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1 Introduction

The ability to exactly and efficiently compute non-protected observables is crucial to un-
derstand and test a model. This is all the more important in the context of understanding
AdS/CFT correspondence [1–3], which is a weak-strong duality. A remarkable achieve-
ment in this context was the computation of the spectrum of short-string states for freely-
propagating AdS5×S5 superstrings by integrability (see [4, 5] for reviews), which is equiv-
alent to the solution of the spectral problem for the N = 4 supersymmetric Yang-Mills
theory in the planar limit [6]. The route to solving the spectral problem is clearer on
the stringy side of the duality — though historically many important insights were first
obtained in gauge theory [7]. Considering the lightcone gauge-fixed Green-Schwarz action
of the model as a two-dimensional integrable quantum field theory (IQFT), the AdS/CFT
spectral problem can be reframed as the problem of determining the finite-volume spec-
trum of an IQFT. This is by no means an easy problem (especially as this particular IQFT
is not Poincaré-invariant) but it is amenable to thermodynamic Bethe ansatz (TBA) tech-
niques [8–10]. The first step is to identify an S matrix for the infinite-volume model [11];
a particularly challenging ingredient is the overall prefactor of the matrix, the so-called
“dressing factor” [12], which is only partially constrained by crossing invariance [13]. Then,
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it is necessary to introduce a mirror model [14], whereby the worldsheet time and space di-
rections are swapped. Using this model, it is possible to describe the finite-volume ground-
state energy of the original model as the (finite-temperature) free energy of the mirror
model [15–19]. Excited states are obtained by analytic continuation [10]. These mirror
TBA equations can be substantially simplified and refined [19–21] to obtain eventually a
more compact set of equations, which goes under the name of quantum spectral curve [22].

We now want to follow this template for the case of the AdS3/CFT2 correspondence.
Let us first highlight some fundamental differences between AdS5×S5 and the case at hand.
First of all, the maximally supersymmetric backgrounds depend on more parameters in the
case of interest. For the purpose of computing the spectrum, there are two (rather than
one) important parameters: the string tension, and the ratio of Ramond-Ramond (RR)
versus Neveu-Schwarz-Neveu-Schwarz (NSNS) background fluxes [23]. For any value of the
fluxes, the backgrounds are known to be classically [24] and are argued to be quantum [25]
integrable. Nonetheless, the models are quite different as we tune the ratio of background
fluxes, and it is worth briefly discussing some of their features (see also [26] for a review of
early progress in AdS3/CFT2 integrability).

Pure-NSNS backgrounds. These are the simplest backgrounds as they are described
by a Wess-Zumino-Witten model on the worldsheet [27]. The spectrum involves both short
strings and long strings, and it can be written down in a closed form. The short-string
spectrum is highly degenerate, similarly to the spectrum of flat-space strings. Despite
this apparent simplicity, only very recently some progress has been made in identifying
the CFT2 duals [28–30]. The spectrum can also be reproduced by integrability: the short-
string spectrum follows from the mirror-TBA approach [31, 32], while the long-string sector
needs an ad-hoc discussion [33].

Mixed-flux backgrounds. Starting from the WZW description, it is possible to contin-
uously deform the model introducing a coupling to RR background fluxes, see e.g. [23]. This
immediately removes the long-string continuum from the spectrum [34] and lifts the degen-
eracies of short-string spectrum. It has been attempted [35] to use CFT techniques [36] to
study this setup, but it does not seem easy to obtain the finite-coupling spectrum in that
way. Integrability here may prove more efficient. An integrable S matrix for mixed-flux
backgrounds is known [25, 37], though the dressing factors are not known and are proba-
bly quite intricate [38]. Unsurprisingly, this generic configuration of fluxes appears to be
more challenging than either limit. Still, recent advances [39, 40] suggest that it may be
possible to construct the dressing factors and complete the integrability program for these
backgrounds.

Pure-RR backgrounds. This case is the one that resembles AdS5 × S5 most closely,
and it is the one which we will consider in this paper. For a pure-RR background, the
dispersion relation for a worldsheet excitation is

E(p) =
√
m2 + 4h2 sin2

(
p

2

)
, (1.1)
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and it is almost identical to AdS5 × S5. However, in that case, m = 1, while here m = ±1
orm = 0 [41]. In other words, here we have three distinct types of fundamental excitations,
one of which is massless. This makes it hard to perform perturbative computations, as
these massless modes yield IR divergences as well as a large contribution to finite-volume
corrections [42]. Another important difference is that the symmetry algebra of AdS5 ×
S5, which governs the form of its mirror TBA and quantum spectral curve, is given by
the simple superalgebra psu(2, 2|4); by contrast, for AdS3 × S3 × T 4 we have instead
psu(1, 1|2) ⊕ psu(1, 1|2). This makes it harder to guess some properties of the mirror
TBA from symmetry considerations, see e.g. [43]. Nonetheless, the matrix part of the
S matrix for this background is known since 2014 [44–46], and the dressing factors have
been proposed around the same time [47, 48]. However, some of the analytic properties of
that proposal were not entirely transparent, which may have hampered the derivation of
the mirror TBA. Recently, we found another solution of the crossing equations [39] which
appears to have much nicer analytic properties and provides an excellent starting point for
the derivation of the mirror TBA.

The aim of this article is to derive the mirror TBA equations for the pure-RR AdS3×
S3 × T 4 background. Some attempts in this directions were already made in [49–52].
In [49], a set of TBA equations was derived for a system obtained by first truncating
the spectrum to the massless modes and then taking a relativistic limit. In [50], the
authors considered again a truncation to massless modes, without taking any additional
limit; however, they studied the finite-temperature, rather than finite-volume, theory. It
is not obvious whether these constructions are related to the full spectrum and how. One
important issue is that the (mirror) TBA requires considering all of the (mirror) model’s
expectations in the thermodynamic limit, and imposing thermodynamic equilibrium. As
such, neglecting some types of particles may lead to drastically different results — in
other words, there are no closed subsectors in the finite-volume theory. More recently, the
authors of [51, 52] have independently proposed the quantum spectral curve for a model
with psu(1, 1|2) ⊕ psu(1, 1|2) symmetry. Their approach bypassed the derivation of the
mirror TBA altogether, and instead relied on a symmetry bootstrap. It seems that the
resulting equations capture some features of the AdS3 × S3 × T 4 Bethe-Yang equations;
however, it is not clear if they account for the massless modes and how.1 Ultimately, the
validity of the proposals [51, 52] will boil down to whether the quantum-spectral curve
construction is uniquely constrained by symmetries, even for models whose symmetries are
not given by a simple Lie (super)algebra, which is an outstanding question.

In light of the above discussion, we believe that the systematic derivation of the mirror
TBA — without any truncation or limit — is necessary to understand the non-perturbative
spectrum of AdS3×S3×T 4, and therefore we present it in this paper. This article is struc-
tured as follows. Firstly, working with the mirror model, we identify which fundamental
and composite excitations contribute to the thermodynamic limit of the Bethe-Yang equa-
tions (large mirror volume, and large number of excitations). This discussion goes under

1Additionally, the authors of [51] claim that their QCS construction reproduces the dressing factors
of [47, 48], which are different from ours and, as explained in [39], are incompatible with parity invariance.
It would be interesting to see how [51] may be amended.
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the name of string hypothesis, and we present it in section 2. In the same section, we also
reformulate the Bethe-Yang equations for such composite excitations by the fusion proce-
dure. Using such equations, in section 3 we derive the canonical mirror TBA equations and
simplify them. We present our conclusions in section 4. We have collected several technical
results in the appendices: in appendix A we fix our parametrisations of the various parti-
cles appearing in the mirror model, in appendix B we defined the S matrices appearing in
the Bethe-Yang equations (and the resulting integration kernels), and in appendix C we
collect the formulae relative to the dressing factors.

