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1 Introduction

The observation of gravitational waves [1] and the reconstruction of the image of a black
hole shadow [2] have provided impressive support to Einstein’s General Relativity (GR),
and to the existence of astrophysical objects whose properties reflect very closely those of
GR’s black holes.

Yet, it is expected that GR eventually breaks down at Planckian scales, leaving the
stage to a more fundamental theory accounting for the quantum nature of gravity. Among
the different theories of quantum gravity, string theory [3], loop quantum gravity [4, 5],
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asymptotically safe gravity [6, 7], and non-local gravity [8, 9] have gained considerable
attention. While seemingly diverse, a common feature is that the effective action and field
equations stemming from their ultraviolet (UV) completions display additional higher-
derivative terms [10–19] which complement the Einstein-Hilbert dynamics. These correc-
tions are expected to play an important role in determining the quantum spacetimes al-
lowed by a principle of least action [20] and their dynamics. In this respect, black holes and
their alternatives are particularly important avenues: on the one hand, quantum gravity
is expected to yield non-singular solutions [21–59] or spacetimes with integrable singular-
ities [60, 61]; on the other hand, the quantum dynamics could shed light on how these
objects are formed in a gravitational collapse, and on what the final stages of the evapora-
tion process could be. Moreover, accounting for the quantum dynamics is key to establish
whether the linear instabilities that potentially affect the inner horizon of regular or rotat-
ing black holes [62, 63] are damped or enhanced by quantum effects. Finally, the number
of derivatives in the effective action is crucially related to the type of allowed solutions:
truncating the full effective action to quartic order in a derivative expansion, the phase
space of all possible solutions is dominated by wormholes and singular black holes [64–68].
Adding terms with six or more derivatives, the field equations instead admit spherically
symmetric regular solutions [20, 69].

Determining the shape and properties of quantum black holes from first principles is
highly challenging: it requires resumming quantum-gravitational fluctuations, deriving an
effective action or a similar mathematical object parametrized by finitely many free pa-
rameters, and finally determining the spacetime solutions to the corresponding field equa-
tions. In turn, computing the effective action requires solving either the path integral or
its integro-differential re-writing in terms of functional renormalization group (FRG) [70]
equations. To avoid these complications, the so-called renormalization group (RG) im-
provement has been used extensively in the framework of asymptotically safe gravity to
investigate how quantum-gravitational effects could impact the short-distance behavior of
gravity beyond GR and its solutions. This approach has emerged in the context of gauge
theories [71–74] as a way to access leading-order quantum effects while avoiding the com-
putation of quantum loops or a full solution of the beta functions. It consists of promoting
the classical constants to running couplings and subsequently replacing the RG scale with
a characteristic energy scale of the system.

At a qualitative level, the application of the RG improvement to gravity [41–44, 49, 50,
75–97] has pointed to the following tentative conclusions. First, classical static black holes
are replaced by regular black holes [22, 44, 49, 76, 77, 82, 91, 98–101] or by compact ob-
jects [50, 102]. Secondly, accounting for the formation of black holes from the gravitational
collapse of a massive star makes singularity resolution less straightforward and typically
results in a weaker condition: black hole singularities are not fully resolved, but are rather
replaced by so-called integrable singularities [41–43, 79, 103]. Thirdly, singularity reso-
lution in cosmology leads to either bouncing cosmologies or to cyclic universes [84, 86].
Finally, in a cosmological context, the spectrum of temperature fluctuations in the cosmic
microwave background radiation is intuitively understood in terms of fundamental scale
invariance [104, 105] in the UV — a key requirement for a theory to be UV-complete at a
fixed point of the RG flow, cf. [81, 83, 87, 92, 94, 106–116].
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Yet, the connection of these results with asymptotic safety and the FRG seems vague,
as the application of the RG improvement to gravity is subject to ambiguities. In particu-
lar, in the context of gravity it is not obvious how to identify the RG scale consistently, as
several characteristic physical scales may compete in a given process or phenomenon. This
has led to a plethora of applications of the RG improvement in gravity, where the scale is
identified based on physical intuition. In addition to this ambiguity, it is not clear whether
the RG improvement should be implemented at the level of the action, field equations, or
solutions. While these details typically do not affect the qualitative conclusions obtained
via the RG improvement (at least when the scale is reasonably motivated and not mani-
festly inconsistent, e.g., with diffeomorphism invariance [117]), a more rigorous approach
might allow to determine the connection of these results with first-principle computations
in quantum gravity, and in particular with the form factors program [17, 51, 118–123].
The importance of the latter lies in the possibility to compute (via FRG calculations)
the effective action in a curvature expansion, including infinitely many higher-derivative
terms, and thus to determine formal properties of the theory [120, 121, 124–130] and of its
solutions [51].

The scope of this work is to fill the gap between such FRG calculations and the current
practise of the RG improvement. We do so by exploiting the so-called decoupling mecha-
nism [131]:1 if below a certain critical RG scale — dubbed the decoupling scale — there
are infrared (IR) scales dominating over the regulator which implements the Wilsonian
integration of quantum gravitational fluctuations, then the RG flow freezes out and the
scale-dependent effective action at the decoupling scale provides a good approximation to
the effective action. In particular, identifying the decoupling scale typically grants access to
some higher-derivative interaction terms which were not taken into account in the original
truncation. For instance, this is the case in scalar electrodynamics, where the decoupling
mechanism allows to derive the logarithmic interaction term in the Coleman-Weinberg
effective potential (see [116, 131] for details).

In this paper we investigate the first application of the decoupling mechanism in grav-
ity. In particular, we will use it to determine qualitative features of the dynamics of black
holes beyond GR, from formation to evaporation. As a first attempt in this direction, we
will start from the Einstein-Hilbert truncation and use a simple model for the gravitational
collapse where the mass function is linear in the advanced time. Our key results can be
summarized as follows. The dynamics of quantum-corrected black holes is governed by an
effective Newton coupling which decreases both in time (down to a certain non-zero value),
and along the radial direction. In particular, its radial dependence smoothly interpolates
between the observed value at large distances and zero at the would-be singularity. As a
consequence, the curvature of the quantum-corrected spacetime is weakened compared to
its classical counterpart. Although we started from the Einstein-Hilbert truncation, the

1The decoupling of UV modes from IR physics was originally studied in the context of renormalizable
field theories and led to the decoupling theorem by Appelquist and Carazzone [132]. The decoupling theorem
famously applies to the Euler-Heisenberg Lagrangian [133] and Fermi’s theory of weak interactions [134]. In
systems where spontaneous symmetry breaking or mixing effects occur, the decoupling does not generically
take place. An example is chiral perturbation theory [135].
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effective Newton coupling also features characteristic damped oscillations reminiscent of
black hole solutions in higher-derivative gravity with specific non-local form factors: free
oscillations in the lapse function are typical of black holes in local quadratic gravity assum-
ing a specific sign of the Weyl-squared coupling [67, 136], whereas their damping requires
the presence of non-local form factors in the quadratic part of the action [137]. This is an
expected outcome of the decoupling mechanism and provides evidence that a careful appli-
cation of the RG improvement, where the scale is not set by physical intuition, but rather
by rigorously exploiting the decoupling condition, might provide important insights into
quantum gravity phenomenology [138]. Finally, within some approximations, a standard
study of the black hole evaporation leads to conclusions in line with the literature [75]: in
the evaporation process, quantum black holes get hotter, and after reaching a maximum
temperature, they start cooling down, eventually resulting in a cold black hole remnant.

The present paper is organized as follows. In section 2 we introduce the FRG and the
decoupling mechanism. Next, we show how the decoupling mechanism can be exploited to
access some of the higher-derivative terms in the effective action, and thus how to derive
corrections to the solutions of GR. We present our setup in section 3, where we also derive
the equations governing the dynamics of the quantum-corrected spacetime. We provide
numerical and analytical solutions to these equations in sections 4, 5, and 6, where we
study the dynamics of quantum-corrected black holes in three distinct regimes: formation,
static configuration at the end of a collapse, and evaporation, whereby we assume that the
evaporation starts only after the collapse is over. We discuss our results in section 7.

2 Functional renormalization group and decoupling mechanism

This section introduces the key novel ingredient in our derivation of the dynamics of black
holes beyond GR: the decoupling mechanism [131]. To this end, we shall start by briefly
summarizing the FRG, its relation to quantum field theory, and its use in quantum grav-
ity. Next, we shall clarify the difference between the RG scale built into the FRG and
the physical running appearing in the effective action and in scattering amplitudes (see
also [139, 140]). Finally, we will review the idea behind the decoupling mechanism and
we will explain how it can be exploited to extract qualitative information on quantum
spacetimes and their dynamics.

2.1 Effective actions and the functional renormalization group

Schwarzschild black holes and the Friedmann-Lemaître-Robertson-Walker cosmology can
be found as solutions to the Einstein field equations

δSEH
δgµν

= 0 , (2.1)

SEH being the classical Einstein-Hilbert action. In a quantum theory of gravity these field
equations are replaced by their quantum counterpart,

δΓ0
δgµν

= 0 , (2.2)
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where Γ0 is the gravitational quantum effective action. The knowledge of the effective action
thus paves the way to the investigation of quantum black holes and quantum cosmology.

Yet, computing the effective action is extremely challenging. One should solve either
the gravitational path integral ∫

Dgµν ei Sbare[gµν ] , (2.3)

equipped with a suitable regularization, or the FRG equation. Within the FRG, the idea
is to first regularize the path integral by introducing an ad hoc regulator term in the bare
action, and then transform the integral over field configurations (2.3) into a functional
integro-differential equation for a scale-dependent version of the effective action, Γk, called
effective average action. The resulting flow equation for Γk [141, 142] reads

k∂kΓk = 1
2STr

[(
Γ(2)
k +Rk

)−1
k∂kRk

]
. (2.4)

Here Γ(2)
k denotes the matrix of second functional derivatives of the effective average action

with respect to the quantum fields at fixed background. The function Rk is a regulator
whose properties guarantee the suppression of IR and UV modes in the flow equation, such
that the main contribution to Γk comes from momentum modes at the scale k. Finally, the
supertrace “STr” denotes a sum over discrete indices as well as an integral over momenta.

The solution to eq. (2.4) for a given initial condition identifies a single RG trajectory.
The set of all RG trajectories defines the RG flow. A solution Γk is physically well defined
(i.e., the corresponding theory is renormalizable) if its RG trajectory approaches a fixed
point in the UV, k →∞. In this limit Γk ought to approach the bare action Sbare, up to the
reconstruction problem, see, e.g., [143–145]. The opposite limit, k → 0, corresponds to the
case where all quantum fluctuations are integrated out, and yields the standard quantum
effective action Γ0. First steps towards computing the gravitational effective action have
been taken in [17, 118, 121, 127, 146–148] in the context of asymptotically safe gravity and
in [10, 149–159] within string theory. While deriving the coefficients and form factors in
the effective action is highly challenging, one may attempt to find solutions to eq. (2.2)
using alternative strategies. Before describing one of them, that is based on the decoupling
mechanism, in the next subsection we shall first clarify a fundamental difference between
the momentum scale k in eq. (2.4) and the physical momentum dependence of Γk, as this
difference is often a source of confusion.

