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1 Introduction

The inspirals and mergers of compact binaries have been successfully measured through
their emitted gravitational waves (GWs) as of 7 years now, with the first black-hole (BH)
binary merger detected [1] by the advanced LIGO [2] in collaboration with Advanced
VIRGO [3]. By now there is already an operational array of second-generation ground-
based GW detectors on the northern hemisphere, including also KAGRA in Japan, and
several elaborate plans for diverse ground- and space-based GW experiments that will
extend the measured bandwidth of frequencies to no less than 16 orders of magnitude.

Since these compact-binary sources of GWs spend most of their lifetime with their
components orbiting in non-relativistic (NR) velocities, they have been analytically studied
in the post-Newtonian (PN) approximation of General Relativity (GR) [4]. With the
input from PN theory, supplemented with numerical simulations that cover the short-
lived phase of the binary in strong gravity, the effective one-body (EOB) approach [5]
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enables the generation of complete theoretical waveforms to be tested against our real-
world measurements. The wealth of data that is being recorded [6–8], contains coveted
information on gravity and QCD theory due to the diverse sources involved, including
rotating BHs in a surprising span of masses [9–11], and neutron stars (NSs), whose interiors
probe QCD in extreme conditions that only nature can generate [12, 13].

These impressive advances in the experimental front of GW science have catalysed a
resurgence of theoretical studies aimed at improving the precision of predicted gravitational
waveforms. Modern HEP approaches have joined traditional GR efforts to better describe
such GW sources, yet they both essentially share a similar perspective of capturing these
two-body systems via effective descriptions that consider either the single compact object,
or the whole binary, as a point particle [4, 14]. The UV physics of their internal structure
is then captured by some unknown characteristic coefficients, which remain to be specified.
For the conservative point-mass and spin-orbit sectors of the two-body interactions, such
UV coefficients show up only as of the high fifth PN (5PN) accuracy [14, 15], which has been
reached in the point-mass sector via heroic undertakings only recently in both traditional
GR [16–18], and EFT methods [19]. Subsequently, the spin-orbit sector at the 4.5PN
accuracy has been approached following a similar approach to [16, 17] via traditional GR
methods, without the need to account for any UV coefficients [20, 21]. At the same time,
this third subleading spin-orbit sector was approached, completed, and verified in [22–24],
and following those was also derived in [25], via the EFT of spinning gravitating objects [26],
and the public EFTofPNG code [27].

However more generally, namely beyond the spin-orbit sector which requires only the
minimal coupling to gravity, much lower PN orders than the present precision frontier ne-
cessitate to take into account finite-size effects related with such unknown UV coefficients,
due to the rotation of the individual compact objects. The leading finite-size effects, start-
ing from the 2PN order [28], are due to spin-induced multipolar deformations, which have
been uniquely formulated within the EFT of spinning gravitating objects to all orders in
spin [26, 29]. Indeed the EFT presented in [26], has granted unique access to higher-spin
sectors, and thus the completion of the current state of the art at the 4PN order in sectors
with spins [29–33]. At the present 5PN order however, another type of finite-size effects
comes into play due to the tidal response to the gravitational field. The most simple un-
known UV coefficients of this type arise in the point-mass sector, and are referred to as
“Love numbers” in traditional GR. These have been studied for decades, see e.g. [34–37],
with a recent booming activity, that notably considers also the real case of rotating com-
pact objects, e.g. [38–43]. Interestingly almost all studies to date indicate that such simple
“Love numbers” vanish for BHs in 4-dimensional GR. On the other hand, the UV coef-
ficients of tidal effects can be significantly large for NSs, and thus these effects are very
important for GW astronomy [44].

In a recent letter by the present authors, which reported on the completion of all
quadratic-in-spin interactions at the 5PN order [45], a new finite-size feature was found,
related with these tidal effects at the point-mass sector. This new feature, unique to
spinning objects, comes with a new unknown UV coefficient, which thus provides a new
unique probe for gravity and QCD. In the present paper we provide in full detail the
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derivation of all these quadratic-in-spin sectors at the third subleading order (N3LO), for
generic compact binaries, and in the most general settings. These results constitute the
PN state of the art, and we provide the consequent useful GW quantities and observables.
The derivations are carried out via the EFT of spinning gravitating objects [26], and
see [27, 46], which provides a unique independent conceptual framework to tackle general
sectors in PN theory, such as those in the present challenging overlap of high-loop and
higher-spin orders. The overall derivation builds on the public code EFTofPNG introduced
in [27], and on extensions of this framework in [15, 22, 23, 29–33, 47–49].

In section 2 we present the formulation of the EFT required for the present higher-spin
sectors, which importantly entails non-minimal coupling of spin to gravity. Moreover, in
section 2.1 we present the extension of the effective theory of a spinning particle to cou-
plings that are quadratic in the curvature, which is required at the present 5PN order,
where we point out the relation to the point-mass sector. In section 3 we present in full
detail the evaluation of the diagrammatic expansion, which consists of 4 independent sec-
tors of quadratic-in-spin corrections at the 5PN order. The Feynman graphs are evaluated
via advanced multi-loop methods with a computational load of graphs, and a generic di-
mensional expansion, due to the appearance of dimensional-regularization (DimReg) poles
across all loop orders, which we handled with independent development of the EFTofPNG
code, similar to [23]. In section 3.1 we provide the full generalized Lagrangians for all of
the 4 independent contributions included in the present quadratic-in-spin sectors.

We proceed in section 4 to reduce these effective actions via a formal procedure that
involves redefinitions of the position and rotational variables through lower-order sectors,
which requires in higher-spin sectors such as the present ones, an intricate implementation
of the redefinitions beyond linear order. We provide the full redefinitions in section 4.1,
and present in section 4.2 the consequent reduced actions of all 4 subsectors for the first
time. In section 5 we present the full general Hamiltonians of the relevant 4 subsectors for
the first time, with the consequent useful simplified Hamiltonians in section 5.1. Finally, in
section 5.2 we proceed to discuss the consequent gauge-invariant binding-energy relations
to the angular momentum and orbital frequency, noting in particular the binding energy
associated to the new tidal effect with spins, in comparison to that from the point-mass
sector, which also contributes at the present 5PN order.

We end in section 5.3 with a derivation of all the extrapolated scattering angles that
correspond to an extension of our Hamiltonians to the scattering problem in the simplified
aligned-spins configuration, as a guide to scattering-amplitudes studies.

2 EFT of spinning gravitating objects

We start by reviewing the EFT of spinning gravitating objects [14, 26, 46]. At the orbital
scale the compact-binary inspiral is described as a two-particle system with an effective
action that consists of the purely gravitational action with the relevant weak field modes,
augmented by a point-particle action, Spp, for each of the compact objects in the binary [14]:

Seff = Sgr[gµν ] +
2∑

a=1
Spp(λa). (2.1)
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Sgr, the action of the field in some theory of gravity, must be supplemented by Spp, a new
infinite tower of interactions between the weak field modes and the new worldline degrees
of freedom at this scale. These interactions are localized on the worldline of each object in
the binary, parametrized by λa for the a-th object.

For the gravitational action we consider here the theory of GR, which we supplement
with the fully-harmonic gauge-fixing term:

Sgr[gµν ] = SEH + SGF = − 1
16πGd

∫
dDx
√
g R+ 1

32πGd

∫
dDx
√
g gµνΓµΓν , (2.2)

with Γµ ≡ Γµρσgρσ. As of third subleading orders in PN theory, such as in this work,
the dimension must be kept generic throughout the whole evaluation of two-body interac-
tions, including a modified minimal subtraction (MS) (see e.g. [50]), for the d-dimensional
coupling constant of the NR theory:

Gd ≡ GN
(√

4πeγ R0
)d−3

, (2.3)

with d ≡ D−1 the number of spatial dimensions, GN ≡ G Newton’s gravitational constant
in three-dimensional space, γ Euler’s constant, and R0 some renormalization scale.

For the NR gravitational field it is beneficial to use a d + 1 Kaluza-Klein reduction
over the time dimension [51, 52]:

ds2 = gµνdx
µdxν ≡ e2φ

(
dt−Aidxi

)2
− e−

2
d−2φγijdx

idxj , (2.4)

which defines the set of fields: φ, Ai, and γij ≡ δij + σij . This decomposition has been
useful also in sectors with spin since its application in [53], and as applied later all across
the public EFTofPNG code [27]. The propagators in a NR approximation are instantaneous,
leaving the momenta integrals as purely spatial, namely Euclidean in d dimensions. The
relativistic corrections in this approximation are then obtained as quadratic insertions on
the propagators with two time derivatives. All the Feynman rules which are required for
the present sectors in d dimensions, involving only the gravitational field, including the
propagators, their relativistic perturbative corrections, and the self-interaction vertices,
are similar to those provided in [23].

For rotating objects one then needs to specify the effective action of a spinning particle
as the point-particle action of each object. This effective action starts with the leading
couplings of mass and spin, whose associated position and rotational degrees of freedom
(DOFs), respectively, are minimally coupled to gravity [26, 46, 54]:

Spp(λ) =
∫
dλ

[
−m
√
u2 − 1

2 ŜµνΩ̂µν − Ŝµνpν
p2

Dpµ
Dλ

]
. (2.5)

Here we introduced the mass m, the 4-velocity uµ, the linear momentum pµ, as well as
generic angular velocity and spin variables, Ω̂µν and Ŝµν , respectively. The latter generic
rotational variables, together with the extra term in eq. (2.5) with the covariant derivative,
enable to switch the rotational gauge along the worldline [26], which was not accounted for
in past formulations of spin in relativity [55–58].
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Next, we must consider the part of the point-particle action that accounts for finite-
size effects, of which we have in the present sectors two types: spin-induced multipolar,
and tidal deformations, that are both uniquely due to the presence of spin. Tidal effects
enter (only) as of the present high 5PN order, and thus we need to consider them properly
for the present sectors, which we do in section 2.1 below. For the spin-induced multipolar
deformations, we consider the leading non-minimal couplings to gravity to all orders in
spin, that are linear in the curvature, which we introduced in [26, 29]:

LNMC(RS∞) =
∞∑
n=1

(−1)n

(2n)!
CES2n

m2n−1Dµ2n · · ·Dµ3
Eµ1µ2√
u2
• Sµ1Sµ2 · · ·Sµ2n−1Sµ2n

+
∞∑
n=1

(−1)n

(2n+ 1)!
CBS2n+1

m2n Dµ2n+1 · · ·Dµ3
Bµ1µ2√
u2
• Sµ1Sµ2 · · ·Sµ2nSµ2n+1 ,

(2.6)

where • stands for tensor contraction of the spin-induced multipole tensors with the
definite-parity electric and magnetic components of the curvature:

Eµν ≡ Rµανβu
αuβ , (2.7)

Bµν ≡
1
2εαβγµR

αβ
δνu

γuδ, (2.8)

and their covariant derivatives, Dµ. This infinite series of operators in eq. (2.6) is preceded
by a corresponding series of Wilson coefficients, that would be referred to as “multipolar
deformation parameters” in traditional GR. From this series only the leading term is needed
in the present sectors, with the electric component and no further covariant derivatives,
and whose coefficient corresponds to the quadrupolar deformation constant, as in [28].

From the effective action of a spinning particle in eqs. (2.5), (2.6), all the necessary
worldline couplings for the present sectors can be extracted using the EFTofPNG code,
including both mass and spin, but excluding new couplings that are beyond linear in the
curvature, which are discussed in the next section 2.1. We remind that in our spin couplings
we implement the generalized canonical gauge that we introduced in [26], and so all the
indices in the Feynman rules are Euclidean. All of these rules are provided in both human-
and machine-readable formats in the supplementary material to this publication.

2.1 New physics

At such high perturbative orders the point-particle effective action needs to be further
extended to include non-minimal coupling to gravity that is quadratic in the curvature. In
the EFT formulation of the point-mass sector, defined as that whose worldline DOFs are
only the position coordinates, two leading tidal operators were presented already in [14]:

LLO
NMC(R2S0) = CE2

EαβE
αβ

√
u2 3 + CB2

BαβB
αβ

√
u2 3 , (2.9)

where the coefficients in this expression contain all dependence in the mass and coupling
constant, and numerical symmetry factors, in contrast to the new coefficients we introduced
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in eq. (2.6). Initial power-counting indicates that these operators may enter at the 5PN
order, notably being the leading finite-size effects to affect the point-mass sector, where this
high PN accuracy has been obtained only recently in this simplest of all sectors [16–19].

An extension of the effective action of a spinning particle to include such general oper-
ators was outlined in [26], and approached in [15, 49]. There it was shown that quadratic-
in-curvature operators, which are linear in the spin may enter only as of the 6.5PN order,
notably making also the spin-orbit sector affected solely by minimal coupling to gravity
to a very high PN order. Following [15] and then [45], we consider up to quadratic order
in the spins and at the present 5PN accuracy, the following extension to the non-minimal
coupling of spin to gravity:

LLO
NMC(R2S2) = 1

2CE2G4m5EαβE
αβ

√
u2 3 + 1

2CB2G4m5BαβB
αβ

√
u2 3 (2.10a)

+ 1
2CE2S2G2m

EµαE
α
ν√

u2 3 SµSν + 1
2CB2S2G2m

BµαB
α
ν√

u2 3 SµSν . (2.10b)

As detailed in [26] we construct the effective action of a spinning particle by considering
the contraction of SO(3) tensors in the local frame, and specifically for rotating objects —
in the body-fixed frame. Accordingly, the SO(3) building blocks are symmetrized and their
traces are removed.

Note that in eq. (2.10) we already defined the dimensionless normalized Wilson coeffi-
cients of the new operators, similar to eq. (2.6). Note that these are the leading operators
to carry an additional scaling in the gravitational coupling-constant G, in contrast to all
operators encountered up to this PN order, including the operator that is quadratic in
curvature and quartic in spin at the 5PN order [49]. The signs of new operators are fixed
according to the leading non-minimal coupling, and the number of derivatives. The Wilson
coefficients in eq. (2.10a) correspond to the long-studied “Love numbers” in traditional
GR. Trace terms of the new spin operators in eq. (2.10b) are absorbed in the usual “Love
numbers” from the point-mass sector, e.g. CE2 ⊃ CE2S2

3
S2

G2m4 (recall that [S2/(G2m4)] ≤ 1
for Kerr black holes). This is similar to that the basic constant scalar spin length, S2, which
is the trace of the square of the spin tensor, is absorbed in the mass, and other Wilson
coefficients, and is therefore omitted from our traceless tensors [26]. For this reason such
trace terms cannot be matched independently of the mass. Yet, as we shall clearly see the
new operators in eq. (2.10b) represent a new type of tidal effects that are only relevant
to spinning objects, and are thus preceded by new Wilson coefficients [45]. Their intrinsic
G scaling gives further indication that the operators in eq. (2.10b) belong to a different
type of effects than spin-induced multipolar deformations as in eq. (2.6), and that the new
Wilson coefficients may correspond to a generic concept of “Love numbers” in gravity [59].

Proceeding to derive the consequent Feynman rules, one finds that the operators in
eq. (2.10), which contain the magnetic curvature component, actually enter only as of the
6PN order, and thus we are left with the contributions:

L5PN
NMC(R2S2) = 1

2CE2G4m5EijEij√
u2 3 −

1
2CE2S2G2m

[
EikEjk√
u2 3 S

iSj − S2

3
EijEij√
u2 3

]
. (2.11)
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Order in G 1 2 3 4 Total
S1S2 10 94 294 73 471
S2

1 0 50 181 52 283
CES2

1 9 107 213 38 367
CE2S2

1 0 1 0 0 1
Total in S2 19 252 688 163 1122

Table 1. The number of graphs across topology orders in G in the N3LO quadratic-in-spin sectors.

From eq. (2.11) we can now derive the Feynman rules for the point-mass tidal two-graviton
coupling as (using JaxoDraw [60–62]):

EE = CE2 G4m5

2

∫
dt φ,ijφ,ij , (2.12)

and for the quadratic-in-spin new two-graviton coupling as:

EE = − CE2S2 G2m

2

∫
dt

[
SiSjφ,ikφ,jk −

S2

3 φ,ijφ,ij

]
. (2.13)

Let us highlight here again that these types of tidal operators for the point-mass and for
the quadratic-in-spin sectors, will enter the potentials at orders G6 and G4, respectively,
though they start to contribute through the graph topology of two-graviton exchange at
order G2. This is in contrast with all other (non-tidal) PN contributions up to the present
5PN order, where the order in G has always been identical to the order of the graph
topology.

3 Diagrammatic expansion

The Wick contractions and corresponding Feynman graphs in the diagrammatic expansion
for the present sectors were then generated using the EFTofPNG code. The distribution
of graphs among the 4 topology orders in G, and among the 4 quadratic-in-spin sectors
at the N3LO, is displayed in table 1. There are 1122 graphs altogether, with 1 graph
originating from the new coupling beyond linear in curvature from section 2.1, as shown in
figure 1(b). The topologies at order G4, and their corresponding integral structure, were
studied in [15, 22], where 163 graphs at this order in the present sectors were evaluated.
The analysis of all graphs in the present sectors builds on the N2LO quadratic-in-spin
sectors completed via our EFT in [30, 32].

We provide all the graphs and their values enumerated in 3 separate lists, which cor-
respond to the interactions of spin1 with spin2, of each spin non-linearly with itself, and
of each spin-induced quadrupole. These lists are included in the supplementary material
to this publication in both human visual and machine-readable formats. The graphs are
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indexed as (n1, n2, n3), with n1 for order in G, n2 for topology type (for the topologies at
each order in G, see [22, 46]), and n3 as a graph counter within each topology. Only unique
graphs with spin on worldline “1” are presented in each list, while a copy of each list from
the exchange of worldline labels, 1↔ 2, is suppressed.

Dimensional regularization (DimReg) is used to evaluate all integrals, and as in all
third and higher subleading sectors [22], the dimension needs to be kept generic across the
whole derivation. An expansion in the dimensional parameter, εd ≡ d − 3, is imperative
due to the appearance of DimReg poles (in conjunction with logarithms) in the values
of individual graphs across all loop orders, and in their summation. This dimensional
expansion is the most time-consuming and demanding task in the evaluation of the present
sectors. Similar to the spin-orbit sector in [23], there is also a concentration of graphs in
the highest-loop of each order in G (see [22] for the definition of loop order in the worldline
picture). At order G2 where one-loop is the highest loop order, 192 out of 252 graphs are
in the one-loop topology, which in the present sectors already contain DimReg poles and
logarithms, and at order G3, 384 of the 688 graphs are of two-loop order.

In the present sectors similar to the spin-orbit sector, the topologies at order G3, whose
evaluation is the most demanding, are of the nested type, with 214 graphs, and of the rank-
two topology (see [22] for the definition of such rank), which requires the use of integration-
by-parts (IBP) methods, with 87 graphs overall. We also recall that at the N3LO the graphs
at order G1 can carry up to 3 relativistic corrections (with 2 time derivatives each) on their
propagators, and that these insertions are also allowed on two-loop graphs at order G3.
Therefore we implemented upgrades of the EFTofPNG code, which included improvements
of the IBP and projection methods, see e.g. [63, 64] and [65, 66], respectively, for reviews of
such modern multi-loop integration methods. Independent development, implementation
and evaluation, were carried out in parallel to verify the validity of all results.

We note that similar to the spin-orbit sector [23], factorizable topologies gave rise
either to zeros due to contact-interaction terms [22, 30], or to factors of the transcendental
Riemann zeta value ζ(2) ∝ π2, which also appeared in the single rank-two topology up to
order G3.

Finally, let us examine the contributions from the quadratic-in-curvature operators in
eq. (2.11) to our present sectors. It is clear that there are no explicit contributions to
the present sectors from contractions/graphs that contain the point-mass tidal coupling in
eq. (2.12). Yet let us evaluate the related leading contribution as a point of reference. It
gives rise to a graph of two-graviton exchange, shown in figure 1(a), which equals:

figure 1(a) = 3C1(E2)
G6m5

1m
2
2

r6 . (3.1)

The new quadratic-in-spin coupling in eq. (2.13) however, gives rise to a graph of two-
graviton exchange, shown in figure 1(b), that contributes to the present sectors:

figure 1(b) =
C1(E2S2)

2
G4m1m

2
2

r6

[
S2

1 − 3
(
~S1 · ~n

)2]
. (3.2)

Thus this contribution introduces a new Wilson coefficient, possibly of a “Love number”
type, appearing first in the present sectors.
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EEEE

(a) (b)

Figure 1. The leading Feynman graphs of two-graviton exchange due to quadratic-in-curvature
operators entering first at the 5PN order. (a) The tidal interaction in the point-mass sector. (b)
The new interaction in the present quadratic-in-spin sectors, due to the new quadratic-in-curvature
coupling to spin.

3.1 Effective actions

From the sum of all graphs an effective action is obtained, which contains higher-order time
derivatives up to the sixth order in total, beyond the standard velocity and spin variables.
In the present quadratic-in-spin sectors this effective action consists of 4 independent parts
for the potential, −V N3LO

S2 ⊂ L:

V N3LO
S2 = V N3LO

S1S2 + V N3LO
S2

1
+ C1ES2V N3LO

C1ES2 + C1E2S2V N3LO
C1E2S2 + (1↔ 2), (3.3)

where

V N3LO
S1S2 =

6∑
i=0

(i)
V 3,S1S2 , (3.4)

V N3LO
S2

1
=

4∑
i=0

(i)
V 3,S2

1
, (3.5)

V N3LO
C1ES2 =

5∑
i=0

(i)
V 3,E, (3.6)

V N3LO
C1E2S2 = −G

4m1m2
2

2r6

[
S2

1 − 3(~S1 · ~n)2
]
, (3.7)

where the superscript (i) stands for the total number of higher-order time derivatives in
each of these pieces, and the subscript contains the subleading/maximal-loop counter n
(see [48] where the notation of sectors, (n, l), was introduced), and a notation for the
respective specific sector within the present quadratic-in-spin sectors. Notice that the part
of the potential that is due to the non-linear interaction of the spin with itself contains
only up to 4 higher-order time derivatives in total, since it enters only as of the NLO at
order G2. Since this unreduced action of all the present sectors is very lengthy, we provided
it in a separate tex file, on top of two machine-readable files, which cover separately the
part bilinear in the spins, and the part that is square in each spin, in the supplementary
material to this publication. Notice that all in all, at this stage there are DimReg poles
with logarithms at orders G2 and G3, and transcendental ζ(2) factors at orders G3 and G4.
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HH
HHHHl

n (N0)LO N(1)LO N2LO N3LO

S0 + +
S1 + ++ ++
S2 ++ ++ ++

Table 2. The notation (n, l) of sectors was introduced in [48]. The 11 sectors that contribute
to the present (3, 2) one through redefinition of variables. “+” marks sectors that require only
position shifts to be fixed, whereas “++” marks sectors that require redefinition of both position
and rotational variables to be fixed.

