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spatial infinity linearly and logarithmically in 7, € ~ a(8,p)r + b(6,¢)Inr + (6, ). The
charges of the logarithmic u(1) transformations are found to be conjugate to those of the
O(1) transformations (abelian algebra with invertible central term) while those of the O(r)
transformations are conjugate to those of the subleading O(r~!) transformations. Because
of this structure, one can decouple the angle-dependent u(1) asymptotic symmetry from the
Poincaré algebra, just as in the case of gravity: the generators of these internal transforma-
tions are Lorentz scalars in the redefined algebra. This implies in particular that one can
give a definition of the angular momentum which is free from u(1) gauge ambiguities. The
change of generators that brings the asymptotic symmetry algebra to a direct sum form
involves non linear redefinitions of the charges. Our analysis is Hamiltonian throughout
and carried at spatial infinity.
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1 Introduction

In a recent paper [1], we extended the Hamiltonian formulation of Einstein theory in the
asymptotically flat context by allowing more flexible boundary conditions that involved
logarithmic terms. This generalization led to an enlargement of the asymptotic symmetry,
from the original BMS, algebra [2-4] to the log-BMS, algebra, which contains, besides
the familiar angle-dependent supertranslations, angle-dependent logarithmic supertrans-
lations [5-11]. This extension was carried out at spatial infinity following the approach
developed in [12, 13].

The presence in the asymptotic symmetry algebra of logarithmic supertranslations had
a dramatic impact, in that it enabled one to completely disentangle the Poincaré subal-
gebra from the supertranslations (ordinary and logarithmic), realizing at spatial infinity



a mechanism similar to the one described at null infinity in [14-17] (see also [18-20] in
that context).

The purpose of this note is to carry out the analogous construction in the electro-
magnetic case, where angle-dependent u(1) gauge transformations play the role of the
supertranslations [21-25]. We consistently enlarge the boundary conditions of [26] in such
a way that the asymptotic symmetries contain angle-dependent gauge transformations that
grow at spatial infinity not only logarithmically in =, but also linearly in r,

e~a(l,p)r+b(0,0)Inr+c(0, )+ o(1).

The term linear in r is included because it is associated with the subleading soft theo-
rems [27-29].

In the standard approach where € is restricted to take the form e ~ ¢(0, ¢) + o(1), the
angle-dependent u(1) asymptotic transformations of order one transform in a non-trivial
representation of the Poincaré algebra [26, 30]. As in the case of gravity, we show that
the enlargement of the symmetry enables one to disentangle the internal asymptotic angle-
dependent u(1) symmetries from the Poincaré algebra: the asymptotic symmetry algebra
is the direct sum of the two. In retrospect, this result is perhaps not too surprising as it
is in the line of the Coleman-Mandula theorem [31] (even though the hypotheses of this
theorem are not all fulfilled). The fact that the internal u(1) improper gauge symmetries
commute with the Lorentz transformations leads to an angular momentum that is free from
ambiguities under asymptotic angle-dependent u(1) transformations.

The change of generators that brings the asymptotic symmetry algebra to a direct sum
form involves redefinitions of the Poincaré generators by the addition of field-dependent
gauge transformations corresponding to a specific non linear redefinitions of the charges.

Our paper is organized as follows. In section 2, we give the form of the new, more
flexible, boundary conditions and verify the finiteness of the action. We then describe the
asymptotic gauge symmetries in section 3. Poincaré invariance is established in section 4
and further discussed in appendix A. The algebra of the asymptotic symmetries and the
redefinitions that bring it to a direct sum form are successively analysed in sections 5 and 6.
In the concluding section 7, we outline some potential future developments.

2 Action and asymptotic conditions

2.1 Extended Hamiltonian action

In the formulation where the conjugate momentum to Ay is kept, the phase space of the
Maxwell theory is spanned by the components (4;, Ag) of the vector potential and their
conjugate momenta (7, 7°). These are subject to the “primary constraint”

0, (2.1)
and Gauss’s law, which arises as a “secondary constraint”,

G=—-0m' ~0. (2.2)



It is customary to eliminate 70 to obtain a reduced theory where the canonical variables
are (A;, ), the temporal component Ag appearing then as a Lagrange multiplier for the
(“secondary”) constraint G ~ 0. We shall refrain from doing so here because Ay does carry
degrees of freedom at infinity when one imposes boundary conditions that are invariant
under an angle-dependent u(1) symmetry [12, 26]. It is in that case useful to keep its
conjugate momentum in the Hamiltonian description.

The extended Hamiltonian action of Maxwell theory is given by
hMmﬂAN&¢JF#ﬁ/f4H&+HMW%H+@+ﬂ#%ﬂW—Mq+%,@@

1 . iy .
H=—n'nm+ @FUE]' + AoG — 'V A, (2.4)

2\/9 4
where 1) and A are the respective Lagrange multipliers for the constraints (2.2) and (2.1)
and where the Hamiltonian contains constraint terms besides the usual energy density
$(E? 4+ B?), which we have included following [12, 26] for later convenience. We have set

. Inr_gy 1 _(1) 1
€=y + € +o (r ) , (2.5)
R LA CONME Scy 9
f= "5l T S T O (7’ ) ; (2.6)
with
Al — i) = DA 4+ 34, (2.7)
oy — eV =T (2.8)

Here, the functions of the angles ZA, A, and ¥ are the O(1) coefficients appearing in the

asymptotic expansion of the vector potential A,, see (2.15)—(2.18) below. The functions

A0

log’ i, €l(§é and é1) are not completely determined by the equations (2.7) and (2.8) but

(1)
log
the inclusion of the constraint terms, the Hamiltonian density H + éG + jir® coincides with

only the combinations fi\ ) — i(!) and 61((2 — &é1) are physically relevant (see below). With

the density of the Poincaré generator of time translations discussed below. Finally, the
term B is the integral over time of a surface term which we will write explicitly once we
have given the boundary conditions.

