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1 Introduction

Symmetries play a fundamental role in our current understanding of Nature. According to
Noether’s theorem, each continuous symmetry is accompanied by a conserved symmetry
current. In quantum field theory, in particular, the presence of symmetries is essential
for the construction of effective field theories, see [1] for a recent review. For instance,
the conservation equations of symmetry currents form the basis of hydrodynamics — the
theoretical framework which captures the late-time, long-wavelength dynamics of massless
degrees of freedom.

Nevertheless, realistic physical systems rarely exhibit exact symmetries, in which case
a symmetry is said to be broken. There exists an assortment of mechanisms by which
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symmetries may be broken; we will concern ourselves with aspects of spontaneous symmetry
breaking and explicit symmetry breaking. A symmetry is spontaneously broken when a
ground state no longer preserves the global symmetries of its theory [2], while explicit
symmetry breaking occurs when symmetry-violating terms appear in the equations which
define a theory. Spontaneous symmetry breaking leaves the conservation equations intact,
while explicit breaking renders the conservation of the corresponding current void.

Spontaneous symmetry breaking finds applications in various domains of physics
ranging from high energy to condensed matter physics [3]. It is intimately connected
with continuous phase transitions [4] and hence serves as an effective tool in classifying
different phases of matter — the so called Landau paradigm — which is especially useful
from the perspective of effective field theory [5]. For continuous symmetries, a distinct
feature of spontaneous breaking is the appearance of new massless degrees of freedom
known as Goldstone bosons [6, 7], a standard example of which is phonons in solids [8].
Several physical phenomena, such as superfluidity and elasticity, arise as a consequence of
spontaneous symmetry breaking [9]; in their hydrodynamic descriptions, the conservation
equations are supplemented by the so-called Josephson relation, which governs the dynamics
of the Goldstone boson.

There is a long history of research dedicated to spontaneous symmetry breaking yet
the study of its effects is still ongoing, particularly in connection with non-relativistic
systems [10, 11], spacetime symmetries [12], open and out of equilibrium systems [13, 14],
topological symmetries and novel higher form symmetries [15, 16].

Physical situations arise where spontaneous symmetry breaking occurs in conjunction
with explicit symmetry breaking; if the parameter causing the explicit breaking is small
compared to the amount of spontaneous breaking (which is measured by the order parameter),
the total breaking is said to be pseudo-spontaneous [17]. In this scenario, the Goldstone
bosons acquire a finite mass which follows the universal Gell-Mann-Oakes-Renner relation —
the mass-squared of such pseudo-Goldstone bosons is proportional to the explicit breaking
scale. The quintessential example of pseudo-Goldstone bosons is pions as they are described
in chiral perturbation theory [18].

In the regime of pseudo-spontaneous symmetry breaking, the massive pseudo-Goldstone
bosons and the violation of the conservation equations present difficulties for the ap-
plication of hydrodynamics. However, for sufficiently small explicit breaking and small
pseudo-Goldstone mass one may expect that a system may still lend itself to a generalised
hydrodynamic description [19]. Such a regime enters the realm recently re-labelled as
quasi-hydrodynamics [20].

Besides explicit symmetry breaking, the Goldstone modes may be disrupted by a
mechanism which is known as phase relaxation — a relaxation which is usually induced by
topological defects. Phase relaxation may appear in systems which exhibit only spontaneous
symmetry breaking. In the formulations of Goldstone dynamics based on higher-form
symmetries, phase relaxation appears as an explicit breaking in a conservation law of a
higher-form topological current [21–25]; this occurs independently of any explicit breaking
of other symmetries of the system. The effects of phase relaxation are captured by a
modified Josephson relation [26]. Physical realisations of phase relaxation appear as elastic
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defects, for example dislocations and disclinations, which are responsible for melting in
two-dimensional solids [27], and vortices in superfluids which relax the supercurrent leading
to a finite electric DC conductivity [28–30].

Despite the principal separation between phase relaxation and pseudo-spontaneous
symmetry breaking, it has been shown in the context of holography that the interplay
between spontaneous and explicit symmetry breaking induces an effective phase relaxation
rate [31]. The effects of this effective phase relaxation have been examined in several
different homogeneous [32–37] and non-homogeneous [38] holographic models for transla-
tional symmetry breaking. Moreover, the appearance of a universal expression for effective
phase relaxation, which relates it to the mass and diffusivity of the pseudo-Goldstone, has
been noted and studied in the context of holographic models with translational symmetry
breaking [31–37], effective field theories [39, 40] and the hydrodynamic description of QCD
in the chiral limit [41].

In this paper we will study pseudo-spontaneous breaking of U(1) symmetry and phase
relaxation through the means of hydrodynamics and holography. Ignoring the dynamics
of the energy-momentum tensor we in section 2 review superfluid hydrodynamics [42] and
incorporate explicit U(1) symmetry breaking via charge relaxation and a mass for the
pseudo-Goldstone, as well as phase relaxation. We find that such modifications affect the
hydrodynamic modes, the retarded Green’s functions and the behaviour of the AC and DC
conductivity. We also re-derive a Gell-Mann-Oaks-Renner relation [18] for the mass of the
pseudo-Goldstone by allowing for momentum dependent thermodynamic susceptibilities. In
sections 3 and 4 we move on to holography and propose two distinct models — stemming from
the standard holographic superfluid [43] — for which the U(1) symmetry of the dual theory
is pseudo-spontaneously broken. We consider these models in the probe limit. In section 3
we introduce a small source for a charged scalar operator in the bulk [44, 45]; the dual field
theory displays a massive pseudo-Goldstone boson as well as an effective phase relaxation
which vanishes with the explicit breaking. Furthermore, the phase transition becomes
smeared. We match our hydrodynamic theory for pseudo-spontaneous U(1) symmetry
breaking to the lowest quasi-normal modes. We also propose and test a U(1)-appropriate
version of the universal phase relaxation relation mentioned above. In section 4 we consider
a finite mass term for the bulk gauge field, explicitly breaking the U(1) symmetry [46, 47].
For small explicit breaking this model displays the effects of charge relaxation and the
phase transition remains sharp. We suggest and test an expression for the charge relaxation
in terms of the mass of the gauge field. We again match our hydrodynamic theory to the
lowest quasi-normal modes.

Our findings may be of general relevance for chiral symmetry breaking in QCD and its
incarnation at small but finite quark masses [41, 48–50]. Other possible extensions of our
results regard the phenomenology of vortices in superfluids [30] and ordered phases, such as
charge-density waves [51] in the context of translational symmetry breaking.

Note added. During the completion of this manuscript we became aware of the forth-
coming work of [52], which discusses the universal nature of the effective phase relaxation.
Our results and those of [52] are in agreement, where applicable.

– 3 –



J
H
E
P
0
3
(
2
0
2
2
)
0
1
5

2 Hydrodynamics in the probe limit

Hydrodynamics is an effective theory which describes the long-wavelength, late-time dynam-
ics of a system. We will consider relativistic hydrodynamics and its applications to quantum
field theory, where a spontaneously broken global U(1) symmetry gives rise to superfluidity.

A superfluid can be viewed as a two-component fluid consisting of a normal component
and a superfluid component [53, 54]. Superfluids support propagating modes even when
the dynamics of the normal component is frozen, i.e. when the energy-momentum tensor
and fluctuations of the temperature and normal fluid velocity are neglected — we will
refer to this regime as the probe limit. For simplicity and for applications to holography,
we will only consider probe-limit hydrodynamics in this section — some further results
beyond the probe limit may be found in appendix A. The foundation of our hydrodynamic
analysis stems from [42],1 which is briefly reviewed below; we then proceed to examine the
results of adding a small explicit breaking of U(1) symmetry to the superfluid system. We
will consider a superfluid in two spatial dimensions. Greek indices span the full spacetime
components while Latin indices cover the spatial components.

2.1 Superfluid review

The spontaneous breaking of U(1) symmetry gives rise to a Goldstone boson ϕ which is iden-
tified with the phase of the order parameter of the superfluid. A local U(1) transformation
shifts the Goldstone as ϕ 7→ ϕ+ λg and it is hence necessary to define the gauge-invariant
quantity

ξµ ≡ ∂µϕ−Aµ, (2.1)

where the external gauge field Aµ couples to the conserved U(1) current and transforms as
Aµ 7→ Aµ + ∂µλg. We fix Aµ = 0 in the following.