4 Reduction of effective actions

We press on to reduce the action obtained directly from the EFT computation, which
contains many higher-order time derivatives beyond velocity and spin, to our final action.
The formal reduction procedure we carry out in the present sectors builds on that which
was presented in detail for the N3LO spin-orbit sector [23]. It proceeds with gradual
subleading redefinitions of the position and rotational variables, where the formulation to
handle rotational variables was first introduced in [47]. Table 2 shows all the sectors that
are involved in the reduction process for the present sectors. Note that redefinitions are
applied on all these sectors, some of which do not require themselves any redefinitions in
order to be fixed, as they yield contributions to the present sector.

First, as pointed out in [26] at higher-spin sectors, such as the present ones, position
shifts need to be applied beyond linear order already at the NLO due to the leading position
shift that is required already at the LO spin-orbit sector. Since position shifts scale like
the sector they originated from in their spin and PN orders [47], we only need to apply
here such shifts originating from the spin-orbit sector, to quadratic order, while all other
position shifts can be applied at linear order. Second, for redefinitions of the rotational
variables, that are clearly required only in sectors with spins, their power counting is S−1v−1

relative to their originating sector [47]. This power counting, together with the extension
of the formal procedure of redefinition for rotational variables beyond linear order, that
was carried out in [23], show that in the present sectors such redefinitions are only needed
to be applied at linear order.

4.1 Redefinition of degrees of freedom

As noted we follow here closely the reduction procedure which was presented in detail for
the N3LO spin-orbit sector in [23]. As table 2 shows, we proceed through the application
of redefinitions fixed in 8 relevant sectors including the present ones, according to their
increasing PN order, see [48] for our general PN-counting formula for any sector, with or
without spins. Yet, the redefinitions in 5 of these sectors, which are below quadratic in the
spin, are not modified with respect to [23], and thus we need to consider here in addition
only the 3 sectors that are quadratic in the spin, as summarized in tables 3–5.
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NLO S2 ∆~x, ∆~S

Table 3. Contributions to the NLO S2 sectors from position shifts and spin redefinitions in lower-
order sectors.

The algorithm we use for the reduction procedure is similar to what we described
in [23], with the tables here understood in a similar manner to what was explained therein.
However, as can be inferred from table 2, and tables 3–5, the reduction procedure in the
present sectors is more laborious and computationally demanding, mainly due to the ap-
plication of position shifts to quadratic order. Nevertheless, our streamlined code following
the algorithm we described in [23] still completes the necessary reduction for the present
sectors efficiently and rapidly.

Let us then go over all the relevant sectors in order, also reviewing those which were
covered in [23]. We remind that all of our unreduced actions are computed directly with the
EFTofPNG code. First, we note that for the LO spin-orbit, 2PN, NLO spin-orbit, and 3PN
sectors our unreduced actions and redefinitions are identical to those presented in [23]. We
remind that in the latter sector, namely at 3PN, there are DimReg poles and logarithms
showing up for the first time, and so we also add in advance a total time derivative (TTD) to
the unreduced action in order to land on a final action without these unphysical features.
Moreover, since redefinitions in the 3PN sector also contain such poles, they should be
applied on LO potentials, expanded to linear order in their DimReg zeros and containing
further logarithms. For the present sectors it means considering beyond the Newtonian
potential, also the following piece of the LO quadratic-in-spin potentials:

LLO
S2 |O(ε1) = ε

[
−G
r3

([
2− 3

2 log
(
r

R0

)]
~S1 · ~n~S2 · ~n−

[
1− 1

2 log
(
r

R0

)]
~S1 · ~S2

)
+
GC1(ES2)m2

4m1r3

([
5− 2 log

(
r

R0

)]
S2

1 −
[
11− 6 log

(
r

R0

)]
(~S1 · ~n)2

)]
+ (1↔ 2) . (4.1)

At this point we proceed to the NLO quadratic-in-spin sectors captured in table 3. The
unreduced potentials are identical to those presented in our [26]. The new redefinitions
applied in these sectors for the position and spin variables can be written as:

(∆~x1)NLOS2 = 2G
m1r2

[
~S1 · ~S2~n− ~S1 · ~n~S2

]
− Gm2

8m12r2

[
S2

1~n− ~S1 · ~n~S1
]

+
GC1(ES2)m2

m12r2
~S1 · ~n~S1

− 1
4m12

[
~̇S1 · ~v1~S1 − ~S1 · ~v1 ~̇S1

]
− 3

8m12

[
S2

1~a1 − ~S1 · ~a1~S1
]
, (4.2)
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HHH
HHHfrom

to (0P)N 1PN LO S1 LO S2 NLO S1

LO S1 (∆~x)2 ∆~x
2PN ∆~x
NLO S1 ∆~x ∆~S

NLO S2 ∆~x ∆~S

N2LO S2 ∆~x, ∆~S

Table 4. Contributions to the N2LO S2 sector from position shifts and spin redefinitions in lower-
order sectors.

and

(ωij1 )NLOS2 = − G

2r2

[
3Ski2 n

k~v2 · ~nnj − 3Ski2 v
k
2n

j − Skj2 nk
(
4vi1 − vi2

)
+ Sij2 ~v2 · ~n

]
− Gm2

4m1r2

[
Ski1 v

k
1n

j + Skj1 nkvi1

]
−
GC1(ES2)m2

2m1r2

[
3Ski1 n

k~v2 · ~nnj − 2Ski1 v
k
1n

j

+3Ski1 v
k
2n

j + Skj1 nk
(
2vi1 − 3vi2

)
− Sij1

(
2~v1 · ~n− 3~v2 · ~n

)]
− 1

4m1

[
Skj1 vk1a

i
1 + Skj1 ak1v

i
1

]
− 1

8m1
vi1Ṡ

kj
1 vk1

−G4r
[
Ṡki2 n

knj + Ṡij2

]
− (i↔ j). (4.3)

Note that these redefinitions are different than those we used in [26]. Next, the N2LO
spin-orbit sector is unaffected by the redefinitions in the latter sectors, that are quadratic
in the spin, and thus its unreduced action and redefinitions are again identical to those
presented in [23].

We proceed then to the N2LO quadratic-in-spin sectors captured in table 4. The
unreduced potential can be written as the sum:

V N2LO
S2 = V N2LO

S1S2 + V N2LO
S2

1
+ C1ES2V N2LO

C1ES2 + (1↔ 2), (4.4)

where

V N2LO
S1S2 =

4∑
i=0

(i)
V 2,S1S2 , (4.5)

V N2LO
S2

1
=

2∑
i=0

(i)
V 2,S2

1
, (4.6)

V N2LO
C1ES2 =

3∑
i=0

(i)
V 2,E . (4.7)
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The new redefinitions that are fixed in these sectors are then written for the position
shift as:

(∆~x1)N
2LO

S2 = (∆~x1)N
2LO

S1S2
+ (∆~x1)N

2LO
S2

1
+ C1ES2 (∆~x1)N

2LO
C1ES2

+ (∆~x1)N
2LO

S2
2

+ C2ES2 (∆~x1)N
2LO

C2ES2
, (4.8)

where

(∆~x1)N
2LO

S1S2
=

2∑
i=0

(i)
∆~x1(2,S1S2), (4.9)

(∆~x1)N
2LO

S2
1

=
1∑
i=0

(i)
∆~x1(2,S2

1), (4.10)

(∆~x1)N
2LO

C1ES2
=

1∑
i=0

(i)
∆~x1(2,ES2

1), (4.11)

(∆~x1)N
2LO

S2
2

=
1∑
i=0

(i)
∆~x1(2,S2

2), (4.12)

(∆~x1)N
2LO

C2ES2
=

2∑
i=0

(i)
∆~x1(2,ES2

2) . (4.13)

The redefinition of spin can be written as:

(
ωij1

)N2LO

S2 =
(
ωij1

)N2LO

S1S2
+
(
ωij1

)N2LO

S2
1

+ C1ES2

(
ωij1

)N2LO

C1ES2
− (i↔ j), (4.14)

where

(
ωij1

)N2LO

S1S2
=

3∑
i=0

(i)
ωij1 (2,S1S2), (4.15)

(
ωij1

)N2LO

S2
1

=
1∑
i=0

(i)
ωij1 (2,S2

1), (4.16)

(
ωij1

)N2LO

C1ES2
=

2∑
i=0

(i)
ωij1 (2,E) . (4.17)

Since the expressions for the unreduced action and for the redefinitions are lengthy, they
are presented in a separate tex file, on top of machine-readable files for the spin1-spin2 and
spin-squared parts, in the supplementary material to this publication.

Finally, we arrive at the present N3LO quadratic-in-spin sectors as captured in ta-
ble 5. Similar to the N3LO sectors of 3PN and spin-orbit, we also add here a TTD to the
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HHH
HHHfrom

to (0P)N 1PN LO S1 2PN LO S2 NLO S1 NLO S2 N2LO S1

LO S1 (∆~x)2 ∆~x
2PN ∆~x
NLO S1 (∆~x)2 ∆~x ∆~S

3PN ∆~x
NLO S2 ∆~x ∆~S

N2LO S1 ∆~x ∆~S

N2LO S2 ∆~x ∆~S

N3LO S2 ∆~x, ∆~S

Table 5. Contributions to the N3LO S2 sector from position shifts and spin redefinitions in lower-
order sectors.

unreduced potential:

∆V = d

dt

[(
− 19G3m1

2

5r4

[
5~S1 · ~n~S2 · ~n~v1 · ~n− ~S1 · ~S2~v1 · ~n− ~S2 · ~n~S1 · ~v1 − ~S1 · ~n~S2 · ~v1

]

+G3m2
2

5r4

[
5~S1 · ~n~S2 · ~n~v1 · ~n− ~S1 · ~S2~v1 · ~n− ~S2 · ~n~S1 · ~v1 − ~S1 · ~n~S2 · ~v1

]
+
G3C1(ES2)m1m2

70r4

[
S2

1
(
73~v1 · ~n− 38~v2 · ~n

)
+ 146~S1 · ~n~S1 · ~v1 − 76~S1 · ~n~S1 · ~v2

−5
(
73~v1 · ~n− 38~v2 · ~n

)
(~S1 · ~n)2

]
+
G3C1(ES2)m2

3

2m1r4

[
S2

1
(
2~v1 · ~n− 3~v2 · ~n

)
+4~S1 · ~n~S1 · ~v1 − 6~S1 · ~n~S1 · ~v2 − 5

(
2~v1 · ~n− 3~v2 · ~n

)
(~S1 · ~n)2

]
+G3m1m2

70r4

[
S2

1
(
43~v1 · ~n+ 67~v2 · ~n

)
+ 86~S1 · ~n~S1 · ~v1 + 134~S1 · ~n~S1 · ~v2

−5
(
43~v1 · ~n+ 67~v2 · ~n

)
(~S1 · ~n)2

])(1
ε
− 3 log r

R0

)]
+ (1↔ 2), (4.18)

in order to land on a reduced potential free of poles and logarithms, after the redefinition
of variables that we will fix here, will be carried out. The new position shifts fixed in the
present sectors can be written as:

(∆~x1)N
3LO

S2 = (∆~x1)N
3LO

S1S2
+ (∆~x1)N

3LO
S2

1
+ C1ES2 (∆~x1)N

3LO
C1ES2

+ (∆~x1)N
3LO

S2
2

+ C2ES2 (∆~x1)N
3LO

C2ES2
, (4.19)
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where

(∆~x1)N
3LO

S1S2
=

4∑
i=0

(i)
∆~x1(3,S1S2), (4.20)

(∆~x1)N
3LO

S2
1

=
3∑
i=0

(i)
∆~x1(3,S2

1), (4.21)

(∆~x1)N
3LO

C1ES2
=

3∑
i=0

(i)
∆~x1(3,ES2

1), (4.22)

(∆~x1)N
3LO

S2
2

=
3∑
i=0

(i)
∆~x1(3,S2

2), (4.23)

(∆~x1)N
3LO

C2ES2
=

4∑
i=0

(i)
∆~x1(3,ES2

2), (4.24)

The new redefinitions of spin that are fixed in the present sectors can be written as:(
ωij1

)N3LO

S2 =
(
ωij1

)N3LO

S1S2
+
(
ωij1

)N3LO

S2
1

+ C1ES2

(
ωij1

)N3LO

C1ES2
− (i↔ j), (4.25)

where

(
ωij1

)N3LO

S1S2
=

5∑
i=0

(i)
ωij1 (3,S1S2), (4.26)

(
ωij1

)N3LO

S2
1

=
3∑
i=0

(i)
ωij1 (3,S2

1), (4.27)

(
ωij1

)N3LO

C1ES2
=

3∑
i=0

(i)
ωij1 (3,E) . (4.28)

These redefinitions for the position and spin for the present sectors are extremely lengthy,
and thus we provide them in separate tex and machine-readable formats in the supplemen-
tary material to this publication.

4.2 Reduced actions

The action that we obtain after the reduction procedure detailed above is standard in the
velocity, but with the additional spin variable in the potential, that contains the following
4 sectors:

V̂ N3LO
S2 = V̂ N3LO

S1S2 + V̂ N3LO
S2

1
+ C1ES2 V̂ N3LO

C1ES2 + C1E2S2V N3LO
C1E2S2 + (1↔ 2), (4.29)

where we provide the explicit expressions of all these sectors in appendix A below. This
action is also provided in machine-readable format in the supplementary material to this
publication.

Similar to the spin-orbit sector, we find the transcendental Riemann zeta value ζ(2) ∝
π2 at orders G3 and G4. Similar to the treatment in the spin-orbit sector [23], we obtained
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an action without poles and logarithms, thanks to the addition of TTDs we made at the
level of unreduced actions. Let us reiterate that this removal of the poles at the level of
the action is not imperative, and one could alternatively carry such poles through to the
computation of observables, where these unphysical features would vanish anyway. The
equations of motion (EOMs) for both the position and spin could be obtained directly
via variations of the unreduced actions, or more readily from the reduced ones that we
provided here, as discussed for both cases in our [26], thanks to the generalized canonical
gauge that we formulated therein.

5 Hamiltonians and observables

In our formulation [26] the full general Hamiltonian is directly obtained from the reduced
action through a straightforward Legendre transform with respect to the position variables.
In this Legendre transform all the reduced actions in the sectors that are noted in table 2
must be included. Our general Hamiltonian for the present sectors, that contains 4 parts,
can then be written as:

HN3LO
S2 = HN3LO

S1S2 +HN3LO
S2

1
+ C1ES2HN3LO

C1ES2 + C1E2S2HN3LO
C1E2S2 + (1↔ 2), (5.1)

where we provide the explicit expressions of all these sectors in appendix B below. These
Hamiltonians are also provided in machine-readable format in the supplementary material
to this publication. Our general Hamiltonians here have been fully verified in [59], via the
completion of the Poincaré algebra, which constitutes the most stringent check of validity.

5.1 Specialized Hamiltonians

In this section we derive specialized Hamiltonians by gradually constraining the kinematics,
and using simplified notation to obtain distilled expressions, see also e.g. [23, 47]. First we
remind various conventional mass quantities of the binary: total mass m ≡ m1 +m2, mass
ratio q ≡ m1/m2, reduced mass µ ≡ m1m2/m, and symmetric mass-ratio ν ≡ m1m2/m

2 =
µ/m = q/(1 + q)2. All variables are then rescaled to be dimensionless, with Gm and µ for
the length and mass units, respectively. The dimensionless variables are then all denoted
by a tilde.

The first simplification is to move to the center-of-mass (COM) frame where ~p ≡ ~p1 =
−~p2. With this we define the orbital angular momentum as ~L ≡ r~n× ~p. The Hamiltonian
of the present sectors in the COM frame is then written as:

H̃N3LO
S2 = H̃N3LO

S1S2 + H̃N3LO
S2

1
+ C1ES2H̃N3LO

C1ES2 + C1E2S2H̃N3LO
C1E2S2 + (1↔ 2), (5.2)

where we provide the explicit expressions of all these sectors in appendix C below. As
can be easily seen, the COM specification is actually a major simplification to the general
Hamiltonians.

The second common simplification is of the spins being aligned with the orbital angular
momentum, that is for both spins we have ~Sa ·~n = ~Sa ·~p = 0. In the spin-orbit sector, where
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the coupling of the single spin and angular momentum is uniquely simple, this constraint
does not affect the COM Hamiltonian. However, in all other sectors of higher spin — this
is a dramatic simplification, which yields a significant loss of physical information on the
system. Specifically in our present sectors the additional aligned-spins constraints yield:

H̃N3LO
S1S2 = νS̃1S̃2

2r̃6

[(
101641

600 − 81π2

8

)
ν + 4537

100 +
(
−209ν2

8 +
(

141π2

64 − 256207
1200

)
ν

−6337
100

)
L̃2

r̃
+
(

483ν2

16 + 339ν
16 − 57

8

)
L̃4

r̃2 +
(
−25ν3

32 − 39ν2

16 + 69ν
16 −

17
16

)
L̃6

r̃3

+p̃2
r r̃

(
109ν2

8 +
(

306553
1200 − 141π2

16

)
ν + 1112

25 +
(

215ν2

32 − 209ν
32 − 27

4

)
L̃2

r̃

+
(
−237ν3

64 − 81ν2

8 + 369ν
32 − 15

16

)
L̃4

r̃2

)

+p̃4
r r̃

2
(

575ν2

32 − 231ν
8 + 3

8 +
(
−111ν3

16 − 237ν2

16 − 3ν + 21
16

)
L̃2

r̃

)

+p̃6
r r̃

3
(
−187ν3

64 + 153ν2

8 − 327ν
32 + 19

16

)]
, (5.3)

H̃N3LO
S2

1
= ν2S̃2

1
r̃6

[(
45π2

64 − 6679
3920

)
ν + 3987

2450 +
((
−96683

3920 −
45π2

64

)
ν

−840921
19600

)
L̃2

r̃
+
(

19ν2

8 + 191ν
32 − 75

8

)
L̃4

r̃2 +
(
−119ν2

64 + 91ν
32 −

45
64

)
L̃6

r̃3

+p̃2
r r̃

((
45π2

16 − 143221
7840

)
ν − 54379

4900 +
(

283ν2

32 + 2075ν
16 − 11

8

)
L̃2

r̃

+
(
−897ν2

128 + 195ν
32 − 99

128

)
L̃4

r̃2

)

+p̃4
r r̃

2
(

177ν2

32 + 43ν
32 + 13

2 +
(
−165ν2

16 + 57ν
32 + 9

16

)
L̃2

r̃

)

+p̃6
r r̃

3
(
−31ν2

128 −
47ν
32 + 81

128

)]

+νS̃2
1

qr̃6

[(
45π2

64 − 6679
3920

)
ν2 − 11ν

4 + 9

+
((
−37019

1960 −
45π2

64

)
ν2 +

(
63π2

2048 − 36
)
ν + 441

16

)
L̃2

r̃

+
(

19ν3

8 − 13ν2

4 − 1147ν
32 + 31

4

)
L̃4

r̃2 +
(
−13ν3

8 + 127ν2

16 − 19ν
8 + 45

64

)
L̃6

r̃3

+p̃2
r r̃

((
45π2

16 − 132651
7840

)
ν2 +

(
−1835

32 − 63π2

512

)
ν − 1
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+
(

283ν3

32 + 323ν2

4 − 1177ν
16 + 3

4

)
L̃2

r̃

+
(
−189ν3

32 + 537ν2

32 − 849ν
64 + 99

128

)
L̃4

r̃2

)

+p̃4
r r̃

2
(

177ν3

32 + 371ν2

8 + 177ν
32 − 11

2 +
(
−267ν3

32 − 3ν2

2 − 261ν
32 − 9

16

)
L̃2

r̃

)

+p̃6
r r̃

3
(
−25ν3

32 − 137ν2

64 + 175ν
64 − 81

128

)]
, (5.4)

H̃N3LO
C1ES2 = ν2S̃2

1
r̃6

[
177ν

7 − 14894
1225 +

(74413
2450 −

561ν
56

)
L̃2

r̃
+
(
−21ν2

16 − 223ν
16 − 79

16

)
L̃4

r̃2

+
(

15ν2

16 + ν

4 −
9
16

)
L̃6

r̃3

+p̃2
r r̃

(
1445ν

14 − 41779
4900 +

(
−37ν2

8 + 57ν
2 + 65

4

)
L̃2

r̃
+ 27ν2

8
L̃4

r̃2

)

+p̃4
r r̃

2
(
−77ν2

16 − 269ν
16 + 243

16 +
(

3ν2 − 3ν
4 + 27

16

)
L̃2

r̃

)

+p̃6
r r̃

3
(
−6ν2 − ν

2 + 9
8

)]
+νS̃2

1
qr̃6

[
177ν2

7 +
(

1861
24 − 21π2

4

)
ν + 73

4 +
(
−1237ν2

112

+
(

2703π2

2048 − 979
16

)
ν − 311

8

)
L̃2

r̃
+
(
−21ν3

16 − 35ν2

4 + 57ν
16 + 13

4

)
L̃4

r̃2

+
(

25ν3

32 − 77ν2

32 + 3ν
16 + 11

32

)
L̃6

r̃3

+p̃2
r r̃

(
3771ν2

28 +
(

861
8 − 2703π2

512

)
ν + 123

8

+
(
−37ν3

8 + 114ν2 + 1557ν
16 − 39

2

)
L̃2

r̃
+
(

21ν3

8 − 279ν2

32 + 63ν
16 −

21
32

)
L̃4

r̃2

)

+p̃4
r r̃

2
(
−77ν3

16 − 193ν2

4 + 173ν
8 − 67

4 +
(

3ν3

2 − 63ν2

8 + 117ν
16 − 75

32

)
L̃2

r̃

)

+p̃6
r r̃

3
(
−8ν3 + 5ν2 + 57ν

16 −
43
32

)]
, (5.5)

H̃N3LO
C1E2S2 = −ν

3S̃2
1

2r̃6

(
1 + 1

q

)
. (5.6)

We note that in [21] an aligned-spins EOB Hamiltonian was presented for the simple
bilinear in spin, spin1-spin2 sector, via some ansatz, assumptions from the EOB approach,
and available results from self-force theory, see e.g. recent review in [67]. Both that EOB
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Hamiltonian, and our Hamiltonian in eq. (5.3), are specified to the COM frame and subject
to the aligned-spins constraints. Yet, the simplified EOB Hamiltonian in [21] is based on
some EOB ansatz, and is specified to the so-called “quasi-isotropic” gauge, where depen-
dence in factors of L2 is hidden.