2 String hypothesis

The first step in the derivation of the mirror thermodynamic Bethe ansatz is studying the
mirror model to determine which configurations of particles appear in the thermodynamic
limit (for large number of excitations and large mirror volume R). These typically include
real particles and their bound states, as well as complex configurations of particles and
auxiliary roots. Collectively, all these configurations take the name of Bethe strings. The
simplest setup where this sort of complex strings appear is perhaps the Heisenberg spin
chain, see e.g. [53]. Even in such a simple setup, the detailed discussion of the thermody-
namic limit is quite subtle, as there are non-string configurations that appear there [54–56].
However, it can be shown that the model’s free energy is correctly described by taking only
string configurations into account [57]. In most models, where the string configurations
are usually quite a bit more intricate than for the Heisenberg chain, we formulate the hy-
pothesis that all solutions relevant in the thermodynamic limit are Bethe strings. Under
this hypothesis, it is not hard to identify the various string-like solutions to the mirror
Bethe-Yang equations at large mirror volume R. For AdS5 × S5 this was done in [15]
(see also [58] for a more pedagogical presentation). Below we will follow and adapt that
approach to the case of AdS3 × S3 × T 4.

2.1 Mirror Bethe-Yang equations

Much like in AdS5 × S5 [14], we expect the mirror model to have bound states [39, 47].
Moreover, these bound states are particularly simple when the Bethe-Yang equations are
expressed in the “sl(2) grading”. In AdS5×S5, where there is only one type of momentum-
carrying modes, it is possible to express all Bethe-Yang equations in our grading of choice.
For AdS3×S3×T 4, we can put e.g. the “left” momentum-carrying modes2 in our grading of
choice. However, having done so, the grading of the remaining equations is fixed [45, 48, 59].
While the choice of grading is eventually irrelevant, we find it convenient to write the
equations for the “left” particles in the sl(2) grading. As a consequence, the “right” particles
will be in the su(2) grading, and the massless particles will be in a fermionic grading.3

2Here the momentum carrying modes are distinguished by their eigenvalue under an u(1) charge. For
M = +1 we talk of left modes, for M = −1 we talk of right modes, and for M = 0 we talk of massless
modes.

3It would be interesting to work out the eigenvalues of the transfer matrix of the mirror (as well as
string) model in the appropriate grading [60].
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Fundamental excitations. Let us start by reviewing the different types of excitations
that appear in the mirror Bethe-Yang equations for fundamental particles. We have N1
“left” momentum carrying modes, and N1̄ “right” momentum carrying modes. The mass-
less modes are in a doublet of an external su(2), sometimes called su(2)◦ [41], so we
introduce a label α̇ = 1, 2 and the excitation numbers N (α̇)

0 . Hence the total number of
massless excitations is N0 = N

(1)
0 +N

(2)
0 . In principle, all momentum carrying modes may

be described in terms of their mirror momentum p̃k, but it is convenient to introduce a ra-
pidity variable uk. There are also two types of auxiliary Bethe roots, or y-roots. Such roots
transform in the fundamental representation of a different su(2) algebra, sometimes called
su(2)• [41]. Hence we introduce an index α = 1, 2, and excitation numbers N (α)

y . The
(complex) rapidity variable for these particles is yk; we will see later that a real rapidity uk
may also be introduced, depending on where in the complex plane yk lies.

Left equations. We consider any “left” magnon (with M = +1) with mirror momentum
p̃k, k = 1, . . . , N1. We have

1 = eip̃kR
N1∏
j=1
j 6=k

S11
sl (uk, uj)

N1̄∏
j=1

S̃11
sl (uk, uj)

2∏
α̇=1

N
(α̇)
0∏
j=1

S10(uk, u
(α̇)
j )

2∏
α=1

N
(α)
y∏
j=1

S1y(uk, y(α)) ,

(2.1)
where we have introduced the S matrices

S11
sl (uk, uj) =

x+
k − x

−
j

x−k − x
+
j

1− 1
x−
k
x+
j

1− 1
x+
k
x−j

(
σ••kj
)−2

,

S̃11
sl (uk, uj) = eipk

1− 1
x+
k
x+
j

1− 1
x−
k
x−j

1− 1
x−
k
x+
j

1− 1
x+
k
x−j

(
σ̃••kj
)−2

,

S10(uk, uj) = e−
i
2pke−ipj

1− x+
k xj

x−k − xj
(
σ•◦kj
)−2

,

(2.2)

which depend on the dressing factors introduced in [39],4 as well as the auxiliary S matrix

S1y(uk, yj) = e−
i
2pk

1− 1
x−
k
yj

1− 1
x+
k
yj

= e
i
2pk

x−k −
1
yj

x+
k −

1
yj

. (2.3)

Right equations. We consider now any “right” magnon with mirror momentum p̃k,
k = 1, . . . , N1̄. We have

1 = eip̃kR
N1̄∏
j=1
j 6=k

S11
su(uk, uj)

N1∏
j=1

S̃11
su(uk, uk)

2∏
α̇=1

N
(α̇)
0∏
j=1

S
10(uk, u

(α̇)
j )

2∏
α=1

S
1y(uk, y(α)) , (2.4)

4Here the dressing factors have been continued to the mirror kinematics. The explicit expression of these
S matrices is given in appendix B in terms of improved dressing factors, which allow us to write compact
formulae valid for the “fused” dressing factors that we will introduce later.
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where the scattering between momentum-carrying modes is

S11
su(uk, uj) = e+ipke−ipj

x−k − x
+
j

x+
k − x

−
j

1− 1
x−
k
x+
j

1− 1
x+
k
x−j

(
σ••kj
)−2

S̃11
su(uk, uj) = e−ipj

1− 1
x−
k
x−j

1− 1
x+
k
x+
j

1− 1
x−
k
x+
j

1− 1
x+
k
x−j

(
σ̃••kj )−2

S̄10(uk, uj) = e+ i
2pke−ipj

x−k − xj
1− x+

k xj

(
σ•◦kj
)−2

(2.5)

while the auxiliary S matrix is

S̄1y(uk, yj) = e−
i
2pk

x+
k − yj
x−k − yj

= 1
S1y(uk, 1/yj)

. (2.6)

Massless equations. We now consider a massless mode, which could have su(2)◦ flavour
α̇ = 1, 2. Let us pick for definiteness α̇ = 1, so that the mirror momentum is any p̃k,
k = 1, . . . , N (1)

0 . We have

−1 = eip̃kR
N

(1)
0∏
j=1
j 6=k

S00(u(1)
k , u

(1)
j )

N
(2)
0∏
j=1

S00(u(1)
k , u

(2)
j )

N1∏
j=1

S01(uk, uj)
N1̄∏
j=1

S
01(u(1)

k , uj)

×
2∏

α=1

N
(α)
y∏
j=1

S0y(u(1)
k , y(α)) .

(2.7)

Note that, had we chosen a massless particle with α̇ = 2, we would have obtained the same
equation up to trivially relabeling the product limits in the first line. The S matrices here
introduced are

S00(uk, uj) =
(
σ◦◦kj
)−2

,

S01(uk, uj) = e+ipke+ i
2pj

xk − x−j
xkx

+
j − 1

(
σ◦•kj
)−2 = 1

S10(uj , uk)
,

S̄01(uk, uj) = e+ipke−
i
2pj

xkx
+
j − 1

xk − x−j

(
σ◦•kj
)−2 = 1

S̄10(uj , uk)
,

(2.8)

and
S0y(uk, yj) = e−

i
2pk

xk − yj
1
xk
− yj

= 1
S0y

(
uk,

1
yj

) . (2.9)

Auxiliary equations. We finally consider the equation for any auxiliary root y(α)
k with

k = 1, . . . , N (α)
y and α = 1, 2. It does not depend explicitly on α and it takes the form

− 1 =
N1∏
j=1

Sy1(yk, uj)
N1̄∏
j=1

S̄y1(yk, uj)
2∏

α̇=1

N
(α̇)
0∏
j=1

Sy0(yk, u
(α̇)
k ) . (2.10)

These S matrices follow from braiding unitarity,

Sy1(y, p) = 1
S1y(p, y) , S̄y1(y, p) = 1

S̄1y(p, y)
, S̄y0(y, p) = 1

S̄0y(p, y)
. (2.11)
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2.2 Bound states and fusion

We now want to consider the complex configurations of momenta that may appear in the
thermodynamic limit. We know that massive particles may create bound states in the
mirror theory [39], similar to those appearing in the string theory [47]. As always, while
the total (mirror) momentum and energy of a bound state are real, such an object is
actually composed of several constituents with complex momenta and energies, arranged
in a string-like pattern in some appropriate parametrisation, symmetrically with respect
to the real line.