In the probe limit the conservation equation is simply that of U(1) charge and it reads

∂µ 〈Jµ〉 = 0 , (2.2)

where 〈Jµ〉 is the conserved U(1) current. The Goldstone dynamics is governed by the
Josephson relation which at ideal level is given by

uµξµ = −µ, (2.3)

where uµ = (1, 0, 0) is the equilibrium normal fluid velocity normalised such that uµuµ = −1,
and µ is the chemical potential.2 The Josephson relation tells us that ξµ is to be considered
as zeroth order in derivatives.

1The complete superfluid hydrodynamic framework of [42] was successfully matched to holographic
models in [55].

2We here assume that the superfluid chemical potential is identical to the normal fluid chemical potential.
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Up to first order in derivatives the constitutive relations and the spatial derivative of
the Josephson relation read3

〈Jµ〉 = ρtu
µ + ρsn

µ − σ0T∆µν∂ν

(
µ

T

)
+O(∂2), (2.4a)

uµ∂µ
(
∆ ρ
ν ξρ

)
= ∆ ρ

ν

[
−∂ρµ+ ζ3∂ρ∂µ (ρsnµ)

]
+O(∂2), (2.4b)

where ∆µν = uµuν + ηµν is the standard projector with ηµν being the Minkowski metric.
T denotes the temperature while ρn and ρs respectively denote the normal and superfluid
charge densities. The total charge density is given by ρt = ρn + ρs. The superfluid velocity
nµ is defined relative to the velocity of the normal component and is given by

µnµ ≡ ∆µνξν . (2.5)

The transport coefficients entering in (2.4) are the conductivity σ0 and superfluid bulk
viscosity ζ3 which, as evident from the Josephson relation (2.4b), controls the Goldstone
diffusivity; they are given by the Kubo formulae

σ0 = − lim
ω→0

1
ω

Im
[
GR
JxJx(ω, 0)

]
, (2.6a)

ζ3 = lim
ω→0

ω Im
[
GR
ϕϕ(ω, 0)

]
, (2.6b)

where GR
ab(ω,k) is the retarded Green’s function, ω denotes the frequency and k is the spatial

momentum vector which will, without loss of generality, be taken along the x-direction
such that k = (k, 0). The thermodynamic and hydrodynamic quantities are functions of
the chemical potential µ and temperature T .

We compute the spectrum of longitudinal excitations from the conservation equa-
tion (2.2) together with the constitutive relation (2.4a) and the Josephson relation (2.4b);4

we find a pair of sound modes with dispersion relations

ω(k) = ±vs k −
i

2 Γs k2 + . . . , (2.7)

where the ellipsis denotes terms at higher order in k. This mode is historically called fourth
sound [42] to contrast it with the more standard second sound, see appendix A. The speed
and attenuation of fourth sound are given by

v2
s = ρs

µ(∂ρt/∂µ) , Γs = σ0
(∂ρt/∂µ) + ζ3

ρs
µ
. (2.8)

At this point a remark is in order. The probe limit superfluid hydrodynamics discussed
in this section is not equivalent to considering the complete superfluid hydrodynamics in
presence of momentum dissipation. In particular, our framework does not present the
typical energy diffusion mode since the dynamics of the stress tensor Tµν is not taken
into account.

3Notice that the Josephson relation must be treated on equal footing with the constitutive relations
and not with the conservation equations. This asymmetry can be lifted by considering a higher-form
language [23] where the Josephson relation is derived from the conservation of an additional emergent
higher-form symmetry conservation law.

4In the probe limit we do not consider fluctuations of the temperature T and velocity uµ.
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2.2 Broken superfluid

When a symmetry is explicitly broken the current associated to the symmetry is no
longer conserved. If the explicit symmetry breaking is sufficiently small and occurs in a
background where the symmetry is also spontaneously broken the breaking is said to be
pseudo-spontaneous and the system will contain massive (and damped) pseudo-Goldstone
bosons [3]. In this section the superfluid hydrodynamics presented above will be considered
in a novel setting; namely, by including the effects of explicit U(1) symmetry breaking
the hydrodynamic framework will be appropriate for pseudo-spontaneous U(1) symmetry
breaking. To this end, we express the equation for the U(1) charge current as

∂µ 〈Jµ〉 = Γuµ 〈Jµ〉+mϕ, (2.9)

where Γ is the charge relaxation rate and m is related to the mass of the pseudo-Goldstone
ϕ.5 We consider equation (2.9) at the level of fluctuations around thermal equilibrium. In
order for the fluctuations of the charge current Jµ to be long-lived we in general assume Γ
and m to be sufficiently small.

An additional phenomenon which may affect the Goldstone bosons is phase relaxation,
which enters the Josephson relation as a damping term and may appear independently of
the explicit symmetry breaking. The relaxed superfluid Josephson relation takes the form

(uµ∂µ + Ω)∆ ρ
ν ξρ = ∆ ρ

ν

[
−∂ρµ+ ζ3∂ρ∂µ (ρsnµ)

]
+O(∂2), (2.10)

where Ω denotes the phase relaxation rate, the inverse of the Goldstone lifetime. By
considering the integrated version of the relaxed Josephson relation above, it becomes
evident that Ω breaks the shift symmetry for ϕ. In the pseudo-spontaneous regime the
thermodynamic and hydrodynamic quantities are dependent on the chemical potential,
temperature and the explicit breaking scale.

2.2.1 Hydrodynamic modes

Using the modified expressions (2.9) and (2.10) together with the constitutive relation (2.4a),
we are able to determine the hydrodynamic modes using standard methods. The analysis
yields a pair of modes with dispersion relations

ω(k) = α± − iD±k2 + . . . , α±, D± ∈ C , (2.11)

where

α± = − i2(Γ + Ω)±

√
ω2

0 −
(Γ− Ω)2

4 , ω2
0 ≡

m

(∂ρt/∂µ) , (2.12)

with ω0 being the pinning frequency,6 and

D± = 1
2

(
σ0

(∂ρt/∂µ) + ζ3
ρs
µ

)
± i

2
ζ3ρs(∂ρt/∂µ)(Γ− Ω) + 2ρs − σ0µ(Γ− Ω)
µ
√

4m(∂ρt/∂µ)− (∂ρt/∂µ)2(Γ− Ω)2 . (2.13)

5For compactness we continue to use ϕ to denote the pseudo-Goldstone boson.
6Leaving aside the definition of the pinning frequency, the structure of the gap (2.12) is the same as to

the case of pseudo-phonons as presented in [26].
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The modes for the purely spontaneous phase are recovered by setting Γ = Ω = m = 0 in
the current-conservation equation and Josephson relation prior to expanding the dispersion
relations at small wave-vector. Taking the limit directly from the equations above would
result in a nonphysical divergent result which is a manifestation of the fact that the k → 0
limit does not commute with the limit of zero explicit breaking. Furthermore, the dispersion
relation may also be resummed and expressed in the form

ω(k) = ±

√√√√√ m

(∂ρt/∂µ) −
(Γ− Ω)2

4 + k2

 ρs
µ(∂ρt/∂µ) + (Γ− Ω)

(
ζ3
ρs
µ
− σ0

(∂ρt/∂µ)

)
− i

2 (Γ + Ω)− i

2

(
σ0

(∂ρt/∂µ) + ζ3
ρs
µ

)
k2, (2.14)

for which the limit Γ = Ω = m = 0 is well-defined and the relationship to the purely
spontaneous phase is more evident. Expanding the square root in (2.14) as a power series
in k yields the quantities displayed above at order k2.

We note that the k2-coefficients (2.13) sum to the same result in both the spontaneous
and pseudo-spontaneous regimes, i.e.

D+ +D− = Γs. (2.15)

An analogous ‘sum relation’ also holds when the dynamics of the energy-momentum tensor
is considered, see equation (A.16) in appendix A.

The result in equation (2.12) allows for three different scenarios. First, if the expression
under the square root in equation (2.12) is negative the resulting modes will have a purely
imaginary frequency at zero momentum, i.e. two damped relaxing modes. Moreover if either
Γ or Ω is zero in this regime one of the modes becomes undamped. Second, if the square
root is positive the modes will acquire not only a finite damping (imaginary part at zero
momentum) but also a real energy gap. Finally, in the third case a vanishing root results in
the collision between the two modes on the imaginary axes.