An additional common assumption in the inspiral phase, where the orbit rapidly gets
circularized, is that of circular orbits, namely of satisfying the necessary condition: pr ≡
~p · ~n = 0 ⇒ p2 = p2

r + L2/r2 → L2/r2. After applying this circular-orbit condition our
Hamiltonians become:

H̃N3LO
S1S2 = νS̃1S̃2

2r̃6

[(
101641

600 − 81π2

8

)
ν + 4537

100

+
(
−209ν2

8 +
(

141π2

64 − 256207
1200

)
ν − 6337

100

)
L̃2

r̃
+
(

483ν2

16 + 339ν
16 − 57

8

)
L̃4

r̃2

+
(
−25ν3

32 − 39ν2

16 + 69ν
16 −

17
16

)
L̃6

r̃3

]
, (5.7)

H̃N3LO
S2

1
= ν2S̃2

1
r̃6

[(
45π2

64 − 6679
3920

)
ν + 3987

2450 +
((
−96683

3920 −
45π2

64

)
ν − 840921

19600

)
L̃2

r̃

+
(

19ν2

8 + 191ν
32 − 75

8

)
L̃4

r̃2 +
(
−119ν2

64 + 91ν
32 −

45
64

)
L̃6

r̃3

+νS̃2
1

qr̃6

[(
45π2

64 − 6679
3920

)
ν2 − 11ν

4 + 9 (5.8)

+
((
−37019

1960 −
45π2

64

)
ν2 +

(
63π2

2048 − 36
)
ν + 441

16

)
L̃2

r̃

+
(

19ν3

8 − 13ν2

4 − 1147ν
32 + 31

4

)
L̃4

r̃2 +
(
−13ν3

8 + 127ν2

16 − 19ν
8 + 45

64

)
L̃6

r̃3 ,

H̃N3LO
C1ES2 = ν2S̃2

1
r̃6

[
177ν

7 − 14894
1225 +

(74413
2450 −

561ν
56

)
L̃2

r̃

+
(
−21ν2

16 − 223ν
16 − 79

16

)
L̃4

r̃2 +
(

15ν2

16 + ν

4 −
9
16

)
L̃6

r̃3

+νS̃2
1

qr̃6

[
177ν2

7 +
(

1861
24 − 21π2

4

)
ν + 73

4

+
(
−1237ν2

112 +
(

2703π2

2048 − 979
16

)
ν − 311

8

)
L̃2

r̃

+
(
−21ν3

16 − 35ν2

4 + 57ν
16 + 13

4

)
L̃4

r̃2 +
(

25ν3

32 − 77ν2

32 + 3ν
16 + 11

32

)
L̃6

r̃3 , (5.9)

H̃N3LO
C1E2S2 = −ν

3S̃2
1

2r̃6

(
1 + 1

q

)
. (5.10)
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5.2 GW observables

Despite the various uses of general Lagrangians and Hamiltonians, both formally and phe-
nomenologically, it is essential to obtain physical observables that can be tested through
real-world measurements of GW experiments, such as LIGO, Virgo or KAGRA. This is
especially critical in high-loop and higher-spin sectors such as those we currently tackled,
where considering gauge-invariant quantities is crucial in order to remove possible ambi-
guities, that multiply when going to higher orders. Yet, it is important to bear in mind
that the determination of such observables is always possible only under some specific kine-
matic constraints, whereas general Hamiltonians provide the full generic information on the
system, despite their gauge-dependent “overload”. Thus applying kinematic constraints,
such as those presented in the previous section, enable to define from the related simpli-
fied Hamiltonians, the binding energy e ≡ H̃ in terms of gauge-invariant quantities. Such
gauge-invariant relations are regularly used as critical tools in the theoretical construction
of gravitational waveforms for the LIGO, Virgo, and KAGRA experiments.

Specifically, in order to eliminate the coordinate dependence from the above Hamil-
tonians, we can use the additional condition for circular orbits ṗr = −∂H̃(r̃, L̃)/∂r̃ = 0,
to obtain r̃(L̃). Using this condition one can get the binding energy as a function of
the gauge-invariant angular momentum, e(L̃). The binding energy can also be expressed
in terms of the gauge-invariant PN parameter x ≡ ω̃2/3, which stands for the orbital
frequency that is directly measured through the frequency of emitted GWs, and is in-
versely related to the orbital separation. From Hamilton’s equation for the orbital phase,
dφ/dt̃ ≡ ω̃ = ∂H̃(r̃, L̃)/∂L̃ = 0, one can then express the angular momentum as a function
of x, which is given in our sectors by:

1
L̃2 ⊃ x6ν

[
1
2

(
−403ν3

96 + 49ν2

2 +
(

41π2

4 − 14489
48

)
ν + 81

4

)
S̃1S̃2

+ν
(
−4νC1(E2S2) +

(
−14ν2

3 − 17ν
2 + 13

2

)
C1(ES2) −

3607ν2

192 − 7099ν
80 − 2279

64

)
S̃1

2

+q−1
(
−4ν2C1(E2S2) +

(
−14ν3

3 − 253ν2

14 +
(

1375π2

256 − 509
24

)
ν

)
C1(ES2)

−267ν3

16 − 65251ν2

1120 +
(

63π2

256 −
2865
32

)
ν + 1863

64

)
S̃1

2
]

+ [1↔ 2]. (5.11)

From the previous relations, one can also obtain the binding energy as a function of the
frequency, e(x). The binding energy of the present sectors as a function of the frequency
x, and as a function of the angular momentum L̃, were already presented in our [45]. In
particular we find binding-energy relations due to the new effect discussed in sections 2.1
and 3 above:

(e)N
3LO

C1(E2S2)S
2
1
(L̃) = −1

2C1(E2S2)S̃
2
1
ν

L̃12

[
ν2
(
1 + q−1

)]
, (5.12)

(e)N
3LO

C1(E2S2)S
2
1
(x) = 3

2C1(E2S2)S̃
2
1x

6ν2
[
ν(1 + q−1)

]
. (5.13)
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The effect, quadratic in the curvature and in the spins, and at the 5PN order, thus repre-
sents a real new physical effect which is unique to spinning objects. For reference, we find
that the binding energy associated with the point-mass tidal effect in figure 1(a) equals:

(e)5PNC1(E2)
(x) = 9C1(E2)x

6ν2 [−ν + q(1− ν)] . (5.14)

The new binding energy with spins in eq. (5.13) is always positive, and thus it reduces the
binding of the compact binary, similar to the point-mass tidal effect in eq. (5.14). Most
importantly, we found here a new independent Wilson coefficient that goes beyond what
was presented in [14, 26], which is unique to spinning objects, and should provide new
information on the UV physics of gravity and QCD. Such a coefficient can be significantly
large for NSs, and thus tidal effects are important for GW astronomy [44].

5.3 Scattering observables

First, let us clarify on the weak-field, or so-called post-Minkowskian (PM) approximation,
which treats the scattering problem in a perturbative expansion in G. It can only be
useful via its gauge-dependent COM Hamiltonians, or even extrapolated gauge-invariant
binding-energy relations, if it can provide the NnLO PM results, namely of a similar (or
higher) loop order, n, to the target PN results of real binary inspirals. In particular,
no PM results for scattering, equivalent to our present ones at the N3LO, exist to date,
and therefore no comparison whatsoever (even partial) is possible with the above critical
quantities (gauge-invariant or not) for GW science.

Moreover, a comparison of scattering results in the overlap with the PN approximation,
is only possible provided that some limited link exists between some kinematic configuration
of the scattering problem to binary inspirals, which are the events targeted in GW mea-
surements. Such a link of the scattering angle, which is already restricted only to aligned
spins, to PN inspirals, becomes challenging as of the N2LO, once radiation-reaction effects
come in, and infeasible beyond the N3LO, where physical logarithms show up systemati-
cally. On the other hand, a unique novel approach was recently devised, which incorporates
scattering-amplitudes methods directly in the binary-inspiral problem [68]. This approach
fully captures radiation-reaction effects at any loop order, and is thus free of all the afore-
mentioned limitations and obstacles of all other scattering-amplitudes approaches to the
classical gravitational scattering problem.

With all that in mind, we can still assume in the present sectors that our binding energy
which the Hamiltonian stands for, can be extended to a kinetic energy of scattering, and
compute the associated scattering angle in the restricted aligned-spins configuration. As
noted, such a link is possible only as long as the Hamiltonians do not contain logarithms,
which can still be achieved — as we have shown in the previous sections — up to the
N3LO of PN binary inspirals. We then start our computation with our PN aligned-spin
Hamiltonians in eqs. (5.3), (5.4), (5.5), (5.6), which depend on r, pr, L, and S1,2. Note
that we compute the scattering angles with our Hamiltonians not being specified to the
“quasi-isotropic” gauge, by using the integration considerations in [69]. Thus derivations
of scattering angles do not require Hamiltonians to be in the “quasi-isotropic” gauge, as
was specified in e.g. [21].
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Our computation first yields the scattering angle θ as a function of E, L, S1,2. Since
we start with a PN Hamiltonian, we arrive at a PN expanded scattering angle θ, and unlike
the Hamiltonian, each PN order contains terms at all orders in G. To switch to PM results
in the overlapping region of the PN and PM approximations, one then needs to expand the
scattering angle to a desired order in G, and switch to some standard scattering variables.
Importantly also, due to different natural choices of gauge of the rotational DOFs, it is
necessary to transform the “canonical” L in the Hamiltonian to the “covariant” one Lcov,
corresponding to the respective canonical and covariant gauges:

L = Lcov + ∆L, ∆L =
(√

m2
1 + p2

∞ −m1

)
S1
m1

+ (1↔ 2), (5.15)

with

p∞ = m1m2
E

√
γ2 − 1, E =

√
m2

1 +m2
2 + 2m1m2γ, γ = 1√

1− v2
∞
. (5.16)

The relation between Lcov and the impact parameter b is Lcov = p∞b. The above relations
enable us to transform the scattering angle θ from a function of {E,L} to a function of
{v∞, b}.

With the following notations:

b̃ = v2
∞

Gm
b, ṽ = v∞

c
, ãi = Si

bmic
, Γ = E

mc2 =
√

1 + 2ν(γ − 1), (5.17)

our consequent scattering angles in the sectors with spin are given by:

θ =
(
θSO + θS1S2 + θS2

1
+ C1ES2θC1ES2 + C1E2S2θC1E2S2

)
+ (1↔ 2), (5.18)

with the following pieces:
θSO
Γ = ṽã1

[
−4
b̃

+ π

b̃2

(
−4 + ν +

(3ν
2 − 6

)
ṽ2 + ν

q

(
1 + 3

2 ṽ
2
))

+ 1
b̃3

(
− 12 + 4ν + (50ν − 120) ṽ2 +

(117ν
2 − 60

)
ṽ4 + 177ν

4 ṽ6

+ν

q

(
4 + 40ṽ2 + 20ṽ4

) )
+ π

b̃4

((
−3

2ν
2 + 42ν − 84

)
ṽ2

+
(
−45

4 ν
2 + 363ν

2 − 210
)
ṽ4 +

((
−257

48 −
251π2

128

)
ν2 +

(
3233
12 − 241π3

128

)
ν

−105
2

)
ṽ6 + ν

q

((63
2 −

3ν
2

)
ṽ2 +

(315
4 − 45ν

4

)
ṽ4

+
((
−257

48 −
251π2

128

)
ν + 315

16

)
ṽ6
))]

, (5.19)

θS1S2

Γ = ã1ã2

[1
b̃

(
2 + 2ṽ2

)
+ π

b̃2

(3
2 + 45

4 ṽ
2 + 9

4 ṽ
4
)

+ 1
b̃3

(
4 + (4ν + 140) ṽ2

+ (220− 33ν) ṽ4 +
(

20− 1093ν
10

)
ṽ6
)

+ π

b̃4

((15ν
4 + 315

4

)
ṽ2

+
(3675

8 − 495ν
8

)
ṽ4 +

((
1845π2

512 − 7995
16

)
ν + 9975

32

)
ṽ6
)]

, (5.20)
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θS2
1

Γ = ã2
1

[
π

b̃2

((
6− 15ν

4

)
ṽ2 +

(15ν
32 + 3

32

)
ṽ4 + ν

q

(
−15

4 ṽ
2 + 15

32 ṽ
4
))

+ 1
b̃3

(
(96− 72ν) ṽ2 +

(1136
7 − 956ν

7

)
ṽ4 +

(16
7 −

993ν
35

)
ṽ6

+ν

q

(
−64ṽ2 − 688

7 ṽ4 + 144
35 ṽ

6
))

+ π

b̃4

((
60− 195ν

4

)
ṽ2 (5.21)

+
(

165ν2

8 − 45555ν
112 + 47295

112

)
ṽ4 +

(
34521ν2

448 +
(
−105303

224 − 945π2

16384

)
ν

+8655
32

)
ṽ6 + ν

q

(
−165

4 ṽ2 +
(165ν

8 − 31545
112

)
ṽ4 +

(34521ν
448 − 165

)
ṽ6
))]

,

θC1ES2

Γ = ã2
1

[1
b̃

(
2 + 2ṽ2

)
+ π

b̃2

(3
2 +

(15
2 −

3ν
2

)
ṽ2 +

(87
32 −

57ν
32

)
ṽ4

+ν

q

(
−3

2 ṽ
2 − 57

32 ṽ
4
))

+ 1
b̃3

(
4 + (84− 20ν) ṽ2 +

(964
7 − 563ν

7

)
ṽ4

+
(180

7 − 6421ν
70

)
ṽ6 + ν

q

(
−16ṽ2 − 432

7 ṽ4 − 704
35 ṽ

6
))

+ π

b̃4

((
45− 45ν

4

)
ṽ2

+
(

15ν2

4 − 14925ν
112 + 26205

112

)
ṽ4 +

(
5925ν2

448 +
(

58095π2

16384 − 89955
224

)
ν

+6045
32

)
ṽ6 + ν

q

(
−15

2 ṽ
2 +

(15ν
4 − 9405

112

)
ṽ4 +

(5925ν
448 − 3495

32

)
ṽ6
))]

, (5.22)

θC1E2S2

Γ = −ã2
1
π

b̃4
15
16 ṽ

6
(
ν2 − ν + ν2

q

)
. (5.23)

The above results are organized according to their PM order first, 1/b̃ ∼ G, and the nth
subleading contribution then corresponds to ṽ2n terms in even-in-spin sectors, and ṽ2n+1

in odd-in-spin sectors. The scattering angles due to the present N3LO quadratic-in-spin
sectors are thus:

θN
3LO

S1S2

Γ = ã1ã2ṽ
6
[

1
b̃3

(
20− 1093ν

10

)
+ π

b̃4

((
1845π2

512 − 7995
16

)
ν + 9975

32

)]
, (5.24)

θN
3LO

S2
1

Γ = ã2
1ṽ

6
[

1
b̃3

(16
7 −

993ν
35 + 144

35
ν

q

)
+ π

b̃4

(
34521ν2

448 +
(
−105303

224 − 945π2

16384

)
ν

+8655
32 +

(34521ν
448 − 165

)
ν

q

)]
, (5.25)

θN
3LO

C1ES2

Γ = ã2
1ṽ

6
[

1
b̃3

(180
7 − 6421ν

70 + 704
35

ν

q

)
+ π

b̃4

(
5925ν2

448 +
(

58095π2

16384 − 89955
224

)
ν

+6045
32 +

(5925ν
448 − 3495

32

)
ν

q

)]
, (5.26)

θN
3LO

C1E2S2

Γ =
θC1E2S2

Γ . (5.27)
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Our results in eqs. (5.19), and (5.20), (5.24), for the spin-orbit, and spin1-spin2 sectors,
respectively, agree with [21], where they were obtained via traditional GR methods, and
these agreements were already indicated in [23, 45]. Our results in eqs. (5.21), (5.25),
and (5.22), (5.26), agree with those obtained at the NLO PM approximation for sectors
quadratic in the spin of generic objects in [70] via EFT and scattering-amplitudes methods,
and in [71] via EFT methods. Finally, our results in eqs. (5.21), (5.25), and (5.22), (5.26),
also agree with those obtained at the N2LO PM approximation for sectors quadratic in the
spin of generic objects in [72] via EFT methods.

Such agreements with [70, 72] are not surprising, as the latter approaches have built
closely on our theory presented in detail in [26], and on our comprehensive results along the
years, see e.g. [46], and thus [70, 72] are clearly dependent on our framework. Moreover,
all the approaches noted above still provide only very partial results, that are below the
higher orders of either loop or spin of our present new results, and are only in the restricted
aligned-spins configuration, which is significantly less informative at higher-spin sectors. In
contrast, our results in this work cover all quadratic-in-spin sectors, are at the higher N3LO
(or three-loop) level, and are not limited to the aligned-spins simplification, but rather hold
for any generic spin orientations, and moreover — in general reference frames.

6 Conclusions

In this paper we presented for the first time the complete N3LO quadratic-in-spin inter-
actions that push the state of the art of conservative dynamics of binary inspirals at the
5PN order. Our results cover all the relevant sectors, and are obtained for generic com-
pact binaries in generic kinematic settings, via the EFT of spinning gravitating objects
introduced in [26]. Our independent framework, including the public EFTofPNG code [27],
enables to study PN theory in any generic sector, which is critical to advance the present
high precision frontier in both high-loop and higher-spin orders, such as in the present
sectors. Such generic theoretical input that our framework provides, improves the ability
to mine unknown physics from real-world GW data. Moreover, the unique treatment of
the present sectors, also at the 5PN order, via the EFT framework, provides even more
invaluable new information on the UV physics of strong gravity and extreme QCD.

The N3LO quadratic-in-spin corrections consist of 4 independent sectors, one of which
is new, first appearing in the present 5PN order, similar to the related tidal effect in the
point-mass sector, which also enters first at this order. The 3 other quadratic-in-spin
sectors here scale as the single N3LO spin-orbit sector. The overall computational load of
the Feynman evaluation is similar to the N3LO spin-orbit sector [23], with an imperative
use of advanced multi-loop methods, and a generic overall dimensional treatment due to
the appearance of DimReg poles across all loop orders. Yet, the procedure of redefinitions
of the position and rotational variables is somewhat more intricate and demanding in
higher-spin sectors such as the present ones, compared to the point-mass or spin-orbit
sectors, e.g. at the N3LO [23]. Nevertheless, the streamlined automated algorithm for this
procedure, which we set up in [23], still performed in an efficient and rapid manner.
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We presented here the reduced Lagrangians of all relevant sectors for the first time,
which can be used to directly derive the EOMs for both position and spin [26]. We also
presented here the most general Hamiltonians of these sectors for the first time, and their
consequent useful simplifications. Our general Hamiltonians here have been fully verified
in [59] via the completion of the Poincaré algebra, which constitutes the most stringent
check of validity. Finally, in these high-order sectors it is especially crucial to derive unam-
biguous observables, which correspond to real-world GW measurements, and we presented
here the gauge-invariant relation of the angular momentum to the GW frequency. We also
showed the binding energy of the new tidal effect with spins in comparison with the tidal
effect from the point-mass sector, which also enters at the present 5PN order.

We ended with a derivation of all the extrapolated scattering angles that hold for
aligned spins, which correspond to an extension of our Hamiltonians to the scattering
problem. Complete agreement was found with the limited available results at lower or-
ders obtained via traditional GR, and via EFT and scattering-amplitudes methods. Such
agreements with [70, 72] are not surprising, as the latter approaches have built closely on
our theory presented in detail in [26], and on our comprehensive results along the years,
see e.g. [46], and thus [70, 72] are clearly dependent on our framework. Moreover, all the
approaches noted above still provide only very partial results, that are below the higher
orders of either loop or spin of our present new results, and are only in the restricted
aligned-spins configuration, which is significantly less informative at higher-spin sectors.
In contrast, our results in this work cover all quadratic-in-spin sectors, are at the higher
N3LO (or three-loop) level, and are not limited to the aligned-spins simplification, but
rather hold for any generic spin orientations, and moreover — in general reference frames.

We found a new independent Wilson coefficient in the present sectors, that is unique to
spinning objects, yet seems to be related to the long-studied “Love numbers”. Determining
the value of such characteristic UV coefficients constitutes one of the most challenging
tasks in an EFT framework. Fortunately the EFT framework is also well-suited to carry
out such so-called matching of its unknown coefficients, either via analytical studies, or
by comparing to numerical or real-world data. Indeed in recent years with the incredible
success of GW measurements came a notable thrust in the theoretical efforts to study such
“Love numbers”, that have been explored for both BHs and NSs, notably extending studies
to the case of rotating objects, see e.g. [38–43].

