(Z (X?+Y?+1) +2XY — Z3)

S =
42G5g3(Z2 — X2)(Z2 - Y?)

(4.16)

Then, the charge and angular momenta can be obtained by evaluating the integrals (2.21), (2.19)
and (2.20), respectively, where in the latter we have to use the Killing vectors defined
in (3.15). This yields

_ VBmnZ(1-R?-2XYZ)
~8Gsg? (22— X%) (22 -Y?)

™
 16Gs5g3 (22 — X2)2 (22 - Y?2)

Jp = [QX?'Z (Y2 — 72y 1) +oX2%y (Y2 1272 - 1)

+2X4Y+X5Z+XZ(Y2+Z2—1) (Y2+ZQ+3)+2YZZ(Y2+ZQ—1)],

Jg = Jl (X — Y) .
(4.17)
These results deserve several comments. First, the expressions for the charges and entropy
coincide with those of [20], specified for extremal solutions, upon using the relations (4.12).
Obviously this includes the supersymmetric case given by (4.14). Second, the near-horizon
potentials and the charges satisfy a near-horizon version of the first law of thermodynamics [56]
that reads

1
Q—dS = widJ1 + wedJo + YdQ . (4.18)
T

This allows us to understand the meaning of the potentials in (4.15). In general, the complete
first law of thermodynamics for the free energy F' in the canonical ensemble reads

2
dF = —SdT + ) QdJ; + VdQ , (4.19)
i=1
where ); and U are the angular velocities and the electrostatic potential, respectively, which are
given by the difference between values at the near-horizon and infinity. From this, taking the
second derivatives of the free energy and using that they commute, we can derive the relations

55) (8(%) ((95) (5‘1’)
_ (95 (%Y 4.20
(3Ji T.Q oT } 5, q oQ /) r, J, o)y q (420
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where the subindices denote which variables are kept fixed when taking the derivative. On
the other hand, (4.18) is equivalent to

55) (85)
— 9w, (&2 — 2, 4.21
<3Jz‘ T=0,Q 0Q ) r—o, s, v (4.21)

Comparing both expressions allows us to identify the near-horizon potentials as “fugacities”

100
2w 0T

1 0V

r—  2m0T

wi = (4.22)

)
T=0

where €; and ¥ have to be understood as variables of T', J; and Q. We can rewrite these

relations in a suggestive way as

Qi _ Q(_ext U — \I/ext
1 e —

w; = — lim , Y =—lim

T—0 27T TS0 27T (4'23)

where Q&' and U represent the values at extremality. This is very similar to the definition
of the supersymmetric potentials which are often used in the literature as in [69, 71, 73-75],
with the difference that, in those cases, the whole expression is evaluated on the (complex)
supersymmetric solution. In fact, in the supersymmetric case, our potentials (4.15) satisfy
the constraint

wi +ws —V3gh| =0, (4.24)

susy

This is entirely analogous to the complex constraint satisfied by the supersymmetric poten-
tials [69-71], although in that case the right-hand side of the expression would be +i (in our
conventions). Such difference appears due to the different order in which the supersymmetric
and extremal limits are taken. In our case, we consider the extremal limit first and then
impose supersymmetry, so that the solution is Lorentzian and the potentials are real. In the
next sections, we will use (4.24) as the defining property of a supersymmetric solution.

5 Higher-derivative corrections

5.1 The setup

We now study the higher-derivative corrections in the action (2.1) to the solution (4.9). Let us
first explain the logic behind the resolution of the equations of motion. We work perturbatively
at first order in «, so that we assume that the metric and gauge field are expanded as

g =90 +aglt) + 0(a?), A, =AD +aAl) + 0(a?), (5.1)

where g,(g,) and ALO) satisfy the two-derivative equations of motion. This allows us to write
the Einstein and Maxwell equations in (2.6) as

1 1 .
GMV + 692‘9“” - iF(Mpﬂu)p + gg,uVFQ = aTug(g(O)v A(O)) ) (52)
1
VYV FH 4 =PV s Fs = a (g, AD) (5.3)

43
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where in the right-hand side we collect all the terms proportional to o and we evaluate them
on the zeroth-order solution. Thus, the equations that we have to solve are equivalent to the
original two-derivative equations with a fixed source. The process of solving the equations
of motion can in principle be carried out along the same lines as in section 4. We consider
the ansatz (3.5) and we introduce the functions j(z) and ((x) as in (4.2). Then, we expand
all the functions linearly in « as

W=wO ¢ ag?w® G =GO 4 ag?cW, B =B 4 q¢?2BW |

S ) (5.4)
i =3 +ag’iV, ¢=¢O +ag’®, A= AP +ag?Al,

where the functions with the (0) superscript are those in (4.9). We arrive once more to
the equations (4.3), (4.5), (4.7), but in this case the right-hand side to these equations
depends only on the zeroth-order solution These four equations (4.2), (4.3), (4.5), (4.7) can
be integrated completely to find j(V, ¢, W) and BM in terms of G and flél). The
two remaining variables G and Ag ) satisfy a system of two coupled linear differential
equations with up to sixth-order derivatives. Solving these equations is highly challenging,
but it becomes much simpler in the case of equal angular momenta or when the difference
between the angular momenta is small, as we consider in the next subsections. Finally,
once the zeroth- and first-order solutions have been found for the variables in (5.4), it is
straight forward to obtain

J=JO 1 a2V A = Ago) + anglgl) , (5.5)
from (4.2).