2.2.2 Retarded Green’s functions at Γ = 0

We shall now present the retarded Green’s functions of the system. In the following we
set the charge relaxation rate to zero, Γ = 0. This is the configuration realised by the
holographic setup in section 3. We employ the canonical approach to retarded Green’s
functions with the conventions of [56]. The susceptibility matrix is given by

χ =
(
χρρ 0
0 χ̃ξξ

)
, (2.16)

where χρρ = ∂ρt/∂µ and χ̃ξξ is the susceptibility related to the pseudo-Goldstone boson. As a
consequence of the explicit symmetry breaking, we allow for χ̃ξξ to be momentum-dependent
with the general parameterisation χ̃ξξ = χξξf(k), where χξξ is a positive constant.

– 7 –
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For the retarded Green’s functions we find

GR
ϕJt(ω, k) = iωµχρρ

p(ω, k) , (2.17a)

GR
Jtϕ(ω, k) = iω(mµ+ k2ρs)χξξχρρf(k)

p(ω, k) , (2.17b)

where p(ω, k) denotes the polynomial

p(ω, k) = mµ− µχρρω(ω + iΩ) + k2 (ρs − iζ3ρsχρρω + µσ0(Ω− iω)
)

+ k4ζ3ρsσ0 . (2.18)

Using the symmetry GR
ϕJt(ω, k) = GR

Jtϕ(ω, k) we conclude that the pseudo-Goldstone
susceptibility must be given by

χ̃ξξ = k2χξξ
k2 + m2 , (2.19)

where
m2 = χξξm, χξξ = µ

ρs
. (2.20)

The result (2.20) is the Gell-Mann-Oakes-Renner relation with m2 being the mass of the
pseudo-Golstone boson, see for example [44, 57]. Hence, for the static pseudo-Goldstone
Green’s function we obtain

Gϕϕ(0, k) = χξξ
k2 + m2 . (2.21)

At k = 0, we find the retarded Green’s functions

GR
JtJt(ω, 0) = mµχρρ

mµ− µχρρω(ω + iΩ) , (2.22a)

GR
ϕJt(ω, 0) = iµχρρω

mµ− µχρρω(ω + iΩ) , (2.22b)

and also

lim
k→0

1
k
GR
JxJt(ω, k) = −χρρω

(
ρs + µσ0(Ω− iω)

)
mµ− µχρρω(ω + iΩ) , (2.22c)

lim
k→0

1
k
GR
Jxϕ(ω, k) = iρs + µσ0ω + ρsχρρωΩ/m

mµ− µχρρω(ω + iΩ) . (2.22d)

Finally, the correlators (2.22) allow us to compute the spatial current-current correlator;
we find

GR
JxJx(ω, 0) = ρs

µ
− i σ0 ω , (2.23a)

GR
JxJx(0, k) = mρs

mµ+ k2ρs
; (2.23b)

which implies the following expression for the low-frequency AC conductivity,7

σ(ω) = lim
k→0

i

ω

[
GR
JxJx(ω, k)−GR

JxJx(0, k)
]

= σ0. (2.24)

7We will continue to call σ(ω) the conductivity even though the U(1) current is not conserved. At small
explicit breaking this wording is, at least approximately, justified.
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Although the denominators of all the retarded Green’s functions in (2.22) are the same, and
contain the phase relaxation Ω and the parameter m, the charge non-conservation equation
acts in such a way that both of these quantities drop out of the above result.

In order to gain clarity with regards to Kubo formulae it is beneficial to expand some
of the above retarded Green’s at low frequency,

GR
JtJt(ω, 0) = −χρρ −

iω

m
χ2
ρρΩ +O(ω2), (2.25a)

GR
ϕJt(ω, 0) = iω

m
χρρ −

ω2

m2χ
2
ρρΩ +O(ω3); (2.25b)

hence we find the Kubo formula

Ω = lim
ω→0

m

ωχ2
ρρ

Im
[
GR
JtJt(ω, 0)

]
, (2.26)

or similarly using GR
ϕJt(ω, 0). The relation (2.23) provides the Kubo formula for σ0 as

σ0 = − lim
ω→0

1
ω

Im
[
GR
JxJx(ω, 0)

]
. (2.27)

Finally, using the transport coefficients above, ζ3 may be determined from

lim
ω→0

1
ω

lim
k→0

∂2

∂k2 Im
[
GR
JtJt(ω, k)

]
= −2

χ2
ρρ

m2µ

(
ζ3mρs − ρsΩ− µσ0Ω2

)
. (2.28)

In the next sections we will test this hydrodynamic framework with two different holographic
models and draw important conclusions regarding the mechanism of phase relaxation induced
by the pseudo-spontaneous symmetry breaking.

3 Holographic superfluid with a sourced charged scalar

A holographic model for s-wave superfluidity was constructed in [43], where the boundary
operator O condenses below a critical temperature Tc. In this section we generalise this
model by sourcing the operator O, resulting in an explicitly broken global U(1) symmetry.
The source may be tuned to be small such that the pseudo-spontaneous limit is achieved.
We will investigate the properties of this model using numerical techniques. For simplicity
we restrict ourselves to a (2 + 1)-dimensional field theory and we will work in the probe
limit, where the backreaction of the gauge and scalar fields onto the metric is not taken
into account. Therefore, our numerical results will be reliable only sufficiently close to the
superfluid critical temperature Tc below which the scalar condensate forms.

3.1 Holographic setup

We consider the bulk gravitational model of [43] defined by the action

S =
∫

d4x
√
−g

[
−1

4FµνF
µν − |Dψ|2 −M2|ψ|2

]
, (3.1)

– 9 –
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where ψ(z) is a complex scalar with mass M , F ≡ dA is the field strength tensor of the
U(1) gauge field, and the covariant derivative is defined as Dµ ≡ ∂µ − i q Aµ, where q is the
charge of the scalar operator O dual to the scalar field ψ.

The bulk geometry is given by an AdS4 Schwarzschild black hole which in Eddington-
Finkelstein coordinates reads

ds2 = 1
z2

[
−u(z) dt2 − 2 dtdz + dx2 + dy2

]
, with u(z) = 1− z3. (3.2)

The AdS radius has been set to one and all bulk masses will be presented in units of that.
Moreover, {t, x, y} denote the coordinates of the (2 + 1)-dimensional Minkowski spacetime,
while z is the radial coordinate of AdS4 with conformal boundary located at z = 0. The
black hole horizon is defined by u(zh) = 0 with horizon radius zh = 1.

In order to describe the equilibrium state of the gravity theory we utilise the ansätze

A = At(z) dt , ψ(z) = ψ1(z)− i ψ2(z) , (3.3)

for the gauge field and the scalar field. The temperature and the chemical potential of the
dual field theory are given by

T = −u
′(1)
4π = 3

4π , µ = At(0) , (3.4)

where the value of the gauge field at the horizon is set to 0 for convenience.
We set the mass of the scalar field to be M2 = −2 and we assume standard quantisation.

Consequently, the boundary expansion for the scalar fields ψi are given by

ψi(z) = ψ
(l)
i z + ψ

(s)
i z2 +O(z3) , (i = 1, 2) (3.5)

where the superscripts (l), (s) denote the leading and subleading terms, and the index i
distinguishes the fields entering in ψ.

The source λ, which we take to be real, of the dual operator is given by the leading
term of the boundary expansion of ψ — we thus identify λ = ψ

(l)
1 as well as ψ(l)

2 = 0. Next,
in order to compute the expectation value we follow the procedure detailed in appendix A
of [55], arriving at

〈O〉 = 2ψ(s)
1 + i 2ψ(s)

2 + i 2qµψ(l)
1 = 2ψ(s)

1 , (3.6)

where in the second equality we have used the constraint ψ(s)
2 = −q µψ(l)

1 .
The case λ = 0 is that of the original superfluid model of [43] where the global U(1)

symmetry of the dual field theory is spontaneously broken. In the following we switch on
an infinitesimal source λ which will explicitly break the U(1) symmetry; a larger value of λ
means more symmetry breaking.