Interestingly, almost all studies to date indicate that such “Love numbers” vanish for
BHs in 4-dimensional GR. On the other hand, the Wilson coefficients of tidal effects can
be significantly large for NSs, and thus tidal effects are important for GW astronomy [44].
Despite the long history and enormous body of work that has accumulated of studying such
“Love numbers”, we believe that the intriguing studies of such coefficients are only in their
infancy. There is a huge challenge in thoroughly studying them, using various approaches,
for either BHs or NSs, and in general candidate-theories of gravity [73]. Such studies
are immensely important to unveil the new physics that is encrypted in the continually
increasing influx of GW data.
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A Reduced actions

The action that we obtain after the reduction procedure detailed in section 4 is standard
in the velocity, with the additional spin variable, and contains the following 4 sectors:

V̂ N3LO
S2 = V̂ N3LO

S1S2 + V̂ N3LO
S2

1
+ C1ES2 V̂ N3LO

C1ES2 + C1E2S2V N3LO
C1E2S2 + (1↔ 2), (A.1)

where

V̂ N3LO
S1S2 = G

128r3

[
3~S1 · ~n~S2 · ~n

(
85v2

1~v1 · ~v2v
2
2 − 192v2

1(~v1 · ~v2)2 + 44(~v1 · ~v2)3 + 8v6
1

+124~v1 · ~v2v
4
1 − 24v2

2v
4
1 − 48v2

1v
4
2 + 280~v1 · ~nv2

1~v2 · ~n~v1 · ~v2 − 60~v1 · ~nv2
1~v2 · ~nv2

2

−640v2
1~v1 · ~v2(~v1 · ~n)2 − 120v2

1v
2
2(~v1 · ~n)2 − 320v2

1~v1 · ~v2(~v2 · ~n)2

+480(~v1 · ~n)2(~v1 · ~v2)2 + 40~v1 · ~n~v2 · ~n(~v1 · ~v2)2 + 480v2
1v

2
2(~v2 · ~n)2

−280~v1 · ~n~v2 · ~nv4
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−9~v1 · ~n~v2 · ~nv2
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2(~v1 · ~n)2 + 15v2
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+108v2
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+640v2
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2
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2
2 − 22(~v1 · ~v2)2

+12~v1 · ~nv2
1~v2 · ~n− 90~v1 · ~n~v2 · ~n~v1 · ~v2 − 42v2

1(~v1 · ~n)2 − 60~v1 · ~v2(~v1 · ~n)2
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(
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(
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– 27 –



J
H
E
P
0
3
(
2
0
2
3
)
0
9
8

−2595v4
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(
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2
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(
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]
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2(~v1 · ~n)3
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+120~v2 · ~nv2
2(~v1 · ~n)2 + 280~v1 · ~nv2

1(~v2 · ~n)2 − 30v2
1(~v2 · ~n)3

−40~v1 · ~n~v1 · ~v2(~v2 · ~n)2 − 80~v1 · ~v2(~v2 · ~n)3 + 40~v1 · ~nv2
2(~v2 · ~n)2 + 40v2

2(~v2 · ~n)3

+210(~v1 · ~n)3(~v2 · ~n)2 − 420(~v1 · ~n)2(~v2 · ~n)3)− 24~S1 · ~n~S1 · ~v2
(
18~v1 · ~nv2

1~v1 · ~v2

−25~v1 · ~nv2
1v

2
2 + 32~v1 · ~n~v1 · ~v2v

2
2 − 15~v1 · ~nv4

1 − ~v2 · ~nv4
1

−16~v1 · ~nv4
2 − 5v2

1~v2 · ~n(~v1 · ~n)2 + 70~v1 · ~nv2
1(~v2 · ~n)2 − 80~v1 · ~n~v1 · ~v2(~v2 · ~n)2

+80~v1 · ~nv2
2(~v2 · ~n)2 − 70~v1 · ~n(~v2 · ~n)4)+ 4~S1 · ~v1~S1 · ~v2

(
64v2

1~v1 · ~v2 − 68v2
1v

2
2

+264~v1 · ~v2v
2
2 − 156(~v1 · ~v2)2 + 15v4

1 − 114v4
2 − 132~v1 · ~nv2

1~v2 · ~n
+840~v1 · ~n~v2 · ~n~v1 · ~v2 − 624~v1 · ~n~v2 · ~nv2

2 − 138v2
1(~v1 · ~n)2 − 234~v1 · ~v2(~v1 · ~n)2

+60v2
2(~v1 · ~n)2 + 207v2

1(~v2 · ~n)2 − 768~v1 · ~v2(~v2 · ~n)2 + 636v2
2(~v2 · ~n)2

+270~v2 · ~n(~v1 · ~n)3 − 570(~v1 · ~n)2(~v2 · ~n)2 + 1080~v1 · ~n(~v2 · ~n)3 − 540(~v2 · ~n)4)
−3
(
204v2

1~v1 · ~v2v
2
2 − 92v2

1(~v1 · ~v2)2 − 128v2
2(~v1 · ~v2)2 − 49v6

1 + 124~v1 · ~v2v
4
1

−74v2
2v

4
1 − 114v2

1v
4
2 + 128~v1 · ~v2v

4
2 + 120~v1 · ~nv2

1~v2 · ~n~v1 · ~v2 − 60~v1 · ~nv2
1~v2 · ~nv2

2

−10v2
1v

2
2(~v1 · ~n)2 − 560v2

1~v1 · ~v2(~v2 · ~n)2 + 320(~v2 · ~n)2(~v1 · ~v2)2

+640v2
1v

2
2(~v2 · ~n)2 − 640~v1 · ~v2v

2
2(~v2 · ~n)2 − 60~v1 · ~n~v2 · ~nv4

1 + 210(~v2 · ~n)2v4
1

+70v2
1(~v1 · ~n)2(~v2 · ~n)2 − 560v2

1(~v2 · ~n)4 + 560~v1 · ~v2(~v2 · ~n)4)(~S1 · ~n)2

−2
(
274v2

1~v1 · ~v2 − 176v2
1v

2
2 + 532~v1 · ~v2v

2
2 − 404(~v1 · ~v2)2 − 37v4

1

−190v4
2 − 558~v1 · ~nv2

1~v2 · ~n+ 1848~v1 · ~n~v2 · ~n~v1 · ~v2 − 1116~v1 · ~n~v2 · ~nv2
2

−18v2
1(~v1 · ~n)2 − 480~v1 · ~v2(~v1 · ~n)2 + 198v2

2(~v1 · ~n)2 + 558v2
1(~v2 · ~n)2

−1584~v1 · ~v2(~v2 · ~n)2 + 1128v2
2(~v2 · ~n)2 + 480~v2 · ~n(~v1 · ~n)3

−1350(~v1 · ~n)2(~v2 · ~n)2 + 1920~v1 · ~n(~v2 · ~n)3 − 960(~v2 · ~n)4)(~S1 · ~v1)2

−4
(
5v4

1 − 69v2
1(~v1 · ~n)2 − 96v2

2(~v1 · ~n)2 + 240(~v1 · ~n)2(~v2 · ~n)2)(~S1 · ~v2)2
]

−G
2m2

96r4

[
S2

1
(
6v2

1~v1 · ~v2 − 230v2
1v

2
2 − 1632~v1 · ~v2v

2
2 + 1775(~v1 · ~v2)2 − 84v4

1

+156v4
2 − 7524~v1 · ~nv2

1~v2 · ~n+ 1772~v1 · ~n~v2 · ~n~v1 · ~v2 − 432~v1 · ~n~v2 · ~nv2
2

+4728v2
1(~v1 · ~n)2 − 5376~v1 · ~v2(~v1 · ~n)2 + 2678v2

2(~v1 · ~n)2 + 620v2
1(~v2 · ~n)2

+4752~v1 · ~v2(~v2 · ~n)2 − 36v2
2(~v2 · ~n)2 − 4845(~v1 · ~n)4 + 15000~v2 · ~n(~v1 · ~n)3

−9732(~v1 · ~n)2(~v2 · ~n)2 − 1800~v1 · ~n(~v2 · ~n)3)+ 2~S1 · ~n~S1 · ~v1
(
258~v1 · ~nv2

1

−888v2
1~v2 · ~n+ 636~v1 · ~n~v1 · ~v2 + 2306~v2 · ~n~v1 · ~v2 − 1340~v1 · ~nv2

2 + 84~v2 · ~nv2
2

+12345(~v1 · ~n)3 − 24318~v2 · ~n(~v1 · ~n)2 + 8778~v1 · ~n(~v2 · ~n)2 + 900(~v2 · ~n)3)
−4~S1 · ~n~S1 · ~v2

(
120~v1 · ~nv2

1 − 419v2
1~v2 · ~n− 952~v1 · ~n~v1 · ~v2 + 1692~v2 · ~n~v1 · ~v2

+114~v1 · ~nv2
2 − 36~v2 · ~nv2

2 + 5190(~v1 · ~n)3 − 8016~v2 · ~n(~v1 · ~n)2

+1026~v1 · ~n(~v2 · ~n)2)− 2~S1 · ~v1~S1 · ~v2
(
162v2

1 + 1127~v1 · ~v2 − 588v2
2

+4918~v1 · ~n~v2 · ~n− 6858(~v1 · ~n)2 + 1800(~v2 · ~n)2)− (4812v2
1~v1 · ~v2 − 1010v2

1v
2
2

+576~v1 · ~v2v
2
2 − 2848(~v1 · ~v2)2 − 1668v4

1 + 144v4
2 − 22788~v1 · ~nv2

1~v2 · ~n
+28848~v1 · ~n~v2 · ~n~v1 · ~v2 − 1944~v1 · ~n~v2 · ~nv2

2 + 14301v2
1(~v1 · ~n)2

−15768~v1 · ~v2(~v1 · ~n)2 + 1596v2
2(~v1 · ~n)2 + 5376v2

1(~v2 · ~n)2 − 7848~v1 · ~v2(~v2 · ~n)2
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−108v2
2(~v2 · ~n)2 + 3360(~v1 · ~n)4 − 11328~v2 · ~n(~v1 · ~n)3 + 6240(~v1 · ~n)2(~v2 · ~n)2

+1152~v1 · ~n(~v2 · ~n)3)(~S1 · ~n)2 + 2
(
126v2

1 + 15~v1 · ~v2 + 73v2
2 + 5466~v1 · ~n~v2 · ~n

−4728(~v1 · ~n)2 − 166(~v2 · ~n)2)(~S1 · ~v1)2 +
(
599v2

1 + 528~v1 · ~v2 − 144v2
2

+4128~v1 · ~n~v2 · ~n− 6728(~v1 · ~n)2)(~S1 · ~v2)2
]
− G2m2

2

128m1r4

[
S2

1
(
1784v2

1~v1 · ~v2

−1396v2
1v

2
2 + 3180~v1 · ~v2v

2
2 − 1524(~v1 · ~v2)2 − 409v4

1

−1632v4
2 − 1368~v1 · ~nv2

1~v2 · ~n+ 1944~v1 · ~n~v2 · ~n~v1 · ~v2 − 2568~v1 · ~n~v2 · ~nv2
2

+720v2
1(~v1 · ~n)2 − 3104~v1 · ~v2(~v1 · ~n)2 + 3436v2

2(~v1 · ~n)2 + 1412v2
1(~v2 · ~n)2

−2340~v1 · ~v2(~v2 · ~n)2 + 3264v2
2(~v2 · ~n)2 − 192(~v1 · ~n)4 + 2304~v2 · ~n(~v1 · ~n)3

−3492(~v1 · ~n)2(~v2 · ~n)2 − 24~v1 · ~n(~v2 · ~n)3 − 432(~v2 · ~n)4)
−8~S1 · ~n~S1 · ~v1

(
171~v1 · ~nv2

1 − 399v2
1~v2 · ~n− 295~v1 · ~n~v1 · ~v2 + 735~v2 · ~n~v1 · ~v2

+109~v1 · ~nv2
2 − 517~v2 · ~nv2

2 − 48(~v1 · ~n)3 + 156~v2 · ~n(~v1 · ~n)2 + 186~v1 · ~n(~v2 · ~n)2

+573(~v2 · ~n)3)+ 8~S1 · ~n~S1 · ~v2
(
189~v1 · ~nv2

1 − 405v2
1~v2 · ~n− 75~v1 · ~n~v1 · ~v2

+521~v2 · ~n~v1 · ~v2 − 33~v1 · ~nv2
2 − 396~v2 · ~nv2

2 − 240~v2 · ~n(~v1 · ~n)2

+918~v1 · ~n(~v2 · ~n)2 + 648(~v2 · ~n)3)− 4~S1 · ~v1~S1 · ~v2
(
436v2

1 − 318~v1 · ~v2

+299v2
2 − 282~v1 · ~n~v2 · ~n− 386(~v1 · ~n)2 − 717(~v2 · ~n)2)− (2920v2

1~v1 · ~v2

−1492v2
1v

2
2 + 5752~v1 · ~v2v

2
2 − 3224(~v1 · ~v2)2 − 801v4

1 − 3152v4
2

+1296~v1 · ~nv2
1~v2 · ~n− 5904~v1 · ~n~v2 · ~n~v1 · ~v2 + 3600~v1 · ~n~v2 · ~nv2

2 + 192v2
1(~v1 · ~n)2

+960v2
2(~v1 · ~n)2 − 1356v2

1(~v2 · ~n)2 + 576~v1 · ~v2(~v2 · ~n)2

+2352v2
2(~v2 · ~n)2 − 1008(~v1 · ~n)2(~v2 · ~n)2 − 288~v1 · ~n(~v2 · ~n)3

+1392(~v2 · ~n)4)(~S1 · ~n)2 + 4
(
102v2

1 − 6~v1 · ~v2 + 71v2
2 − 248~v1 · ~n~v2 · ~n

−38(~v1 · ~n)2 − 27(~v2 · ~n)2)(~S1 · ~v1)2 + 4
(
341v2

1 − 512~v1 · ~v2 + 420v2
2

+242~v1 · ~n~v2 · ~n− 586(~v1 · ~n)2 − 1076(~v2 · ~n)2)(~S1 · ~v2)2
]

− G
3m2

3

16m1r5

[
S2

1
(
16v2

1 − 127~v1 · ~v2 + 320v2
2 − 257~v1 · ~n~v2 · ~n− (~v1 · ~n)2

−146(~v2 · ~n)2)− 2~S1 · ~n~S1 · ~v1
(
39~v1 · ~n+ 322~v2 · ~n

)
+ 2~S1 · ~n~S1 · ~v2

(
121~v1 · ~n

+621~v2 · ~n
)

+ 144~S1 · ~v1~S1 · ~v2 −
(
5v2

1 − 357~v1 · ~v2 + 686v2
2 − 285~v1 · ~n~v2 · ~n

−80(~v1 · ~n)2 + 395(~v2 · ~n)2)(~S1 · ~n)2 − 12(~S1 · ~v1)2 − 335(~S1 · ~v2)2
]

−G
3m1m2

117600r5

[
S2

1
(
1389116v2

1 + 2980008~v1 · ~v2 − 489024v2
2 − 3207240~v1 · ~n~v2 · ~n

−4741105(~v1 · ~n)2 + 3087720(~v2 · ~n)2)− 10~S1 · ~n~S1 · ~v1
(
364471~v1 · ~n

−346476~v2 · ~n
)

+ 480~S1 · ~n~S1 · ~v2
(
11287~v1 · ~n+ 7888~v2 · ~n

)
−3287544~S1 · ~v1~S1 · ~v2 − 25

(
61561v2

1 + 143376~v1 · ~v2 − 49152v2
2

+17136~v1 · ~n~v2 · ~n− 406672(~v1 · ~n)2 + 326424(~v2 · ~n)2)(~S1 · ~n)2

−48788(~S1 · ~v1)2 − 245568(~S1 · ~v2)2
]
− G3m2

2

6144r5

[
S2

1
(
(39936− 189π2)v2

1
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+(242432− 3942π2)~v1 · ~v2 + (22272 + 4131π2)v2
2

−(497536− 19710π2)~v1 · ~n~v2 · ~n− (206016− 945π2)(~v1 · ~n)2

+(441600− 20655π2)(~v2 · ~n)2)− 4~S1 · ~n~S1 · ~v1
(
(86016− 945π2)~v1 · ~n

+(36992− 9855π2)~v2 · ~n
)

+ 4~S1 · ~n~S1 · ~v2
(
(74176 + 9855π2)~v1 · ~n

+(225792− 20655π2)~v2 · ~n
)
− 4(8672 + 1971π2)~S1 · ~v1~S1 · ~v2

−
(
(65856− 945π2)v2

1 + (276736− 19710π2)~v1 · ~v2 + (28416 + 20655π2)v2
2

−(765952− 137970π2)~v1 · ~n~v2 · ~n− (677760− 6615π2)(~v1 · ~n)2

+(1389312− 144585π2)(~v2 · ~n)2)(~S1 · ~n)2 − 54(64 + 7π2)(~S1 · ~v1)2

−6(42752− 1377π2)(~S1 · ~v2)2
]

−G
4m1

2m2
2450r6

[
5813S2

1 − 3684(~S1 · ~n)2
]
− 29G4m2

4

16m1r6

[
S2

1 − (~S1 · ~n)2
]

−3G4m2
3

4r6

[
29S2

1 + 11(~S1 · ~n)2
]
− G4m1m2

2

78400r6

[
(2549096− 55125π2)S2

1

−(958088− 165375π2)(~S1 · ~n)2
]
, (A.3)

V̂ N3LO
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32m1r3

[
S2

1
(
5v2

1~v1 · ~v2v
2
2 + 26v2

1(~v1 · ~v2)2 − 22(~v1 · ~v2)3 − 14v2
2(~v1 · ~v2)2 − 25v6

1

+27~v1 · ~v2v
4
1 − 6v2

2v
4
1 − 10v2

1v
4
2 + 31~v1 · ~v2v

4
2 − 11v6

2 − 204~v1 · ~nv2
1~v2 · ~n~v1 · ~v2

+57~v1 · ~nv2
1~v2 · ~nv2

2 − 60~v1 · ~n~v2 · ~n~v1 · ~v2v
2
2 + 12v2

1~v1 · ~v2(~v1 · ~n)2

+21v2
1v

2
2(~v1 · ~n)2 + 39~v1 · ~v2v

2
2(~v1 · ~n)2 + 27v2

1~v1 · ~v2(~v2 · ~n)2

−120(~v1 · ~n)2(~v1 · ~v2)2 + 150~v1 · ~n~v2 · ~n(~v1 · ~v2)2 − 27v2
1v

2
2(~v2 · ~n)2

+42(~v1 · ~n)2v4
1 + 87~v1 · ~n~v2 · ~nv4

1 − 9(~v2 · ~n)2v4
1 + 15(~v1 · ~n)2v4

2

−21~v1 · ~n~v2 · ~nv4
2 − 180v2

1~v2 · ~n(~v1 · ~n)3 + 240~v2 · ~n~v1 · ~v2(~v1 · ~n)3 − 30v2
2(~v1 · ~n)4

−105~v2 · ~nv2
2(~v1 · ~n)3 − 45v2

1(~v1 · ~n)2(~v2 · ~n)2 + 75~v1 · ~nv2
1(~v2 · ~n)3

−135~v1 · ~v2(~v1 · ~n)2(~v2 · ~n)2 + 135v2
2(~v1 · ~n)2(~v2 · ~n)2 + 210(~v1 · ~n)4(~v2 · ~n)2

−175(~v1 · ~n)3(~v2 · ~n)3)+ 6~S1 · ~n~S1 · ~v1
(
10~v1 · ~nv2

1~v1 · ~v2 + 6v2
1~v2 · ~n~v1 · ~v2

−2~v1 · ~nv2
1v

2
2 − v2

1~v2 · ~nv2
2 − 6~v1 · ~n~v1 · ~v2v

2
2 − 4~v2 · ~n~v1 · ~v2v

2
2 + 10~v1 · ~n(~v1 · ~v2)2

−10~v2 · ~n(~v1 · ~v2)2 − 11~v1 · ~nv4
1 − ~v1 · ~nv4

2 + 7~v2 · ~nv4
2 + 35v2

1~v2 · ~n(~v1 · ~n)2

−50~v2 · ~n~v1 · ~v2(~v1 · ~n)2 + 5v2
2(~v1 · ~n)3 + 15~v2 · ~nv2

2(~v1 · ~n)2 − 15~v1 · ~nv2
1(~v2 · ~n)2

−5v2
1(~v2 · ~n)3 + 50~v1 · ~n~v1 · ~v2(~v2 · ~n)2 − 30~v1 · ~nv2

2(~v2 · ~n)2 − 35(~v1 · ~n)3(~v2 · ~n)2

+35(~v1 · ~n)2(~v2 · ~n)3)− 6~S1 · ~n~S1 · ~v2
(
4~v1 · ~nv2

1~v1 · ~v2 + 10v2
1~v2 · ~n~v1 · ~v2

−5~v1 · ~nv2
1v

2
2 − 6v2

1~v2 · ~nv2
2 + 4~v1 · ~n~v1 · ~v2v

2
2 + 10~v1 · ~n(~v1 · ~v2)2 − 7~v1 · ~nv4

1

−6~v2 · ~nv4
1 − 7~v1 · ~nv4

2 + 30v2
1~v2 · ~n(~v1 · ~n)2 − 50~v2 · ~n~v1 · ~v2(~v1 · ~n)2

+5v2
2(~v1 · ~n)3 + 30~v2 · ~nv2

2(~v1 · ~n)2 + 15~v1 · ~nv2
1(~v2 · ~n)2 − 35(~v1 · ~n)3(~v2 · ~n)2)

−2~S1 · ~v1~S1 · ~v2
(
6v2

1~v1 · ~v2 − v2
1v

2
2 − 4~v1 · ~v2v

2
2 − 10(~v1 · ~v2)2

+7v4
2 − 18~v1 · ~nv2

1~v2 · ~n+ 60~v1 · ~n~v2 · ~n~v1 · ~v2 − 36~v1 · ~n~v2 · ~nv2
2 + 21v2

1(~v1 · ~n)2

−30~v1 · ~v2(~v1 · ~n)2 + 9v2
2(~v1 · ~n)2 − 9v2

1(~v2 · ~n)2 − 30~v2 · ~n(~v1 · ~n)3
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+45(~v1 · ~n)2(~v2 · ~n)2)− 3
(
19v2

1~v1 · ~v2v
2
2 − 6v2

1(~v1 · ~v2)2 − 2(~v1 · ~v2)3

−6v2
2(~v1 · ~v2)2 − 11v6

1 + 17~v1 · ~v2v
4
1 − 8v2

2v
4
1 − 8v2

1v
4
2 + 17~v1 · ~v2v

4
2

−11v6
2 − 20~v1 · ~nv2

1~v2 · ~n~v1 · ~v2 + 25~v1 · ~nv2
1~v2 · ~nv2

2 − 20~v1 · ~n~v2 · ~n~v1 · ~v2v
2
2

+15v2
1v

2
2(~v1 · ~n)2 − 25~v1 · ~v2v

2
2(~v1 · ~n)2 − 25v2

1~v1 · ~v2(~v2 · ~n)2

−50~v1 · ~n~v2 · ~n(~v1 · ~v2)2 + 15v2
1v

2
2(~v2 · ~n)2 + 35~v1 · ~n~v2 · ~nv4

1 + 15(~v2 · ~n)2v4
1

+15(~v1 · ~n)2v4
2 + 35~v1 · ~n~v2 · ~nv4

2 − 35~v2 · ~nv2
2(~v1 · ~n)3 − 105v2

1(~v1 · ~n)2(~v2 · ~n)2

−35~v1 · ~nv2
1(~v2 · ~n)3 + 175~v1 · ~v2(~v1 · ~n)2(~v2 · ~n)2 − 105v2

2(~v1 · ~n)2(~v2 · ~n)2

+105(~v1 · ~n)3(~v2 · ~n)3)(~S1 · ~n)2 − 2
(
5v2

1~v1 · ~v2 − 2v2
1v

2
2 − ~v1 · ~v2v

2
2 + 10(~v1 · ~v2)2

−7v4
1 − 4v4

2 + 33~v1 · ~nv2
1~v2 · ~n− 60~v1 · ~n~v2 · ~n~v1 · ~v2 + 27~v1 · ~n~v2 · ~nv2

2

−12v2
1(~v1 · ~n)2 + 15~v1 · ~v2(~v1 · ~n)2 + 15~v1 · ~v2(~v2 · ~n)2 − 9v2

2(~v2 · ~n)2

+15~v2 · ~n(~v1 · ~n)3 − 45(~v1 · ~n)2(~v2 · ~n)2 + 15~v1 · ~n(~v2 · ~n)3)(~S1 · ~v1)2

