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1 Introduction

Half-BPS operators in N' =4 SYM with U(N) gauge group are related, via the AdS/CFT
correspondence [1-3] to extremely rich physics including Kaluza-Klein gravitons, giant
gravitons [4-6] and LLM geometries [7]. These operators are constructed from gauge
invariant holomorphic functions of a single complex matrix X = ¢1 + i¢2, where ¢1, ¢o are
two of the six hermitian scalars in the adjoint of the gauge group. The two-point function
of a holomorphic with an anti-holomorphic operator gives an inner product on the space
of BPS operators. An orthogonal basis of operators labelled by Young diagrams R, with
length no greater than N was constructed in [9]. The Young diagram R is identified by
the Casimirs of a U(N) symmetry in the theory. Three-point functions were computed
in terms of Littlewood-Richardson coefficients [9]. This allowed a general identification
of gauge invariant operators dual to giant gravitons in the AdS spacetime, extending the
results in [8]. An important guide to the precise identification of giant graviton geometries
dual to particular Young diagrams, was the stringy exclusion principle (SEP), which refers
to the fact that certain states disappear from the Hilbert space of the theory as N changes
to N —1 [10]. States corresponding to the Young diagrams with NV rows are precisely all the
states which disappear from the Hilbert space as the rank of the gauge group changes from
N to N — 1. Recent computations of correlators of giant gravitons in the AdS space-time
have demonstrated agreement between CFT and AdS [11-14]. Despite significant progress
on the quarter-BPS and eighth-BPS sectors, both in the construction of CFT operators
and in the construction of quantum states in the dual space-time, a comparable level of
understanding of AdS/CFT in this sector remains an important challenge.

From consideration of the quantization of moduli spaces of giant gravitons which are
large in the S° directions on AdSs x S°, it has been argued that the quantum states arising
are those of an N-boson system in a harmonic oscillator [15-17]. From consideration of
moduli spaces of giants which are large in the AdSs directions, the same Hilbert space
has been arrived at [18]. Yet another perspective comes from the strong coupling matrix
dynamics leading to commuting N x N matrices [19]. The counting of quarter and eighth
BPS states has been derived by calculating the quarter and eighth-BPS cohomology [20].

The construction of quarter BPS operators from the gauge theory side has been devel-
oped in [21-24]. At zero field theory coupling, the quarter BPS states are general holomor-
phic operators built from two complex matrices X and Y. A subspace of these operators
is annihilated by the one-loop dilatation operator and forms the weak coupling quarter
BPS space. An important outcome of these papers is that the weak coupling quarter BPS
operators form the orthogonal subspace, in the free field inner product, of the operators
which contain commutators [X,Y] within a trace. This a well-defined characterisation of
the quarter-BPS operators at finite V.

An orthogonal basis for the free field inner product, in terms of Young diagrams,
was found in [25, 26], which was covariant under the U(2) symmetry of the quarter BPS
sector or U(3) for eighth-BPS, and valid at finite N. Closely related orthogonal bases
were obtained in [27-29] and the relation between the different bases in terms of free field
conserved charges was elucidated in [30]. In the free-field U(2) covariant constructions of



quarter BPS operators [25, 26] having a total of n copies of X and Y, the labels consist of a
Young diagram R with n boxes and columns no longer than N, a Young diagram A with n
boxes and columns no longer than 2, along with a label 7 which runs over the multiplicity
of trivial S, irreps in R® R® A. The Young diagram label A is also a representation of the
global symmetry U(2). The construction of weak-coupling quarter-BPS operators based
on this new understanding of the finite N inner product was further developed in [31, 32].
The finite N construction of quarter BPS operators was given in terms of a projector Py
in C(S,,), which projects to the intersection of two subspaces of C(S,,) [32]. One subspace
is associated with the symmetrised traces at large IV, another with the finite N cutoff on
the free field basis.

In [33], the eighth-BPS Hilbert space of N bosons in a 3D harmonic oscillator obtained
from quantizing the space of holomorphic polynomials in C? was used to give a labelling
of eighth-BPS states by a U(3) Young diagram, along with a U(/N) Young diagram and
an additional multiplicity label constructed from the pair of Young diagrams. We will
refer to this multiplicity label as a plethystic multiplicity label, due to the role of plethysm
operations in its definition. By restricting to the quarter BPS states there is a labelling
using a U(2) Young diagram, a U(/N) Young diagram and a plethystic multiplicity label.
In another development, a special class of quarter BPS operators at weak coupling was
found to be related to Brauer algebra constructions [34].

There has not been so far, a general construction of quarter-BPS operators at weak
coupling and finite N, which includes a U(2) Young diagram label alongside a U(/N) Young
diagram label. In this paper, we will address this open problem and give a basis of operators
which are quarter-BPS at weak coupling, orthogonal with respect to the free field inner
product, and labelled by a U(2) Young diagram, a U(N) Young diagram, alongside an
associated multiplicity label depending on these two Young diagrams. The virtue of having
a U(N) Young diagram is that the disappearance of states upon a reduction of N to N —1
can be directly expressed in terms of this Young diagram — the disappearing states as N is
reduced to N — 1 are precisely the ones corresponding to Young duagrams with exactly N
rows. We may therefore describe our basis as an SEP-compatible (SEP = stringy exclusion
principle) basis which is also U(2) covariant.

The key ingredient which allows us to find a manifestly SEP-compatible U(2) covariant
construction of quarter BPS states is the mathematics of multi-symmetric functions [35-37].
When gauge invariant functions of two matrices X,Y are evaluated on diagonal matrices
X = Diag(xy1, e, ,zy) and Y = Diag(y1,y2, - ,yn), we get polynomials which are
invariant under the o € Sy acting simultaneously as

T; —r SUU(i)

(1.1)
Yi = Yo (i)

These polynomials are called multisymmetric functions. More generally, we can have vari-
ables z¢ with a € {1,2,--- ,M} and i € {1,2,---,N}. Polynomials invariant under
simultaneous Sy permutations of all the M vectors are more general multi-symmetric
functions. There is a rich mathematics associated with changing between different bases



of multi-symmetric functions for any M which is relevant in this paper and is controlled
by an underlying structure of set partitions.

The paper is organised as follows. Section 2 reviews the connection between half BPS
operators and symmetric functions before covering the construction of orthogonal bases of
half and quarter BPS states at zero coupling. This is based on the use of permutation
algebras and Schur-Weyl duality relations between permutation representation theory and
the representation theory of U(N). Section 3 is an introduction to the key mathematical
tools and physical concepts we will use in this paper. In section 4 use the combinatorics of
set partitions to derive results on the transformation between two bases for multi-symmetric
functions. The first is the trace basis. Elements of this basis set are obtained by specifying
a trace structure for matrices X,Y, or more generally X' ---, XM and specialising to
diagonal matrices. Another basis is the multi-symmetric monomial basis, which allows a
simple description of finite N cut-offs. In section 5, we start from the observation that
every vector partition p defines an associated partition p, which is invariant under the
action of the U(2) transformations which interchange X, Y. We use results on plethysms of
SU(2) representations to obtain detailed expressions for refined multiplicities depending on
a pair of Young diagram A, p, where A is a U(2) Young diagram and p is a Young diagram
constrained to have no more than N rows, which we refer to as a U(N) Young diagram.
In section 6 we describe an algorithm for producing a basis of operators labelled by the
pair of Young diagrams (A, p) alongside the appropriate multiplicity label. The basis is
orthogonal under the free field inner product. In section 7 we elucidate the vector space
geometry within C(S,), involving the interplay between a projector for the U(2) flavour
symmetry, a projector for the symmetrisation of traces P and an operator Fy whose kernel
implements finite N constraints. This discussion allows us to show that the counting and
two-point correlators of quarter-BPS operators at weak coupling can be expressed in terms
of observables in two-dimensional topological field theory based on permutation group
algebras with appropriate defects.

In appendices A-C we give examples of the quarter-BPS operators in the A =
[3,2],[4,2] and [3,3] sectors. These operators were generated using code we have made
available on Github [74].

2 Review of zero coupling: symmetric functions, half-BPS operators and
the quarter-BPS covariant basis

The half-BPS sector is composed of multi-traces of a single complex matrix X. We diago-
nalise X in terms of its eigenvalues

I 0 0...0
0 T2 0... 0

X=10 0a3... 0 (2.1)
00 0 ...zN



Thus any multi-trace of X can instead be written as a function of the eigenvalues
x1,%2,...,2N. These functions must be completely symmetric in the N variables. The
theory of such functions has long been studied in mathematics, and they have many inter-
esting properties [38]. In this section we review the basic definition, three of the commonly
used bases and give the connection to the half-BPS sector of N’ = 4 super Yang-Mills.

Since correlators of single matrix multi-traces are not renormalised as we go from
zero coupling to weak coupling to strong coupling [39], these bases remain half-BPS in
all regimes.

After covering the half-BPS sector, we then review the covariant basis [25, 26] for the
free field quarter-BPS sector. This involves two complex matrices X and Y, in general
non-commuting, and therefore we cannot express generic multi-traces purely in terms of
their eigenvalues as we did in the half-BPS sector.

For the quarter-BPS sector, there is a step-change as we transition from zero coupling
to weak coupling. After turning on interactions, some linear combinations of multi-traces
recombine into long non-BPS multiplets, and therefore the covariant basis introduced here
is only a basis for the quarter-BPS sector in the free theory. The remainder of the paper
focuses on finding a generalisation of the covariant basis for the quarter-BPS sector at
weak coupling.

2.1 Half-BPS operators and symmetric functions

Symmetric functions are defined as polynomials in the N variables z1,x9, 23, ..., 2N that
are invariant under all permutations of the x;. More explicitly, given a polynomial
f(x1,xe,...,xN), f is a symmetric function if

f(l'ly Z2,. .. ,ZL‘N) = f(xa(l)a Lo(2)s - 7xU(N)) (22)

for all 0 € Sy, the group of permutations of {1,2,..., N}.

We can take the infinite NV limit of this definition by defining symmetric functions as
formal power series in infinitely many variables x1,x2,.... To return to the finite N case
(or to reduce a symmetric function in M > N variables to one in NN variables), we can set
IN+1 =0, 2N42=0,....

Physically, symmetric polynomials in N variables are the wavefunctions associated
to N bosons moving in one dimension. The variable x; corresponds to the position of
the ith boson, and the symmetric nature of the function is exactly the condition on the
wavefunction that the state must be symmetric between identical bosons.

There are several different bases for the ring of symmetric functions, of which we will
look at three. In each of these bases, each basis element consists of polynomials of a single
degree, n, and the basis for the degree n subspace is labelled by the partitions of n, which
we now describe.

A partition p of n is a set of weakly decreasing positive integers \;y > Ao > -+ > A\
which sum to n. We call A\; the components of p, & = [(p) the length of p and write
p=[A1,A2,..., \g]. We denote partitions of n by p - n.



An alternative way of defining a partition p is to give the number, p1, of A; equal to 1,
the number, po, of A\; equal to 2, etc. We write

p=<p1;,p2,- > (2.3)

We call the p; the multiplicities of p, and this is the multiplicity notation. The p; satisfy
Z ipi=n (2.4)
i

A partition p - n can be thought of visually using a Young diagram. This consists of a set
of boxes arranged in rows. The first row has length \;, the second Ao, etc. For example
for p = [4, 2, 1] the associated Young diagram is

[ ]

(2.5)

We will in general use the same notation for p and the associated Young diagram. When
it is necessary to make a distinction, we will use Y'(p) for the Young diagram.
For a partition p = [A1, Ag, .. .], the conjugate partitions is defined by p® = [u1, p2, . . .|

with p; defined so that
A > if 7 < p;
= J= (2.6)
)\j <1 if j >

Intuitively, we transpose the Young diagram of p, so that rows of p become columns of p©
and vice versa.
2.1.1 Monomial basis

We start with the monomial basis. Given a partition p = [A1, Ag,..., Ax] of n, take the
monomial
lan? .. xi" (2.7)

and then add all distinct permutations of it to form a symmetric function. So for example

if we take p = [3,1,1] (and use N = 3 for simplicity), the associated monomial basis
element is
_ .3 3 3
M31,1) = TIT2T3 + T1THT3 + T1T273 (2.8)
For p =< p1,pa,--- >, we can define the monomial functions more formally by
_ 1 A1 A2 Al(p) 2.9
mp = \I1 5] 2 #5tne5ts - Toti (2.9)
) Di: oeSN

where N > [(p) and the normalisation in front accounts for non-trivial coefficients intro-
duced by redundancies in the components of p.



For future convenience, we also define the rescaled monomial function M, to be (2.9)
without the normalisation factor.

My= 3" adyay, (2.10)
gESN

Lowering N reduces the degrees of freedom in the system, and therefore we expect the
basis to change to account for this. For the monomial basis, this process is particularly
simple. For N > n, which we refer to as large N, (2.10) forms a basis of the degree n
symmetric functions. For N < n, we set xnxy1 = zy42 = --- = 0, and therefore those
functions labelled by p with [(p) > N all vanish identically, while those with [(p) < N form
a basis for the remaining space.

2.1.2 Multi-trace basis

The second basis we consider is the multi-trace basis, normally called the power-sum basis
in the mathematics literature. This is constructed from polynomials of the form

N
T =Y ot (2.11)
i=1

For a partition p = [A1, Ag, ... Ag], the symmetric function is

k
T, = [[ 1> (2.12)
i=1
Consider a N x N diagonal matrix X with entries x;, as in (2.1). Then (2.11) can be
written in terms of X as T}, = TrX*. For the general symmetric function (2.12) we have

7, =] (Tex?)” (2.13)

This is the link between symmetric functions and the multi-trace basis for the half-BPS
sector of N' = 4 super Yang-Mills.

When we reduce from large N to N < n, non-trivial relationships are induced among
the multi-traces of a given degree, which can be understood from the Cayley-Hamilton
theorem. As we saw for the monomials, one can take those multi-traces labelled by p with
l(p) < N, and they will form a basis. However, in this case those multi-traces associated to
p with I(p) > N do not vanish, instead they are complicated linear sums of the remaining
basis elements.

2.1.3 Schur basis

Finally, we look at the Schur basis. These are labelled by partitions R F n, thought of as
representations of the symmetric group S,.

sp— Z ol (2.14)

pFn



where z, is the order of the centralizer of a permutation in S, with cycle type p =<
D1,P2,--- >, and is given explicitly by

zp = [ [ pi! (2.15)
Q

Since the Schur and monomial functions form a basis for the degree n symmetric functions,
there is a basis change matrix transforming between them. This is given by the Kostka
numbers Kg,
sp =Y Kgrymy (2.16)
pkn
The Kostka have a combinatoric interpretation in terms of the number of semi-standard
Young tableaux of shape R and evaluation p. These Young tableaux are defined in sec-
tion 2.2.2.
Let V be the N-dimensional space on which the Yang-Mills scalar field X acts, and
consider V®" the n-times tensor product of V. The permutation group S,, acts on V€" by
permuting the factors, and we also have the operator X®", which applies X to each tensor

factor. Take the trace over V®" of a product between o € S,,, a permutation of cycle type
pFn, and X®". This is
T (oX®") = [T (Tex')" =17, (2.17)
i

Using this, we can re-write (2.14) as

]‘ n
sp=0Or = ~ ; xr(0)Tr (cX®") (2.18)

This is the standard definition of the Schur operators in the half-BPS sector first introduced
in [9].

The Schur basis behaves in the same way as monomial basis for N < n. Those basis
elements with [(R) > N vanish identically, while those with I(R) < N form the basis for
the reduced space. In the context of the N'= 4 SYM theory, this behaviour with respect
to finite N will be called SEP-compatible.

Inverting (2.14) using character orthogonality relations gives

T, =Y xr(p)sr (2.19)
RFn

Combining this with (2.16) leads to a an expression for multi-traces in terms of monomials.

K
Ip = Z Xr(p)Kpgmg = XRr(P)KRq

ARTRG g (2.20)
R,gkn R,g-n H’ Qi! !

We will study this relationship in much greater depth in section 4, including the inverse
relation giving monomials in terms of multi-traces.



2.1.4 Correlators

The physical N/ = 4 inner product on multi-traces of the form (2.17) is given by

(Tr (7 X&) |Tx (0 X®)) = (Tp,|Tp,) = Y N@§(aoca™r71p)
a,BES

-3 6<aaa_17_1QN> (2.21)

aESn

where p, F n is the cycle type of o, ¢(0) = I(py) is the number of cycles in o, and

Oy =Y No (2.22)
UES’n

We also use d(0), defined on S,, by

5(0) = {1 o=1 (2.23)

0 otherwise

and extended linearly to the group algebra C(S,,).
Under conjugation of o, the number of cycles c(o) is invariant, and therefore Qp
commutes with any permutation in 5,

aQna ™t = Z N aga™t = Z NeleTlo) g Z N =Qp (2.24)
oS, oESy €Sy

At large N, the leading N behaviour of Qp is

1
Oy = N7 [1 +0 (N)] (2.25)
and consequently the inner product (2.21) reduces to N™ times the S,, inner product

(T (rX®") |Tx (UX@n»Sn = (T, Tp,)s, = Z S(aoa™77h) = 0p,p, 2, (2.26)
OéESn

where we have used (2.15) for the size of the centraliser of ¢ in order to evaluate the S,
inner product.

When we take S, inner products of operators whose coefficients are N-independent,
this is the same as the planar inner product. Therefore (2.26) shows that different multi-
traces are orthogonal in the planar limit with norm z,. However in section 6 we consider
operators whose coefficients depend on N. For these cases, (2.26) is distinct from the
planar inner product, which would also take the large N limit in coefficients.

Although the definition (2.26) was motivated by large N considerations, it is also a
valid definition at finite N. For N < n, it is useful to introduce the definition

1
(51\7(0):5 Z dRXR(U> (2.27)
(BN



where dg is the dimension of the S,, irreducible representation R. So a finite IV version of
the S, inner product can be defined as

(Tr (rX®™) | Tr (0X®")>Sn = Z Sn(aoa™tr™h) (2.28)
acSy

The relation between the physical and S, inner products is determined by the properties
of Qp, which we now go through.
In a representation R F n, {2y has representative

n! Dim(R)

= [[(V + ) = fr(N) (2-29)

beR

where Dim(R) is the dimension of the U(V) irreducible representation R and for a box b
in R, ¢ is the contents of b. If b sits in the rth row and cth column of R, then ¢, =1 — c.
For example if we take R = [4,4, 2], the contents of each box are

0112
-1]10 |1
—2|-1

(2.30)

If [((R) > N, then fr = Dim(R) = 0, and therefore Q5 imposes the finite N cut-off on
Young diagrams.
Define the projector onto an irreducible representation R of S, by

d
Pr="23" xn(o)o (2.31)
' O'GSn

This projects onto the R representation of S,, and commutes with all permutations in S,,.
We can write Q5 in terms of these projectors

Qv = frPr (2.32)
RFn

Since fr = 0 for R with I(R) > N, it follows that Qy is invertible only in those represen-
tations R with [(R) < N. Define

1
O = —Pp 2.33
I(R)<N
which has representatives
L+ I(R)KN
DR () = /r () < (2.34)
0 I(R)>N

This is inverse to {2y in all representations R with I(R) < N. If N > n, it is inverse
to Qu in all irreducible representations of S,,, and is therefore inverse in the full group
algebra C(Sy,).



Define maps Fy and Gy as versions of 2y and Q]_Vl on gauge invariant operators

Fn [Tr(e X®™)] = Tr (Qvo X &™) (2.35)
G [Te(oX )] = Tr (O3 o x ") (2.36)

On operators, Fy and Gy are inverse to each other at all V.

It follows from (2.25) that at large N, Fy and Gy are multiplication and division by
N" respectively. At finite IV, they are more complicated operators.

Extending the definition linearly to generic degree n operators O and Os, the relation
between the physical and S,, inner products is

(01|02) = (01| FNO2)s,

(2.37)
(011GnO2) = (01]03) s,

Motivated by the interaction of Fny and Gy with the different inner products, we call
the physical inner product the Fy-weighted inner product, and will sometimes denote it
by adding a F subscript. We introduce a similar G-weighted inner product

(01|02)g = (O1|GNO2)g, = (GNOIGNO2) = Y d(aca™ 771" (2.38)
aESy

The behaviour of multi-traces and monomials under Fy and Gy are in general quite com-
plicated. The Schur operators (2.18) have much simpler properties, stemming from the
expressions (2.29) and (2.34) for Qy and Q' in the representation R.

F(sr) = frsr (2.39)
+sp (RN
Gn(sp) =3 /n°" (B) < (2.40)
0 I(R)> N
It follows these and the orthogonality of characters that
(srlss)F = Orsfr (2.41)
ops (R)< N
(srlss)s, = (F) (2.42)
0 I(R) >N
Sps= I(R)<N
— Ir
SRr|ss)g = 2.43
(srlss)g {0 WR) > N (2.43)

From their action on Schur operators, it is clear that Fy and Gy are Hermitian with respect
to all three inner products.

The maps Fy and Gy were first defined in [32], where they were used to describe
a general method of constructing weak coupling quarter-BPS operators. In section 7 we
describe how that construction is related to the approach taken in this paper.

When evaluating correlators, we will often express answers as polynomials or rational
functions in N. It will often be convenient to think of N as a formal variable for these
purposes. This is valid provided n < N.
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We give explicit examples of the monomial and Schur operators. Using the defini-
tions (2.10) and (2.14) with n = 4, we have

My = myy = Trx* (2.44)
Mz 1) =mzq = TrX TrX® — TrX* (2.45)
22 4
My = 2mpp g = (TeX?)" = TrX (2.46)
2 2 3 2\ 2 4
Mg 1) = 2mjg1 1) = (TrX)? TrX? — 2TrX TrX® — (TrX ) 1 2TrX (2.47)
My 1a0) = 24mp 10 = (TrX)* — 6 (TrX)? TrX? + 8 TrX TrX®
2
+3(Trx?)" — 6 Tex* (2.48)
and
1 4 2 2 3 2)2 4
st = 57 |(TeX)" 46 (TrX)? TeX” 4 8 TeX TeX® 43 (TrX ) +6TeX|  (2.49)
1 2
S = 5 [(TrX)4 +2(TrX)? Tex? — (TrX2> —9 Trxﬂ (2.50)
17 4 3 9\ 2
S22 = 15 |(TPX)! — 4TeX TrX? + 3 (TrX ) (2.51)
1y, 4 2 2 2\2 4
s = g | (TrX)! = 2(TeX)° TeX? - (TeX?) 4 2TeX (2.52)
L 4 2 2 3 2)2 4
s = 57 |(BX)! = 6(TeX)* TeX” + 8 TeX TeX® 4 3 (TrX?)” - 6TeX*|  (2.53)

2.2 Quarter-BPS covariant operators

The zero coupling quarter-BPS sector is spanned by multi-traces of two complex matrices
X and Y. There are several natural extensions of the Schur basis (2.18) to the 2-matrix
sector [27-29]. We will use the covariant basis, introduced in [25, 26], which is SEP-
compatible and orthogonal to all orders in N. The basis elements are also referred to as
BHR operators after the authors.

2.2.1 U(2) action on traces

Let X1 = X and X =Y. Then there is an action of U(2) on the i index in X;. By extension
this acts on all traces and operators, so we can choose our basis to be U(2) covariant. Since
U(2) turns Xs into Y's and vice versa, this basis mixes states with different numbers of X's
and Y's while keeping the total number of matrices, n, constant. We will say an operator
has field content (ny,ng) if it contains n; Xs and ng Ys.

The u(2) operators on traces are given by

e i 0
. X X2 TrXx-2 Xiaxt Xigy
R = ( ~7+> - ( D 6Y> - ( 0% 4o (2.54)

J 9 Jé) i
J- Y Y 55 TrY 5 Y;aX; J ov?
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The operator X counts the number of X matrices in a trace, similarly for ). The lowering
operator J_ ‘lowers’ a trace by turning an X into a Y, and the raising operator [J; ‘raises’
a trace by turning a Y into an X.

Acting on the matrices X; with a U(2) index

R.X, = 61X, (2.55)
Define new operators
Jo=X+Y J3=X-=) (2.56)

Then Jy counts the total number of matrices, while [J3 counts the difference between the
number of Xs and Y's. As the notation suggests, J3, J+ form an su(2) subalgebra of u(2),
while Jy spans a u(1) that commutes with the su(2). This split decomposes u(2) into a
sum of su(2) and u(1).

The operators (2.54) obey standard hermiticity conditions (R;-)Jr = Rg for R-symmetry
generators

(Jo) =T (J) = (T =T (2.57)

It follows that operators with different U(2) quantum numbers must be orthogonal.

2.2.2 U(2) representations

Semi-standard Young tableaux are defined to be Young tableaux in which the positive
integers in the boxes increase weakly along the rows and strictly down the columns. For
example if we take R = [2,1] and allow entries of 1,2 and 3, the possible semi-standard
tableaux are:

vla) fafa| [afe] [ofe2] [1]8] [1]3] [2]2] |2
2 3 2 3 2 3 3 3

3]

(2.58)

The evaluation of a semi-standard tableau r is a sequence of numbers p(r) = [p1, p2, - . -]
where
pi = (# of occurences of the number ¢ in r) (2.59)

So for example the evaluations of the tableaux in (2.58) are respectively
2,1,0] [2,0,1] [1,2,0] [1,1,1] [1,1,1] [1,0,2] [0,2,1] [0,1,2] (2.60)

When the evaluation p(r) is a partition (i.e. p; > p2 > ...), these tableaux contribute to
the Kostka numbers Kg, seen in (2.16).

For a representation A - n of U(2) with I(A) < 2, the basis vectors of A are labelled
by the semi-standard Young tableaux of shape A containing only 1s and 2s. For A =
[% +J,5 — j], there are 2j + 1 possible tableaux, where j runs over the non-negative half-
integers up to 5. These possibilities are

5—1J k 2j —k

A A AN
Ve ~

1\1‘ (2.61)

1
21919
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where 0 < k < 25.

We can understand the representation A = [% +J 5 — j] in terms of the u(1) spanned
by Jo and the su(2) spanned by J3, Jt. All states in A have weight n under u(1), and
form a spin j of su(2). The identification of basis vectors is

5—J Jj+m; J—my
— " .
41 1‘1‘......:|Jamj> (2.62)
21242

where |j,m;) is the standard basis spanning the spin j representation of su(2) with —j <

2.2.3 Operator definition

To write down the covariant basis, consider V5", where V5 is the fundamental of U(2), and
in particular the basis vector a = €4, ® €4y, ® -+ @ €q, of V™ where a; € {1,2} for each
j. Then we define X, = X4, ® Xg, ® - ® X,,. Combined with a permutation o € Sy,
we write

Oae = Tr (6X,) (2.63)

These operators are multi-traces, where each single trace factor corresponds to a cycle in o.

The labelling set for the covariant basis is: A - n, a partition with at most 2 rows; My,
a semi-standard tableau of shape A that indexes the basis vectors of the A representation
of U(2); R F n, a partition with at most N rows; and 7, a multiplicity index satisfying
1 <7 < C(R,R,A), where C(R,R,A) is the multiplicity of the trivial representation
within R® R® A (for A as an S,, representation), or equivalently the multiplicity of the A
representation within R ® R.

Using these labels, the BHR operators are defined by

VdR RRA,T
OA’MA7RﬁT = n! Z SZ j 'I’)‘L7 Dg(U)CX,MA,mOCLyU (2'64)
o.7a7i7j7m

where DZ-?(U) is the R representation matrix for o, CX’ My m are the Clebsch-Gordon coef-
ficients for the Schur-Weyl decomposition

v = @ vyP ey (2.65)
122

and SfJRT’,}T are the Clebsch-Gordon coefficients for the 7th copy of the trivial S, repre-
sentation inside R® R ® A.

The field content (n1,n2) can be read off from the numbers in the tableau M. The
number of 1s in My is nq, while the number of 2s is ns.

When A = [n] and M), is the tableau consisting only of 1s, the operators (2.64) reduce

to the standard Schur operators (2.18). Since other values of M, are related to these via

~13 -



My O2[2] | OE2E | GA[E] | CETElE] | GIEfE)
g o\ go | 8 | F| ] |2 F sl
Normalisation V6 6 V6 V6 V6 1 1 V3 | V6| V3
Coefficient 24 24 12 24 24 4 4 12 | 12 | 12
(TrX)%(TrY)? 1 3 1 3 1 0 0 0 0 0
TrX?(TrY)? 1 1 0 -1 ~1 1 ~1 1 -1 -1
TrXYTr XTrY 4 4 0 —4 —4 0 0 -2 | 2 2
(TrX)2TrY? 1 1 0 -1 -1 -1 1 1 -1 1] -1
TrX2YTrY 4 0 -2 0 4 2 2 0 0 0
TrXY2TrX 4 0 -2 0 4 -2 | =2 0 0 0
TrX2TrY? 1 ~1 1 ~1 1 0 0 2 0 2
(TrXY)? 2 -2 2 -2 2 0 0 -2 | 0 | -2
TrX2Yy? 4 —4 0 4 —4 0 0 2 2 | -2
Tr(XY)? 2 -2 0 -2 0 0 -2 | =2 2

Table 1. The covariant basis for field content (2,2) in terms of multi-traces. Each element is
identified by its M, and R labels. We give the overall normalisation and the coefficient of each
multi-trace within the operator.

u(2) operators, which are part of the R-symmetry algebra, the entire A = [n] sector is part
of a half-BPS multiplet. The multiplicity index 7 is trivial since R ® R always contains a
unique copy of the trivial representation

C(R,R,[n]) = 1 (2.66)

The A = [n — 1,1] sector also has special properties. In [40] it was proved that these
multiplets cannot recombine to form long non-BPS multiplets and therefore must remain
quarter-BPS at all values of the coupling. In these cases, the multiplicity 7 in (2.64) runs
over the number of corners of R minus 1.

C(R,R,[n —1,1]) = (# of corners in R) — 1 (2.67)

This is proved most simply by comparing the covariant basis with the combinatorics of the
restricted Schur basis defined in [28, 29].

The covariant basis is SEP-compatible, so when N < n, those operators with I(R) > N
vanish and the reduced set forms a basis for the space.

In table 1, we give explicit expressions for the U(2) covariant basis vectors with
field content (2,2). The equivalent expressions for field content (4,0) were already given
in (2.49)-(2.53). It’s simple to check that one can travel between these different sectors
using the U(2) operators J1 given in (2.54).
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2.2.4 Correlators

The two-point function of generic operators of the form (2.63) is given by [32].

<Ob,7|0a,a> = Z 5(1(@)71)5(040'0[_17’_191\/) (268)
aESy

The 04(a),» factor restricts the sum over a to a subgroup Sy, ® Sy, of S, for operators of
field content (n1,n2). Except for this restriction, the inner product looks very similar to
the half-BPS case (2.21), and we proceed in an analogous manner. Define Fy and Gy by

]:Noa,a = Oa,QNa gNana = Oa,QX,la (269)

These are inverse to each other on finite N operators. Define the S,, and G-weighted inner
products on operators to be

(Ob,10a0) 5, = D Su(aypOn(aoa™ 771 = (04 +|GNOayo) (2.70)
aGSn

<Ob,‘r‘0a,o>g = Z 504(@)7195(04005_17—_1Q]_V1) = <gNOb,T’gNOCL,0'> (271)
aGSn

Then the three distinct inner products are related by multiplying operators by the appro-
priate Fn or Gn.