The boundary Ward identity for the broken U(1) symmetry reads

∂µ 〈Jµ〉 = iq

2

[
ψ(l) 〈O∗〉 −

(
ψ(l)

)∗
〈O〉

]
, (3.7)

where the asterisk indicates complex conjugation.8 For real λ also the expectation value
of O is real at equilibrium such that right-hand side of the Ward identity (3.7) vanishes

8The unusual normalisation of the Ward identity is due to the factor of 2 relating 〈O〉 and ψ(s).
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and hence the current is conserved. Away from equilibrium, however, the right-hand side of
the Ward identity (3.7) does not vanish; in particular, for the chosen real-valued source
we obtain

∂µ〈Jµ〉 = λ q Im 〈O〉 , (3.8)

see also [44, 45, 58]. Comparing the Ward identity (3.8) to the more general equation (2.9)
one concludes that this holographic model has a vanishing current relaxation rate, Γ = 0.
Also, identifying ϕ = Im〈O〉/〈O〉eq the parameter m relates to the source λ as m = qλ 〈O〉eq,
where 〈O〉eq is the condensate in equilibrium. We will drop the subscript denoting the
equilibrium in the following.

Fixing q = 1, we use numerical techniques to determine the equilibrium condensate,
the quasi-normal modes and the (retarded) Green’s functions of the dual theory. For some
details about the numerical methods see appendix C.

3.2 The condensate and Goldstone correlator

We will first examine what effect a small source of explicit breaking has on the scalar con-
densate 〈O〉 and the zero-frequency pseudo-Goldstone correlator Gϕϕ(0, k) given by (2.21).
The numerical results are shown in figure 1. The left panel shows that the value of the di-
mensionless condensate increases with the introduction of explicit breaking, while the phase
transition goes from sharp to continuous.9 The tail of the continuous crossover increases
with the source λ such that the condensate becomes non-zero for every value of T/µ.10 The
behaviour of the zero-frequency pseudo-Goldstone correlator Gϕϕ(0, k) is displayed in the
right panel of figure 1 and shows perfect agreement with the hydrodynamic formula (2.21).11

This agreement holds only in the limit of sufficiently small explicit breaking, λ/T � 1; for
larger explicit breaking the pseudo-Goldstone approximation is invalidated, rendering the
hydrodynamics framework of section 2 inapplicable.

3.3 Zero-momentum excitations

The zero-momentum modes will be controlled by the expression in (2.12); in the absence of
a charge relaxation rate, Γ = 0, the dispersion relations read

ω = −i Ω
2 ±

√
ω2

0 −
Ω2

4 , ω2
0 ≡

m

(∂ρt/∂µ) . (3.9)

Numerical data showing the dynamics of the lowest quasi-normal modes of our model (3.1)
at zero momentum are displayed in figure 2. At zero breaking the spectrum contains a pair
of sound modes sitting at the origin, and one non-hydrodynamic mode with finite imaginary

9This phenomenon might be related to the concept of imperfect bifurcations [59, 60] and is similar to the
effects of disorder on continuous phase transitions [61–63]. It would be interesting to make this point clearer
in the future.

10We have verified that the probe-limit background can be reached by via a smooth limit from a
backreacted setup.

11Gϕϕ(0, k) follows from standard linear response analysis in holography once we identify ϕ =
Im〈δO〉/〈O〉eq where δO stands for the fluctuations of the condensate.
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Figure 1. The colours indicate different values of the dimensionless source λ/T — blue is 5× 10−10,
purple is 10−9, light brown is 10−7, green is 10−6, dark brown is 10−5, magenta is 10−4, orange
is 10−3, and red is 10−2. Left: the dimensionless scalar condensate as a function of temperature
close to the superfluid transition for different values of the dimensionless source λ/T . Right: the
pseudo-Goldstone correlator at zero frequency and finite momentum at fixed T/µ = 0.0575 and for
different values of the source λ/T . The dashed lines represent the expectations from hydrodynamics
presented in the main text in equation (2.21).

gap.12 When increasing the source of explicit breaking the non-hydrodynamic mode moves
away from the origin along the imaginary axis; simultaneously, the modes which previously
constituted sound modes acquire a finite complex gap, in accordance with equation (3.9)
with a positive square root. For large values of the explicit breaking the modes with complex
gap are further away from the origin than the mode with purely imaginary gap; in this
regime a hydrodynamic description of the dynamics must fail [20].

The pinning frequency ω0 and phase relaxation rate Ω, as functions of the dimensionless
explicit breaking parameter λ/T , may be extracted directly from the zero-momentum
quasi-normal mode data — the results are shown in figure 3. The left panel illustrates
that the pinning frequency ω2

0 vanishes (linearly) without the presence of explicit breaking;
this is another realisation of the Gell-Mann-Oaks-Renner relation presented and discussed
around equation (2.20). In the right panel we see that the phase relaxation rate vanishes
alongside the explicit breaking parameter, indicating that the appearance of Ω is depen-
dent on the interplay between explicit and spontaneous symmetry breaking rather than
being a generic feature of the model without explicit breaking.13 Moreover, for small
explicit breaking both quantities display a linear dependence on λ — this behaviour is
typical of the pseudo-spontaneous regime and has been observed in several analogous
situations [31, 33, 34, 38, 64–66].

In figure 4 we show the values of the phase relaxation rate Ω and the pinning frequency
ω2

0 as a function of T/µ for different values of the source λ; dots are quasi-normal mode
data while the dashed lines indicate the Kubo formula (2.26) for Ω and the definition (3.9)
for ω0. The agreement is good until large values of the explicit breaking parameter and

12Note that the gap of the non-hydrodynamic mode decreases as one approaches the phase transition.
13The appearance of an effective phase relaxation has also been observed in holographic models of

translational symmetry breaking [31–36, 38].
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Figure 2. The lowest quasi-normal modes at zero wave-vector, in the complex plane, upon varying
the source λ/T in the range [10−16, 0.1] at fixed T/µ = 0.0582. The dashed arrows guide the eyes
towards the limit of strong explicit breaking, λ/T � 1. The inset shows a zoom in the opposite
limit of infinitesimal explicit breaking, λ/T � 1. We see a pair of sound modes which upon explicit
breaking gain a complex gap, as well as a pseudo-diffusive mode which moves away from the origin
as the breaking increases.
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Figure 3. Colours indicate fixed T/µ — light brown is 0.0582 and black is 0.0434. Dashed green
lines mark a linear fit to the data. Left: the pinning frequency ω2

0 as a function of the dimensionless
source λ/T . Right: The phase relaxation rate Ω as a function of the dimensionless source λ/T . At
small explicit breaking, both quantities are linear in the explicit breaking parameter as emphasised
by the fits shown with green dashed lines.

when the critical temperature is approached — this is a manifestation that in such a regime
the explicit breaking is no longer a subleading effect to the spontaneous one and the physics
is no longer governed by the pseudo-spontaneous approximation.

3.4 Finite-momentum excitations

Moving into the realm of finite momentum excitations, we may use the holographic quasi-
normal mode data to confirm our hydrodynamic framework presented in section 2. At
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Figure 4. The phase relaxation rate (left) and the pinning frequency (right) in function of the
dimensionless temperature T/µ for different values of the explicit breaking parameter λ/T . Dots
indicate quasi-normal mode data, while the dashed lines in the left panel are values of the Kubo
formula (2.26) and in the right panel the dashed lines correspond to the definition (3.9). The colours
indicate different values of the dimensionless source λ/T — blue is 5× 10−10, purple is 10−9, light
brown is 10−7, green is 10−6, dark brown is 10−5, magenta is 10−4, orange is 10−3, and red is 10−2.

vanishing charge relaxation Γ the real and imaginary parts of the k2-coefficient (2.13) are
given by

ReD± = 1
2

(
σ0

(∂ρt/∂µ) + ζ3
ρs
µ

)
, (3.10a)

ImD± = ±1
2

2ρs − ζ3ρs(∂ρt/∂µ)Ω + σ0µΩ
µ
√

4m(∂ρt/∂µ)− (∂ρt/∂µ)2Ω2 . (3.10b)

Note that the expressions (3.10a) and (3.10b) respectively constitute the imaginary and
real part of the dispersion relations with finite momentum.