+2
(
5v2

1~v1 · ~v2 − 3v2
1v

2
2 − 3v4

1 + 9~v1 · ~nv2
1~v2 · ~n+ 9v2

1(~v1 · ~n)2 − 15~v1 · ~v2(~v1 · ~n)2

+9v2
2(~v1 · ~n)2 − 15~v2 · ~n(~v1 · ~n)3)(~S1 · ~v2)2

]
+G2m2

16r4

[
S2

1
(
35v2

1~v1 · ~v2 − 64v2
1v

2
2 + 152~v1 · ~v2v

2
2 − 92(~v1 · ~v2)2 + 15v4

1 − 47v4
2

+308~v1 · ~nv2
1~v2 · ~n− 192~v1 · ~n~v2 · ~n~v1 · ~v2 − 255v2

1(~v1 · ~n)2 + 95~v1 · ~v2(~v1 · ~n)2

+77v2
2(~v1 · ~n)2 − 44v2

1(~v2 · ~n)2 + 4~v1 · ~v2(~v2 · ~n)2 − 2v2
2(~v2 · ~n)2 + 92(~v1 · ~n)4

−84~v2 · ~n(~v1 · ~n)3 + 78(~v1 · ~n)2(~v2 · ~n)2 − 56~v1 · ~n(~v2 · ~n)3)
−2~S1 · ~n~S1 · ~v1

(
879~v1 · ~nv2

1 − 418v2
1~v2 · ~n− 851~v1 · ~n~v1 · ~v2 + 388~v2 · ~n~v1 · ~v2

+68~v1 · ~nv2
2 − 50~v2 · ~nv2

2 − 164(~v1 · ~n)3 − 33~v2 · ~n(~v1 · ~n)2 + 108~v1 · ~n(~v2 · ~n)2

−28(~v2 · ~n)3)+ 4~S1 · ~n~S1 · ~v2
(
206~v1 · ~nv2

1 + 13v2
1~v2 · ~n− 180~v1 · ~n~v1 · ~v2

−46~v2 · ~n~v1 · ~v2 + 17~v1 · ~nv2
2 − 6~v2 · ~nv2

2 − 6(~v1 · ~n)3 − 63~v2 · ~n(~v1 · ~n)2

+60~v1 · ~n(~v2 · ~n)2)− ~S1 · ~v1~S1 · ~v2
(
221v2

1 − 224~v1 · ~v2 + 40v2
2 − 56~v1 · ~n~v2 · ~n

+13(~v1 · ~n)2 + 20(~v2 · ~n)2)+
(
540v2

1~v1 · ~v2 + 111v2
1v

2
2 − 400~v1 · ~v2v

2
2

−44(~v1 · ~v2)2 − 336v4
1 + 137v4

2 − 2454~v1 · ~nv2
1~v2 · ~n+ 2112~v1 · ~n~v2 · ~n~v1 · ~v2

−192~v1 · ~n~v2 · ~nv2
2 + 2646v2

1(~v1 · ~n)2 − 2322~v1 · ~v2(~v1 · ~n)2 + 51v2
2(~v1 · ~n)2

−66v2
1(~v2 · ~n)2 + 288~v1 · ~v2(~v2 · ~n)2 + 30v2

2(~v2 · ~n)2 − 592(~v1 · ~n)4

+6~v2 · ~n(~v1 · ~n)3 + 546(~v1 · ~n)2(~v2 · ~n)2 − 320~v1 · ~n(~v2 · ~n)3)(~S1 · ~n)2 +
(
231v2

1

−252~v1 · ~v2 + 39v2
2 − 38~v1 · ~n~v2 · ~n− 11(~v1 · ~n)2 + 26(~v2 · ~n)2)(~S1 · ~v1)2 − 2

(
5v2

1

−12~v1 · ~v2 − 2v2
2 + 24~v1 · ~n~v2 · ~n− 13(~v1 · ~n)2)(~S1 · ~v2)2

]
+ G2m2

2

16m1r4

[
S2

1
(
124v2

1~v1 · ~v2 − 174v2
1v

2
2 + 407~v1 · ~v2v

2
2 − 370(~v1 · ~v2)2 − 8v4

1

+17v4
2 + 208~v1 · ~nv2

1~v2 · ~n+ 2680~v1 · ~n~v2 · ~n~v1 · ~v2 − 2156~v1 · ~n~v2 · ~nv2
2

−160v2
1(~v1 · ~n)2 − 256~v1 · ~v2(~v1 · ~n)2 + 710v2

2(~v1 · ~n)2 + 457v2
1(~v2 · ~n)2

−2517~v1 · ~v2(~v2 · ~n)2 + 989v2
2(~v2 · ~n)2 + 96(~v1 · ~n)4 − 128~v2 · ~n(~v1 · ~n)3

−3768(~v1 · ~n)2(~v2 · ~n)2 + 5940~v1 · ~n(~v2 · ~n)3 − 1966(~v2 · ~n)4)
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−~S1 · ~n~S1 · ~v1
(
148~v1 · ~nv2

1 − 112v2
1~v2 · ~n− 36~v1 · ~n~v1 · ~v2 + 1362~v2 · ~n~v1 · ~v2

−293~v1 · ~nv2
2 − 1122~v2 · ~nv2

2 + 96(~v1 · ~n)3 − 624~v2 · ~n(~v1 · ~n)2

−357~v1 · ~n(~v2 · ~n)2 + 1002(~v2 · ~n)3)− ~S1 · ~n~S1 · ~v2
(
156~v1 · ~nv2

1 + 578v2
1~v2 · ~n

+1672~v1 · ~n~v1 · ~v2 − 3692~v2 · ~n~v1 · ~v2 − 613~v1 · ~nv2
2 + 1982~v2 · ~nv2

2 − 128(~v1 · ~n)3

−4086~v2 · ~n(~v1 · ~n)2 + 6933~v1 · ~n(~v2 · ~n)2 − 3130(~v2 · ~n)3)− 2~S1 · ~v1~S1 · ~v2
(
32v2

1

−241~v1 · ~v2 + 49v2
2 + 355~v1 · ~n~v2 · ~n+ 22(~v1 · ~n)2 − 391(~v2 · ~n)2)− (364v2

1~v1 · ~v2

−156v2
1v

2
2 − 721~v1 · ~v2v

2
2 + 104(~v1 · ~v2)2 − 74v4

1 + 468v4
2 − 516~v1 · ~nv2

1~v2 · ~n
−1656~v1 · ~n~v2 · ~n~v1 · ~v2 + 2391~v1 · ~n~v2 · ~nv2

2 − 48v2
1(~v1 · ~n)2 − 384~v1 · ~v2(~v1 · ~n)2

+249v2
2(~v1 · ~n)2 + 126v2

1(~v2 · ~n)2 + 2703~v1 · ~v2(~v2 · ~n)2 − 3042v2
2(~v2 · ~n)2

+512~v2 · ~n(~v1 · ~n)3 + 735(~v1 · ~n)2(~v2 · ~n)2 − 1623~v1 · ~n(~v2 · ~n)3

+1072(~v2 · ~n)4)(~S1 · ~n)2 +
(
12v2

1 + 40~v1 · ~v2 − 89v2
2 − 600~v1 · ~n~v2 · ~n

+204(~v1 · ~n)2 + 221(~v2 · ~n)2)(~S1 · ~v1)2 +
(
211v2

1 − 752~v1 · ~v2 + 257v2
2

+2240~v1 · ~n~v2 · ~n− 850(~v1 · ~n)2 − 1267(~v2 · ~n)2)(~S1 · ~v2)2
]

−G
3m1m2

58800r5

[
S2

1
(
468263v2

1 − 731426~v1 · ~v2 + 323538v2
2 + 2235430~v1 · ~n~v2 · ~n

−744265(~v1 · ~n)2 − 726240(~v2 · ~n)2)− 20~S1 · ~n~S1 · ~v1
(
100574~v1 · ~n

−128539~v2 · ~n
)

+ 20~S1 · ~n~S1 · ~v2
(
133789~v1 · ~n− 83004~v2 · ~n

)
−341452~S1 · ~v1~S1 · ~v2 − 25

(
59347v2

1 − 88090~v1 · ~v2 + 40398v2
2

+427882~v1 · ~n~v2 · ~n− 149947(~v1 · ~n)2 − 140784(~v2 · ~n)2)(~S1 · ~n)2

+260326(~S1 · ~v1)2 + 103176(~S1 · ~v2)2
]
− G3m2

3

48m1r5

[
S2

1
(
522v2

1 − 110~v1 · ~v2

−673v2
2 + 178~v1 · ~n~v2 · ~n− 1476(~v1 · ~n)2 + 2147(~v2 · ~n)2)

−4~S1 · ~n~S1 · ~v1
(
1419~v1 · ~n− 1622~v2 · ~n

)
+ 4~S1 · ~n~S1 · ~v2

(
1265~v1 · ~n− 1246~v2 · ~n

)
−880~S1 · ~v1~S1 · ~v2 −

(
1218v2

1 − 922~v1 · ~v2 − 185v2
2 + 12850~v1 · ~n~v2 · ~n

−7464(~v1 · ~n)2 − 2887(~v2 · ~n)2)(~S1 · ~n)2 + 636(~S1 · ~v1)2 + 490(~S1 · ~v2)2
]

−G
3m2

2

6144r5

[
S2

1
(
(183680− 8109π2)v2

1 − (384256− 16218π2)~v1 · ~v2

+(242816− 8109π2)v2
2 + (972032− 81090π2)~v1 · ~n~v2 · ~n

−(324736− 40545π2)(~v1 · ~n)2 − (684928− 40545π2)(~v2 · ~n)2)
−4~S1 · ~n~S1 · ~v1

(
(509152− 40545π2)~v1 · ~n− (672736− 40545π2)~v2 · ~n

)
+4~S1 · ~n~S1 · ~v2

(
(447712− 40545π2)~v1 · ~n− (541024− 40545π2)~v2 · ~n

)
−4(146240− 8109π2)~S1 · ~v1~S1 · ~v2 −

(
(670720− 40545π2)v2

1

−(1422848− 81090π2)~v1 · ~v2 + (869632− 40545π2)v2
2

+(7089152− 567630π2)~v1 · ~n~v2 · ~n− (2963200− 283815π2)(~v1 · ~n)2

−(3748864− 283815π2)(~v2 · ~n)2)(~S1 · ~n)2 + 2(155840− 8109π2)(~S1 · ~v1)2

+2(153536− 8109π2)(~S1 · ~v2)2
]
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+19G4m1
2m2

4900r6

[
1571S2

1 − 4433(~S1 · ~n)2
]

+ G4m2
4

4m1r6

[
73S2

1 − 119(~S1 · ~n)2
]

+G4m1m2
2

29400r6

[
(4275319− 154350π2)S2

1 − 3(3162179− 154350π2)(~S1 · ~n)2
]

+G4m2
3

24r6

[
(3175− 126π2)S2

1 − 9(785− 42π2)(~S1 · ~n)2
]
, (A.4)

and

V N3LO
C1E2S2 = −G

4m1m2
2

2r6

[
S2

1 − 3(~S1 · ~n)2
]
. (A.5)

This action is also provided in machine-readable format in the supplementary material to
this publication.

B General Hamiltonians

Our general Hamiltonian for the present sectors, comprised of 4 parts, can be expressed as:

HN3LO
S2 = HN3LO

S1S2 +HN3LO
S2

1
+ C1ES2HN3LO

C1ES2 + C1E2S2HN3LO
C1E2S2 + (1↔ 2), (B.1)

where

HN3LO
S1S2 = G

16m16r3

[
15~S1 · ~n~S2 · ~np6

1 − 15~p1 · ~S1~S2 · ~n~p1 · ~np4
1 − 15~S1 · ~n~p1 · ~S2~p1 · ~np4

1

+17~p1 · ~S1~p1 · ~S2p
4
1 − ~S1 · ~S2

(
17p6

1 − 15(~p1 · ~n)2p4
1
)]

− G

32m15m2r3

[
3~S1 · ~n~S2 · ~n

(
41~p1 · ~p2p

4
1 + 40p2

1~p1 · ~p2(~p1 · ~n)2

−80~p1 · ~n~p2 · ~np4
1 − 140~p1 · ~p2(~p1 · ~n)4)− 6~p1 · ~S1~S2 · ~n

(
16~p1 · ~np2

1~p1 · ~p2

+9~p2 · ~np4
1 − 55p2

1~p2 · ~n(~p1 · ~n)2 + 20~p1 · ~p2(~p1 · ~n)3)+ 3~p2 · ~S1~S2 · ~n
(
3~p1 · ~np4

1

+80p2
1(~p1 · ~n)3)− 3~S1 · ~n~p1 · ~S2

(
22~p1 · ~np2

1~p1 · ~p2

+~p2 · ~np4
1 − 70p2

1~p2 · ~n(~p1 · ~n)2 − 140~p2 · ~n(~p1 · ~n)4)
+2~p1 · ~S1~p1 · ~S2

(
10p2

1~p1 · ~p2 − 147~p1 · ~np2
1~p2 · ~n+ 60~p2 · ~n(~p1 · ~n)3)

+2~p2 · ~S1~p1 · ~S2
(
5p4

1 − 12p2
1(~p1 · ~n)2 − 150(~p1 · ~n)4)− 36~S1 · ~n~p2 · ~S2~p1 · ~np4

1

+30~p1 · ~S1~p2 · ~S2p
4
1 − 3~S1 · ~S2

(
22~p1 · ~p2p

4
1 − 30p2

1~p1 · ~p2(~p1 · ~n)2

−105~p1 · ~n~p2 · ~np4
1 + 190p2

1~p2 · ~n(~p1 · ~n)3 − 100~p1 · ~p2(~p1 · ~n)4)]
+ 3G

16m1m25r3

[
14~p1 · ~S1~S2 · ~n~p2 · ~np4

2 − ~p2 · ~S1~S2 · ~n
(
23~p2 · ~n~p1 · ~p2p

2
2 − 6~p1 · ~np4

2

+25~p1 · ~np2
2(~p2 · ~n)2)− 11~p1 · ~S1~p2 · ~S2p

2
2(~p2 · ~n)2 + 11~p2 · ~S1~p2 · ~S2~p1 · ~n~p2 · ~np2

2

+~S1 · ~S2
(
23~p1 · ~p2p

2
2(~p2 · ~n)2 − 20~p1 · ~n~p2 · ~np4

2 + 25~p1 · ~np2
2(~p2 · ~n)3)]

+ G

16m14m22r3

[
3~S1 · ~n~S2 · ~n

(
2p2

1(~p1 · ~p2)2 + 3p2
2p

4
1 − 95~p1 · ~np2

1~p2 · ~n~p1 · ~p2

−5p2
1p

2
2(~p1 · ~n)2 + 60(~p1 · ~n)2(~p1 · ~p2)2 − 25(~p2 · ~n)2p4

1 + 35p2
1(~p1 · ~n)2(~p2 · ~n)2)

−3~p1 · ~S1~S2 · ~n
(
12p2

1~p2 · ~n~p1 · ~p2 + 17~p1 · ~np2
1p

2
2 − 14~p1 · ~n(~p1 · ~p2)2
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+10~p2 · ~n~p1 · ~p2(~p1 · ~n)2 − 15p2
2(~p1 · ~n)3 − 85~p1 · ~np2

1(~p2 · ~n)2

+105(~p1 · ~n)3(~p2 · ~n)2)− 3~p2 · ~S1~S2 · ~n
(
12~p1 · ~np2

1~p1 · ~p2

−2~p2 · ~np4
1 − 105p2

1~p2 · ~n(~p1 · ~n)2 − 20~p1 · ~p2(~p1 · ~n)3 + 70~p2 · ~n(~p1 · ~n)4)
+3~S1 · ~n~p1 · ~S2

(
8p2

1~p2 · ~n~p1 · ~p2 − 5~p1 · ~np2
1p

2
2

+2~p1 · ~n(~p1 · ~p2)2 − 40~p2 · ~n~p1 · ~p2(~p1 · ~n)2 + 15p2
2(~p1 · ~n)3

+60~p1 · ~np2
1(~p2 · ~n)2 − 105(~p1 · ~n)3(~p2 · ~n)2)+ ~p1 · ~S1~p1 · ~S2

(
10p2

1p
2
2

−6(~p1 · ~p2)2 − 96~p1 · ~n~p2 · ~n~p1 · ~p2 − 63p2
2(~p1 · ~n)2 − 63p2

1(~p2 · ~n)2

+405(~p1 · ~n)2(~p2 · ~n)2)− ~p2 · ~S1~p1 · ~S2
(
10p2

1~p1 · ~p2 + 147~p1 · ~np2
1~p2 · ~n

−108~p1 · ~p2(~p1 · ~n)2)− 24~S1 · ~n~p2 · ~S2
(
~p1 · ~np2

1~p1 · ~p2 − 5p2
1~p2 · ~n(~p1 · ~n)2)

+3~p1 · ~S1~p2 · ~S2
(
7p2

1~p1 · ~p2 − 32~p1 · ~np2
1~p2 · ~n+ 6~p1 · ~p2(~p1 · ~n)2)

−~p2 · ~S1~p2 · ~S2
(
5p4

1 + 78p2
1(~p1 · ~n)2 − 60(~p1 · ~n)4)− ~S1 · ~S2

(
4p2

1(~p1 · ~p2)2

+8p2
2p

4
1 − 387~p1 · ~np2

1~p2 · ~n~p1 · ~p2 − 132p2
1p

2
2(~p1 · ~n)2 + 114(~p1 · ~n)2(~p1 · ~p2)2

−69(~p2 · ~n)2p4
1 + 120~p2 · ~n~p1 · ~p2(~p1 · ~n)3 + 105p2

2(~p1 · ~n)4

+735p2
1(~p1 · ~n)2(~p2 · ~n)2 − 525(~p1 · ~n)4(~p2 · ~n)2)]

− G

128m13m23r3

[
3~S1 · ~n~S2 · ~n

(
11p2

1~p1 · ~p2p
2
2 − 44(~p1 · ~p2)3 − 140~p1 · ~np2

1~p2 · ~np2
2

−160~p1 · ~p2p
2
2(~p1 · ~n)2 + 320p2

1~p1 · ~p2(~p2 · ~n)2

−40~p1 · ~n~p2 · ~n(~p1 · ~p2)2 − 280~p2 · ~np2
2(~p1 · ~n)3 + 770~p1 · ~p2(~p1 · ~n)2(~p2 · ~n)2

+420(~p1 · ~n)3(~p2 · ~n)3)− 24~p1 · ~S1~S2 · ~n
(
10p2

1~p2 · ~np2
2 + 12~p1 · ~n~p1 · ~p2p

2
2

−12~p2 · ~n(~p1 · ~p2)2 − 35~p2 · ~np2
2(~p1 · ~n)2 − 5p2

1(~p2 · ~n)3 + 25~p1 · ~n~p1 · ~p2(~p2 · ~n)2

+70(~p1 · ~n)2(~p2 · ~n)3)− 3~p2 · ~S1~S2 · ~n
(
96p2

1~p2 · ~n~p1 · ~p2 + 55~p1 · ~np2
1p

2
2

−20~p1 · ~n(~p1 · ~p2)2 − 400~p2 · ~n~p1 · ~p2(~p1 · ~n)2 − 240p2
2(~p1 · ~n)3

−320~p1 · ~np2
1(~p2 · ~n)2 + 910(~p1 · ~n)3(~p2 · ~n)2)+ 3~S1 · ~n~p1 · ~S2

(
p2

1~p2 · ~np2
2

+16~p1 · ~n~p1 · ~p2p
2
2 + 68~p2 · ~n(~p1 · ~p2)2 + 360~p2 · ~np2

2(~p1 · ~n)2

−480~p1 · ~n~p1 · ~p2(~p2 · ~n)2 − 630(~p1 · ~n)2(~p2 · ~n)3)
+24~p1 · ~S1~p1 · ~S2

(
4~p1 · ~p2p

2
2 − 25~p1 · ~n~p2 · ~np2

2 + 28~p1 · ~p2(~p2 · ~n)2

+15~p1 · ~n(~p2 · ~n)3)+ 2~p2 · ~S1~p1 · ~S2
(
29p2

1p
2
2 − 96(~p1 · ~p2)2 + 132~p1 · ~n~p2 · ~n~p1 · ~p2

−324p2
2(~p1 · ~n)2 + 780(~p1 · ~n)2(~p2 · ~n)2)− 24~S1 · ~n~p2 · ~S2

(
3~p1 · ~np2

1p
2
2

+2~p1 · ~n(~p1 · ~p2)2 − 20~p2 · ~n~p1 · ~p2(~p1 · ~n)2 − 10p2
2(~p1 · ~n)3 + 35(~p1 · ~n)3(~p2 · ~n)2)

+4~p1 · ~S1~p2 · ~S2
(
17p2

1p
2
2 − 22(~p1 · ~p2)2 − 90~p1 · ~n~p2 · ~n~p1 · ~p2 − 66p2

2(~p1 · ~n)2

+12p2
1(~p2 · ~n)2 + 345(~p1 · ~n)2(~p2 · ~n)2)+ 8~p2 · ~S1~p2 · ~S2

(
14p2

1~p1 · ~p2

+9~p1 · ~np2
1~p2 · ~n− 78~p1 · ~p2(~p1 · ~n)2 − 30~p2 · ~n(~p1 · ~n)3)− ~S1 · ~S2

(
226p2

1~p1 · ~p2p
2
2

−160(~p1 · ~p2)3 − 921~p1 · ~np2
1~p2 · ~np2

2 − 1464~p1 · ~p2p
2
2(~p1 · ~n)2

+672p2
1~p1 · ~p2(~p2 · ~n)2 − 180~p1 · ~n~p2 · ~n(~p1 · ~p2)2 + 1200~p2 · ~np2

2(~p1 · ~n)3

+1080~p1 · ~np2
1(~p2 · ~n)3 + 3120~p1 · ~p2(~p1 · ~n)2(~p2 · ~n)2 − 3430(~p1 · ~n)3(~p2 · ~n)3)]
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+ 3G
16m12m24r3