The constraint function G generates the gauge transformation

0A; = Oie, (2.9)
while the other constraint function 7° generates the gauge transformations

0Ay = . (2.10)
These are proper in the sense of [32] if € and p decrease sufficiently fast at infinity, i.e.

€=o0 (771) , w=o (7’*2) , (2.11)



as we shall explicitly show in section 3 below. We will assume that these fall-off conditions
are fulfilled until we discuss improper gauge transformations, which can only be meaning-
fully done after the boundary conditions have been made precise, a task which we have not
achieved yet.

Since the Lagrange multipliers parametrize the gauge transformation performed in the
course of the evolution (on top of the evolution generated by the Hamiltonian), we take
for them the same asymptotic decay

Y=o (7’71) , A=o0 (7“72) . (2.12)

Again, more general asymptotic behaviours can be considered once one has full control of
the improper gauge symmetries.

The action is invariant under the gauge transformations (2.9) and (2.10) provided one
transforms at the same time the Lagrange multipliers as

S =¢é—p—0¢, OA=ji—DNe—dj (2.13)

(0€ and dfi preserve the asymptotic decays of ¢ and A\ because 5/11%; =opM) = (561(;{; =
6é1) = 0). The action (2.3) is called the “extended action” because the gauge parameters
€, i of the constraints are taken to be independent [33, 34]. This is the form that exhibits
most explicitly the symmetry. The formulation that emerges from the Maxwell Lagrangian
is characterized by 1) = —€ (a condition that is permissible once one allows for more general
asymptotic behaviours of the Lagrange multipliers), which relates ¢ and p through p = €
so that 0A, = J,e. The two formulations are physically equivalent because ¢ and e are

independent at any given time [33, 34].

2.2 Asymptotic conditions

The gauge transformations (2.9), (2.10) and (2.11) are abelian so that their finite form
coincides with their infinitesimal ones. The boundary conditions on the canonical variables
are taken to differ from those of [12, 26] by gauge transformation terms AA; = 9,0,
AAp = E with finite gauge parameter (0, Z) that contain contributions that are of order
O(r) and O(Inr) with respect to the leading orders present in [12, 26], i.e.

1 1
O = 1Py + In7 Drog + &+ —— D) 4 0 (”) ,
T T

log
_ Inr 1= Inr_ () Inr
== ‘Illin + T\Pbg + ;\I’ + ﬁllllog + o0 (7“2) .

Wiin, oM and U)og are absent in [12, 26].

The terms @, Plog, q’(l) log

log>
These gauge transformations only affect the components of the vector potential since

the momenta are gauge invariant. In polar coordinates,

ds? = —dt* + dr* + gapdada? 9AB = G up (2.14)



where g 45 (A, B = 1,2) is the round metric of the unit sphere, the asymptotic conditions
read explicitly

A, = Oy + A 41 Alog@) + - A(2) + o( 2) , (2.15)
og(2) L,
Ap = 1041 + 1nraA<1>1og +Aq+ —A oA ( ) (2.16)
o 1 lo o lo
Al = —all) AP =0, (2()) & 044l 4 AE) <0, (2.17)
- Inr l— Inr_aq)y 10 9
Ao = Wi + = Wigg + T + 5 W) + 500 40 (7« ) , (2.18)
for the vector potential and
T T 1 T 1 T -3
1 1 1
A__ =A A A —4
T = ;7T + ﬁﬂ@) + r737r(3) +0 (7’ ) y (220)
I (2 _
0 = ﬁwg) +o(r?), (2.21)

for the momenta, which carry density weight one. Here, the coefficients in the expansion
of r and Inr depend only on the angles and are subject to the following parity conditions,

A, = odd, 7 =even, Ax= (A)even +0aP (P = even), 7 = odd, (2.22)
Qpiy = odd, P =o0dd, Wy, = even, U)pg = even. (2.23)

The parity conditions (2.22) reduce to those of [12, 26]. We will mention as we pro-
ceed where the parity conditions (2.23) on the new terms are needed. The parity condi-
tions (2.23) are simply enforced by allowing only © and Z in AA; = 9;0, AAy = = that
fulfill these parity conditions. Note that if ® had an odd part, it could be absorbed in
(A)even S0 that we can assume that ® is even.

We have kept the terms of order O(r~2) in A, and O(r~!) in A4 because they now

contribute to the charges. Similarly, 7[‘1(2) becomes physically relevant. Note that the
intermediate terms A1#* and Alog@), absent in [12, 26], have their entire origin in the
gauge transformation with gauge parameter ¢ = h”YIDI(O;, hence (2.17).

Once the boundary conditions have been specified, one can write down explicitly the

boundary terms in the action. The constructive procedure that we have followed for doing
so is explained in appendix A. It leads to

® = / dt §  dzS - / it § &8, (2.24)
53¢ 83°
where § d?zS is a surface integral which is linear in the time derivatives of the canonical

variables,

S=vg(- AT + Uy — Ay, + W(%hn) W =g

log — T, (2.25)

while B does not depend on the time derivatives of the canonical variables and is given by

B=T"Uyy + GOAAD Oy — 205 A, Ppin (2.26)



with
O =7 4+ Vg Vlog - (2.27)

It should be noted that the zero mode of ®, which drops from the potential A;, is present
in the action through the boundary kinetic term. Its conjugate is non trivial even in the
absence of charged fields, and given by the zero mode of Wy,.