Bound states of massive particles. In AdS3×S3×T 4 we must distinguish between left
bound states, which sit in representations with u(1) chargeM given by a positive integer Q,
and right bound states that have u(1) charge given by a negative integer −Q [47]. We can
think that they are made up of Q left fundamental particles (each contributing charge +1),
and of Q right fundamental particles (each contributing charge −1), respectively. The mass
gap for those two types of bound states is therefore Q and Q, respectively. In what follows
we will refer to this as Q-particle and Q-particle bound states. The massive fundamental
particles are therefore special cases where Q = 1 or Q = 1. It is easy to confirm this analysis
by studying the singularities of the Bethe-Yang equations for complex mirror momenta and
in the limit R→∞. In our notation, the analysis of left bound states very closely resembles
that of AdS5×S5 as presented in e.g. [15]: there are poles and zeros in the left-left S matrix
which compensates the zeros and poles coming from the term eip̃kR for R → ∞. By way
of example, let us briefly discuss a two-particle bound state. We can create such a left-left
bound state exploiting the pole in S11

sl (u1, u2) when x−1 = x+
2 , see (2.2). In the equation

for p̃1 (2.1) this gives a solution as long as eip̃1R → 0, i.e. =[p̃1] > 0, which is indeed
possible. Similarly, in the equation for the second particle we would have eip̃2R → ∞ and
a zero in the S matrix. For right-right bound states, the analysis is slightly more involved:
the right-right S matrix has poles and zeros which, rather than compensating the behaviour
of eip̃kR, makes it more singular. To fulfill the Bethe-Yang equations we need additional
zeros or poles that come from the auxiliary equations. The reason for this complication is
that the right-right equations are written in the su(2) grading, rather than sl(2) grading.
We would have found a very similar expression in AdS5×S5 had we insisted on writing the
mirror Bethe-Yang equations in the su(2) grading. One may also wonder if we may create
left-right bound states. However, looking at e.g. S11

sl (u1, u2) we see that the only zeros and
poles appear when the imaginary parts of x1 and x2 have opposite signs, meaning that it
is impossible to have both particles in the mirror region.

Lack of bound states involving massless particles. Massless particles have a rather
different kinematics with respect to massive particles. The massless-massless scattering
does not have poles or zeros, and it appears that physical massless excitations have only
real momentum [39]. However, the mixed-mass S matrices have apparent poles, which
might indicated the presence of bound states between mass-one and massless particles,
see e.g. (2.2). Let us look more closely at that case. We see that we may have a pole
in S10(u1, u2) if x−1 = x2, which by braiding unitarity gives a zero in S01(u2, u1). This
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could lead to a solution of the Bethe-Yang equations at large R as long as =[p̃1] > 0 and
=[p̃2] < 0. The corresponding mirror momentum is (see appendix A)

p̃ = h

2

(
x−1 −

1
x−1
− x+

1 + 1
x+

1
+ 2
x2
− 2x2

)
= h

2

(
1
x2
− x2 − x+

1 + 1
x+

1

)
. (2.12)

while the mirror energy is

Ẽ = log x
−
1
x+

1

1
(x2)2 = log 1

x+
1 x
−
1

= log 1
x+

1 x2
. (2.13)

This is formally the dispersion of a particle with X+ = x+
1 and X− = 1/x2 = 1/x−1 .

However, we must also require that the total energy is positive, which becomes a constraint
on the rapidity u1 of the original particle. We find that this is never possible, and hence we
conclude that there is no such a bound state. A similar discussion holds for right-massless
bound states.

Auxiliary roots. Finally, we have the auxiliary roots y. In general, and in particular
in AdS5 × S5 [15], one could consider Bethe strings composed of several auxiliary roots,
again in a string-like configuration on a suitable rapidity plane. By repeating the analysis
of [15] for the case at hand, however, it is immediate to see that such configurations cannot
exist here. Unlike AdS5 × S5 (or the closely-related Hubbard model), here we have only
one type of auxiliary roots, the y-roots, which are not sufficient to create a Bethe string
configuration. In fact, in order to satisfy the auxiliary Bethe-Yang equations (2.10), any
root yk should have |yk| = 1; otherwise, we would obtain that either all auxiliary S matrices
Sy1(uj , yk), Sy1̄(uj , yk) and Sy0(uj , yk) have modulus smaller than one (if |yk| > 1), or all
have modulus larger than one (if |yk| < 1). Either way, we would not be able to solve the
auxiliary Bethe-Yang equation (2.10). At a more fundamental level, this is due to the fact
that the auxiliary roots only encode a su(1|1)⊕4 centrally-extended symmetry, which does
not have any non-Abelian Bosonic sub-algebra — as opposed to, for instance, su(2|2) or
su(2|2)⊕2 centrally extended. In summation, we do not need to consider strings of y-roots
in the thermodynamic limit.

Let us now discuss in some more detail the structure of the Q- and Q-particles and of
the auxiliary roots.

Left-left bound states, or Q-particles. Owing to our choice of the sl(2) grading
for the left equations, the description of these bound states is particularly simple. The
constituents are precisely Q left momentum-carrying roots satisfying

x−1 = x+
2 , x−2 = x+

3 , . . . x−Q−1 = x+
Q , (2.14)

where the Zhukovsky variables can be written on the u-plane as

x±j = x

(
uj ±

i

h

)
, uj = u+ (Q+ 1− 2j) i

h
, j = 1, . . . Q , u ∈ R . (2.15)

It is easy to check that such a configuration solves the mirror Bethe-Yang equations.
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Right-right bound states, or Q-particles. Here, as we anticipated, the description
is a little more involved because the right Bethe-Yang equations are in the su(2) grading.
Hence we have to consider Q right momentum-carrying modes, as well as 2(Q−1) auxiliary
roots. The momentum-carrying roots obey

x−1 = x+
2 , x−2 = x+

3 , . . . x−
Q−1 = x+

Q
(2.16)

with

x±j = x
(
uj ±

i

h

)
, uj = u+ (Q+ 1− 2j)i

h
, j = 1, . . . Q , u ∈ R . (2.17)

The auxiliary roots y(1)
j and y(2)

j are

y
(1)
j = y

(2)
j = 1

x−j
= 1
x
(
u+ (Q− 2j) ih

) , j = 1, 2, . . . , Q− 1 , (2.18)

and they satisfy the complex-conjugation condition

1(
y

(α)
j

)∗ =
(
x

(
u+ (Q− 2j) i

h

))∗
= 1
x
(
u− (Q− 2j) ih

) = y
(α)
Q−j . (2.19)

It is not hard to see, following [15], that such complexes solve the mirror Bethe-Yang
equations — essentially, the poles in the auxiliary S matrices compensate the zeros in the
right-right S matrix.

Massless particles. Massless modes do not form bound states, and only appear as indi-
vidual excitations of real (mirror) momentum and energy. This means that they have [39]

− 1 < x(α̇) < 1 , α̇ = 1, 2 . (2.20)

Auxiliary roots. Finally, we come to the y-roots, which as we stressed cannot create
strings. Instead, we have individual roots, each lying on the unit circle(

y(α))∗ = 1
y(α) , α = 1, 2 , (2.21)

as it can be easily seen by the arguments of [15].