The U(2) acts only on the label a in Oy, while Fy and Gy act only on o, and
therefore the two commute. This means the same hermiticity conditions (2.57) apply in
each of the physical, S,, and G-weighted inner products. Therefore operators with different
U(2) quantum numbers are orthogonal in all three inner products.

The behaviour (2.29) of Qy in a representation R of S, implies that

FNOA My R = fROA M, R (2.72)
1
+—0 - I(R)<N
GNOp My rr =3 /7 Amn R HER) < (2.73)
0 I(R)> N
and it follows [32] that the correlators of the covariant basis (2.64) are
(OaMy R |ON My R 7)) = OA A OMy M, OR, R 07 o fR (2.74)
OANOMy M ORROrr L(R) <N
(Oamy RO M1y, R 71) S, = A (2.75)
0 I[(R) >N
oA A10Mp M, OR RIOr 11
I(R)< N
(Oa My R ON My R 71 )G = Ir = (2.76)
: A 0 I(R) > N

3 Quarter-BPS at weak coupling: key concepts

In this section, we review some key concepts which form the background and motivation
for the counting and construction of quarter-BPS operators at weak coupling developed in
sections 4-7. It is known that while the counting of quarter BPS operators jumps in going
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from zero coupling to first order in coupling, there are no further corrections to the counting
in the transition to strong coupling [20]. It is further expected that some class of correlators
of quarter-BPS operators are subject to non-renormalization theorems, analogous to those
proved in the half-BPS sector (see [39] and references therein). Indeed one such class
of correlators involving two half-BPS and one quarter BPS have been proved to be non-
renormalized [42]. We therefore expect that the finite N counting and construction of
quarter-BPS operators at weak coupling in SYM will reflect many properties of quarter
BPS states arising from geometrical constructions at strong coupling SYM, or the dual
weakly coupled gravity. These include quarter BPS giant gravitons and LLM geometries.

3.1 Background on construction of quarter BPS operators

When we turn the coupling on in A/ = 4 SYM, some of the short quarter-BPS multiplets at
zero coupling recombine and form long non-BPS multiplets. We give two equivalent ways
of characterising which 2-matrix multi-trace operators remain quarter-BPS, and which
do not.

Firstly, non-BPS multi-traces of X,Y are SUSY descendants. It was explained in [22]
that these are exactly commutator traces. That is, they are multi-traces (or linear com-
binations thereof) where at least one of the constituent single traces contains a commuta-
tor [X,Y].

Secondly, consider the one-loop dilatation operator [43, 44]

Hy = —Tr ([X, Y] L,fx, {g/]) (3.1)
Quarter-BPS operators are annihilated by Hs, and as s is hermitian in the free field
inner product, they are orthogonal to the image. It is clear from the definition (3.1) that
states in the image are commutator traces. While it is not immediately obvious that all
commutator traces live in the image, our numerical calculations indicate that they are, and
consistency with [22] implies they should be.

Therefore the multi-traces that remain quarter-BPS as we move to weak coupling are
those that are orthogonal to the commutator traces under the physical free field inner
product (2.68). This inner product is difficult to evaluate on multi-trace operators, so [32]
took a different approach, using Fn and Gy defined in (2.73) to express the physical inner
product in terms of the better understood S, inner product (2.75).

Let O° be a commutator trace, and Of be a pre-BPS operator, defined to be orthogonal
to commutator traces under the S,, inner product. Then using the relation (2.70) between
the physical and S,, inner products

(OGN O®) = (0°|0%)s, =0 (3-2)

So the operator GnyO? is a quarter-BPS operator at weak coupling.

The natural next step is to determine the form of the operators O°. It was demon-
strated in [32] that for N > n these are symmetrised traces. For a single trace, the
symmetrised version is

=: Str(Xg, Xay - -- Xa,) (3.3)

1
Tr(Xoy Xas - Xan) = — O Tr(Xay iy Xag -+ Xagin)

n:
oESy
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where a; € {1,2} for each i and X; = X, Xy =Y. For a multi-trace, this process is applied
to each of the constituent single traces. A symmetrised trace is determined by the field
content of each single trace factor. For a particular total field content (n1,n2), the possible
symmetrised traces are labelled by vector partitions p. A vector partition is a set of integer
2-vectors which sum to (n1,n2), which we denote by p F (n1,n2). For a vector partition
p = [(k1,01),... (km,lmn)] the associated symmetrised trace is

Tp = Str (XFyh) str (X*2v"2) . Sr (XAmyin) (3.4)
We conclude a generic quarter-BPS operator for N > n can simply be written as
OBPS = g Ty (3.5)

At finite N, non-trivial relations among different multi-traces reduce the dimensionality
of the quarter-BPS sector, and correspondingly the pre-BPS operators as well. A finite
N relation among traces could have three distinct behaviours with respect to the large N
space of symmetrised traces

1. It is internal to the space of symmetrised traces. In this case, under an appropriate
choice of basis, a symmetrised trace reduces to the zero operator. Correspondingly,
the dimension of the pre-BPS and BPS sectors reduce by 1.

2. It is internal to the space of commutator traces. This does not affect the pre-BPS or
BPS sectors.

3. It is a linear combination of symmetrised traces and commutator traces. In this case,
under an appropriate choice of basis, a symmetrised trace reduces to a commutator
trace. This means it is no longer pre-BPS, as it is not S,, orthogonal to descendants.
Correspondingly, the dimension of the pre-BPS and BPS sectors reduce by 1.

Therefore, SEP-compatibility in the pre-BPS sector has a different interpretation to the
BPS equivalent. A basis for pre-BPS operators is SEP-compatible if operators with labels
longer than N reduce to either the zero operator or a commutator trace after applying
finite IV relations. After applying Gy to such a basis, we obtain an SEP-compatible basis
for the quarter-BPS sector.

3.2 Steps in the construction of an SEP-compatible orthogonal BPS basis

The key ingredient that will allow the construction of an SEP-compatible basis for pre-
BPS operators is an isomorphism proved by Vaccarino [35] and Domokos [36], summarised
nicely by Procesi in [37].

From the definition (3.3), the non-commuting matrices X and Y commute within
a symmetrised trace, and therefore we naively expect that symmetrised traces of non-
commuting matrices correspond to ordinary multi-traces of commuting matrices via

Str(X™vh) . Str(XFryln) < Tr (AR Bh) Ty (AR Bl ) (3.6)
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where A and B are two commuting N x N matrices. The isomorphism of [35-37] makes
this expectation rigorous.

Consider the ring R(X,Y’) generated by the matrix elements of two N x N matrices
X,Y. This ring is acted on by U(N) via simultaneous conjugation of the two matrices.
Given a U € U(N), we have

(X,Y) = UXUT,UYUT) (3.7)

Then invariants of R(X,Y) under this action are multi-traces of X and Y, and correspond
to the quarter-BPS sector at zero coupling. At weak coupling, we consider R(X,Y") modulo
the ideal I generated by the commutator [X,Y]. We call the quotient ring Rs(X,Y).
Each U(N) invariant of the quotient ring corresponds to an equivalence class of multi-trace
operators related by addition of a commutator trace. In each class there is a unique pre-BPS
representative that is orthogonal to all commutator traces (under the S, inner product).
There is also a unique BPS operator orthogonal to commutator traces under the Fy inner
product. Conversely, given a pre-BPS or BPS operator, there is a unique equivalence class
to which it belongs. Therefore the invariants of R4(X,Y) give the combinatorics of the
pre-BPS and BPS sectors, both at large N and finite .

Finding the pre-BPS operator in a given equivalence class is simple when N > n; as
discussed in section 3.1, the representative is a symmetrised trace. When N < n, the multi-
trace expansion of an operator is non-unique, and it is more difficult to identify the pre-BPS
operator. In section 6, we describe how to find the pre-BPS operator by orthogonalisation.

On the other side of the isomorphism are multi-symmetric functions. Take two com-
muting N x N matrices A = Diag(z1,z2, -+ ,zn) and B = Diag(y1,vy2, -+ ,yn). Then a
multi-trace of A and B will be a polynomial in the 2N variables invariant under permuta-
tions

(w4, y:) — (xa(i)v ya(i)) (3.8)

for 0 € Sy. These are called multi-symmetric functions, and generalise the symmetric
functions of section 2.1 to two families of variables. They are discussed in detail in section 4.

The theorem in [35-37] tells us that the ring of invariants of Rs(X,Y") is isomorphic
to the ring of multi-symmetric functions in 2N variables.

This isomorphism is simple to give explicitly. Take a multi-trace of X and Y and re-
strict the two matrices to be diagonal. This is now a multi-symmetric function in the
2N eigenvalues. Clearly the commutator [X,Y] vanishes for the diagonal X and Y,
and therefore any multi-traces related by a commutator trace lead to the same multi-
symmetric function.

Conversely, given a multi-trace of two commuting matrices A and B, we use the
map (3.6) to pick a representative of the isomorphic equivalence class. At large N, this
correctly identifies the pre-BPS operator. However, for N < n, this map does not associate
a unique symmetrised trace with a given multi-symmetric function. Finite N relations
mean a multi-symmetric function can be written in multiple ways as the trace of commut-
ing matrices. These different expressions give genuinely different operators in the gauge
theory, related by commutator traces. For the multi-symmetric functions we use in this
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paper, we will give a defining representation as a multi-trace of commuting matrices, and
then (3.6) defines the equivalent symmetrised trace operator in an unambiguous way.

We will generally use the same notation for either side of the isomorphism. For example
we will use X and Y to refer to both the commuting matrices on the right of (3.6) and
the non-commuting matrices of the super Yang-Mills theory on the left. Similarly, both a
symmetrised trace and its isomorphic multi-symmetric function will be denoted Tp,. When
the distinction is important, we will be clear which is under discussion.

For symmetric functions, we introduced two SEP-compatible bases, the monomial basis
of section 2.1.1 and the Schur basis of section 2.1.3. There is no obvious analogue of the
Schur basis for multi-symmetric functions, however the monomial basis does generalise,
and provides a good finite NV description for multi-symmetric functions. We denote these
monomials by Mp, where the label is a vector partition p, as already seen for symmetrised
traces in (3.4). The length of p determines the finite N behaviour. In section 4 we study the
basis change between T}, and My, both as multi-symmetric functions and their isomorphic
image as symmetrised trace operators.

Under the map (3.6), the My, give a basis for pre-BPS operators for N > n. When
N < n, the operators with I(p) > N reduce to commutator traces. As discussed in
section 3.1, this is a feature of an SEP-compatible basis of pre-BPS operators. However,
the operators with I(p) < N are not S,, orthogonal to all commutator traces, and therefore
are not pre-BPS. This is because the map (3.6) did not choose the correct pre-BPS operator
from the equivalence class of operators related by addition of a commutator trace. We say
My is SEP-compatible modulo commutators for the pre-BPS sector, and this is a key
stepping stone to an SEP-compatible basis.

In section 5 we organise the My, according to representations of the U(2) symmetry,
replacing the label p with (A, My, p,v). A is a U(2) Young diagram with n boxes, where
n is the total number of X,Y matrices in the operator. M), labels a basis state in the A
representation of U(2). p is an integer partition of n whose components are related to the
vector partition p simply by summing each of the two-vector components of p. We call p the
associated partition of p. Since I(p) = I(p), the SEP-compatibility (modulo commutators)
of My, is transferred to the covariant basis My ps, 5. This restricts I[(p) < N, which is the
usual constraint associated with a U(/N) Young diagram, and we will therefore refer to p as
a U(N) Young diagram label. The final label v runs over a multiplicity space of dimension
M . Much of section 5 is devoted to calculating and understanding My ,, as it describes
the finite N combinatorics of the weak coupling quarter-BPS sector.

For N > n, the operators Ty,, My or My a7, . €ach form bases of the pre-BPS space
and their Gy-images are BPS bases. These are denoted by TE’PS, MEPS and M/]\B,%Smp,y
respectively (in addition to applying Gy, these operators involve normalising with respect
to the S, inner product, a process discussed in detail in section 6.3). The properties of
these bases, along with others we will intorduce momentarily, are shown in table 2.

Section 6 starts with the covariant monomials My »s, . and explicitly constructs a
BPS, SEP-compatible, orthogonal basis S/%E\?AJLV at any value of N. This algorithm varies
in complexity depending on N. When N > n it is fairly simple, while for N < n it is
significantly more complicated.
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SEP-compatible U(2) covariant | BPS at N < n | Orthogonal
TBPS X X X X
MEPS modulo commutators X X X
MER?A . modulo commutators v X X
MER?A . modulo commutators v v X
EEVS[AW v v v v

Table 2. Properties of the different BPS bases constructed. All are BPS at N > n.

When N > n, SEI?VS[A . Te obtained by orthogonalising the BPS covariant monomials

MEE/?A’ZW under the physical Fy-weighted inner product. This is shown in the bottom
right of figure 1, which also outlines the processes necessary to derive S/]?E\?A,p,v starting
from symmetrised trace operators 7,. Due to the linear nature of these processes, they
commute with the application of Gy, and consequently there is flexibility in when this
step is performed. We have written an implementation of this algorithm SAGE [74] which
proceeds down the left hand side and across the bottom of figure 1. This code is used in
section 6 and appendices A—C to generate explicit BPS operators.

When N < n, the process is more involved, as the covariant monomial My ar, p.
(I(p) < N) differs from a pre-BPS operator by a commutator trace. The process here is

illustrated in figure 2 and involves the following three steps.

1. Orthogonalise My pr, p, against those My ar, 4., With I(g) > N using the S, inner
product. This identifies the pre-BPS operator M. A, M, p,v in the equivalence class of
operators related by commutator traces.

2. Apply Gy to the pre-BPS operators MA7MA,p7,, to produce BPS operators _EF];/?APV

(up to normalisation under the S,, inner product).

3. Orthogonalize the BPS operators MEPE’A v USING the physical Fp inner product and
normalise the output using the S, inner product.

The first step is explained in detail in section 7 in a more general context where the 2-
matrix problem is generalized to allow any number of matrices. Section 6 explores each
step in detail, puts them together, and proves that the outcome SEE&A%V indeed form an
orthogonal SEP-compatible basis for BPS operators.

In the case where A is taken to be [n], the SE‘E\EA%V are half-BPS operators built purely
from X. In section 6.9 we show that the construction for Young diagram p reproduces the
Schur operator (2.18) labelled by Young diagram R = p. Further, for A = [n—1, 1], numer-
ical calculations suggest that SEE\?A%V match the free field quarter-BPS operators (2.64)
with R = p. This justifies the view that p is a U(2) invariant, quarter-BPS generalization
of the R-label of the half-BPS sector.

An important perspective on the half-BPS R label comes from the analysis of the

asymptotics of LLM geometries. Specifically U(N) Casimirs of R are measurable from the
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Apply Gn

Symmetrised traces| and normalise. BPS symmetrised traces
T TBPS
q q
Multiply by Multiply by
matrix Cp. matrix Cp.
Apply Gn
Monomials and normalise. BPS monomials
BPS
My Mg
Sort into U(2) Sort into U(2)
representations. representations.
Apply Gn
Covariant monomials| and normalise. | BPS covariant monomials
BPS
MA7MA7p7V MAvMA7p7V
Gn-orthogonalise Fn-orthogonalise
and normalise. and normalise.
G-orthogonal SEP-compatible Orthogonal SEP-compatible
pre-BPS operators BPS operators
BPS
SAvMA»pJ/ AzMA7p7V
Apply Gn

and normalise.

Figure 1. An outline of the algorithm presented in this paper starting with symmetrised trace
operators T}, and deriving a U(2) covariant, orthogonal, SEP-compatible basis S}ffﬁmpy for BPS

operators when N > n. All normalisations are with respect to the S,, inner product. Note that

any algorithm to derive SEI?VS[A o need only involve one normalisation step at the very end. The

extra normalisation steps are included in the figure in case the desired output is a different choice
of BPS basis such as M}ﬁ%’pw.

asymptotics of the supergravity fields [45]. We propose that the U(2) quadratic Casimir
for A as well as the sequence of Casimirs identifying p should be measurable from the
multipole moments that can be read off from the long-distance expansions of the sugra
fields of LLM geometries corresponding to quarter-BPS operators at n ~ N2. Precision
holography of LLM geometries is also developed using correlators of small operators in the
LLM background [46] which should provide complementary insights into the labels A, p.
The R Young diagram label of the half BPS sector is related to the free fermions
underlying the holomorphic sector of the complex matrix model which describes half-BPS
combinatorics [9, 47, 48]. Remarkably, this free fermion description also shows up in the
droplet description of half-BPS LLM geometries [7]. The droplet description generalizes
to the quarter-BPS LLM geometries, with some significant differences [49-51]. We have
colourings of regions in a four-dimensional space instead of a two-dimensional plane. The
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Symmetrised traces
Ty

Multiply by
matrix Cg.

Monomials
My

Sort into U(2)
representations.

Covariant monomials

MA7MA PV

Sy orthogonalise.

Pre-BPS covariant monomials

MA,MA#”V

Apply Gn
and normalise.

BPS covariant monomials

\ rBPS
N, Mp,p,v

Fn orthogonalise

and normalise.

Orthogonal SEP-compatible

BPS operators

BPS
SAvMAva/

Figure 2. An outline of the algorithm presented in this paper starting with symmetrised trace
operators T}, and deriving a U(2) covariant, orthogonal, SEP-compatible basis SEE\?A%V for BPS
operators when N < n. The first step is studied in detail in section 4, the second step in section 5
and the last three steps in section 6. All normalisations are with respect to the .S,, inner product.
Note that any algorithm to derive SE,FI)SA@,V need only involve one normalisation step at the very

end. The extra normalisation step is included in the figure in case the desired output is MEﬁ?A’p’V.
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two colours are now associated with the collapse of an S C S° or an S® C S° A
natural conjecture is that the p-label of quarter-BPS operators is analogously associated
to colourings of regions in R* as the R-label of the half-BPS operators is associated to
colourings of the plane.

4 Finite N combinatorics from many-boson states: multi-symmetric
functions and set partitions

As explained in section 3, the key result that will enable us to give an SEP-compatible
construction of quarter-BPS operators is an isomorphism of Vaccarino and Domokos [35, 36]
between multi-symmetric functions and the ring of gauge invariants of two matrices modulo
commutator traces. This section focuses on the multi-symmetric function side of this
isomorphism.

An important aspect of multi-symmetric functions, which plays a central role in this
paper, is the transformation between two bases for these multi-symmetric functions. The
first basis will be referred to as the “monomial multi-symmetric basis” and the second as the
“multi-trace basis”. The physical importance of these two bases, and their transformations,
can be understood using perspectives from many-body quantum mechanics [52]. This draws
on an important insight from the AdS/CFT correspondence: the strong coupling limit of
the quarter BPS sector in N' = 4 SYM corresponds to a Hilbert space of N bosons in a
two-dimensional harmonic oscillator [17-19].

We begin this section by developing the link between multi-symmetric functions and
the Hilbert space of N identical bosons in a two-dimensional harmonic oscillator. We then
introduce the monomial and multi-trace bases and investigate the combinatorics of the
matrix that transforms between the two. This leads to the interesting mathematics of the
poset of set partitions and the associated Mobius function.

4.1 Multi-symmetric functions as wavefunctions of a harmonic oscillator

The Lagrangian for one particle in a two-dimensional harmonic oscillator is

L= % (2% +4%) - % (2 +4?) (4.1)

In terms of creation and annihilation operators, the one-particle Hamiltonian is

H=ala, + aLay (4.2)
Define the coherent state
(z,y| = (0]e™=FVa (4.3)
We have
(@, yl(al)*(al))#10) = z*y* (4.4)
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In this coherent state representation, the Hamiltonian acts as the degree operator for the
2-variable polynomial

0 0
(@l H (@ al)"10) = (w55 + 50 ) (@allad @) 1o)
= (A + ) (@y") (4.5)

For the system of N-particles in the two-dimensional harmonic oscillator, we have the
coherent state

N

(@1, Y1502, Y23 -5 v, Y| = (Ofediza T ity (4.6)

The energy eigenstates of the Hamiltonian correspond to the product of one-particle wave-
functions

A A A
(1, g1 22,2 sow,unl(al )M (al ) (a2 (aby ) (al )™ (af,)410)
A A
=yttt (4.7)

It is useful to write

A A
xllyi“ .- xkkylljk = 1/])\1,/.141 (xluyl)d])\g,,ua(l?u y?) et ¢>\k,#k (xkhyk)

=Ua (X1, Y1) - Ung e (T Yk ) V0,0 (Tht1, Ykt1) - - - Yo0(zn, yn)  (4.8)

In a system of N identical bosons, we must symmetrise the product of annihilation opera-
tors using Sy permutations. The product wavefunctions and their symmetrisations are a
standard tool in many-body quantum mechanics (see. e.g. [52]). The permutations o € Sy
act as

(@i yi) = (To(i)s Yo(i)) (4.9)
These states are polynomials, symmetric under these simultaneous permutations of x,y
pairs, which are exactly multi-symmetric functions. In fact these form the monomial multi-
symmetric functions that we will study presently. They have the nice property that finite
N effects are nicely encoded in the fact that, by definition, k£ < V.
A quantum state where a single particle is excited, after symmetrisation, has a coherent
state representation

N
¢A1,u1 (xh yz) = Z ‘r?l yé“ (4'10)
=1

When we have two particles excited, the symmetrisation of the product wavefunction is
proportional to

N
A A
Z $i11y£‘11$i22y2.“22 (4‘11)
G172
The restriction i1 # i9, when extended to i1 # o - - - # iy, is closely related to the finite N
property, but also has the consequence that the 2-particle wavefunction (4.11) is not equal
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to the product of 1-particle wavefunctions. It is rather a linear combination of the product
wavefunction ¢y, ., @, 4, along with a 1-particle wavefunction ¢x, 4x,, 1 4pus0-

Defining diagonal matrices X = Diag(x1,---,zn) and Y = Diag(y1,y2, - ,yn), we
observe that the 1-particle wavefunction is a trace

¢>\17#1 (xiu yz) = Tr(XMYm) (4.12)

We now draw on an idea from collective field theory, where one associates creation operators
to invariant traces [53-55] to define a map from traces and products of traces to Fock
space states

Te(X*Y*) — B ,[0) (4.13)
k k
[T m(x*yre) — ] B, ,.10) (4.14)
a=1 a=1

This map is a homomorphism between the product structure on the polynomials and the
product structure on oscillators. It can also be obtained from a coherent state construction

(X, Y| = (0fe2onn BAnTHXY™)

k k

>\a a

(X, Y| II B, ,.10) = [T Te(x*y*e) (4.15)
a=1 a=1

In section 4.3 we will be studying in detail the transformation between the monomial multi-

symmetric functions and the trace wavefunctions. As a result of a triangular property of

this transformation, the finite N cutoff on multi-symmetric functions can also be described

by restricting the number of factors in the product of traces to be less than or equal to N.

4.2 Monomial and trace bases for multi-symmetric functions

We now give a formal definition of multi-symmetric functions in a completely analo-
gous way to the symmetric functions of section 2.1, just with two families of variables
Z1,...,xn and yi,...,yy instead of one. They are polynomials in these 2N variables
that are invariant under all Sy permutations on the pairs (x;,y;). Given a polynomial
flzi, o, ..., 2N Y1, Y2, - -+, YN), [ is a multi-symmetric function if

f($1,$2,---,xN;yl,y2,---,yN) :f<$U(1)7x0(2)?'“7$O'(N);y0'(1)7y0'(2)7"‘7yO'(N)) (416)

for all o € Sy.

Similarly to section 2.1, we can take a large N limit and work with formal power series
rather than polynomials. We return to the finite N case by setting xy+1 = yn+1 = Tn+2 =
Ynio = =0.

We can also define multi-symmetric functions with M families of variables xl(k), for
1<k<M,1<i< N, invariant under Sy permutations of the 7 index. These would be
relevant for systems of M commuting matrices.

For a mathematical overview of multi-symmetric functions and their properties see [56].
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The monomial and multi-trace (power-sum) bases for symmetric polynomials defined
in (2.10) and (2.12) have direct analogues in the multi-symmetric case. As before, they are
graded bases, this time graded by both the x degree n; and the y degree ns.

A vector partition p of (n1,n2) is defined to be a sequence of pairs of non-negative
integers (at least one of each pair must be non-zero) summing to (n1,nz). We use a bold p
to distinguish between vector and integer partitions, and write p F (n1,n2) to denote that
p sums to (n1,ng). The basis elements at degree (n1,ng) are labelled by p F (n1,ng) with
length I(p) < N.

To construct the monomial basis, take a vector partition p = [(A1, 1), (A2, p2),
ooy (Mg, o)) of (n1,mn2) with I(p) = & < N and consider the un-symmetrised monomial

A A Ak

T S AT (4.17)
After adding all distinct permutations of the lower indices, one arrives at the monomial
basis element. Explicitly

Mmp = le Z xﬁh)y%)mﬁfz)yﬁz)‘--xifk)ygfk) (4.18)
0ESN
where the factor in front removes the normalisation introduced by redundancies in the
elements of p, so that the coefficient in front of each individual monomial is 1. Using mul-
tiplicity notation analogous to (2.3), let p =< p(g,1), P(1,0)," -+ >. Then the normalisation
is given by

Zp = Hp(z’,j)! (4.19)
27‘7

As in the symmetric case, we will use a modified version of the monomial basis, obtained
by leaving out this normalisation factor

My = Zpmp = Z xj—h)%h)%é)%é) i x;\—’(ck)ygéck) (4.20)
ocESN
As discussed below (4.16), we can lower N to N — 1 by setting xny = yny = 0, causing a
reduction in the size of the space. Starting from N > ni + no and reducing stepwise, this
implies those monomial functions with I(p) > N vanish identically, while the remaining Mp
with I(p) < N form a basis for the smaller space. So the monomial basis is SEP-compatible
for multi-symmetric functions.

Note that the isomorphism, as described around (3.7), states that multi-symmetric
functions are isomorphic to invariants of matrices X,Y modulo commutator traces. There-
fore the isomorphic image of My, also referred to as Mp, is not necessarily zero if [(p) > N,
but could instead be a commutator trace. This is the version of SEP-compatibility for pre-
BPS operators as discussed in section 3.

As multi-symmetric functions, the monomial functions My, are SEP-compatible. Using
the map (3.6) to give the equivalent symmetrised trace operators, they form a basis for
pre-BPS operators at N > n. As we decrease N < n, the SEP-compatibility implies
any operator with [(p) > N reduces to a commutator trace. However, the operators

— 96 —



with [(p) < N are not in general S, orthogonal to commutator traces when N < n,
and therefore they do not form a basis for pre-BPS operators. This is due to (3.6) not
selecting the right representative of the equivalence class of operators isomorphic to the
multi-symmetric function, as discussed below (3.7). We say the Yang-Mills operators Mp
are SEP-compatible modulo commutators, and in section 6, describe how to transform this
into a genuinely SEP-compatible basis for pre-BPS operators.

The multi-trace basis for multi-symmetric functions, also called the power-sum basis
in the mathematics literature, is built out of

N
Tning) = D75 Y;* (4.21)
i=1

Given a vector partition p = [(A1, 1), (A2, p2), . . . (Ag, x)], the associated multi-symmetric
function is

k
To = [T Ton ) (4.22)
=1

Introduce two N x N diagonal matrices X and Y with diagonal elements x1, zo,...xn and

Y1,Y2, - - - yn respectively. Then T{ = TrX™Y"™ and the multi-trace multi-symmetric

ni,n2
functions are exactly given by the mul)ti-traces of these two matrices, justifying the name.

The isomorphism of [35, 36] identifies the multi-symmetric functions (4.22) with the
symmetrised trace operators (3.4), establishing the connection between multi-symmetric
functions and the quarter-BPS sector of N’ = 4 super Yang-Mills at weak coupling.

Note that while (4.22) and (3.4) are conceptually different, the isomorphism between
the two means we abuse notation slightly and use the same symbol T}, for both.

At finite NV, non-trivial relationships appear between the different multi-traces leading
to a reduction in the dimensionality of the space of multi-symmetric functions. Those
multi-traces labelled by p with I(p) < N form a basis for the reduced space. However,
unlike the monomial functions, the remaining multi-traces (labelled by p with I(p) > N)
do not vanish, but become complicated linear combinations of the reduced basis.

Define a matrix C§, indexed by vector partitions p and q to be the change of basis
matrix from My to Ty, with inverse C

Tq=) CPM, My =>"CaTy (4.23)
p q

At finite N, the p label for monomials is SEP-compatible (modulo commutators). Therefore
the second of the equations above gives the finite N relations imposed on commuting
matrices. On the other side of the isomorphism, this gives the linear combinations of
symmetrised traces that reduce to commutator traces at finite V.

The C and C matrices have very interesting combinatorial properties, which we will
now investigate in depth.

4.3 Basis change for multi-symmetric functions

In this section, we show that the properties of the linear transformations C' and C are
illuminated by considering set partitions. Set partitions form a partially ordered set (poset),
and the Mobius inversion formula for posets plays an important role.
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To find an expression for CF, first expand the product in the definition (4.22) for
multi-trace functions. For p = [(A1, 1), ., (A, pir)]s

k N
T, =[] Ayt (4.24)
p i Y; :
j=1 \i=1

N
_ A1, M1, A2, p2 Ak b
= D wvlenyl it (4.25)
J1yeje=1
To further sort this sum, note the different ways the js could coincide. If, for example,

k = 3, we could have

J1=J2 = J3 J1=J2 # J3 (4.26)
J1=J3 # Jo J1 7 J2 = J3 (4.27)
Ji,J2,js all distinct (4.28)

These correspond to the 5 different ways of partitioning the set {1,2,3} into subsets

T = {{1)2’3}} T = {{172}) {3}} (4'29)
m3 = {{1,3},{2}} my = {{1},{2,3}} (4.30)
ms = {{1},{2},{3}} (4.31)

Continuing with the example, we can sort the sum (4.25) into the different partitions

_ A1+A2+As,) p1tpe+p3 A1+A2,) pitp2 Az, (13
Tp = Z L Y; + Z z

j 1 Y T3 Yy

J J1,J3 distinct
A+A3, Hitps, A2, po A1, M1 Aa+A3,) p2+p3
oD YT Y gy g (4.32)
j1,j2 distinct j1,j2 distinct
A1, M1 A2, 2 A3 U3
S DR
J1,j2,j3 distinct
The first term is just the monomial function associated to the vector partition m(p) =
[(A1+ A2+ A3, 1+ p2+ps)]. Similarly, the second term is related to the monomial function
with vector partition ma(p) = [(A1 + A2, 1 + p2), (A3, p3)] via
2m (A1 4+ Ao, p1 + p2) = (A3, 13)
A+Aa, pritpn, A ; )
Z $j11+ 2y;fll #2xj23y§;3 _ { m2(p) (4.33)

j1,ja distinct My, (p)  Otherwise

We can simplify this expression by noting that if (A1 + g, 11 +p2) = (A3, p3) then Z, ) =

2, and otherwise Z, ) = 1. Therefore
PYEDY a2, A
Z lelJr 23/511 ij;y;‘;g = Zﬂz(p)mﬂz(p) = Mﬂz(p) (4.34)

j1,j2 distinct

Similarly the third, fourth and fifth terms of (4.32) are just My, (p), Mr,p) and My, )

respectively, where

m3(P) = [(A1 + Az, pi1 + p3), (A2, p2)] (4.35)
ma(p) = [(A1, 1), (A2 + A3, iz + p3))] (4.36)
m5(P) =P (4.37)
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Putting this together, we have
5
Tp=> My (4.38)
i=1

Repeating this analysis more generally, let the set of set partitions of {1,2,3,...k} be
denoted by II(k). Then given a set partition m € II(k) and a vector partition p =
(A1, 1)y -+ (A, pg)] of length I(p) = k, we define the vector partition 7 (k) to be that
with components

(Z i > Mz’) (4.39)
ich icb
where the blocks b € m run over the subsets into which {1,2,3,...%k} have been parti-
tioned. Conceptually, this should be thought of as summing up p into a new, shorter
vector partition, where the summation structure is given by 7.