2.2 Clarifying nomenclature: RG scale dependence versus physical running

The effective average action Γk is constructed as an RG scale dependent action functional,
where all couplings or functions are promoted to k-dependent quantities. The action Γk can
thus be parametrized by an infinite-dimensional coordinate vector containing the couplings
associated with all possible diffeomorphism-invariant operators. In full generality, the flow
equation (2.4) can be associated with infinitely many ordinary coupled differential equations
for the couplings. However, in practice the technical complexity requires a truncation of
the theory space to a manageable subspace. For instance, at quadratic order in a curvature

– 5 –



J
H
E
P
0
3
(
2
0
2
3
)
0
4
6

expansion one has

Γk =
∫

d4x
√
−g

( 1
16πGk

(R− 2Λk) +RgR,k(�)R+ Cµνσρ gC,k(�)Cµνσρ
)
, (2.5)

where Gk = gkk
−2 and Λk = λkk

2 are the RG scale dependent versions of the Newton and
cosmological constants, gk and λk being their dimensionless counterparts, and gR,k(�) and
gC,k(�) are quartic couplings which can generally depend on the d’Alembertian operator.
The k-dependence is attached with the Wilsonian integration of fluctuating modes from
the UV to the IR. In particular, it is typically used to study the fixed point structure of the
action, as the existence of suitable fixed points relates to renormalizability and guarantees
that observables computed using the effective action Γ0 are finite. Provided that such a
suitable fixed point exists, one can integrate the flow down to the physical limit k = 0,
where the effective average action reduces to the quantum effective action Γ0.

It is important to remark that the k-dependence is not related to the physical mo-
mentum dependence of couplings, which is to be read off from the effective action Γ0.
Specifically, the structure of the effective average action (2.5) should be contrasted with
that of the effective action [17]

Γ0 =
∫

d4x
√
−g

( 1
16πGN

(R− 2Λ) +RFR(�)R+ CµνσρFC(�)Cµνσρ
)
, (2.6)

where the Newton coupling and the cosmological constant are constants whose values are
fixed by observations, while the physical running — encoded in the form factors Fi(�) ≡
gi,0(�) — is attached to the couplings related to the terms at least quadratic in curvature.
Note that the dependence on the d’Alembertian is the curved-spacetime generalization of
the dependence of couplings on a physical momentum p2 [17].

The so-called RG improvement was originally devised as a method to obtain an approx-
imation to the effective action (2.6) (or to the solutions to its field equations) by starting
from its k-dependent counterpart (2.5) (typically a local version of it) and subsequently
replacing the RG scale k with a physical momentum or energy scale. This seems to be
a viable strategy in the context of gauge and matter theories [71–74]. In the framework
of quantum field theory the RG improvement originated from the solutions to the Callan-
Symanzik equation, while its relation with the FRG is made concrete by the decoupling
mechanism, which we review in the following subsection.

2.3 Effective actions from the decoupling mechanism

The flow of the effective average action Γk from the UV fixed point to the physical IR is
governed by the FRG equation (2.4). In particular, the variation of Γk on the left-hand
side of (2.4) is induced by the artificial regulator Rk. The latter is an effective mass-square
term, Rk ∼ k2, suppressing fluctuations with momenta p2 . k2.

The decoupling mechanism [131], if at work, could provide a short-cut linking (a trun-
cated version of) Γk to the effective action Γ0 and relies on the following observation. In
the flow towards the IR, Rk decreases as ∼ k2, and at a certain scale kdec the running
couplings and other physical scales in the action, for instance a mass term, may overcome
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UV

IR

k = ∞

k ≈ kdec

k = 0

Sbare ≈ Γ∗

Γk k

Γ0 ≡ Γ

Γkdec
≈ Γ0

Figure 1. Idea behind the decoupling mechanism. If one or a combination of physical IR scales
in the effective average action overcomes the effect of the regulator Rk in the flow equation (2.4),
the flow freezes out and the effective average action at the critical scale kdec approximates the full
effective action Γ0.

the effect of the cutoff Rk. As a result, the flow of the effective average action Γk would
freeze out, so that at the decoupling scale Γk=kdec approximates the standard effective ac-
tion Γ0 (cf. figure 1). By identifying the decoupling scale, certain terms appearing in the
full effective action can be predicted which were not contained in the original truncation.
An emblematic example is scalar electrodynamics, where the RG improvement, combined
with the decoupling mechanism, is able to correctly generate the logarithmic corrections
in the Coleman-Weinberg effective potential [71], see [116, 131] for details and [72–74] for
other examples in the context of quantum electrodynamics and quantum chromodynamics.

It is important to notice that generally kdec will depend on a non-trivial combination
of several physical IR scales appearing in the action, e.g., curvature invariants, masses, or
field strengths. To make this statement more precise, one has to look at the structure of
the regularized inverse propagator. Schematically, i.e., neglecting any tensorial structure,
the latter is conveniently written as

Γ(2)
k +Rk = c (p2 +Ak[Φ] + R̃k) , (2.7)

where c is a constant, Φ denotes the set of fields in the theory defined by Γk, and by defi-
nition Ak[Φ] ≡ Γ(2)

k /c− p2 and Rk ≡ c R̃k. The regulator R̃k efficiently suppresses modes
with p2 . k2 when it is the largest mass scale in the regularized inverse propagator. By
contrast, if Ak[Φ] contains physical IR scales, there might be a critical momentum kdec be-
low which R̃k becomes negligible. Grounded on these arguments, the decoupling condition
reads

R̃kdec ≈ Akdec [Φ] , (2.8)

– 7 –
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and provides an implicit definition of the decoupling scale kdec. We emphasize that whereas
the structural form of the inverse propagator (2.7) defines the functional Ak for general k,
at the decoupling scale kdec, Akdec satisfies the condition (2.8). It is worth noticing that
this equation might not have real solutions, in which case the RG improvement would not
be applicable.

We finally remark that the implementation of the RG improvement at the level of
the Callan-Symanzik equation and in the EAA is subtlety different: in the former the
decoupling occurs due to a balance of physical scales only, while in the latter the unphysical
momentum k is involved. Since the first works independently of the choice of cutoff, the
second might inherit this property too.

2.4 Decoupling mechanism versus the practice of RG improvement

The procedure of RG improvement consists of promoting the coupling constants to RG
scale dependent couplings, and “identifying” the IR cutoff k with a physical scale in order
to capture qualitatively the effect of higher-order and non-local terms in the full effective
action (2.6).

The scale dependence is governed by the beta functions which can be computed using
functional RG methods within a given truncation of the effective action. For instance,
if the effective average action for gravity is approximated by monomials up to first order
in the curvature, its form reduces to the Einstein-Hilbert action with a scale-dependent
Newton coupling and cosmological constant. Neglecting the cosmological constant, the
flow equation (2.4) for the running Newton coupling gives rise to the approximate scale
dependence [22]2

G(k) = G0
1 + ωG0k2 , (2.9)

where ω = 1/g∗, g∗ being the non-Gaussian fixed point value of the dimensionless Newton
coupling g(k) = G(k)k2. The existence of such a fixed point in the UV, combined with the
requirement of a finite number of relevant directions, are key requirements for the definition
of asymptotically safe theories.

The application of the RG improvement in gravity suffers from the following problems:

• The challenge to relate the cutoff k to a physical scale of the system: a priori, the
role of k is to provide a way to parametrize the RG flow from the UV towards the
IR. In principle, if one ignores the original idea behind the decoupling mechanism,
there exists no general prescription of how to perform the scale identification on
curved spacetimes and in situations where spacetime symmetries are insufficient to
fix k uniquely. Scale-setting procedures relying on diffeomorphism invariance and
minimal scale dependence of the action were proposed in [117, 131, 160–163], but
these are either not always applicable, or they provide insufficient information to
completely fix the function k(x). Moreover, in generic physical situations, there is
more than one scale.

2Although the RG scale dependence (2.9) has been first derived in [22] via computations in Euclidean
signature, eq. (2.9) still appears to be a good approximation in Lorentzian signature [128].
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• Ambiguity in the application at the level of action, field equations, and solutions:
although the RG improvement in gravity is motivated by the decoupling of the RG
flow of the action functional Γk, the sequence of replacements gi → gi(k)→ gi[k(x)]
can in principle be implemented at the level of the action, field equations, or solutions.
Typically, the latter two implementations are more straightforward than that at the
level of the action, since in physical applications one could skip the step of deriving
the field equations or their solutions, respectively. Nevertheless, the three procedures
can yield different results. This can be intuitively understood, as, for instance, the
replacement k 7→ k(x) at the level of the action would generate higher-derivative
operators which would in turn reflect in additional terms in the field equations.

• Backreaction effects in gravity: in the context of quantum field theories other than
gravity, the RG improvement can be applied straightforwardly [71–74]. The reason
is that in this case coordinates and momenta are related trivially, p ∼ 1/r, and the
background metric is fixed and typically flat. In the context of gravity this procedure
is less controlled, since the definition of any diffeomorphism-invariant (i.e., scalar)
quantity requires a metric. Classical spacetimes are however singular, and their
metric cannot be trusted in the proximity of the would-be singularities. Moreover, the
Newton coupling itself, which in a standard RG improvement procedure is supposed
to be replaced with its running counterpart, is part of the metric needed for the
definition of the map k(x). Finally, when a one-step RG improvement is performed
at the level of the solutions, this induces a change in the effective Einstein equations
and a change in the spacetime metric, which in turn would lead to a different map
k(x). This suggests that the application of the RG improvement in gravity requires
taking backreaction effects into account and determining the effective metric self-
consistently, e.g., via the iterative procedure devised in [49].

Summarizing, the RG improvement in gravity was originally motivated by the decoupling
mechanism, and the scale identification k(x) was meant to act as a short-cut to determine
the effective action. Yet, in most works on RG improved spacetimes the function k(x)
has been fixed based on physical intuition only, accounting neither for the consistency
constraints stemming from Bianchi identities (aside from a few examples, e.g. [117, 131,
160–163]), nor for the decoupling mechanism. In this work we will for the first time exploit
the decoupling mechanism to derive the function k(x) from the decoupling condition (2.8)
and to determine the dynamics of quantum-corrected black holes.