[
2~S1 · ~n~S2 · ~n

(
p2

1p
4
2 + 10p2

1p
2
2(~p2 · ~n)2

+5(~p1 · ~n)2p4
2 − 35p2

1(~p2 · ~n)4)− 2~p1 · ~S1~S2 · ~n
(
7~p2 · ~n~p1 · ~p2p

2
2 + 6~p1 · ~np4

2

+10~p1 · ~p2(~p2 · ~n)3 + 5~p1 · ~np2
2(~p2 · ~n)2 − 35~p1 · ~n(~p2 · ~n)4)

+~p2 · ~S1~S2 · ~n
(
5p2

1~p2 · ~np2
2 + 12~p1 · ~n~p1 · ~p2p

2
2 + 6~p2 · ~n(~p1 · ~p2)2

+25~p2 · ~np2
2(~p1 · ~n)2 + 25p2

1(~p2 · ~n)3

+20~p1 · ~n~p1 · ~p2(~p2 · ~n)2 − 35(~p1 · ~n)2(~p2 · ~n)3)− 2~S1 · ~n~p1 · ~S2
(
~p1 · ~np4

2

+10~p1 · ~np2
2(~p2 · ~n)2 − 35~p1 · ~n(~p2 · ~n)4)+ 2~p1 · ~S1~p1 · ~S2

(
p4

2

+15p2
2(~p2 · ~n)2 − 25(~p2 · ~n)4)− 10~p2 · ~S1~p1 · ~S2

(
~p1 · ~n~p2 · ~np2

2 + 2~p1 · ~n(~p2 · ~n)3)
+2~p1 · ~S1~p2 · ~S2

(
3~p1 · ~n~p2 · ~np2

2 + 2~p1 · ~p2(~p2 · ~n)2 + 5~p1 · ~n(~p2 · ~n)3)
−2~p2 · ~S1~p2 · ~S2

(
2~p1 · ~n~p2 · ~n~p1 · ~p2 + 3p2

2(~p1 · ~n)2 + 5(~p1 · ~n)2(~p2 · ~n)2)
−~S1 · ~S2

(
2p2

1p
4
2 − 2~p1 · ~n~p2 · ~n~p1 · ~p2p

2
2 + 6(~p2 · ~n)2(~p1 · ~p2)2 + 25p2

1p
2
2(~p2 · ~n)2

−6(~p1 · ~n)2p4
2 − 45p2

1(~p2 · ~n)4 + 15p2
2(~p1 · ~n)2(~p2 · ~n)2 + 35(~p1 · ~n)2(~p2 · ~n)4)]

− 21G
16m26r3

[
~p2 · ~S1~S2 · ~n~p2 · ~np4

2 − ~S1 · ~S2(~p2 · ~n)2p4
2

]
+ G2m2

8m14r4

[
75~S1 · ~n~S2 · ~np4

1 − 74~p1 · ~S1~S2 · ~n~p1 · ~np2
1 − 74~S1 · ~n~p1 · ~S2~p1 · ~np2

1

+56~p1 · ~S1~p1 · ~S2p
2
1 − ~S1 · ~S2

(
57p4

1 − 74p2
1(~p1 · ~n)2)]

− G2

32m13r4

[
~S1 · ~n~S2 · ~n

(
1924p2

1~p1 · ~p2 + 1318p4
1 − 2358~p1 · ~np2

1~p2 · ~n

−10305p2
1(~p1 · ~n)2 − 4086~p1 · ~p2(~p1 · ~n)2 + 796(~p1 · ~n)4)

−~p1 · ~S1~S2 · ~n
(
1218~p1 · ~np2

1 + 558p2
1~p2 · ~n+ 1554~p1 · ~n~p1 · ~p2 − 10501(~p1 · ~n)3

−2964~p2 · ~n(~p1 · ~n)2)− 3~p2 · ~S1~S2 · ~n
(
42~p1 · ~np2

1 − 1327(~p1 · ~n)3)
−~S1 · ~n~p1 · ~S2

(
1394~p1 · ~np2

1 + 754p2
1~p2 · ~n+ 452~p1 · ~n~p1 · ~p2 − 10149(~p1 · ~n)3

−7050~p2 · ~n(~p1 · ~n)2)+ ~p1 · ~S1~p1 · ~S2
(
559p2

1 − 220~p1 · ~p2 − 966~p1 · ~n~p2 · ~n
−6341(~p1 · ~n)2)+ ~p2 · ~S1~p1 · ~S2

(
755p2

1 − 5088(~p1 · ~n)2)
−470~S1 · ~n~p2 · ~S2~p1 · ~np2

1 + 322~p1 · ~S1~p2 · ~S2p
2
1 − ~S1 · ~S2

(
961p2

1~p1 · ~p2

+499p4
1 − 2274~p1 · ~np2

1~p2 · ~n− 7395p2
1(~p1 · ~n)2 − 5540~p1 · ~p2(~p1 · ~n)2

+10657(~p1 · ~n)4 + 6945~p2 · ~n(~p1 · ~n)3)]+ G2

96m12m2r4

[
6~S1 · ~n~S2 · ~n

(
631p2

1~p1 · ~p2

−4p2
1p

2
2 − 2646~p1 · ~np2

1~p2 · ~n− 3105~p1 · ~p2(~p1 · ~n)2 − 227p2
2(~p1 · ~n)2

−1092p2
1(~p2 · ~n)2 − 275~p2 · ~n(~p1 · ~n)3)+ 2~p1 · ~S1~S2 · ~n

(
549p2

1~p2 · ~n
+2748~p1 · ~n~p1 · ~p2 − 5333~p2 · ~n~p1 · ~p2 − 2539~p1 · ~np2

2 + 9396~p2 · ~n(~p1 · ~n)2

+3741~p1 · ~n(~p2 · ~n)2)− ~p2 · ~S1~S2 · ~n
(
16710~p1 · ~np2

1 − 8797p2
1~p2 · ~n

−7418~p1 · ~n~p1 · ~p2 − 39246(~p1 · ~n)3 − 20199~p2 · ~n(~p1 · ~n)2)
−6~S1 · ~n~p1 · ~S2

(
917p2

1~p2 · ~n+ 114~p1 · ~n~p1 · ~p2 − 4~p1 · ~np2
2 − 8592~p2 · ~n(~p1 · ~n)2

−1092~p1 · ~n(~p2 · ~n)2)+ 2~p1 · ~S1~p1 · ~S2
(
204~p1 · ~p2 − 455p2

2 − 7416~p1 · ~n~p2 · ~n
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+2739(~p2 · ~n)2)+ 3~p2 · ~S1~p1 · ~S2
(
1187p2

1 − 4010~p1 · ~n~p2 · ~n− 4437(~p1 · ~n)2)
+6~S1 · ~n~p2 · ~S2

(
185~p1 · ~np2

1 − 1191(~p1 · ~n)3)
−12~p1 · ~S1~p2 · ~S2

(
47p2

1 − 456~p1 · ~n~p2 · ~n− 345(~p1 · ~n)2)
−5705~p2 · ~S1~p2 · ~S2(~p1 · ~n)2 − ~S1 · ~S2

(
2667p2

1~p1 · ~p2

−910p2
1p

2
2 − 19110~p1 · ~np2

1~p2 · ~n− 3248~p1 · ~n~p2 · ~n~p1 · ~p2 − 6957~p1 · ~p2(~p1 · ~n)2

−6129p2
2(~p1 · ~n)2 + 2245p2

1(~p2 · ~n)2 + 54132~p2 · ~n(~p1 · ~n)3

+27681(~p1 · ~n)2(~p2 · ~n)2)]+ G2

96m1m22r4

[
~S1 · ~n~S2 · ~n

(
2399p2

1p
2
2

+1846(~p1 · ~p2)2 − 2424~p1 · ~n~p2 · ~n~p1 · ~p2 + 1014p2
2(~p1 · ~n)2

−9765p2
1(~p2 · ~n)2 − 3162(~p1 · ~n)2(~p2 · ~n)2)− ~p1 · ~S1~S2 · ~n

(
8416~p2 · ~n~p1 · ~p2

+8705~p1 · ~np2
2 − 12882~p2 · ~np2

2 − 22305~p1 · ~n(~p2 · ~n)2 + 120(~p2 · ~n)3)
+~p2 · ~S1~S2 · ~n

(
9508p2

1~p2 · ~n+ 18122~p1 · ~n~p1 · ~p2 − 12030~p2 · ~n~p1 · ~p2

+2091~p1 · ~np2
2 − 31668~p2 · ~n(~p1 · ~n)2 − 33147~p1 · ~n(~p2 · ~n)2)

+3~S1 · ~n~p1 · ~S2
(
666~p2 · ~n~p1 · ~p2 − 827~p1 · ~np2

2 − 3693~p1 · ~n(~p2 · ~n)2)
+~p1 · ~S1~p1 · ~S2

(
2333p2

2 − 2409(~p2 · ~n)2)
−2~p2 · ~S1~p1 · ~S2

(
1321~p1 · ~p2 − 346~p1 · ~n~p2 · ~n

)
−36~S1 · ~n~p2 · ~S2

(
59~p1 · ~n~p1 · ~p2 − 385~p2 · ~n(~p1 · ~n)2)

+2~p1 · ~S1~p2 · ~S2
(
458~p1 · ~p2 − 1628~p1 · ~n~p2 · ~n− 6597(~p2 · ~n)2)

+2~p2 · ~S1~p2 · ~S2
(
54p2

1 + 6597~p1 · ~n~p2 · ~n− 1633(~p1 · ~n)2)− ~S1 · ~S2
(
2211p2

1p
2
2

−794(~p1 · ~p2)2 + 390~p1 · ~n~p2 · ~n~p1 · ~p2 + 14973~p1 · ~n~p2 · ~np2
2 − 4089p2

2(~p1 · ~n)2

−257p2
1(~p2 · ~n)2 − 12030~p1 · ~p2(~p2 · ~n)2 − 10461(~p1 · ~n)2(~p2 · ~n)2

−33267~p1 · ~n(~p2 · ~n)3)]+ G2

32m23r4

[
1918~p1 · ~S1~S2 · ~n~p2 · ~np2

2

−~p2 · ~S1~S2 · ~n
(
3756~p2 · ~n~p1 · ~p2 + 576~p1 · ~np2

2 + 1630~p2 · ~np2
2 − 588~p1 · ~n(~p2 · ~n)2

−4337(~p2 · ~n)3)− 2088~p1 · ~S1~p2 · ~S2(~p2 · ~n)2 + 2088~p2 · ~S1~p2 · ~S2~p1 · ~n~p2 · ~n
−~S1 · ~S2

(
1342~p1 · ~n~p2 · ~np2

2 − 3756~p1 · ~p2(~p2 · ~n)2 − 1630p2
2(~p2 · ~n)2

+588~p1 · ~n(~p2 · ~n)3 + 4337(~p2 · ~n)4)]+ 7G2m1
4m24r4

[
~p2 · ~S1~S2 · ~n~p2 · ~np2

2

−~S1 · ~S2p
2
2(~p2 · ~n)2

]
−1393G3m1

2

20m22r5

[
~p2 · ~S1~S2 · ~n~p2 · ~n− ~S1 · ~S2(~p2 · ~n)2

]
+ G3m2

2

100m12r5

[
25~S1 · ~n~S2 · ~n

(
193p2

1 + 25(~p1 · ~n)2)− 4415~p1 · ~S1~S2 · ~n~p1 · ~n

−4325~S1 · ~n~p1 · ~S2~p1 · ~n− ~S1 · ~S2
(
6337p2

1 − 3820(~p1 · ~n)2)+ 5831~p1 · ~S1~p1 · ~S2
]

+ G3m2
960m1r5

[
5~S1 · ~n~S2 · ~n

(
(71716− 2115π2)p2

1 − (122788− 14805π2)(~p1 · ~n)2)
−2~p1 · ~S1~S2 · ~n

(
(9970 + 10575π2)~p1 · ~n+ 23128~p2 · ~n

)
+ 83284~p2 · ~S1~S2 · ~n~p1 · ~n
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−140640~S1 · ~n~p1 · ~S2~p1 · ~n− ~S1 · ~S2
(
(290140− 2115π2)p2

1 + 37028~p1 · ~n~p2 · ~n

−(423720− 31725π2)(~p1 · ~n)2)+ 10(18220 + 423π2)~p1 · ~S1~p1 · ~S2
]

− G3m1
2400m2r5

[
200~S1 · ~n~S2 · ~n

(
1987~p1 · ~p2 − 3652~p1 · ~n~p2 · ~n

)
−174160~p1 · ~S1~S2 · ~n~p2 · ~n+ 5~p2 · ~S1~S2 · ~n

(
27808~p1 · ~n

+(80650 + 10575π2)~p2 · ~n
)

+ 120000~S1 · ~n~p1 · ~S2~p2 · ~n
−254400~S1 · ~n~p2 · ~S2~p1 · ~n− ~S1 · ~S2

(
395416~p1 · ~p2 − 605760~p1 · ~n~p2 · ~n

+(403250 + 52875π2)(~p2 · ~n)2)+ 9104~p2 · ~S1~p1 · ~S2 + 199904~p1 · ~S1~p2 · ~S2
]

+ G3

4800r5

[
25~S1 · ~n~S2 · ~n

(
17744p2

1 − (78366− 2115π2)~p1 · ~p2

+(123654− 14805π2)~p1 · ~n~p2 · ~n− 58280(~p1 · ~n)2)+ 10~p1 · ~S1~S2 · ~n
(
50548~p1 · ~n

−(930− 10575π2)~p2 · ~n
)

+ 10~p2 · ~S1~S2 · ~n
(
(75405 + 10575π2)~p1 · ~n

−46622~p2 · ~n
)

+ 150~S1 · ~n~p1 · ~S2
(
484~p1 · ~n+ 1445~p2 · ~n

)
+653100~S1 · ~n~p2 · ~S2~p1 · ~n− ~S1 · ~S2

(
442456p2

1 − (1557600− 10575π2)~p1 · ~p2

+(2795100− 52875π2)~p1 · ~n~p2 · ~n− 638160(~p1 · ~n)2 − 466220(~p2 · ~n)2)
+96928~p1 · ~S1~p1 · ~S2 − 75(5536 + 141π2)~p2 · ~S1~p1 · ~S2

−75(7804 + 141π2)~p1 · ~S1~p2 · ~S2
]

−G
4m1

3

100r6

[
7531~S1 · ~n~S2 · ~n− 4537~S1 · ~S2

]
−G

4m1
2m2

600r6

[
3(143047− 6075π2)~S1 · ~n~S2 · ~n− (183307− 6075π2)~S1 · ~S2

]
, (B.2)

HN3LO
S2

1
= 3G

8m12m24r3

[
4~S1 · ~n~p1 · ~S1

(
2~p2 · ~np4

2 − 5p2
2(~p2 · ~n)3)+ ~S1 · ~n~p2 · ~S1

(
~p1 · ~np4

2

+10~p1 · ~np2
2(~p2 · ~n)2 − 35~p1 · ~n(~p2 · ~n)4)+ ~p1 · ~S1~p2 · ~S1

(
5p4

2 − 38p2
2(~p2 · ~n)2

+45(~p2 · ~n)4)− S2
1
(
5~p1 · ~p2p

4
2 − 38~p1 · ~p2p

2
2(~p2 · ~n)2 + 8~p1 · ~n~p2 · ~np4

2

+45~p1 · ~p2(~p2 · ~n)4 − 20~p1 · ~np2
2(~p2 · ~n)3)− (~p1 · ~p2p

4
2

+10~p1 · ~p2p
2
2(~p2 · ~n)2 − 35~p1 · ~p2(~p2 · ~n)4)(~S1 · ~n)2

]
+ 3Gm2

128m17r3

[
38~S1 · ~n~p1 · ~S1~p1 · ~np4

1 + 3S2
1
(
10p6

1 − 19(~p1 · ~n)2p4
1
)
− 33p6

1(~S1 · ~n)2

−2
(
15p4

1 − 26p2
1(~p1 · ~n)2)(~p1 · ~S1)2

]
− G

32m16r3

[
12~S1 · ~n~p1 · ~S1

(
~p1 · ~np2

1~p1 · ~p2

+3~p2 · ~np4
1 − 10p2

1~p2 · ~n(~p1 · ~n)2)− 108~S1 · ~n~p2 · ~S1~p1 · ~np4
1 + 12~p1 · ~S1~p2 · ~S1

(
p4

1

+5p2
1(~p1 · ~n)2)+ S2

1
(
59~p1 · ~p2p

4
1 − 264p2

1~p1 · ~p2(~p1 · ~n)2 − 189~p1 · ~n~p2 · ~np4
1

+360p2
1~p2 · ~n(~p1 · ~n)3)+ 60~p1 · ~p2p

4
1(~S1 · ~n)2 −

(
71p2

1~p1 · ~p2 − 153~p1 · ~np2
1~p2 · ~n

−240~p1 · ~p2(~p1 · ~n)2 + 240~p2 · ~n(~p1 · ~n)3)(~p1 · ~S1)2
]

+ G

32m14m22r3

[
3~S1 · ~n~p1 · ~S1

(
p2

1~p2 · ~np2
2 − 12~p1 · ~n~p1 · ~p2p

2
2
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+4~p2 · ~n(~p1 · ~p2)2 − 70~p2 · ~np2
2(~p1 · ~n)2 − 5p2

1(~p2 · ~n)3 + 20~p1 · ~n~p1 · ~p2(~p2 · ~n)2

+210(~p1 · ~n)2(~p2 · ~n)3)− 12~S1 · ~n~p2 · ~S1
(
4~p1 · ~np2

1p
2
2 − 25~p1 · ~np2

1(~p2 · ~n)2)
+3~p1 · ~S1~p2 · ~S1

(
17p2

1p
2
2 + 52(~p1 · ~p2)2 − 280~p1 · ~n~p2 · ~n~p1 · ~p2 − 42p2

2(~p1 · ~n)2

−49p2
1(~p2 · ~n)2 + 190(~p1 · ~n)2(~p2 · ~n)2)− S2

1
(
295p2

1~p1 · ~p2p
2
2

+156(~p1 · ~p2)3 − 513~p1 · ~np2
1~p2 · ~np2

2 − 144~p1 · ~p2p
2
2(~p1 · ~n)2

−939p2
1~p1 · ~p2(~p2 · ~n)2 − 828~p1 · ~n~p2 · ~n(~p1 · ~p2)2 − 240~p2 · ~np2

2(~p1 · ~n)3

+945~p1 · ~np2
1(~p2 · ~n)3 + 630~p1 · ~p2(~p1 · ~n)2(~p2 · ~n)2 + 630(~p1 · ~n)3(~p2 · ~n)3)

+6
(
11p2

1~p1 · ~p2p
2
2 − 5~p1 · ~np2

1~p2 · ~np2
2 − 50p2

1~p1 · ~p2(~p2 · ~n)2)(~S1 · ~n)2

+4
(
61~p1 · ~p2p

2
2 − 129~p1 · ~n~p2 · ~np2

2 − 198~p1 · ~p2(~p2 · ~n)2

+240~p1 · ~n(~p2 · ~n)3)(~p1 · ~S1)2
]

+ G

64m15m2r3

[
6~S1 · ~n~p1 · ~S1

(
12p2

1~p2 · ~n~p1 · ~p2

+15~p1 · ~np2
1p

2
2 + 14~p1 · ~n(~p1 · ~p2)2 − 30~p2 · ~n~p1 · ~p2(~p1 · ~n)2 + 15p2

2(~p1 · ~n)3

−20~p1 · ~np2
1(~p2 · ~n)2 − 105(~p1 · ~n)3(~p2 · ~n)2)− 12~S1 · ~n~p2 · ~S1

(
14~p1 · ~np2

1~p1 · ~p2

+~p2 · ~np4
1 + 5p2

1~p2 · ~n(~p1 · ~n)2)− 4~p1 · ~S1~p2 · ~S1
(
8p2

1~p1 · ~p2 − 42~p1 · ~np2
1~p2 · ~n

−117~p1 · ~p2(~p1 · ~n)2 + 135~p2 · ~n(~p1 · ~n)3)+ S2
1
(
426p2

1(~p1 · ~p2)2

+104p2
2p

4
1 − 2076~p1 · ~np2

1~p2 · ~n~p1 · ~p2 − 333p2
1p

2
2(~p1 · ~n)2 − 492(~p1 · ~n)2(~p1 · ~p2)2

−318(~p2 · ~n)2p4
1 + 600~p2 · ~n~p1 · ~p2(~p1 · ~n)3 − 75p2

2(~p1 · ~n)4

+1635p2
1(~p1 · ~n)2(~p2 · ~n)2 + 525(~p1 · ~n)4(~p2 · ~n)2)+ 3

(
18p2

1(~p1 · ~p2)2 + 15p2
2p

4
1

+60~p1 · ~np2
1~p2 · ~n~p1 · ~p2 − 5p2

1p
2
2(~p1 · ~n)2 − 55(~p2 · ~n)2p4

1

+35p2
1(~p1 · ~n)2(~p2 · ~n)2)(~S1 · ~n)2 − 2

(
52p2

1p
2
2

+202(~p1 · ~p2)2 − 924~p1 · ~n~p2 · ~n~p1 · ~p2 − 99p2
2(~p1 · ~n)2 − 159p2

1(~p2 · ~n)2

+675(~p1 · ~n)2(~p2 · ~n)2)(~p1 · ~S1)2 + 2
(
5p4

1 + 27p2
1(~p1 · ~n)2)(~p2 · ~S1)2

]
− G

64m13m23r3

[
6~S1 · ~n~p1 · ~S1

(
48~p2 · ~n~p1 · ~p2p

2
2 + 13~p1 · ~np4

2 − 40~p1 · ~p2(~p2 · ~n)3

−100~p1 · ~np2
2(~p2 · ~n)2)+ 960~S1 · ~n~p2 · ~S1~p1 · ~n~p1 · ~p2(~p2 · ~n)2

+48~p1 · ~S1~p2 · ~S1
(
9~p1 · ~p2p

2
2 − 24~p1 · ~n~p2 · ~np2

2 − 32~p1 · ~p2(~p2 · ~n)2

+45~p1 · ~n(~p2 · ~n)3)− S2
1
(
432p2

2(~p1 · ~p2)2 + 118p2
1p

4
2 − 864~p1 · ~n~p2 · ~n~p1 · ~p2p

2
2

−1536(~p2 · ~n)2(~p1 · ~p2)2 − 888p2
1p

2
2(~p2 · ~n)2 + 93(~p1 · ~n)2p4

2 + 960p2
1(~p2 · ~n)4

+1920~p1 · ~n~p1 · ~p2(~p2 · ~n)3 − 1080p2
2(~p1 · ~n)2(~p2 · ~n)2 + 840(~p1 · ~n)2(~p2 · ~n)4)