Given this notation, we can now write the generalisation of (4.38) to any k

Tp= >, M) (4.40)
mell(l(p))
Proving this result in the general case is just an exercise in repeating the logic that led
from (4.25) to (4.38).
So the coefficient of My, in Ty is just the number of set partitions 7 € II(l(q)) that
have 7(q) = p.

Cq = Z Op () (4.41)
mell(l(a))

We can see that for vector partitions of a particular length k = I(q), it is the set partitions
of {1,2,3,...,k} that control the behaviour.

The poset (partially ordered set) structure of set of set partitions is well studied [57],
and will help further explain the structure of the matrix C and its inverse C. The partial
ordering is defined by saying that one set partition, m, is less than another, «’, if every
block b € 7 is contained within some block & € n’. We call 7 a refinement of 7’ or 7’ a
coarsening of .

Intuitively, if 7 < 7/, then the blocks of 7 are smaller in size than those in 7/. However,
this means that there are more blocks in 7 than in 7/, so confusingly = < 7’ implies that
|| > |7'].

Now instead of looking at Ty, we look at Tr(p), for some 7 € TI(I(p)). Clearly we
can still use the formula (4.40) just by replacing p with 7(p). Then summing over 7’ €
I(I(7(p))) with summand M) is equivalent to summing over all coarsenings 7" > 7
with summand Mz (g, so we can write

Trp) = D Mu(p) (4.42)
' >

Considering T; and M as functions from vector partitions to multi-symmetric functions,
we have

Tr=> My (4.43)

' >
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Equations like (4.43) are standard the theory of posets [57], and can be inverted using
the Mobius inversion formula (4.49). We explain this formula in more detai | in sec-
tion 4.4, including a combinatoric interpretation that allows a simple explanation of the
inversion property.

In this case, the M6bius inversion formula implies

My =Y p(m,7)Tw (4.44)

' >

where the Mobius function p(7, 7’) is defined in (4.53).
Choosing a vector partition p on which to act, we have

Mz(p) = Z M(Waﬂ/)wa(p) (4.45)

T'>7

We can now use this to find an explicit expression for 6’3. Let £ = l(p) and 7 = 7% to
be the minimal set partition in II(k), in which every element has its own block so that
7r(P) = p. Applying (4.45) gives

Mp = Z ,U'(Wka 7r)T7r(p) (446)
well(k)
and therefore
Cg = Z ,u(7rk,7r) 5p 7(q) (4.47)
well(k)

4.4 Mobius function for the poset of set partitions and combinatoric interpre-
tation

In this section we introduce the Mobius function for a general poset, and give its value on
the poset of set partitions. There is a combinatoric interpretation for the Mobius function
in terms of permutations on the blocks of the set partitions, and this interpretation allows
us to simply see why the Md&bius inversion formula works in this case.

The Mobius function is defined recursively for a generic poset by

1 T=a
p(m ') == 3 p(m, ") < (4.48)
a<m <7’
0 otherwise

The key utility of this definition is in the Mobius inversion formula, which states that
given two functions f,g from a poset into a vector space, the following two relations are
equivalent

' >

g(m) = > ulm,x')f(a")

' >

(4.49)
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In order to give an explicit expression for the Mobius function on set partitions, consider
m={b1,ba,..., by} for k = |7|. We then look at the set partitions of 7 itself. For example
if kK = 3 the five possible set partitions of 7 are

p1 = {{b1,b2,b3}} p2 = {{b1, b2}, {b3}}
p3 = {{b1,b3}, {b2}} pa = {{b1},{b2,b3}} (4.50)
ps = {{b1}, {b2}, {b3}}

The set of set partitions of 7 is denoted by II(), and there is an obvious correspondence
between this and II(|7|). For any particular 7 € II(n) and p € II(7), we define p(7) to be
the following set partition in II(n).

{Ub:Bep} (4.51)

beB

So for the examples in (4.50), we have

,01(71‘) = {bl Uby U bg} pQ(TF) = {bl @] bg,bg}
pg(ﬂ') = {bl U bg,bg} p4(7T) = {bl,bg U bg} (4.52)
ps(m) = {b1, b, b3} =7

Given 7 < 7/, by definition each block b € 7 is a subset of a block ' € #’. Therefore there
is a set partition p € II(7) such that p(7) = 7/, we call this set partition 7’/7.

Using the definition of 7//7 for 7/ > 7, we can now give an expression for u(m, ),
which is a standard result in the field of posets [57]. Firstly, by definition u(m, 7’) vanishes
unless ' < 7, so we assume 7’ > 7. This means 7’'/7 exists, and we can write

p(ma’) = (=0T (e - 1! (4.53)

bern’/m

There is a combinatoric interpretation for the magnitude of p(m,7’) in terms of permuta-
tions, where the sign of u is given by the sign of these permutations. In order to describe
this, consider a permutation o € S,, and take an arbitrary subset A C {1,2,...,n}. Then
o acts on A by permuting the numbers 1 to n, leading to a distinct subset o(A4). We can
then define the subgroup G(7) < S,, by

G(m) = {0 : o(b) = b for all blocks b € 7} (4.54)
For 7 with block sizes of [A1, A2, ..., Ag] F n, we have
G(ﬂ)gS)\l ><S)\2 X-~-XS)\k (4.55)

Intuitively, the S, factor permutes the elements of the corresponding block with size A;.
The exact embedding of Sy, x --- xSy, into S,, depends on the set partition.
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Take a 0 € S,,. The cycle structure of o defines a partition m(¢) € II(n). Formally,
the set partition (o) is simply the set of orbits of {1,2,...,n} under the action of 0. We
also define a set of permutations associated with each = € II(n)

Perms(w) = {0 : w(0) =7} (4.56)
For any o € S,, with m(0) = 7, Perms() is just the conjugacy class of o under conjugation
by G(r).
Clearly Perms(7) are disjoint for different 7, and between them they cover .S,,.
|_| Perms(w) = S, (4.57)
well(n)

We have a similar result for G(7), obtained by taking the decomposition (4.55) and apply-
ing (4.57) to each factor individually.

| | Perms(n) = G(n) (4.58)

To illustrate the above, we now give some examples. If we fix 7 = {{1,2,3},{4,5},{6}}
then

G(m) = Sp12,3y X Spasy X Spey = 83 X 52 x S (4.59)
Perms(7) = { (1,2,3)(4,5), (1,3,2)(4,5) } (4.60)

Enumerating the elements of G(7), we can see that it splits as specified in (4.58).

G(m) ={e, (1,2),(1,3),(2,3),(1,2,3),(1,3,2),
(4,5),(1,2)(4,5),(1,3)(4,5),(2,3)(4,5),(1,2,3)(4,5),(1,3,2)(4,5)}
= {e} U{(1,2); U{(1,3); L {(2,3)} U{(1,2,3),(1,3,2)}
U{(4,5)} U{(1,2)(4,5)} U{(1,3)(4,5)} U{(2,3)(4,5)}
L{(1,2,3)(4,5),(1,3,2)(4,5)}
= Perms({{1}, {2}, {3}, {4}, {5}, {6}}) L Perms({{1,2}, {3}, {4}, {5}, {6}})
L Perms({{1,3}. {2}, {4, {5}. {6}}) U Perms({{1}. {2.3}. {4}. {5}, {6}})
U Perms({{1,2,3}, {4}, {5}, {6}}) U Perms ({{1}, {2}, {3}, {4, 5}, {6}})
U Perms({{1,2}, {3},{4,5},{6}}) U Perms({{1,3}, {2}, {4,5},{6}})
U Perms({{1},{2,3},{4,5},{6}}) U Perms({{1, 2,3}, {4,5},{6}}) (4.61)
= |_| Perms(n’) (4.62)
Equations (4.54)—(4.62) are based on using permutations o € S,, and set partitions 7w €
II(n). However, if we pick m € II(n), we can use the exact same constructions for permuta-
tions of 7 itself — we call this group S; — and set partitions p € II(7). Then Perms(n’/7)
provides our combinatoric interpretation for

pma)y= Y sgn(o) = (1)1 | Perms(n’ /7)| (4.63)

o€Perms(n’ /)
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So the magnitude of p is just the number of permutations in a certain conjugacy class, and
its sign is just the sign of these permutations.

This permutation interpretation of p allows us to easily prove the Mdbius inversion
formula for set partitions. Fix 7 and 7" with 7”7 > 7 and consider the sum

> wlm ) (4.64)

T >l >

The simplest way to parameterise the sum over 7’ is to look at the possible #'/7 € II(7).
The condition 7" > 7’ becomes (7" /1) > (7’/7), so instead of summing over 7’ € II(n),
we sum over 7' /7 = p € II(m).

Y ouma)= XY s

/! >ml > p<(n"/m) o€Perms(p)

= ) sgn(o)

oceG(n" /7)

1 G(#" 26 xS x---x S
_ (/) = Sy x S 8 (4.65)
0 otherwise

Where we have used (4.58) to change the sum into one over G(n”/x), and the final line

is a simple fact from permutation group theory. Now the only case for which G(7"/7) =
S1 X --- xSy is when 7" = 7, so we conclude that

Z M(Trv 77,) = Oppr (4'66)

T >l >

Using this result and substituting (4.43), we have

Z M(ﬂ-ﬂrl)Tw’ = Z LL(?T,W/)MF//

' > ' > >

= M, (4.67)

This proves the Mobius inversion formula for set partitions.
For a more thorough overview of the Md&bius function on general posets and for the
poset of set partitions see [57].

4.5 More general C and C matrices for M-matrix systems

The structures explained in sections 4.3 and 4.4, involving the poset of set partitions and
the associated Mobius function, can be used not just for the two matrix system, but for
an M-matrix system. In (4.43) we introduced T, and M, as functions from 2-vector
partitions of length || into the space of multi-symmetric functions defined on two families
of variables, x; and y;. However, we could equally consider them as functions from M-
vector partitions of lergg)th (\73] into tEl]\l/[e) space of multi-symmetric functions defined on M
1) (2

B P A

and multi-trace bases defined in direct analogy to the 2-vector versions in section 4.2. For

families of variables, x These multi-symmetric functions have monomial
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each M there are corresponding C' and C matrices, defined in a completely analogous way
to (4.41) and (4.47).

To think about these possibilities in a unified way, we define a more general C' and C
that transform between T, and M.

T =Y CF My M. =Y Cr'Ty (4.68)

s K

We already have expressions for these from (4.43) and (4.44), given by

/ 1 ! > ~ __/
cx' = ¢(m ) :{ =T Cr' = () (4.69)

0 otherwise

where the first equation defines {(m,7"). The above also serves as the definition for the ¢
function of a general poset, just with 7, 7/ arbitrary elements of the poset rather than set
partitions. We have already seen the Mébius function for a general poset in (4.48). An
equivalent way of stating the Mobius inversion formula seen in (4.49) is that the ¢ and p
are inverses of each other when multiplied as matrices

Z C(m, 7 (', 7)) = Spmrr (4.70)

The C and C for vector partitions (both 2-vectors and M-vectors) can easily be ob-
tained from these more general objects. For p,q F (n1,n2) and some 7 € II(n) such
that 7([(1,0)™,(0,1)"2]) = p, we have

ca= > cr ca= Y cr (4.71)
' €Il(n) n'€ll(n)

where the sums run over 7/ with 7' ([(1,0)",(0,1)"2]) = q. Analogous formulae hold for
M-vectors.

We can think of the (4.71) as a flavour projection from the general system of M, T
to the M-flavour system consisting of Mp and Tp. Physically, one flavour corresponds to
the half-BPS sector, two flavours to the quarter-BPS sector, and three to the eighth-BPS
sector. We give an alternative viewpoint on the flavour projection using permutations in
section 7.1.2.

As an example, consider n = 4. There are 15 different set partitions in II(4), so to
simplify things we only give the transformations for the five different orbits under Sy,
corresponding to the integer partitions of 4. The C' matrix can be read off from the
relationships showing 75 in terms of M.

T84y = Mi1,2,3.4) (4.72)
Tiyq284yy = Mgy 2,341 + Miqi 2,343 (4.73)
Ty 3.4y = M2y, 0341 + My{1,23.43 (4.74)

Ty 431441y = Moy sy0ayy ~ Myg2sy0any + Migu 243,433
+ Meg1,0y 43,43 + Mig1,2,343) (4.75)
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Teayq23.60441 = My e300y + Mgy ey.44 + Msy (23,4
+ Mynay 23,060 + My 233,043 T M(y,243.60
+ Mgy g23.340) + Myg12).03.4) + Mg1.3), {241
+ Mynay 2 T Mypesyay + M24).6)
T My3ay.023) T Mgy {2343 T My1.2.343)

The C matrix can be shown in an analogous way by writing M, in terms of 1.

M 2343 = Ti{12,34})
My 2341 = Ty (2343 — T{1234))
M2y, 34y = Ti2).3.43) — Ti{1234))
M2y, 80.041 = Tz n49y — Tresy ey — Tiza ey
—Ti12y.84y + 2T 1234
My q23.080.093) = Ty 2360000 — Ty )44y — Ty 2.4

— Trnayen 6y — Trgesy ey — Ty 24,60
—Tipy ey an T Ty ean T Tnsy 24
T Ty 23y + 2123y 44y + 217124030
T 2T 3.4y 21y 1 2103 2,343y — 6T {1.234p)

(4.76)

(4.77)
(4.78)
(4.79)

(4.80)

(4.81)

We can then apply these to the vector partition [(1,0)2,(0,1)?] to get C' and C for field
content (2,2). Again we choose to display them by writing out the relations between Tp

and Mp, but this time all possibilities are included. The C matrix is

StrX?Y? = M9,
TeX*YTY = Mieo,1),0,1)) + Mi22)
TeX*TeY? = Mi(z,0),02) + Mi2.2)
TrXY?TrX = Mi1,2),1,0] + Mi2,2)]
(TrXY)? = My 1) 1,0 + M2.2)
TeX? (TeY)* = Miz,0),001),(0,0)] + M2,0),0.2)] + 2Mi2,0), 0] + Mi(22)
TeXYTeXTeY = Mjq1),(1,0),00)] T M0, + Mja,2),1,0)
+ Mi2,1),0)] + Mi2,2)
(TrX)* TrY? = Mi1,0),0,0),02)] + 2M[(,2),01,0)] + M{20),0.2) + M2
(TeX)* (TrY)* = M(1,0),(1,0),(0,0,000)] + M(1,0),(1,0),0.2)) +4M[(1,1),(1,0),(0,1)
+ M2,0),00.1),00.0) T 2M[@1), 1)) + 2M[1,2),010)]
+ Mi2,0),02) + 2M[2,1),0.0)] T M2.2)

The C matrix for (2,2) is

M[(g,g)] = StrXxX2y?
Mg1),0,1) = TrX?YTrY — StrX?y?
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Mj@2,0),00,2)] = TrX*TrY? — Str XY™ (
Mi1.9),1,0) = TTXY?TrX — StrX?Y? (4.94
M1y, = (TrXY)? — StrX?y? (
Mi2.0),01),0.1) = TrX? (TrY)? — TeX?TrY? — 2T XY TrY + 2StrX?Y?
Mia1),10)01) = TEXYTrXTrY — (TrXY)? — TeXV2TeX
— TrX2YTrY + 2StrX2Yy? (4.97)
Mi1.0).(1.0).02)] = (TrX)* TrY? — 2TeXV2TrX — TeX?TrY? + 2StrX2Y?2  (4.98)
Mi(1.0),1.0),0.1), 0.0 = (TrX)* (TrY)? — (TrX)* TrY? — AT XY TrX TrY
—TrX? (TrY)? +2(TrXY)? + 4Tr X Y2 Tr X
+ TrX2TrY? + 4Te X2Y TrY — 6StrX2Y? (4.99)

Note that we have used
2 1
StrX?Y? = gTrX2Y2 + §Tr(XY)2 (4.100)

rather than just TrX2Y?2. This means the expressions (4.82)-(4.99) give the relations
between T, and My both as multi-symmetric functions and symmetrised trace operators
in N' = 4 super Yang-Mills.

4.6 Relation to other combinatorial quantities

Stirling numbers of the second kind, S(n,k), are defined to be the number of ways of
partitioning a set of n objects into & non-empty subsets. Combinatorically, these are a
coarsened version of the 2-vector and set partition C' matrices. Starting with the 2-vector
version, S(n, k) is given by

pk(n1,n2)
l(p)=F

where ny + ng = n.
Alternatively, consider an arbitrary m > n and q b+ (m1, ma) with m; +mae = m to be
a vector partition with I(q) = n, then
S(nky= > CP (4.102)

pk(m1,m2)
l(p)=k

Define 7, € II(n) to be the unique set partition of length n, meaning each number has its
own block. Then in terms of the more general set partition C'

S(n, k)= > CF (4.103)
well(n)
|m|=k

Or alternatively, taking 7 € II(m) to be any set partition with |7| = n, then

Stnk)y= > oCr (4.104)

' €ll(m)
=k
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Unsigned Stirling numbers of the first kind, |s(n, k)|, are defined to be the number of
permutations in S, with k cycles. The signed Stirling numbers s(n, k) have the same
magnitude, but are multiplied by the sign of the permutations (—1)"~*. This is related
to the 2-vector and set partition C' matrices in the same way as S (n, k) was related to C.
Using the same notation as (4.101)—(4.104), we have

stuk) = > CRgpm o] s(nk)= Y CP (4.105)
pH(n1,n2) pF(m1,m2)
l(p)=k l(p)=k

s(nk)= > CF s(nk)y= Y CF (4.106)
well(n) 7' €ll(m)
7=k |n'|=k

Bell numbers, B,,, count the number of set partitions of n objects. In terms of C, these are

anzk:S(n,k): Z C[I()I,O)"l,((),l)”ﬂ: Z Cg: Z . = Z 077:/

ph(n1,n2) ph(m1,mz2) well(n) w’ €Il(m)
(4.107)

Finally, in (2.20) we gave the 1-matrix basis change from the monomial basis to the multi-
trace basis in terms of characters of 5, representations and the Kostka numbers. Compar-
ing with the (1-matrix equivalent of) definition (4.23), we see

1
Cg: 1 E XR(Q)KRp (4108)
[T; pi! Rin

5 Counting: U(2) X U(NN) Young diagram labels and multiplicities at
weak coupling

The space of states spanned by symmetrised traces T, of general matrices X,Y admits a
U(2) action on the pair X,Y as in section 2.2. These symmetrised traces are represen-
tatives of the elements of the ring of gauge invariants modulo commutators. Specialising
to diagonal matrices X = Diag(x1,x2, -+ ,2n),Y = Diag(y1,y2, -+ ,yn) gives the iso-
morphism [35, 37| to multi-symmetric polynomials in x;,y; discussed in section 3.2. For
economy of notation, we are generally using 7}, also for the image ¢(1},) of the isomorphism.
There is an analogous U(2) action on multi-symmetric functions which transforms the pairs
x;,y;. Applying the isomorphism and then doing a U(2) transformation is equivalent to
doing a U(2) transformation on symmetrised traces and then applying the isomorphism.
In other words the isomorphism between gauge invariants modulo commutators and multi-
symmetric polynomials is a U(2) equivariant isomorphism. The U(2) transformations (2.54)
on the monomial multi-symmetric functions, My, are obtained either by expressing them in
terms of T}, using the C transformation or equivalently using the U(2) on the pairs (x;, y;).
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In this latter picture, the U(2) generators are

N N
0 0 0 0
\70—;(%‘%4‘%8%) j3—;<$iaxi—yi8yi>
= = (5.1)
N9 Nooo
Jy = ;wz@ J- = 2 yia:ci

A U(2) covariant basis will be sorted by U(2) representations A and an index My labelling
the basis states. As in section 2.2, M, runs over the semi-standard tableaux of shape A
and determines the field content. In order to parameterise the space for a specific A, we
observe that for each vector partition p F (n1,n2), there is an associated integer partition
p(p) F n1 + ng2 obtained by summing the pairs

P = [()‘17 ,ul)a ()‘21 MQ)a sy ()‘kaluk)] — p(p) = [)\1 + K1, >\2 + B2, )\k + :uk] (52)

Consider the action of U(2) on a simple monomial z*y*. We have

Jox Yt = (A + p)z y" T3z gt = (A — p)a yt

Tyt = pa el Tyt = ATyt (5.3)

The operators Jy send A - A+ 1, p — p F 1 while Jy and J3 leave A, p invariant.
For all U(2) generators, the sum A + p is unchanged. More generally, for a monomial
$1\1yf o l'gk y1*, the sums \; + y1; are unchanged in each monomial term arising from the
action of the U(2) generators.

Applying this analysis to each of the monomials in My, we see that U(2) preserves
the associated partition p(p), and therefore p serves as another label in the U(2) covariant
basis. We denote the multiplicity of a given pair A,p in the covariant monomial basis
by M .

For a given associated partition p =< p1, po, - -+ > we have monomial multi-symmetric
functions My, with p(p) = p. The constituent monomials in M (recall the defining equa-
tion (2.10)) contain products of p; factors each with ¢ variables that can be x or y and are
transformed between the two using J+. We will show that these fit into the representation

Ry = @Sy (Sym (V2)) (5.4)

where V5 is the 2-dimensional fundamental representation of U(2). We can decompose

U(2)

Rg@) in terms of irreducible representations R,

U(2 mu
RV® = @ RJ® @ vl (5.5)

AFn
1I(AN)<2

for some multiplicity space V/(”p“lt. The direct sum is restricted to run only over A - n since

Rg@) is a subspace of (V5)®", and therefore the U(1) weight of all sub-representations is
n. The analogous representation of the global symmetry U(3) in the case of eighth-BPS
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states is discussed in [32, 33]. The multiplicity of RX(Q) in R},J@) is just the dimension of
mult

the multiplicity space V} P and is also the multiplicity of the pair A,p in the covariant
monomial basis

My = Mult (A, RY®) = Dim (V') (5.6)

To find this multiplicity we split U(2) into its U(1) and SU(2) components as discussed in
section 2.2.2. As already mentioned, Rg@) is in the weight n representation of U(1), so

U(2) _ pU((1 SU(2
RY® = RYM @ REVE) (5.7)

REU(Q) = ® Sym? (Symi (R%» = ® Sym? (R%) (5.8)

% %

for R; the spin j representation of SU(2). Then the U(2) decomposition (5.5) of Rg@) is
equivalent to the SU(2) decomposition

SU(2) _ . mult
ROV = @R] @V a (5.9)
J

where we have used the correspondence, discussed in section 2.2.2, between a U(2) repre-
sentation A = [§ + j, & — j] of U(1) weight n and an SU(2) representation of spin j. The
question of calculating the dimension of the multiplicity space in (5.9) is called an SU(2)
plethysm problem and is addressed in [58]. We will use a formula derived there shortly.

The monomials My with p(p) = p define states |p) in RE(Q), whose normalisation is
given by the S, inner product on My

(pla) = (Mp|Mq) (5.10)

There is a change of basis to U(2) orthonormal covariant states of the form
|A7MAap> V> (511)

where v is a multiplicity index with 1 < v < M, ;. This change of basis is implemented
using Clebsch-Gordan coefficients

‘Aﬂ MA7p7 V> = Z B/I:\),MA’p’y‘p> (512)
p:p(p)=p

We define the covariant monomial operators by

MAvMAvpvy = Z BX,MA,}),I/MP (5'13)
p:p(P)=p

As an example, consider the multi-symmetric monomials for field content (2,2), given
explicitly in (4.91)—(4.99). We only give the M, and p labels, as the shape of the Young
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tableau specifies A, and the multiplicity for these operators is trivial. The covariant mono-

mials are
3
Mprpera, g = 1\ 5 Mi.2) (5.14)
3
MpTpm 31 = \/ T (M[(Q 1),0,)] + M[(1,2),(1,0)1) (5.15)
MpTirera) oy = 3\[ ( (2,0),00,2)] + 2M[1,1),1, 1)]) (5.16)

Mierg, g0 = \ﬁ( [(2,0),( 01><01>1+4M[(11)<1o>(01>]+M[<1o>(1o>(oz>]) (5.17)

MarpE naay = 476M[(LO»(LO),<o,1>,<o,1>1 (5.18)
M [, 5. = \}Q (Mi1),0.01 = Mia2),0,0) (5.19)
M,[Q,l,l] = i (Miz.0),0.1).00.1 = M1.0).(10).00:2)) (5.20)
M 0,22l = \}6 (Mi2.0),0.21 = Mia,p,0,1)) (5.21)

M . ) = é (Mi2.0).0.1).00.) = 2M(1.1),(1.0).(0.1)) + M{(1.0).(10).00.2)) (5.22)

The associated partition has length [(p(p)) = I(p), and therefore the SEP compatibility
(modulo commutators) of the My basis is transferred to the new basis.

If p has length {(p) > N then the multi-symmetric function My a, ., vanishes iden-
tically, while on the other side of the isomorphism, the operator My s, 5, reduces to a
commutator trace and therefore is no longer pre-BPS. Operators with [(p) < N are in
general not pre-BPS, but differ from such an operator by a commutator trace. In section 6
we show how to remove this commutator trace component to derive a pre-BPS basis. For
now, we note that the multiplicity M, , determines the finite N combinatorics of the
quarter-BPS sector.

The half-BPS operators Op defined in (2.18) are dual to giant gravitons. There are two
types of giant gravitons: those that have an extended S C S® as part of the world-volume,
and those that have an extended S® C AdS5. We will refer to these as sphere giants and
AdS giants respectively: they are also sometimes distinguished in the AdS/CFT literature
as giants versus dual-giants respectively. U(2) rotations of these half-BPS giants produces
giant graviton states in the A = [n] representation, where n is the number of boxes in the
Young diagram R. The nature of the Young diagram R is related to the type of giant
graviton system. As we deform A to A = [n — m,m] we move away from the half-BPS
sector. The deformations of sphere giant states are described in terms of moduli spaces
of polynomials in three complex variables [15] while deformations of AdS giant states are
described in terms of a family of solutions with S® C AdSs world-volumes orbiting great
circles on the S° [18].

In section 6 we will produce a basis SEEVS[A%V for the quarter-BPS sector with the same
labels as (5.13). For A = [n], this basis agrees with the half-BPS Schur basis (2.18) by

40 —



identifying p with R. This matching between the Young diagrams p labelling the quarter-
BPS sector and R labelling the half-BPS states suggests that for a particular diagram
p, we can follow the half-BPS sector states into the quarter-BPS sector by considering
A = [n — m,m| and slowly increasing the length of the second row, m. We expect that
if we keep p fixed in this half to quarter transition, we qualitatively preserve the physical
nature of the giant graviton: Young diagrams with a few long rows of lengths order N
correspond to AdS-giants while diagrams with a few long columns of lengths order N
correspond to sphere giants. It is reasonable to think of Young diagrams p (for more
general A) with k& rows of length comparable to N as an AdS-giant system formed as some
form of composite of k giants. Likewise, in the following discussion, we will think of a
Young diagram p with k rows of length order N as some composite involving k sphere
giants. There will be interesting differences between sphere giants and AdS giants, so the
precise meaning of “composite system of k giants” is something which should be explored
through future comparisons between bulk physics and CFT correlators.

The multiplicities (5.6) interpolate from half-BPS in the case A = [n] to more general
quarter-BPS for A = [n — Ay, Ag], with small Ay being close to half-BPS. These multiplic-
ities should be reproducible from the stringy physics of D3-branes in AdSs x S°. In each
part of this section, we discuss the giant graviton interpretation of the multiplicity results.

5.1 A, p multiplicities and plethysms of SU(2) characters

We consider the space of multi-symmetric functions My with a given associated partition
p, and how this can be split into U(2) representations.

As discussed in section 2.2, U(2) can be split into a product of U(1) and SU(2). The
U(1) weight of a given p is just n = |p|, so to derive the U(2) representation we first study
the SU(2) part, then recombine with the U(1) piece at the end.

For the sake of simplicity, we will primarily work with non-symmetrised monomi-
als, since such a choice determines the associated multi-symmetric function by adding all
permuted monomials. The construction of the multi-symmetric function from the non-
symmetrised monomial can affect the SU(2) structure, and we will describe this in more
detail as it occurs.

Start by considering p = [n]. This allows p = [(A,u)] for A + g = n. The non-
symmetrised monomials corresponding to these are just x{‘y? , whose action under U(2) we
gave in (5.3). From the action of J., J3, they lie in the spin § representation of SU(2).
Symmetrising the monomials does not change the SU(2) structure, so p = [n] produces the
Rz representation of SU(2).

Next consider p = [ki,ks]. This allows p = [(A1, p1), (A2, p2)], with corresponding
non-symmetrised monomials xlly’f 137323/’2“ subject to A; + u; = k; for ¢ = 1,2. There
are (k + 1)(I + 1) different states, living in the tensor product representation Rk, ® Ry, .

2 2
When k; # ko, this is the correct SU(2) representation for the symmetrised version as

well. However, if k; = kg, then the states 2yt 25242 and z}2y"?23' 4" both lead to
the same multi-symmetric function and should be identified with each other. The correct

representation here is the symmetric part of the tensor product, written as Sym? (Rk1 )
2
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As our final example, take p = [k1, ko, k3], allowing p = [(A1, 1), (A2, p2), (A3, u3)]. By
the same considerations as the previous two examples, the non-symmetrised monomials
ey a2yl a3 y3® fit into the Rkl ® ng ® Rk3 representation of SU(2). If all three
of the ks are distinct, this is the correct representatlon for the symmetrised monomials.
If two of the ks coincide and the third is distinct, e.g. k1 = ko # k3, then the M} live
in Sym? <R;€21> ® R%. Finally, if k&1 = ko = k3, then there are 6 permutations of the

basic monomial that lead to the same multi-symmetric function and should be identified.