2.3 Fusion of the Bethe-Yang equations

We now want to recast the Bethe-Yang equations by combining the constituents of Q- and
Q-particles. The resulting equations will feature “fused” S matrices, given by the product
over their constituents. Typically, this product telescopes at least partially, yielding fairly
manageable S matrices, see e.g. [15]. This is fairly straightforward for the rational pieces of
the S matrices, but rather subtle for the dressing factors. For the dressing factors of AdS3×
S3×T 4 this was discussed in [39], while for the Beisert-Eden-Staudacher factor [12] (which
plays an important role here too) it was discussed in [61]. Below we collect the various
“fused” equations, while the “fused” S matrices appearing here are defined in appendix B,
and the fused dressing factors are defined in appendix C.
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Left equations (Q particles). We write here the equation for any Qa-particle, meaning
for a bound state of Qa left magnons. Each such bound state has real mirror momentum
p̃a, and its (fused) Zhukovsky variable is given by

x±a = x

(
ua ±

i

h
Qa

)
. (2.22)

In a generic state, we will have NL such bound states, so that a = 1, . . . , NL. The Bethe-
Yang equation for the a-th bound state is

1 = eip̃aR
NL∏
b=1
b 6=a

SQaQbsl (ua, ub)
NR∏
b=1

S̃
QaQb
sl (ua, ub)

2∏
α̇=1

N
(α̇)
0∏
j=1

SQa0(ua, x(α̇)
j )

2∏
α=1

N
(α)
y∏
b=1

SQay(ua, y(α)
b ) .

(2.23)
Here NL and NR are the number of left and right magnons and bound states, respectively,
while N (α)

y now stands for the number of single auxiliary roots which are not in any (right)
bound state; finally, N (α̇)

0 are, like before, the numbers of massless momentum-carrying
modes. The explicit form of these S matrices can be found in appendix B.

Right equations (Q-particles). In a similar way we can derive the equation for a Qa-
particle, which is made up of Qa right particles and 2(Qa − 1) auxiliary excitations. In
a generic state, we have NR such bound states, so that a = 1, . . . NR. Each of them has
real mirror momentum and its Zhukovsky variables are given by (2.22). The Bethe-Yang
equations are

1 = eip̃aR
NR∏
b=1
b 6=a

SQaQbsu (ua, ub)
NL∏
b=1

S̃QaQbsu (ua, ub)
2∏

α̇=1

N
(α̇)
0∏
j=1

S̄Qa0(ua, x(α̇)
j )

2∏
α=1

N
(α)
y∏
b=1

S̄Qay(ua, y(α)
b ) .

(2.24)

Massless equations. Consider now the equation for a massless particle. For definiteness,
we take α̇ = 1. We have N (1)

0 such particles with real mirror momentum p̃a, a = 1, . . . N (1)
0

(as well as N (2)
0 particles with α̇ = 2). They scatter with the various bound states we

described above, giving

− 1 = eip̃kR
N

(1)
0∏
j=1
j 6=k

(σ◦◦kj
)−2

N
(2)
0∏
j=1

(σ◦◦kj
)−2

NL∏
b=1

S0Qb(xk, ub)
NR∏
b=1

S̄0Qb(xk, ub)
2∏

α=1

N
(α)
y∏
b=1

S0y(xk, y
(α)
b ).

(2.25)

Bethe-Yang equation for auxiliary roots. Finally we have the equation for any aux-
iliary root y(α)

k , where the flavour α = 1, 2 and k = 1, . . . N (α)
y . It can be written in terms

of the S matrices already introduced, and it reads

− 1 =
NL∏
b=1

SyQb(y(α)
k , ub)

NR∏
b=1

S
yQb(y(α)

k , ub)
2∏

α̇=1

N
(α̇)
0∏
j=1

Sy0(y(α)
k , x

(α̇)
j ) . (2.26)

– 10 –



J
H
E
P
0
3
(
2
0
2
2
)
1
3
8

2.4 String hypothesis

The rewriting of the Bethe-Yang equations of the previous section is useful in the thermo-
dynamic limit. This is when the mirror volume R is very large, R → ∞, and the various
excitation numbers N are also very large, N → ∞, while the densities N/R are finite. In
that case we have argued that, like in [15], all relevant configurations of particles are cap-
tured by four types of composite objects, each having real mirror momentum and energy,
and namely

1. One set of N (Q)
L of Q-particles with real momenta p̃k, and

∑∞
Q=1N

(Q)
L = NL,

2. One set of N (Q)
R of Q-particles with real momenta p̃k, and

∑∞
Q=1N

(Q)
R = NR,

3. Two sets of N (α̇)
0 massless particles, of flavour α̇ = 1, 2, with real momenta p̃k and

real rapidity xk satisfying −1 < x
(α̇)
k < 1,

4. Two sets of N (α)
y “auxiliary particles” y(α) with flavour α = 1, 2, corresponding to a

auxiliary roots y(α) with |y(α)| = 1.

The mirror energy of the resulting state is given by

Ẽ =
NL∑
a=1
ẼQa(pa) +

NR∑
a=1
ẼQa(pa) +

2∑
α̇=1

N
(α̇)
0∑
k=1
Ẽ0(p(α̇)

k ) , (2.27)

where we remark that the auxiliary y(α) particles do not contribute, and the explicit form
of the mirror dispersion is given in appendix A.

In conclusion, in the thermodynamic limit the scattering problem is reduced to the
diagonal scattering of various types of “particles” of real momentum. The inverted commas
here are due to the fact that the y(α) excitations are not true particles, or at least they
are not momentum-carrying modes and they do not contribute to the energy of the state.
Regardless, we may characterise them by a real rapidity and quite straightforwardly derive
the TBA equations for their densities, as we will do in the next section.

3 Mirror TBA equations

Once the string hypothesis is formulated, the derivation of the TBA equations follows a
standard route. We need to introduce densities for the roots (as well as for holes) for each
of the “particles” (in the generalised sense explained at the end of the previous section)
appearing in the string hypothesis. Since each of these particles is real, their densities will
live on the real line of a suitable rapidity plane. In our case, this will be the u plane (see
appendix A), with real particles living on (a subset of) the real-u line. Unfortunately, and
much like in AdS5×S5, some of the scattering matrices have branch points in the u-plane,
including on the real u-line for u = ±2. Hence some particles will live on the whole real-u
line, while others will live on a certain segment — either within the interval (−2, 2), or
outside it.
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Then, the TBA equations follow by rewriting the logarithm of the mirror Bethe-Yang
equations in the thermodynamic limit (introducing integrals and convolutions) and de-
manding that the free energy is stationary. The resulting TBA equations will involve a
number of kernels (which we will typically indicate with K), which follow from the S ma-
trices introduced above.

While the TBA equations are a complete and correct description of the spectrum
in and of themselves, they are fairly unwieldy objects as they involve infinite sums and
convolutions of infinitely many objects (the densities, which are typically repackaged in
terms of so-called Y -functions). For this reason it is often convenient to simplify the TBA
equations, as we do at the end of this section. We will see that, much like in AdS5 × S5

(see [17–19, 21, 62]), the equations cannot be simplified quite as completely as we would
expect for, say, a relativistic model.

3.1 Integral equations for densities

In the thermodynamic limit we introduce densities ρ(u) of particles, and densities ρ̄(u) of
holes which depend on the real rapidity variable u (the bar on the densities is unrelated to
the Q particles introduced above). We have the following types of densities, some of which
depend on the indices α = 1, 2 and α̇ = 1, 2.

1. The densities ρQ(u) and ρQ(u) of the Q- and Q-particles, respectively,

ρQ(u), Q = 1, 2, . . .∞ , ρQ(u) , Q = 1, 2, . . .∞ , u ∈ R . (3.1)

2. The density ρ(α̇)
0 (u) of the massless particles,

ρ
(α̇)
0 (u) , α̇ = 1, 2 , |u| > 2 . (3.2)

The corresponding x-coordinate is expressed in terms of u as x = x(u + i0), or as
1/xs(u).