3 Modified spacetimes from the decoupling mechanism: setup

In this section we derive the differential equations describing the evolution of the metric
of a spherically-symmetric, asymptotically flat black hole spacetime, including quantum
corrections computed by exploiting the gravitational beta functions and the decoupling
mechanism.
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3.1 Generalized Vaidya spacetimes

One of the key lessons of Einstein’s GR is the formation of black holes from the gravitational
collapse of matter and radiation. Scenarios for the collapse of a sufficiently massive object
have been developed and are discussed controversially in relation to the cosmic censorship
conjecture [164]. In its weak form, the conjecture posits that the maximal Cauchy devel-
opment possesses a complete future null infinity for generic initial data. In other words,
an event horizon should exist which prevents an observer at future null infinity from seeing
the singularity. The conjecture is however known to be violated in various models for the
gravitational collapse. In particular, well-known classical models which violate this conjec-
ture are the Tolman-Bondi spacetime for the spherical collapse of dust clouds [165–167] or
the imploding Vaidya spacetime describing the spherical collapse of radiation [168, 169]. In
the latter case the singularity appears when the ingoing radiation hits a chosen spacetime
point — typically the origin of the given coordinate system. In this classical model the
singularity is initially naked provided that the rate of concentration of the radiation is
sufficiently low [170]. In the following we will introduce these Vaidya spacetimes as well as
an important generalization of the corresponding class of metrics that will be key in our
construction.

The classical imploding Vaidya solution in advanced Eddington-Finkelstein coordinates
reads [168, 169]

ds2 = −f(r, v) dv2 + 2 dv dr + r2 dΩ2 , (3.1)

with the lapse function
f(r, v) = 1− 2G0m(v)

r
, (3.2)

where G0 denotes the observed value of the Newton coupling. The mass function m(v)
depends on the advanced time coordinate and can be used to model a gravitational collapse
or evaporation. The metric (3.1) with lapse function (3.2) is an exact solution to the
Einstein equations with vanishing cosmological constant,

Gµν = 8πG0Tµν , (3.3)

and an energy-momentum tensor corresponding to a pressureless perfect fluid [168, 171],

Tµν = µuµuν . (3.4)

Here uµ is the fluid’s four-velocity and

µ = ṁ(v)
4πr2 (3.5)

is its energy density. A dot denotes differentiation with respect to the advanced time.
More generally, one could consider a generalized mass function depending both on the
advanced time v, as well as on the radial coordinate r. The resulting generalized Vaidya
spacetime [171] is described by a metric of the form (3.1) with lapse function

f(r, v) = 1− 2M(r, v)
r

, (3.6)

– 10 –
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where the Newton constant G0 is now absorbed in the generalized mass function M(r, v).
These spacetimes are solutions to the classical Einstein equations (3.3) with an effective
energy momentum tensor

Tµν = µ lµlν + (ρ+ p)(lµnν + lνnµ) + pgµν , (3.7)

where the two null vectors lµ and nµ satisfy lµn
µ = −1. The functions µ and ρ are

the two contributions to the energy density associated with the first advanced time and
radial derivatives of the generalized mass function M(r, v), while p is the classical pressure
computed from its second derivative,

µ = Ṁ(r, v)
4πG0r2 , ρ = M ′(r, v)

4πG0r2 , p = −M
′′(r, v)

8πG0r
. (3.8)

In the previous definition, dots and primes denote derivatives with respect to v and r,
respectively.

Generalized Vaidya spacetimes can be used to model deviations from the Schwarzschild
solution. In the next subsection we will make use of these dynamical solutions to describe
the collapse of black holes in the presence of quantum-gravitational fluctuations. We will
take into account both the backreaction generated by the modifications induced on the
spacetime by quantum effects [49], as well as the dynamical evolution of the spacetime
triggered by a time-varying mass functionm(v). To this end, we will combine the techniques
developed in [49], which we review below, with the ideas in [41–43, 75], and with the
decoupling mechanism [116, 131].

3.2 Determining the decoupling scale

The scope of this subsection is to determine the decoupling scale kdec at which the RG scale
dependent effective action Γk approximates the full effective action. To this end, one first
needs to derive the Hessian Γ(2)

k and its regularized version. Within the Einstein-Hilbert
truncation the effective average action is given by

Γk =
∫

ddx√g
( 1

16πGk
(2Λk −R) + Lm

)
, (3.9)

where Gk and Λk are the Newton coupling and cosmological constant, d is the number of
spacetime dimensions, and Lm is a matter Lagrangian. In our case, since one of our main
scopes is to describe the quantum-corrected gravitational collapse, we limit ourselves to
the Lagrangian of a perfect fluid with energy-momentum tensor (3.4), which reads [172]

Lm = µ(r, v) , (3.10)

µ(r, v) being the energy density of the pressureless fluid as defined in (3.5). The quadratic
part of the action is constructed by writing the metric as gµν = ḡµν + hµν , where ḡ is the
background metric and h describes fluctuations about this background, and by expanding
the action about ḡ up to quadratic order in h. The metric fluctuations are split as hµν =
hTLµν +d−1ḡµνφ, where φ ≡ ḡµνhµν is the trace part of the metric and ḡµνhTLµν = 0 expresses
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the orthogonality condition of the traceless mode hTLµν . Further restricting the background
to a maximally symmetric spacetime3 and using a harmonic gauge fixing, with

Γgf = 1
2

∫
ddx√g 1

16πGk

[
ḡµν

(
D̄σhµσ −

1
2D̄µḡ

αβhαβ

)(
D̄ρhνρ −

1
2D̄ν ḡ

αβhαβ

)]
, (3.11)

the regularized Hessian becomes diagonal in field space. Its elements in the trace, traceless,
and Faddeev-Popov ghost sectors [7] are

Γ(2)
k +Rk

∣∣∣
h

= G−1
k

(
�+ k2rk(�/k2)− 2λk + CT R̄+ µGk

)
,

Γ(2)
k +Rk

∣∣∣
φ

= −d− 2
2d G−1

k

(
�+ k2rk(�/k2)− 2λk + CSR̄+ µGk

)
,

Γ(2)
k +Rk

∣∣∣
gh

= G−1
k

(
�+ k2rk(�/k2)− 2λk + CV R̄

)
,

(3.12)

where � ≡ −D̄2 is the d’Alembertian operator built with background covariant derivatives,
R̄ is the background Ricci scalar, rk is the dimensionless version of the regulator Rk, and

CT = d(d− 3) + 4
d(d− 1) , CS = d− 4

d
, CV = −1

d
. (3.13)

As we are interested in asymptotically flat spacetimes, in the following we shall neglect the
contribution from the cosmological constant. At this point, the decoupling condition (2.8)
reads

G−1
kdec

(γR̄+Gkdecµ− k
2
decrkdec) = 0 , (3.14)

where γ ≡ max{|CT |, |CV |, |CS |}, and γ = 2/3 for d = 4. In particular, to determine
the form of the decoupling scale a simple mass-type regulator Rk ' k2 suffices. This is
tantamount to setting rk = 1, so that the decoupling condition reads

k2
dec ≡ Gkdecµ+ γR̄ . (3.15)

Accounting for the decoupling condition at the level of the action, in combination with the
expression (2.9) for the running Newton coupling Gk, would thus yield an effective action

Γ0 ≈ Γk=kdec =
∫
d4x
√
g

(
−1 + µωG2

0
16πG0

R̄− γω(1− µωG2
0)

16π R̄2 +O(µ2, R̄3)
)
, (3.16)

where we have expanded all terms in a curvature expansion and linearized the final expres-
sion with respect to the energy density µ. The resulting effective action contains some of

3This choice is not ideal for a generic black hole background. However, it significantly simplifies the
expressions and we do not expect it to impact the qualitative aspects of our results. This expectation comes
from two independent considerations. First, within the model of gravitational collapse that we will employ,
the spacetime is initially a flat Minkowski background. Thus, a maximally symmetric background is a
consistent choice for the early stages of the gravitational collapse. Thereafter, deviations from a maximally
symmetric background ought to be automatically encoded in the dynamical adjustment of all physical
energy scales and equations involved. Secondly, we checked that in d = 4 the corrections induced by a
generic Vaidya background would only change the numerical prefactors of our expressions — at least to
leading order in the radial coordinate, in the two opposite regions r � lPl and r � lPl.
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the higher-derivative terms in (2.6), as expected, as well as a non-minimal coupling with
matter, encoded in the terms µR̄ and µR̄2. We thus expect that the dynamical spacetimes
stemming from the implementation of the decoupling mechanism at the level of the solu-
tions — which are the focus of our work — will reflect the presence of the higher-derivative
operators and of the non-minimal coupling µR. As we will see, our findings are consis-
tent with this expectation. Note that this is non-trivial: in past applications of the RG
improvement, accounting neither for the backreaction effects of [49] nor for the decoupling
condition, the implementation of the replacement k 7→ k(x) at the level of the action or at
the level of the solutions would generally yield different results.

Before proceeding, we briefly comment on the possibility to further constrain the func-
tion k(x) by requiring the validity of the Bianchi identities [117, 131, 160–163]. The simplest
starting point is the RG scale dependent version of the Einstein-Hilbert action, eq. (3.9).
If the stress-energy tensor for the matter is separately conserved, the Bianchi identities
impose a consistency condition on the function k(x). The specific form of the modified
Bianchi identities relies on whether one makes the replacement k 7→ k(x) at the level of the
action or at the level of the field equations (see [116] for details). If the scale dependence
is first introduced at the level of the action, this condition reads [131]

2G(k)Λ′(k) +G′(k)(R− 2Λ(k)) = 0 , (3.17)

where primes denote the differentiation with respect to k. The requirement (3.17) expresses
the fact that the sum of the effective energy momentum tensor introduced by the coordinate
dependence of the Newton coupling and the cosmological constant term should be conserved
to guarantee consistency with the covariant conservation of the Einstein tensor. Such
a requirement turns out to be redundant in our case, since the effective spacetimes are
solutions to field equations of the form (3.3) which are found self-consistently. We thus
conclude that in our case the consistency conditions [117, 131, 160–163] are automatically
satisfied and therefore do not add additional constraints.

3.3 Effective dynamics from the decoupling mechanism

The RG improvement in gravity entails working in a truncated version of the effective
average action, where the running of the couplings is determined by their beta functions
and the RG scale parameter is to be related to a physical energy scale of the system,
e.g. the decoupling scale. Nevertheless, due to the complexity of the resulting modified
field equations,4 the RG improvement is sometimes (in particular in the context of black-
hole physics) implemented at the level of classical equations or solutions. In the following,
we will exploit an RG improvement at the level of classical Vaidya solutions.

In this section we derive the equations governing the effective dynamics of a spherically
symmetric black hole by combining the decoupling mechanism with the iterative procedure
devised in [49]. The latter replaces the standard RG improvement at the level of the
solutions with a self-consistent approach accounting for the backreaction effects generated

4Already at quadratic order finding full solutions to the field equations requires extended numerical
analyses [64–67].
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by the introduction of quantum effects on dynamical spacetimes. We will first review
this procedure and will subsequently combine it with the decoupling mechanism to derive
quantum-corrected spacetimes of the Vaidya type and to study their dynamics.