These are
A1, Bl A2, 12 A3 A2, B2, A3, U3, A1 A3, 3,21, K1, A2
L1 Y1 T27Y2 x3y T17Y1 T27Y2 1‘33/ T17Y1 T2 Y2 $3y
A1, M1, A3, 13 A A3, M3 A2, M2 A Ao, 2 A1, M1, A
1Yy TR Yy $32?/ 1Y TR Yy 9331?/3 Ty 25 Yy 9333?%3 (5.23)

In an analogous way to the single coincidence, this leads to us using the completely sym-
metric part of the triple tensor product, written Sym? (R Ky ) This is the part of R%f that
2 5

is invariant under all S3 permutations.

From the principles established in these three examples, we can generalise to a
generic integer partition p. The multi-symmetric functions with associated partition
p =< p1,p2,--- > fit into the representation of SU(2) given by

RSV — RSUG) ®sympz( ) (5.24)

Restoring the U(1) weight, as a U(2) representation this is
RE(Q) — RU(l) ® RSU(Q)
®RU( ) Sym? (Sy (R

=®Symp"( J@sym' (R,))

= @Sy (Sym’ (R & R

roj—
N———
N———

(NI
~—
N~

= @ Sym” (Sym’ (v5)) (5.25)

where we have used R% = Sym’ (R% ) for SU(2) representations and the fundamental

representation of U(2) is Vo = R T g R1

So the problem of finding M, , reduces to a U(2) representation theory problem of

U(2) U(2)

finding the multiplicity of R, within the representation R, ", or equivalently the SU(2)

U(2)
the correspondence j <+ A = [§ 4 j, § — j] for U(2) representations of U(1) weight n.

We will solve the SU(2) problem. In order to do this, we calculate the character of the
representation (5.24) and compare it to the known characters of the spin representations.

representation theory problem of finding the multiplicity of R; within RIS, and using

From standard SU(2) representation theory we know that

. (1 _ q2j+l)

XA, (qJS) P g =g g (5.26)
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So the multiplicity of R; inside a direct sum representation R is given by
) — —Jj J3
Mult (R;, R) = Coeff |q 77, (1 - g)xr (¢”)] (5.27)

Taking a single factor of (5.24), the character of Sym?” (R i ) was calculated in [58] and is
2
given by

g\ _ i (1—¢" ) (1 —g"™?) o (1 — gPit?)
) (q ) q (1 — q) (1 — q2) (1 —_ qi)

=q 2 Fip(q) (5.28)

where
(=gt (1 —¢??)  (1-¢"T)

So the multiplicity of R; inside RIS,U@) is

)

Mult (R;, RyV®) = Coeff (q_j, -]l q‘igiFi,pi(q)>
= Coeff <qj, (1—q)g 2 HF@pi(CI)) (5.30)
Since the A = [n —m, m] representation of U(2) corresponds to spin j = § —m, this means
Mult([n —m, m],Rg(2)> = Coeff (qmg, (1- q)q’% H Fi,pi(q)>

= Coeff <qm, (1—4q) H F@pi(q)) (5.31)

Writing
Fy(a) =[] Fipi(a) (5.32)

we can give a simple formula for the multiplicity in terms of the coefficients of F,

M) p = Cocff (g™, Fy) — Coeff (¢, F,) (5.33)

We now take two distinct approaches to studying Fj. Firstly we derive a generic formula
for My, that allows simple computational calculations of the multiplicity for any A, p of
reasonable size. Secondly, we study sets of p which have identical multiplicities for all A
and give explicit results of M, , for the simplest such sets.

5.2 Covariant trace bases

In the previous section we argued from the vector partition structure of the monomial multi-
symmetric functions that the My fit in to the representation Rg@) of U(2), where p is the
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integer partition associated to p. Performing a similar process on the multi-trace multi-
symmetric functions T (or equivalently symmetrised trace operators), the U(2) action not
only preserves p(p), it has exactly the same form as the action on monomials Mp. That
is, given Y € U(2) with action
UMp = alMqg (5.34)
q

for some coefficients ap, then the action of & on symmetrised traces is
UTp = alTy (5.35)
a

Therefore sorting My, into a U(2) covariant basis is mathematically identical to sorting Tp
into a U(2) covariant basis. It follows that the linear maps C, C relating My and T}, are
U(2) equivariant, and we can define a U(2) covariant symmetrised trace basis

TAvMA7p7V = Z BX,MA,p,VTp (5'36)
p:p(p)=p

In [32], the authors proved that the multiplicity of A, p in the symmetrised trace covariant
basis is
Map = xa(Pp) (5.37)

where x, is the S, character of A and PP, is an element of C(S,) that projects onto
symmetrised traces with cycle type p. We discuss this projector in section 5.7.

The formulae (5.33) and (5.37) give M, , from U(2) and S, representation theory
respectively. The former is more amenable to explicit calculations.

As discussed above (4.23), the symmetrised trace operators T, with {(p) < N form a
basis for symmetrised traces (but not pre-BPS operators) at finite N. Since the p label
in (5.36) has the same length as p, this property also holds for Th az, p..-

In addition to the symmetrised trace covariant basis, there is a corresponding U(2)
covariant basis for commutator traces. It follows from the definitions (2.54) that the U(2)
generators act on a simple commutator as

Ri[X,Y] =6[X,Y] (5.38)

Any commutator trace, generically containing a more complicated commutator than [X, Y],
can be written as a linear combination of traces containing [X,Y]. So (5.38) shows that
the space of commutator traces forms a U(2) representation. By similar considerations to
My and Ty, these can be further sorted by an integer partition p - n that describes the
factorisation of a commutator multi-trace into single traces.

In [22], the authors used superspace techniques in the SU(V) gauge theory to develop
candidate quarter-BPS operators and SUSY descendent operators. These are exactly the
covariant symmetrised trace and commutator trace bases respectively, though they did not
include partitions with components of size 1, since in the SU(V) theory, traces of individual
matrices vanish.

The covariant bases for symmetrised and commutator traces are used in appendices A,
B and C to describe the final BPS operators at n = 5,6. In this section we will focus
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on the covariant monomials and not comment further on the covariant symmetrised or
commutator traces.

5.3 General multiplicity formula

We now find an expression for
Coeff (™, F(q)) (5.39)

This is done explicitly for m = 0,1, 2, 3, from which we extrapolate the general result.
The relevant parts of p to describe the coefficients in (5.32) are

¢k =1{i i > j.pi> kY j>0k>1 (5.40)

Let Yj(p), 7 > 0 be the Young diagram of p with the first j columns removed. Then
intuitively, c; 1 is the number of vertical edges of length k or greater in Yj(p). It follows
that ¢ is the number of corners in Yj(p), and c¢p; is the number of corners in the full
Young diagram Y (p). Figure 3 shows some examples to illustrate this. The full set of c;
completely determines the partition p.

It will also be useful to define

si= > Cik (5.41)
j+k=l
We have included examples of the s; in figure 3. In contrast to the c¢;j, the s; do not define
the partition p. For example, p = [2] and p = [1, 1] both have s; = 1, so = 1 and all others
zero. The sets of partitions which have identical s; for all [ are studied in section 5.4.
To find the coefficients of ¢%%23 in F,(q), we look at the low order terms from the
definitions (5.29) and (5.32). For all ¢ > 0, F;,, contains the factor

(1 _ qPHrl)
(1-9q)

For all 4 > 1, F},, contains, in addition to the above, the factor

D R SR (5.42)

(i (I+@F 4+ +--)(1—gPT?) (5.43)

=14+¢— "2 +0(¢Y (5.44)
For all ¢ > 2, the factor F;,, contains, in addition to the above,

Sty =0k ) (5.45)

=14+¢— ¢ +0(h (5.46)

All other factors in the definition (5.29) of F;,, are of the form 1+ O(g*) so we can ignore
them for our purposes, giving

F, = fifafs + O(q*) (5.47)
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P Young diagram Table of ¢, Table of s;
b k=1
jcjfko 1 si=d
4,3,2,1] i=1 3 2=
=] 2 83 =2
j,_?) 1 84:1
Cjk k=1k=2 81:3
3,3,2,1,1] 7=9 82 2
j=1 2 1 s3 =2
| j=2 1 1 si=1
=1
cir |k=1k=2k=3| )
So =
3,3,3] jg=0p b b 32—3
T j=1 1 1 1 33_2
. 4 =
=2/ 1 1 1
J 85:1

Figure 3. Examples of the non-zero c;;, and s; for various integer partitions p.

where
leH(1+q+q2+...+qPi) (5.48)
i>0
=Tl0+d -+ +--) (5.49)
i>1
f3 _ H(1+q3_qpi+3+...) (5.50)
i>2
From this we can read off
Coeff (¢", F) = 1 (5.51)

All the gs in the expansion of F}, come from fq, with the coefficient given by the number
of p; > 1. From the definitions (5.40) and (5.41), we can express this as

Coeft (¢, Fp) = co1 = 51 (5.52)
There are three ways to arrive at a g2 from the product (5.47).

1. We can take a ¢? from a factor of fy and 1 from every other factor. Within fs, this
happens whenever p; > 1 for ¢ > 1, so there are ¢y, different ways of doing this.
Therefore this route contributes c; 1 to the coefficient of 7>

2. We can take a ¢ from a factor of f;. Each factor contains a ¢> term only if p; > 2,
so the number of different ways of doing this is cg 2.
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3. We can take a ¢ from a pair of the f; factors. There are (“}') different ways of

doing this.

So we arrive at the expression

-1
Coeff (qZ, Fp) =cp2+c11+ (Cg’l> = 59 + 81(512) (5.53)

Looking at ¢3, there are six distinct ways to arrive at a ¢ from the product (5.47).
1. We can take a ¢> from a factor of f3. There are 2,1 different ways of doing this.

2. We can take a ¢® from a factor of fo. This can only be done if p; = 1, as it comes from
the term ¢Pt!. The number of factors with p; = 1 is given by c1,1 —c1,2. Noting that
any ¢° obtained in this manner comes with a minus sign, this contributes c12 —c1,1
to the coefficient.

3. We can take a ¢® from a factor of f;. There are co,3 ways of doing this.

4. We can take a ¢* from a factor of fy and a ¢ from a factor of f;. There are €1,1€0,1
ways of doing this.

5. We can take a ¢ from a factor of f; and a g from a different factor of f;. There are
co.2(co1 — 1) different ways of doing this.

6. We can take a ¢ from three different factors of fi. There are (“4") different ways of
doing this.

Collecting everything, we have

Co,1
Coeft <q3, Fp) =co1+c12—c11+co3+ciicon + coz(cor — 1)+ ( 3 )

€o,1
=co1+ci2+co3+ (cr1+co2)(cor — 1)+ < )

3
s1(s1 —1)(s1 —2)

=s3+s2(s1—1)+ 5 (5.54)
A similar process for the coefficient of ¢* leads to
Coeft <q4, Fp) =co4+c13+co2+c31+ (coz3+ci2+c21)(con —1)
(i (3
— 54+ s3(s1 — 1) + 82(822_ Dy salon - 12)(81 =2
n s1(s1 —1)(s1 —2)(s1 — 3) (5.55)

24

In (5.51), (5.52), (5.53), (5.54) and (5.55) we have expressed the first 5 coefficients in the
expansion of F}, in terms of the s;. The terms in these sums correspond to the partitions of
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the exponent of q. For example in (5.55), the terms correspond respectively to the partitions
[4],13,1],[2,2],[2,1,1] and [1,1,1,1]. This leads us to suggest the general formula

1
11 u"] (5.56)

T

Coeﬁ(qm7Fp) = Z lH (S)\k —k+ 1)

AFm Lk

where we have used both the component notation A = [A1, Ag,...] and the multiplicity
notation A =< 1, pa, -+ > for A.

In our work for this paper, we have algebraically proved this formula for m < 6, and
have numerically checked it up to m = 20. A proof for general m and p is a problem for
future work.

It is interesting to note that since Fj, is a palindromic polynomial (arising from the
q—q"
Explicitly,

invariance of SU(2) characters), these coefficients form a palindromic sequence.

Coeff (¢™, F,) = Coeff (¢" ™™, F,) (5.57)

As the sums over \ in (5.56) get extremely complicated for large m, this is quite surprising,
and leads us to suspect there is more hidden structure in the sum (5.56).
Combining (5.33) with (5.56) gives us an explicit formula for M ,

1
H pi(A)!

i

PR R

Am Lk

Applying this to m = 0 to 4, the formulae are
M p =1 (5.59)
Mip-11p =51 -1 (5.60)
M99 = 52 + 51(512_3) (5.61)
Min—33)p = 83+ 52(51 —2) + s1(51 = 16)<81 =5 (5.62)
Mp_g41p = 54+ 83(51 —2) +s2(s2 — 1) + 82(822_1)
n so(s1 —1)(s1 —4) n si(s1 —1)(s1 —2)(s1 —7) (5.63)

2 24

These formulae are independent of N, so to get finite N multiplicities we impose the finite
N cut-off on p. Including this, the general multiplicity formula is

(5.58) I(p) <N

. o) = N (5.64)

M [n—m,m],p = {
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We can also look at the total A multiplicity M by summing over all p - n

M[n—m,m] = Z M[n—m,m] D

pEnl(p)<N
1
pkn,l(p)<N \AFm L k i Mg .

- > [H(Sxk—k+1)

AFm—1 L k

i) o

From representation theory considerations [40], the sectors with A = [n] and [n—1, 1] do not
undergo a step-change as we turn on the coupling constant. Therefore the weak coupling
combinatorics of these sectors should match the free field combinatorics of section 2.2.
A priori, the combinatorics should agree when considering the entire A = [n] or [n — 1,1]
sector. We find a stronger result: the combinatorics of the Young diagram label R in (2.64)
matches the partition p of this section.

From (5.63), for A = [n] the multiplicity of any given p is 1, while for A = [n — 1, 1]
recall that s; = cp1 is the number of corners of p, so the multiplicity of p is simply the
number of corners subtract 1. As expected, these match (2.66) and (2.67) respectively and
therefore

C(R,R,A) = Mp g (5.66)

for A = [n] and [n — 1, 1].

5.4 Hermite reciprocity and p-orbits of fixed M,

There are collections of p which lead to the same multiplicities for all A. To understand
these, we look at the definition (5.29) of Fjp,. If ¢ > p;, the numerator and denominator
start cancelling, and we end up with

(1 _ qi+1) (1 _ qi+2) (1 _ qurpi)

Fi, = =F,; 5.67
%,Pi (1 _ q) (1 _ qg) (1 _ qpi) pist ( )
We can rewrite this to be explicitly symmetric in i <> p;
_ max(i,p;)+1 max (i o
g () gt - g -
1,Di Piyt (1 _ q) (1 _ q2) (1 _ qmin(i,pi)) :

This symmetry is known as Hermite reciprocity [59] and can be viewed as a property of
SU(2) characters.

We can use this ¢ <> p; symmetry to do transformations on partitions that keep the
product F), the same, and by extension all the associated A multiplicities.

As our first example, take p to be rectangular, so p = [iPi] for some particular choice
of i. Then the conjugate partition p¢ = [(p;)!] has the same F, leading to the same
multiplicities for all A. Note that p¢ = p if i = p;.
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Now suppose p = [iPi, jPi] for ¢ < j. Then there are three candidates for partitions
with the same F', namely

p® = [(pi)i’jpj} (5.69)
p® = [, ;)] (5.70)
p® =)', (03] (5.71)

The partition given by pM) will only produce the same F' if j # p;. If j = p;, then pH)
should be written as [j*T?i] and the F's no longer match. Similarly p®) will only match if
i # pj and p® if p; # p;.

To visualise the transformations taking p to p1:23)

, split p into two rectangles stacked
on top of each other. Then p(!) is obtained by rotating the i rectangle through 90 degrees,
reordering the two rectangles if appropriate, and re-stacking them. In the same manner,
p? is obtained by rotating the j rectangle, and p® by rotating both. We take p = [4,3,3]
as an example

| [

When one of the dimensions of the first rectangle coincides with one of the dimensions
of the second rectangle, one or more of these four options will reduce from two distinct
rectangles into one larger rectangle, and hence to a different F'. If there is one coincidence,
for example p = [3,2] where we have p; = p3 = 1, we only have three partitions with the
same F

o = p® = (5.73)

If there are two coincidences, then the partition is not related to any other via these
transformations. There are three distinct ways for these two coincidences to occur. Firstly,
three of the dimensions could be the same, while the fourth is different, for example p =
[2,2,1,1]. Secondly, both rectangles are squares, with distinct sizes, for example p =
[2,2,1]. Finally, the two rectangles are identical, but are non-square, for example p =
[2,1,1]. These three partitions are shown below

(5.74)

The generalisation to more rectangles is straightforward. A partition made from k rect-
angles can be related to as many as 2 others by rotating a subset of the k rectangles.
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These rotations are only valid if the widths of all the rotated rectangles are distinct. As
an example, consider all partitions of 5. These fall into 4 orbits under these rotations

T
Bl Gl IR

The equivalent classification for partitions of 6 is

R
) - ()

1

In appendices A, B and C, we give explicit formulae for the n = 5,6 basis elements. As

(5.75)

:
El
i
i

expected, the families of partitions above have the same multiplicities for all A.

The first orbit constructed from 2 rectangles to have all 4 dimensions distinct, and
therefore achieve the maximum size of 4 = 22 is found at n = 10 and is shown in (5.72).
The first orbit constructed from 3 rectangles to have all 6 dimensions distinct and have
maximum size 8 = 23 is found at n = 28, and consists of

[N
I
T

, (5.77)
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In the half-BPS sector, the Young diagram label of the Schur basis (2.18) gives us the
properties of the corresponding giant graviton in the AdS/CFT correspondence. A partition
with k£ ~ 1 rows of length L ~ N describes k giant gravitons (or a single giant graviton
wrapped k times) extended in AdSs of angular momentum L. Similarly, a partition with
k columns of length of length L describes k giant gravitons extended in S® of angular
momentum L.

These orbits of partitions with identical multiplicities at all A allow us to identify
families of different giant graviton states that behave the same under quarter-BPS defor-
mations.

Taking the simplest example of a single rectangle with p = [k”], this rectangle rotation
symmetry means k coincident giant gravitons rotating with angular momentum L in AdSs

behave the same way as k coincident giant gravitons rotating with angular momentum L
in S°.
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A system of two AdS giant gravitons with different angular momenta has p = [k, k2]
with ki,ks ~ N and ki # ko. Then we can rotate each of the rows individually to get
p = [k1,1%2] or p = [ks, 1%1], however we cannot rotate both at the same time. Therefore the
behaviour of two non-coincident sphere giants under quarter-BPS deformations is different
to that of two non-coincident AdS giants. This is studied further in the next section.

5.5 Calculation of multiplicities for simplest orbits

For some of the simplest orbits of partitions under rectangle rotation, we can describe the
A multiplicities explicitly. These are dual to one or two giant gravitons wrapped around
the AdSs or S° factors of AdSs x S°.

Recall from (5.33) that (1 — ¢)F), is the generating function for the A multiplicities.
More specifically, the coefficient of ¢ is the multiplicity of A = [n —m,m] for m < L%J

We start with p = [1"] or equivalently p = [n].
(1=q)Fy =1 —-q)F1n=1-¢"" (5.78)

So A = [n] appears with multiplicity 1, and all other A have multiplicity 0. In the dual
string theory, this means a single half-BPS giant graviton cannot deform into the quarter-
BPS sector.

We next consider rectangles with side lengths 2 and k > 2, so p = [2¥] or [k, k].

(1 o qk—‘rl)(l o qk+2)
1—q)Fpm=1—q) Foy =
( q) [k, k] ( Q) Fo 1—¢2

=1+ +¢* + )= gFtt — gh 2 +qzk:+3)
=l4q’ g o+ qH 0 (5.79)

where |k], = 2 {%J is k rounded down to the nearest multiple of 2. Since we are only

interested in the terms with exponent < k = 3,

expression. Then A = [n —m,m| appears with multiplicity 1 if m is even, and 0 otherwise.

we can ignore the O(¢"*!) parts of the

The dual interpretation of p = [k, k] is two coincident AdS giants, while p = [2¥] is two
coincident sphere giants. Then (5.79) states that these states can be deformed deep into
the quarter-BPS sector. In some sense, the quarter-BPS state ‘furthest’ from half-BPS
is A =[5, 5], and this arrangement of giants can be deformed right up to that limit if
5 is even (and only one away if § odd). However, not all quarter-BPS deformations are
available. In particular the ‘smallest’ deformation A = [n — 1, 1] does not exist, and we
must deform by ‘twice’ as much for each step into the quarter-BPS.

Now look at a combination of two rectangles, both with one dimension of length
1. Let the other dimensions be k > [. If k = [, then the orbit has size 1, namely
p = [k, 1¥]. Otherwise, the orbit consists of three partitions, p = [k, 1], p = [k, 1'], p = [1, 1¥].
The considerations of the orbit size do not affect the calculation of multiplicities. This
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calculation is

1 — 1) (1 — g+
(1—Q)F[k,l]:(1—Q)F1,kFLl:( . 1)_(q )

:(1+q+q2+”‘)(1_ql+l_qk+1+qk+l+2)
=14q+¢+ - +q +0(¢" (5.80)

So A = [n — m,m] appears with multiplicity 1 if m < and 0 otherwise.

For k > [, based on the argument that keeping Y (p) fixed and deforming A = [n]
to A = [n — na,ng| preserves the qualitative physics of the giant states, we expect the
partition p = [k,[] corresponds to two non-coincident AdS giants when k,[ are of order
N. The multiplicity of A we are getting above is precisely the multiplicity of U(2) reps in
(A =1[k]) ® (A =l]). Indeed the U(2) representation for the quantum states constructed
from multi-symmetric functions M, with associated partition p = [k, 1] is Sym*(Va) ®
Sym!(Vs) = Rgf[,)c] QR ([l)] The case p = [k, k| corresponds, by the same argument, to
bound state of two AdS giants of angular momentum k. In this case the multi-symmetric
construction gives the U(2) representation Sym?(Sym* (V1)) = Sym?2(A = [k]), which is
the symmetric subspace of R ([,)C] ®Rp Ul []2:] The projection to the symmetric part accounts
for the missing powers of ¢ in (5.79) compared to the p = [k, (] case (5.80).

To look at two non-coincident sphere giants, we consider p = [, 1,k —] for k > [. After
rotating both rectangles, this is equivalent to p = [2!,1¥7!], corresponding to two sphere
giants of momenta k and [ respectively. This has
(1 _ ql—i—l)(l _ ql+2)(1 _ qk—l—l-l)

A=) ey =0 —@)F2 P11 = 10—
= (1 — gF L gt g2 4 28 4 O(gh))

1+qg+2¢2+23+3¢* +34°+...) (5.81)

Where we can ignore terms of order k£ and higher as these exponents are greater than
n _ k+l

7= "%
Let ay, = 0 for m < 0 and a,, = || + 1 for m > 0, the coefficient of ¢™ in the second

factor of (5.81). Then the coefficient of ¢ in (5.81) is

M —mm) Ll e—1] = Om — Cm—kt1-1 — Gm—1—1 — Gm—{—2 + Gm_21-3 (5.82)

The exact formulae for the multiplicities depend on the relative sizes of k and [. If k < 21,
then

1 0<m<k-1

L J

SE

+

N\S

M sy = § 1] — | =52 k—l+1<m<l (5.83)
3] = [ el l+1<m < Y

where we have used

r_lJ*V%J_c_1+c_2_;_c_2 (5.84)
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forc=m — 1.
If 21 < k < 3l, then

M[n—m,m],[l,l,k—l] = L%J -m+Il+1 [+1<m<k-1 (5.85)

Finally, if £ > 3l

2 +1 0<m<lI
Ml lih—) = { | 2] —m+1+1 1+1<m <2l (5.86)
0 20+1<m<EH

For two sphere giants of momenta k,! < N, the multiplicities fall into category (5.83).
Roughly speaking, the multiplicity of A = [n — m,m] increases as § until reaching %
It then stays constant until m reaches [ before turning around and decreasing for m > [,
reaching 0 at m = 3.

From the construction based on multi-symmetric functions, the states for p = [2!, 18]
form, in all the cases, the U(2) representation

Sym'(Sym?*(V3)) ® Sym" ! (V5) = Sym?(Sym’(V2)) ® Sym" (V%)

U@ U
=Ry ® Ry ey

_ RV o RV

=Ryt @ R (5.87)

So the construction implies that the 2-sphere-giant system for p = [2¥ 1*7!] have the
same multiplicities as a composite consisting of the 2-sphere-giant bound state p = [2l]
along with a I-sphere giant system [1%*~9], while Hermite reciprocity further implies that
these multiplicities are also the same as those of an AdS 2-giant bound state of angular
momentum [ composed with a single AdS giant of angular momentum & — [.

We can see a marked difference between the behaviour of two non-coincident sphere
giants compared to two non-coincident AdS giants. In (5.80) the multiplicity of each A
was at most 1, so there was a unique way of deforming the arrangement of AdS giants at
each stage on their way into the quarter-BPS sector. Furthermore, the furthest possible
deformation was m = [, the lesser of the two momenta of the gravitons. With (5.83) the
multiplicities can be larger than 1, and are non-zero right up to m = 3. So there are a
multitude of ways of deforming sphere giants, and they can be deformed all the way into
the quarter-BPS. Interestingly, when the two momenta are more uneven, and m can get as
high as m = 2I, there is a cut-off on the possible deformations. This is twice the equivalent
cut-off for non-coincident AdS giants.

We have interpreted p = [2l, 1k_l] as corresponding to two non-coincident sphere giants
in order to compare with the equivalent system of AdS giants. However, when [, k—1[ ~ N,
the rotation p = [I,[, k — ] is exactly the system of two coincident AdS giants of momenta [
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and a third giant of momenta k—I. So two separated sphere giants have the same behaviour
as a system of three AdS giants.

It is worth remarking that there are important differences in how the same Hilbert
spaces of N free bosons in a harmonic oscillator are arrived at in the two problems of
quantizing moduli spaces of sphere giants [17] and the moduli space of AdS giants [18].
In [17] quarter-BPS multi-giant systems are described by Fock space oscillators associated
with higher order polynomials in z,y. In [18] there is a relatively simpler phase space of
classical AdS solutions which is C? (and C? in the more general eighth-BPS case) and the
full Hilbert space is obtained by considering an N particle boson system based on this 1-
particle system. This serves to explain why the gauge theory construction of BPS operators
we are giving here, which is intimately tied to a weak-coupling gauge theory realization of
the multi-free boson Hilbert space, leads to simpler compositeness structures for the AdS
giants as discussed above.

5.6 Partitions with one dominant row or column

There is another family of partitions that have nice properties. Consider p - n in which
the first row dominates the partition, i.e. p = [A1,p], where \y > & and p =7 =n — Ay.

With one exception, when A; = § and p = [A1] (this case has already been considered
in (5.79)), this leads to

1— q)\1+1
Fp = F/\l,lFA - ]_7—qFﬁ (588)
and therefore
(1-qF,=010-¢"""EF (5.89)

Using the second equation in (5.33), we have

M[nfm,m],[)\l,ﬁ] = Coeff [qm’ (1 - Q) H Fi,pi (Q)‘|
= Coeff {qm, (1- q)‘lﬂ)Fﬁ} (5.90)

Since m < § for A to be valid Young diagram and A\; +1 > 5 by the dominant first row
property, it follows that
Coeff (qm, q)‘lﬂFf,) =0 (5.91)

and we can simplify (5.90) to
Min—mm)n,5) = Coeff (¢, Fp) (5.92)

Thus, the generating function for the A multiplicities is just F; and does not depend
on A;. We can now use our study of the coefficients of F' from section 5.3 to give the
A multiplicities. Note that the dominant first row condition has allowed us to obtain a
simple formula for (1—gq)F), in terms of F;. As a result the multiplicities are being obtained
simply from the coeflicients of a known generating function (F}). This is simpler than the
procedure of section 5.3 where the A multiplicities were obtained from the difference of two
consecutive coefficients in Fj,.
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Using the formulae (5.59)—(5.63) we can write

s1(s1—1
Fpla) = 20" Mipn-mm] x5 = L+ 510+ <32 + 1(12)> ¢

+ <33 +sa(s1— 1)+ s1(s1 16)(81 — 2>) e +... (5.93)

Where the s; refer to s;(p), not s;(p).
As previously observed in (5.57), the coefficients of Fj form a palindromic sequence,
starting and ending with 1 at ¢° and ¢”. Adding this to (5.93), we have

s1(s1 — 1)) 2

Z qu[nfmsz[)‘lvp} = 1 + Slq + (82 + 2
m

s1(s1 —1)(s1 — 2
+(53—|—82(81—1)+ 1( ! 6)( L )>q3
+ ...
s1(s1—1)(s1 — 2 .
+<53+82(81—1)+ (51 6)( ! )>q"3
s1(s1—1 N " N
+ (52 + susi = 1) 12 ) "+ 51"+ 4" (5.94)
In summary, for p of the form p = [Ay,p], where p = 7 and A\; > %, the multiplicities
of A = [n] and A = [n — 7, 7] are exactly 1, the multiplicities of A = [n — 1,1] and
A = [n—n+ 1,7 — 1] are the number of corners in p, and the general multiplicity of

A = [n—m,m]| can be read from (5.56) with p = p if m < or is 0 if m > A. Furthermore,
when m < 7, sending m — 7 — m does not affect the multiplicity:

M[n—m,m],[)\l,ﬁ] = M[n—ﬁ-l—m,ﬁ—m],[)\l,ﬁ] (595)

These properties have interesting implications. For a given n, 7 < 5, there are a large class
of partitions with a dominant single row of length n — 7 for which the combinatorics of the
deep quarter-BPS sector are determined by the combinatorics of the near half-BPS sector.
For A = [n — 7, 7], there is a multiplicity of exactly 1 for any of the partitions in this class,
which is the same combinatorics as the half-BPS A = [n]. For A = [n — 7 + 1,7 — 1],
the multiplicity is the same as the next to half-BPS A = [n — 1,1]. For A = [n] and
[n — 1, 1], there is no change in spectrum as we turn on the coupling constant. Therefore
the combinatorics of the A = [n—7, 7], [n — v+ 1,7 — 1] sectors (for this class of partitions)
at weak coupling are determined by free field considerations.

It would be interesting to find out whether this unreasonable effectiveness of the free
theory has any connections to arguments in [20, 60] that important features of black hole
physics in AdSs x S° are captured by the free theory.

More generally, if m < 7 < 5, then A = [n —m,m] is a small deviation from half-BPS
while A = [n — 2 + m, " — m] is a long way into the quarter-BPS sector, and yet their
combinatorics are identical for this class of partitions. An interesting question is whether
for these states with dominant first row in p (or dominant first column) have a well-
defined semi-classical brane or space-time interpretation which can explain the coincidence
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of multiplicities between near-half-BPS and far-into-quarter-BPS regimes. Near half-BPS
states have been studied in the context of the BMN limit of AdS/CFT [61]. In the context
of giant gravitons, the physics of perturbations, in some sense small, of well-separated
multi-giants has been understood [62-64].