3. The density ρ(α)
y− (u) of the auxiliary y-particles with negative imaginary part

=[y] < 0 : ρ
(α)
y− (u) , −2 < u < 2 . (3.3)

The corresponding y-coordinate is expressed in terms of u as y = x(u), or as y =
xs(u− i0).

4. The density ρ(α)
y+ (u) of the y-particles with Im(y) > 0, −2 ≤ u ≤ 2.

=[y] > 0 : ρ
(α)
y+ (u) , −2 < u < 2 . (3.4)

The corresponding y-coordinate is expressed in terms of u as y = 1/x(u), or as
y = xs(u+ i0).
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For each of these densities of roots, we introduce the corresponding density of holes, taking
values in the same region of the u-plane.

Introducing a generalised index i which runs over all the densities, we will be able
to represent the system of integral equations arising in the thermodynamic limit in the
following compact form

ρi(u) + ρ̄i(u) = R

2π
dp̃i
du

+Kij ? ρj(u) . (3.5)

where the momentum p̃i does not vanish only for massive and massless particles. Here and
in what follows the summation over j is assumed, and the star product is defined by the
following composition law

Kij ? ρj(u) =
∑
j

∫
du′Kij(u, u′)ρj(u′) , (3.6)

where the kernel Kij is defined through the corresponding S matrix by

Kij(u, v) = 1
2πi

d

du
logSij(u, v) , (3.7)

and the integration is taken over the range of u specified above for each of the various
types of densities. When writing more explicit equations later on, we will use some special
symbols for the convolution over the interval (−2, 2), or over the interval (−∞,−2) ∪
(2,+∞), namely

?↔
+∞∫
−∞

du , ?̂↔
+2∫
−2

du , ?̌↔
( −2∫
−∞

+
+∞∫
+2

)
du . (3.8)

Regardless of the domain, the convolution (3.6) can be thought of as the left action of the
kernel Kij on ρj . In what follows we will also need the right action which is defined as

ρj ? Kji(u) =
∑
j

∫
du′ ρj(u′)Kji(u′, u) , (3.9)

and similarly for ?̂ and ?̌. We can now spell out the various equations more explicitly.

Equations for Q-particle densities. To derive the integral equation for Q-particle
densities, we first rewrite the Bethe-Yang equation (2.23) for Q-particles in the form

1 =eip̃aR
NL∏
b=1
b 6=a

SQaQbsl (ua, ub)
NR∏
b=1

S̃
QaQb
sl (ua, ub)

∏
α̇=1,2

N
(α̇)
0∏
j=1

SQa0(ua, uj)

×
∏
α=1,2

N−α∏
b=1

SQay− (ua, ub)
N+
α∏

b=1
SQay+ (ua, ub) ,

(3.10)
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where we have split the product over y-roots depending on their imaginary parts. Taking
the logarithmic derivative of (3.10) with respect to ua, we get in the thermodynamic limit
the following integral equation for the densities of Q-particles and holes

ρQ(u) + ρ̄Q(u) = R

2π
dp̃Q(u)
du

+
∞∑

Q′=1
KQQ′

sl ? ρQ′ +
∞∑

Q
′=1

K̃QQ
′

sl ? ρ
Q
′ (3.11)

+
∑
α̇=1,2

KQ0 ?̌ ρ
(α̇)
0 +

∑
α=1,2

[
KQy
− ?̂ ρ

(α)
y− +KQy

+ ?̂ ρ
(α)
y+

]
.

|u| ≥ 2 and |u| ≤ 2, respectively.

Equations for Q-particle densities. Similarly, we rewrite the Bethe-Yang equa-
tion (2.24) for Q-particles in the form

1 = eip̃aR
NR∏
b=1
b 6=a

SQaQbsu (ua, ub)
NL∏
b=1

S̃QaQbsu (ua, ub)
∏
α̇=1,2

N
(α̇)
0∏
j=1

S̄Qa0(ua, uj)

×
∏
α=1,2

N−α∏
b=1

1

S
Qay
+ (ua, ub)

N+
3∏

b=1

1

S
Qay
− (ua, ub)

,

(3.12)

and get the integral equation for the densities of Q-particles and holes

ρQ(u) + ρ̄Q(u) = R

2π
dp̃Q(u)
du

+
∞∑

Q
′=1

KQQ
′

su ? ρ
Q
′ +

∞∑
Q
′=1

K̃QQ′
su ? ρQ′ (3.13)

+
∑
α̇=1,2

K̃Q0 ?̌ ρ
(α̇)
0 −

∑
α=1,2

[
KQy

+ ?̂ ρ
(α)
y− +KQy

− ?̂ ρ
(α)
y+

]
.

Equations for massless particle densities. Next, we rewrite the Bethe-Yang equa-
tion (2.25) for massless particles in the form

1 = eip̃kR
N

(1)
0∏
j=1
j 6=k

S00(uk, uj)
N

(2)
0∏
j=1

S00(uk, uj)
NL∏
b=1

S0Qb(uk, ub)
NR∏
b=1

S̄0Qb(uk, ub)

×
∏
α=1,2

N−α∏
b=1

1
S0y(uk, ub)

N+
α∏

b=1
S0y(uk, ub) ,

(3.14)

where for definiteness we considered the case in which p̃k has flovour α̇ = 1. For either
flavour α̇ = 1, 2 we get the integral equation for the densities of massless particles and holes

ρ
(α̇)
0 (u) + ρ̄

(α̇)
0 (u) = R

2π
dp̃0(u)
du

+K00 ?̌ ρ
(1)
0 +K00 ?̌ ρ

(2)
0 +

∞∑
Q=1

K0Q ? ρQ (3.15)

+
∞∑
Q=1

K̃0Q ? ρQ +
∑
α=1,2

[
K0y ?̂ ( ρ(α)

y+ − ρ(α)
y− )

]
.
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Equations for y-particle densities with Im(y)<0. Next, we consider a y(α)-particle
with the root y(α)

k = x(u(α)
k ) and rewrite the equation (2.26) in the following form

−1 =
NL∏
b=1

SyQ− (u(α)
k , ub)

NR∏
b=1

SyQ+ (u(α)
k , ub)

N0∏
j=1

Sy0(u(α)
k , uj) (3.16)

and we get in the thermodynamic limit the following integral equation for the densities of
y−-particles and holes

ρ
(α)
y− (u) + ρ̄

(α)
y− (u) =

∞∑
Q=1

KyQ
− ? ρQ +

∞∑
Q=1

KyQ
+ ? ρQ +

∑
α̇=1,2

Ky0 ?̌ ρ
(α̇)
0 . (3.17)

Equations for y-particle densities with Im(y)>0. Finally, in the second case
Im(y) > 0 the root y(α)

k = 1/x(u(α)
k ) we rewrite the equation (2.26) in the following form

−1 =
NL∏
b=1

SyQ+ (u(α)
k , ub)

NR∏
b=1

SyQ− (u(α)
k , ub)

N0∏
j=1

Sy0(u(α)
k , uj) . (3.18)

Taking the logarithmic derivative of (3.16) with respect to u(α)
k , we get in the thermody-

namic limit the following integral equation for the densities of y+-particles and holes

ρ
(α)
y+ (u) + ρ̄

(α)
y+ (u) =

∞∑
Q=1

KyQ
+ ? ρQ +

∞∑
Q=1

KyQ
− ? ρQ +

∑
α̇=1,2

Ky0 ?̌ ρ
(α̇)
0 . (3.19)

3.2 Ground-state TBA equations

Using the thermodynamic limit introduced above, the derivation of the ground state TBA
equations is standard. It is customary and convenient to repackage the densities in terms
of “Y -functions”, which in our case take the form

YQ = ρQ
ρ̄Q

, Y Q =
ρQ
ρ̄Q

, Y
(α̇)

0 = ρ
(α̇)
0

ρ̄
(α̇)
0

, Y
(α)
± = −eiµα

ρ̄
(α)
y±

ρ
(α)
y±

, (3.20)

where µα = (−1)αµ, and µ is a twist parameter which if µ 6= 0 breaks supersymmetry of
the light-cone string theory.