The hydrodynamic formulae (3.10) are plotted alongside the holographic data in the
top panel of figure 5. The agreement is good and tested for several, small values of the
dimensionless explicit breaking parameter λ/T ; we do not expect this match to hold away
from the pseudo-spontaneous regime. To gain further insight into the pseudo-spontaneous
approximation we in the bottom panel of figure 5 compare the hydrodynamic predictions
in (3.10) to numerical data while varying T/µ. A smaller value of T/µ corresponds to a larger
value of the condensate and therefore the pseudo-spontaneous limit provides a reasonable
approximation — in fact, the agreement gets better when moving to low temperatures.14

3.5 On the universality of the effective phase relaxation

We now turn our attention to an aspect of the phase relaxation which is often referred to as
universal. It has been observed in a number of works, in various contexts, that an effective
phase relaxation induced by pseudo-spontaneous symmetry breaking is related to the pinning

14Unfortunately, due to the probe limit approximation, we cannot extend our analysis to very low
temperatures to see when the approximation fails.
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Figure 5. Comparison between the k2-coefficients of the lowest quasi-normal modes (dots) versus the
hydrodynamic formulae in (3.10a) and (3.10b) (lines), as a function of the dimensionless temperature
T/µ. The bottom panel shows the degree of agreement between the quasi-normal mode data and
the hydrodynamic formulae. It shows increasing agreement by lowering the temperature, i.e. by
making the order parameter for the spontaneous breaking larger compared to the explicit breaking
scale λ/T . The colours indicate different values of the dimensionless source λ/T — blue is 5× 10−10,
purple is 10−9, light brown is 10−7, green is 10−6, dark brown is 10−5, magenta is 10−4, orange is
10−3, and red is 10−2.

frequency as well as the mass and diffusivity of the pseudo-Goldstone mode [31–41].15 The
general form of the relation may be expressed in several ways — one of them is [40]

Ω = ω2
0
Dξ

v2
s

(3.11)

where Dξ and vs respectively denote the Goldstone diffusivity and speed of sound in the
purely spontaneous phase.16 We hence conclude that

Ω = ω2
0 ζ3 χρρ (3.12)

15The first observation of a potentially universal behaviour appeared in [31], for a holographic homogeneous
Q-lattice model which breaks translational invariance. It has since been confirmed numerically in several
holographic models with translational symmetry breaking [32–36, 38]. A first derivation using effective field
theory methods was proposed in [39] and later completed using Keldysh-Schwinger techniques in [40]. The
universal relation in the presence of a finite magnetic field has also been discussed in [37], and in the context
of the chiral limit [41].

16The diffusivity Dξ does in general not correspond to a diffusive mode unless the Goldstone dynamics
decouples, in which case it can be directly extracted from the Josephson relation (2.4b).
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Figure 6. The dimensionless ratio ω2
0ζ3χρρ/Ω as a function of the dimensionless source

λ/T . At small explicit breaking, the value of this ratio reaches unity as expected from the
universal relation in equation (3.12). Different colours indicate different values of T/µ =
{0.0582, 0.0555, 0.0519, 0.0477, 0.0434}, starting from blue. We hence see a better agreement for
larger chemical potentials which correspond to a larger spontaneous symmetry breaking scale and
therefore a better validity for the pseudo-spontaneous approximation.

for the case of pseudo-spontaneous breaking of U(1) symmetry, with Dξ = ζ3ρs/µ. The
quantities entering the above equation are defined in the hydrodynamic framework of
section 2.17 Importantly, while Ω and ω2

0 are linear in the explicit breaking scale for
sufficiently small breaking, ζ3, χρρ are of order O

(
λ0
)
and finite even in absence of explicit

symmetry breaking. In fact, at leading order in the explicit breaking the ζ3 entering in
the above relation is that of the purely spontaneous phase. Implementing the appropriate
mappings, the expression (3.12) is in agreement with the analogous expressions in the case
of translational symmetry breaking, see for instance [31].

The task at hand is to test if equation (3.12) holds for our version of the holographic
model (3.1). The ratio ω2

0ζ3χρρ/Ω is plotted in figure 6. We see that the ratio tends to unity
in the regime of small explicit breaking, from which we may conclude that the relation (3.12)
holds. This constitutes additional evidence for the universal behaviour of the effective phase
relaxation, at least for small explicit breaking. In fact, Ω ≤ ω2

0ζ3χρρ for all values of λ,
indicating that ω2

0ζ3χρρ acts as an upper bound. For large values of the explicit breaking
parameter this relation ceases to be valid since the pseudo-Goldstone perspective must be
abandoned. From figure 6, one sees that the validity of the relation (3.12) corresponds with
that of the pseudo-spontaneous limit — in fact, by decreasing the temperature and going
towards larger values of the condensate the relation holds for a larger range of λ.

3.6 The electric conductivity

Another noteworthy result which originates from our hydrodynamic theory is the behaviour
of the electrical conductivity; see equation (2.24) for the hydrodynamic AC conductivity.

17In appendix B we derive an analogous expression using the holographic dispersion relations of [45].
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Due to the effects of pseudo-spontaneous symmetry breaking the DC conductivity becomes
finite but without displaying a low frequency Drude-like form, in contrast to the behaviour
of superfluids with phase relaxation caused by vortices [28, 29].

We plot the frequency dependent conductivity for different values of the dimensionless
source λ/T in figure 7. The numerical data follow the theoretical prediction

σ(ω) = σ0 +O(ω2) . (3.13)

Some observations are in order. First, the incoherent conductivity is decreased by the
presence of the finite dimensionless source λ/T and a gap opens in the real part of the
conductivity upon increasing λ/T . It may be possible to obtain a generalised formula for
the incoherent conductivity in terms of horizon data which could explain this behaviour
analytically, but we leave this task for future work. Second, the real part of the conductivity
grows with a quadratic scaling (Re[σ]− σ0) ∼ ω2 at low frequency, which is not captured
by the lowest order hydrodynamic expression (3.13). Third, the imaginary part of the
conductivity goes to zero linearly with the frequency implying that the superfluid pole is
now removed. Finally, and most importantly, the value of the DC conductivity not only
becomes finite but it is given exactly by the incoherent contribution σ0.

From a physical perspective the fundamental result is that the optical conductivity
does not display an infinite DC conductivity nor a Drude-like structure, in contrast to the
scenario where phase relaxation is induced by defects [30]. The reason for this may be
understood as follows. In the case of defects the superfluid sound mode acquires a finite
lifetime Ω but not a real gap ω0. As such, the dynamics of the conductivity at low frequency
is the same as that of the Drude model, where the width of the Drude peak is given by
the phase relaxation rate Ω. In contrast, for our version of the model (3.1) the lowest-lying
mode acquires a finite mass gap as well, given by the pinning frequency ω0.

As a final comment, in view of possible condensed matter applications, our findings
may be crucial to understand whether phase relaxation, and which type of it, plays any
role in the physics of the so-called 2D failed superconductors [67].

4 Holographic superfluid with a massive gauge field

In this section we study an implementation of pseudo-spontaneous breaking of a U(1)
symmetry through holography which is alternative to that of section 3. We consider
a modification of the holographic superfluid [43] in which the gauge vector dual to the
U(1) current is massive, thus making the current anomalous and explicitly breaking the
symmetry. This model was considered in [46, 47] to study the explicit breaking of a global
U(1) symmetry. We will again restrict the analysis to the probe limit and consider a field
theory in (2 + 1)-dimensions.18 As we will see, the phenomenology and features of this
model are markedly different from the one examined in the previous section, thus providing
a complementing perspective.

18Adding backreaction to the model (4.1) results in a dual Lifshitz field theory. However, if the mass
of the bulk gauge field is sufficiently small the dual field theory may also be treated as a relativistic CFT
deformed by the timelike component of its U(1) current [68–70].
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Figure 7. Real (left) and imaginary (right) parts of the AC conductivity at fixed T/µ = 0.0579, as
a function of the dimensionless frequency ω/T , for different values of the dimensionless source λ/T .
The colours indicate different values of the dimensionless source λ/T — blue is 5× 0−10, purple is
10−9, light brown is 10−7, green is 10−6, dark brown is 10−5, magenta is 10−4, orange is 10−3, and
red is 10−2. The data from most cases are on top of each other.