The boundary term § d2xS completes the boundary term introduced in [26] in a way
that integrability of the boost charges, which was the very reason for introducing it there,
is maintained with our more general boundary conditions. Because S involves the time
derivatives of the fields, it contributes to the symplectic form, which reads explicitly

0= / Bz (dyr'dy A; + dyrdy Ag)

- j'{ /G [y Ardy T — dy Wiogdy @ + dy AP dy Wi — dy TV dy @y | - (2.28)

This symplectic form is non-degenerate in the sense that if X is a phase space vector field
such that ¢x €2 =0, then X = 0.

The symplectic form pairs A, with ¥, as in [26], and also introduces a surface conju-
gate Woe to @, which had none with the earlier boundary conditions since there was no
logarithmic term In7/r in Ag. The new variables Wy, and ®y;,, which would be absent if
we had limited the extension of the gauge transformations of [26] to gauge transformations
blowing only logarithmically at infinity (with no linear term), are naturally paired with
the subleading terms in the expansion of the components of the potential. This canonical
structure will be reflected in the Poisson brackets of the improper gauge charges. In fact,
the brackets of these charges conversely restrict the symplectic structure to the above form,
which provides an independent argument (besides integrability of the boost charges) for
extending the S of [26] as in (2.25).

As a side final comment to this subsection, we note that the pair (Ao, 7°) was denoted
(¥, my) in [12, 26], and that the Lagrange multiplier ¢ was denoted Ap. This was due
to the peculiar constructive way they were arrived at by studying the dynamics at the
boundary. We revert here to more familiar notations.

2.3 Asymptotic form of the constraints

We shall also require that the constraints decay one order faster than the one prescribed
in [26]. This yields (2.21) for 7° as well as G = O(r~3), which implies, since

G = L0uw + 5 (0ary = wiy) + 5 (0amhy = 27fy) + 0 (7). (2.29)

the conditions

047" =0 and Oamfy — 7y =0. (2.30)

These conditions are part of the asymptotic conditions on the canonical variables.



2.4 Finiteness of the kinetic term

It is clear that the only potentially divergent term in the action is the bulk kinetic term
[ dtd*z ' A;. We check in this subsection that it is finite. One finds by direct substitution

Inr

/ dtdrd*z ' A; = / dt dr d*x {ﬁ"(i)lin + 7O Dy + — T4 D1og (2.31)
T
1 AT = . A . _9
+ (FAAa + 774, + mloy Drin + 75y 0adin) + O (r72) | (2.32)
i) For the linear divergence, we note immediately that the first term is zero because
®yi;, is odd, while the second vanishes by virtue of the condition 7 = 0.
ii) The term proportional to 7! Inr vanishes by virtue of 474 = 0.

iii) The terms proportional to the logarithmic divergence reduce to (after considering
parity conditions)

7{ P [~0474% — (Oamfhy — ) b (2.33)
which vanish by virtue of the conditions in (2.30).

The bulk kinetic term and hence the action are finite. The parity conditions on @y,
and on the asymptotic fields appearing already in [12, 26], as well as the fast asymptotic
decay of the constraint functions, are key for this result.

2.5 Equations of motion

The equations of motion that follow from the action can be analyzed as follows.

e Variation with respect to the Lagrange multipliers yields the constraints G ~ 0 and
0
m = 0.

e Variation with respect to the field Ag yields, besides the bulk equation of motion
7%+ G = 0 which is a consequence of the constraints, the following conditions on the
asymptotic fields,

A, = &y, =0, (2.34)
1

ﬁ (ﬁr + \/E\Ijlog) ) (235)

D = Uy, . (2.36)

A® =

e Variation with respect to 7° yields the bulk equation of motion

Ag—A—80'A;— =0 (2.37)



(without surface term contribution because 7° decreases sufficiently fast at infinity).
This equation implies

Uy, =0, (2.38)

Wyog =0, (2.39)
U = A Bjyy + 2By, (2.40)

— (1 - J—

T = APy, + 24, (2.41)

to the leading orders to which A = o (r=2) does not contribute. The next orders can
then be used to express the subleading terms in Ag to the Lagrange multiplier \.

Variation of the action with respect to the conjugate momenta 7* yields the equation

. m
Ai—az‘(Ao+w+€)—ﬁ:0, (2.42)
or equivalently

i = /9 (0t A; — 0; (Ao + ¢ +€)) . (2.43)

The asymptotic form of the field equations yields the following conditions
Prin =0, (2.44)
A4, =0, (2.45)
APED) 4+ Wiog = 0, (2.46)
7 = VG (AP — W) (2.47)
oy = v (AP + 200 —w() 420 — D) 4 262 — &%) | (2.48)

which are consistent with the equations (2.34) and (2.35) obtained previously.

Variation of the action with respect to the gauge field A; yields for the bulk term (up
to a total time derivative):

Sl — / dt|[ - / de (7 + gV FY — 0'n0)5A; f PG (A, — Biog )00
(2.49)
and for the boundary term

Tnoundary = — / dt ja{ Poy/G{ [V = (B Oy + 204, ) |04, + B1g00 (2.50)

+ P, 6A@) 4 [6(1) ~ (B4, +24,) [ 6®rn} . (2.51)
This implies the equations
it = —/gV;F9 4+ 0'7", (2.52)
vV - & (ZT - <I>10g) FAA 424, = A D, + 24, | (2.53)
U = A Oy, + 28y, (2.54)
Wyog = Uy = 0, (2.55)



which are consistent with the dynamical equations for the asymptotic components of
Ag derived above.