In terms of these Y-functions, after imposing that the free energy is stationary (see for
instance [63] for a pedagogical review of the procedure), we get the following equations:

Q-particles.

− log YQ = L ẼQ − log
(
1 + YQ′

)
? KQ′Q

sl − log
(
1 + Y Q′

)
? K̃Q′Q

su

−
∑
α̇=1,2

log
(
1 + Y

(α̇)
0

)
?̌ K0Q

−
∑
α=1,2

log

1− eiµα

Y
(α)

+

 ?̂ KyQ
+ −

∑
α=1,2

log

1− eiµα

Y
(α)
−

 ?̂ KyQ
− .

(3.21)
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Q-particles.

− log Y Q = L ẼQ − log
(
1 + Y Q′

)
? KQ′Q

su(2) − log
(
1 + YQ′

)
? K̃Q′Q

sl

−
∑
α̇=1,2

log
(
1 + Y

(α̇)
0

)
?̌ K̃0Q

−
∑
α=1,2

log

1− eiµα

Y
(α)

+

 ?̂ KyQ
− −

∑
α=1,2

log

1− eiµα

Y
(α)
−

 ?̂ KyQ
+ .

(3.22)

Massless particles.

− log Y (α̇)
0 = L Ẽ0 −

∑
β̇=1,2

log
(

1 + Y
(β̇)

0

)
?̌ K00 − log (1 + YQ) ? KQ0 − log

(
1 + Y Q

)
? K̃Q0

−
∑
α=1,2

log

1− eiµα

Y
(α)

+

 ?̂ Ky0 −
∑
α=1,2

log

1− eiµα

Y
(α)
−

 ?̂ Ky0 .

(3.23)

y−-particles.

log Y (α)
− = − log (1 + YQ) ? KQy

− + log
(
1 + Y Q

)
? KQy

+ +
∑
α̇=1,2

(
log(1 + Y

(α̇)
0

)
?̌ K0y .

(3.24)

y+-particles.

log Y (α)
+ = − log (1 + YQ) ? KQy

+ + log
(
1 + Y Q

)
? KQy

− −
∑
α̇=1,2

log
(
1 + Y

(α̇)
0

)
?̌ K0y .

(3.25)

Ground-state energy.

E(L) =−
∞∫
−∞

du
2π

dp̃Q

du
log

((
1 + YQ

)(
1 + Y Q

))

−
∫
|u|>2

du
2π

dp̃0

du
log

((
1 + Y

(1)
0
)(

1 + Y
(2)

0
))
.

(3.26)

For µ = 0 the TBA equations describe the even-winding number sector of the light-cone
string theory with periodic fermions and supersymmetric vacuum while for µ = π they de-
scribe the odd-winding number sector with anti-periodic fermions and nonsupersymmetric
vacuum. For general values of µ fermions satisfy twisted boundary conditions.

Since for µ = 0 the TBA equations are written for the sector of states with a BPS
vacuum, the ground state energy must vanish. This means that the BPS ground state
Y -functions are given by

YQ = Y Q = Y
(α̇)

0 = 0 , Y
(α)
± = 1 , µ = 0 . (3.27)
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Strictly speaking, for µ = 0 the TBA equations for YQ, Y Q and Y (α̇)
0 functions are singular,

and a proper way to analyse them is to consider a small µ expansion. Such an analysis for
the AdS5 × S5 case was performed in [64], and it would be interesting to do the same for
the AdS3 × S3 case.

Let us also mention that just as it was in the AdS5 × S5 case, the functions Y (α)
−

and Y (α)
+ can be considered as two branches of one function Y (α) defined on the Riemann

surface obtained by gluing together the mirror and anti-mirror u-planes.

3.3 Simplified TBA equations

We want now to simplify the TBA equations derived above and eliminate, to the extent
that it is possible, the infinite sums over particle types Q and Q occurring in the right-
hand side. For the equations of YQ and Y Q functions, this simplification follows a standard
route. We start by introducing the kernel

(K + 1)−1
MN = δMN − s (δM+1,N + δM−1,N ) , s(u) = g

4 cosh gπu
2
. (3.28)

that is inverse to the kernel KNQ + δNQ

∞∑
N=1

(KQN + δQN ) ? (K + 1)−1
NM = δQM =

∞∑
N=1

(K + 1)−1
MN ? (KNQ + δNQ) . (3.29)

Using various identities that this satisfies (see for instance [18, 19]) we find the following
equations

− log YQ = log
(

1 + 1
YQ−1

)(
1 + 1

YQ+1

)
? s , Q ≥ 2

− log Y Q = log
(

1 + 1
Y Q−1

)(
1 + 1

Y Q+1

)
? s .

(3.30)

Very nicely, the dependence on Y Q functions drops out of the equations for YQ functions,
and vice-versa. Coming to the equations for fundamental particles, we see that they cou-
ple to auxiliary roots. However, similarly to the case of AdS5 × S5, the equations for
fundamental particles cannot be quite put in the same form. We can rewrite them as

− log Y1 = log
(

1 + 1
Y2

)
? s− log

1− e−iµ

Y
(1)
−

1− eiµ

Y
(2)
−

 ?̂ s+ F1 ?̌ s ,

− log Y 1 = log
(

1 + 1
Y 2

)
? s− log

(
e−iµ − Y (1)

+

) (
eiµ − Y (2)

+

)
?̂ s+ F 1 ?̌ s

(3.31)

where F1 and F 1 whose explicit forms are not important for the current discussion depend
on all Y -functions and various kernels.

Using these expressions, we can gain insight on the form of the Y-system for this model.
To this end, we introduce the operator s−1 that acts on functions of the rapidity variable
u as follows

(f ? s−1)(u) = lim
ε→0+

[
f(u+ i

g
− iε) + f(u− i

g
+ iε)

]
. (3.32)
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Under convolution, s−1 is a right inverse of s, but it is not a left inverse of s, meaning
that at least for some function f(u), f ? s−1 ? s 6= f . In other words, by applying s−1 we
loose some information from the TBA equations (which encodes the discontinuity relations
between Y functions). Applying s−1 to the simplified equations we find Y-system equations

Y +
Q Y

−
Q

YQ−1YQ+1
= 1

(1 + YQ−1)(1 + YQ+1) , Q ≥ 2

Y
+
QY
−
Q

Y Q−1Y Q+1
= 1

(1 + Y Q−1)(1 + Y Q+1)
,

(3.33)

valid on the real line, and

Y +
1 Y −1
Y2

=

(
1− e−iµ

Y
(1)
−

)(
1− eiµ

Y
(2)
−

)
1 + Y2

,

Y
+
1 Y
−
1

Y 2
=

(
e−iµ − Y (1)

+

) (
eiµ − Y (2)

+

)
1 + Y 2

,

(3.34)

valid for −2 < u < 2. It is clear that there are no Y-system equations of the standard
form for the remaining Y-functions. Still, we expect non-trivial relations upon analytic
continuation of Y -functions.

4 Conclusions and outlook

In this paper we have derived for the first time the mirror thermodynamic Bethe ansatz
equations for AdS3×S3×T 4. Unlike previous attempts to the same end [49–52], our treat-
ment does not rely on any truncation or limit. While some of the features of AdS3/CFT2
integrability have been long known [44–46], a key ingredient of our derivation has been
the proposal of a new set of dressing factors [39] with nice self-consistent properties in the
mirror-mirror kinematics and under fusion — something that was not obvious in previous
proposals [47, 48].