In order to specify a solution, we also need to fix boundary conditions. Indeed, in our
analysis, we find some integration constants that correspond to a relabeling of the parameters
of the two-derivative solution as (X,Y,Z) — (X + adX,Y 4+ Y, Z + adZ). Thus, in order
to fix the solution we work in the grand canonical ensemble, so that we fix wi, we and
to be given by the same expressions (4.15) of the two-derivative solution. We recall that
these potentials are given by the general formulas (3.18) and (3.20), so when we expand the
functions as in (5.4) and (5.5), the potentials take the form

wi=w” (1+ag?w) . ¥ =9 (1+ag0) (5.6)
where
50 GW(-1) BUEY w1 JU) - (1)
YT GOr—1)  2BO(—1) - wO(—1)  JO(1) = JO(=1)”
¢ BW@)  wha) JWa)-JO(-1)
0wz =~ 0 0 0 0 ’ (5.7)
GO)(1) B( (1) wOa)  JO(1) = JO)(=1)
5 AL (1) = < DERICIORPISICEY
A9~ AP (1) JO) - JO(-1)
Thus, we impose the Condltlons
dwp = dwg = 0Y =0, (5.8)

which in turn imply boundary conditions on the functions of the solution at x = +1.
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5.2 Equal angular momenta

When the black hole has equal angular momenta, corresponding to X = Y in the parametriza-
tion introduced in (4.9), the U(1) x U(1) symmetry of the solution is enhanced to SU(2) x U(1).
As a result, all the functions in the ansatz have a fixed functional dependence. We have
G(z) (1 — x?), while the rest of functions in (5.4) must be constant. In turn, the functions
J(x) and fll(x) become linear in x up to an irrelevant additive constant, as only derivatives
of J(x) and A;(x) appear in the equations. This allows us to express the solution as

1— 272 5
W_492(372X2fz2)(1+0‘9‘sw)’
2(1-2%) (22 - X?) )
C=—73ox: 2 (HO‘Q‘SG)’
X2(2-9X2_ 72 _ 7)?
— ( ) - <1+()ég2(5B>,
21— 2)2(3—2X2 — 72)
2231 —2X? — 72 (2X2 + Z — 72) (3 — 2X2 — 72)? (5.9)
X2(1+2)(2—2X2— 22— 2)
. 2302 (1 —2X2 - 2)(2X2 4+ (-1+2)Z) (3 —2X2 - 72 "
dy = -2V )X+ (1+2)7) (3 )<1+a925A1),
X2(2—2X2 22— 7)

) Vi -2x2 - 2)V1-2X? - 72 L
h=- e (1+ag?d,) ,

where the leading terms correspond to the two-derivative solution (4.9) with X =Y (in the
case of J and A; we took the Y — X limit and removed the constant term) and the higher-
derivative corrections are captured by the constant coefficients dW, 6G, 0B, d.J, §A;. Thus,
the higher-derivative Einstein and Maxwell equations become a linear system of algebraic
equations for these coefficients whose solution is straightforward to obtain. Moreover, we also
use the equations in (5.8), which impose additional constraints on the coefficients. When
we do so, the solution is completely fixed. The full expressions for these coefficients are
somewhat lengthy and thus we provide them in appendix A.

Zero chemical potential. There are two interesting limits of this solution. One is the
supersymmetric limit, which is contained in the analysis of the next section. The other is
the case of zero chemical potential. By using (4.15) with Y = X, we can see that imposing
1 = 0 amounts to setting

Z=1-2X2. (5.10)

Naturally, in the two-derivative solution, this also implies the vanishing of the gauge field,
A, = 0, so that the solution is purely gravitational. Interestingly, this is no longer the case
when the higher-derivative corrections are included. Indeed, at first order in «, the solution
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with ¥ = 0 and equal angular momenta reads

B X2 2ag° A1 (8X® —26X6 +41X%1 —12X% +1)
C2¢%2(2X2 + 1) X1(8X4—-10X2+5) ’
(1—2%) (1-4X?) ) 32ag%A\; (2X°¢ —3X2 +1)
2X2+1 X2 (8X*—10X2+5) )’

_ x2 0\’ | 2000 (X2 —1)? (40X —2X2 4 1)
9(2X2+ 1) X1 (8X1— 10X2 + 5) ’

G =

2g%x 2 ag® iz (120X8 — 134X°% 4+ 31X* + 4X2 + 3)
J="2V1-2X2 (2X2 4 1) (1 -
X3 ( * ) ( X4 (8X4 —10X2 +5) ’

_ dagh V3 —6X2
B X(2X2+1)

(5.11)
so a non-trivial A, is generated. The reason for this is the gravitational Chern-Simons term,
which acts as a source in Maxwell equation, as d *x F' ~ aR A R. Therefore, gravity — and
more precisely, angular momentum — can generate an electric charge. We obtain the precise
value of this charge in the next section.

5.3 Supersymmetric solutions with J; # Js

When J; # Js, the equations of motion are much more involved and we have not been able
to find an exact solution. However, we can find an approximate solution when the difference
between angular momenta is small by performing an expansion in powers of (J; — Jz) around
the solution with equal angular momenta. To simplify things further, we also restrict ourselves
to the more holographically interesting supersymmetric case.

Let us note that, in the two-derivative theory, we identified supersymmetry with the
constraint (4.13), which in turn implied that the chemical potentials satisfy the relation (4.24).
In general, a solution is supersymmetric when it allows for a non-zero Killing spinor. Now,
the Killing spinor equations are in general modified by the higher-derivative corrections, and
hence one should compute what the effect is on the supersymmetry conditions. Following [9],
we assume that the constraint (4.24) is not modified by the higher-derivative corrections
and we take this to be the defining property of a supersymmetric solution at subleading
order in «. Since we are working in the grand-canonical ensemble, we make sure that the
correction to the two-derivative supersymmetric solution still satisfies (4.24) and hence is
still supersymmetric by setting

Z=1-X-Y. (5.12)

In order to find a solution, our goal is to expand the higher-derivative corrections in (5.4) in a
power series of (Y — X), since this measures the difference between the two angular momenta.
There is another key property of the solution that makes the expansion less burden-

some. We observe that, whenever the variable z appears nontrivially'® in the two-derivative

1OWith this we mean that there is an additional z-dependence with respect to the X =Y case.
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solution (4.9), it is always multiplied by (Y — X). Thus, when we expand this solution in
powers of (Y — X)), the n-th power contains, at most, n powers of x. It is very natural to
assume that the higher-derivative corrections will have the same structure. Taking this into
account, we expand the correction to the functions in (5.4) as

W) =3 (Y —X)" Y Wpa®,  GW(x)=(1-2? Z Y —X)" Y Gopa®,
n=0 k=0 = k=0
BW(z) =3 "(Y = X)" Y By, iP(z) = Z(Y —X)"Y jnpa”,
n=0 k=0 n=0 k=0
(W)=Y (v - X) Zw AD(w) = S = X)" 3 Ay,
n=0 = n=0 k=0

(5.13)
where Wy, 1, Gnk, Bnk, Jnk, Cnk and Ag,mk are constant coefficients. By plugging this
ansatz into the equations of motion, expanding again in powers of (Y — X), and collecting
the terms with different powers of z,'! we obtain a system of algebraic equations for these
coefficients. We check that this system indeed solves the equations of motion order by order,
hence validating the form of the ansatz (5.13).