The time derivatives of the first three leading orders of the conjugate momentum are
then given by

T =0, (2.56)
il = VT D (A = Diog) (2.57)
Tl = VT [D AP + Dy (ADA - gls@4)]. (2.58)

Note that while the leading “monopole” term 7" is conserved, the subsequent terms
are not. This is of course well known, but will not prevent us from defining a conserved
quantity involving the subleading term Tr&) and generating gauge transformations
that blow up at infinity, as achieved in [35] along different lines.

This concludes the discussion of the equations of motion.
3 Improper gauge symmetries

If one allows the parameters €, p in (2.9) and (2.10) to decrease slowlier at infinity, in a
way compatible with the asymptotic form of the gauge potential,

2 @ 1 -1
€ = relin +1Inregg + €+ —Clog + ;e( )+ o (r ) , (3.1)
B Inr 1 Inr gy 1 ¢ 9
H= fain + = = Hlog T TH A g + g F o (7“ ) ; (3:2)
with
€lin = 0dd, €0 =o0dd, €=even, i, =even, [,z = even, (3.3)

one finds that the transformations are still symmetries of the action but now of the “im-

proper gauge type” [32]. The bulk part of the corresponding generator is again given by the
combination [ d3z (ur® + €G) of the constraints, but there are in addition non-vanishing
surface terms at infinity.

The complete generator () x of the transformation generated by the phase space vector
field X is obtained through the general formula

(,XQ = _dVQX y (3.4)

which receives in our case non trivial contributions both from the bulk part of the symplectic
form and from its surface part S [26]. (If Q2 reduced to its canonical bulk part, the rule (3.4)
would reproduce the integrability condition of [36].)

Applying this general rule to the transformations (2.9) and (2.10), which imply the
following transformations of the asymptotic fields

0¢®@lin = €lin , 5eq)log = €log » 0P =€, 5€ZT = €log » 66A1(ﬂ2) = E(l) ) E(l) = 61(;g) - 6(1) )
3.5)

- — (1 — —
5M\I/lin = Mlin » 6u\I/log = Hlog » 5M\P =M, 5,u\p( ) = ,UJ(l) ) :u(l) = Iu’l(;é - M(l) ) (3'6)



one finds that the canonical generator of the improper gauge symmetries reads

e = / @2 (17 + G ) + Qay + Qarg + Qe+ Qe + Quuy + Qg + Qi+ Qe+ (3.7)

with
Qe = f dre |7y + V7 (V) —vD)] (3.8)
Qe = f d*x\/G €105V (3.9)
Qe = f 5 (7" + /G Viog) (3.10)
Qe = fd%\/ﬁ(”\lfnn, (3.11)
and
Quyn = — ]{ N (3.12)
Quuos = — ]{ d*2/ pog (3.13)
Qp = - fdgxx/ﬁﬁﬁr, (3.14)
Quo =~ j{dzﬂf\/ﬁﬁ(l)q’lin- (3.15)

In the charge QE(1)7 only the even part of €1 contributes since the field ¥y, is even.
The odd part of € drops out and defines a proper gauge symmetry. To emphasize this
point, one sometimes writes Qgéf,l K Therefore, among the charges generating the improper
gauge symmetries parametrized by €, there are two charges characterized by parameters
that are even functions on the sphere (Q¢ and Qg(l) ), and two charges characterized by
odd parameters (Qc,, and Q,, ). -

Similarly, among the charges generating the improper gauge symmetries parametrized
by w, there are two charges characterized by parameters that are odd functions on the
sphere (Qﬁ " and Qﬁu) ), and two charges characterized by even parameters (@, and

© odd

(1)

Qmog)- This is because 4, and ®);, are odd funtions on the sphere, so that peven and ﬂe%,en

drop out from the charges and define proper gauge symmetries.

(1)

log and ¢ are such that € = 0, the corresponding gauge transfor-

(1)
log

Furthermore, if €
mation is proper since it has zero charge. A similar property holds for z,.” and p().

There is thus a total of eight non trivial improper gauge charges, each characterized
by a definite parity under the sphere antipodal map. The brackets among these charges
are easily computed. They are found to form a centrally extended Abelian algebra with

~10 -



the following non-zero central charges

{Gan G} = —{Gp), G} = ]{ d*zy/G amad (3.16)
(G G} = {6, G} = § oG eog T (3.17)
[Ge: G} = (G Ge} = § dav/Ge o (3.18)

{Ge1, G} = ~{Gs G} =  dPory/Ge ) g (3.19)

In the paper [26] where the boundary conditions are more restrictive, only the im-
proper gauge charges Gg and Gﬁ are present. These commute, {GE,Gﬁ} = 0 so that
the central terms are absent. The improper gauge charges associated with logarithmic
gauge transformations (qug and Gmog) are conjugate to these charges. The improper
gauge transformations linear in r bring in two additional new charges (G, and Gy, )
as expected, but at the same time they turn on the subleading gauge transformations,
which become non-trivial and also bring in two additional non trivial charges. These form
canonically conjugate pairs. It is because of the central terms present in the extended
improper gauge algebra that one can make the improper gauge generators commute with
the Poincaré generators in the asymptotic symmetry algebra, as in the gravity case [1], and
as we shall show explicitly below.