4.1 The holographic model

We consider the following bulk action

S =
∫

d4x
√
−g

[
−1

4FµνF
µν − M2

A

2
(
Aµ − ∂µθ

)
(Aµ − ∂µθ)− |Dψ|2 −M2|ψ|2

]
, (4.1)

where MA is the bulk mass for the gauge field Aµ. The mass term breaks the local U(1)
symmetry Aµ 7→ Aµ + ∂µλg; however, the Stückelberg field θ transforms as θ 7→ θ − λg
under the local U(1) symmetry, restoring the gauge invariance of the action (4.1).19 The
background spacetime geometry is given by the line element (3.2).

The presence of a finite bulk mass modifies the asymptotics of the bulk gauge field into

Aµ(z) ∼ A(l)
µ z−∆A(1+. . . )+A(s)

µ z1+∆A(1+. . . ) with ∆A = 1
2

(
−1 +

√
1 + 4M2

A

)
.

(4.2)
The expectation value of the U(1) current, 〈Jµ〉, is related to A(s)

µ − ∂µθ(s) and thus the
scaling dimension is [Jµ] = 2 + ∆A, where ∆A is the anomalous scaling dimension indicating
that the U(1) current is no longer conserved [46, 47]. Increasing M2

A makes the explicit
breaking larger and hence the scaling dimension more anomalous. We again define a quantity
µ to be given by the leading asymptotic contribution of At as µ = A

(l)
t — note that µ

should be viewed as a coupling in the Lagrangian of the dual boundary field theory and
not as the chemical potential.20 The equations of motion for the gauge field constrain its
temporal component to vanish at the horizon. Moreover, the chemical potential, defined as
the integrated radial electric flux in the bulk, is infinite [47] — this does not give rise to
any instabilities in the quasi-normal mode spectrum, at least in the probe limit.

19Notice the analogy with holographic models of broken translations where the graviton becomes mas-
sive [71].

20We consider static configurations in which ∂tθ = 0.

– 18 –



J
H
E
P
0
3
(
2
0
2
2
)
0
1
5

The scalar field ψ is charged under the U(1) symmetry, as in section 3, and we will
choose its mass to be M2 = −2. In contrast to the previous section we will fix the source of
the charged scalar field, λ, to zero. In terms of the boundary expansion (3.5), this gives
rise to the boundary condition ψ(l)

i = 0. Nevertheless, for small enough temperatures or
large values of µ we find solutions with a non-zero vacuum expectation value for the dual
operator O, i.e. with ψ(s) 6= 0; thus, when the mass of the bulk gauge field is ‘small’ the
U(1) symmetry will be broken pseudo-spontaneously as in the previous toy model.

Next, we turn to the Ward identity for the current. For holographic dualities involving
four-dimensional boundary gauge theories the Stückelberg field θ is dual to the topological
charge density of the dynamical gauge fields [72–75]. The topological charge density in
field theory appears in the non-conservation of the current Jµ [47, 74], which hence should
be considered to be of axial nature. Fluctuations of the topological charge are related to
(fluctuations of) the axial charge density 〈J t〉, as argued in [76] from field theoretic and
holographic perspective — see also [77] for earlier work. Following this line of argumentation
we arrive at the non-conservation equation21

∂µ 〈Jµ〉 = −Γ 〈J t〉 . (4.3)

For the moment we take (4.3) as a phenomenological equation also for the three-dimensional
field theory dual to the gravitational theory (4.1); this treatment is in agreement with the
numerical results below.

Comparing the non-conservation equation (4.3) with equation (2.9) in the hydrodynamic
framework we conclude that the parameter m, and hence the pinning frequency ω0, is not
present for the model (4.1). The dynamics of the quasi-normal modes will confirm that this
model does not display phase relaxation.

Before analysing the dynamics of the model (4.1) we briefly comment on the thermody-
namics of its pseudo-spontaneously broken phase. In figure 8 we show numerical data for
the dimensionless scalar condensate at different values of the normalised bulk mass MA.
We observe how a finite, small bulk mass MA increases the value of the condensate and the
critical temperature of the system but the phase transition remains sharp (in contrast to
the model in section 3). An intuitive argument for this behaviour is that, in this model, the
Goldstone mode is not relaxing and thus there is still a sharp and clear definition of order.

4.2 Quasi-normal modes and hydrodynamics

By comparing the structure of the quasi-normal modes of this system (see figure 9) to the
hydrodynamic relation for the gap in equation (2.12), and taking the non-conservation of
the current (4.3) into account, we conclude that phase relaxation does not appear in this
model. In figure 10 we plot the relaxation rate Γ as a function of the mass of the bulk
gauge field, MA; for small values of MA we find

Γ = M2
A

χρρ
+ . . . , (4.4)

21This relation may only be valid for fluctuations, which could explain the stability of the equilibrium
state mentioned above.
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Figure 8. The behaviour of the dimensionless scalar condensate, as a function of the dimensionless
temperature T/µ1/(1−∆A), for different amounts of explicit breaking. Colours indicate different
values of the breaking parameter M2

A — dark blue is 10−8, blue is 10−6, purple is 10−5, light brown
is 10−4, and orange is 10−3. The condensate and the critical temperature grow with the breaking
but the phase transition remains sharp.
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Figure 9. Low-lying quasi-normal modes as a function of the dimensionless momentum k/T (dots)
compared to hydrodynamic predictions (4.5) and (4.6) using transport coefficient and susceptibility
data extracted from the purely spontaneous phase (dashed lines, right panel). Colours indicate
different values of the breaking parameter M2

A — blue is 10−6, purple is 10−5, and red is 5× 10−5.
Values are shown for fixed dimensionless temperature T/µ1/(1−∆A) = 0.0582.

where the ellipsis indicate terms of higher order in MA and χρρ is given by the purely
spontaneous state. The result (4.4) is reminiscent of the Drude relaxation rate in massive
gravity models [78–81]. The same behaviour is observed in the context of axial current
dissipation in [46, 47]. It may be possible to perturbatively derive equation (4.4) following
the methods used in [78] — we leave this task for future work.

Moving on, we consider the quasi-normal modes at non-zero momentum. Including
the leading finite momentum contribution (2.13) the generalised hydrodynamic dispersion
relations for this setup read

ω(k) = −iD+k
2 + . . . , ω(k) = −iΓ− iD− k2 + . . . , (4.5)
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Figure 10. The dimensionless charge relaxation rate Γ/T extracted from quasi-normal modes
(dots) compared to the formula (4.4)(dashed lines), as functions of the dimensionless temperature
T/µ1/(1−∆A). Colours indicate different values of the breaking parameter M2

A — dark blue is 10−8,
blue is 10−6, purple is 10−5, light brown is 10−4, and orange is 10−3. The agreement is remarkable.

where

D+ = ζ3
ρs
µ

+ 1
Γ

ρs
µχρρ

, D− = σ0
χρρ
− 1

Γ
ρs
µχρρ

. (4.6)

The mode that becomes damped is the charge diffusion of the spontaneously broken phase,
while the Goldstone diffusion remains gapless. In figure 11 we compare quasi-normal mode
data to the k2-coefficients in equation (4.6); for D± we have used values extracted from the
purely spontaneous regime for all quantities except Γ — this is tantamount to considering
the parameters D± only at leading order in MA.

In figure 9 we show the dispersion relations of the low-lying quasi-normal modes together
with the hydrodynamic expressions in equations (4.5) and (4.6) in the right-hand panel.
For small dimensionless momentum, k/T � 1, and small values of the breaking (the gauge
field mass) the formulae (4.6) are in good agreement with the quasi-normal modes.