The starting point is the classical (static) Schwarzschild spacetime with lapse function
given by (3.6), m(v) ≡ m being the mass of the black hole as measured by an observer
at infinity. While the exterior Schwarzschild metric is a solution to the vacuum Einstein
equations, a non-zero effective energy-momentum tensor Tµν is expected to be present on
the right-hand side of the field equations (3.3). The latter can arise in the presence of
(quantum) matter, or via quantum-gravitational effects in the form of higher derivatives
in the gravitational effective action, cf. eq. (2.6). Due to these additional terms, the metric
of a static spherically-symmetric black hole is expected to be modified with respect to the
classical case. Assuming that the time and radial components of the metric are inversely
related, grr = g−1

tt , as is the case for Schwarzschild black holes, the action of quantum
effects can be encoded in the radial dependence of an effective Newton coupling G(r). The
radial dependence is introduced via the replacement G0 → G[k(r)], and leads to an effective
metric of the form

f(r) = 1− 2mG[k(r)]
r

, (3.18)

where k(r) is the map between the RG scale k and the radial coordinate r, and is initially
constructed by means of the classical metric. The spacetime (3.18) describes an exact solu-
tion to the Einstein equations in the presence of a generalized effective energy-momentum
tensor T eff

µν with energy density ρeff ∝ ∂rG and pressure peff ∝ ∂2
rG [49, 171]. This effective

energy-momentum tensor has the role of mimicking the higher-derivative terms in the full
quantum effective action (2.6).

Yet, in a gravitational context the simple replacement k → k(x) is not expected to
yield a good approximation to the effective field equations [49] since: (i) the scalar quan-
tity k(r) (e.g., the proper distance, or a curvature invariant) is necessarily built on the
original Schwarzschild metric which fails to give an accurate description of the spacetime
in the region of interest, i.e., where quantum gravity effects are important, (ii) the new
metric (3.18) is no longer a solution to the vacuum field equations and this backreaction
effect might in turn impact the spacetime metric, and (iii) a new scale k(r) built with (3.18)
will not match the function k(r) constructed using the Schwarzschild metric.

This points to the conclusion that in gravity backreaction effects induced by the re-
placement k → k(r) have to be taken into account. This can be done iteratively, until
a self-consistent solution is reached. In other words, one should iteratively apply the RG
improvement until the scale kn(r) used to define the lapse function fn+1(r) matches the
decoupling scale kn+1 constructed using the metric g(n+1)

µν at the step n+ 1. The iterative
procedure is implemented by defining the lapse function fn(r) at a step n > 0 as

fn(r) = 1− 2mGn[kn−1(r)]
r

, (3.19)

i.e., in terms of a scale kn−1(r) constructed by means of the metric g(n−1)
µν at the step n−1.

In general, this will be a function of the first and second derivatives of the effective Newton
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coupling Gn−1(r). If the sequence {Gn} defined in this way converges, the fixed function
G∞(r) satisfies a differential equation which is fully determined by the functional form of
the scale kn(r). Specifically, based on the RG running (2.9), this yields the differential
equation

G∞(r) = G0
1 + ωG0k2

∞(r) , (3.20)

with k2
∞ depending on G∞ and its derivatives. In [49] the scale has been fixed to be k2 ∝ ρ,

giving rise to an analytically solvable first-order ordinary differential equation for G∞. Its
solution is given by

G∞(r) = G0

(
1− e−

r3
l3

)
, (3.21)

where l is a length scale of the order of the Planck length lP . As a key result, the limit
of the sequence of metrics is described by a Dymnikova black hole [173] with a regular de
Sitter core.

We now proceed by generalizing the framework in [49] to Vaidya spacetimes (3.6),
including a general dynamical mass m(v) in the lapse function (3.6). This has the ultimate
goal to describe the dynamics of quantum black holes from formation to evaporation. In
this, the scale k(x) will be derived by an explicit use of the decoupling mechanism, as this
is key to connect the RG scale dependent description (2.5) with the physics of the effective
action (2.6). Specifically, k(r) should be equated to the decoupling scale kdec in eq. (3.15)
in order for the metric (3.18) to be an approximate solution to the field equations stemming
from an effective action of the type (2.6). In the case of dynamical spacetimes, one can set
up the iterative procedure by using the lapse function

fn(r, v) = 1− 2Mn(r, v)
r

. (3.22)

Here the generalized mass function Mn(r, v) = m(v)Gn[kn−1(r, v)] is defined by the clas-
sical mass function and the running Newton coupling at the step n of the iteration. The
metric defined by the lapse function (3.22) belongs to the class of generalized Vaidya
spacetimes [171] introduced in section 3.1. The corresponding metric satisfies the effective
Einstein equations

Gnµν = 8πGnTnµν , (3.23)

where the effective energy-momentum tensor takes the form (3.7) with energy densities
and pressure redefined as

µn = Ṁn(r, v)
4πGn(r, v)r2 , ρn = M ′n(r, v)

4πGn(r, v)r2 , pn = − M ′′n(r, v)
8πGn(r, v)r . (3.24)

The effective Newton coupling Gn will itself depend on the self-adjusting cutoff kn which
needs to be determined by the properties of the spacetime at the previous step of the
iteration. In particular, the effective Newton coupling will generally depend on both the
radial coordinate r and the advanced time v, Gn = Gn(r, v); in the remainder of this
section we will omit this dependence for shortness. Finally, in order to make contact with
the FRG and determine solutions which approximate those stemming from the full effective
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action Γ0, we shall fix k to be the decoupling scale kdec. In particular, for a fully consistent
implementation of the decoupling mechanism, the decoupling scale has to be built using
the iterative procedure detailed above.

Setting rk = 1 as before and evaluating the decoupling condition (3.15) on-shell finally
yields the definition of the decoupling scale at the step n+ 1,

k2
n+1 = Gn(µn + γ16π(ρn − pn)) , (3.25)

where we have dropped the label “dec” from the decoupling scale and we have written
the background Ricci scalar (for metrics of type (3.22)) in terms of the generalized energy
density and pressure (3.24), according to

R = 4M
′
n(r, v)
r2 + 2M

′′
n(r, v)
r

= 16πGn(ρn − pn) . (3.26)

As will be important later, we note at this point that the high-energy regime k � mPl,
where the flow is close to the UV fixed point g∗ of the dimensionless Newton coupling, cor-
responds to the large-curvature regime. For a spherically symmetric black hole spacetime
this means that the UV fixed point regime corresponds to the region close to the classical
singularity, while the IR corresponds to large radii.

Finally, taking the limit n→∞, the dynamical equation for the effective gravitational
coupling becomes

G∞ = G0

1 +G0ωG∞
(
µ∞ + 2

316π(ρ∞ − p∞)
) , (3.27)

where µ∞, ρ∞ and p∞ are defined by (3.24), with M∞(r, v) ≡ G∞(r, v)m(v), i.e.,

µ∞ = ṁ(v)
4πG∞r2 + m(v)Ġ∞

4πG∞r2 , ρ∞ = m(v)G′∞
4πG∞r2 , p∞ = −m(v)G′′∞

8πG∞r
. (3.28)

Inserting these expressions for the energy densities and pressure in terms of the effective
Newton coupling and mass m(v) in eq. (3.27), we obtain the following second-order non-
linear partial differential equation for G∞(r, v)(

G0ωm
(
16πrG′′∞ + 32πG′∞ + 3Ġ∞

)
+ 3G0ωṁG∞ + 12πr2

)
G∞ − 12G0πr

2 = 0 , (3.29)

where the classical Vaidya mass functionm(v) is still to be specified. The partial differential
equation (3.29) is our first main result and will be used to determine the dynamics underly-
ing the quantum-corrected gravitational collapse and black hole evaporation. Specifically,
once a solution to eq. (3.29) is found, the resulting spacetime metric takes the form of a
generalized Vaidya spacetime with lapse function

f∞(r, v) = 1− 2m(v)G∞(r, v)
r

. (3.30)

We will use the framework introduced in this section to study the effective metric in different
regimes, from formation to evaporation.
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4 Dynamics of the collapse process

As a result of the decoupling mechanism, the dynamics of the effective Newton cou-
pling G(r, v) is governed by eq. (3.29) where it remains to specify the Vaidya mass func-
tion m(v). In this work we will use one of the simplest models for the gravitational collapse
of a massive star, known as Vaidya-Kuroda-Papapetrou (VKP) model [169, 170, 174]. The
same model was considered in [41–43] to study the quantum-corrected collapse based on a
one-step RG improvement not accounting for the decoupling mechanism. We will present
two distinct analytical results showing the expected functional dependence of the effective
Newton coupling at early times and for small values of the radial coordinate. Finally, by
using these solutions as boundary conditions, together with the requirement of matching
the observed value of the Newton constant at large distances and early times, we will pro-
vide a complete numerical solution to the partial differential equation (3.29). Non-trivial
corrections to the classical black hole spacetime, which describe the outcome of the grav-
itational collapse, will be the subject of section 5, while the evaporation will be described
separately in section 6.

4.1 Vaidya-Kuroda-Papapetrou collapse model

The VKP spacetime [169, 170, 174] is a simplified model for the gravitational collapse of a
massive star. Its geometry is characterized by a linear mass function,

m(v) =


0, v ≤ 0 ;
λv, 0 < v < v ;
m, v ≥ v ,

(4.1)

as shown in figure 2. While for advanced times v ≤ 0 the spacetime is a flat Minkowski
vacuum, at v = 0 shells of ingoing radiation originating from the star are infused and
concentrated towards the origin, r = 0. The linear increase in mass at the rate λ stops at
v = v, when the object settles down to the static classical Schwarzschild spacetime with
mass m. Historically, the VKP model was one of the first counterexamples to the cosmic
censorship conjecture [170].

4.2 Identifying possible boundary conditions

In this section we determine the solutions to the dynamical equation (3.29) in two asymp-
totic regimes, where this equation can be solved analytically. This will provide us with the
boundary conditions to solve the full dynamics numerically.

4.2.1 Dynamics at early times

The radial dependence of the effective Newton coupling at early times v � v̄ is dictated by
the differential equation (3.29) with the dominant contribution stemming from the energy
density associated with µ∞. Indeed, for v � v̄ the spacetime is approximately Minkowski
and thus the radial derivatives of the Newton coupling — defining ρ∞ and p∞ — are
approximately zero. Moreover, since during the collapse m(v) is modeled as a power of the
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Figure 2. Mass function of the classical VKP spacetime as given in eq. (4.1). The spacetime is
initially flat. At v = 0 the gravitational collapse starts and the mass m(v) increases linearly with an
injection rate λ. The collapse lasts until v = v̄, where the mass function m(v) reaches the plateau
m(v) = m, m denoting the final mass of the black hole.

advanced time, m(v) ∼ vn (with exponent n = 1 in our case), it further suppresses ρ∞ and
p∞, cf. eq. (3.28). In contrast, m(v) enters µ∞ via its advanced time derivative, and since
in our case it is a constant, ṁ = λ, its contribution to µ∞ will dominate over all terms
in ρ∞ and p∞. As a consequence, at early times the effective Newton coupling has only
a very weak dependence on the advanced time v, which even drops out if ρ∞ and p∞ are
neglected.