Among the improper gauge charges, G¢ and Gﬁ combine to form the angle-dependent

u(1) charge seen at null infinity [26]. The charge G, involves the 1/73 component of the

€lin
electric field with an odd gauge parameter and is related to the electric dipole moment for
the £ = 1 spherical harmonic. Together with its companion G, , we expect that it should
be connected to the charges that underlie the subleading soft photon theorems [27-29).
Note that the integrands of the charges Q¢,, and Q,, are not conserved in time since

it follows from the equations of motion that
O (nloy + VGO ) = DA, 4+ 24, 9T = A By + 20 (3.20)

This expresses the fact that Q¢,, and Q,,, do not commute with the generator H of time
translations and hence are conserved only at the price of an explicit time dependence.
Indeed the Poisson brackets with the Poincaré generators (prior to decoupling) imply, as
we shall see,

{Ga H} = G, i = —(2 ein + 2€1in) (3.21)
and
{quga H} = Gﬁ(n ) ﬁ(l) = —(Z €log T 2€log) - (3.22)
Similarly,
{Gui - HY =Ge, €= —pin (3.23)
and
(G- H} = Gy, &V = —puigg (3.24)

in agreement with (2.35) and (2.36).

- 11 -



The equations of motion have been derived in subsection 2.5 assuming that the La-
grange multipliers ¢ and A decrease sufficiently fast at infinity so that they define proper
gauge symmetries. The surface term in the action was adjusted under this assumption.
In fact, if we had not known that 1 = o(r~!) and A = o(r~2), we would have derived
from the extremization of the action (2.3) (with that boundary term) that consistency of
the equations of motion implies that ¥ and A should define proper gauge transformations
(1in = 0 = hrog = ¢ = E(l) and Ajip =0 = Ajog = A = X(l))-

A more general behaviour of the Lagrange multipliers ¢ and A can be accomodated.
One can allow them to define improper gauge symmetries provided one includes in the
action the corresponding surface integral. This would be in particular needed if one wanted
to impose the Lorenz gauge Ay = 8" A; which requires from (2.37) that A should be equal
to —[i.

4 Poincaré invariance

4.1 Poincaré transformations

The analysis of Poincaré invariance proceeds along the lines of [26], adapted to the less
stringent boundary conditions considered in this paper. We shall therefore give only the
final results and check their consistency. A more constructive approach, which was actually
the approach we followed to arrive at the results presented below, is given in appendix A.

The 10-dimensional Poincaré symmetry is generated by the vector fields conveniently
parametrized in spherical coordinates as

E=br+T, (4.1)
§=w,
1
¢A=yAy ;DAW, (4.3)

where
DaDpb+Gupb=0, DADgW +GagW =0, DsYp+DpYa=0, 04T =0. (4.4)

The boost function b(z4) and the spatial translation function W (z?) each belong to the
three-dimensional space of the spin-1 representation of the rotation group. The vector field
Y4 generates infinitesimal rotations. It is a Killing vector on the sphere and depends also
on three parameters. The last parameter of the Poincaré group is given by 7', which is
constant.

The Poincaré transformations of the fields are given by

8¢ e Ai = fg +0; (€A0) + LeAi + beg ) Ai (4.5)
O e = GV (F™E) + £0'n° + L', (4.6)
S iAo = Vi (EAT) + LeAo + b, 11y Ao (4.7)
5§7§m0 =o' + Len®, (4.8)

- 12 —



These transformations take the same form as in [26], except for the additional correction
T,W)Ai and 5M(b,T,W)
Poincaré charges (see below). These transformations are improper gauge symmetries with

terms (56( Ap that must be added in order to preserve integrability of the

parameters

€Wy = ln%el(;;mw) + %eng)’W) +o0 (7‘_1) , (4.9)

and
H@,m,Ww) = TTTNS;(@T,W) + %Mgi?T,W) +o (FQ) ) (4.10)

with
ey =TAo+ D' WA, - WA,, (4.11)

and
Ty ray = AP T (DAA" + 34, ) — (W7 = 04WT) = [—04WD" T + W (V105 + T

(4.12)
Asymptotically expanding (4.5)—(4.8) leads to the following transformation laws:

o For the leading orders:

O¢.¢iPlin = Ly Piin + bW1in (4.13)
5£’§i<1)10g = Ey(pbg + b\Illog , (4.14)
S Wiin = Ly Wiin + D (bD" @1y ) + 360y, (4.15)
= (,=A
S Wiog = Ly Viog + Daa (bD" iy ) | (4.16)
o For the subleading orders:
_ b
65751'AT = ﬁYAT + ﬁ’ﬂ'r + b\Ijlog, (417)
_ _ b _ _
Goeda = LyAat =T+ 0a (W®rin + D Wby + b0 + Ty, ), (4.18)
. . == [ A
S = LyT +GDa [bD” (A, — Bigy)| | (4.19)
55751‘714 = ﬁyfA — \/§§ABEC (bﬁBc) , (4.20)

Se ¥ = Ly U + D WOaWii + Da(bA") + 264, + T (B &y + 28 ) ,  (4.21)

which implies that

Sei® = Ly® + Wiy, + D Wpdyy, + b0 + Ty, . (4.22)
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e For the sub-subleading orders:
be i AP = Ly A 4 DW (944, — Ap) — WA,

b T
by 4 (whs —w™) 4 ST (Viog = ) + &1y > (4.23)

0 i AY = Ly AY + DpDAWA® + DPWDA, + 04WA,
b T
+ WaA(I)log + EW(Q)A + E%A )
5&787—‘-(2) = £Y7T€2) + EA (EAWﬁT) — aAW%A
+VGDab(D AP + ADA — ALEA)] 1 5D, [TD” (A, — i) )] ,