Beyond the small momentum limit the modes in figure 9 display a feature which is
commonly referred to as a k-gap [24] and has been observed in several previous works, see
for instance [22, 47, 82–86]. When increasing the momentum the hydrodynamic diffusive
mode and the first damped mode collide at a real value of the momentum k∗, sometimes
called the critical momentum, and a finite real part develops. These dynamics can be
understood directly from the symmetry breaking pattern using the framework of quasi-
hydrodynamics [20].22 The dynamics of the k-gap has been used to quantify the breakdown

22Notice once more the similarities with the dynamics of collective modes in systems with a U(1)R×U(1)L
symmetry [47], see for example figure 1 in [87]. In that case the original sound mode is the chiral magnetic
wave arising due to the axial anomaly and the presence of a background magnetic field.
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Figure 11. Dots mark the dimensionless k2-coefficients entering the dispersion relations of the
two lowest quasi-normal modes, extracted for different amounts of explicit breaking. Dashed lines
are hydrodynamic predictions (4.6) where transport coefficients and susceptibilities are computed
in the purely spontaneous background. Both quantities are computed for the same dimensionless
temperature T/µ1/(1−∆A). Colours indicate different values of the breaking parameter M2

A — blue
is 10−6, purple is 10−5, light brown is 10−4, and orange is 10−3. Left: diffusion constant of gapless
mode. Right: the quadratic coefficient of the damped mode.

of linearised hydrodynamics23 [89–93] or its convergence properties [88], as well as to impose
a possible universal bound on diffusion [94, 95]. The critical parameters k∗ and ω∗ determine
at which point linearised hydrodynamics breaks down [88, 96]. In our model (4.1) the
critical momentum k∗ is real and may therefore be extracted directly from the dispersion
relations of the two lowest quasi-normal modes.

5 Discussion

In this work we have considered the pseudo-spontaneous breaking of a global U(1) symmetry.
We constructed a relativistic hydrodynamic theory capable of capturing the effects of charge
and phase relaxation arising from pseudo-spontaneous breaking of U(1) symmetry. From the
holographic perspective, we built two distinct models where the dual boundary field theories
exhibit pseudo-spontaneous U(1) symmetry breaking. We noted that the two models display
different types of phase transitions: one which is smeared and one which is sharp. We
have shown the validity of our hydrodynamic framework, in the probe limit, by matching
the predicted dispersion relations to the low-lying quasi-normal modes of our holographic
models, as well as the different frequency and momentum dependent Green’s functions.
We have observed the emergence of an effective phase relaxation rate due to the interplay
between explicit and spontaneous symmetry breaking in holography. In equation (3.12)
we presented a novel, U(1)-specific version of the previously proposed universal relation
governing the effective phase relaxation as well as provided numerical evidence in its favour,
for small amounts of explicit symmetry breaking. Furthermore, we have shown that a

23More precisely, the k-gap dynamics corresponds to a simple scenario where the critical momentum k∗ is
real. In general, the breakdown of hydrodynamics must be determined by considering the wave-vector in the
complex plane [88].
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non-zero pinning frequency and phase relaxation result in a finite AC and DC conductivity
which does not display Drude-like behaviour.24

The effective phase relaxation appears in the model considered in section 3 but not in
the model of section 4, in spite of both models breaking the U(1) symmetry of the boundary
theory pseudo-spontaneously. The reason for this may be understood by considering the
spontaneously broken U(1) symmetry separately from the shift symmetry inherent to the
Goldstone boson. In the model of section 3, the charged scalar source explicitly breaks
the boundary U(1) symmetry as well as the Goldstone shift symmetry; this model displays
pseudo-Goldstones as well as an effective phase relaxation. The model of section 4, with
a massive bulk gauge field, only breaks the U(1) symmetry of the boundary theory but
not the global shift of the Goldstone; hence, the Goldstone remains massless and no phase
relaxation mechanism emerges. As a direct consequence of this symmetry breaking pattern
the spectrum of the second model contains a hydrodynamic diffusive mode. The difference
between our models may also be understood by re-expressing the implicit topological
symmetry of the Goldstone degrees of freedom as the conservation of an emergent global
higher-form symmetry [20–23, 25]; in this language, the appearance of a phase relaxation
term is related to the explicit breaking of such a symmetry and it appears in the model
considered in section 3 but not in the model of section 4. Relating the holographic
models considered here to those studied in the context of pseudo-spontaneous translational
symmetry breaking, the sourced scalar model shows similarities to axionic models [97, 98]
or Q-lattices [99] while the massive-gauge field model is akin to the two-sector models
in [35, 36, 100] where momentum is relaxed but the Goldstone is not.

We therefore conclude that the effective phase relaxation arises in our model in section 3,
but likely even more generally, as a consequence of the explicit breaking of the Goldstone shift
symmetry (or equivalently the global higher-form symmetry) and that it is independent of the
spontaneously broken global symmetry. This is further confirmed by the appearance of the
same emergent phase relaxation mechanism in the context of non-abelian symmetries [41].

It would be of interest to identify realistic scenarios where the signature of the induced
phase relaxation could be detected. A promising avenue could be phason dynamics in
incommensurate crystals [40, 101], where some experiments related to this phenomenon
have been done [102, 103]. Moreover, the case of a non-conserved U(1) axial symmetry due
to a topological charge density leads to a plethora of interesting phenomenological features
including sphaleron relaxation [104] and damping of the chiral magnetic wave [105]. Fur-
thermore, it would be interesting to compute the second order contributions to equilibrium
transport, as initiated in [106, 107].

Potential extensions of our findings regard light dilatons arising from the pseudo-
spontaneous breaking of scale invariance [108–110] — with potential implications for
cosmology and beyond standard model physics [111, 112] — and pseudo-magnons or gapped
spin waves in magnetic systems [113]. One could also check if the universal relation
described in this work is valid for type II or type B pseudo-Goldstone bosons which were

24This is analogous to what was found in the context of translations in the frequency dependent viscos-
ity [33].
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previously observed in [114] and [115]. The holographic models of [114–117] may provide
the circumstances for testing these ideas — explorations in this direction are on-going.
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A Hydrodynamics with energy-momentum tensor

In this appendix we compute and present the complete set of hydrodynamic dispersion
relations for a system with pseudo-spontaneous breaking of U(1) symmetry — in two spatial
dimensions — as well as review the superfluid dynamics based on [42]. The main result of
this appendix is that the ‘sum relation’ (2.15) also holds beyond the probe limit. We assume
conformal invariance throughout most of this section; however, when explicit breaking is
included the conformal nature is only preserved if the deformation used to explicitly break
the U(1) symmetry is exactly marginal — we will consider such a scenario for simplicity.

A.1 Superfluid modes

The complete superfluid hydrodynamics is scoped by supplementing the conservation
equation (2.2) with the conservation of energy and momentum; the hydrodynamic equations
are thus

∂µ 〈Tµν〉 = 0, (A.1a)
∂µ 〈Jµ〉 = 0, (A.1b)

where 〈Tµν〉 is the energy-momentum tensor and 〈Jµ〉 is the U(1) current. The dynamics
of the Goldstone ϕ is governed by the Josephson relation

uµξµ = −µ, (A.2)

where ξµ = ∂µϕ for the same reasons as in the main text, uµ is the normal fluid velocity
normalised such that uµuµ = −1 and µ is the chemical potential.
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Up to first order in derivatives the constitutive relations and the spatial derivative of
the Josephson relation read

〈Tµν〉 = ε uµuν + p∆µν + 2ρs µn(µuν) + ρs µn
µnν − η σµν +O(∂2), (A.3a)

〈Jµ〉 = ρt u
µ + ρs n

µ − σ0 T ∆µν∂ν

(
µ

T

)
+O(∂2), (A.3b)

uµ∂µ
(
∆ ρ
ν ξρ

)
= ∆ ρ

ν

[
−∂ρµ+ ζ3 ∂ρ∂µ (ρsnµ)

]
+O(∂2), (A.3c)

where ∆µν = uµuν + ηµν is a projector with ηµν being the Minkowski metric; ε is the energy
density; T denotes the temperature; p is the thermodynamic pressure; the normal and
superfluid charge densities are denoted ρn and ρs respectively; the total charge density is
given by ρt = ρn + ρs; and nµ is the superfluid velocity defined by (2.5). The transport
coefficients entering in (2.4) are the shear viscosity η, conductivity σ0, and superfluid bulk
viscosity ζ3; σ0 and ζ3 are given by the Kubo formulae (2.6), and η is given by

η = − lim
ω→0

1
ω

Im
[
GR
TxyTxy(ω, 0)

]
, (A.4)

where GR
ab(ω,k) is the retarded Green’s function, ω denotes the frequency and k is the

spatial momentum vector which will taken to be k = (k, 0).
The longitudinal hydrodynamic modes can be calculated from the conservation equa-

tions (A.1) together with the constitutive relations and Josephson relation (A.3). We find
four hydrodynamic modes in a configuration of two pairs of propagating sound modes with
dispersion relations