The solution in fact contains free coefficients that must be fixed by imposing the con-
ditions (5.8). To this end, we first obtain the functions J(z) and A;(x) by plugging (5.4)
with (5.13) into (4.2), and expanding again in (Y — X). In this case, the expansion of
these functions takes the form

TD@) =3 = X)" S e, AV (@) = STV = )Y Ayttt (5.14)
n=0 k=0 n=0 k=0

and the coefficients .J,, 1, Al,n,k are determined by the ones in (5.13). This allows us to evaluate
the correction to the potentials in (5.7), which also take the form of a series expansion, and
hence (5.8) provides three constraints at every order of (Y — X). When these constraints are
imposed together with the equations of motion, we find that the solution of the form (5.13)
is unique. We have been able to obtain the solution to order (Y — X)® and we provide the
corresponding coefficients in the ancillary Mathematica notebook. For the sake of illustration,
we show the solution to first order in (Y — X) in appendix A.

We have attempted to find a pattern that would allow us to sum the whole series expansion
and obtain the exact solution. In particular, we tried to fit the solution to a rational function
of z, in analogy with the two-derivative solution (4.9). However, the expressions are too
complicated and we could not find a simple pattern. Nevertheless, we will see in section 6.4
that there is a way in which this can be done in the case of the thermodynamic quantities.

With the solution at hand we can compute right away the area of the horizon by
applying (3.17). We get

2 (X +Y)VX +Y — X2 - XY —Y?

A= Bl-2X —Y)(1-2Y — X)

[1+ag®MoA], (5.15)

1 Observe that we do not perform a series expansion in x, we keep all the z-dependence at each order of
(Y — X). This dependence on z is automatically polynomial.
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where, to second order in (Y — X), 6.4 reads

—180X3 +177X2 — 32X +9  9(Y — X) (63X* +24X3 —50X2 + 24X — 1)
X(9X2-12X +1) 2X2(9X2 — 12X +1)°
. Y - X)?
12(X —1)2X3(3X2 — 1) (9X2 — 12X + 1)
—1705617X® 4+ 1153926 X7 — 495990 X° + 67410X° + 76662X* — 56937X3

+14737X2 — 1047X +27) + O ((V = X)) .

SA=—

’ (229635X11 —946971X 0 4 1665765X”

(5.16)
Although this is again terribly complicated to guess a pattern, we will find a way to sum
the whole series as we elaborate on in section 6.4.

6 Thermodynamics

6.1 Electric charge: ambiguity due to the Lorentz-Chern-Simons terms

The formulas for the electric charge (2.9), angular momenta (2.14) and entropy (2.16) present
gauge ambiguities due to the presence of Chern-Simons terms. However, these ambiguities
are fixed by working in the regular gauge that we are utilizing, i.e., imposing regularity at the
horizon. However, in the formula for the electric charge there is also a Lorentz-Chern-Simons
three-form that introduces frame ambiguities. These are harder to fix, since there is not a
priori a canonical choice of frame. Instead, there are infinitely many regular frames, which
are related by “large” Lorentz transformations. In our case, since the spacetime is a twisted
product AdS, x S3, it is natural to restrict to the rotations of frame generated by the sphere
S3, leading to a discrete set of different notions of charge — one for each homotopy class of
S3. Each of these is, in principle, a valid definition of electric charge. However, only one
particular charge (modulo an additive constant independent of the parameters of the solution)
enters in the first law of thermodynamics. Then, the question is whether we can find a frame
in which the electric charge is the thermodynamically relevant charge.
With this goal, we consider a family of frames é related to (4.1) according to

&=l

&=l

&% = cos(ngy + maes)e? + sin(ngy + meo)e (6.1)
&3 = —sin(ng; + mea)e? + cos(ngy + maos)e?

&= et

where ¢; and ¢9 are the angular coordinates introduced in (3.13) and n, m must be integers
in order to ensure the regularity of the transformation. Although this is clearly not the most
general choice of frame, we show below that this is indeed enough for our purposes. Due
to the frame transformation, the Lorentz-Chern-Simons three-form introduces a non-trivial
contribution to the charge, which reads

OQres = Ques + W, (6.2)
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where

W =dy; Adys Ad |- B2 + B%WQ (BW (¢'+B*JW.J') = G (WB' + BW’))} :
(6.3)
and
B 1 mJ(-1)G'(1)  nJ()G'(-1)
ST (- - J() l VBMW (1) WW(—D] ’ (6.4)
B 1 mG'(1) nG'(—1)
T2 - J) LﬁBmwm W—nm—l)} '

These coefficients come from the relation (3.13) between the angles ¢; and the y; coordinates.
When we integrate the charge, we get the following difference due to the frame change

o 3&)\1
Q= /W. (6.5)

At first order in «, we can just evaluate this term at the two-derivative solution, and we get the
following explicit result for the ambiguous contribution to the charge as a function of n and m,

aM T
AQnm = ———[nf(X,Y, Z) +mf(Y,X,Z)] , 6.6
Qn, 23 G [nf( )+ mf( )] (6.6)
where
1
XY, Z)= XY+ X% (5-3Y?+ 22
f ) (Y?-Z?)(—l—x2+y2+22)3[ ( )

—XY (—1+Y2+ZQ)2 (14+Y2+22)+ X5 (-2 +2(2+2))
+ (—1+Y2+ZQ)2 (Yi422-2'-v2(1422)) + X* (3Y 14+ Y*(~3+102)
=372 (<14 2%) )+ X% (54314627~ 2" +2v2 (1452%)) (67)

+X2 (_3Y6+Y4 <6—|—6Z—3Z2> +Z(_2+3Z) (_1+22)2
+Y2 (—3—4Z+4Zg+3Z4)>} :

Since this is not a constant value, it affects the variations of the charge d@, ,, and therefore
it affects the first law. Our hope is that there is a choice of n and m for which @, ,, is the
thermodynamic charge. We study this in careful detail below.