Using the rectangle rotation described in section 5.4, similar properties hold for a single
large column. Consider p with a first column of length ©1 and a partition p attached to the
right. This is denoted by p = [1#1] 4+ p. In terms of rectangles we can use for the rotation
symmetry, this is a partition [1!®)] + p with a single column below it of length 1 — I(p).
So setting Ay = p1 — I(p) and p = [1/P)] + p, p is in the same rotation orbit as [A;,p], and
we can apply the logic of this section directly to p.

As an example, consider p; = 8 and p = [2, 1], with corresponding A\; = 6, p = [3,2].
This is easiest to see visually

L rectangle | | [

p = + [: || rotation (596)

It is clear that the conditions on a single dominant column are more difficult to work with
than those for a single dominant row. Let p; and ps be the length of the first and second
columns respectively, then to use the analysis of this section, we require pu; — p2 > 3.
This is a far smaller class of diagrams than given by the analogous condition A\; > 5 for a

diagram with a single dominant row.

5.7 Identifying a multiplicity space basis

In discussing the decomposition (5.9) we have not specified a choice of basis for VX’;‘”,
instead introducing a multiplicity index v in the state (5.11). In this section we outline an
algebraic approach to choosing a basis and characterising v.

As seen in (5.4), Rg(z) is a subspace of (V5)®". There is an S, action on (V5)*" by
permutation of the tensor factors, and Rg @) s the subspace invariant under the subgroup
Gp of S,,. For p =< p1,pa,--- >F n, this subgroup, which is discussed in [32], is

Gy = X Sy, [51] (5.97)

where S, [S;] is the wreath product of Sp, with S;. This is defined as the semi-direct
product of Sy, with (S;)"*, where Sp, acts on (S;)¥* by permutation of factors.

G) contains as a subgroup the group G(m) given in (4.55), where 7 € II(n) is a set
partition with block size sizes given by p. G, consists of G(7) with the addition of the
Sy, factors.

The projector onto the G,-invariant space is

P,=—- S o (5.98)



which acts on a permutation 7 € S, via the adjoint action
1
Py(1) = — Z oo (5.99)
Gol 22

This projector was used in [32] to derive the formula (5.37) for My ,,.

On the full space (V)®", the U(2) and S, actions commute, and therefore they still
)
consider the action of the permutation subalgebra invariant under G,-conjugation, rather
than the full group algebra C(S,,). This algebra is

commute on the Rg 2 subspace. Since Rg is the G)-invariant subspace, we should

Ay =B, [C(Sp)] = {a € C(S,) [oao™! =, Yo € Gy } (5.100)

Now A, acts on RU(Q), but commutes with U(2), which means in the decomposition (5.9
p p

mult
VAJ) , We can

it acts only on the multiplicity space components. So to choose a basis for
choose a maximally commuting set of operators in A, and label the multiplicity space basis
by the eigenvalues of these operators.

The algebras A, are in general quite complicated, and finding a maximally commuting
set of operators within them is an involved computational problem that we do not attempt

to find a general solution for. They are a generalisation of the algebras studied in [30, 65].

6 Construction of orthogonal U(2) X U(IN) Young-diagram-labelled basis

In section 7 we show that for any n, N, we can construct BPS operators by applying Gn to
the subspace /\;ljgv C C(Sy), and using the map (2.63) from permutations to gauge invariant
operators built from N x N matrices. The physical inner product on such operators
obtained from 2-point functions uses the element Fy: 6((Gno1)Fn(Gno2)) = d(01Gn02).
An orthogonal basis is obtained by choosing an ordering (section 6.1) on the labels of the
basis elements of ./\;IJSV and Gram-Schmidt orthogonalising. The orthogonal basis elements
S/]?E\/Sfmpw are normalised in the S, inner product given in (2.70) (in section 7 this is the
gn,n inner product). This construction algorithm gives a basis of BPS operators which is
not only orthogonal but also SEP-compatible.

In this section we explain the construction of this orthogonal SEP-compatible basis of
BPS operators from the covariant monomials My a7, 5. We work with N x N matrices
X and Y, of which there are n in total, where we can consider N > n or N < n.

The final output will be a basis of BPS operators of the form

S/%E\;A,p,l/ - Z Sﬁg(Au N)OA,MA,R,T (61)
(YEN
where Oy ar, r.r are the free field operators defined in (2.64) and the expansion coefficients
sﬁ’; (A; N) are functions of N. These will in general consist of a polynomial numerator and
a denominator that is the square root of a polynomial.
Let us give a precise statement of SEP-compatibility for these operators. Take some
N<N , and evaluate these operators on matrices X and Y of size N x N instead of size
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N x N. This means the free field operators with I(R) > N vanish, and the coefficients
are evaluated at N rather than N. Then the operators with I (p) > N will vanish and the
operators with I(p) < N will form a basis for the reduced BPS sector. Moreover, these
are exactly the operators that would be produced by applying the construction algorithm
directly with matrices of size N x N.

Sections 6.1 through 6.4 describe how to construct SEE\?A . and prove that this basis is
indeed BPS and SEP-compatible. In section 6.5 we give an equivalent, shorter construction
that is represented in figure 2. The remaining sections investigate various properties of

the bases.

6.1 Orthogonalisation and SEP compatibility

In order to construct the basis (6.1), we use results from section 7. Define

(N) = Span { My rr, 0 (N) : U(p) > N} (6.2)
(N) = Span { My ur, 0 (N) : U(p) < N} (6.3)

M
M

2H)IN 2V

for some N < N. The operators My ar, po(IN) are constructed by employing the permu-
tation to operator map in (2.63) with matrices X,Y of size N. Orthogonalise M]% against

M% using the S,, inner product (the g, 5 inner product in section 7), and denote the

orthogonalised space by ./\;l]% Note here the distinction between N and N. The operators
are defined using matrices of size N x N, while N is used to separate the operators into
two classes depending on the length of p, the partition label for operators.

The result (7.59) and the discussion below it prove several useful facts.

1. Setting N = N, /\;ljgv is the entire pre-BPS sector.

2. The subspace M%(N ) is within the span of free field operators with [(R) < N.
In particular, operators within /\;l]% do not receive any contribution from free field
operators with [(R) > N. To see this, note that /\;l]% = Im(P)NIm(Fg). The general
gauge invariant operators for matrices of size N are constructed using permutation
group algebra elements cut-off by I[(R) < N. The definition of M%(N ) involves the
stronger restriction [(R) < N.

3. M]%(N ) gives a subspace of pre-BPS operators for matrices of size N. This subspace

is such that, when we reduce N to N by lowering the size of the matrices X and Y to
N x N, these operators remain pre-BPS, and in fact form the entire pre-BPS sector.

The first of these results tells us the minimum work necessary to create BPS operators.
Take an operator M a1, p.(IN) with I(p) < N, and orthogonalise it against M3, to give
a new operator MAVMA%V(N). These form a basis for the quarter-BPS sector. If N > n,
then M3, is empty, and no orthogonalisation is necessary.

However, for N < N, operators MA,MAW,(N ) with I(p) < N are not necessarily
orthogonal to M%, and therefore upon lowering N to N <N , these are no longer pre-
BPS. In other words, this is not an SEP-compatible basis, and more work is needed to find
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one. From the second and third points above, we have a sequence of pre-BPS spaces
MT(N)C -+ € My_(N) C M¥(N) (6.4)

such that for any N <N , the corresponding subspace ./\;ljév is the entire pre-BPS sector

when we lower N to V.

It is now clear how we construct an SEP-compatible basis. Each operator My ar, (V)
must be orthogonalised in the .S, inner product against all operators My as, q.,(IN) with
I(q) > I(p). Then for any N, the orthogonalised operators with {(p) < N form a basis for
M=, Note that operators in different A sectors are already orthogonal from the hermiticity
properties of U(2), so we do not need to consider these. In the subsequent discussion
we will describe in more detail the steps involved in the construction of SEP-compatible
orthogonal BPS operators starting from My ar, . (IN). We will henceforth drop the label
N and simply write My ar, p., With the fact that we are describing the construction for
matrices of size N being understood. The parameter N < N will come up in discussion of

SEP compatibility of the construction.

In section 3.2, we explained that if N < n, then My ps, p, picked an operator that
differed from a pre-BPS operator by addition of a commutator trace. Intuitively, the or-
thogonalisation is removing the commutator trace part to leave only the pre-BPS operator.

Before implementing the orthogonalisation, recall from section 3.1 that for N > n,
applying Gy to any basis of symmetrised traces gives BPS operators, without any com-
plicated orthogonalisation procedure. From the above, we can give a weaker bound on N
within a specific A sector.

Let pjy be the longest (largest in the ordering (6.6)) partition with My« > 0. In
section 6.8 we prove that for A = [A;, Ag], we have

13 =n— [ 2] 6.5)

Then if N > I(p}), then M3, has no operators transforming on the A representation of
U(2) and the operators My s, », do not need to be orthogonalised before applying G to
get BPS operators.

Returning to the construction, to carry out the procedure we will use Gram-Schmidt
orthogonalisation, which requires choosing an ordering on partitions. To ensure the correct
properties when we lower N to some N <N , we must begin with the longest partition,
and proceed to the shortest. For those with the same length, any ordering would suffice to
create an SEP-compatible basis. A natural choice is to compare the length of the second
column and start with the longer. If this is also the same length, the comparisons proceed
along the columns until one is longer. If the partitions are the same and the operators
occupy a multiplicity space, we do not specify an ordering. Any will suffice.

More formally, this ordering on partitions is the conjugate of the standard lexicographic
ordering of partitions, which compares partitions based on the length of the first row,
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followed by the second row, etc. Given p® = [A1, Aa,...],q% = [u1, 2, . ..], then

/\i:ui i<k

p>q <= thereisak > 1 such that { (6.6)

Ak > g

The operators obtained by performing the orthogonalisation are denoted by Q A M poje-
In section 6.8 we prove that M Apy = 1,80 we drop the multiplicity. For this partition
we have

QAzMAva = MA7MA7pj\ (6'7)

If we are performing the algorithm with N < [ (p} ), then the associated operator My Mpp}
will reduce to a commutator trace or vanish. In the former case, there is no difference to
the algorithm, while in the latter, we instead start the orthogonalisation with the largest
p such that My , > 0 and the associated operator does not vanish. This partition will not
necessarily have multiplicity 1.

For the remaining p, v the orthogonalised operators are defined inductively

<MA,MA7P1V’ QA,MA:‘IM>S

(‘1u77)>(P7V) <QA:MA7Q7TI7 QA»MA711777>S

= QA,MA,QW (68)

n

QA,MA,pﬂ/ = MA,MAJ),V -

where by (q,n) > (p,v) we mean either ¢ > p in the ordering (6.6) or ¢ = p and n > v.
Similarly to the first step, it may occur that QA7 My pp = 0 for some operators with
I(p) > N. Such operators are excluded from the rest of the orthogonalisation algorithm.
It is implicit that the sum in (6.8) does not run over these values of ¢, 7.
In order to compare the different Q A, M, pvs We normalise to have S;, norm 1

QAzMA7p7V

QAvMA7p7V - — —
\/<QA7MA7P7V’QA7MAVP7V>

The new operators Qa ar, pv are an SEP-compatible basis for pre-BPS operators. They

(6.9)

Sn

are orthonormal under the S, inner product, and form a stepping stone on the way to
producing (6.1).

From the arguments above, we know that when expanding Qa s, p,, in terms of the
free field BPS operators (2.64), only those operators with [(R) < [(p) contribute.

6.2 An example: field content (2,2)

We now give an explicit example of this construction for the field content (2,2) sector at
N > n = 4. While doing so, we will observe various features that generalise to higher
orders. These are discussed in later subsections.

We begin with the operators My ar, . given in (5.14)—(5.22). The ordering (6.6) for
partitions of n = 4 is

[1,1,1,1] > [2,1,1] > [2,2] > [3,1,1] > [4] (6.10)
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6.2.1 A = [4] and [3, 1] sectors

Orthogonalising in the A = [4] sector, and normalising with respect to the \S,, inner product,

we obtain
1
QUIEE, 11.10] = 7 [—4TrX2Y2 — 2Ty (XY)? +4Tr X2V TrY +4Tr X TrXY?

+2(TrXY)? + TrX2TrY? — Tr X2 (TrY)?
AT X TEXYTY — (TeX)? Y2 + (TeX)* (TrY)?] - (6.11)

QEIEE, 21,1 = T/ [4TrX2Y2 4 2Ty (XY) = 2(TrXY)” = TeX2Try 2

é'_l

— TrX?(TrY)? —4TrXTrXYTrY — (TrX)? Try?

+3 (TrX) (TrY)’] (6.12)
QR 22 = 2\1/6 [2 (TrXY)? + TrX?TrY? — 2Tr X2V TrY — 2Tr X Tr X Y2
+(TrX)? (Try)?] (6.13)

1 2v2 2 2 2 2
Qmerm, 31 = NG [—4TTX Y —2Tr (XY)” - 2(TrXY)" — TrX°TrY

+ TrX2 (TrY)? + 4T XTe XYTYY 4 (TrX)? Try?
+3 (TrX) (TrY)’] (6.14)

QupEm, 1 = NG [4TrX2Y2 +2Tr (XY)? + AT X2Y TrY + 4Tr X TrXY?

é»ﬂ

+2(TrXY)? + TrX2TrY? 4 (TrX)? (TrY)?
+Tr X2 (TrY )2 + ATe X Tr XY TrY + (TrX)? Tryﬂ (6.15)

where we have suppressed the trivial multiplicity indices, and omitted A as this is deter-
mined by the shape of the semi-standard tableau M.
For A = [3, 1], the orthogonalisation process produces

1
Q = [—2TeX2YTrY + 2T X TrX Y2 + TrX? (TrY)” - (TeX)* TrY?| (6.16)

1
Q7 50 = 2T XY Ty — 2T X TrX Y2 4 TrX? (TrY)” — (TeX)* Tr?| - (6.17)

For both these sectors, the operators obtained are identical to the free field BPS operators,
given for field content (2,2) in table 1, where the weak coupling label p matches the zero
coupling label R. At n = 4, this is largely pre-determined by SEP-compatibility of the
two bases.

Since the A = [4] and [3, 1] sectors remain unchanged as we turn on interactions, the
free field BPS operators are also the weak coupling BPS operators. As they are also eigen-
operators of Fy, the space of free field BPS operators is the same as the space of pre-BPS
operators. Moreover, in these sectors there are no commutator traces, and therefore SEP-
compatibility for the pre-BPS operators is the same as that for BPS operators, an operator
with [(p) > N vanishes identically.
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Therefore for A = [4] and [3,1], QA am, por and Op u, g+ are both SEP-compatible
bases for the same space. This means the spaces spanned by partitions of a given length
are the same. These spaces are all one-dimensional with the exception of A = [4], p = [2, 2]
and p = [3,1]. Therefore the matching of all but these two is trivial. A priori, the matching
between p and R for p = [3,1] and [2, 2] is surprising.

More generally, we find the same behaviour for all n < 7, which are within reach of
numerical calculations. The p label in Qa ar, p,, matches the R label in Op s, g~ for
A = [n] and [n — 1,1]. Since neither basis specifies exactly how the multiplicities v and
7 are chosen, these will not necessarily match, but they do span the same space. We go
into this in more detail in section 6.9. For A = [n], the matching follows from the fact
the Kostka numbers converting the monomial basis to the Schur basis (2.16) are upper
diagonal in partition indices. For A = [n — 1,1] we leave the matching at general n as
a conjecture.

6.2.2 A = [2,2] sector
The orthogonalised basis of pre-BPS operators for A = [2,2] is

1
Q7[271’1} = 6 (—225[272} + t[2’171]> (6.18)
Qo 2,2 = L (75[2 9] + 12,1 1]) (6.19)
B v (e e
where the trace combinations are
tpay = TrX? (TrY)? — 2Te X TeXYTYY + (TrX)® Try? (6.20)
tpo = TIX?TrY? — (TrXY)? (6.21)

These trace combinations are the A = [2,2], My = parts of the symmetrised trace

covariant basis defined in (5.36).
In order to check the SEP-compatibility of (6.18) and (6.19), we express them as a
linear combination of the zero coupling basis given in table 1. We have

1 (O +20 +30
A =3 (BECTEBE T BE) o
L (V2o _0 )
T3 He Be 6.23
e T U3 ( eR e R (6.23)

The only commutator trace at field content (2,2) is

Tr X[X,Y]Y = TrX%Y? — Tr(XY)?
V3 (0 +20 ~0
-7 (BT BEm T BE) e

It is simple to check that for N > 3

Tr X[X, Y]Y>

Tr X[X, Y]Y> =0 (6.25)

= <Q ,[2,2]
s,

<Q, (2,1,1]
S,
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At N = 2, comparing (6.22) with (6.24) and recalling that (’) vanishes, we have
B

1
QEEJZL”::—ngXLYJﬂY' (6.26)
2[2]

Therefore (6.22) is no longer pre-BPS. The other operator (6.23) is still orthogonal to the
commutator.

At N =1, both (6.22) and (6.23) vanish identically. Combined with the behaviour
at N = 2, this demonstrates that these two operators form an SEP-compatible basis for
pre-BPS operators in the A = [2, 2] sector.

At N = 2, the finite N relations mean that (6.22) can be written as both a symmetrised
trace and a commutator trace. This is discussed in more generality in section 7, where we
develop the finite N vector space geometry responsible for transforming between the two
types of traces.

6.3 Normalisation conventions for BPS operators

The final step to obtain an SEP-compatible basis for weakly coupled BPS operators is
to apply Gn to Qa a, p, Where I(p) < N. However, the operators GnyQa ar, p, contain
denominators of the form (N —i) for i < I(p) which make it difficult to see how they should
behave when we lower N to N = i.

In this section we prove that by normalising Gn@Qa s, p,» under the S, inner product,
we remove these denominators and obtain an SEP-compatible basis of BPS operators. We
start by continuing the example of A = [2,2] from the previous subsection to show some of
the behaviour that occurs. Working at N > 3, we have

Gx Q __ ! L o V20
VR R T BN - (V) \N +2 B HT T N BRI

3
+N—20ﬂ3> (6.27)
1 <¢2

1
_ % 0 6.28
O A= AN+ ) \ N2 BTN Hﬂ) (629

Now consider lower N to N = 2 and imposing the finite N cut-off. It is unclear how we

should treat (6.27), since the operator (9 vanishes, yet we also have a division by
2[2]’

zero. Let us resolve the ambiguity by declaring that this term should indeed vanish. Then
at N = 2 we have

1 1 1
=———=1(79 +—7=0 ) 6.29
QNQ,p,Ll] 123 (4 H:D /2 Hﬂ (6.29)
This is a perfectly well defined operator, yet GnQa ar, p, Was meant to be an SEP-

compatible basis. For BPS operators, this means (6.27) should vanish after reducing N
to N = 2.
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The resolution of this problem is to normalise GnQa a1, p,, in the S, inner product.
Define
QBPS gN QAvMA7p7V

A, My ,p,v
A \/<QN QA My p|GN Qa My po)s,

(6.30)

For A = [2,2] we have

1 _ _
OB o= sy (M VRV 9 -9
+3N(N + 2)Oﬁﬂ> (6.31)

QBES V2N O (N +2)0 6.32
a7 (VB % m 32
where the normalisation polynomials are

Pi(N)=3N*+8N%+6N?+38 (6.33)
Py(N) =3N? + 4N +4 (6.34)

There is now no ambiguity in the definitions of the operators after lowering N to N = 1,2,
and they vanish identically for N < [(p), thereby forming an SEP-compatible basis for
BPS operators.

We now generalise to arbitrary A. Take some operator Qa s, p, With [(p) < N and
expand it in terms of free field operators

QA,MAJ),V = Z q;j;/TOA,MAJ%,T (6.35)
R,T
I(R)<I(p)

for some coefficients ¢%7. The limit I(R) < I(p) on the sum was discussed below (6.9).
Define the set

Y,, = {R qpy # 0 for some 7'} (6.36)

Intuitively, Y}, is the set of Young diagrams R that contribute to Qa ar, p.- Define RJ*
to be the minimal Young diagram that contains every R in Y}, and R}' to be the maximal
Young diagram that is contained within every R in Y}, ,. Define

() = frmx(N) DI(N) = Frpp (N) (6.37)

where fr(N) is a polynomial in N depending on the shape of R. It is defined in (2.29)
as a product of linear factors. Intuitively, f3*(IV) is the lowest common multiple of the
different fr for R € Y),,, while fi"(N) is the highest common factor.

As an example, consider the previous example with A = [2,2] and p = [2, 1, 1]. We have

Y11= {H:D’ Hﬂ’ @j} (6.38)
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and

2. = FET(N) = (N +2)(N + )N (N — 1)(N - 2) (6.39)

By =[P S (N) = (N + 1)N(N = 1) (6.40)

Using f,77*(IV), we can factor out the denominators in GNQa ar, p,.- We have

G ma"( )
g Q DV — o o R = q =0 , ,T
N A,MA D, %; fR(N) A,MA R, ]glax( Z (N) A MA,R
I(R)<i(p) l(R)Sl( )
(6.41)
f,S“SX(N)

where the coefficients “raNy are simple polynomials in N made up of products of linear
factors. Therefore the S, norm of GNQa a7, pv 18

|gN QA,MA,p,V@n = <gN QA,MA,p,z/‘gN QA,MA,p,V>Sn = (642)

where the numerator polynomial is

7— max(N) 2
Ppu(N) = ; <qff fR(N)> (6.43)

I(R)<I(p)

This polynomial is a sum of squares, and therefore can only vanish if all terms are zero.

f’jﬁ;’)((](v)) is a product of simple linear factors in N, this in turn can only occur if there

Since
is linear factor common to every term. From the definition of fJ}* as the lowest common
multiple of the fr that appear in the sum, this does not happen. Therefore P, ,(N) is
positive for any N. In particular, it remains positive when we evaluate it on N < N.
We have

maX(N)
QX pv Gy Oy R, (6.44)
yIVIA P, Pp V(N) Z N) A T
l(R)Sl( )
We now prove this vanishes when we lower N to some N < I(p). The properties of P o (V)

max N
mean there are no divisions by zero to concern us, and we focus on the coefficients f 0 ](\,))

By construction, Qx az, p reduces to a commutator trace when we lower N to N <
I(p). Therefore it must contain at least one Oy ar, g With [(R) = I(p), otherwise it would
remain S, orthogonal to commutator traces if we lowered N to N = [(p) — 1. Therefore

l(p)—1

(N D H (6.45)

where D means f,7* contains these as factors. By definition

fr(N) > H (N —1) (6.46)
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it follows that if R € Y}, ,, the coefficient in front of O as, g, contains

max(N) l(p)—1

B — i :
V) ngR)(N ) (6.47)

This ensures that if [(p) > N, all terms in the expansion (6.44) vanish when we lower N to
N. If I(R) > N, O, My R+ vanishes by definition, while if I(R) < N, the factors in (6.47)
set it to zero.

Therefore QEE@AW vanishes identically when we lower N to N <1 (p), and hence this
is an SEP-compatible basis for weakly coupled BPS operators. This justifies the statement
made in section 3.1 that applying Gy to an SEP-compatible basis of pre-BPS operators
gives an SEP-compatible basis of BPS operators.

An alternative viewpoint is to look at the physical F-weighted inner product. We have

9 max(N)P(i)(N)
BPS _ _ Jpv P,
’QA,MA,p,V F - <QA,MA,p,l/ QA,MA,p,V>]: — PPW(N) (648)
where the new polynomial in the numerator is
2 max(N)
PN = ghT) R 6.49
W= 3 (@) T (6.49)

L(R)<I(p)

The overall factor of f)73*(N) in (6.48) ensures that it vanishes when we lower N to some

N < I(p). As a consistency check, we also prove that it is non-vanishing when N > I(p).

max( )

This relies on noticing that the linear factors in % are all of the form (N — i) for

—n < i < [(p) — 1. Therefore % > 0 when N > I(p). It follows that Pﬁ)(ﬁ) > 0,
and the result follows. "

In the planar (N — oo) limit, applying Gy reduces to division by N, and therefore
after S,-normalising we have

BPS _
QA,MA,p,I/ N—o0o - QA7MA7P7V (650)

Since QA a7, py 18 a symmetrised trace at large N, this means commutator traces are
sub-leading in the large N multi-trace expansion of QEE\?AJ)W'

Having constructed an SEP-compatible basis of BPS operators, the natural next ques-
tion to ask is whether we can find a formula for their correlators. This uses the physical
F-weighted inner product. From the hermiticity of U(2), the QES@A . are F-orthogonal in
the A, My labels, but in general are not in p, v. Therefore studying correlators involves cal-
culating a matrix of inner products. In the next section we F-orthogonalise the Q%E@AWJ
in order to produce an F-orthogonal SEP-compatible basis in which it is easier to study
properties of correlators.

In this section we have normalised operators using the .S, inner product. This is in
some sense un-natural, as the QEESA,IW are not orthogonal in this inner product. There

is another, alternative normalisation we could consider. In (6.44) we have a complicated
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normalisation factor of (P, (N ))71/ 2 which if removed, would mean the coefficients of the
free field operators (and multi-traces) would be expressible purely as polynomials in N.

This is a natural normalisation to consider, and is given simply by

To "GN QA My pw (6.51)

However, this is more difficult than the S,, normalisation, since it involves knowing which
free field operators appear in the expansion of Qa s, p., and the free field operators are
computationally expensive to construct. In contrast, the .S, normalisation can be deduced
purely from an expression in terms of multi-traces, which is obtainable explicitly from the
construction of Qx ar, p.v-

In section 6.9 we prove that for A = [n], the Q4 s, p exactly reproduce the free field
basis Op ar,.r,> Up to a choice of multiplicity basis, and conjecture that the same happens
for A = [n — 1,1]. If this is true, then for these A, applying G and S,, normalising leaves
the operators unchanged and we have

BPS
QA,MA,p,l/ = QA,MA,p,V = OA,MA,R:p,T:V (652)

6.4 JF-orthogonalisation

To define an orthogonal SEP-compatible basis, we Gram-Schmidt orthogonalise the

QEPEA . Operators using the physical F-weighted inner product and the same ordering de-

fined in (6.6). We denote the orthogonalised operators by g}?l}/s[/\ .o and after normalising

them to have S, norm 1, SEI?\;?A b
Let p}.y be the largest partition with My ,» >0 and l(pf\;N) < N. Then in analogy

o (6.7), (6.8) and (6.9), we have

GBPS _ ~HBPS
SaMy .y = QAP (6.53)
(QRTS, 50 SB5S )
oBPS _ HBPS AsPsV? A9/ F GBPS
SA7MA7p7V - QA7MA7P7V B Z SBPS BPS A7MA7q7T] (6'54)
(am)>(p,v) < A,Mp,q,m? A:MA’(I777>]-‘
Ug)<N
525
Sy = et (6.55)
GBPS 18 gBPS
Sk Mpp VA Mypv /g

where [(p) < N.

Note the difference in the starting point of the orthogonalisation compared to (6.7).
When S, orthogonalising the pre-BPS operators, we began with p} = p’j\; o even if I(p}) >
N, whereas this time we apply the finite N cut-off to the partitions being orthogonalised.

From the construction it follows that Qﬁ%\?{,\ an only contributes to SEI?VS[A o if ¢ > p.

QBPS

Upon lowering N to N, since the operators with I(q) > N vanish identically, the

SBPS will also vanish for I(p) > N, and therefore this is an SEP- compatible basis.
Note this relies on Qﬁlﬁmq , Dot appearing with a coefficient of 57— for i < I(q), a
this would upset the SEP-compatibility in a way similar to that descrlbed in (6.29). Asin

the previous section, the S, normalisation ensures this does not occur.
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In the planar (N — oo) limit, the physical F-weighted inner product reduces to N"
times the S, inner product, therefore F-orthogonalising is equivalent to Sj,-orthogonalising.
From (6.50), the Q—/B;}?S[A@V operators reduce to the pre-BPS operators Qx ar, p, in the
planar limit, which are already S, orthonormal. Therefore

BPS
SKMapw|y o = @AMy pw (6.56)

Below (6.9) we explained that only those free field operators with [(R) < I(p) contribute
to QA amy py- After orthogonalisation, the S}?E&mpw can admit operators with I(R) > I(p),

but (6.56) proves that these are sub-leading at large V.

Furthermore, just as discussed for QES@AJ)W below (6.50), commutator traces are sub-

leading in the large N multi-trace expansion of SEESMW.

6.4.1 The A = [2,2] example

We begin with the operators (6.31) and (6.32). After F-orthogonalising and normalising
with respect to the .S, inner product, we obtain

BPS 1 N(N —2)0 +V2(N = 2)(N +2)0O
57[2,17”_ N/ ( ) B:D ( )( ) Hﬂ
+3N(N +2)O
( )@3> (6.57)

1
sBes (2N = 1)Ony ~ V2(N +1)0m
BR 22 2R(N) B H sk
+0
@3) (6.58)
where the normalisation polynomials P; and P, are given by

P(N)=3N*+8N%+6N%+38 (6.59)
Py(N) =3N%?+2 (6.60)

Written in terms of traces, these operators are

1
SBES :{N2 2N —2)tp 1y — 2N (N + 1)t
,[27171} 2v/3P; (V) ( + ) [2,1,1] (N + 1)t
+A(N +1) TrX[X, Y]y} (6.61)
S = # [N(tp 1,1 i 2]) —2TrX[X, Y]Y:| (6.62)
BEk (2,2] /GPQ(N) ,L, )

6.5 A shorter algorithm

In the previous sections we have given a method to derive an orthogonal SEP-compatible
basis SESVSIA,@V‘ This method goes through two orthogonalisation procedures, applying
Gn inbetween. The first step used the .S, inner product and involved all the partitions,

- 69 —



the second used the F-weighted inner product and only included those partitions with
l(p) < N. This means the partitions with {(p) < N are orthogonalised among each other
twice. We now prove that one may simplify the first orthogonalisation procedure to only
orthogonalise against those p with [(p) > N and still obtain the same final output. This
simplifies the computational requirements, and is also conceptually simpler, for reasons
that will be outlined below.

To prove this streamlined procedure produces the same BPS operators, we first recall
some useful facts.

6.5.1 General properties of Gram-Schmidt orthogonalisation

Consider two bases {v;} and {e;} of a vector space V', where the second is orthonormal.
Then orthogonalising v; results in the basis e; (up to normalisation constants) if and only
if the matrix connecting the two is lower diagonal.

(0} B {e) = =Y Ay (6.63)

J=i

Note that the orthogonalisation process here is the opposite way round to the standard
Gram-Schmidt orthogonalisation one would find in a textbook. Ordinarily, one starts with
minimal ¢ and proceeds to larger i, and therefore obtains an upper diagonal A matrix.
In (6.63), we start with maximal ¢ and decrease, since this is the approach taken in (6.8).