(4.24)

(4.25)
Seeimiyy = Lymlyy + D (D"W7*) + DpD W7 + D' Wr" — W
— VgD (0FY) + Va7t (054P) + AD)
— VG7*BD Y (TFpe) + VGTD 4, , (4.26)
Seei Uiy = Ly WL 4+ WD Wy — Wiy
+Da (bA°EDA) 4 bALED) 4 TH By + i), ) » (4.27)

bW = Ly W) £ 9,WD T + W (Wi — T)
+Da (bA(Q)A) + b(A,(?) + Alfg(Q)) + T(EAZA + ZT) + “E;)T wy» (4.28)

O iy = Ly ) — D4 WD Brog + bW + TW15 — €)1y (4.29)

4.2 Poincaré generators
The justification of the above definitions of the Poincaré transformations of the fields and
of the symplectic structure is that the latter is invariant under the former,

Lx, 0=0 (4.30)

with X ¢ the phase space vector field defined by (4.5)—(4.8). The verification of (4.30) is
somewhat cumbersome and involves the following key ingredients:

e The divergent terms in L X, 5iQ are zero thanks to the parity conditions and the
equation (2.17). In particular, the parity conditions (2.23) on the new terms in the
asymptotic expansion of the vector potential are needed.

e The surface term in the symplectic form has been adjusted so that the remaining
terms in £ X£75i97 which are finite surface terms (with no bulk contribution), exactly
cancel, taking into account the contributions coming from the correcting gauge trans-
formation terms 5€<T1W>Ai and 5u(b,T,W>A0- As in [26], it is actually the requirement
that Ly, € should vanish for boosts (& = br, & = 0) that fixes the form of the
surface terms to be added to the standard canonical bulk part of €.
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Since £ X, £iQ = dyix, 51'97 one can now compute the Poincaré generators through the

formula
LX&EiQ == —dVP&gz . (431)
One gets
P§7fl = /de (57‘( + 517-[1 + 6(T7w)g + u(b,T,W)W()) + B&Ez s (432)
where
VI ij I i i
’H:TF]FM-Fﬁﬂ' Wi—aﬂoAi—aﬂr Ag, (4.33)
(as above) and
H; = ijﬂj — ajoAi + 71'081'140 R (4.34)

Begi = 7{ d%{b(ﬁ’"@ + Iy Wiin + VGOAA, A" + VGOAAD D Briy — V5 Ag2>q>hn)
+ YA (ﬁTZA + H?Q)aAq)lin + \/EE({?AZT + \/E\IllinaAAﬁz))
+ T(ﬁr‘lfﬁn +Vg aAZrﬁAq)lin - 2V/g qu)lin)

+W {(Zﬁr + 3ﬁr) Dpip + DI Op®rin + VG Ar DS Uiy + \/EaAZrEA‘I’hn} } ;

(4.35)
with
O =7 4+ Vg Vg, (4.36)
r r = 1
[y = nfy) + 7 (Vg — ¥D) . (4.37)

5 Asymptotic symmetry algebra

A direct computation shows that the algebra of the asymptotic symmetries as defined above
is the semi-direct sum of the Poincaré algebra with the above Abelian set of improper gauge
symmetries, endowed with non-trivial central charges. Indeed, the Poisson brackets of the
generators are given by

{Pe, g2 Peyes} = P s (5.1)
{Ge, Pegi} =G, (5.2)
{Gm,q,Gmﬂ} = C{m,q;uz,ea} ) (5.3)
where
£ = E10i& — E0i61 (5.4)
& = ¢;€h — 0,6 + 97 (£10;6 — £0;61) (5.5)
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and

fiin = —Y 9 s puin — 3betin — Da (bﬁAﬂm) , (5.6)
€lin = —Y O a€1in — bfttin , (5.7)
~ - —A
Hlog = _YAaA;ulog —Da (bD 6log> ) (5'8)
élog = _YAaAelog - bﬂlog > (59)
N An — = [, =A — —A
uw=-Y"0su— Dy (bD e) -T (A €lin + 261111) — AW D™ i (5.10)
&= —YA0u€ — bi — Tptin — Wetn — O4WD" €1, (5.11)
7 = _y49,30 1 3V 1 Dy (bD" D) = T (A €10g + 2105 ) + 3W jitog — AW D" f1og
(5.12)
2(1) = —YAaAE(l) — bﬁ(l) — Tpiiog — 0a (EAWqu) . (5.13)

in addition to (3.16)—(3.19).

6 Algebraic decoupling of the u(1) charges

The presence of invertible central terms in the algebra of the improper gauge symmetries
can be used to redefine the Poincaré generators in such a way that the new form of the
algebra has a direct sum structure: the improper gauge charges commute with the new
Poincaré generators. The redefinition is non-linear and is obtained by just applying the
general formulas derived in [1].