6.2 Equal angular momenta

By direct evaluation of the integrals (2.9), (2.14) and (2.16) in the solution (5.9), we obtain the
electric charge, angular momenta and the entropy of the black holes. The result takes the form

o m2(Z+1)(2X2 - 22+ Z)V-2X2 - 72 +1
426593 (X2 — 72)°
7X(Z+1)(X36Z —2) +4X* + Z* + Z3 + Z? - 32)
16G5g3 (X2 — 22)3

[1+ ag?(4% + MAS)] (6.8)

Ji = 1+ ag?(4% + MAT)] , (6.9)
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 \BrZ(Z4+1)(1-Z - 2X?)
© 8Gsgr (X2 22)
N m(m+n)al [(Z — 1) (X?(4Z +2) +4X1 + 2% (Z? — 1)) — 8X Y]
2V3G5(Z —1)3(Z + 1)(Z% — X?) ’

Q

[1 +ag(4he + AlAQ)} (6.10)

where the expressions of AS, AJ, AQ are somewhat long and hence we provide them in the
ancillary Mathematica notebook. Observe that the correction due to A9 is universal and it
is equivalent to replacing G5 by the effective Newton’s constant Geg in (2.4).

In the case of (), we have made explicit the ambiguous Chern-Simons contribution
due to the frame choice, that in this case only depends on the sum of the two integers
n 4+ m. In order to fix this ambiguity, we evaluate the near-horizon version of the first law of
black hole mechanics (4.18), which should hold as well in the presence of higher-derivative
corrections. We get

T

2V/3G

where w; and 1 are the potentials given by (4.15) evaluated at ¥ = X — these receive no

%dS—wl ATy — ws dJs — 1 dQ = —(m + 1+ 4) 2L yd[f(X, X, Z)], (6.11)

corrections since we are working in the grand-canonical ensemble — and f is the function
introduced in (6.7). Thus, for

n+m=—4, (6.12)

the first law is satisfied and hence @) becomes the thermodynamic electric charge.

Supersymmetric limit. In the supersymmetric case, (4.14) with a = b, i.e., X = ag/(1 +
2ag), Z = 1/(1 + 2ag), the expressions above simplify dramatically and we get

n2a\/ag(ag + 2) 5. 48(ag+2)(2ag + 1)
S = 1+ ag\
§*Gegr(1 — ag)? 11a2¢? + 8ag — 1

~ ma*(ag +3) L+ ad® 24 (8atg* + 25a3g> + 29a¢* + 9ag + 1)
' 29Geg(1 — ag)3 g ag(ag + 3) (11a2g? + 8ag — 1)
€

B V3ma 8 (23atg* + 73a3¢> + 57a?g* + Tag + 2)
 29Geg(1 — ag)? 3ag (11a%g® + 8ag — 1)

: (6.13)

Q 1+ 0492)\1

These results match exactly those of [10], also obtained from the near-horizon geometry.
However, as also noticed by [10], the charge obtained from this procedure differs by a pure
constant — independent of the parameters of the black hole — from the charge obtained
from the on-shell action [9] (the rest of the results are identical). In the next subsection we
analyze this discordance in the case of different angular momenta.

Zero chemical potential. As we noted in section 5.2, the solutions with ) = 0 actually
acquire a nontrivial gauge field on account of the electro-gravitational Chern-Simons term.
These solutions even have a nonzero charge, and in fact we get

4dma); (3 - 4X7 - 8XY)
V3Gs (1 — 4X2)?

Q= : (6.14)
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where we have set n + m = —4, as before. Observe that, since ) depends on X, it cannot
be taken to zero by adding a pure constant to it. In fact, it is not zero in any of the
frames we have analyzed, so the generation of a non-zero charge is a genuine effect of the
higher-derivative corrections. Interestingly, @) is a function of the angular momentum through
its dependence on X, so it is not a free parameter of the solution. On the other hand, one may
also consider solutions with zero charge, but these will necessarily have a nonzero potential.

6.3 Supersymmetric solutions with Jy # Js

Let us now consider the supersymmetric solutions that we have found in section 5.3 as
an expansion in (Y — X). We can again evaluate the charges and the entropy through
the integrals (2.9), (2.14) and (2.16). In the case of the electric charge we also add the
frame-dependent term (6.6). In order to make contact with previous literature, we express
the result in terms of the parameters a and b by using the relationships (4.14). Then, we
also translate the series expansion in (Y — X)) into a series expansion in (b — a). The result,
to order (b — a)? and first order in «, reads

7 a+b)Vab+a+b]
S = =~ a0 =5) _1—1—04)\165},

_ m(a+Db)(ab+2a+0b) [
N = 4G — a2 - D) _Ho‘m‘h}’ 6.15
J_W(a+b)(ab—|—2b+a)'1+ )\5J} (6.15)
2T UG —b2(1—a) | O

_ V3r(a+b)
Q — 4Geff(1 — (I)(l — b) [1 +Oé)\15Qn,m:| )

where we have set ¢ = 1 and

_48(a+2)(2a+1) T72(b—a)(13a®*+ 16a +7)