Now introduce another basis {u;} for V', not necessarily orthogonal. This is related to
{v;} by a matrix Bf

u; = Z Blv; (6.64)

Then it follows from (6.63) that if BZ is lower diagonal, {u;} and {v;} orthogonalise to the
same orthonormal basis {e;} (up to normalisation constants).

6.5.2 Back to SEP-compatible bases

As explained below (6.3), the S,, orthogonalisation of M% against M7, gives us pre-BPS
operators. In (6.8), the continued S, orthogonalisation among partitions with [(p) < N
gives us SEP-compatibility, but is not required for the operators to be pre-BPS.

To split these two steps us, define the operators M AMy pw DY

My . = My, (6.65)

— <MA7MAyp7V’ MA7MA7Q777>S —
MA7MA’p7V = MA)MA7p)V - Z RMA7MA7q7n (6'66)

(¢,1)>(p,v) <MA7MA1%"7’ MA,MA7Q7U>S
l(g)>N "

where for p with I(p) > N, we have the same caveats as mentioned around (6.8) regarding
vanishing of operators. Namely, some of the M A My pp With [(p) > N may vanish as the
algorithm proceeds. These operators are excluded from the rest of the orthogonalisation;
it is implicit that the sum in (6.66) does not run over these values of g, 7.
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The operators M A My prv for I(p) < N form a basis of pre-BPS operators (the space
/\;IJSV), while the operators with [(p) > N are merely a computational tool in order to find
this basis, and serve no further purpose here. From now on, when we refer to the operators
M A My pw> We will implicitly mean only those with [(p) < N.

The equations (6.65) and (6.66) constitute an implementation of the orthogonalisation
process described in (7.70).

The M, A, M, p,v OPerators were briefly mentioned above (6.4). The corresponding BPS
operators, normalised in the S;, inner product, are

- GNMA M, po
Mty p AP (6.67)

’gNMA7MA)p7V S,

Compare the construction (6.66) of the M A,M, p,v Operators with the construction (6.8) of
the S,, orthogonal basis Qx ar, .- The algorithms are the same for those p with I(p) > N,
while for those p with I(p) < N, the former stops the orthogonalisation at ¢ with I(¢) = N
and the latter continues the orthogonalisation over all ¢ > p. Consequently, performing a
Gram-Schmidt orthogonalisation process on the M A M, p,v leads to the Q ar, 5 Operators.
Stated more explicitly, if we replace the My ar, ., operators in (6.8) with MA7MA,p7,, (and
restrict p and ¢ to have I(p),l(q) < N), this would not change the output.

Since QA n, py can be obtained from M MMy py Dy Gram-Schmidt orthogonalisation,
it follows from (6.63) that the two bases are related by a lower diagonal matrix

QA7MA,P7V = Z agg:z))MAyMA,q,"? (6'68)

(am)>(p.v)

Uq)l(p)<N
After applying G and normalising under the S,, inner product, the equivalent BPS bases
QE,F;SA%V and M /]\371]3\2\%” are related by a rescaled lower diagonal matrix. Then from the
discussion below (6.64), it follows that performing Gram-Schmidt orthogonalisation on
either of the two bases in the physical F-weighted inner product will result in the same

;o oBPS
final basis Sy -

Therefore one may obtain the SEE’&A .y Dasis in a simpler manner by F-orthogonalising

the MA’MA%V basis, much as we did in (6.53)—(6.55)

oBPS _ asBPS
AMapy = MAML Py (6.69)
< \1BPS GBPS >
_ _ My ,p,v? M, =
BPS o BPS _ S AVIA P, ,AVIA LG, F oBPS
AMp,pv — A, My ,p,v Z SBPS oBPS A,MA,q,n (6'70)
(g;m)>(p,v) A Mp,qm “ A Ma,qm F
lg)<N
st
SBPS _ yIVIA P,V (671)

A,Mp,py — —
SBPS ’SBPS
AvMA7p7V A7MA7p7V Sn

where I(p) < N.
This approach to producing the S/]?I?VS[A . Operators still involves two orthogonalisation
steps, but the first is now computationally less demanding, and can be completely skipped if
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N > 1(p})- Moreover, there is a clearer conceptual separation between the two steps. The
first one obtains pre-BPS operators, while the second one finds an SEP-compatible basis.

This process skips the Qx a7, ., operators, but they still have physical relevance as the
planar limit of S/]?E)VSIA,p,w and were mathematically useful in proving the SEP-compatibility

of these operators.

6.6 Choice of SEP-compatible basis

In the section 6.4.1 we derived an orthogonal SEP-compatible basis of operators for the
A = [2,2] sector. This sector was also investigated in appendix C of [32], and a different
orthogonal SEP-compatible basis was found. One can check that the two bases span the
same two dimensional space for any N > 3, and when N = 2 we find exact agreement
of operators.

The SEP-compatibility determines the behaviour of such a basis for N = 1,2, but for
higher NV there is a large degree of freedom. Define the F-normalised operators AE‘E\?A%V

for a generic A by

SBPS
aoBPS _ A, Mp,p,v (6 72)
AMapy = [ oBPS | SBPS ’
A7MA7p7V AvMA7p7V F

Let ¢(N) and s(NN) be two functions of N satisfying
c(2) =1 5(2)=0 (N2 +s(N)?=1 (6.73)

We can use ¢ and s to rotate the A = [2,2] F-normalised basis operators to a new config-

uration
O1 = ¢(N)SEES + s(N)S 6.74
1= c(N) , [2,1,1] (V) ,[2,2] (6.74)
_ GBPS a
02 — S(]\[)*S'7 [2’171] + C(»]\I)AS'7 [2’2} (675)

To avoid problems with vanishing denominators at N = 2, we normalise O1, Oy to have
norm 1 in the S, inner product. These then define an alternative orthogonal, SEP-
compatible basis for weak coupling quarter-BPS operators in the A = [2, 2] sector.

As s(N) is determined by c¢(N), there is effectively a function’s worth of freedom
in defining an orthogonal SEP-compatible basis. Clearly the vast majority of these will
have definitions with far more complicated coefficients than those in (6.57) and (6.58)
(or equivalently (6.61) and (6.62)). An interesting question is whether we can uniquely
characterise a basis by having the ‘nicest’ coefficients. For example, the coefficients in the

N+1+V2NZ+1 (6.76)

These involve a sum of polynomial and surd terms, whereas the basis (6.57) and (6.58) has

basis of [32] are of the form

coeflicients that are polynomial in N up to an overall normalisation. One possible criterion
would be to demand a basis with polynomial coefficients (up to overall normalisation)
whose polynomials have minimal degree. If unique, these operators would in some sense
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be the ‘simplest’ orthogonal, SEP-compatible basis. It is reasonable to conjecture that
BPS : :
SA,MA,p,u form this basis.
For more general A, take an N-dependent orthogonal rotation matrix R(A; N) of size
M A X M As where

My= D My, (6.77)
pFn
I(p)<N

When evaluated at N < N , the matrix should split into diagonal blocks

(6.78)

0  R>(A;N)

where R>(A; N) rotates those partitions with length I(p) > N among themselves and
R=(A; N) rotates those partitions with length I(p) < N among themselves.
Then consider the S,, normalised versions of the operators

aBPS
> RSN SEN, oo (6.79)
q’
l(q)gN
These form an alternative orthogonal, SEP-compatible basis for the weakly coupled
quarter-BPS sector.

6.7 Physical norms of BPS operators

For the free field operators (2.64), the physical norm fr is a polynomial in N that is closely
related to the corresponding Young diagram R. It has mathematical significance as the
numerator of the Weyl dimension formula for U(N) representations. We now investigate the
physical norms of the weak coupling BPS operators SEESMW, beginning with an example

at A = [2,2]. These operators are given in (6.57) and (6.58), and have physical F-weighted

norms
wrs |17 BN24HAN —2)(N +2)(N + 1)N3(N — 1)(N —2)
ST 211 — P (6.80)
7 1 1
wps || (BN2+4N —2)(N + 1)N3(N — 1)
7 b 2

This has two key features that will generalise. Firstly, the liner factors in the norms reflect
the SEP-compatibility, enforcing that the first operator vanish for when we lower N to
N = 1,2 and the second operator vanish when we lower N to N = 1. However, both
norms have more linear factors than just those required by SEP-compatibility. For these
two p, the numerators contain f;, as a factor. This does not generalise to all p; in (B.175)
and (B.179) we see that the numerators in the norms of p = [2,2,2] and [3, 3] operators
are one linear factor short of containing f,,. It is unclear whether these are exceptions, or
whether at large n, very few operators contain f, in the numerator of the norm. It would
be interesting to understand the linear factors that appear in the numerator and whether

these have a physical interpretation.
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Secondly, the numerators share a factor of (3N2 +2N — 2). In appendices A, B and C
we see that consecutive partitions (in the ordering (6.6)) share a complicated polynomial
factor in the numerators. We believe this generalises to larger n, though it may be an
artefact of the orthogonalisation process. This is discussed further in appendix B.4.

While the numerators of BPS norms have interesting properties, we have not found any
structure in the denominators. They arise by dividing through by the square root of the
Sy norm, and from our numerical calculations do not seem to factorise into smaller units.

6.7.1 Norms of operators with multiplicity

The norms (6.80) and (6.81) can be considered as characteristic functions of A along with
the partitions [2,1, 1] and [2,2] respectively, just as the norms of the free field basis are
characteristic polynomials of the Young diagrams.

For the free field covariant basis (2.64), the physical norms depended only on R and not
the U(2) Young diagram A or the multiplicity 7. For the weak coupling basis, the norms
can now depend on A,p and v. The dependence on A and p is completely determined
by the construction, while the dependence on v is dictated by the choice of multiplicity
space basis. We now outline a way of extracting functions of N that do not depend on this
choice, and are therefore associated to the pair p, A.

n (6.72), a rescaled BPS basis SEE’VS[A p Was defined, orthonormal in the physical
F-weighted inner product. A different choice of multiplicity basis would result in an or-
thogonal rotation of these operators, and any trace over the multiplicity index is therefore
independent of the this choice.

In particular, consider the matrix of S,, inner products. For a trivial multiplicity
space, this would be a 1 x 1 matrix containing the reciprocal of the norm | E}J)\/S[A’p’ 2.
The appropriate generalisation to non-trivial multiplicity should therefore be to take the
reciprocal of the trace, and we should also divide by the dimension of the multiplicity space.
So the invariant function is

My -1
3 BPS BPS
fAvP = Z <SA MA,pV A MA,p,V> (682)
M Ap =1

Note that the hermiticity properties of U(2) imply that we can choose any semi-standard
tableau M, and it will not affect the calculation.

We can also use the square/cube/. . .of the S, inner product matrix to extract further
basis-invariant functions of N. Let A be the S,, inner product matrix. Then we have

1

k

fAjp ( My, TrAk> (6.83)

Where we have taken the kth root in order to have functions of the same degree in V. This
stack of powers only goes up to k < My, before the invariants are no longer independent.

In appendix B, we see two examples of non-trivial multiplicity spaces in the A = [4, 2]
sector, both of dimension two. In section B.3 we show the calculation for p = [2,2,1,1] in
some detail, while we are more schematic for p = [3,2,1].

74—



In both examples, the numerator of f/(\zl)) is the same as f/(\ll)), though the denominator
is not. As discussed below (6.81), this is further evidence that we should only look at the
numerators of the BPS norms, giving a single characteristic function for a given A, p.

6.8 Longest p for a given A and explicit quarter-BPS operators

Due to the computational nature of the orthogonalisation process to derive SEP-compatible
BPS operators, it is difficult to give explicit formulae for many of the SE}EA%V operators.
The exception is for p}{, the longest partition with My , > 0. Shortly, we will prove that
this has M Aps = 1, so we drop the multiplicity index. Provided N > [ (p} ), the operators

with partition p} do not get orthogonalised, so we have the formula

GNMp vy p
S My ,p
E,F;mej‘\ — APA (6.84)
‘gN A7MA7pA Sn
where
Ma vy py = Z BX,MA,pRMp (6.85)
pH(n1,n2) :p(P)=p}
= > BY vy O T (6.86)
pH(n1,n2) 1 p(P)=p}
q(n1,n2)

and we have used (5.13) to express M a, pr in terms of Mp, (4.23) to write Mp in terms
of Ty, and Ty is the symmetrised trace operator (3.4).

Explicit formulae for other SEESMW operators in each A sector are much more difficult
to write down as they involve first orthogonalising down the partitions. Of course one may
find non-orthogonal BPS operators by applying Gy to the covariant monomials My ar, ..
(provided N > 1 (p}))-

We can use the results of sections 5.5 and 5.6 to find p} explicitly. As discussed at
the end of section 5.6, we consider a partition p = [1#!] + p with a single dominant column
of length p; attached to a smaller partition p - n = n — . By rectangle rotations, this
has the same multiplicities as a single dominant row partition with first row of length
A1 = p1 — I(p) above a smaller partition p = [1!®)] + 5, where p - 7 = I(p) + 7 and we
are using the notation of section 5.6. We give an example of these relations between single
dominant column and single dominant row partitions in (5.96).

Applying the general formula (5.94) for a partition with a single dominant row, we see
that A = [A1, A2] only has non-trivial multiplicity with p if

Ay <n—p +1(p) (6.87)
Rearranging to constrain p; in terms of A and p
w < A1 +1(p) (6.88)

Not only does (5.94) give this constraint on pi, it also tells us that the multiplicity is 1
if the inequality is saturated. If it is not quite saturated, and instead p; = Ay + 1(p) — 1,
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then the multiplicity is the number of corners in p minus 1. Since p has a dominant first
column, this is just the number of corners in p.

Therefore the maximum possible 1 is obtained when [(p) is at its largest. This occurs
when p = [1"] and I(p) = 7 = n — p1. Plugging this in, we have

A
p<n— (6.89)

Ag

Therefore the maximal jq is n— [%W , with associated p = |1 [TW . If Ay is even then (6.88)

is saturated and the multiplicity is 1. If As is odd, then the multiplicity is the number of
corners in p, which is also 1. These multiplicities agree with the explicit calculation for
two column partitions in (5.82).

Stated fully, for A = [A1, Ag] I n, the longest p with non-trivial multiplicity is

g L S G I

and this multiplicity is 1.

6.9 Orthogonalisation at A = [n]| and [n — 1,1]

In section 6.2.1, we observed that Gram-Schmidt orthogonalising the My a7, ;. with A = [4]
or [3,1] in the S, inner product led to the free field operators Op s, g.. We now prove
that this behaviour is general for A = [n], and motivate a conjecture that this also happens
for A =[n—1,1].

For this subsection, when we use A, we will be referring specifically to A = [n] or
[n — 1, 1], and stated results will apply only to those A.

Recall that for these A, a free field BPS operator is also a weak coupling pre-BPS
operators. Therefore we have expansions of the form

R,T
vV -1 ’

OA7MA)R7T = Z b%,TMAvMA’pJ/ MAuMAvp)V = Z (b )p v OA’MA7R77_ (6'91)

p,v R,

)

Next, recall from (2.74)—(2.76) that the free field operators are orthogonal in the S, in-
ner product. Therefore from the property (6.63) of Gram-Schmidt orthogonalisation, the
My wy pp will orthogonalise to O ar, - if and only if b%VT is lower diagonal. That is, if
the coefficients satisfy

op =0 if (p,v) < (R,7) (6.92)

where the comparison between multiplicities makes sense since the size of the multiplicity
space for a given p = R is the same for the two bases. This is proved in (5.66).

More generally, since neither basis specifies a choice of multiplicity space basis, it is
sufficient to prove that

=0 if p<R (6.93)

then after choosing the multiplicity space bases appropriately, (6.92) and the result will fol-
low.
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6.9.1 A = [n]

In the A = [n] sector at field content (n,0), the covariant monomials My s, . reduce
to the monomial symmetric functions M, defined in (2.10), while the free field operators
O, R, Teduce to the Schur operators s defined in terms of monomials in (2.16). From
these definitions, the two bases are related by the (rescaled) Kostka numbers

sp=Y

pkn

Krgy
[1; pi!

M, (6.94)

The Kostka numbers are the number of semi-standard Young tableaux of shape R and
evaluation p, where these terms are defined in section 2.2.2. To prove (6.93) in this case
we need

Kgr,=0 for R>p (6.95)

Consider R > p with column lengths R¢ = [A1, Ao, ...] and p© = [p1, p2,...]. By definition
there is some [ for which A\; = p; for all i < [ and A; > p;. Now take a semi-standard
Young tableaux of shape R and evaluation p. The entries in the first column must strictly
increase, so the entry at the bottom of the first column is > A;. Since the evaluation is p,
the available numbers to use are 1,2,...,p; = A1, so we must fill this column with exactly
the numbers 1 to A;. Similarly the second column must be filled with the numbers 1 to
A2 and so on until we reach the [th column. At this point, the entry at the bottom of the
Ith column must be > );, while the maximum available number to use is p; < A;. So the
Young tableaux cannot have evaluation p, and therefore Kg, = 0.

This proves (6.93) for A = [n] and the highest weight state M. Applying the U(2)
lowering operator J_, the same will happen for any M, within the A = [n] sector, and this
gives the result.

6.9.2 A=[n—1,1]

For A = [n — 1,1}, there are two principal reasons we might expect Qa ar, p, to agree
with Op ar, r-- Firstly, we know both bases are SEP-compatible. Since the space of
operators that vanish when N — N — 1 is well-defined, it follows that for a fixed length
k =1(p) = I(R), the two bases must have the same span

Span {Sa vy po : L(p) = k} = Span {Op a1, k- : I(R) = k} (6.96)

Secondly, from (6.92) the multiplicity for a given p matches the multiplicity for R = p.
Mathematically

Dim(Span {SA ary py 1 < v <My ,t)
= Dim(Span {Op p, rr: 1 <7 <C(R,R,A)}) (6.97)

A rigorous proof that the Qa ar, p and Op ar, r- Operators match is more difficult. Nu-
merical calculations for this paper indicate it holds true up to at least n = 7, and we leave
the general case as a conjecture.
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6.10 Alternative algorithm

There is an alternative approach to capturing the finite N behaviour of the pre-BPS sec-
tor starting from the free field operators. Following a similar process to that given in
sections 6.1-6.5, one may use this to derive an orthogonal SEP-compatible basis of BPS
operators. This alternative algorithm is outlined in figure 4. At first glance, there is no
reason to expect agreement between this and the S/]?,}J)\EA,p,u basis defined in (6.69). However
our numerical calculations show that they do agree up to n = 6, and we conjecture that
this is a general result.

Start by considering the free field basis Op ar, rr- This has a symmetrised trace
component and a commutator trace component. As discussed around (5.38), there is a
U(2)-covariant basis for commutator traces that we will denote by cp ar, p.¢, where p - n is
a partition that describes the trace structure of the commutator trace and £ is a multiplicity
index. For an example of these operators see (B.26)—(B.30), where we give the highest
weight states in the A = [4, 2] covariant commutator trace basis.

While this alternative algorithm is useful, in particular providing an independent com-
putational check of the main algorithm developed in sections 6.1-6.5, it does not provide
a constructive method to produce the multiplicities investigated in section 5.

Then O a, g+ can be written

Oaptnmer = D VR Ma gy po + O A5 canty pe (6.98)
PV P,

The coefficients b%’f; are a generalisation of those seen in (6.91) to generic A.

The expansion coefficients in (6.98) are only defined uniquely at N > n. For N < n,
finite IV relations make the choice non-unique. We will choose to use the large N coefficient,
even when working at N < n. These coefficients are valid for all N and are independent
of N.

After removing the commutator trace component, we are left with

O rr = OaMy R = D At eaniype = 2 Vi Mary po (6.99)
j283 v
which is a redundant spanning set for symmetrised traces. These operators were considered
in [32], where they were referred to as (’)i My R

Since Oiyrf/[r/’: .- are symmetrised traces, they form pre-BPS operators for N > n. We
also know from the construction that if N < I(R), the operator OF"/" p  reduces to a
commutator trace. However, if [(R) < N < n, it is not necessarily true that O™ is
orthogonal to all commutator traces. This is the same situation as the monomial basis,
discussed in section 3.2.

We may therefore use the same processes described in sections 6.1-6.5 in order to find
an orthogonal SEP-compatible basis for BPS operators. In this section, we sill use the
route given in sections 6.1-6.4 rather than the shorter one from section 6.5.

In particular, we produce a basis (’)‘}\rj\}}[m Ryp by following the S,-orthogonalisation pro-
cedure (6.7)—(6.9). We then apply Gy, F-orthogonalise the resulting operators and S,-
normalise. The final basis is then denoted by (9/]?5\31\7 Ry This algorithm is outlined in

figure 4.

— 78 —



As the operators OZYT/[T .- are linearly dependent, some of them will vanish during
the orthogonalisation process. Unlike the orthogonalisation of monomials, this can occur
for both [(R) > N and I(R) < N. At such a point, remove that operator and continue with
the orthogonalisation. This means the multiplicities for each pair A, R with [(R) < N could
reduce, and in some cases will reduce to zero. Denote the reduced multiplicity for a pair
by Mj’\rt}g To indicate this reduction, we use a multiplicity index p for the orthogonalised
operators rather than 7.

The Oxr’t]\}}m R, With I(R) < N form a Sy,-orthogonal SEP-compatible basis for pre-BPS
operators. The A, M, labels match the equivalents in Qa a7, p,., and by similar reasoning
to (6.96), the length of R must match the length of p. However, a priori, there is no reason
to suspect that the R label should match the p label, or even that the multiplicities should
be the same for any given partition.

From our numerical calculations up to n = 6, we find that for each pair A, R the
multiplicities match, and the span of the operators with those labels is the same. Mathe-
matically,

MR = M i (6.100)
Span{@j’\f%}}mR’p 1<p< M?\rt}%} = Span {Qp my peiy i 1 <V <My} (6.101)

We conjecture that this is a general result for all A, R.

From this, it clearly follows that the BPS bases (’)EE&N Ryp and S/]?E\/SIA,p,V also match.

We can consider (6.100) and (6.101) as a generalisation to all A of the orthogonalisation
results discussed in section 6.9 for A = [n] and [n — 1,1]. In that case, we showed that
to prove the results, it was sufficient for the coefficients in (6.91) to be lower diagonal in
partition indices. We now prove a proposition that generalises this lower diagonality to
arbitrary A.

The proposition involves the coefficients b;" in (6.99). Consider the sub-matrix of b}
with p, R > ¢ for some partition ¢ and denote this by (bq)%”VT. Then by is an mg;1 X mg;2
matrix where

Mg;1 = ZMA,p Mg;2 = Z C(R,R,A) (6.102)
p=q R2q

Denote the rank of b, by 4. This satisfies 7, < myg;1.

Proposition. Suppose the coefficients b%l; are lower diagonal in the partition indices, so
that

OZ}:IJ&T,R,T = Z b];é,VTMA,MA,p,V (6.103)
ppéR
In addition, suppose that b, has maximal rank r, = mg; for each ¢. Then (6.100)
and (6.101) hold.
Proof. Define
Ve =Span{Oy /' g+ S > R, 1 <7 < C(S,5,A)} (6.104)
Vi = Span{Mp a1, pp P > R, 1< v < My} (6.105)
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Free field operators

OAMy Ry

Remove commutator trace components.

Symmetrised operators

symm
OA,MA,R,T

Gram-Schmidt orthogonalise using the S,
inner products. Multiplicity space is reduced.

Sp-orthogonal pre-BPS operators

orth
OAzMA’Rzp

Apply G, F-orthognalise and S,-normalise.

Orthogonal BPS operators

BPS
OR My R.p

Figure 4. Outline of the alternative algorithm of this section. Our numerical calculations suggest
that OE}?&A’ R,p Agrees (up to a choice of multiplicity basis) with the operators SE}ENP’V derived
from the algorithm in figure 2.

It follows from (6.103) and the maximal rank condition for by that Vi = \73.

Denote the partition immediately higher than R by R+ 1. By construction, for R with
I(R) < N, the additional monomials included in Vg by lowering R + 1 to R are linearly
independent, and therefore the dimension increases by My ,—pg.

For Vi, we have C(R, R, A) new operators included by lowering R + 1 to R, but the

dimension only increases by M?\r%‘. Then since Vg = Vg, we have

MR = M p—r (6.106)

Therefore for R with [(R) < N we may choose the multiplicity space basis such that
symm
AzMAvRvT

on Vgy1 if 7 > My ,—g. Under the orthogonalisation procedure, those operators with

is linearly independent of Vg1 if 1 < 7 < My g, and is linearly dependent

T > M p—pg will vanish. We can therefore equivalently start the procedure with a reduced
set of operators Of\yﬁf R, Where we only consider 1 < p < My ,—p. The coefficients
relating these with My ar, ,, are still lower diagonal in partition indices.

Now split the orthogonalisation into two steps, first orthogonalising against the p or
R with I(p),l(R) > N using the S, inner product. For the monomials, this results in
the MA, My, p,v operators given in (6.66). Let the equivalent operators for the Q%™

orthogonalisation be O?’I]E‘,T r,p- These are both basis for the set of pre-BPS operators, and
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are still related by coefficients that are lower diagonal in partition indices. Therefore, as
discussed below (6.64), they must orthogonalise to the same basis, in particular

O Rp = QA My p=Rw—p (6.107)
0

We have proved that (6.103), along with the maximal rank condition, is sufficient
for (6.100) and (6.101). By a similar argument, it is also a necessary condition, though we
will not prove this here.

The maximal rank condition r, = my,1 is equivalent to saying that we can choose bases
for the free field and covariant monomial multiplicity spaces such that

b%’ipﬁ =0 if >v (6.108)
Vel #0 ifr=v (6.109)

where 1 <v < My, and 1 <7 < C(p,p, A). Intuitively, this says that b is lower diagonal
with non-zero elements on the diagonal.
The coefficients b];zVT are in some sense a covariant generalisation of the Kostka num-
bers, which have a nice combinatoric interpretation. It would be interesting to investigate
Symm

whether there is a choice of normalisation for O} My por and My ar, p» such that these
coefficients are integers, and whether they have any combinatoric interpretation.

7 Vector space geometry in C(S,): BPS states from projectors for the
intersection of finite N and symmetrisation constraints in symmetric
group algebras

The construction algorithm for quarter BPS states in section 6 involves a U(2) global
symmetry which provides labels for the states constructed. Alongside the U(2) state labels,
there is a U(NN) Young diagram Y (p) which emerges from the combinatorics of multi-
symmetric functions and their relation to the space of gauge invariant 2-matrix operators
modulo commutators [X,Y]. We have observed in section 4.5 that the combinatorics of
multi-symmetric functions admits a generalization to the multi-matrix case where we have
M different matrices X', X2, .-, XM In this section we take a different viewpoint on the
M-matrix system using permutations in analogy to the 1 and 2-matrix constructions in
section 2.

This is used to investigate the vector space geometry in C(S,,) that lies behind the
constructions of BPS bases in the previous sections, involving the interplay between a
projector Py for the U(M) flavour symmetry, a projector for the symmetrisation of traces
P and an operator Fy whose kernel implements finite IV constraints. Restricting to the
image of Fy, there is a well-defined inverse Gy. These operators are M-matrix analogues
of Fy and Gy discussed in section 2. It was proved in [32] that BPS states are in

Im(GnPnw) (7.1)
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where Py is an orthogonal (with respect to the S,, inner product) projector acting on
C(Sy) with
ImPy =ImP NImFy (7.2)

The isomorphism between multi-symmetric functions and the ring of gauge invariants mod-
ulo commutators and the associated combinatorics of set partitions explained in section 4
allows us to give a general explicit construction of Py. This general discussion also serves
to explain why the construction algorithm in section 6 is able to handle the finite IV con-
straints on BPS operators systematically. The flavour projection Pyz, for any chosen flavour
group H, commutes with P, Fn and can be done at the end.

7.1 n-matrix model from permutations

Let V be the carrier space for the N-dimensional fundamental representation of U(N),
and consider the n-fold tensor product V®", S, acts on this space by permutation of the
factors. Let

L =721 QLR+ Q Ly (73)

where the Z,, a = 1,...,n are n different U(/N) matrices. Conjugating Z by o leads to

oZo =0 (2 ®ZQ®"'®Zn)O'_1
= Zo(1) ® Zo(2) @+ ® Zy(n)
=0 (Z) (7.4)

where the last line defines o (Z).

Taking the trace over V®" of 0Z gives a multi-trace featuring each of the n matrices
exactly once. A single cycle (a1, as,...,a;) in o leads to the single trace TrZ,, Z,, . .. Zq,,
while a permutation with several cycles leads to a multi-trace. Conversely, given a multi-
trace of Z1, Zs, ..., Z, in which each matrix only appears once, we can identify the permu-
tation o € S, which produces this trace. Therefore we have an invertible map from C(.S,,)
into the space of n-matrix multi-traces of degree (1,1,...,1)

o+ Tr(oZ) (7.5)

Provided N > n, this is a vector space isomorphism between C(S,,) and the degree
(1,1,...,1) subspace of the ring of U(/V) invariants of an n-matrix system.
There is a natural inner product on C(S,). On permutations o, 7 € S, it is defined by

gn(o,7) =10 (0771) (7.6)

where 0 is 1 on the identity and 0 on all other permutations. The inner product extends
linearly to the rest of C(S,). Using the isomorphism to n-matrix traces, this is the n-
matrix equivalent of the S,, inner product (at large V) defined for 1 and 2-matrix systems
in (2.26) and (2.70).

We now look at three specialisations of this isomorphism. Firstly, to include the finite
N relations among traces. Secondly, to the degree (ni,na,...,nys) subspace of an M-
matrix system. Thirdly, to symmetrised traces of the n-matrices.
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7.1.1 Finite N relations

If N < n, there are finite NV relations among the traces to consider. These can be captured
using the Fourier basis for C(S,,)

dr
Q= o > Dy (o) (7.7)
: O’GSn

where R F n labels a representation of S,, and I,.J are basis indices within R. The finite
N cut-off on traces corresponds to removing those Q¥ with [(R) > N.
We impose the finite N cut-off using an operator Fy

Fno =Qno (7.8)

where Qy is an N dependent element in the centre of C(S,) defined in (2.22). On the
Fourier basis it acts as

FNQF = OnQf) = fr(N)QT (7.9)

where the polynomial fr(N) is given in (2.29). Since fr = 0 when [(R) > N, this imposes
the finite IV cut-off on the permutation space

Ker Fy = Span{Q%; : I(R) > N} (7.10)
Im Fy = Span{Q¥, : I(R) < N} (7.11)

For a € Im Fpy, the inverse operator to Fy is
Gna = Qe (7.12)
where Q' is defined in (2.33). On the Fourier basis it acts as

N +QF I(R)<N
INQry = QN Q1 {0 I(R) > N (7.13)

Using standard character orthogonality relations, the Fourier basis for C(.S,,) is orthogonal
under the g, inner product

= F(SRS(SIKéJL (7.14)

9n (Q?J, Qf{L)
therefore Im F and Ker Fy are orthogonal subspaces of C(S,,)
(Im Fy)* = Ker Fy (7.15)

where (.)* denotes the orthogonal complement of a vector space.
For N < n, define a second inner product g, ny on C(S,) by

gn,N(0,7) = On(oT) (7.16)
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where 0y is given in (2.27). Taken across to operators using the map (7.5), this is the
Sy inner product for N < n. It vanishes on Ker Fy, and is identical to g, on Im Fy. In
particular, for an element @ € Im Fp, we have

In.N(, T) = gn(a, T) (7.17)

for any 7 € .5,,.