Dropping the ρ∞ and p∞ contributions from eq. (3.27) the effective Newton coupling
reduces to a function of the radial coordinate only, G∞ = G∞(r), and obeys the equation(

3G0 ω λG∞(r) + 12πr2
)
G∞(r)− 12G0πr

2 = 0 . (4.2)

The positive semi-definite solution to the previous quadratic equation reads

G∞(r) = 2
G0λω

(
−πr2 +

√
π2r4 +G0

2λωπr2
)
. (4.3)

Therefrom, the resulting metric can be determined by inserting the result into the lapse
function (3.6). At small radii, the corresponding Kretschmann scalar scales as

RµνρσR
µνρσ ∝ 1

r4 , (4.4)

Compared to the classical curvature singularity ∝ r−6, the antiscreening of gravity stem-
ming from the fixed point implies a weakening of the curvature singularity already at early
times. Moreover, following our later analysis in section 5.1, the divergence of the local
curvature at the origin is expected to be further weakened during the collapse. In fact, the
curvature for the static solutions at the end of the collapse settles down to a scaling ∝ r−3.

4.2.2 Dynamics close to the classical singularity

We shall in the following consider solutions to the field equations in the region of spacetime
close to the would-be singularity, i.e., for r � lPl. Our goal is to determine a boundary
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condition of the form G∞(rmin, v) = J(v), at a fixed rmin � lPl, for the numerical integra-
tion of the partial differential equation (3.29). In contrast to the case v ∼ 0 studied in the
previous subsection, the asymptotic analysis of eq. (3.29) for r ∼ 0 is extremely involved,
and standard techniques based, e.g., on expansions in power laws, are not effective in this
case. Yet, as we are only interested in finding a boundary condition G∞(rmin, v) = J(v) at
a fixed rmin � lPl, we will utilize two complementary strategies, in combination with some
arguments, which we describe in the following.

In our first approach, we neglect the two terms proportional to r2 in eq. (3.29), as
they are small for r ∼ 0, and dropping them significantly reduces the complexity of the
equation. Separating the variables, the ansatz

G∞(r, v) = G0(1−H(v))F (r) (4.5)

further simplifies the remaining differential equation to

3F (r)(−1 +H(v) + vH ′(v)) + 16πv(−1 +H(v))(2F ′(r) + rF ′′(r))) = 0 , (4.6)

which can be rewritten as

2F ′(r) + rF ′′(r)
F (r) = − 3

16πv
1−H(v)− vH ′(v)

1−H(v) ≡ c0 . (4.7)

Here we have used the fact that the left-hand and right-hand sides of the equation can
depend only on r and v, respectively, and thus must be equal to a constant c0. As a result
we obtain two differential equations determining the functions F and H,

2F ′(r) + rF ′′(r) = c0F (r) ,

1− v H ′(v)
1−H(v) = −16π

3 c0v .
(4.8)

The solution for the radial function F (r) is

F (r) = c1 + c2
r
. (4.9)

for c0 = 0, while for c0 6= 0 it is given by

F (r) = c1
I1(2√c0

√
r)

√
c0
√
r

+ c2
K1(2√c0

√
r)

√
c0
√
r

, (4.10)

where In(x) and Kn(x) are modified Bessel functions of the first and second kind, respec-
tively, and c0 > 0 in order for the solution to be real. In both solutions for F (r), c1 and
c2 are integration constants. The dependence on the advanced time is instead encoded in
the function

H(v) = 1 + b1
e−

16π
3 c0v

v
, (4.11)

where b1 ≡ −v0 is an integration constant. Expanding the exponential function produces a
term ' 1/v to first order. At next order, H(v) receives a constant contribution. In general,
terms coming with an even power in the series expansion of the exponential give rise to
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positive odd powers of v with a positive pre-factor in the overall expression for H(v).
They would therefore yield positive contributions to the v-dependence of the effective
Newton coupling and dominate at late times. As we expect the effective Newton coupling
to be dynamically weakened during the collapse process, we set these terms to zero by
the choice c0 ≡ 0 in (4.8), i.e., we proceed by requiring both summands in eq. (4.6) to
vanish simultaneously. In this case the time dependence is encoded in eq. (4.11), with
c0 = 0, while the function F (r) is given by eq. (4.9), where the integration constant c2
must be zero, as otherwise the magnitude of the effective Newton coupling would increase
towards r → 0. This requirement follows from the existence of a fixed point of the RG
flow, as in this case the RG scale dependent Newton coupling scales as Gk ∼ g∗k

−2 in
the UV, and vanishes in the high-energy limit. The anti-screening of the gravitational
interaction, making gravity weaker in the UV, is the reason behind the expectation of
singularity resolution in asymptotically safe gravity. Finally, the integration constant c2
for the function F (r) is fixed to c1 = 1, which guarantees that the ansatz (4.5) is compatible
with the observed value of the Newton constant at early times. In summary, for small radii
r and times v > 0 the form of the effective Newton coupling can be approximated by

G∞(r, v) = G0
v0
v
. (4.12)

This result indicates that the injection of radiation into an initially flat Minkowski space-
time, within the quantum-corrected VKP model, describes a highly non-perturbative pro-
cess at early times and close to the would-be singularity, after which the strength of the
coupling rapidly decreases with time.

A similar conclusion is also reached by employing an alternative strategy. We shall use
once again the ansatz (4.5), and then proceed by replacing it in the full partial differential
equation (3.29) (including the last two terms proportional to r2) and by expanding about
r = 0 up to linear order in the radial coordinate. This procedure yields a differential
equation for the function H(v), whose solution reads

H(v) = 1 + b1
e−

16π
3 c0v

v
, (4.13)

where we have defined

c0 =
(
r F (0)F ′′(0) + 2 r F ′(0)2 + 2F (0)F ′(0)

)
3F (0) (2 r F ′(0) + F (0)) . (4.14)

On the one hand, eq. (4.13) resembles the solution in eq. (4.11). On the other hand, its
explicit dependence on the radial coordinate r — encoded in the expression (4.14) of c0
— shows that a simple separation of variables of the form (4.5), while generally successful
to study the asymptotics of differential equations, is not effective in our case and leads to
contradictions. After all, as already mentioned, the exponent α governing the leading-order
scaling of G∞ ∼ rα for r ∼ 0 is expected to be a function of the advanced time v. The
asymptotics (4.12) is thus not expected to be accurate and the absence of an r dependence
in eq. (4.12) should not come as a surprise. Specifically, a weak dependence on the radial
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coordinate at small radii, making the effective Newton coupling vanishing at r = 0, is
expected on physical grounds.

Despite these issues, as the two derivations presented above yield the same v depen-
dence at a fixed spatial slice, and since the aim of this subsection is solely to find a second,
reasonable input for the numerical integration, we will assume that eq. (4.12) provides a
consistent boundary condition at r = rmin � lPl, and we will use it as an input for the
numerical integration. Whether this assumption is consistent can then be verified a poste-
riori, based on the outcome of the numerical integration. In particular, the r dependence
ought to be restored in the full solution. We anticipate here that the numerical solution
will be compatible with this expectation, and specifically with an effective Newton coupling
that vanishes in the limit r → 0.

4.3 Full numerical solution

In this section we combine the previous results and provide a numerical solution to the
partial differential equation (3.29) for the VKP model. The numerical integration will
be performed in the region (v, r) ∈ [v0, v] × [rmin, rmax]. Hereby v0 � 1 and v denote
the start and end time, respectively, for the numerical integration of the equations along
the advanced time direction. Similarly, rmin and rmax are the integration boundaries for
the radial coordinate. In particular, for the numerical integration we fixed v0/tPl = 0.01,
v̄/tPl = 1, rmin/lPl = 10−4, and rmax/lPl = 50. Moreover, we set the parameters λ
and ω to one and we chose the mass m of the black hole to be Planckian, m/mPl = 1.
In general, in the collapse model introduced in section 4.1, the infusion rate λ and the
duration of the collapse v̄ determine the mass m of the configuration at the end of the
collapse. Consequently, different choices of m will have an impact on the properties of the
final static object, as we shall see in section 5.

In eq. (3.29) the time derivative and second spatial derivative occur with the same
sign on the left-hand side of the partial differential equation, resulting in a structure rem-
iniscent of negative diffusion. It is well known that the numerical analysis of this type of
differential equations is very involved. We present here a numerical solution stemming from
the following initial and boundary conditions. First, we require that the effective Newton
coupling reduces to the observed value G0 both at early times and at large distances. This
results in the initial and boundary conditions G∞(r, v0) = G∞(rmax, v) = G0. Secondly, we
make use of the result (4.12), which describes the dynamics in the proximity of the classical
singularity, to fix the remaining boundary condition near the origin, at rmin/lPl = 10−4.
More explicitly, this boundary condition reads G(rmin, v) = G0v0/v. Finally, according to
our simplified model for the gravitational collapse, see section 4.1, we evolve the system
until a final time v/tPl = 1. Figure 3 shows the result of the numerical integration.

Whereas at early times and large distances the effective Newton coupling is well ap-
proximated by its classical value, the situation is drastically different for small radii. As
soon as the collapse process has started, the effective Newton coupling at small distances
from the radial center becomes weaker, thus providing a direct illustration of the antis-
creening effect of gravity in the UV. Its dependence on the advanced time v approximately
follows an inverse power, cf. eq. (4.11). In particular, at the end of the gravitational col-
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Figure 3. Numerical solution to the partial differential equation (3.27) for the effective Newton
coupling G∞. We use as initial condition at early times and boundary condition in the IR the
observed value of the Newton constant, i.e. G∞(r, v0) = G∞(rmax, v) = G0. For the remaining
boundary condition near the origin at rmin we use the result (4.12) associated with the dynamics in
the proximity of the would-be singularity. At early times for all r, as well as at large distances for
all v, the effective Newton coupling reproduces the observed value of Newton’s constant, G0. When
the collapse process starts, the effective Newton coupling decays as ' v−1 until the shell-focusing
is over. At the end of the collapse, the effective Newton coupling converges to a function which
interpolates between G0 (large-distance limit) and zero (for small radii). This function features in
addition damped oscillations along the radial direction.

lapse, the effective Newton coupling interpolates between the classical observed value G0,
which is recovered at large distances, and zero in the limit r → 0, i.e., where quantum
gravity effects become stronger. Importantly, we checked that these qualitative features
are insensitive to the initial and boundary conditions. An additional striking feature of
the effective Newton coupling lies in its damped oscillations along the radial direction at
late times. Such oscillations have been observed in some specific black hole solutions of
higher-derivative gravity with specific non-local form factors [137]. This seems to be consis-
tent with the arguments in section 2, and specifically with the insight that the decoupling
mechanism might fulfil the original scope of RG improvement, granting access to some of
the quantum corrections in the effective action. We will come back to this topic in the next
section.