68 = -
11a% +8a — 1 (11a2 + 8a — 1)
2(b — a)?
- b—a) 5 (33 — 5520a” — 339754° — 81460a"
a’(a+1)?(a®? +4a+1) (11a® +8a — 1)
—108482a° — 88572a° — 43066a* — 11036a> — 11670 — 4a + 1) + O ((b - a)3) ,
(6.16)
24 (8a* + 25a3 + 294> 1 b—
57 — (8a* + 25a° 4+ 29a* + 9a + 1) 8(b—a) (880°

a(a+3) (11a? + 8a — 1) * a2(a+3)2 (a2 + 4a + 1) (11a% + 8a — 1)?
+ 1189a® + 5762a" + 13249a° 4 14422a° + 7889a* + 3094a® + 895a% + 74a — 6)
n 2(b—a)?
a3(a+1)2(a+3)3 (a? +4a+1)* (1162 + 8a — 1)*
+ 7787450 + 43657294 4 14805057a'? + 32337717a'! + 4714182541°
+ 47441601a° + 34726215a° + 19894695a" + 9289651a° + 3306235a° + 754083a*

+ 763830 — 2157a* — 605a + 42) + O ((b - a)3) : (6.17)

(2475a'° 4 73157a'
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2 (2 + 17a + 63a® + 85a® + 49a*) N (2 —7a +5a?) (m + n)
a(—1+8a+ 11a?) 6a
C(b—a) 2 — 32a — 265a% — 544a> — 160a* + 784a° + 5394°
—a
a2 (=1 + 8a + 11a2)?

5Qnm1:

(1+a—5a%2—-3a3)m+ (1+a—2a%n
6a(1+ a)

1
6a3(1 + a)? (1 + 4a + a2) (=1 + 8a + 11a?)?
+95277a* + 282930a° + 49799445 + 6149824 + 522456a® + 208221a° — 5072740

+ (b —a)? (6 — 111a + 93a® + 14383a°

(2 + 3a + 3a® — 5a) (n + m) — a*(11m + 3n)
24a3(1 + a)?

+0((b-a)). (6.18)

— 704850 — 15499a'?) +

and, as usual, §J; = §J1(a <> b). We observe that the results for S and J; coincide with
those of [9] when expanded in (b — a), which represents a highly nontrivial check of our
computations. On the other hand, we have to determine for which value of (n,m) the electric
charge is the thermodynamic one. For this charge, the near-horizon version of the first
law of thermodynamics should hold. By plugging (6.15) and (4.15) in the supersymmetric

case into (4.18), we obtain'?

ﬂaAl

2v/3G5

%ds o dy — wydJs — 3 dQ = — Wd[(n+2)f*(@.b) + (m+2)f*ba)], (6.19)

where
B 3a2b+ 2ab® +ab+ 202 —a —b

Jlab) = J(X Y20 = S R s e (6.20)

Therefore, the first law is satisfied for
n=m=-2, (6.21)

and thus the frame (6.1) is fully fixed by this criterion. For these values of n and m, the
charge can be rewritten as

V3m(a+b) 2
14 4ads + aX0Q| — ,
2 100 Neleh

Q_

© 4G5(1 —a)(1 —b) (6:22)

12Naturally, we obtain the result as a series expansion in (b — a), but we verify that it corresponds to the

expansion of this expression.
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with

50 — 4 (19a* + 44a® + 36a* + 8a + 1)
a(1la® 4+ 8a —1)
N (b — a) (418a8 + 608a® — 202a* — 528a® — 2664% — 32a + 2)
a? (11a2 + 8a — 1)°
. (b—a)?
3a3(a +1)2 (a? + 4a + 1) (11a2 + 8a — 1)*
4 129304a” + 260413a® + 301360a’ 4 250612a° + 143104a° + 47449a* + 71284°

+58a% = 560+ 3) + O ((b - a)*) .

(- 5753a'? — 20904a'! + 70264

(6.23)
In this case, the electric charge coincides with the one in [9] except for the last term in (6.22).
Indeed, we have

2ma\

Q—Qp = ~ 3G,

6.24
3C- (6.24)

This constant shift obviously does not affect the first law and it coincides with the shift
obtained in [10] from the near-horizon geometry of the solution with a = b. It would be
interesting to look for a different frame — outside of the family of frames (6.1) — in which
one can further remove this constant. However, given that this constant is a pure number —
does not depend on the solution — this mismatch is not too worrisome.

6.4 Exact expressions

With the equations (6.16), (6.18), (6.23) at hand it is quite challenging to study the relation
between the entropy and the charges, due the complexity of these expressions. However, most
of this complexity is due to our requirement of working in the grand-canonical ensemble.
Instead, we can do a relabeling of the a and b parameters as

(a,b) = (a+ aXida, b+ ardd), (6.25)
which has the effect of changing the corrections §.S, §J; and 6@ in (6.15) and (6.23). We can

use this freedom to cancel for instance the A\; corrections to the expressions of the angular
momenta J;. Thus, in this “fixed angular momenta ensemble” our results read

7w a+b)Vab+a+b g
R et [1 + ams] :
g m(a+b)(ab+2a+0b)
YT 4Gg(1—a)?2(1—b) (6.26)
L _mlatb)(ab+2+a) '
27 4Gep(1—b)2(1 —a)
B V3m(a + b) ~
©= 4Ge(1 —a)(1 - b) [1 * a)\ldQ] ’
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where 65 and 6Q are now given by

12(a+1) 6(a*+2a+2)(b—a) (a®+9a* + 21a® + 264> + 24a + 12) (b — a)?