There are two ways of consider the map (7.5) as an isomorphism in the finite N setting.
Firstly, we could consider the quotient space. For a € Ker Fp, the corresponding trace
TraX vanishes, and therefore any two elements of C(S,) related by Ker Fn produce the
same multi-trace. Therefore this is a map from the quotient space

C(Sn)/ Ker Fy (7.18)

into the space of multi-traces of n N x N matrices of degree (1,1,...,1), where now we
can allow N < n.

Alternatively, we can take a representative of each equivalence class in the quotient
space. The most natural way to do this is to take the element orthogonal to Ker Fp, which
by (7.15) is in Im Fp. Therefore (7.5) is a vector space isomorphism between Im Fy and
the appropriate space of multi-traces.

7.1.2 Flavour projection

To study an M-matrix system X1, Xo,..., Xy, we set each of the Z; to be equal to one
of the X;. To study the degree (ni,n2,...,ny) subspace of the matrix system, where
Yni =mn, weset Z1,Za,...,2y, equal to X1; Zn,+1,--., Zni+n, €qual to Xy and so on.
Then Z becomes

X=X XS @ Xy (7.19)
Tracing oX over V®" leads to multi-traces of degree (n1,n2,...,nar).

Let H = Sp, X Spy X --+ X Sy,,. From (7.4) we see that for any 7 € H we have
7(X) = X. Therefore

Tr(oX) = Tr(ror'X) (7.20)
Define a projector
1
Pu(o) = TH Z ror ! (7.21)
‘ ‘ TEH

To justify calling Py a projector, we prove that it has the two properties

(Pu)® = Pu Pt = Py (7.22)
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where the Hermitian conjugate is with respect to the g, inner product. These are both
simple consequences of the definition. We have

(Pu)* (@) = Pr(Pu ()

= Pula) (7.23)

and

- ﬁ [4S
= 9(Pu (), B) (7.24)

T

The image of Py is the sub-algebra of C(.S,,) invariant under conjugation by H, which we
denote by Ag. It follows from (7.20) that

Tr(oX) = Tr(Pu(0)X) (7.25)

Therefore Ag is the algebra of permutations responsible for constructing multi-traces of
degree (ni,...,nyr). We call Py the flavour projector, as it projects from the m-matrix
system to one with M flavours.

As discussed for the finite /N relations around (7.18), the map (7.5) gives an isomor-
phism between Apg or C(S,)/Ker Py and the space of M-matrix multi-traces of degree
(nl, cee ,nM).

In section 2 we discussed the half-BPS sector, corresponding to M = 1, and the free
field quarter-BPS sector, corresponding to M = 2. In the latter case we have H = S, XSy,
and the matching permutation centraliser algebra Ag was studied in [65]. The free-field
eighth BPS sector is larger than just multi-traces of three matrices, since it also includes
fermion contractions. However, the sub-sector consisting only of the scalar fields can be
found by setting M = 3. This subsector is dual to the class of eighth-BPS giant gravitons
considered in [15].

7.1.3 Symmetrised traces

A symmetrised trace of Z1, Zo, ..., Z, is defined in a completely analogous manner to the
2-matrix version in (3.3), allowing a; € {1,2,...,n} instead of {1,2}. Degree (1,...,1)
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symmetrised traces are labelled by set partitions m € II(n). These naturally correspond to
n-vector partitions of weight (1,...,1).

Take b C {1,2,...,n}. Then there is an associated symmetrised single trace

T, = Str (H Zi) (7.26)

i€b

where the symmetrisation implicit in Str means the ordering of the product is irrelevant.
For a set partition 7 € II(n) we have

.= (7.27)
ber

where b runs over the blocks of .

The equivalent permutation picture comes from the set of permutations Perms(7),
defined in (4.56). We have

1
y R —
|Perms(7)|

Y o (7.28)

o€Perms(m)

where we use the same notation 77 for both the sum over permutations and the associated
symmetrised trace operator. For the remainder of the section we only work with the
permutation sum, so this ambiguity will not be an issue.

More generally, one can define a symmetrisation projector P which projects a permu-
tation onto the space isomorphic to symmetrised traces. This is

— ror ! .
RGN (7:29)

where the set partition 7(o) is defined naturally from the cycle structure of o and is
discussed above (4.56). The subgroup G() for a given set partition is defined in (4.54) and
permutes each block of 7 within itself but does not mix the different blocks. As mentioned
below (4.56), the set Perms(w(o)) is just the conjugacy class of o under G(7 (o)), and
therefore

P(U) = TTr(U) (730)

Pl=p Pl=p (7.31)
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These follow immediately from the definition. We have

1
EEEID TP S

T€G((0)) nEG(m(ToT~1))

P(P(o))

e
1 _ 1 _
:W Z Z TT 1,u7'a7’ 1,U, 17’7’ 1
e

3

TE€G(n(0)) pEG(m(ToT—1))
1 PUSPONE B |
s Z TROQ T
G @NF , setron

1 —1
CoE L le)rar

MO s eéaton
=P(a) (7.32)

where in the third line, we have defined i = 7 'ur. The conjugation by 7 takes u €
G(n(ror™1)) to i € G(n(o)). To prove P is Hermitian, we note that
1
9(0,P(7)) = 5~ = S(oprtuh) (7.33)
G (7 (7)) 2

peG(n (7))

is only non-zero if o, 7 belong to the same Perms(7). In particular, they have 7(o) = w(7).
Therefore

=g(P(o),T) (7.34)

Therefore the map (7.5) gives an isomorphism between the symmetrised traces of n matrices
with degree (1,...,1) and either Im P or C(S,)/ Ker P. This is true when N > n. To deal
with V < n we have to include the finite N relations as well, which is discussed later.

As P is satisfies (7.31), it is expressible in the standard projector form
P =2 li)il (7.35)

for orthonormal basis states |i) for Im(P). These states |i) = «; belong to C(S,), so to
avoid doubling of notation, we will write this as

which acts on o € S, via

Po) =>_ glai, o) (7.37)
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It is clear from (7.30) that T spans Im P. For m # 7/, Perms(r) is disjoint from Perms(7’),
and therefore

1

Tr,Trr) = d !
9 ) |Perms()||Perms(7’)] UEP%]S(W) (077)
TE€Perms(n’)
= éé (7.38)
~ |Perms(m)| ™™ ’
So an orthonormal basis for Im P is given by
ap = /|Perms(m)| T (7.39)
and the corresponding expression for P is
P= > |Perms(m)| Tr ® Ty (7.40)

well(n)

In section 4.3 we defined another T’; as a map from 2-vector partitions to multi-symmetric
functions. Composing these with the map (3.6) between multi-symmetric functions and
symmetrised trace operators, we can identify 7, € C(S,) with these using the flavour
projector Py with H = S, X Sp,.

Let p - (n1,n2) be a vector partition, and 7 a set partition such that
7([(1,0)™,(0,1)"2]) = p, where the action of a set partition on a vector partition was given
in (4.39). Then

Ty = Tr [P (1) X] (7.41)

where T}, is the 2-matrix symmetrised trace operator given in (3.4).
Intuitively, the flavour projection and symmetrisation projectors should commute, since

symmetrising a trace and renaming matrices from Z; to X; are commuting operations.
Indeed

1 1

p . —1, -1
PPnO) = Gater i 2, PO
neG(n(ror™1))
1 —1 1, \—1_-1
= TI\T ,LLT o\T ILLT T
CeeyE Y, 76T
nEG(n(rar™1))
1

s 1 -1
Iy R — TUO T
|G(m(o))||H] T%:{
REG(7(0))

= PyP(0) (7.42)
P was first considered in [32], though a slightly different group G(m) was used in the

definition. This involves wreath products and is given in section 5.7 for an integer partition.
The difference in the defining group does not affect the action of the projector.
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7.2 Multi-symmetric function isomorphism for n matrices

In section 3.2 we described the isomorphism of [35, 36] between U(N) gauge invariant of
2 complex matrices X7 and X7, modulo the ideal generated by commutators, and the ring
of multi-symmetric functions in 2 families of variables. This was then used to construct
a basis for 2-matrix symmetrised traces that respected the finite N behaviour. We now
generalise this to the n-matrix case, and use the previous section to identify the space of
multi-symmetric functions with sub-algebras of C(.S,). This will in turn allow a construc-
tion of the projector Px that describes the interaction of the finite N cut-off with the
symmetrisation projector P.
Consider the M matrix variables X, Xo,- -+, Xs. For each a € {1,---, M}, we have
N? variables
(Xa)ij (7.43)

where i,j € {1,---, N}. Consider the ring of polynomials in these M N? variables. In this
ring, there is an ideal generated by the elements of the commutators

[Xar Xplip = D (Xa)ij (Xp) ik — (X)i (Xa) ji (7.44)
J
where a # b € {1,2,--- ,M}. We can form a quotient ring from this ideal. The ring
of polynomial functions in the M matrix variables admits an action by &4 € U(N) (or
GL(N,C)):
Xy = UX U™ (7.45)

The ideal generated by the commutators is invariant under the action of U(NN), so there is
a quotient ring of U(N) invariant polynomials. This is the ring of gauge invariants modulo
commutator traces. This quotient ring of gauge invariants consists of multi-traces where
any two traces differing by commutator traces define the same element of the ring. This is
denoted by A% in Theorem 3 of [35].

There is a polynomial ring D generated by z¢ for a € {1,--- ,M} and i € {1,--- ,N}.
These polynomials have an Sy action given by

The Sy invariant polynomials form multi-symmetric functions in M families of variables,
and the ring of these functions is denoted DSV. Theorem 3 of [35] states that these two
rings DSV and Ag are isomorphic.

To summarise, we have an isomorphism between gauge invariant polynomial functions
of M matrices, modulo commutator traces, and permutation invariant polynomial functions
of the M diagonal matrices. The map from the ring of U(/N) gauge invariant polynomial
functions of matrices, modulo the commutator trace, to the space of Sy invariant polyno-
mials is obtained by evaluating the gauge invariant functions on diagonal matrices. This
map, denoted by ¢, is proved to be an isomorphism in [35, 36].

In the following, we will use a special case of this isomorphism where we have M =n
matrices and we consider gauge invariants containing exactly one of each matrix.
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The space of matrix invariants appearing in this special case is important for the
construction of BPS states. As discussed in section 3, the construction of quarter-BPS
states is based on finding the orthogonal complement to the operators which are expressible
as commutator traces at finite IN. This orthogonalisation admits a generalization to the
present case of M = n matrices and gauge invariants containing one matrix of each type.
Using the permutation description of n-matrix traces given in the previous section, it
can be expressed as a problem in C(S,,) or constructing the orthogonal complement of
Ker P 4 Ker Fy.

To see this, recall that permutations in KerP correspond to commutator traces
via (7.5), while those in Ker Fx correspond to the zero operator. Therefore any per-
mutation in Ker P + Ker Fy is a commutator trace. It follows that

Lemma 1.

(CIX1, Xa,-+, Xa] / ({[Xa, Xp] 1 1 @< b < n}))U

(1,1,+,1)
= C(S,)/(Ker P + Ker Fu) (7.47)

Composing these two isomorphisms gives an identification between multi-symmetric func-
tions and the quotient space of permutations.

The ring of multi-symmetric functions in n families of variables is spanned by multi-
traces of n commuting matrices or monomials functions, denoted by 75 and M, respectively.
As discussed in section 7.1.3, these are labelled by set partitions 7 € II(n) when the degree
of each family of variables is 1, since this is equivalent to a n-vector partition of (1,...,1).
The size N of each family of variables limit the number of subsets in the 7 to be less than
N. This is denoted by |7| < N and follows immediately from the definition of the M,
given for 2 families of variables in (4.20).

We use the same notation 7, and M, for the multi-symmetric functions and the
equivalent permutations. For Ty, this is given in (7.28). The M, and T} are related by

M, =Y Cr'Ty Tr =Y CF M (7.48)

T s

where the C' and C matrices are described in section 4.5.
We now investigate the decomposition of C(S,,) in terms of the images and kernels of
P and F, N-

Lemma 2. Consider two subspaces Sp, 59 of a vector space, equipped with an inner
product. Let Si-, S5~ be the orthogonal complements to Sp, Sz respectively. Let Si + S be
the set of vectors of the form vy + v9, where v1 € S1,v9 € Ss. It is a standard result that

(S1 4+ Sy)t =51 NSy (7.49)

which is stated as “The orthogonal complement of a sum of vector spaces is the intersection
of orthogonal complements”.
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Proof. Suppose w € S N S5, then
virw=wvy -w=0 (7.50)

for all v1 € Sy,vy € Sy. It follows that w - (v + v2) = w-v1 +w - vy = 0. So we conclude
that w € (81 + So)*.

Conversely, suppose w ¢ Si- N Sy, then w ¢ S;i+ for i = 1 or 2. This means there is
some v € S;, such that w-v # 0. But v € Sy + So, so w & (S; + Sz)*. O

Taking S; = ImP and Se = Im Fy, we have an orthogonal decomposition for C(S,,)
with respect to g,

Lemma 2.
C(Sn) = (ImP NIm Fy) By, (KerP + Ker Fy) (7.51)
Using the fact that the monomial multi-symmetric functions form a basis, we have
ImP =M = Span{M, : 7 € II(n)} (7.52)
We will also define
M5, = Span{M, : = € TI(n), |7| < N}
M3, = Span{M, : = € l(n),|r| > N} (7.53)

For n < N, we have to consider both operators Fn and P. They are both hermitian
operators w.r.t. the g, inner product, but they do not commute. The space Ker P+Ker Fy,
spanned by sums of vectors in Ker P and Ker Fy is in general bigger than Ker P. There is
non-trivial intersection

ImP N (Ker P + Ker Fy) (7.54)

The non-triviality of this intersection is reflected in the fact that some symmetrised traces
can also be written as a commutator trace at finite N. An example of this is given in (6.26).
Since P is a Hermitian projector, we have the orthogonal decomposition

C(Sn) =ImP &y, Ker P (7.55)

It follows that we have an orthogonal decomposition of Ker P + Ker Fu

Lemma 3.
Ker P + Ker Fy = ((Ker P + Ker Fy) N Im P) @, Ker P (7.56)

Lemma 4.
(Ker P + Ker Fy) NIm P = My = Span{ M, |r| > N} (7.57)
Proof. M3, is exactly the subspace of M which is not in the image of the isomorphism ¢.

Therefore

M3, C Ker P + Ker Fy € C(S,,) (7.58)
Additionally M3 C ImP = (Ker P). Then using Lemma 4, the result follows. O
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Using Lemmas 2, 3 and 4 we have the result

Theorem.

C(Sn) = (Im PN Im Fn) By, M7 By, Ker P (7.59)

Using the definition of Py in (7.2) we can also write this as
C(Sn) =Im Py By, M7 By, Ker P (7.60)

This gives a procedure, based on the combinatorics of multi-symmetric functions, for con-
structing the projector Py. This projector is built by constructing the projector for the
susbspace of M orthogonal, with respect to the inner product g, on C(S,), to M3z;,. Since
MJSV + M3 = Im P, this can be built by taking the vectors in MJSV and subtracting vectors
in M7, to ensure the orthogonality. The construction of Im P N Im Fy uses the following
elements:

o Vectors M, in C(S,,) labelled by set partitions, spanning Im P.

o Finite N cut-off implemented using the set partition labels: the condition || < N
which defines MJSV

e Orthogonalization of MJSV to M3, with respect to the inner product g,.

This procedure is used in section 6 to construct quarter-BPS bases.

The result of this procedure is a vector subspace of Im Fy, and therefore the orthog-
onalisation can equivalently be done using the inner product 9§ for any N>N , as on
these permutations the g, and 9 5 inner products are the same.

We now give a construction of the projector Py that captures this process. The formula
for this is given in (7.73).

7.3 Finite N symmetrisation operator on C(S,,)

We now construct the projector Py onto ImP N Im Fy and prove it has the projector
properties

(PN>2 =Pn (77N)Jr =Pn (7.61)

and commutes with the flavour projector
PnPu = PuPn (7.62)

Before producing Py, we give an alternative formula for P, the large N symmetrisation
projector. Using (7.40) and substituting using (7.48), we have
P= Y |Pems(n)|CTCF My My = Y. (ODCT) My @My (7.63)

w
! w! €ll(n) ' €Il(n)

where D is the diagonal matrix

D7, = |Perms(m) |0y 5 (7.64)

s
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To understand the appearance of C DCT | note that this is the inverse metric on the subspace
Im(P) of C(Sy).

We know g¢ is a positive definite inner product on the entirety of C(S,). It is therefore
also a positive definite inner product on the subspace ImP. Hence there is an inverse
metric on this subspace, which we call G. Using (7.48) we have

g(Mp, Mp)= > CHCT29(Tr,, Tr,)
1,m2€l(n)
5 CmCr
meTin) |Perms(71)|
= (¢"peY (7.65)
Since C and C are inverses of each other, this implies
G(M,, M) = (CDCT)T, (7.66)
We can therefore write
P= Y (CDCL Mz@Mp= > G(Mg, My)Mz® My (7.67)

' €ll(n) ' €ll(n)

This form for a projector is a generalisation of (7.35) to a basis of the image that is not
orthonormal. We now find a basis for Im Py, and can use the form above to write down Py.

At finite N, we want to project onto the orthogonal complement of M3, within Im P.
The M, with || < N do not suffice for this as they are not orthogonal to M, with |x| > N;
we need to orthogonalise them first.

As already noted, ¢ is an inner product on any subspace of C(S,). This time the
relevant subspace is M7y,. This means that the matrix of inner products g(My, M) for
7|, |7'| > N is invertible and has an inverse metric that we call G. Note that G~ is distinct
to G, which is the inverse inner product on Im P = M. Practically, the difference is

Z g(Mp, M )G(Myr, M) = Opprr 7, 7" unrestricted (7.68)
' €ll(n)
> g(M, Me)G™ (Mir, My) = S ], 7| > N (7.69)
' €Il(n)
|7’ |>N

We can use G~ to construct a basis for MJSV, labelled by those set partitions with |7| < V.

Mp=M;— > G (Mg, Mz,)g(My, My,) M, (7.70)

m1,m2€Il(n)
|1, |me| >N

The simplest way of looking at this is to notice that the second term is using a projector

of the form (7.67) applied to M. This is the projector

P> = Z G> (MWUMWQ)(MM ® M7T2> (7.71)

my,ma€ll(n)
1], |m2|>N
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that orthogonally projects onto M7;. The construction of M, just applies 1 —P> to M, to
produce something orthogonal to M3, while remaining in Im P. We can now use the M,
to define the finite N symmetrisation projector. Again, we need to produce a new inverse
metric G= on the space spanned by M,. This satisfies

Z g(Mﬂ-, MWI>GS(M7F/, Mﬁ//) = 57r7r” |7T‘, |7T”‘ S N (772)

Py = Z GS (Mﬂ'a Mﬂ’)(Mﬂ ® Mﬂ'/) (773)

We now prove the properties (7.61) and (7.62) for Py .

Pn is a projector. To prove this, we act with the square of the projector

PNPN(OZ) — PN Z GS(MTH’MTK'Q) _7r1 g(MTrz’O‘)
w1,m2€l(n)
|mi], 2| <N

- Z G= (Mﬂsv Mm) S(Mm ) MM)Q(MM? Mz, )9<M7r27 O‘>M7r3

m1,72,m3,ma€1l(n)
|1 |m2 |73, |ma| <N

= Z 5(7T1,7T3)GS (Mm’Mﬂ'z)g(Mﬂ'Qva)Mﬂ's
m1,m2,m3€M(n)
|71 ],|me],|m3| <N

= Z GS(vaMm)Mmg(MW?’a)
m1,m2€M(n)
|71],|m2| <N

=Pn(e) (7.74)
where we have used (7.72) to get from the second to third line.

Pn is hermitian. This follows from the symmetry between 7 and 7’ in (7.73)

g(Oé,PN(ﬂ)) = Z GS(MTI'UMﬂz)g(MFQaB)g(a7Mﬂ1)
m,m2€Il(n)
[, |m2| <N

=9(Pn(a), B) (7.75)
Pn commutes with Pg. This relies on some smaller results. We start with
0 Two = Ty (7.76)

where we define o(m) as the set partition obtained by substituting ¢ — o(¢) in the set
partition 7. It is useful to recall the fact that o~ !uo is the permutation obtained by the
substitution ¢ — (i) in the cycle decomposition of p, and therefore

Perms(o(n)) = o~ 'Perms(n)o = {ailua tHE Perms(ﬂ)} (7.77)
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It follows that

1
o' o=—— Z o
|Perms(ﬂ')| MePermS(W)
1
|PermS(0'(7T))| fi€Perms(o(m))
We also observe that
w1 _ ~o(m) s = Cotry
——— Crt = Co (7.79)

This is because the incidence relations of the poset of set partitions are unchanged when
we go from set partitions of {1,2,--- ,n} to set partitions of {o(1),--- ,0(n)}.
It follows from (7.76) and (7.79) that

o ‘Mo = Z Cro ' To
' €Il(n)

= > O T

' €Il(n)

:ZCW

' €Il(n)
= My (7.80)

where in going from the 2nd to 3rd line we have reparameterised the sum by ©" — o(7'),
which clearly just permutes the set partitions in II(n) among each other.
It is immediate from (7.6) that

gloac™! ofo™t) = g(a, ) (7.81)
Applying this to o« = My, 5 = M, and using (7.80), we have
g(Mo'(ﬂ)a Ma(ﬂ/)) = Q(Mm Mﬂ'l) (782)

We would like to show that G also has this property. To see this, note that G is defined
by the property (7.68), so we need to show that the matrix G(M,(r), My () satisfies the
same relation.

Z g(Mﬂ'7M7T/)G(MO'(ﬂ'/)7Mo'(ﬂ'")): Z g(Mﬂ'aMcffl(ﬂ"))G(MTrUMa(w”))

' €ll(n) m'€ll(n)
= Y 9(My(my, My )G(Myr, M)
' €Il(n)
= Oo(m)o(x")
= Opnr (7.83)
Therefore
G(MO'(W)’ Mo(ﬂ’)) = G(Mﬂ') Mﬂ") (784)

— 95 —



Next note that |r| = |o(7)|, so when changing variables from 7 to o(7), the restrictions

|7| > N or |r| < N are maintained. This means we can repeat the steps in (7.83) but

using G~ or G= instead. Hence

G~ (MO'(TI')7 MU(W’)) =G~ (Mﬂ'v Mﬂ") G= (MO'(TI')’ MO’(T&")) =G~ (Mﬂ’v Mﬂ")

(7.85)

where 7, 7’ satisfy the appropriate constraints on their length for the two operations.

Using the definition (7.70), as well as (7.80), (7.81) and (7.85)

o *Myo=0"‘Myo — Z G” (My,, My,)g(My, My Yo M0

w1,m2E€ll(n)
|m1],|m2| >N

= MO’(ﬂ') - Z G~ (Mﬂ'1 ) Mﬂ'z)g(Mﬂv M7T1 )Ma(ﬂ'g)

m1,ma€ll(n)
|71],|m2|>N

= Ma(w) - Z G>(M7r17Ma—l(ﬂ'g))g(MmMm)Mﬂz

m1,m2€ll(n)
|1 ],|m2| >N

= MO’(ﬂ') - Z G>( o(m ) ) (MW7M7F1)M7T2
m1,m2€I1(n)
|7r1|,|7r2|>N

= Ma(w) - Z G>(Mﬂ'1vMﬂ'2)g(M7raMa—1(7r1))M7T2

m1,m2€ll(n)
|71l |m2|>N

= Ma(w) - Z G>(M7r17Mﬁz)g(Ma(ﬂ)aMm)Mm

m1,ma€ll(n)
|71],|m2|>N

= MD’(W)

We can now prove that PN and Py commute

PNPH Z Z G<( ﬂzaMﬂ'l)Mﬂgg(Mﬂl,O'aO'_l)
UGH m1,m2€l(n)
|71 ],|m2| <N

Z Z G<( T2 _7r )MWQQ(U_IMMU,Q)

JEH m1,m2€Il(n)
|m],|m2|<N

Z Z G<( oy M Y )szg(Ma(m)aa)

UEH w1,m2€Il(n)
|1 |,|m2| <N

1
|H

1
= H Z Z G<(M7r27M —1(71—1)) wgg(Mm,a)
o€H 71,m2€Il(n)
‘ﬂ-llvlﬂ-Q‘SN

1 _ _
|7 Z Z G<( U(7T2) Mﬂ'l)Mﬂ'Qg(Mﬂ’lva)
o€H m,m2€ll(n)
|m1],|m2|<N

Z Z G<( 7T27 y )Mafl(ﬂ'g)g(Mﬂ'ua)
O'EH w1,m2€Il(n)
|71 ],|m2| <N

1
|H
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Z Z GS(MﬂzaMﬂl)ngU_lg(Mmaa)
o€H 71,m2€Il(n)
|mi], w2 | <N

= PHPN(Oé) (7.87)

!
|H|

We can interpret this in words as follows. Recall that permutations ¢ generate gauge in-
variant operators via (7.5). Imagine we start with the n-flavour gauge invariant operator
generated by o, and then symmetrise the traces, and map that to symmetrised permuta-
tions. This means applying P then setting

Zl,ZQ,...,an — X

(7.88)
Zoiats T2y Ty = Y

On the other hand, we could specialise the n-flavour gauge invariants to 2-flavour gauge
invariants before projecting to symmetrised traces. Intuitively, thinking about traces, we
don’t see any reason for a difference between the two orders of arriving at symmetrised
traces of two matrices. So we expect the two projectors to commute. Indeed they do as
shown above.

8 Hidden 2D topology: permutation TFT2 for the counting and corre-
lators at weak coupling

The connection between delta functions on symmetric group algebras and two-dimensional
topological field theories (TFT2) is explained in [32]. We will give the delta function
formulae and explain the TFT2 defects.

Lemma 8.1. In the problem of gauge invariants of n matrices, each occuring once, the
counting of symmetrised traces at large NN is given by

> 6(P(a)P(a)) (8.1)

aESy

Proof. The symmetrised traces form the image of the hermitian projector P. So the di-
mension of the space of symmetrised traces is calculated as

Dim (Im P) = Z g(a, P(a))

€Sy

= > 9(a,P(P(a)))

a€Sn

= > 9(P(a),P(a))

a€ESy,

= Z S(P(a"HP(a)) (8.2)

a€Sn,
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Proposition 8.2. The counting of quarter-BPS operators in the large N limit in the free
theory is given by

Y- §(Pu(a)a™) (8.3)

aESy,

where Ppg is the flavour projector onto two flavours with H = S,, x S, as described
in (7.21).

Proof. We know that permutations can be used to construct 2-matrix gauge invariants and
there is an equivalence up to conjugation by H, given in (7.20). Using Burnside’s Lemma
to count the free field operators, we have

1 1 _ _
== > > d(yayta ) = > §(Pra)a?) (8.4)
|H|
YyEH a€Sy, aESy
This is the free field counting of 2-matrix operators [32]. O

Proposition 8.3. The counting of 2-matrix symmetrised operators in the (ni,ns3) sec-
tor is
Z S(PaP(a)P(a™t)) (8.5)
aESy
Proof. Both P, Py are hermitian with respect to the standard inner product on CS,, and
they commute, so they can be simultaneously diagonalised. The dimension of the intersec-
tion of their images is equal to the trace of their product

Z g(OZ?,P,PH(O‘)) = Z g(a,PQPH(a))

CtESn OéGSn
= > 9(P(a), PPu(a))
aGSn
= Y 6(P(a”")PPu(e))
OLGSn
= Z S(PeP(a)P(a™ 1)) (8.6)
OéESn
O
Proposition 8.4. The counting formula for the finite N quarter-BPS operators is
Z S(PuPn(a)Py(ah)) (8.7)

OéESn

Proof. Given that we have proved the projector, hermiticity, and commutativity properties
of Py and Py, we can calculate the dimension of the image of PxPr by repeating the
steps we had for P and Py

Dim (Im(PnPu)) = Y g(a, PNPu(a))

a€eSy,

= > 9(a,PXPr(a))

aESy
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Figure 5. TFT2 partition function for finite N weak coupling BPS counting.

= Y 9(Pn(c), PnPr(a))

OLESn

= Y §(Pn(a)PnPr(a))

aGSn

= Z (5(771{7)]\[(04)73]\[(0471)) (8.8)

QESn

Proposition 8.5. The finite N two-point function for BPS states can be written as

(GNPNTr (an XEMY®2) | GNPNTE (e XEM Y ®m2))
= 6(PuP(a1)Pr(ag )2 (8.9)

This follows as in [32]. Q' Pn () span the BPS states as a runs over C(S,). The free
field inner product is grr(a, 5) = g(a, QnpB). The step forward in this paper is that we
have an explicit construction of Py using set partitions.

Now we will draw the TFT2 pictures corresponding to these delta function formulae.
Figure 5 gives us the counting of weak coupling BPS operators. Figure 6 gives the TFT2
formulation for the 2-point function of quarter BPS operators at weak coupling. The one
new ingredient in these TF'T2 constructions is the Py-defect which can be associated to a
circle. The defect is defined by declaring that it modifies the permutation « associated to
that circle in the TFT2 to Py (a).

9 Summary and outlook

We have given a construction of quarter BPS operators in N’ =4 SYM with U(N) gauge
group, built from two matrices X,Y and annihilated by the 1-loop dilatation operator of
the SU(2) sector. The construction depends on parameters n, N which are arbitrary, with
n being the number of X, Y matrices in the operator. The construction, given in sections 6
and 7, produces an orthogonal basis of operators which obeys an SEP-compatibility con-
dition. The labels for the basis operators include a U(2) Young diagram A and a U(V)
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Figure 6. TFT2 partition function for finite N BPS 2-point function.

Young diagram p, alongside multiplicity labels. The SEP-compatibility means that finite
N effects are captured simply by restricting the length of p (defined as the length of the
first column of the Young diagram) to be less than N. In section 5 we have given detailed
formulae for the dimensions of the multiplicity spaces as a function of A, p.