There are several obvious directions which should be now pursued. As the mirror TBA
equations presented here are complete and non-perturbative in the string tension, they
may be immediately used to study the spectrum of excited states. This can be done quite
straightforwardly by employing the contour-deformation trick [10, 20], and immediately
overcomes all issues related to massless excitations in the Bethe-Yang equations [42]. It
would firstly provide a prediction to check against perturbative computations. The best-
understood setup to compute these would be at h � 1, on the string-theory side. This
would require a careful study of the apparent UV and IR divergences of the worldsheet
model. While there are several results at one- and two-loops in the literature [65–70], some
of these results are manifestly incompatible with integrability. A possible reason for this
mismatch is that those computations involved both an IR and UV regulator resulting in
an order-of-limits problem, see [71] for a discussion of this point and of the mismatches.

It would also be very interesting to study the spectrum at h � 1. While the massive
dynamics will probably simplify in this limit, we expect the massless modes to give quite

– 18 –



J
H
E
P
0
3
(
2
0
2
2
)
1
3
8

a non-trivial contribution, as it can be seen already from their dressing factors. A detailed
computation would offer new quantitative insights in the dual theory for this background.
It would be particularly interesting to revisit the non-local Lagrangian proposed in [72]
and compare its predictions with the mirror TBA.

On the other hand, it would also be interesting to further simplify these equations
and recast them in terms of a T-system, and eventually in terms of a quantum spectral
curve. The final result of this simplification procedure may be related to the quantum
spectral curve bootstrapped in [51, 52], in which case it should clarify how the massless
modes feature in that formalism. The advantage in this reformulation is that the quantum
spectral curve should be a more efficient computational framework, and it may also help
unveil some of the underlying symmetry structures of the theory.

A different question is whether it may be possible to extend the mirror TBA to more
general backgrounds. In particular, as discussed in the introduction, mixed-flux back-
grounds are integrable. The main stumbling block before undertaking this analysis is to
construct the dressing factors for the mixed-flux background, which in turn requires a de-
tailed understanding of its analytic properties. Encouragingly, it seems that the approach
of [39] may also be applicable to mixed-flux backgrounds [40], which would lay the basis
for solving the spectral problem across the parameter space of AdS3 × S3 × T 4.

Finally, it would be interesting to study more general AdS3/CFT2 setups. A particu-
larly interesting one is given by the AdS3×S3×S3×S1 background, which has yet one more
parameter — the ratio α of the curvature radius of the two spheres. This directly affects
the symmetry algebra of the theory, which is given by d(2, 1;α)⊕ d(2, 1;α). Despite some
progress in the study of the S matrix and Bethe-Yang equations for this model [44, 59, 73]
the dressing factors remain elusive, though the approach of [39] may apply there too. We
hope to return to these questions in the near future.
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A Kinematics and parametrisations

The relation between the Zhukovsky variable x and the rapidity u is

x(u) = 1
2
(
u− i

√
4− u2

)
, (A.1)

which has cuts on the real-u line for u > +2 and u < −2 (“long” cuts). In terms of this
variable, we write for massive particles

x±j = x

(
uj ±

i

h

)
, (A.2)

with real particles having real rapidity uj ; for massive particles we also have bound states,
whose constituents have complex energy, momentum and rapidity. In particular, for a
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bound state of Q particles, we will have Q constituents with rapidities arranged along a
string parallel to the imaginary axis,

x±j = x

(
uj ±

i

h

)
, uj = u+ (Q+ 1− 2j) i

h
, j = 1, . . . Q , u ∈ R . (A.3)

As discussed in the main text, by using fusion bound states can also be thought of as
particles with a mass gap Q ∈ N, and may be described collectively in terms of a rapidity
ua by setting

x±a = x
(
ua ±

i

h
Qa
)
. (A.4)

For massless particles we have

xj = x(uj + i0) = 1
x(uj − i0) , (A.5)

where all physical particles are real (there are no massless bound states) and have rapidity
just above the long cut. With this caveat, we may formally think of a massless particle as
a Q→ 0 limit of a bound state (though we stress that this is not a fusion identity as it is
for Q ≥ 1).

It is also convenient to introduce a u-parametrisation for the auxiliary particles. Phys-
ical auxiliary particles (those appearing in the string hypothesis) have |y| = 1. We distin-
guish the case where the imaginary part of y is smaller or larger than zero. We have

=[y] > 0 : x(u) = y , =[y] < 0 : 1
x(u) = y , (A.6)

with −2 < u < +2.
The mirror momentum for a Q-particle is given by

p̃Q(u) = h

2

x (u− i
hQ
)
− 1
x
(
u− i

hQ
) − x (u+ i

hQ
)

+ 1
x
(
u+ i

hQ
)


= hx
(
u− i

hQ
)
− hx

(
u+ i

hQ
)

+ iQ ,

(A.7)

while the mirror energy for a Q-particle is given by

ẼQ(u) = log
x
(
u− i

hQ
)

x
(
u+ i

hQ
) . (A.8)

These formulae are formally valid for massless modes too by setting Q→ 0. The auxiliary
roots do not contribute to the mirror momentum or energy.

Finally, when dealing with the explicit form of the dressing factors it is also useful to
introduce γ-rapidity variables [39]. We define the massive γ± for a Q-particle so that they
are complex conjugate to each other for real mirror momentum or equivalently for real u

γ+(u) = log

+
i
(
−1 + x

(
u+ i

hQ
))

1 + x
(
u+ i

hQ
)

− iπ

2 = 1
2 log

(
−
u+ i

hQ− 2
u+ i

hQ+ 2

)
− iπ

2

γ−(u) = log

+
i
(
−1 + x

(
u− i

hQ
))

1 + x
(
u− i

hQ
)

+ iπ

2 = 1
2 log

(
−
u− i

hQ− 2
u− i

hQ+ 2

)
+ iπ

2

(A.9)
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Note that this definition differs from the one mainly used in [39] by a shift by iπ/2, and it
is particularly advantageous when working in the mirror kinematics. Then, we define the
massless γ so that it is real for real mirror momentum and for values of u on the upper
edge of the long cut

γ(u) = 1
2 log

(
−u− 2
u+ 2

)
+ iπ

2 . (A.10)

Obviously,

γ−(u) = γ(u− i

h
Q) , γ+(u) = γ

(
u+ i

h
Q

)
− iπ . (A.11)

Notice also that

γ(u+ i0)− γ(u− i0) = −iπ for |u| > 2 . (A.12)

B S matrices and kernels

Let us start by introducing a standard S matrix for bound states, namely

SQQ
′(u− u′) =

u− u′ − i
h(Q+Q′)

u− u′ + i
h(Q+Q′)

u− u′ − i
h(Q′ −Q)

u− u′ + i
h(Q′ −Q)

×
Q−1∏
j=1

(
u− u′ − i

h(Q′ −Q+ 2j)
u− u′ + i

h(Q′ −Q+ 2j)

)2

,

(B.1)

which is of difference form in terms of u. In particular

S1Q′(u− u′) =
u− u′ − i

h(1 +Q′)
u− u′ + i

h(1 +Q′)
u− u′ − i

h(Q′ − 1)
u− u′ + i

h(Q′ − 1)
(B.2)

Using the above expression, as well as the dressing factors collected in appendix C below,
we can define the following S matrices which appear in the fused Bethe Yang-equations.