55 = -
S ala+2) a’(a+2)2 ad(a+1)(a+2)3
24" + 20a° 4 62a° + 91a* 3 2+ 720+ 24) (b—a)?
(20" +20a° + 62a +94a +88;L +8862 +72a+24) (b—a) +O((b_a)4)7
2a*(a+1)%(a +2)
5@_4(2612—1—50,—1)+2(2a2+1)(b—a)_(3a3+5a2+2a+1)(b—a)2
B 3a 3a? 3a3(a+1)
(3a* 4+ 1063 + 9a® +4a + 1) (b — a)? 4
b— .
6at(a+ 1)? +0 <( a) )

(6.27)
These expressions are now simple enough that we can guess the exact result. We find that the
simplest rational functions of a and b — with the lowest order numerator and denominator —
leading to the expansions above are

55:4[ab((a—b)2+5(a+b)+18)+a3+b3+3(a2+b2)+6(a+b)]

(a+b)(a+b+2)(ab+a+0) ’ (6.25)
5@_8[ab(a2+6ab+62+13(a+b)+10) +a® 4+ b® + 3(a® +b?) — 2(a + b)] '
B 3(a+0b)%(a+b+2) '
We then check that these expressions also capture higher-order terms in the (b — a) expansion

6 — and therefore this result must be exact. With these

— we checked up to order (b — a)
expressions we can now study the dependence of the entropy on the charges as well as the

non-linear constraint satisfied by these. One can directly check that the following expression

Srah; [20 w(Jr = Ta)?
— , 6.29
Gor |3 T 16GeaQ?/3 — n(1 1 ) (6.29)

holds up to O(a?) terms. This coincides with the result of [8, 9] except for the linear term in

S = 77\/4622 - G”ﬁ (J1+ Jo) +

the charge, which comes precisely from the difference in the definition of the charges (6.24).
Now, in order to derive the non-linear constraint between the charges, the easiest way consists
in evaluating the zeroth-order constraint (2.29) to obtain how much it fails to be satisfied.
Since in this parametrization only the electric charge is modified, we get

[2\/§Q - ] {4@2 S Jg)} - (2Q>3 2 = YN 00?), (6.30)

2Geff Geff \/?: Geﬂ GZH
with -
¥ = 23%56’2 (32\/§G6HQ2 — 3nV3(J1 + Jo) + 67TQ) . (6.31)
eff

Thus, in order to obtain an explicit constraint we only need to express 8Q as function of
the charges. For this it suffices to use the two-derivative relations between (a,b) and (J;, @),
since the right-hand side of (6.30) is already proportional to . After some massaging, we

find that X can be written as
9 8TQ 80 9
Y =487 GegJ1J2 + 4% (J1 + J2) — W (m — 6Gesr (J1 + J2)) — gﬂ'Geﬁ“Q
AT (J) — Jp) 2 (16\/§GGHQ + 37r)

3T (Jl + Jg) — 16Gefo2

(6.32)
_|_
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Finally, we can rewrite the entropy and the constraint in terms of the central charges
of the dual CFT (2.5). We have

QQ Cl(J1 — J2)2
S =m[4Q? — 8a(J1 + J2) —8(a—¢) | —= + ], 6.33
s s o [ gt ] e
which again matches the results of [8, 9] — and hence the field theory prediction — once we

take into account (6.24). On the other hand, the non-linear constraint can be expressed as

[\/§Q + 2a} [QQ —2¢(J1 + JQ)} = ?f/gg + 2(3¢ — 2a)J1Jy + ;(a — ) [4\/:%@ + 5Q?

6a (3a + 2\/362) (J1 — Jo) 2] (6.34)

_l’_

2Q?% — 3a (J1 + J2)

This again coincides with the results of [9] taking into account (6.24) once more.

7 Conclusions

We have studied extremal black holes in AdSs supergravity with four-derivative corrections
by analyzing their near-horizon geometries. We introduced a novel parametrization of these
solutions that allowed us to write them explicitly and to solve the corrected Maxwell and
Einstein equations. Then, we were able to compute the charges of the black holes as integrals
over the horizon, thus allowing us to study the different thermodynamic relations even for
different angular momenta. We observed that the entropy, charges and near-horizon potentials
satisfy a near-horizon version of the first-law of thermodynamics (4.18) which holds as well in
the presence of corrections — see [56] for a general analysis of the laws of near-horizon black
hole mechanics. This allowed us to identify the near-horizon potentials as fugacities: the
derivatives of the actual potentials with respect to the temperature at 7' = 0 — see (4.23).

Our results for the thermodynamic quantities in the supersymmetric case match those
of [8, 9] obtained from evaluation of the on-shell action following the Reall-Santos method [36],
which does not require solving any equations of motion. This agreement serves as a nontrivial
check of both approaches, but nevertheless our computation reveals a number of nuances.

First, the need to solve the equations of motion makes the computation considerably
involved in the case of J; # Jo and in fact we have not been able to obtain an exact solution.
Rather, we had to restrict ourselves to a solution in the form of a series expansion in (J; — J2).
It would be interesting to obtain a closed form solution but our results indicate that this
would be rather complicated as we were not able to find a simple pattern in the series.
On the other hand, we did manage to sum up the series expansion for the thermodynamic
quantities by working in a fixed angular momentum ensemble — see (6.28) — which makes
the expressions much simpler.

Second, the computation of the electric charge at the near-horizon region is ambiguous
due to the presence of the Lorentz-Chern-Simons three-form in the charge integral, whose
contribution depends on the frame. We have been able go around this issue by looking
for a frame in which the electric charge satisfies the first law of black hole mechanics. We
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stress that in general, and unlike what is stated in [10], a change of frame modifies the
charge by a term that depends on the parameters of the solution — see (6.7) — and not just
by a pure constant.'> Thus, only in one frame (or restricted family of frames) the charge
defined in this way satisfies the first law. However, our analysis was not exhaustive and
it leaves open the question of adding a pure constant — independent of the parameters of
the solution — to the charge. In fact, our charge disagrees with the one of [8, 9] by a pure
constant. The same constant was found in [10] for near-horizon geometries with equal angular
momenta in the frame given by the left-invariant Maurer-Cartan forms of SU(2), and here we
showed that it persists unchanged for J; # Jo. It would be interesting to characterize all the
possible frame transformations and their effect on the charge and to check if one can remove
this constant shift in another frame. More importantly, we would like to understand what
makes special the frame (6.1) with n = m = —2, in which the electric charge is the correct
one for thermodynamics. In any case, this shows the difficulty in finding a first-principles
interpretation of the charge derived from the on shell action in [8, 9].