Finally, figure 4 shows the time-evolution of the (0, 0)-component of the resulting
metric according to the defining equation (3.6). The collapse drives the formation of a black
hole horizon whose location lies initially at a radius smaller than its classical counterpart,
the latter being approximately located at rh/lPl = 2m(v)/mPl. In fact, the classical
Schwarzschild spacetime at the end of the collapse is reproduced well for sufficiently large
masses of the final configuration, and only outside of the Planckian region, r � lPl.

In the next section, section 5, we will analyse possible outcomes of our collapse model
and provide an analytical explanation for the origin of the oscillations by studying the
static limit of the partial differential equation (3.29).
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Figure 4. Time evolution and radial dependence of the lapse function f∞(r, v), i.e. the (0, 0)-
component, of the VKP spacetime with effective Newton coupling G∞(r, v). The collapse drives
the formation of a black hole horizon whose location lies initially at a radius smaller than for the
classical VKP model. For sufficiently large masses, the final configuration is approximated well by
the Schwarzschild spacetime, at least outside of the Planckian region, i.e., for r � lP l.

5 Static spacetimes at the end of the collapse

A key aspect of classical gravitational collapse models, including the VKP model considered
here, is the formation of an event horizon and a spacetime singularity after a finite amount
of time. In spherically symmetric settings, the metric at the end of the collapse is the
static Schwarzschild geometry and contains a curvature singularity at r = 0. In terms
of the Kretschmann scalar the degree of divergence of the final static configuration is
RµνρσR

µνρσ ∝ r−6. On the other hand, for the quantum-corrected VKP spacetime with
the effective gravitational coupling determined by (3.20), a weakening of the curvature
singularity is expected due to the anti-screening character of gravity encoded in eq. (2.9).
Within the VKP model, the system is static for advanced times v > v, as the mass function
reaches the constant value m(v) = m. In such a static limit the effective Newton coupling
becomes independent of the advanced time v, G∞ = G∞(r), and the energy density µ∞ in
eq. (3.25) vanishes. All together, the static limit of the effective Newton coupling is defined
by the differential equation (3.27) with all advanced time derivatives set to zero, and it
describes the final spacetime configuration at the end of the gravitational collapse.

To investigate the properties of the resulting static spacetime, in this section we first
study the analytical properties of the effective Newton coupling in two opposite limits: in
the small radii regime, close to the classical singularity, and in the large distance limit.
In the latter the solution displays the same damped oscillations appearing in the collapse
phase. Neglecting such oscillations, we will find a function that interpolates between the
small- and large-radii behaviors. This interpolating function will provide us with the start-
ing point to study the evaporation phase, which is the focus of the next section.
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5.1 Analytical solution close to the classical singularity

In the following we study the outcome of the quantum-corrected VKP model for small
radii. Neglecting for a moment the evaporation effects, at the end of the collapse the
effective Newton coupling G∞ will be a function of the radial coordinate only, governed
by the differential equation (3.27) with constant ADM mass m(v) = m. Focusing on the
small-r region, corresponding to the UV fixed point regime, the RG scale dependence of
the dimensionful Newton coupling is given by G(k) ' g∗k−2. Since the fixed point regime
is reached for k2 � m2

Pl/ω and ω = 1/g∗ ∼ O(1) according to FRG computations, this
scaling can be obtained by neglecting the 1 in the denominator of eq. (2.9). Accordingly, we
can study the static spacetime solutions resulting from the collapse, and in the proximity
of the classical singularity, by setting m(v) = m (static limit) and by neglecting the 1 in
the denominator of eq. (3.27) (fixed point regime). In these limits the effective Newton
coupling G∞ = G∞(r) is completely determined by the ordinary differential equation

G0ωm
(
4rG′′∞ + 8G′∞

)
G∞ − 3G0r

2 = 0 . (5.1)

As we are interested in determining the leading-order scaling of G∞(r) in the proximity of
the would-be singularity, we assume that G∞(r) ∼ C rn close to r = 0 and determine the
parameters (C, n) by inserting this power law ansatz in eq. (5.1). Following this approach
we find

G∞(r) = 1√
5ωm

r3/2 +O(r3) . (5.2)

Let us stress that eq. (5.2) is expected to approximate the effective gravitational coupling
at the end of the collapse and at sufficiently small radial distances, r/rPl � 1. The r3/2-
scaling implies that at the origin the effective Newton coupling goes to zero. A positive
exponent for the leading power in a series expansion around the origin is consistent with
previous results on RG improved black holes in spherical symmetry, e.g. [22]. In particular,
the specific exponent 3/2 was also found in [91]. Using the expression (5.2) for the Newton
coupling in the lapse function of the classical Schwarzschild spacetime,

f∞(r) = 1− 2mG∞(r)
r

' 1− 2m
r

r3/2
√

5ωm
, for r � lPl , (5.3)

allows us to investigate properties of the geometry close to the origin. In contrast to the
classical solution, the lapse function is regular and takes the value f∞ = 1 at r = 0, as a
consequence of the vanishing effective Newton coupling in the limit r → 0. However, the
regularity of the metric at the origin does not imply a curvature singularity-free de Sitter
core. Indeed, the Kretschmann scalar of the quantum-corrected VKP model at the end of
the collapse becomes

RµνρσR
µνρσ ∝ 1

r3 . (5.4)

It diverges due to the divergent metric derivative at the origin. Nonetheless, the degree of
divergence is lowered compared to the classical singularity and reproduces the exponent
found in [91] using an alternative cutoff scheme, but a similar self-consistent approach. In
summary, the anti-screening character of the gravitational force at high energies reduces
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the strength of the curvature singularity in comparison to the classical Vaidya model. In
previous studies it was shown that such an anti-screening effect might in certain cases even
lead to singularity resolution [22, 75, 98, 99, 101], cf. also [44] for an analysis of necessary
conditions. To investigate global properties of the static solutions, an approximate scale
dependence of the Newton coupling must be derived from (2.9). This is the focus of the
next section.

5.2 Analytical solution at large distances and interpolating function

The scope of this section is to determine static analytic solutions at large distances, comple-
menting the analytic solution (5.3) found in the previous section, which instead describes
the endpoint of the VKP collapse for small radii. To this end, we need to solve the differ-
ential equation (3.27) with constant mass function m(v) = m and for large radii. Setting
m(v) = m, the differential equation (3.27) simplifies to(

G0ωm
(
4rG′′∞ + 8G′∞

)
+ 3r2

)
G∞ − 3G0r

2 = 0 . (5.5)

Moreover, at radii r/lPl � 1, we can make the ansatz

G∞(r) = G0

(
1− F (r)

r

)
, (5.6)

where |F (r)/r| � 1 at large r and |F (r)/r| → 0 as r → ∞, such that the classical lapse
function is recovered at infinity. Inserting the ansatz (5.6) into the differential equation (5.5)
leads to

4G2
0mω(F (r)− r)F ′′(r)− 3r2F (r) = 0 . (5.7)

Using that |F (r)| � r at large distances, the previous equation reduces to a Stokes differ-
ential equation

F ′′(r) + 3
4G2

0mω
rF (r) = 0 . (5.8)

Solutions are linear combinations of Airy functions in the form

F (r) = Re
[
c1Ai(a(m,ω)r) + c2Bi(a(m,ω)r)

]
, (5.9)

where a(m,ω) = 2−2/331/3(−G2
0mω)−1/3. The two integration constants are taken to

be ci ∝ 1/m on dimensional grounds (see also [175]). The left panel of figure 5 shows
the analytic solution for the effective Newton coupling at large r according to (5.6) with
the function F (r) given in eq. (5.9), together with the analytic solution (5.2) valid at
small radii, for a mass parameter corresponding to one Planck mass, m = mPl. The
power-law behavior in the UV remains valid up to approximately one Planck length r ≈
lPl away from the origin. Beyond the transition at the Planck scale where no analytic
solution to the differential equation (5.5) is available (corresponding to the blue region in
figure 5), the analytic solution (5.6) characterized by damped Airy functions (5.9) takes
over. The presence of Airy functions causes characteristic oscillations around the classical
value G0 = m−2

Pl with decaying amplitude and wavelength at increasing radii. In the
limit r → ∞ the amplitude of the oscillations goes to zero, such that the classical lapse

– 25 –



J
H
E
P
0
3
(
2
0
2
3
)
0
4
6

function is recovered. In particular, since the effective Newton coupling approaches the
observed value of Newton’s constant in the large-distance limit, the resulting spacetimes
are asymptotically flat. In the right panel of figure 5 the analytic solution (5.5) at large
radii is displayed for different masses. At a given radius r, the amplitudes of the oscillations
decrease, whereas their wavelengths increase as the mass parameter m grows. In particular,
for astrophysical black holes the mass is m/mPl ≈ m�/mPl ≈ 1038 and thus the amplitude
of the oscillations becomes tiny and hard to resolve. Accordingly, the energy associated
with the inverse wavelength of the oscillations becomes microscopic for large masses. To
sum up, the amplitude and wavelength of the oscillations decreases with both the radial
coordinate r and with the black hole mass m, making them negligible for astrophysical
black holes. We have additionally confirmed these findings, which are based on our analytic
results, through different numerical methods, such as a direct integration of the second-
order differential equation, a transformation to a first-order system, and a shooting with
boundary conditions imposed at the origin and at large radii.

Let us now comment on the interpretation of these oscillations of the lapse function.
On the one hand, similar oscillation patterns were found in certain models of quadratic
gravity [67, 136] (where however the amplitude of the oscillations does not decrease by
increasing r, and the period does not increase either), in higher-derivative gravity with
specific non-local form factors [137], and in the context of corpuscolar gravity [59, 176, 177].
On the other hand, the RG improvement procedure was originally introduced as a way to
explore the leading effects of operators occurring at higher order in the expansion of the
effective action. In particular, operators quadratic in the curvature will appear naturally
beyond the Einstein-Hilbert truncation. Reproducing solutions to a quadratic action with
non-local form factors may therefore be viewed as an indication that the results of the
iterative RG improvement coupled with the decoupling mechanism are consistent.