Left-anything scattering. These are the scattering matrices where the first particle is
of type “left” (i.e., a Q-particle):

SQaQbsl (ua, ub) = SQaQb(ua − ub)−1(ΣQaQb
ab

)−2
, (B.3)

S̃
QaQb
sl (ua, ub) = eipa

1− 1
x+
a x

+
b

1− 1
x−a x

−
b

1− 1
x+
a x
−
b

1− 1
x−a x

+
b

(
Σ̃QaQb
ab

)−2
, (B.4)

SQa0(ua, xj) = i e−
i
2pa

x+
a xj − 1
x−a − xj

(
ΣQa0

BES (x±a , xj)
)−2

Φ(γ+◦
aj )Φ(γ−◦aj )

, (B.5)

SQay(ua, yb) = e
i
2pa

x−a − yb
x+
a − yb

. (B.6)

– 21 –



J
H
E
P
0
3
(
2
0
2
2
)
1
3
8

Right-anything scattering. These are the scattering matrices where the first particle
is of type “right” (i.e., a Q-particle):

SQaQbsu (ua, ub) = eipae−ipb

(
x+
a − x−b
x−a − x+

b

)−2

SQaQb(ua − ub)−1
(

ΣQaQb
ab

)−2
(B.7)

S̃QaQbsu (ua, ub) = e−ipb
1− 1

x−a x
−
b

1− 1
x+
a x

+
b

1− 1
x+
a x
−
b

1− 1
x−a x

+
b

(
Σ̃QaQb(ua, ub)

)−2 (B.8)

S̄Qa0(ua, xj) = i e+ i
2pa

x−a − xj
x+
a xj − 1

(
ΣQa0

BES (x±a , xj)
)−2

Φ(γ+◦
aj )Φ(γ−◦aj )

(B.9)

S̄Qay(ua, yb) = e−
i
2pa

x+
a − 1

yb

x−a − 1
yb

= 1
SQy(ua, 1/yb)

(B.10)

Massless-anything scattering. These are the scattering matrices where the first par-
ticle is massless:

S00(uj , uk) = a(γjk)Φ(γjk)2 (Σ00
BES(xj , xk)

)−2 (B.11)

S0Qb(xb, uj)SQb0(uj , xb) = 1 , S̄0Qb(xb, uj)S̄Qb0(uj , xb) = 1 (B.12)

S0y(xk, yj) = e+ i
2pk

1
xk
− yj

xk − yj
= 1
S0y

(
xk,

1
yj

) (B.13)

Auxiliary-anything scattering. The S matrices where the first particle is auxiliary can
be obtained from the previous ones by braiding unitarity,

SyQ(y, u) = 1
SQy(u, y) , S̄yQ(y, u) = 1

S̄Qy(u, y)
, S̄y0(y, u) = 1

S̄0y(u, y)
. (B.14)

Kernel. We can obtain the integration kernel for any S matrix by first parametrising it
in terms of the rapidity u and considering the logarithmic derivative,

K(u, u′) = 1
2πi

d
du logS(u, u′) . (B.15)

In this way we will be able to define the various kernels, whose notation will follow from the
one of the corresponding S matrix. For instance, we will define KQQ′

sl (u, u′), K̃QQ
′

sl (u, u′),
KQQ

′

su (u, u′), and so on.

C Dressing factors

The dressing factors have been recently proposed in [39]. All of the dressing factors feature
the BES dressing factor [12] in a suitable kinematics. In [39], we focused our attention
mostly on the string-theory dressing factors σQQ

′

BES, while in this paper it is more convenient
to work with the “improved” dressing factors ΣQQ′

BES, which have nice properties under fusion
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in the mirror model. They are related by

ΣQQ′
BES (u, u′) = σQQ

′
BES (u, u′)

Q∏
k=1

Q′∏
j=1

1− 1
x+
k
x−j

1− 1
x−
k
x+
j

= σQQ
′

BES (u, u′)
1− 1

y+
1 y
−
2

1− 1
y−1 y

+
2

Q−1∏
k=1

1− 1
x−
k
y−2

1− 1
x−
k
y+
2

Q′−1∏
j=1

1− 1
y+
1 x
−
j

1− 1
y−1 x

−
j

,

(C.1)

when Q ≥ 1 and Q′ ≥ 1 [61]. For Q = 0 we have [74]

Σ0Q′
BES(u, u′) = σ0Q′

BES(u, u′)
Q′∏
j=1

1
x − x

−
j

x− x−j
, (C.2)

while for massless-massless scattering we have simply

Σ00
BES(u, u′) = σ00

BES(u, u′) . (C.3)

The improved mirror-mirror dressing factor ΣQQ′

BES was given in [61],

1
i

log ΣQQ′
BES (y1, y2) = Φ(y+

1 , y
+
2 )− Φ(y+

1 , y
−
2 )− Φ(y−1 , y

+
2 ) + Φ(y−1 , y

−
2 )

− 1
2
(
Ψ(y+

1 , y
+
2 ) + Ψ(y−1 , y

+
2 )−Ψ(y+

1 , y
−
2 )−Ψ(y−1 , y

−
2 )
)

+ 1
2
(
Ψ(y+

2 , y
+
1 ) + Ψ(y−2 , y

+
1 )−Ψ(y+

2 , y
−
1 )−Ψ(y−2 , y

−
1 )
)

+ 1
i

log
iQ Γ

[
Q′ − i

2h
(
y+

1 + 1
y+
1
− y+

2 − 1
y+
2

)]
iQ′Γ

[
Q+ i

2h
(
y+

1 + 1
y+
1
− y+

2 − 1
y+
2

)] 1− 1
y+
1 y
−
2

1− 1
y−1 y

+
2

√√√√y+
1 y
−
2

y−1 y
+
2
.

(C.4)
This expression can also be used to find the Σ0Q′

BES and Σ00
BES phases, as discussed in [39].

The remaining dressing factors (in the mirror region) are defined using ΣQQ′

BES and are

ΣQQ′

12 , Q , Q′ = 1, 2, . . . , Σ̃QQ′

12 , Q , Q′ = 1, 2, . . . . (C.5)

The massive dressing factors, with Q,Q′ = 1, 2, . . . are given by

(
ΣQQ′

12
)−2 =−

sinh γ−+
12
2

sinh γ+−
12
2

eϕ
••(γ±1 ,γ

±
2 ) (ΣQQ′

BES (x±1 , x
±
2 )
)−2

,

(
Σ̃QQ′

12
)−2 = +

cosh γ+−
12
2

cosh γ−+
12
2

eϕ̃
••(γ±1 ,γ

±
2 ) (ΣQQ′

BES (x±1 , x
±
2 )
)−2

.

(C.6)

The functions ϕ•• and ϕ̃•• are given in [39]. Because these prefactors are given by the
difference of the rapidities γ±1 and γ±2 , they take the same form in the mirror and string
theory, much like it happens in relativistic models.

Let us now consider the massive-massless dressing factors. Since they do not fuse
well, it is more convenient to work directly with the full S-matrix elements SQ0(u, u′) and
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S0Q(u′, u) which are spelled out in appendix B. It is worth emphasising that their form
is different from the one they have in the string region see [39]. This is because, in the
convention for the γ± parameters which we are using and which guarantees (γ±)∗ = γ∓ (see
appendix A) they are related to the string ones as γ±(s) = γ±− iπ/2, while for the massless
ones it is γ(s) = γ + iπ/2. As a result, starting from the string-kinematics formula [39]

S̄Q0(u(s), x(s)) = i

√√√√x+
(s)

x−(s)

x−(s) − x(s)

1− x+
(s)x(s)

coth
γ+◦

(s)
2 coth

γ−◦(s)
2

× Φ(γ+◦
(s) )Φ(γ−◦(s) )

(
ΣQ0

BES(x±(s), x(s))
)−2

,

(C.7)

and using the crossing equation

Φ(γ)Φ(γ) = i coth γ2 , (C.8)

we find that the factors Φ(γ) invert and that the rational prefactor is suitably modified,
so that

S̄Qa0(ua, xj) = i

√
x+

x−
x− − x
x+x− 1

(
ΣQa0

BES (x±, x)
)−2

Φ(γ+◦)Φ(γ−◦) , (C.9)

as in appendix B.
Finally, the massless-massless scattering factor (B.11) can be expressed straightfor-

wardly in terms of Σ00
BES, of the Sine-Gordon factor Φ(γ), and of an auxiliary function a(γ),

see [39]. Since in this case the latter two depend on the difference of two rapidities with the
same transformation rules from the string to the mirror region, they appear in the same
way in the two kinematic regions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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