Despite these struggles, the analysis of near-horizon geometries does have an advantage
over the on-shell action computation: it allows for a direct generalization to subleading higher-
derivative corrections. Indeed, the methods and techniques presented here can be extended
quite straightforwardly to compute even higher-order corrections. The only real complication
would be the increasing length of the equations, but there would not be new obstructions.
This is because the construction of the near-horizon geometries as an expansion in (J; — J2)
is entirely systematic, as we shown in section 5.3 — another question is of course whether one
can sum up the whole series for the thermodynamic quantities as in section 6.4. On the other
hand, in order to compute second-order corrections from the on-shell action, one has to obtain
the first-order corrections of the full solution [38] — not only the near-horizon geometry. In
view of our results here, obtaining the full solution would be very challenging and we do
not know at this point whether an analytic solution exists even for equal angular momenta.
Hence this approach would probably be less accessible than the near-horizon analysis.'*

On a different note, our analysis was not restricted to supersymmetric solutions, since
the space of extremal solutions is larger, although the expressions get substantially longer,
even with equal angular momenta. A particularly interesting phenomenon we observed is
that, due to the electro-gravitational Chern-Simons term, gravity sources electromagnetism.
In particular, angular momentum sources electric charge. For instance, the extremal Myers-
Perry-AdS solution, which is a member of the family of solutions we are analyzing, necessarily
acquires a nontrivial gauge field and it gets a non-zero electric charge given by (6.14) (in
the case of equal angular momenta). In fact, one cannot have rotating solutions with both
zero charge and zero electrostatic potential. It would be interesting to understand the
meaning of this effect for the dual field theory, which must certainly be related to the mixed
(T'TR) anomaly [24].

There are several interesting avenues that are natural to pursue regarding this work.
Our method of studying the near-horizon extremal geometry can be extended to study

3Note that the near-horizon geometry is not a direct product AdSs x S® but a fibered product, so one cannot
directly apply arguments of 3d gravity to analyze the ambiguities in the Lorentz-Chern-Simons three-form [76].

“One the other hand, let us note that an advantage of the Reall-Santos method [36] or its generalized
version [38] is that it is not restricted to extremal solutions.
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six-derivative corrections. For that, one must first derive the form of the Lagrangian, which
involves starting from the off-shell action formalism, integrating out all auxiliary fields and
implementing field redefinitions to find a hopefully relatively compact six-derivative action, see
for example [6, 9, 22-29, 31]. The difficulty of the analysis of near-horizon geometries in that
theory would arise in the length of the computations but it should be in fact feasible. It would
then be interesting to match the results with the subleading corrections in the field theory dual.

On the other hand, we can also consider additional matter fields. To the best of
our knowledge, higher derivative corrections have not been studied in the context of five-
dimensional gauged supergravity with several vector multiplets. This is a rather challenging
endeavor as the solutions now involve the metric, gauge potentials and scalars. For example,
this would correspond to corrections of the supersymmetric Kunduri-Lucietti-Reall black
hole [77].

Finally, our novel (X,Y,Z) parametrization of extremal AdSs black holes seems to
be a very natural form of expressing these solutions, and it has an interesting geometric
interpretation as depicted in figure 1. This parametrization leads to a compact and explicit way
of writing the solution and to a very appealing form of the supersymmetric condition (4.13).
It would be interesting to see if this kind of parametrization can be generalized to other
extremal AdS black holes [78-81]. There are numerous approaches in literature that require
the study of extremal solutions and finding such a parametrization for diverse dimensions
would be quite advantageous.
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A Higher-derivative corrections

In this appendix, we present the explicit expressions for the higher derivative corrections
found in the limit where the angular momenta are equal with no supersymmetry imposed in
section A.1 and in the supersymmetric case with unequal angular momenta in section A.2.
We note that the results are written in terms of the (X,Y,Z) parametrization.

A.1 Equal J solution

We write the various corrections for the J; = Jy solution. We find that §J = (51211 while the
remaining corrections are

A
SW = 51 [57344X 18 —2048 X6 (92792 +52) —512X 1 (~507+ 8782 5142 (A.1)

+222°4+652% ) +2(~1+2)"2° (264392 + 22 ~182° ~42"+32° + 2°)
—64X12 (2997—761OZ+9159Z2—443623—1717Z4+1550Z5+57Z6)
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—32X10(~1+2)? (~2423+ 30062 — 731922~ 10122° 438032 +5022°+1152°
—32X5(~1+42)° (—461+3297 — 340822 ~5962°+19952" +45 2° + 58 2°+ 7027 )
+16X5(—1+2)* (21+1222+1338Z2—375Z3—1157Z4+65625+26826—1127
+50Z8) +4X4(-1+2)° (—60+118Z—200Z2—1488Z3—569Z4—|—1225Z5+94Z6
—19OZ7+207ZB+63ZQ> —2X*(-1+2)52? (360+5182— 17922 -49023+1992*
+32225+27Z6+227+928)} :

6G:2)\1(1—Z2){

39936 X 104+-3072X (—43+34Z+922) +256X12(721-1144Z  (A.2)
+15622+284Z3+7Z4) +128x10 (—1087+2545Z—144122 57473 4+-5872*
—35Z5+5Z6> —16X8(—1+2)? (—3655+3845Z—393Z2—2606Z3+1007Z4
~|—38525+25Z6) +(~1+2)%73 (54+27Z—52Z2—2623—1—22Z4—|—1lZ5+826

+427) =8XO(~1+2)* (~1578+12192 - 153122~ 2356 2%+ 13202" + 8032
+25326+142Z7) +2X2%(-14+2)°Z (27+225Z+68Z2 —256234+11924+1972°

+22° —627+828) —4XxY(-1+2)* (—267+ 139Z —10712% 100823 +7042"
+992°~352°422627+612%) |

2\
—?1 [112640X 1+ 1536.X ' (~267+2122 +6327) (A.3)