+15
(
p2

1p
4
2 − 32(~p2 · ~n)2(~p1 · ~p2)2 − 32p2

1p
2
2(~p2 · ~n)2 + 56p2

1(~p2 · ~n)4)(~S1 · ~n)2

+2
(
59p4

2 − 444p2
2(~p2 · ~n)2 + 480(~p2 · ~n)4)(~p1 · ~S1)2

−480(~p1 · ~n)2(~p2 · ~n)2(~p2 · ~S1)2
]

+ G2m2
2

16m15r4

[
3~S1 · ~n~p1 · ~S1

(
79~p1 · ~np2

1 − 16(~p1 · ~n)3)+ 4S2
1
(
31p4

1 − 59p2
1(~p1 · ~n)2

+6(~p1 · ~n)4)− (167p4
1 − 24p2

1(~p1 · ~n)2)(~S1 · ~n)2

−
(
121p2

1 − 163(~p1 · ~n)2)(~p1 · ~S1)2
]

+ G2m2
32m14r4

[
~S1 · ~n~p1 · ~S1

(
79~p1 · ~np2

1
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−574p2
1~p2 · ~n+ 452~p1 · ~n~p1 · ~p2 − 7288(~p1 · ~n)3 + 258~p2 · ~n(~p1 · ~n)2)

+731~S1 · ~n~p2 · ~S1~p1 · ~np2
1 + 2~p1 · ~S1~p2 · ~S1

(
217p2

1 − 851(~p1 · ~n)2)
+S2

1
(
26p2

1~p1 · ~p2 + 119p4
1 + 148~p1 · ~np2

1~p2 · ~n− 1260p2
1(~p1 · ~n)2

+1012~p1 · ~p2(~p1 · ~n)2 + 1144(~p1 · ~n)4 − 480~p2 · ~n(~p1 · ~n)3)− (552p2
1~p1 · ~p2

+631p4
1 − 129~p1 · ~np2

1~p2 · ~n− 3888p2
1(~p1 · ~n)2 − 1120(~p1 · ~n)4)(~S1 · ~n)2 −

(
199p2

1

+460~p1 · ~p2 − 578~p1 · ~n~p2 · ~n− 2900(~p1 · ~n)2)(~p1 · ~S1)2
]

+ G2

32m13r4

[
2~S1 · ~n~p1 · ~S1

(
303p2

1~p2 · ~n+ 362~p1 · ~n~p1 · ~p2 + 420~p2 · ~n~p1 · ~p2

−310~p1 · ~np2
2 + 5820~p2 · ~n(~p1 · ~n)2 + 1392~p1 · ~n(~p2 · ~n)2)

+2~S1 · ~n~p2 · ~S1
(
750~p1 · ~np2

1 + 23p2
1~p2 · ~n− 1231~p1 · ~n~p1 · ~p2 + 3208(~p1 · ~n)3

−54~p2 · ~n(~p1 · ~n)2)+ 2~p1 · ~S1~p2 · ~S1
(
29p2

1 + 302~p1 · ~p2 + 262~p1 · ~n~p2 · ~n
−2738(~p1 · ~n)2)+ S2

1
(
792p2

1~p1 · ~p2 − 48p2
1p

2
2 − 525(~p1 · ~p2)2 + 30~p1 · ~np2

1~p2 · ~n
+66~p1 · ~n~p2 · ~n~p1 · ~p2 + 1684~p1 · ~p2(~p1 · ~n)2 − 932p2

2(~p1 · ~n)2

+1028p2
1(~p2 · ~n)2 − 2792~p2 · ~n(~p1 · ~n)3 + 588(~p1 · ~n)2(~p2 · ~n)2)+

(
56p2

1~p1 · ~p2

+634p2
1p

2
2 + 824(~p1 · ~p2)2 − 5208~p1 · ~np2

1~p2 · ~n− 1008~p1 · ~n~p2 · ~n~p1 · ~p2

−4752~p1 · ~p2(~p1 · ~n)2 + 264p2
2(~p1 · ~n)2 − 2037p2

1(~p2 · ~n)2 − 3776~p2 · ~n(~p1 · ~n)3

−540(~p1 · ~n)2(~p2 · ~n)2)(~S1 · ~n)2 −
(
714~p1 · ~p2 − 295p2

2 + 1140~p1 · ~n~p2 · ~n

+1347(~p2 · ~n)2)(~p1 · ~S1)2 − 2
(
187p2

1 − 752(~p1 · ~n)2)(~p2 · ~S1)2
]

− G2

96m12m2r4

[
2~S1 · ~n~p1 · ~S1

(
2426~p2 · ~n~p1 · ~p2 − 872~p1 · ~np2

2 + 777~p2 · ~np2
2

+12~p1 · ~n(~p2 · ~n)2 + 1107(~p2 · ~n)3)+ 2~S1 · ~n~p2 · ~S1
(
1366p2

1~p2 · ~n
+5504~p1 · ~n~p1 · ~p2 − 597~p2 · ~n~p1 · ~p2 − 1707~p1 · ~np2

2 + 11928~p2 · ~n(~p1 · ~n)2

+4914~p1 · ~n(~p2 · ~n)2)− ~p1 · ~S1~p2 · ~S1
(
5062~p1 · ~p2 − 861p2

2 + 4028~p1 · ~n~p2 · ~n
+3213(~p2 · ~n)2)+ S2

1
(
550p2

1p
2
2 − 213~p1 · ~p2p

2
2

+4331(~p1 · ~p2)2 − 5908~p1 · ~n~p2 · ~n~p1 · ~p2 − 1866~p1 · ~n~p2 · ~np2
2 + 3914p2

2(~p1 · ~n)2

−5200p2
1(~p2 · ~n)2 + 5049~p1 · ~p2(~p2 · ~n)2 − 804(~p1 · ~n)2(~p2 · ~n)2

−2790~p1 · ~n(~p2 · ~n)3)− 2
(
629p2

1p
2
2 − 441~p1 · ~p2p

2
2 + 568(~p1 · ~p2)2

+10608~p1 · ~n~p2 · ~n~p1 · ~p2 + 792~p1 · ~n~p2 · ~np2
2 + 654p2

2(~p1 · ~n)2 − 1182p2
1(~p2 · ~n)2

+4176~p1 · ~p2(~p2 · ~n)2 + 2544(~p1 · ~n)2(~p2 · ~n)2 + 36~p1 · ~n(~p2 · ~n)3)(~S1 · ~n)2

−2
(
413p2

2 − 2888(~p2 · ~n)2)(~p1 · ~S1)2 +
(
1043p2

1 − 816~p1 · ~p2 + 3126~p1 · ~n~p2 · ~n

−9560(~p1 · ~n)2)(~p2 · ~S1)2
]
− G2

8m1m22r4

[
24~S1 · ~n~p1 · ~S1

(
4~p2 · ~np2

2 + 19(~p2 · ~n)3)
−2~S1 · ~n~p2 · ~S1

(
314~p2 · ~n~p1 · ~p2 + 73~p1 · ~np2

2 − 34~p2 · ~np2
2 − 183~p1 · ~n(~p2 · ~n)2

+15(~p2 · ~n)3)+ 6~p1 · ~S1~p2 · ~S1
(
26p2

2 − 123(~p2 · ~n)2)− S2
1
(
180~p1 · ~p2p

2
2 + 26p4

2

+56~p1 · ~n~p2 · ~np2
2 − 818~p1 · ~p2(~p2 · ~n)2 − 8p2

2(~p2 · ~n)2 + 504~p1 · ~n(~p2 · ~n)3

−105(~p2 · ~n)4)+
(
54~p1 · ~p2p

2
2 + 22p4

2 + 84~p1 · ~n~p2 · ~np2
2 + 42~p1 · ~p2(~p2 · ~n)2

– 41 –



J
H
E
P
0
3
(
2
0
2
3
)
0
9
8

+39p2
2(~p2 · ~n)2 − 96~p1 · ~n(~p2 · ~n)3 − 81(~p2 · ~n)4)(~S1 · ~n)2 + 7

(
4~p1 · ~p2 + 4p2

2

+56~p1 · ~n~p2 · ~n− 19(~p2 · ~n)2)(~p2 · ~S1)2
]
− G2

8m23r4

[
36~S1 · ~n~p2 · ~S1~p2 · ~np2

2

+S2
1
(
13p4

2 − 21p2
2(~p2 · ~n)2)− 3

(
4p4

2 + 3p2
2(~p2 · ~n)2)(~S1 · ~n)2 − 12p2

2(~p2 · ~S1)2
]

+ G3m2
3

16m13r5

[
1458~S1 · ~n~p1 · ~S1~p1 · ~n+ S2

1
(
441p2

1 − 457(~p1 · ~n)2)− 16
(
55p2

1

+8(~p1 · ~n)2)(~S1 · ~n)2 − 434(~p1 · ~S1)2
]

+ G3m2
2

2048m12r5

[
12~S1 · ~n~p1 · ~S1

(
(42112− 105π2)~p1 · ~n+ 960~p2 · ~n

)
−231040~S1 · ~n~p2 · ~S1~p1 · ~n+ S2

1
(
(92032 + 63π2)p2

1 − 60032~p1 · ~p2

+260480~p1 · ~n~p2 · ~n− (17216 + 315π2)(~p1 · ~n)2)+ 59904~p1 · ~S1~p2 · ~S1

−
(
(167872 + 315π2)p2

1 − 87424~p1 · ~p2 + 128256~p1 · ~n~p2 · ~n

+(400512− 2205π2)(~p1 · ~n)2)(~S1 · ~n)2 − 42(2816− 3π2)(~p1 · ~S1)2
]

− G3m1
4900m2r5

[
402760~S1 · ~n~p2 · ~S1~p2 · ~n+ 187S2

1
(
402p2

2 − 85(~p2 · ~n)2)
−25

(
1774p2

2 + 16247(~p2 · ~n)2)(~S1 · ~n)2 − 88632(~p2 · ~S1)2
]

+ G3m2
3763200m1r5

[
10~S1 · ~n~p1 · ~S1

(
51835232~p1 · ~n− (6554240 + 2414475π2)~p2 · ~n

)
−2450~S1 · ~n~p2 · ~S1

(
(287584 + 9855π2)~p1 · ~n+ 134688~p2 · ~n

)
+ S2

1
(
95727488p2

1

−(152723200− 2414475π2)~p1 · ~p2 − 129595200p2
2

+(694467200− 12072375π2)~p1 · ~n~p2 · ~n+ 144188960(~p1 · ~n)2

−128184000(~p2 · ~n)2)+ 2450(53600 + 1971π2)~p1 · ~S1~p2 · ~S1 − 25
(
7852000p2

1

−(9715328− 482895π2)~p1 · ~p2 − 9384480p2
2 + (6234368− 3380265π2)~p1 · ~n~p2 · ~n

+18470144(~p1 · ~n)2 − 9215136(~p2 · ~n)2)(~S1 · ~n)2 − 180953984(~p1 · ~S1)2

+122774400(~p2 · ~S1)2
]
− G3

2508800r5

[
85204480~S1 · ~n~p1 · ~S1~p2 · ~n

+20~S1 · ~n~p2 · ~S1
(
12050944~p1 · ~n+ (29282400− 1686825π2)~p2 · ~n

)
+S2

1
(
106223104~p1 · ~p2 + (197097600 + 1686825π2)p2

2 − 69048320~p1 · ~n~p2 · ~n
+(95491200− 8434125π2)(~p2 · ~n)2)− 152297472~p1 · ~S1~p2 · ~S1

−25
(
7097856~p1 · ~p2 + (9916032 + 337365π2)p2

2 − 412160~p1 · ~n~p2 · ~n

+(19769344− 2361555π2)(~p2 · ~n)2)(~S1 · ~n)2 − 2450(98560− 1377π2)(~p2 · ~S1)2
]

+9G4m2
4

m1r6

[
S2

1 − (~S1 · ~n)2
]

+ G4m2
3

4r6

[
97S2

1 − 217(~S1 · ~n)2
]

+ G4m1
2m2

2450r6

[
26037S2

1

−28166(~S1 · ~n)2
]

+ G4m1m2
2

78400r6

[
(1895204 + 55125π2)S2

1

−(3486212 + 165375π2)(~S1 · ~n)2
]
, (B.3)
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HN3LO
C1ES2 = − G

4m12m24r3

[
6~S1 · ~n~p1 · ~S1~p2 · ~np4

2 + 6~S1 · ~n~p2 · ~S1~p1 · ~np4
2 − 2~p1 · ~S1~p2 · ~S1p

4
2

+S2
1
(
~p1 · ~p2p

4
2 − 3~p1 · ~n~p2 · ~np4

2
)

+ 3
(
~p1 · ~p2p

4
2 − 5~p1 · ~n~p2 · ~np4

2
)
(~S1 · ~n)2

]
− 7G

32m1m25r3

[
S2

1p
6
2 − 3p6

2(~S1 · ~n)2
]
− G

16m16r3

[
3~S1 · ~n~p1 · ~S1

(
26~p1 · ~np2

1~p1 · ~p2

+9~p2 · ~np4
1 − 5p2

1~p2 · ~n(~p1 · ~n)2)+ 24~S1 · ~n~p2 · ~S1~p1 · ~np4
1 − 3~p1 · ~S1~p2 · ~S1

(
3p4

1

−p2
1(~p1 · ~n)2)+ 12S2

1
(
3~p1 · ~p2p

4
1 − 8p2

1~p1 · ~p2(~p1 · ~n)2 − ~p1 · ~n~p2 · ~np4
1
)

+12
(
~p1 · ~p2p

4
1 − 5~p1 · ~n~p2 · ~np4

1
)
(~S1 · ~n)2 −

(
31p2

1~p1 · ~p2 + 3~p1 · ~np2
1~p2 · ~n

−15~p1 · ~p2(~p1 · ~n)2 − 15~p2 · ~n(~p1 · ~n)3)(~p1 · ~S1)2
]

+ Gm2
32m17r3

[
54~S1 · ~n~p1 · ~S1~p1 · ~np4

1 + S2
1
(
11p6

1 − 54(~p1 · ~n)2p4
1
)

+ 21p6
1(~S1 · ~n)2

−18p4
1(~p1 · ~S1)2

]
+ G

32m15m2r3

[
6~S1 · ~n~p1 · ~S1

(
30p2

1~p2 · ~n~p1 · ~p2 + 6~p1 · ~np2
1p

2
2

+10~p1 · ~n(~p1 · ~p2)2 − 50~p2 · ~n~p1 · ~p2(~p1 · ~n)2 + 5p2
2(~p1 · ~n)3

+5~p1 · ~np2
1(~p2 · ~n)2 − 35(~p1 · ~n)3(~p2 · ~n)2)+ 12~S1 · ~n~p2 · ~S1

(
10~p1 · ~np2

1~p1 · ~p2

+~p2 · ~np4
1 − 5p2

1~p2 · ~n(~p1 · ~n)2)− 12~p1 · ~S1~p2 · ~S1
(
5p2

1~p1 · ~p2 + ~p1 · ~np2
1~p2 · ~n

−5~p1 · ~p2(~p1 · ~n)2 − 5~p2 · ~n(~p1 · ~n)3)+ S2
1
(
78p2

1(~p1 · ~p2)2

+16p2
2p

4
1 − 228~p1 · ~np2

1~p2 · ~n~p1 · ~p2 − 33p2
1p

2
2(~p1 · ~n)2 − 120(~p1 · ~n)2(~p1 · ~p2)2

+9(~p2 · ~n)2p4
1 + 240~p2 · ~n~p1 · ~p2(~p1 · ~n)3 − 30p2

2(~p1 · ~n)4 − 135p2
1(~p1 · ~n)2(~p2 · ~n)2

+210(~p1 · ~n)4(~p2 · ~n)2)+ 3
(
2p2

1(~p1 · ~p2)2 + 2p2
2p

4
1 − 100~p1 · ~np2

1~p2 · ~n~p1 · ~p2

−5p2
1p

2
2(~p1 · ~n)2 − 5(~p2 · ~n)2p4

1 + 35p2
1(~p1 · ~n)2(~p2 · ~n)2)(~S1 · ~n)2 − 2

(
8p2

1p
2
2

+10(~p1 · ~p2)2 − 60~p1 · ~n~p2 · ~n~p1 · ~p2

+6p2
1(~p2 · ~n)2 − 45(~p1 · ~n)2(~p2 · ~n)2)(~p1 · ~S1)2 − 2

(
p4

1 − 3p2
1(~p1 · ~n)2)(~p2 · ~S1)2

]
+ G

32m13m23r3

[
6~S1 · ~n~p1 · ~S1

(
20~p2 · ~n~p1 · ~p2p

2
2 + 7~p1 · ~np4

2 − 10~p1 · ~np2
2(~p2 · ~n)2)

+12~S1 · ~n~p2 · ~S1
(
p2

1~p2 · ~np2
2 + 10~p1 · ~n~p1 · ~p2p

2
2 − 5~p2 · ~np2

2(~p1 · ~n)2)
−8~p1 · ~S1~p2 · ~S1

(
5~p1 · ~p2p

2
2 − 3~p1 · ~n~p2 · ~np2

2
)

+ S2
1
(
38p2

2(~p1 · ~p2)2

+12p2
1p

4
2 − 84~p1 · ~n~p2 · ~n~p1 · ~p2p

2
2 − 9p2

1p
2
2(~p2 · ~n)2 − 39(~p1 · ~n)2p4

2

+45p2
2(~p1 · ~n)2(~p2 · ~n)2)+ 3

(
2p2

2(~p1 · ~p2)2 + 2p2
1p

4
2 − 100~p1 · ~n~p2 · ~n~p1 · ~p2p

2
2

−5p2
1p

2
2(~p2 · ~n)2 − 5(~p1 · ~n)2p4

2 + 35p2
2(~p1 · ~n)2(~p2 · ~n)2)(~S1 · ~n)2 − 6

(
2p4

2

−p2
2(~p2 · ~n)2)(~p1 · ~S1)2 − 2

(
p2

1p
2
2 − 3p2

2(~p1 · ~n)2)(~p2 · ~S1)2
]

− G

32m14m22r3

[
6~S1 · ~n~p1 · ~S1

(
9p2

1~p2 · ~np2
2 + 18~p1 · ~n~p1 · ~p2p

2
2

+10~p2 · ~n(~p1 · ~p2)2 − 5~p2 · ~np2
2(~p1 · ~n)2 + 5p2

1(~p2 · ~n)3

−50~p1 · ~n~p1 · ~p2(~p2 · ~n)2 − 35(~p1 · ~n)2(~p2 · ~n)3)+ 30~S1 · ~n~p2 · ~S1
(
2p2

1~p2 · ~n~p1 · ~p2

+~p1 · ~np2
1p

2
2 + 2~p1 · ~n(~p1 · ~p2)2 − 10~p2 · ~n~p1 · ~p2(~p1 · ~n)2 + p2

2(~p1 · ~n)3

+3~p1 · ~np2
1(~p2 · ~n)2 − 7(~p1 · ~n)3(~p2 · ~n)2)− 2~p1 · ~S1~p2 · ~S1

(
9p2

1p
2
2
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+10(~p1 · ~p2)2 − 60~p1 · ~n~p2 · ~n~p1 · ~p2 − 3p2
2(~p1 · ~n)2

+9p2
1(~p2 · ~n)2 − 45(~p1 · ~n)2(~p2 · ~n)2)+ S2

1
(
41p2

1~p1 · ~p2p
2
2

+22(~p1 · ~p2)3 − 51~p1 · ~np2
1~p2 · ~np2

2 − 99~p1 · ~p2p
2
2(~p1 · ~n)2 − 27p2

1~p1 · ~p2(~p2 · ~n)2

−150~p1 · ~n~p2 · ~n(~p1 · ~p2)2 + 45~p2 · ~np2
2(~p1 · ~n)3 − 75~p1 · ~np2

1(~p2 · ~n)3

+135~p1 · ~p2(~p1 · ~n)2(~p2 · ~n)2 + 175(~p1 · ~n)3(~p2 · ~n)3)+ 3
(
13p2

1~p1 · ~p2p
2
2

−2(~p1 · ~p2)3 − 25~p1 · ~np2
1~p2 · ~np2

2 − 25~p1 · ~p2p
2
2(~p1 · ~n)2 − 25p2

1~p1 · ~p2(~p2 · ~n)2

−50~p1 · ~n~p2 · ~n(~p1 · ~p2)2 − 35~p2 · ~np2
2(~p1 · ~n)3 − 35~p1 · ~np2

1(~p2 · ~n)3

+175~p1 · ~p2(~p1 · ~n)2(~p2 · ~n)2 + 105(~p1 · ~n)3(~p2 · ~n)3)(~S1 · ~n)2

−2
(
13~p1 · ~p2p

2
2 − 15~p1 · ~n~p2 · ~np2

2

−15~p1 · ~p2(~p2 · ~n)2 − 15~p1 · ~n(~p2 · ~n)3)(~p1 · ~S1)2 − 2
(
5p2

1~p1 · ~p2 + 9~p1 · ~np2
1~p2 · ~n

−15~p1 · ~p2(~p1 · ~n)2 − 15~p2 · ~n(~p1 · ~n)3)(~p2 · ~S1)2
]

+G2m2
2

8m15r4

[
2~S1 · ~n~p1 · ~S1

(
97~p1 · ~np2

1 − 24(~p1 · ~n)3)+ 2S2
1
(
13p4

1 − 104p2
1(~p1 · ~n)2

+24(~p1 · ~n)4)+
(
67p4

1 − 24p2
1(~p1 · ~n)2)(~S1 · ~n)2

−2
(
31p2

1 − 33(~p1 · ~n)2)(~p1 · ~S1)2
]
− G2m2

16m14r4

[
2~S1 · ~n~p1 · ~S1

(
640~p1 · ~np2

1

+138p2
1~p2 · ~n+ 429~p1 · ~n~p1 · ~p2 − 299(~p1 · ~n)3)

+~S1 · ~n~p2 · ~S1
(
189~p1 · ~np2

1 − 128(~p1 · ~n)3)− 2~p1 · ~S1~p2 · ~S1
(
2p2

1 + 53(~p1 · ~n)2)
+S2

1
(
208p2

1~p1 · ~p2 − 109p4
1 + 144~p1 · ~np2

1~p2 · ~n+ 293p2
1(~p1 · ~n)2

−488~p1 · ~p2(~p1 · ~n)2 + 178(~p1 · ~n)4 − 496~p2 · ~n(~p1 · ~n)3)+
(
272p2

1~p1 · ~p2

+342p4
1 − 1221~p1 · ~np2

1~p2 · ~n− 2136p2
1(~p1 · ~n)2 − 384~p1 · ~p2(~p1 · ~n)2

+592(~p1 · ~n)4 + 512~p2 · ~n(~p1 · ~n)3)(~S1 · ~n)2 −
(
135p2

1

+324~p1 · ~p2 − 308~p1 · ~n~p2 · ~n− 161(~p1 · ~n)2)(~p1 · ~S1)2
]