Next, we need to determine an analytic approximation to the full static solution. If
the oscillations on top of the effective Newton coupling are neglected, we find that the
analytic power-law solution (5.2) at the origin and the classical constant Newton coupling
at large r are smoothly connected by the approximate interpolating function

Gint
∞ (r) = G0

(
1− e

− r3/2√
5ωrh/2 lP l

)
, (5.10)

with rh = 2mG0. This can be seen by computing the next-to-leading order corrections to
eq. (5.2) and comparing them with the expansion of various possible interpolating functions,
perhaps inspired by the most commonly studied black holes beyond GR. Specifically, the
corrections to eq. (5.2) read

G∞(r) = r3/2
√

5mω
− r3

21G0mω
+ 25r9/2

16758
√

5G2
0(mω)3/2 +O(r11/2) (5.11)

and we verified that the above next-to-leading order coefficients do not match those of
Bardeen-like or Hayward-inspired solutions. One of the reasons is that they would intro-
duce, e.g., r4- or r5/2-corrections that are absent in eq. (5.11). In contrast, the expansion
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Figure 5. Effective Newton coupling G∞ as a function of the radial coordinate in the static limit
at the end of the collapse, for ω ≡ 1. The left panel shows static solutions to eq. (3.27) in different
approximations and for m = mP l. Below the Planck scale, r . lP l, the effective Newton coupling is
approximated by the solution (5.2) to the equations in the fixed point regime, and scales as ∼ r3/2

(dotted line). The solid line displays the analytic solution (5.6) for large radii and is characterized
by damped Airy functions of the form (5.9) where we set c1, c2 ≡ 1/m. The blue region is where the
transition between these two analytical solutions (5.2) and (5.6) should occur. Finally, the dashed
line shows the exponential function (5.10) which smoothly interpolates between the analytic solution
in the UV and the Newton’s constant G0 = m−2

pl in the IR, and solves eq. (3.27) in the static limit
and in the special case where the amplitude of the oscillations vanishes. The right panel depicts
the analytic solution (5.6) with the function F (r) specified by eq. (5.9) at large radii for different
black hole masses. At a given radius, the amplitudes of the oscillations decrease, whereas their
wavelengths increase for growing mass parameter m. All solutions are valid at large radii, and are
not expected to provide a good approximation in the blue region where the transition to the scaling
solution (5.2) occurs.

of eq. (5.10) (inspired by the Dymnikova solution) is

Gint
∞ (r) = r3/2

√
5mω

− r3

10G0mω
+ r9/2

30
√

5G2
0(mω)3/2 +O(r11/2) (5.12)

and offers a better approximation to the expansion (5.11).
The interpolating function (5.10) is shown in the left panel of figure 5. In the limit

of large masses or large radii the exponential becomes negligible, and deviations from
the classical Schwarzschild solution are strongly suppressed. The exponential nature of
the interpolating function seems to be a feature of the self-consistent approach, which
in the static case leads to a Dymnikova solution, cf. [49], corresponding to an effective
Newton coupling of the type (5.10), with characteristic scaling ∼ r3 close to the origin,
in place of ∼ r3/2. The Dymnikova scaling is physically more appealing, as it makes
curvature invariants finite at r = 0. This is to be contrasted with our case, where the
characteristic scaling ∼ r3/2 of the effective Newton coupling is not strong enough to
remove the singularity, although it makes it weaker, cf. (5.4). This result is not surprising:
even at the level of a one-step RG improvement, adding quantum corrections to the static
Schwarzschild solution leads to singularity resolution [22], while, starting from a dynamical
spacetime, the dynamics of the quantum-corrected gravitational collapse typically lead to
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black holes with gravitationally weak (or integrable [60]) singularities [43]. Replacing the
one-step RG improvement with the self-consistent procedure in [49] does not change this
intriguing result. Yet, in contrast to the one-step RG improvement, self-consistency favors
the appearance of exponential lapse functions. Such an exponential behavior is a highly
desirable feature, as it gives hopes that the corresponding spacetime can come from a
principle of least action in quantum gravity [20]. In particular, it is conceivable that
these spacetimes characterized by exponential lapse functions could stem from an effective
action of the type (2.6) with exponential form factors. Notably, this resonates with the
findings in [137], where it was shown that quadratic effective actions with exponential form
factors lead to damped oscillations resembling those that we have observed. In contrast, the
typical polynomial lapse functions obtained from the one-step RG improvement, such as the
Bonanno-Reuter metric [22] and the Hayward black hole [26], seem to be incompatible with
a principle of least action [20], making their relation with quantum gravity questionable.

6 Dynamics of the evaporation process

In the previous section we obtained an approximate analytical result for the effective New-
ton coupling at the end of the collapse. According to eq. (5.10), the resulting static metric
is characterized by the approximate lapse function

f∞(r) = 1− 2mG0
r

(
1− e

− r3/2√
5ωrh/2 lP l

)
, (6.1)

where we remind the reader that m is the ADM mass measured by an observer at infinity.
Although the lapse function (6.1) neglects the oscillations encountered in the previous
section, it provides an analytical approximation to the endpoint of the gravitational collapse
and sets our starting point to study its evaporation.

In the following we will work under the assumption that the black hole radiation
remains thermal until the end of the evaporation. While this is likely not realized due to
non-perturbative effects, it is not straightforward to describe the complete evaporation in
a non-perturbative fashion. Moreover, this assumption will allow us to compare our case
to the classical one of Schwarzschild black holes.

6.1 Causal structure and critical mass

The interpolating function (5.10) allows us to study the causal structure of the quantum-
corrected static spacetime at the end of the collapse, and to determine the approximate
location of its horizon(s). While the classical lapse function has a single horizon at rh =
2G0m, the causal structure of the quantum-corrected spacetime is more complicated and,
similarly to other proposed alternatives to Schwarzschild black holes, it depends on the
ratio m/mPl. At a critical value m = mc there is exactly one horizon. For masses below
the critical mass there is no horizon and the curvature singularity is naked and timelike.
Above the critical mass instead, as is typical for regular black holes, there are two horizons.
We note at this point that our construction does not eliminate the problem of mass inflation
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Figure 6. Lapse function f∞ of the final static configuration as a function of r for different masses,
each depicted with a different color. The analytic solution based on the oscillating effective Newton
coupling (5.6) with the function F (r) defined by (5.9) (dashed lines) is valid at large radii, r/lP l � 1.
In the deep UV instead, for r � lP l, the lapse function is approximated by the analytic solution
to equation (5.2) (solid lines), and takes the value f∞(0) = 1 at the origin. The region highlighted
in blue is where the transition between these two analytic solutions, which are valid in opposite
asymptotic regimes, should occur.

characterizing most black holes with two horizons, as the lapse function (6.1) is such that
the surface gravity at the inner horizon κ− is non-zero [178].

The critical ratio mc/mPl is expected to be of order one, since no scale other than the
Planck mass is included in our physical description. The critical mass parameter can be
estimated analytically as follows. First, we start by determining the condition to have a
horizon close to the classical singularity, where the Newton coupling is described by the
function (5.2). This is done by inserting (5.2) into (5.3) and searching for zeros of the
resulting lapse function. There is one zero at

rh = 5ω
4m/mPl

lPl . (6.2)

Next, we recall that the fixed point scaling of the Newton coupling is valid only at high
energies, i.e., at small distances, r/lPl � 1. The previous condition is saturated in eq. (6.2)
at r = rh, if the mass parameter is chosen to be mc/mPl ≈

√
5/4 ' 1.12. This derivation

however is valid only if the horizon lies in the region where the analytic approximation for
G∞ based on the fixed point solution is adequate and we must verify this assumption a
posteriori. It turns out that mc/mPl ≈

√
5/4 can only provide a rough estimate for the

critical massmc. In fact, the horizon location for this value of the mass parameter would be
at r ≈ 2G0m, cf. figure 6, which is outside the regime of validity of eq. (5.2) but within the
same order of magnitude. A numerical analysis utilizing the analytical approximation (5.6)
for the lapse function at large radii shows that the correct value for the critical mass lies
slightly above the analytical one derived above, and is mc/mPl ≈ 1.18, cf. figure 6.
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Figure 7. Density plot of the lapse function f∞(r), highlighting its positivity for increasing values
of the mass parameter m and as a function of the radial coordinates in units of rh = 2G0m. In
the figure r− and r+ denote the inner and outer horizon, respectively. For r > rh or m < mc the
lapse function f∞(r) is strictly positive. The causal structure is instead non-trivial for m ≥ mc,
where f∞(r) can also be negative or vanish. Specifically, the lapse function is negative between
the two horizons, positive outside, and vanishes on the boundary. Thus, for masses m/mP l greater
than, equal or less than the critical value mc/mP l, the spacetime has two, one or no horizon(s)
respectively.

Finally, when neglecting the oscillations, i.e., when considering the interpolating lapse
function (6.1) as a starting point, the qualitative causal structure is similar: depending on
the value of m, the spacetime exhibits two, one or no horizons, cf. figure 7. The location
r+ of the outer black hole horizon approximates the location of the classical Schwarzschild
radius at rh = 2G0m as the mass is increased. At the same time, increasing m the inner
Cauchy horizon r− moves closer to the origin in units of G0m. At the critical value mc

both horizons coincide, while spacetimes characterized by smaller masses have no horizon.
Finally, if the black hole mass m is below the critical value mc, the spacetime is horizon-
free. In this case however the critical mass is mc ≈ 1.55mPl. The difference with the
one previously discussed stems from neglecting the oscillations of the lapse function, as is
clear from figure 6. As the specific position of the horizon does not impact the qualitative
aspects of the evaporation process, and since we do not have a full solution featuring both
the oscillations (5.6) at large radii and the correct ∼ r3/2 scaling at short distances, we will
neglect the oscillations and we will use the interpolating lapse function (6.1) as a starting
point to study the evaporation process of the corresponding black hole.

6.2 Evaporation process

For m > mc the lapse function f∞ exhibits a simple zero at r = r+. In particular,
its derivative is non-negative for r ≥ r+ and its value increases monotonically from zero
at r = r+ to one at infinity. We may thus associate a temperature to this black hole
configuration by following Hawking’s analysis of black hole radiance [179] in the language
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of Euclidean path integrals and thermal Green’s functions [180–182]. To this end, let us
consider a static spherically symmetric spacetime of the form

ds2 = −f(r) dt2 + f(r)−1 dr2 + r2 dΩ2 . (6.3)

A positive definite Euclidean metric can be defined by performing a Wick rotation, i.e., by
complexifying the time coordinate, t→ iτ . Expanding the lapse function in a Taylor series
in the near-horizon region it can be shown that to first order the metric locally describes
a Rindler space. A coordinate transformation (τ, r) → (φ, ρ), where φ = |f ′(r+)|τ/2 and
ρ2 = 4(r− r+)/f ′(r+), allows us to write the metric in the neighborhood of the horizon as

dsE2 = dρ2 + ρ2 dφ2 + r2
+ dΩ2 . (6.4)

By requiring smoothness of the metric, one is led to identify φ with an angle variable having
period 2π and to restrict the range of possible values of the radial variable to r > r+. In
this case the first two terms in the Euclidean metric correspond to the line element of a
2-dimensional flat plane written in polar coordinates (φ, ρ). The resulting manifold is a
Euclidean black hole with topology R2 × S2.