6B =
+256 X 14 (2589—3962Z+194Zz+1126Z3+14lZ4>
+128X12 (74863+ 104602—382822—421OZ3+1835Z4+534Z5+7226)
—32X10(~1+2)? (~11313+ 75822 + 676722 ~57402% ~ 16152" +4542°+2972° )
—8X8(—1+2)3 (—15819+2635Z+876922—1126523—3925Z4+418125+3535Z6
+84927) —(—1+2)7Z° (544812 + 22 ~392° ~32' +152° +152° 41527 +52°)
—4X%(-14+2)* (—5973— 162674174422 —869473 — 537021 +3426 Z° +4696 Z°
+182227+8728) +X3(-1+2)%2 (54+261Z+20822 —144273-3242*—422°
+33626+48027+20628+2129) +2X4(-142)° (930+610Z+33322+3179Z3

+2641Z4—88925—174926—451Z7+45328+15929)] ,

- A
5A; = 51 (5529618 +512X 16 (—277+ 3202 +532?) (A.4)

+256X 14 (543—139()Z+414Z2+354Z3+55Z4)

+64X12 (—961 +41582—3o1722—143223+761Z4+34625+14526)
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—64X10(~1+2)? (—97+804Z +11432%~2042° —6012* ~1242° +1112°)
—8X8(—1+2)3 (645+5592+859322+3115Z3—550924—1567Z5+1663Z6
+46927) ~3(~1+2)" 2% (54+812+ 22 ~392°~ 32" +152°+152° 4152
+5ZS) +4X5(—1+2)* (—423—2982—834422 — 535473 585474 4244275
—154426—198Z7+28128) +2Xx4(-1+2)° (—18—1382—299522—216123
+2563Z4—127Z5—168126+693Z7+1187ZS+277Z9> +X*(-1+2)%7 (—54
—27Z+72Z2+250Z3—75624—908Z5+184Z6+550Z7+202Z8+7Zg) } ,
N 4 2
54y = (1—2;\(X—Z)D
+256X14 (1834—2831Z+16822+78923+84Z4)

[56320X18+512X16 (—483+373Z+12222) (A.5)

+128X12 (—3940+89682—399122—309923+1631Z4+4O3Z5+2826)
—16X10(~142)? (—20713+1965OZ+9361Z2—12280Z3—259124+590Z5
+175Zﬁ) —8X8(—1+2)3 (—16471+9646Z—|—5647Z2—1474023—2013Z4+391OZ5
+20772° 450427 ) —4XO (=14 2)* (~7201+1949Z ~ 183427~ 15013 2° - 32622
+53352° +44942°+199327+-275.2° | 42X (~14-2)° (1353 - 2522 + 3201 2
+915273 4313321 —24547° — 282975 — 178827—274ZS+54Z9)

+X%(-1+2)8 (54—27Z—|—1461Z2+262923+417Z4—817Z5—32926—149Z7
+2812842362°+362'7) - (—1+2)7 2% (~162-189Z +1082%+1612° ~382"
—9925—10426—4527+428+4Z9)] :

where the denominator reads

D=(Z-1)"(Z+1)?|96X "2 +48X " (22482 —5) (A.6)
—16X° (224~ 112°~332%+497-13)
—8x6 (5ZG+13Z5—42Z4—38Z3+113ZQ—63Z+ 12)
—2X!(Z-1)? (92°+442°+ 752" ~702° ~ 15022+ 322 —12)
—X2(Z-12% (27 492"+ 252543527~ 462~ 72)
+(2-1)'2° (2°+22°+Z+2) |.
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A.2 Supersymmetric solution with Jy # Js

When the angular momenta are distinct, the corrections to the supersymmetric solution
are given by

145X —15X2445X3

Woo= 19X orx2rorx3
—7—12X —162X2+540X3+405X 1
M )2 (1-12x 19x2)2 (A7)
Wi — —1-16X+198X2—600X3+639X*—216X°
T (-14X)(143X) (—143X2) (1-12X +9X32)
Coom 4(=1+43X) (-1+11X —69X2+99X3)
’ X(14+3X)(1-12X4+9X?2) ’
Gro— 2(—1+18X +57X2—1476 X3+ 7533 X% —10854.X°+243X°) (A8)
’ X2(143X)2(1—12X +9X2)? ’
G o= —11+188X —551 X2 —1248 X3+6603X* —7740X°+2727X°
’ 2(—1+X)X(1+3X) (—1+3X2) (1-12X +9X?) ’
Bog—— 9X (3+2X —69X2+126X3)
’ 2(1+3X)2(1-12X +9X2) ’
Blo— 9 (—3+5X+42X2—-1782X3+4509X1+405X°) (A.9)
’ 4(143X)3 (1—12X +9X2)? ’
B 3(6+31X —807X2+2958 X3 —-3096X*—513X°+1701X9)
’ 4(—1+X)(14+3X)2 (-14+3X?) (1-12X+9X?) ’
oo — 4n(143X)% (—9+32X —177X?+180X?3)
’ 9X4(1-12X4+9X2) ’
Jio—— 2(1+3X) (63—1132X +3801X2% 12024 X3 +20709X* — 19116 X +9963 X 6)
’ 9X47(1—12X +9X2)? ’
Jii—— n(1+3X)? (36 —133X +1605X2 —6234X3+13446 X4 —14661X°+2997X9)
’ 27(—14+ X)X (—143X2) (1-12X +9X?) ’
(A.10)
Ao 4(143X) (9—59X +273X% - 711 X3+540X %)
” 3v3X3(1-12X4+9X2) ’
Ao 2(27—496X +1653X 2 —3456 X 3+2889X* —1296 X +5103X°)

3v3X4(1-12X4+9X2)? ’
R (1+3X)
T 0VB(—14+X) X4 (~1+3X2) (1-12X +9X2)
X (36—217X+1968X2—5559X3—3708X4+31293X5—36936X6+13851X7> ,
(A.11)
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+ 3V3n(5-36X+117X?)

A =
2007 9(143X) (1-12X +9X2)
Ao 3v3 (5—T8X +1530X2 - 7236 X3+6885X*+3402X°) (A12)
210 An(1+3X)2 (1-12X +9X2)> ’ '
. V30 (—4-51X+924X2 2754 X3 +2160X*+81X°)
ST T (I X)X (1+3X) (—1+3X2) (112X +9X2)
where

n=1/X(3X-2). (A.13)
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