+ G2

16m13r4

[
~S1 · ~n~p1 · ~S1

(
556p2

1~p2 · ~n+ 742~p1 · ~n~p1 · ~p2 − 498~p2 · ~n~p1 · ~p2

+723~p1 · ~np2
2 − 930~p2 · ~n(~p1 · ~n)2 + 1287~p1 · ~n(~p2 · ~n)2)

+2~S1 · ~n~p2 · ~S1
(
246~p1 · ~np2

1 − 221p2
1~p2 · ~n− 374~p1 · ~n~p1 · ~p2 − 144(~p1 · ~n)3

+2373~p2 · ~n(~p1 · ~n)2)− 3~p1 · ~S1~p2 · ~S1
(
43p2

1 − 38~p1 · ~p2 + 386~p1 · ~n~p2 · ~n
−57(~p1 · ~n)2)− S2

1
(
357p2

1~p1 · ~p2 − 51p2
1p

2
2 − 64(~p1 · ~p2)2 − 128~p1 · ~np2

1~p2 · ~n
−2368~p1 · ~n~p2 · ~n~p1 · ~p2 − 465~p1 · ~p2(~p1 · ~n)2 − 304p2

2(~p1 · ~n)2

−612p2
1(~p2 · ~n)2 − 486~p2 · ~n(~p1 · ~n)3 + 4848(~p1 · ~n)2(~p2 · ~n)2)+

(
766p2

1~p1 · ~p2

−15p2
1p

2
2 − 302(~p1 · ~p2)2 − 1476~p1 · ~np2

1~p2 · ~n− 252~p1 · ~n~p2 · ~n~p1 · ~p2

−1548~p1 · ~p2(~p1 · ~n)2 − 147p2
2(~p1 · ~n)2 − 411p2

1(~p2 · ~n)2 + 1056~p2 · ~n(~p1 · ~n)3

−1521(~p1 · ~n)2(~p2 · ~n)2)(~S1 · ~n)2 −
(
22~p1 · ~p2 + 245p2

2 − 188~p1 · ~n~p2 · ~n

−81(~p2 · ~n)2)(~p1 · ~S1)2 +
(
199p2

1 − 928(~p1 · ~n)2)(~p2 · ~S1)2
]
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H
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P
0
3
(
2
0
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)
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9
8

− G2

16m12m2r4

[
2~S1 · ~n~p1 · ~S1

(
58~p2 · ~n~p1 · ~p2 − 128~p1 · ~np2

2

−287~p2 · ~np2
2 − 102~p1 · ~n(~p2 · ~n)2 + 633(~p2 · ~n)3)+ ~S1 · ~n~p2 · ~S1

(
20p2

1~p2 · ~n
+60~p1 · ~n~p1 · ~p2 − 3200~p2 · ~n~p1 · ~p2 − 527~p1 · ~np2

2 − 168~p2 · ~n(~p1 · ~n)2

+7713~p1 · ~n(~p2 · ~n)2)− 2~p1 · ~S1~p2 · ~S1
(
2~p1 · ~p2 + 23p2

2 − 54~p1 · ~n~p2 · ~n
+465(~p2 · ~n)2)− S2

1
(
79p2

1p
2
2 + 203~p1 · ~p2p

2
2

+194(~p1 · ~p2)2 − 248~p1 · ~n~p2 · ~n~p1 · ~p2 − 2196~p1 · ~n~p2 · ~np2
2 − 134p2

2(~p1 · ~n)2

+4p2
1(~p2 · ~n)2 − 2579~p1 · ~p2(~p2 · ~n)2 − 204(~p1 · ~n)2(~p2 · ~n)2 + 6294~p1 · ~n(~p2 · ~n)3)

+
(
60p2

1p
2
2 − 831~p1 · ~p2p

2
2 + 242(~p1 · ~p2)2 − 132~p1 · ~n~p2 · ~n~p1 · ~p2

+1599~p1 · ~n~p2 · ~np2
2 + 228p2

2(~p1 · ~n)2 − 42p2
1(~p2 · ~n)2 + 1929~p1 · ~p2(~p2 · ~n)2

+288(~p1 · ~n)2(~p2 · ~n)2 − 2673~p1 · ~n(~p2 · ~n)3)(~S1 · ~n)2 +
(
59p2

2

+10(~p2 · ~n)2)(~p1 · ~S1)2 − 2
(
p2

1 − 339~p1 · ~p2 + 1191~p1 · ~n~p2 · ~n

−5(~p1 · ~n)2)(~p2 · ~S1)2
]
− G2

16m1m22r4

[
8~S1 · ~n~p1 · ~S1

(
23~p2 · ~np2

2 − 7(~p2 · ~n)3)
+2~S1 · ~n~p2 · ~S1

(
92~p2 · ~n~p1 · ~p2 + 116~p1 · ~np2

2 + 1179~p2 · ~np2
2 − 120~p1 · ~n(~p2 · ~n)2

−1565(~p2 · ~n)3)− 4~p1 · ~S1~p2 · ~S1
(
13p2

2 − 5(~p2 · ~n)2)+ S2
1
(
4~p1 · ~p2p

2
2

+147p4
2 − 72~p1 · ~n~p2 · ~np2

2 − 4~p1 · ~p2(~p2 · ~n)2 − 1595p2
2(~p2 · ~n)2 + 56~p1 · ~n(~p2 · ~n)3

+1966(~p2 · ~n)4)+ 2
(
96~p1 · ~p2p

2
2 + 191p4

2 − 348~p1 · ~n~p2 · ~np2
2 − 144~p1 · ~p2(~p2 · ~n)2

−1356p2
2(~p2 · ~n)2 + 160~p1 · ~n(~p2 · ~n)3 + 536(~p2 · ~n)4)(~S1 · ~n)2 −

(
24~p1 · ~p2

+351p2
2 − 48~p1 · ~n~p2 · ~n− 1267(~p2 · ~n)2)(~p2 · ~S1)2

]
+ G2

16m23r4

[
24~S1 · ~n~p2 · ~S1~p2 · ~np2

2 − S2
1
(
27p4

2 − 2p2
2(~p2 · ~n)2)

+5
(
17p4

2 − 6p2
2(~p2 · ~n)2)(~S1 · ~n)2 − 4p2

2(~p2 · ~S1)2
]

+G3m2
3

8m13r5

[
1382~S1 · ~n~p1 · ~S1~p1 · ~n− S2

1
(
311p2

1 − 434(~p1 · ~n)2)
+
(
635p2

1 − 1556(~p1 · ~n)2)(~S1 · ~n)2 − 194(~p1 · ~S1)2
]

+ G3m2
2

6144m12r5

[
20~S1 · ~n~p1 · ~S1

(
(67040− 8109π2)~p1 · ~n− 61568~p2 · ~n

)
+3584~S1 · ~n~p2 · ~S1~p1 · ~n− S2

1
(
(738944− 8109π2)p2

1 − 592384~p1 · ~p2

+940544~p1 · ~n~p2 · ~n− (1429888− 40545π2)(~p1 · ~n)2)+ 65024~p1 · ~S1~p2 · ~S1

+
(
(1338112− 40545π2)p2

1 − 908288~p1 · ~p2 + 1640960~p1 · ~n~p2 · ~n

−(3014656− 283815π2)(~p1 · ~n)2)(~S1 · ~n)2 − 2(62144− 8109π2)(~p1 · ~S1)2
]

+ G3m1
9800m2r5

[
453080~S1 · ~n~p2 · ~S1~p2 · ~n− S2

1
(
83323p2

2 − 150440(~p2 · ~n)2)
+25

(
11437p2

2 − 34048(~p2 · ~n)2)(~S1 · ~n)2 − 46596(~p2 · ~S1)2
]
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+ G3m2
3763200m1r5

[
10~S1 · ~n~p1 · ~S1

(
14566912~p1 · ~n

−(125871200− 9933525π2)~p2 · ~n
)
− 2450~S1 · ~n~p2 · ~S1

(
(18016− 40545π2)~p1 · ~n

+62080~p2 · ~n
)
− S2

1
(
77714432p2

1 − (972238400− 9933525π2)~p1 · ~p2

+215600000p2
2 + (2404763200− 49667625π2)~p1 · ~n~p2 · ~n− 93496960(~p1 · ~n)2

−399212800(~p2 · ~n)2)+ 2450(12032− 8109π2)~p1 · ~S1~p2 · ~S1 + 25
(
7683712p2

1

−(65388736− 1986705π2)~p1 · ~p2 + 10944640p2
2

+(178040128− 13906935π2)~p1 · ~n~p2 · ~n− 12089728(~p1 · ~n)2

+1718528(~p2 · ~n)2)(~S1 · ~n)2 − 10075264(~p1 · ~S1)2 + 50489600(~p2 · ~S1)2
]

− G3

7526400r5

[
409968640~S1 · ~n~p1 · ~S1~p2 · ~n+ 20~S1 · ~n~p2 · ~S1

(
23428352~p1 · ~n

−(46561760− 9933525π2)~p2 · ~n
)
− S2

1
(
199932928~p1 · ~p2

−(1049148800− 9933525π2)p2
2 − 386800640~p1 · ~n~p2 · ~n

+(2783670400− 49667625π2)(~p2 · ~n)2)− 60640256~p1 · ~S1~p2 · ~S1

+25
(
22151168~p1 · ~p2 − (70422016− 1986705π2)p2

2 − 69859328~p1 · ~n~p2 · ~n
+(185086720− 13906935π2)(~p2 · ~n)2)(~S1 · ~n)2

−2450(3904 + 8109π2)(~p2 · ~S1)2
]

+19G4m1
2m2

4900r6

[
1571S2

1 − 4433(~S1 · ~n)2
]

+ G4m2
4

4m1r6

[
73S2

1 − 119(~S1 · ~n)2
]

+G4m1m2
2

29400r6

[
(4275319− 154350π2)S2

1 − 3(3162179− 154350π2)(~S1 · ~n)2
]

+G4m2
3

24r6

[
(3175− 126π2)S2

1 − 9(785− 42π2)(~S1 · ~n)2
]
, (B.4)

and

HN3LO
C1E2S2 = −G

4m1m2
2

2r6

[
S2

1 − 3(~S1 · ~n)2
]
. (B.5)

These Hamiltonians are also provided in machine-readable format in the supplementary
material to this publication.

C COM Hamiltonians

The Hamiltonian of the present sectors in the COM frame is written as:

H̃N3LO
S2 = H̃N3LO

S1S2 + H̃N3LO
S2

1
+ C1ES2H̃N3LO

C1ES2 + C1E2S2H̃N3LO
C1E2S2 + (1↔ 2), (C.1)

with

H̃N3LO
S1S2 = ν ~̃S1 · ~̃S2

r̃6

[(
101641
1200 − 81π2

16

)
ν + 4537

200 +
(
−3ν2 +

(
423π2

128 − 67947
800

)
ν

−253
100

)
L̃2

r̃
+
(
−ν

2

8 −
9ν
4 −

1
16

)
L̃4

r̃2 +
(
−5ν3

32 + 5ν2

16 −
3ν
32

)
L̃6

r̃3
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0
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+p̃2
r r̃

(
109ν2

16 +
(

306553
2400 − 141π2

32

)
ν + 556

25 +
(

1373ν2

64 − 93ν
8 + 1

8

)
L̃2

r̃

+
(
−33ν3

128 + 215ν2

32 − 237ν
64 + 19

32

)
L̃4

r̃2

)

+p̃4
r r̃

2
(

575ν2

64 − 231ν
16 + 3

16 +
(

15ν3

64 + 353ν2

16 − 369ν
32 + 19

16

)
L̃2

r̃

)

+p̃6
r r̃

3
(
−187ν3

128 + 153ν2

16 − 327ν
64 + 19

32

)]

+ν ~̃S1 · ~̃L~̃S2 · ~̃L
r̃7

[
−161ν2

16 +
(
−26183

1200 −
141π2

64

)
ν − 5831

200

+
(

487ν2

32 + 411ν
32 − 7

2

)
L̃2

r̃
+
(
−15ν3

64 − 49ν2

32 + 9ν
4 −

17
32

)
L̃4

r̃2

+p̃2
r r̃

(
−579ν2

32 + 535ν
64 − 7

2 +
(
−51ν3

32 − 377ν2

32 + 303ν
32 − 17

16

)
L̃2

r̃

)

+p̃4
r r̃

2
(
−237ν3

64 − 943ν2

32 + 321ν
32 − 17

32

)]

+ν ~̃S1 · ~n~̃S2 · ~n
r̃6

[(
243π2

16 − 97861
400

)
ν − 7531

200 +
(
−11ν2

32

+
(

362959
2400 − 987π2

128

)
ν − 503

100

)
L̃2

r̃
+
(

801ν2

64 − 9ν
8 + 19

16

)
L̃4

r̃2

+
(

75ν3

128 −
139ν2

32 + 87ν
64 −

1
16

)
L̃6

r̃3

+p̃2
r r̃

(
−53ν2

16 +
(

423π2

32 − 158163
800

)
ν − 553

25 +
(
−1583ν2

32 + 987ν
16 + 1

)
L̃2

r̃

+
(

231ν3

128 − 565ν2

32 + 555ν
64 − 23

32

)
L̃4

r̃2

)

+p̃4
r r̃

2
(
−2943ν2

64 + 223ν
16 − 3

16 +
(

255ν3

128 − 725ν2

32 + 783ν
64 − 5

4

)
L̃2

r̃

)

+p̃6
r r̃

3
(

699ν3

128 − 217ν2

16 + 375ν
64 − 19

32

)]

+νp̃r ~̃S1 · ~n~̃S2 × ~̃L · ~n
r̃6

[
−1309ν2

16 +
(

31469
300 − 141π2

8

)
ν + 354

25

+
(

3ν3 + 1605ν2

16 − 181ν
16 − 9

4

)
L̃2

r̃
+
(
−291ν3

64 + 17ν2

2 − 105ν
32 + 1

8

)
L̃4

r̃2

+p̃2
r r̃

(
27ν3

2 + 3409ν2

16 − 3631ν
32 − 9

4 +
(
−669ν3

32 + 59ν2

4 − 39ν
16 + 1

4

)
L̃2

r̃

)
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P
0
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(
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)
0
9
8

+p̃4
r r̃

2
(
−2637ν3

64 + 25ν2 − 153ν
32 + 1

8

)]

+νp̃r ~̃S1 · ~n~̃S2 × ~̃L · ~n
qr̃6

[
−1221ν2

16 − 275ν
4

+
(

3ν3 + 677ν2

16 + 7ν
4

)
L̃2

r̃
+
(
−27ν3

8 + 111ν2

16 − 21ν
16

)
L̃4

r̃2

+p̃2
r r̃

(
27ν3

2 + 695ν2

4 + 7ν
4 +

(
−129ν3

8 + 177ν2

16 − 21ν
8

)
L̃2

r̃

)

+p̃4
r r̃

2
(
−519ν3

16 + 69ν2

4 − 21ν
16

)]
, (C.2)

H̃N3LO
S2

1
= ν2S̃2

1
r̃6

[(
45π2

64 − 6679
3920

)
ν + 3987

2450 +
((

29221
3920 −

135π2

64

)
ν

+45257
19600

)
L̃2

r̃
+
(

9ν2

16 + 59ν
16 −

5
16

)
L̃4

r̃2

+p̃2
r r̃

((
45π2

16 − 143221
7840

)
ν − 54379

4900 +
(

53ν2

32 + 179ν
32 − 5

2

)
L̃2

r̃

+
(

131ν2

128 + 43ν
8 − 75

128

)
L̃4

r̃2

)

+p̃4
r r̃

2
(

177ν2

32 + 43ν
32 + 13

2 +
(

185ν2

64 − 175ν
32 + 3

64

)
L̃2

r̃

)

+p̃6
r r̃

3
(
−31ν2

128 −
47ν
32 + 81

128

)]

+νS̃2
1

qr̃6

[(
45π2

64 − 6679
3920

)
ν2 − 11ν

4 + 9 +
((

20751
3920 −

135π2

64

)
ν2

+
(

189π2

2048 −
29
2

)
ν + 7

16

)
L̃2

r̃
+
(

9ν3

16 + 3ν2 − 55ν
16 + 3

16

)
L̃4

r̃2

+p̃2
r r̃

((
45π2

16 − 132651
7840

)
ν2 +

(
−1835

32 − 63π2

512

)
ν − 1

+
(

53ν3

32 − 35ν2

32 + 1077ν
32 + 27

8

)
L̃2

r̃
+
(

29ν3

32 + 67ν2

16 − 107ν
64 + 75

128

)
L̃4

r̃2

)

+p̃4
r r̃

2
(

177ν3

32 + 371ν2

8 + 177ν
32 − 11

2 +
(

79ν3

32 − 91ν2

16 − 103ν
16 − 3

64

)
L̃2

r̃

)

+p̃6
r r̃

3
(
−25ν3

32 − 137ν2

64 + 175ν
64 − 81

128

)]

+ν2( ~̃S1 · ~̃L)2

r̃7

[(
45π2

32 − 7869
245

)
ν − 443089

9800
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+
(

29ν2

16 + 73ν
32 −

145
16

)
L̃2

r̃
+
(

29ν2

16 + 73ν
32 −

145
16

)
L̃4

r̃2

+p̃2
r r̃

(
115ν2

16 + 3971ν
32 + 9

8 +
(
−257ν2

32 + 23ν
32 −

3
16

)
L̃2

r̃

)

+p̃4
r r̃

2
(
−845ν2

64 + 29ν
4 + 33

64

)]

+ν( ~̃S1 · ~̃L)2

qr̃7

[(
45π2

32 − 94789
3920

)
ν2 +

(
−43

2 −
63π2

1024

)
ν + 217

8

+
(

29ν3

16 − 25ν2

4 − 1037ν
32 + 121

16

)
L̃2

r̃
+
(
−13ν3

8 + 127ν2

16 − 19ν
8 + 45

64

)
L̃4

r̃2

+p̃2
r r̃

(
115ν3

16 + 2619ν2

32 − 3431ν
32 − 21

8 +
(
−109ν3

16 + 403ν2

32 − 371ν
32 + 3

16

)
L̃2

r̃

)

+p̃4
r r̃

2
(
−173ν3

16 + 67ν2

16 − 55ν
32 −

33
64

)]

+ν2( ~̃S1 · ~n)2

r̃6

[(
9627
784 −

135π2

64

)
ν − 3058

1225 +
((

315π2

64 − 1197
160

)
ν

+26373
1400

)
L̃2

r̃
+
(
−77ν2

32 − 433ν
16 + 23

8

)
L̃4

r̃2 +
(

215ν2

128 − 7ν
4 + 9

128

)
L̃6

r̃3

+p̃2
r r̃

((
770773
7840 − 135π2

16

)
ν + 131497

4900 +
(
−121ν2

16 − 1955ν
32 + 115

8

)
L̃2

r̃

+
(

707ν2

128 − 323ν
32 + 249

128

)
L̃4

r̃2

)

+p̃4
r r̃

2
(
−317ν2

32 + 601ν
32 − 47

8 +
(

823ν2

128 − 5ν
4 + 159

128

)
L̃2

r̃

)

+p̃6
r r̃

3
(

31ν2

128 + 47ν
32 −

81
128

)]

+ν( ~̃S1 · ~n)2

qr̃6

[(
9627
784 −

135π2

64

)
ν2 − 109ν

4 − 9 +
((

315π2

64 − 1837
560

)
ν2

+
(

2363
32 − 441π2

2048

)
ν − 223

8

)
L̃2

r̃
+
(
−77ν3

32 − 613ν2

32 + 277ν
16 − 23

8

)
L̃4

r̃2

+
(

25ν3

16 − 23ν2

4 + 265ν
64 − 9

128

)
L̃6

r̃3

+p̃2
r r̃

((
677323
7840 − 135π2

16

)
ν2 +

(
171
32 + 189π2

512

)
ν + 1

+
(
−121ν3

16 − 2301ν2

32 + 1407ν
32 − 59

4

)
L̃2

r̃
+
(

167ν3

32 − 607ν2

32 + 199ν
64 − 249

128

)
L̃4

r̃2

)
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E
P
0
3
(
2
0
2
3
)
0
9
8

+p̃4
r r̃

2
(
−317ν3

32 − 24ν2 − 305ν
32 + 11

2 +
(

101ν3

16 − 139ν2

64 + 719ν
64 − 159

128

)
L̃2

r̃

)

+p̃6
r r̃

3
(

25ν3

32 + 137ν2

64 − 175ν
64 + 81

128

)]

+ν2p̃r ~̃S1 · ~n~̃S1 × ~̃L · ~n
r̃6

[(
45π2

4 − 91071
1960

)
ν − 812367

9800

+
(

7ν2

2 − 373ν
16 − 19

16

)
L̃2

r̃
+
(
−173ν2

64 − 29ν
8 + 33

64

)
L̃4

r̃2

+p̃2
r r̃

(
43ν2

4 + 531ν
8 − 297

16 +
(
−151ν2

16 + 163ν
16 − 45

32

)
L̃2

r̃

)

+p̃4
r r̃

2
(
−581ν2

64 + 131ν
16 − 123

64

)]

+νp̃r ~̃S1 · ~n~̃S1 × ~̃L · ~n
qr̃6

[(
45π2

4 − 193027
3920

)
ν2 +

(
519
16 −

63π2

128

)
ν + 295

8

+
(

7ν3

2 − 3ν2

2 − 413ν
16 − 5

16

)
L̃2

r̃
+
(
−79ν3

32 + 25ν2

16 − 79ν
32 −

33
64

)
L̃4

r̃2

+p̃2
r r̃

(
43ν3

4 + 249ν2

8 − 97ν + 273
16 +

(
−275ν3

32 + 655ν2

32 + 5ν + 45
32

)
L̃2

r̃

)

+p̃4
r r̃

2
(
−8ν3 + 10ν2 − 241ν

32 + 123
64

)]
, (C.3)

H̃N3LO
C1ES2 = ν2S̃2

1
r̃6

[
177ν

7 − 14894
1225 +

(
−1399ν

56 + 244353
4900

)
L̃2

r̃
+
(
−9ν2

16 −
115ν
16 + 41

16

)
L̃4

r̃2

+p̃2
r r̃
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