It is in our case explicitly achieved by adding to the Poincaré transformations the
following field-dependent improper gauge transformations

1(ibrly) = —Ly Wy — 30Ppiy — Da (bEA(I)lin> ; (6.1)
el(ll)I;Y) = _[‘Yq)lin - b‘Ijliny (62)
bY 1 | = = /=4
o) = ~ =Lyl = Da (vD"4,) (6.3)
(b,Y) — b —
€ =-L AT - 7—1_[ ) 6.4
log Y NG (6.4)
FOYTW) = £y W — DA(bA") = T (B By + 28 ) — 0AWD W, (6.5)
etV = Ly @ — T — Ty — Wy, — D4 WD Dy, (6.6)
—(1) _ 1 r 2) T (1A
o) =~z vily - 3bA( — D4 (bD"AP)
~ — 1 =T A=
~T (D4, +24,) + 7 (-3WT" + 0,W D), (6.7)
=(1) _ 2 b T = - —A—
€by,r,w) = —Ly AP — EH@) - ﬁﬂ +2WA, —0AWD A, (6.8)
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The parameters of these transformations depend on the charges themselves and pre-
serve integrability. The charges associated with these gauge transformations are given by

extra _ _ 7{ o {b(T + Uy Wiy, +v/GOaAA" +v/F 02 AN D By — /5 ALy,
+ YA (T Ay + ) 0aPrin + VG VOAA, + VG Vin0a AP
+ T(ﬁr\lflm +/7 8AZTEA¢Iin —2V/7 qu)hn>
+WKZﬁﬂHﬁﬁ@m+Eﬁ?m@m+vﬁEZwm+v@ij¢%4}.
(6.9)

These boundary terms are supplemented by weakly vanishing bulk terms with gauge param-
eters G?I);,t;?T,W) and M?i)"t}r,?ﬂw), the fall-off of which is determined by the above parameters.

In fact, the above transformations were derived from these charges, which were con-
structed according to the general formulas of [1], so that integrabilty was not really an issue.

The new Poincaré generators read

Prei=Peei+ G, (6.10)
Because
Beei + Q5™ =0, (6.11)

the new Poincaré generators are pure bulk
Pegi = /dgx [57‘[ +EHi + (ecow) + €G3 rwy)G + (Bepaw) + N?;%;?T,W))WO} ,  (6.12)

without surface term. One can then check that their brackets with the u(1) gauge charges
are weakly zero:
{Gu@,P&Ei} == O (613)

This implies in particular that they are conserved with no explicit time dependence. One
can also check that the new Poincaré generators satisfies the Poincaré algebra:

{P&,Eivpgz,g;} =P g (6.14)

The computation is direct. This result is actually guaranteed to hold by the general
argument of [1].

7 Conclusions

In this paper, we have consistently extended the asymptotic symmetries of electromag-
netism in four spacetime dimensions by allowing improper gauge transformations parame-
trized by coefficients that blow up at infinity like Inr and r. We have also shown that the
structure of the algebra can be used to redefine the Poincaré generators in such a way that
there is no u(1) ambiguity in the definition of the Lorentz generators (angular momentum
and boost generators (center of mass)). Even though parametrized by a function of the

17 -



angles, the u(1) charges transform in the trivial representation of the redefined Lorentz
algebra. The necessary redefinitions are non-linear and can be performed in a direct man-
ner because we have a well-defined Hamiltonian formulation (see [37] for a more complete
discussion of this point in the context of Poisson manifolds). In particular, integrability of
the redefined transformations is never an issue.

Similar results, which go beyond the analysis of [38] by adopting more flexible boundary
conditions, can be established in higher dimensions as we shall show in future work.

One might wonder whether one could continue the construction and include gauge
transformations that asymptotically blow up like r2, or 73 etc. While we have not made
a systematic analysis of this question, preliminary investigations lead to a negative con-
clusion, because there are too many divergences in the formalism that cannot be cancelled
by suitable choices of the parity conditions, which can only be of two types (even or odd).
This agrees with the conclusion of [28] (note that the multipole charges of [35] generically
diverge in a time-dependent context, since one might then have higher spherical harmonic
terms in, say the 1/r order of the fields).

The terms linear in r in the gauge parameters are somewhat analogous to the su-
perrotations or the Diff(S?) transformations considered in the works [39-42]. Our study
gives some hope that these can be consistently included at spatial infinity, but the non-
linear complexity of Einstein theory calls for caution in drawing conclusions that might be
premature. Further work is clearly needed to settle satisfactorily this issue.

Finally, it would be of great interest to investigate how our work is explicitly translated
at null infinity. To achieve that task one should first go back to the standard ‘non-extended’
formalism where the Lagrange multiplier v is fixed in terms of the other fields since it is the
formulation that is directly connected with the standard Lagrangian formulation. Work
along these lines is in progress.

Note added. After this paper was completed, we became aware of the recent preprint [43]
where the canonical formulation of gauge transformations that blow up at infinity is con-
sidered along different lines.
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A Poincaré invariance

In this appendix, we provide details on how the kinetic term (2.25) and the asymptotic
form of the transformations of the fields under Poincaré transformation were arrived at.
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A.1 Non-integrability of the boosts and time translations with standard sym-
plectic form

We start with the familiar description of the canonical formalism of gravity in terms of the
spatial components A; of the vector potential and its conjugate momoentum 7* (electric
field). The corresponding symplectic form is pure bulk and reads

0- / Brdyridy A; . (A1)

The change of the symplectic form 2 under the Poincaré diffeomorphism £ = br + T
normal to the equal time hyperplanes is given by

ﬁgQ = %dQ.QS\/g:} (b?“ + T) gAdeFTAdvAB . (A?)