The periodicity of φ translates into one of τ , i.e. τ → τ +β with period β = 4π/f ′(r+).
If quantized matter fields are considered on the Euclidean black hole background, their
Green’s functions become thermal with the temperature determined by the inverse of the
parameter β,

TBH = 1
β

= f ′(r+)
4π . (6.5)

For a Schwarzschild black hole this temperature reproduces the well-known result due to
Hawking [179],

TSchwarzschild = 1
8πG0m

. (6.6)

In order to apply the previous formula to our case, starting from the configuration with
two horizons, one has to identify the location of the outer horizon r+. The latter is given
by largest positive zero of the lapse function (6.1), see figure 7. We determine this root
numerically for varying mass and insert the result into (6.5). Thereby we arrive at the
temperature as a function of m, shown in the left panel of figure 8. For large masses the
spacetime is well approximated by the Schwarzschild solution. As a consequence, in this
limit the temperature of the quantum black hole reduces to the Hawking temperature (6.6).
Lowering the mass, deviations between the classical and quantum spacetime become signif-
icant, with the quantum-corrected temperature always lying below the semi-classical one.
While the latter diverges as ∝ 1/m for small m, when lowering the mass of the quantum
black hole its temperature reaches a maximum and subsequently falls down to zero. This
happens when the two horizons coincide, i.e., when the black hole mass m has reached the
critical value mc. Initial configurations characterized by a smaller mass parameter have no
horizon and thus the derivation of (6.5) does not apply.

Our results are in remarkable agreement with the RG improved spacetimes studied
in [22], whereby a cutoff function is constructed from the radial proper distance of an
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Figure 8. Temperature and mass of an evaporating classical and quantum black hole. All quantities
are in Planck units. The left panel depicts the temperature of the quantum black hole (solid blue
line) compared to the classical Hawking temperature of a Schwarzschild black hole (dashed dark
blue line). The temperature is displayed as a function of the black hole mass. In the classical
evaporation process, the black hole becomes hotter and hotter, leading to a complete evaporation
which eventually leaves the classical singularity naked after a finite amount of time. In the quantum
version, the temperature at first increases as the mass decreases. However, in contrast to the classical
case, it reaches a maximum and then slowly goes to zero. The right panel shows the black hole mass
as a function of the proper time measured by an observer at infinity. The function m(t) is determined
by solving eq. (6.7) numerically, with the initial value mi ≡ m(0) set to mi/mP l = 2 > mc and with
σ ≡ 1. The dashed dark green line corresponds to the classical case, and shows that the evaporation
process occurs in a finite amount of time. By contrast, in the quantum-corrected model (solid green
line), a black hole with initial mass mi requires an infinite amount of proper time to convert the
mass (mi −mc) into Hawking radiation, eventually leading to a black hole remnant with mass mc

(dotted black line).

observer to the center: after reaching a maximum temperature, the quantum black hole
begins to cool down. The evaporation process comes to an end when its mass is lowered
to m = mc = O(mPl). The critical mass therefore represents a final state of evaporation,
leaving behind a Planck-size black hole remnant.

We now evaluate how much time is needed for the evaporation of a black hole from an
initial mass mi to its final value mf . The mass loss per unit proper time measured by an
observer is given by Stefan-Boltzmann’s law

ṁ = −σA(m)T 4
BH(m) , (6.7)

where a dot denotes differentiation with respect to the proper time t, σ is a constant
and A(m) = 4πr2

+ is the area of the outer horizon. For a Schwarzschild black hole the
radiation power decreases as ∝ m−2, which leads to a finite amount of time ∝ mi

3 for
the complete evaporation from mi → 0 to happen, as shown in the right panel of figure 8.
The situation is notably different in the quantum case. Starting from an initial value
mi > mc, the critical final value mc is reached only asymptotically, at infinitely late times.
This can be explained as follows. As the quantum black hole evaporates it eventually
reduces its mass to the value associated with the maximum temperature peak, displayed
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Figure 9. Schwarzschild (left panel) and quantum-corrected lapse function (right panel) at different
times. Classically, the Hawking temperature increases monotonically as the black hole mass is
converted into Hawking quanta. The evaporation thus continues for a finite amount of time ∆t =
2048π3/3tP l until the massm vanishes and the classical black hole reduces to a Minkowski spacetime
with a naked singularity at r = 0. The corresponding lapse function is one everywhere except at
the origin, where it diverges. In the quantum model, evaporation takes an infinite amount of time
and a black hole remnant with mass mc ∼ mP l (solid red line) is formed asymptotically.

in figure 8. Thereafter the cooling process begins and the temperature gradient becomes
negative. When the temperature is close to zero, the mass change per time — which obeys
a T 4-behaviour according to Stefan-Boltzmann’s law — becomes tiny. At this stage the
black hole cannot radiate away power efficiently anymore. In particular, it is impossible to
reach the final stage of evaporation. This result is consistently interpreted in view of the
third law of black hole thermodynamics, according to which a zero surface gravity cannot
be achieved in a physical process, as has already been observed in [22].

The time dependence of the metric is obtained by plugging the time-dependent mass
function m(t) into the Vaidya lapse function (3.6). Figure 9 shows the evaporation of
a Schwarzschild black hole compared to the time evolution of its quantum counterpart.
A Schwarzschild black hole evaporates completely within a time t ∝ m3

i , leaving behind
empty Minkowski space, modulo a naked singularity. By contrast, a quantum black hole
gradually approaches the critical configuration for which the inner and outer horizon co-
incide. Following our previous considerations, however, it will take infinitely long to get
there.

We finally comment on the applicability of the entropic arguments against
remnants [183, 184] to our case. In principle, if one assumes that only asymptotic states
matter and that black holes are uncharged, there are at least two ways to avoid the con-
clusions of [183, 184]: (i) remnants are unstable and only asymptotic states matter; (ii)
remnants are stable but there is no degeneracy. Since in our case all remnants have the
same mass and in principle the same entropy (provided that information can escape, e.g.,
via non-thermal processes at the end of the evaporation), this might be enough to remove
the dangerous degeneracy typically associated with remnants. This solution might however
not work in the case of charged black holes (which should be carefully checked separately),
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as the presence of a charge would likely not allow having remnants of the same mass. This
would likely re-introduce the degeneracy and is one of the strongest arguments support-
ing the idea that there can be no global symmetries in quantum gravity [185]. While the
“no global symmetry” conjecture has not been tested within asymptotic safety,5 there is
currently no evidence supporting a conflict between global symmetries and the asymptotic
safety condition. If more refined calculations would confirm this conclusion, alternative ex-
planations for degeneracy avoidance ought to be sought after. A possibility would be that
asymptotic safety is a low-energy approximation to a more fundamental theory forbidding
global symmetries (e.g., string theory [157, 186]). Alternatively, the degeneracy might be
avoided if black holes have quantum hair [187], or if the evaporation process becomes highly
non-perturbative in its last stages, in a way that allows all information to escape. These
are exciting possibilities and intriguing research avenues, to which we hope to contribute
in the future.

7 Conclusions

A key challenge of quantum gravity is to derive spacetimes whose properties and dynamics
are valid at all resolution scales. Such dynamical solutions are expected to emerge from a
principle of least action, in which the classical action is replaced by its quantum (or “effec-
tive”) counterpart. Yet, determining such an effective action as well as finding solutions to
the corresponding quantum field equations is technically extremely involved. One should
first evaluate the gravitational path integral or, equivalently, solve the RG equations of a
scale-dependent version of the effective action [70]. By taking its infrared limit, all quan-
tum fluctuations are integrated out and the scale-dependent effective action reduces to the
standard quantum effective action.

As a way to circumvent these technical challenges, in the past decades studies of quan-
tum gravity phenomenology in the context of asymptotically safe gravity have strongly
relied on the use of “RG improvement” [71–74]. The latter was originally devised in the
context of quantum field theory to provide insights on the quantum dynamics while avoiding
the complex procedures of solving RG equations or computing quantum loops in pertur-
bation theory. Its necessary ingredients are an action, the beta functions governing the
scale dependence of its couplings, and a functional relation between the RG scale and the
characteristic energy of a given phenomenon, e.g., the center of mass energy in a scattering
process. Although the use of RG improvement in quantum field theory has been incredibly
successful, its application to gravity is subject to several ambiguities (see, e.g., [116] for a
summary), making its connection to the asymptotic safety program unclear. In particular,
the lack of a clear recipe to relate the RG scale with the variety of competing physical
energy scales involved in gravitational phenomena is one of its most severe problems.

In this work we put forth a method to address this issue and to determine some of the
leading-order quantum corrections to classical spacetimes. Our strategy relies on the so-
called decoupling mechanism [131]: when a system is characterized by one or more physical

5See [148] for a preliminary comparison of the string and asymptotic safety landscapes.
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infrared scales, their combination can overcome the regulator term implementing the shell-
by-shell integration of fast-fluctuating modes in the path integral, thus slowing down the
flow of the scale-dependent effective action. At the “decoupling scale” — the critical scale
below which the flow freezes out — the scale-dependent effective action approximates the
quantum effective action. The decoupling mechanism thus provides a short-cut to the
effective action and generally grants access to higher-order terms which were not part of
the original truncation. In this work we derived a condition to identify the decoupling
scale, given an ansatz for the action, and subsequently exploited this condition to study
the dynamics of quantum-corrected black hole spacetimes in asymptotic safety, starting
from the Einstein-Hilbert truncation.

Our results are remarkably promising. On the one hand, they are in qualitative agree-
ment with previous studies based on the RG improvement. Specifically: (i) Accounting
for the dynamics of a gravitational collapse makes full singularity resolution less straight-
forward than in static settings. Nevertheless, quantum effects make the singularity gravi-
tationally weaker, in agreement with preliminary indications from first-principle computa-
tions [51]; (ii) Black holes can have up to two horizons depending on whether their mass
is below, equal, or above a critical Planckian mass scale. Astrophysical black holes would
thus be characterized by two horizons and their evaporation would resemble closely the one
of known black holes in the literature [26, 75, 173]. On the other hand, in our construc-
tion we find additional striking features reminiscent of higher-derivative operators with
specific non-local form factors. In particular, the lapse function characterizing quantum-
corrected black holes decreases exponentially, and displays damped oscillations along the
radial direction. Although we started from the Einstein-Hilbert truncation, free oscillations
are typical of black holes in local quadratic gravity assuming a specific sign of the Weyl-
squared term [67, 136]. This result is consistent with the expectation that the decoupling
mechanism ought to grant access to higher-derivative terms that were not included in the
original truncation, and provides encouraging evidence that our construction could lead
to results in qualitative agreement with first-principle calculations in quantum gravity. In
addition, the damping of the oscillations indicates the presence of non-local form factors
in the quadratic part of the effective action. Specifically, given the exponential nature of
the dynamical lapse function we derived, one could speculate that these black holes could
stem from an effective action with exponential form factors. In turn, this hypothesis is
supported by the findings in [137], where it was shown that exponential form factors in the
action yield black holes whose lapse functions oscillate along the radial direction, with a
characteristic damped amplitude.

Altogether, the decoupling mechanism provides an intriguing novel avenue to system-
atically compute leading-order corrections to classical spacetime solutions. While in this
work we focused on black holes and we started from a simple ansatz for the action, our
construction also applies to cosmological frameworks and can be extended to include higher-
derivative terms. Specifically, it is both interesting and necessary to investigate the stability
of our findings against the truncation order. This requires going beyond the Einstein-
Hilbert truncation, introducing for instance quartic and cubic curvature invariants, and
determining the corresponding black-hole solutions from the decoupling mechanism. We
hope to tackle these points in future works.
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