ω(k) = ±vnk −
i

2Γnk2 + . . . , (A.5)

where the ellipsis denotes terms at higher order in k. These two modes are historically
defined as first and second sound [54]. The speed and attenuation of first sound are given by

v2
1 = 1

2 , Γ1 = η

w
, (A.6)

where s is the entropy and w = sT + µρt the total enthalpy density, also referred to as
the momentum susceptibility. Note that the speed of first sound is fixed by conformal
invariance. Similarly, the same parameters for second sound are

v2
2 = ρsσ

2

(∂σ/∂T )µw
, Γ2 = σ0

µw

(∂σ/∂T )µT 2ρ2
t

+ η
µρs
wh

+ ζ3
ρsw

µh
, (A.7)

where h = sT + µρn is the enthalpy density of the normal component. In accordance
with [42], we have for convenience introduced the reduced entropy σ = s/ρt and used the
conformal scaling form of the pressure p = T 3f(µ/T ) to express thermodynamic derivatives
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in terms of σ via (
∂ρt
∂T

)
µ

= ∂2p

∂T∂µ
=
(
∂s

∂µ

)
T

= ρt
w

2s− ρtT
(
∂σ

∂T

)
µ

 , (A.8a)

(
∂ρt
∂µ

)
T

= ρt
w

2s+ ρtT
2
(
∂σ

∂T

)
µ

 , (A.8b)

(
∂s

∂T

)
µ

= 2(sT − µρt)
T 2 + µ2

T 2
ρt
w

2ρt + ρtT
2

µ

(
∂σ

∂T

)
µ

 , (A.8c)

where the subscript on the derivatives denotes the quantity held fixed.

A.2 Broken superfluid modes

When the U(1) symmetry is also explicitly broken the current conservation becomes modified
as in equation (2.9); the hydrodynamic equations are thus

∂µ 〈Tµν〉 = 0, (A.9a)
∂µ 〈Jµ〉 = Γuµ 〈Jµ〉+mϕ, (A.9b)

where Γ denotes the charge relaxation rate and m is related to the explicit breaking
parameter. The relaxed Josephson relation reads

(uµ∂µ + Ω)∆ ρ
ν ξρ = ∆ ρ

ν

[
−∂ρµ+ ζ3∂ρ∂µ (ρsnµ)

]
+O(∂2), (A.9c)

where Ω is the phase relaxation.
Using the constitutive relations (A.3) and hydrodynamic equations (A.9) we may

calculate the hydrodynamic modes using standard methods.25 The analysis yields a pair of
propagating modes with dispersion relation

ω(k) = ±v1k −
i

2Γ1k
2 + . . . , (A.10)

with speed and attenuation of sound

v2
1 = 1

2 , Γ1 = η

h
. (A.11)

The above mode behaves exactly as the propagating longitudinal mode in a normal conformal
fluid. If we temporarily revoke the conformal invariance the speed of sound of the mode (A.10)
is given by

v2
nc = ms+ (sχ̃ρtµ − ρtχ̃ρtT )ΓΩ

m(T χ̃sT + µχ̃ρtT ) + T (χ̃sT χ̃ρtµ − χ̃sµχ̃ρtT )ΓΩ , (A.12)

where χ̃ab denotes the thermodynamic derivative of a with respect to b, as in the left-hand
sides of equations (A.8). The non-conformal sound attenuation can be also derived but its
expressions is rather lengthy and therefore not presented.

25Note that we in this setup (as opposed to the probe limit in the main text) consider fluctuations of all
hydrodynamic variables.
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Moreover, the spectrum contains a pair of gapped and damped modes with dispersion
relation

ω(k) = α̃± − iD̃±k2 + . . . , (A.13)

where

α̃± = − i2(Γ + Ω)± 1
2

√
4 ω̃2

0 − (Γ− Ω)2, ω̃2
0 ≡

msµ

(∂σ/∂T )µTρ2
t

. (A.14)

The complete expression for the coefficient D̃± is rather cumbersome to be presented in full
generality, however for Γ = Ω = 0 it reads

D̃± = σ0
µw

2(∂σ/∂T )µT 2ρ2
t

+ ζ3
ρsw

2µh ±
i

2
s3/2√Tρs

hρt
√

(∂σ/∂T )µmµ
. (A.15)

We may at this point make an observation with regards to the coefficients of the
k2-terms in the dispersion relations presented in this appendix; namely, they obey the sum
relation

D̃+ + D̃− + Γ0 = Γ1 + Γ2, (A.16)

where the left-hand side contains the coefficients in the pseudo-spontaneous regime while
the right-hand side is purely spontaneous. The relation (A.16) also holds for non-zero Γ and
Ω. See equation (2.15) in the main text for the probe-limit equivalent to equation (A.16).26

B Note on the universal relation

In this appendix we will provide further evidence for the universal appearance of the effective
phase relaxation. To this end, we consider the dispersion relation in equation (4.11) of [45]
at zero momentum27 — in their notations, this reads

ω =
√

w

χQQ
− i

2
w Ξ̃
χ2
QQ

, (B.1)

where w denotes the infinitesimal explicit breaking parameter. Comparing the above
expression to our hydrodynamic result (3.9), we may identify

ω2
0 ≡

w

χQQ
, Ω ≡ w Ξ̃

χ2
QQ

, (B.2)

in which terms of order w2 have been consistently neglected in (B.1) in the limit of small
explicit breaking. From equations (B.2) we immediately obtain

Ω = ω2
0

Ξ̃
χQQ

, (B.3)

which coincides with the expression (3.12) in the main text when notations are matched, as
well as the original proposal of [31] in the context of translational symmetry breaking. This
brief analysis further supports the universal nature of the effective phase relaxation.

26An analogous sum relation also holds in the case of pseudo-spontaneous breaking of translational invari-
ance.

27This expression is derived in [45] by using perturbative analytic methods in the holographic model of
section 3 at zero chemical potential µ = 0.
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Figure 12. Left: relative supremums norm of the numerical solution for the background functions
φ1 (black),φ2 (blue), At (green) at 〈O〉/T 2 = 5.6147 and α/T = 10−4. Right: relative error of the
lowest QNMs for the background of the left plot and k/T = 0.4189.

C Numerical methods

All backgrounds and solutions to the linearised fluctuation equations are obtained numerically
by means of pseudo-spectral methods as we have established in previous work [55, 106, 118–
120] (see [121] for an introductory textbook). To employ the pseudo-spectral methods, we
discretise the radial dependence of the unknown functions on a Chebychev-Lobatto grid
with N gridpoints

um = 1
2

(
cos

(
mπ

N − 1

)
+ 1

)
, m ∈ [0, N − 1], (C.1)

and replace all radial derivatives of the unknown functions (in a Chebychev basis) by
the corresponding derivative matrices. To obtain the background solutions, we solve the
discretised non-linear ordinary differential equation with help of a Newton-Raphson scheme.

The quasi-normal modes are computed by recasting the linearised fluctuation equations
about the numerically constructed background solution in terms of a generalised eigenvalue
problem with respect to the quasi-normal mode frequency ω,

(Aω −B) x1 = 0, (C.2)

where A(k) and B(k) are differential operators consisting of the discretised fluctuation
equations and x1 is given by the fluctuation vector consisting of the gauge- and scalar field
fluctuations {at, ax, δ, η} on the gridpoints of the Chebychev-Lobatto grid.

In the following, we will briefly discuss the convergence of our numerical scheme for
the holographic models used in section 3 and 4.

For the background solutions, we provide proof that the numerical solution converges
when we increase the number of gridpoints. In the left plot of figure 12, we show the
supremums norm of a solution with a small number of gridpoints compared to a high
resolution solution (N = 100). We compare both solutions on an equidistant grid (not the
Chebychev-Lobatto grid!) with 101 gridpoints. As is evident from the plot, the supremums
norm decreases for an increasing number of spectral gridpoints. In the right plot we provide
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Figure 13. Left: relative supremums norm of the numerical solution for the background functions
φ1 (black),φ2 (blue), At (green), Θ (red) at 〈O〉/T 2 = 7.301 and M2 = 10−6. Right: relative error
of the lowest QNMs for the background of the left plot and k/T = 4.189 · 10−6.

evidence that the relative error of the four lowest quasi-normal modes, as compared to a
high resolution solution, converges to zero. In figure 13, we provide an analogous plot for
the model of section 4.
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