Taking into account the fall-off of the mixed radial-angular component of the curvature

Inr

1 A o
Fa ==~ (047 = 0a%iog) — —5 (04475 + AFE?)

_ % (3,4147(«2) +49 Alzg(z)> +o0 (r*2) , (A.3)

and of the angular component of the gauge field, we obtain the following expression,
L =— f 2o\ (br +T) (0adyv A, — Oady ®rog) D dy By
“Inr f /G (0ady A 4 dy AP D dy @y,
—Inr f d*2\/Gb (0ady A, — Oady Prog) DAdy Prog
- f /b (Oady Ay — Oady Brog) dy A™
- f Pa/gb (ady AP + dy AD — dy ) D dy by, (A.4)

(2) log(2)

We now make use of the fact that the components A;Og are pure gauge, then 94 Ay +

Alng) = 0, which takes care of the first logarithmic divergence. The remaining two

divergent terms (in 7 and Inr) vanish by assuming that ®),s is odd. After integration by
parts and using that

By = odd, (A.5)
ZA = (ZA)even + 8Aq>, (AG)

the finite terms can be re-written as
LeQ = ]{ PGy A, [0a (bdyAY) + TE dyy,] f /G0 (VD dy @) dyy @
+ f PGy AP0, (5D dy i) + 7{ Par/Gon (bdy AP dy by,
- f /G [0 (bdy ACA) 4 TE dy By dy . (A7)

These are not zero and hence, with the relaxed boundary conditions for A;, Poincaré
transformations are not canonical transformations for (A.1).
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A.2 New symplectic form and invariance under boosts and time translations

In order to obtain an invariant symplectic form, we include Ay and its conjugate 7° with
the asymptotic behaviour described in the text and adopt as new symplectic form

Qrev — / B (dyridy A; + dyndy Ao)

~ § Pav/G [dy Ty T - dy Wiy ® + dy AR dy B, — (0 — dy ¥ )dy B
(A.8)

(with 70 ~ 0; Q" is just denoted € in the main text since it is the only one appearing
there). The bulk term dy 7%dy Ay is the standard canonical one, the surface term dy A.dyU
has been introduced in [26] while the idea behind the introduction of the other surface terms
is that if one takes 6¢Wy, = Da <bﬁA<I>1m), 6¢W1og = D (bﬁACI)log>, 6¢¥ =Dy (bzA) +
TA dy Py, 55\111(;; =Dy (bAlog(Q)A> +TA P, and 55\11(1) =Dy (bA(Q)A), one eliminates
the non-integrable terms (A.7). However, this introduces other non-integrable terms (since
there are additional variations coming from the new terms), so that the approach is not
yet complete.

To get integrable boosts, we proceed as in [26] and adopt the transformation laws of
the bulk fields shown there to work, namely,

dedo = Vi (€47) (A.9)
Sem’ = o’ (A.10)
Emi
Sedi = 22 49, (€0) A1l
¢ 7 +0; (€9) (A.11)
Sem! = \/gVm (F™E) + €0'7° . (A.12)

This implies the following transformation laws for the asymptotic fields

O Wiin = D (bD” @iy ) + 30Dy (A.13)
0¢Wiog = Dia (bD" Doy ) (A.14)
0¢U = Da(bA") + 264, + T (A Dy + 2005 (A.15)
0eWy) = Da (bALEDA) 1 pALED 4 TA D, (A.16)
60 =Dy (bAD) 46 (AP 4 A2@) 7 (DyA" +74,) . (A.17)
5ePin = bWy, (A.18)
5e® = b0 4 Ty, (A.19)
— b
Ay = —7p + bWy, A.20
3 7 log (A.20)
b T _
@_ b tog(1) _ g 4 L = _
AR = ol + (v v®) 4 AT (Viog — ) . (A.21)

These contain additional terms besides the new ones written below (A.8).
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The change in the bulk part of the symplectic form is found to be
Le (") e = / d*Siédy Fidy Aj +r 74 d*xbdy 7 dy Uy + In 7 74 d*xbdy gy dy Wiog
n f P [b (a7 dvT + dy ey dy W) + Ty dy W) (A.22)
In order to eliminate the divergent terms we impose the following parity conditions

Ui, = even and V)pg = even. (A.23)
The variation of the boundary term of the symplectic form is given by
Lo () = LV % @2z [b (dv7"dy' T + dy iy dy Wiy ) + TdyT dy s,
- ]{ d2wv/g { [4bdy AP+ Tdy (DaA"+ 374, )| dy @i — Tdy Wiy Wi
(A.24)

where L¢QPTVIOUS ig given in (A.7), and is identically cancelled by the first surface integral
in (A.22).

Putting everything together, one finds that the variation of the new symplectic form
reduces to the expression

LY = —%d%\/f] { [4deA§,2) + Tdy (EAZA - SET)] dy Py — TdVEdV\Illin} . (A.25)

These terms can be eliminated by performing the following field dependent subleading
gauge transformations

) =TV, (A.26)
Filor = 4A® + T (D4A" + 34,) (A.27)

1 1
= E1(0; l(o; -

vanish even if the boosts are zero since they contain a contribution involving 7'

where &) — W and M = p p). Note that these correcting terms do not

A.3 Invariance of the new symplectic form under spatial translations
The change of the bulk term of the symplectic form under a spatial diffeomorphism is
given by

Lei () = /dQSléi (dvﬂjdvAj + dvﬂodvAo) : (A.28)
which reduces to the non-vanishing boundary term:

Lt (%), e = 7{ P (Waye — 0,WdyT) dy . (A.29)

for our relaxed asymptotic conditions. On the other hand, the variation of the boundary
term reads

Lei (") oundary = j{ d*z\/g { [ﬂhWﬁAdvE + Wdy (‘Plog + @)} dy Piin

+ (D Wy Ay — Wy A, ) dy Wy, } (A.30)
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The sum of these terms can be cancelled by corrective gauge transformations generated by
the subleading parameters

Gy = D WA, - WA,, (A.31)
Ay = — (W7 — 04W74) = [—0AaWD T+ W (Ve + 7) ] , (A.32)

which involve only spatial translations.
This completes the discussion of Poincaré invariance of the theory.
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