The understanding of holographic map between the quarter-BPS sector between N = 4
SYM and AdSs x S° is far less well-developed than the half-BPS sector. The Young
diagram labels for half-BPS states have provided valuable tools for precision mapping
of states between SYM and the dual space-time. In the quarter BPS sector, there is
a rich combinatoric structure involving A,p and the plethysm problem underlying the
multiplicities M(A,p), which control the structure of states. If will be fascinating to
uncover the role of these structures in the dual space-time. Conceretely, reproducing the
refined multiplicity formulae for specified A, p from the weakly coupled gravitational dual, is
an interesting problem. It has been shown [42] that three-point functions involving quarter-
BPS operators, alongside half-BPS operators are not renormalized, while the question of
non-renormalization for more general quarter-BPS operators remains open. It will be
interesting to compute correlators involving the operators constructed here and compare
these with calculations involving giant gravitons and LLM geometries, generalising the
successful comparisons in the half-BPS giants/geometries and fluctuations thereof, such
as in [11-14, 66]. A natural generalization of the work presented here is to develop the
analogous discussion for SO(N)/SP(N) gauge groups, building on earlier work at zero and
weak coupling [67-72, 72, 73].
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A A = [3,2] sector

In this and the following appendices we give explicit examples of quarter-BPS operators
constructed using the algorithm presented in this paper. The code used to generate these
examples has been made available on Github [74]. In this code, we take N to be a large
indeterminate and proceed down the left hand side of figure and along the bottom of 1.

This appendix gives the operators in the A = [3, 2] sector with M} the highest weight
state with field content (3,2). Other states in the U(2) representation can be reached by
applying the lowering operator J_.

Throughout this section we will work with A = [3,2] and M, = , so we will
suppress this index in operator labels.

For each BPS operator, we will first present it as a sum over the free field basis (2.64)
and then as a sum over symmetrised traces and commutator traces, for which we use the
covariant bases discussed in section 5.2. The covariant symmetrised trace basis is

tao = TrX TrY? — 2TrX?Y Tr XY + TrX*TrXY? (A1)
31,1 = TrX3 (TrY)? — 2T X TrX 2V TrY + (TrX)? TrXY? (A.2)
tpo = TEXTrX?TrY? — TrX (TrXY)? (A3)
li2,1,11] = TrXTrX? (TrY)? — 2 (TeX) 2 TeX Y TrY + (TeX)? Try (A.4)

and the covariant commutator trace basis is

¢ = TeX?Y? - TeX?Y XY = TeX2[X, Y]Y (A.5)
cuq) = TEXTrX?Y? — TeXTr (XY)? = TIXTrX[X, VY (A.6)

For these two bases, the partition label describes the cycle structure of the multi-traces.
The free field operators can be written in terms of symmetrised and commutator traces

Ogmm = 6\/> (3t 32) T30 T 4221 + 11,1 + 6c5 + 40[4,1]) (A7)
O = W (t[3,1,1 + 221 +t21,1,1 — 3¢5 — 20[4,1]) (A.8)
Oﬁ:ﬂ,odd 2\ﬁ (2t32 ti2,1,1,1] — 40[4,1]) (A.9)
Og:lj,ovcn = 2\1/5 (t[3,1,1] — 2,21 T C[5]> (A.10)
O = 61¢§ (t[&l,l} Ttp21) —tea1) — 305 + 20[4,11) (A.11)

OEJ - 6\}@ (—3t[3,2] + it + 40 — 1) + 6c) — 40[471]) (A.12)

The odd/even labels for the R = [3, 1, 1] multiplicity come from the odd/even permutations
used to produce the respective traces. All other zero coupling operators are defined uniquely
by A and R.
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A.1 BPS operators

Following the algorithm, the BPS operators in the A = [3, 2] sector are

BPS
S

Sty =

555 -

1
_2\/ﬁ<(

N —2)(N - 3) [2NOBE — VB(N + 3)0533]

+ N(N + 3)(N - 3) |:4\/§0§:D7odd + 3\/§O§:D,cvcn:|

)

—5(N +3)(N +2) |[V5(N - 3)0,

F

+4NO

i

— (N? 43N = 6)(N +2)t[31,1] + 3N (N +2)(N + 1)t (3.9
AN +9)(N + Ve — 18(N +2)(N + 1)0[5}}

( —VB(N —1)(N —2) [QN(’)BE —V5(N + 3)0833}
— N(N +3)(N-1)v5 [4\/50?,0@ - 3x/§0§m, n]

—(15N% + 48 N2 + 19N + 6)0@ +2VBN(3N + 8)Ogj>

1
2/6P,

(5N +12N2 = 12N + 6111, + 23N = 2)(V = Dtz
— (BN®+12N% —2N —4)t;311)— N (BN? +8N —2) t[3 9
—4(8N +3)cpa 1) + 6(5N? + 8N — 2)cig]

1
V15D;

(- 2N —1)(N —2) [2NOBE —VB(N + 3)0833}
—V3(BN*+9N? —5N — 2)0510“

+3V2(3N® +6N? —4N+2)O§3leven
V50, — 20

?Ej>

[(N? 4+ 8N = 5N 4+ 2)tpp.1.1,1) = AN(N + Dt

—(N +2)(N +1)

1
265

+2(2N? +4N? = 5N +2)t[31,1) — 2N*(N + 1)i[3 9
+8(N + 1)(N = D + 12N(N + 1)0[5]}
1
——— [2(5N?* —5N +2)0, 5(4N?+5N —2)0,
v (2 )+ VE( )05
+ 4\/§(N - 1)0§]j,odd - 3\/§N0§:D,even

)

+(N +2) [V5

(9Bﬂ — 2(’)Ej
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[(N3 +5N?+2N —18)tp 11,1 — 4(N? +3N —3)(N + Dtpoay

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)



V6
12\/P;

where the normalisation polynomials are

[Nz(t[2,1,1,1] + 2t9,2,1) + t3,1,1] +t3,2) — 4N — 1)epa1) — 6NC[5]} (A.20)

Py =10 NS + 74 N° + 199 N* + 252 N® 4 351 N2 4 648 N + 702 (
Py =50 NS + 220 N° + 192 N* — 78 N3 + 541 N? — 156 N + 78 (A.22
P3; =15NS + 50 N° + 17N* — 66 N> + 115 N2> — 60 N + 20 (
Py=3N*"4+5N?—4N +2 (

In [22], these operators were studied, though in the SU(/V) gauge theory rather than the

U(N) theory. This means all traces whose cycle structure p F n contained one or more 1s
do not contribute. In the A = [3,2] sector, they found the single operator

O = Nt[3’2] - 60[5] (A25)

One can check that in each of the expansions above, t[3 9] and c[5) only appear in this ratio.
We have found that by expanding the gauge group to U(N) and allowing traces of a single
matrix, there are three additional quarter-BPS operators.

A.2 Norms of BPS operators

The physical F-weighted norms of the BPS operators are

]SB,PSLH 2 (NA43)(IN+2)(N + I)NIZN — DIV =2)(N = 3)@ (A.26)
sams, 2 _(N+1N*(N ;;)(N —2)@1@Q2 (A.27)
spes, 2 _ (N+2)(N + 1)N(g — DN —2)Q:203 (A.28)
seap] - (2D a3)

Where the polynomials in the numerators are

Q1 =10N3+37N?+11N —36 (A.30)
Qa=5N*+11N?—7TN +2 (A.31)
Q3 =3N>+5N? —5N +2 (A.32)

We discuss the combination of linear factors and ) polynomials in the numerators in
section B.4.

B A = [4,2] sector

We give the BPS basis for the A = [4,2] sector with M, the highest weight state corre-
sponding to field content (4,2).
Throughout this section we will work with A = [4,2] and M, = , so we will

suppress these in operator labels.
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B.1 Free field covariant basis from traces

When writing our operators as sums over the free field covariant basis (2.64), we have made
a choice about how to span the free field multiplicity space for R = [4,2],[4,1,1],[3,2,1],
3,1,1,1],[2,2,1,1]. These choices are:

V10
ol = 10 (—ta2)—t[a,1,1)F6t[3,3+6t[32,1)1+6t[32,1),2—3t[2,.2,9) = 3t[2,2,1,1]1
+66[6]72+66[571] —40[472]—%26[471’1]) (Bl)
V10
Ogm2 = 510 (=2t —6t3.2,1)10 —6t[3.1,11] —3t[2,2,1.17,1 + 92,2112 3t[2,1,1,1,1)
+24cjg),1+12¢(5 1)+ 12¢p4 9] +4C[47171]> (B.2)
V3
ol = 08 (=t +3t1,1)+6¢33+6¢321)2+6¢3111) 322 +3tp211)1
+61t12,2.1,1),21+12¢)g),1+6 ¢[6) 2 +6 5,172 6[4,2]) (B.3)
V15
=2 = 1080 (=10t 9)—48t[33—18¢391)1 —12¢321)2+6¢[311,1)—12¢2 29
+3%2,2,1,11,1 —21¢2,2,1,11,2 9% [2,1,1,1,1]
—24 C[G],l —48 6[6]72 +60 0[571] +20 C[472] +60 0[4,17”) (B4)
V10
0333,1 =90 (=t +6t33—331,1,11 32,2111 —3t[2,2,1,1],2 =3 C[5,1] +2Ca,2)) (B.5)
NG
0@;,2 =15 (t3,2,10,2 +[2,2,2] — 6,1 T Cl6),2 +HCa1.,1]) (B.6)
NG
0333,3 =90 (=t —6t3,21,1—3t3,21]2+3t 211,11 F12¢61+12¢6 2—4ca1,1)  (B.7)
V3
Ogr,l =108 (—tra2) =31, +61[33 —613 2126831111 +3t2,2,2 +3¢2,21,1)1
—|—6t[2727171]’2—12 0[6]71—66[6}724‘66[571} +2 6[472]) (BS)
V15
053,2 = 1080 (=10t 4,90 —48t3 34+ 18139,1)1+121[32,1),2+6 (311,11 +12¢[2,2 9]
+3%2,2,1,1,1 —21¢[2.2,1,11,2 = 9%[2,1,1,1,1]
+24 6[6],1 +48 6[6]724‘60 C[571] +20 0[4’2] —60 0[47171}) (Bg)
V10
0?,1 =120 (—tag Fta,1)+613,3 —6t3201)1—6%32,1),2F3t 222 —3t2,21,1]1
—6cig,2+6¢51)—4Cu9 —2¢11]) (B.10)
V10
053,2 =210 (2tp,1,1) 6132170 —6t(3,1,1,1] —3t[2,2,117,1 + 92,2112 F 38 [2,1,1,1,1]
—240[6]71+126[571]+12C[472] —40[47171}) (Bll)

The zero coupling operators with R = [5,1],[3, 3], [2,2,2], [2, 1] are defined uniquely (up
to a minus sign) by A and R. We use

V10
OBIED = T30 (875[4,2] +2¢[4,1,1) +248(3,3) +30%(3,2,1),1 +6t(3,1,1,1] + 12¢[2,2,2) + 3Lj2,2,1,1),1 — 21E[2,2,1,1],2
+3t[2,1’1,1,1] +726[6],1 +24C[6],2 +600[5,1] +2OC[42] +2OC[4’1’1]) (B]_Q)
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V10

Om= 360 (t[4 9] Fta,1,1) — 68(3,3) — 128[3,2,1],1 — 18[3,2,1),2 — 68(3,1,1,1] — 3l[2,2,2) + 6¢[2,2,1,1),1 + 3t[2,2,1,1),2
—375[2’1,171’1] +3OC[6],2 +3OC[5’1] — 206[4,2] + 100[4,171]) (Blg)
V10

O@ =360 (t[4,2] —t1a,1,1) — 683,31 + 1283 2,171 +18¢(3,2,1],2 — 6¢(3,1,1,1) + 3¢(2,2,2) + 6L(2,2,1,1),1 + 3t[2,2,1,1,2
+3t12,1,1,1,1] — 30¢(e],2 +30¢(5,1) — 204, 2] — 100[4,1,1]) (B14)
V10

Og] =50 (—St[4,2] +2¢[4,1,1) — 248 (3,3) +30%(3,2,1),1 — 6%(3,1,1,1] + 12¢[2,2,2) — 3Lj2,2,1,1),1 +21E[2,2,1,1],2
+3t[2‘1’171‘1] +72C[6],1 +24C[6],2 —600[5’1] - 20C[4’Q] +208[4’171]) (B15)

where the symmetrised trace combinations we use are defined by

tag = 3TrX*TrY? — 6Te XY TrXY + 2TeX 2T X2Y2 + TrX 2 Tr (XY)? (B.16)
tigry = 3TeX* (TrY)? — 6TeX TeX*Y TrY + 2 (TrX)? TrX?Y? 4 (TrX)* Tr (XY)?

(B.17)
2

tag = X TeXY? — (Trx?Y) (B.18)
tp2a1 = TEXTrXPTrY? — 2Te X Tr X?Y TrXY + TrX TrX*TrXY? (B.19)

tpoae = TTXPTEXYTrY — TeXTrXTrY? — TeX?Tr XY TrY 4+ TrXTrX?Y TrXY
(B.20)
taa) = TIXTrX? (TrY)? — 2 (TeX)? TeX2Y TrY + (TeX)® TrX V2 (B.21)

2
troo = (TrX2> Try? — TrX? (TrXY)? (B.22)
tpo211)1 (TrX2TrY) AT XTeX 2T XY TrY + (TrXTrXY)? (B.23)
tpoia)e = (EXTrXY)? — (TrX)® TrX*TrY”? (B.24)
tpai1y = (TrX)? TrX? (TrY)? — 2 (TeX)® TeXYTYY + (TrX)* Try? (B.25)
along with the commutators
e = TrXY? - TrX*Y XY = e XP[X, Y]V (B.26)
2

g2 = TrXPY XY = Tr (X2Y) = TrX?[X, Y]y (B.27)
i = TrXTrX?Y? — TrXTrX?Y XY = TeXTr X[ X, Y]Y (B.28)
g = TrX?TeX?Y? — TeX2Tr (XY)? = TeX*TeX[X, Y]V (B.29)
g = (TrX)? TrX2Y? — (TrX)* Tr (XY)? = (TrX)? Te X [X, Y]Y (B.30)

These are respectively the covariant symmetrised trace and commutator trace bases for the
A = [4,2] sector with M) the highest weight state, as discussed in section 5.2.

B.2 Quarter-BPS basis

We now give the end result of the construction algorithm for quarter-BPS operators in the
A = [4,2] sector. The operators in this section are very lengthy to write out, so in the
interests of brevity we only express them as a sum of free field operators. An expression
in terms of trace can be found by substituting (B.1)—-(B.15).
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For p = [3,2,1] and [2,2,1, 1] there are two BPS operators. For these, we have cho-
sen the multiplicity space basis using the alternative orthogonalisation algorithm of sec-
tion 6.10, beginning with the choice of free field multiplicities in (B.5)-(B.7) and (B.10)-
(B.11) respectively.

We present the operators starting from the longest partition p = [2,1,1,1,1] and

progressing to the shortest, p = [4, 2].

BPS

S, =

6\/;?0(( 1)(N =3)(N —4) [3V3(N =2) { NOges— (N +4) Oz }

—VEN(N+4) {2501~ 1105 b —2VB (N +4) (N +3) { Ot +4v20,5 ]|
+V2N(N+4)(N+3)(N—1)(N —4) [10\fo 142905 ]
+(N+4)(N+3)(N+2) [10[ (N =3)(N-4)0,

+3V3(N—-1)(N—4 ){2(953,1“3053,2}+65WN(N—1)OEJD (B.31)

where the normalisation polynomial is

Py =195 N0 + 2298 N? + 9767 N® + 17008 N7 + 21041 N® + 74974 N°® + 135005 N*
— 144704 N3 — 399936 N2 — 62976 N + 707328 (B.32)

For p = [2,2,1, 1] there is a two-dimensional multiplicity space. The first operator is

BPS

Si2,21,101 =

1
6/30P;

+V3(N=3)Pis [3(N+1)(N—2)OEEE,1+5(N+3)(N—2)OEHH—12\/§(N+3)(N+1)OEP,2}

(—2of3N(N+1)(N—2)(N—3)P1,108m

+2V3(N+1)(N—3)P1 3 [3(N-2)(9EEDQ+8 \/§(N+3)(’)§;P,3}
+VION(N+1)Py 4 |:(N3)O§IU,1 5(N+3)OE;D,1:|
—2V2(N+1) [5N(N—3)P1,50§m,2+\/6(N+3)(N—3)P1,60§P,1+5N(N+3)P1,7OEE,2]

+5V3(N+3)(N+2)(N+1)Py g {5(N—3)o$+3(1v—1)0§3,1]

+10V3(N+3)(N+2)(N+1)

3131,9(953,2 726NP1,1OOEJ

) (B.33)

where the normalisation and coefficient polynomials are

P; = 1254825 N6 4+ 95236900 N + 212913135 N + 949347864 N3

+ 2265287922 N2 4+ 2206326096 N1 — 483268806 N'* — 64991400 N

+ 7717590681 N® + 4250132076 N* — 14563157385 N° — 5596987632 N'°

+ 20300164460 N* + 5660498272 N3 — 5514459136 N2 4 14594125824 N

+ 12396386304 (B.34)
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P =78 N*+180 N3 — 411 N* — 510 N + 788 (B.35)
Pro =195 N° 4 1149 N* + 687 N® — 3927 N? — 1552 N + 4448 (B.36)
P 3 =195 N° 4 1257 N* + 801 N® — 5871 N? — 3656 N + 9024 (B.37)
P4 =975 N° 4 6177 N* 4 3891 N3 — 27411 N? — 16176 N + 40544 (B.38)
P15 =507 N° 4 3225 N* + 2037 N3 — 14487 N? — 8664 N + 21632 (B.39)
Pig=195N° 4+ 1041 N* + 573 N® — 1983 N% + 552 N — 128 (B.40)
P17 = 1443 N° + 9129 N* 4 5745 N® — 40335 N? — 23688 N + 59456 (B.41)
Pig =117 N* + 720 N* + 1041 N? + 240 N + 992 (B.42)
Ppg = 429 N° 4 2247 N* + 1215 N® — 3585 N% 4- 2056 N — 2112 (B.43)
Pi1o =54 N? 4+ 273 N? + 120 N — 572 (B.44)

The second operator is

BPS

1
S =—— [ V3(N=2)(N—=3)NP,,10,
[2,2,1,1],2 3m< ( )( ) 2,1V

—V3(N—=3)Ps5 [3(N+ 1)(N =2)Oggm1 +5(N +3) (N —2)Ogg — 12V2(N +3) (N + 1)(9?3,2}

+V3(N —3)Py 3 [3(N —2)Oggn2 +8V2(N + 3)(9@33,3}

+VI10NPs 4 |:(N—3)O§IU,1 —5(N+3)OEE,1] ~V2(N —=3)NP2,500m,2

+2\/§(N+3)(N_3)P2’60§5P*1 + \/§N(N+3)P2,7OEI,,2 (B.45)

—5V3(N +3)(N42)(N —3)P280p+3V3P2.90m 1 —6V3P2 10052 — 23N P2 11O

i i i} E)
where the normalisation and coefficient polynomials are
Py = 64575225 N0 41221543180 N9 49292923450 N4 4-34312809600 N '
+49747071546 N2 - 49520811024 N —212528733480 N0 481502221096 N
1872883407025 N®+609873915684 N7 — 949480261506 N6 — 778095650280 N°
1986491220724 N* +591265527264 N3 — 532623199736 N2 — 150593123520 N
+181872634752 (B.46)
Py1 =135 N°+423 N* 4999 N3 +1653 N?+1716 N +74 (B.47)
Py =351 N° 41485 N* —783 N® —3669 N2+ 5448 N — 1832 (B.48)
Py 3 =189 N%4+903 N° —429 N* 4851 N —1590 N* +98 N —1320 (B.49)
P34 =27N5-30N°—-1560 N* —5250 N —4959 N — 3420 N —808 (B.50)
Py 5 =675 N%42580 N° —7527 N* — 35553 N —24606 N — 13386 N — 7192 (B.51)
P36 =1593 N® 48247 N°4-2379 N* —22659 N3 +5526 N? 414562 N — 8648 (B.52)
Py 7 =135 N% 43189 N° 423673 N* 469447 N3+ 74574 N? 455014 N 4-8968 (B.53)
Py g =2835 N°+17493 N* 421549 N* — 19317 N? — 10044 N 415464 (B.54)
Py 9 =10035 N®4+100587 N7 4320580 N®+201774 N° —613761 N* —529313 N*
4665098 N2 4243952 N — 359952 (B.55)
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P510=1131 N" 410440 N9 4-29667 N°+13182 N* — 54074 N3 — 45886 N2 +22026 N
424264 (B.56)
Py 11 = 2280 N94-24384 N° 495505 N4 +166002 N3 4120739 N2 +22034 N — 11694 (B.57)

For p = [3,1, 1, 1] the operator is

SBPS _ 1
[3,1,1,1] 18\/@

+6(N=3)Py 2 [3(N+1)(N-2) O,

(—3N(N—2)(N—3)P3,108m
145 (N+3)(N—2)0g;—12 \@(N+3)(N+1)Og33,2

+3(N=3)Pys [3(N—2)Ograa+8 VAN +3)0pp5]

N+3)P3760 )1

+(N-3) [2 V30N P; 4O gm,2_6( # }

+2V/30P; 70

e, 1 VNP3 50

H:u,l - \/éP?),SOH:u,Q

10 (N—|—3)(N—3)P3,90§—6P37100§371 _3P3711053

where the normalisation and coefficient polynomials are

—-3(N+2) 2+ 5120

i

) (B.58)

Py =93476025 N1¢ +1612393695 N'° +11013446394 N ** 434526289987 N 13
429660697936 N2 — 98498965581 N1 —203072674968 N1V 4154945270125 N*
4449766055695 N & — 624364696710 N7 —1246035300318 N®+1119952316004 N°
+1953728842580 N4 — 1114329042600 N3 — 1086753482680 N2 +1691309503680 N

+1297828640736 (B.59)
P31 =T7155 N° 422752 N* —21231 N3~ 76512 N% 421066 N +63020 (B.60)
P39 =270 N°+1728 N*+1287 N*— 6762 N — 4278 N +9380 (B.61)
P33 =2025 N® 14460 N° 419239 N* — 46512 N® —80274 N2 442292 N +71520  (B.62)
P34 =2295 N® + 16458 N° 422254 N* — 51987 N® — 91314 N*4+47394 N +80900  (B.63)

P35 = 24435 N0 4175044 N° 4235749 N* — 555432 N3 — 971334 N? 4506028 N +861760

(B.64)
P36=135N%41524 N°+4881 N* +2712 N3 8046 N? —1476 N +3520 (B.65)
P37 =18630 N®+168027 N7 +436488 N® —22071 N° —1221552 N* - 330750 N3
+1226756 N2 — 644796 N — 1298232 (B.66)
P35 =37260 N®+400629 N"+1309611 N®+387381 N° — 4795443 N* — 5190456 N>
+4201270 N2 46554016 N +1298232 (B.67)
P39 =135N°4609 N* 1257 N> —9444 N? — 12438 N — 5860 (B.68)
P310="525 N® 3840 N°+6681 N* —8262 N3 —49724 N2 —91728 N — 41832 (B.69)
Py 11 =6825 N9 461005 N° + 175743 N* +113439 N3 — 265222 N2 — 407694 N — 160596
(B.70)
P315=22575 N®+198375 N° 4553953 N* +307269 N* — 994562 N — 1589994 N — 649116
(B.71)
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For p = [2,2,2] the operator is

SBPS _ 1
[2,2,2] 36\/E

~15V2Py [3(N+1)(N ~2) O +5(N +3) (N ~2) Oy~ 12VE(N+3) (N +1)O

(30 V2N(N=2)Py 1Oy

=

+30V2P15 [3(N—2)Ogn2 +8\/§(N+3)0§3373} +10VIEN P1.4Open1 =20 VEN P15 O
+60V2(N+3)Py 60,1 +10V3N [\/5P477(’)ED71+2P4,8(’)ED72} +3 \/§P479(9$
+45 \@PMOO?J —-90 \@P4711053’2 —-30 \/iNP4712(DE]> (B72)

where the normalisation and coefficient polynomials are

Py = 149226300 N + 2094533640 N3 + 10660893948 N2 4-20470965300 N !
—2209082715 N0 — 23656646682 N + 108969897216 N°® + 185022077310 N7
— 186235972937 N6 — 216166001512 N° + 413959581308 N + 246958572128 N3
— 287690109584 N2 — 143358681600 N 4 276161485248 (B.73)
Py =135N° —18 N* —15 N3~ 1022 N* — 76 N — 816 (B.74)
Pyo =864 N°+2430 N* —5973 N® — 6119 N? + 17876 N — 12228 (B.75)
Py3 =243 N°+924 N® — 1152 N* — 3670 N® 45307 N + 2256 N — 2988 (B.76)
Py 4 =108 N%+402 N° —1065 N* — 2588 N3 49471 N2 43376 N 4276 (B.77)
Py 5 =945 N° 43576 N° — 5586 N* — 16186 N> + 34863 N2 + 13520 N — 8412 (B.78)
Py =1971 N®+ 7512 N° — 8238 N* — 27854 N3 428821 N2 + 13552 N — 27444 (B.79)
Py 7 =906 N° 47485 N* +18394 N3 + 9099 N? — 14000 N — 13164 (B.80)
Pyg =285 N°+5955 N* +34507 N3 463369 N? + 19738 N + 7536 (B.81)
Py =48060 N7 4429834 N +1227525 N° + 919710 N* — 762363 N* — 208286 N

41345500 N + 946584 (B.82)
Py 10 =3702 N® 429949 N° 468544 N* 47491 N3 — 79610 N> +-45780 N + 78984  (B.83)
Py11 =699 N®+5163 N° 48795 N* — 9599 N — 20952 N? + 21736 N + 26328 (B.84)
Py 12 = 1605 N° 414460 N* 442159 N3 + 36288 N2 — 16754 N — 19428 (B.85)
For p = [3,2, 1] there is a two-dimensional multiplicity space. The first operator is
1
SBES 1= Yo (30 VIO(N ~2)N P51 Oy —6v/10(N —2) Ps 5 [3(—’\’*1)%:371 +5(N+3)(9EE]
5
—18VI0(N —2)Ps 502 —20V/3N [13574(9533,1 —\/5P575Ogm2} —~12V10P;60p,
—6v/5Ps 70, ,2+3\/5P5,8(9§3:,3_20\/§N [P5,9OHD,1—\/5P5,1OOHD,2}
—6V10(N+2)Ps5 11 [5(9@30?71} —6V10(N+2) 3P5,12OE}275NP5713(9E3 ) (B.86)
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where the normalisation and coefficient polynomials are

P5; = 1329483780 N + 13761404280 N2 + 47552297508 N2 + 41944792356 N !
— 43156801080 N0+ 23239162764 N — 47497601127 N® — 299164340106 N”
+683116078397 N® + 45647911732 N° — 883683643044 N* + 341394177280 N>

+ 617090703216 N2 — 378227252672 N + 179121262144 (B.87)

P51 =3708 N°+2172 N* — 19509 N3 + 17427 N? + 9416 N — 13724 (B.88)
P55 =1656 N°+5619 N* — 10194 N — 12393 N2 + 36194 N — 24704 (B.89)
)

Ps 3= 5076 N +23490 N° — 14985 N* — 85957 N® 4116006 N2 4-32240 N — 75024 (B.90
P54 = 11808 N° 4-54255 N® — 34545 N* — 194501 N3 + 255813 N? 4+ 75970 N — 174752

(B.91)
P55 =12492 N® 4+ 57498 N® — 36627 N* — 207175 N° + 274254 N +-80120 N — 184816
(B.92)
P56 = 6462 N7 +45960 N6 + 66285 N° — 117979 N* — 124298 N3 + 345680 N
+16132 N — 99960 (B.93)
P57 =16326 N7 499666 N 4- 144600 N° — 54717 N* — 52871 N3 + 89526 N>
+116 N 4579336 (B.94)
Ps g =165978 N" +1065798 N 41496280 N° — 1235731 N* — 1949513 N® 4 8498 N2
+679228 N 4177528 (B.95)
Ps 9= 14061 N° 485773 N* 4+ 110389 N® — 97565 N* — 111014 N 44008 (B.96)
Ps 10 = 15126 N° + 66642 N* — 35467 N — 293389 N% 4-81536 N + 220812 (B.97)
Ps 11 =1137N° 45721 N* — 3097 N® — 35915 N? — 21618 N — 12024 (B.98)
Ps5.19 = 6462 N° 440026 N* 456743 N3 — 30825 N — 44698 N +8016 (B.99)
Ps 13 = 4332 N* 426304 N 432807 N? — 32861 N — 35466 (B.100)
The second operator is
SBS .= 18;]?6 (-3(N—z)Npﬁ,lon—?,(N—z)Pﬁ,g [3(N+1)Oga1 +5 (N +3) O]
+9(N —2)Ps,305,2 + V6N [\/5P6,4O 1 P6,5Ogm,2} - 6P6,60g33,1
+12 \/§P6,70E3372 —3Ps g {8 V2(N - )O3 —3(N+2)OEH,2] —i—\/%NP&g(’)Enl
_\/éNP&mOED,Q +3(N+2)Ps 11 [50$+3OE}1} —3N(N+2)P6712(’)H]> (B.101)
where the normalisation and coefficient polynomials are
Ps = 433202580 N1 44164719976 N3 411536183026 N'2 — 111051000 N' 1!
—29053464768 N*° 410364014080 N” 431360792437 N® — 51088773768 N”
+37140544622 N° —29831349568 N°+ 55411748788 N* — 79360524160 N3
166216685440 N2 — 31168716800 N + 6758052160 (B.102)
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P51 =864 N5 4+7734 N*—29931 N3 434329 N2 —2260 N —8780 (B.103)
Pso=5724 N°+7509 N* —30912 N3+ 37572 N? — 28648 N 410144 (B.104)
Ps3=4104 N®+12552 N° — 15267 N* —24025 N3+ 50968 N? — 18276 N — 4944 (B.105)
Ps4=2484 N® + 11871 N° — 7131 N* — 54710 N* 493012 N2 — 18048 N — 20032 (B.106)
Ps 5 = 22248 N9 485140 N° — 74325 N* —290915 N? + 524952 N* — 127020 N — 94960
(B.107)
Ps.6 = 54810 N" 4273690 N6 4107331 N° - 533633 N* 4371678 N> — 35050 N2 — 241112 N
+130440 (B.108)
Ps7=T830 N7 +45693 N®+36684 N° — 104202 N* — 1453 N3+ 78398 N2 —91900 N +46392
(B.109

Psg =516 N54+5496 N 412187 N3 — 4448 N? —12124 N 44416 (
Ps.o=3717 N° 423415 N* 429524 N3 — 26804 N? — 15272 N +2208 (
Ps.10 = 16416 N° 468640 N* —93347 N3 — 401726 N2 +197500 N 4132600 (B.112
Ps 11 = 2685 N° 412423 N* +5150 N3 — 17908 N% +8976 N — 6624 (
Ps.12 = 6918 N* 441334 N3 4+-46861 N? —49160 N — 18420 (

For p = [4,1, 1] the operator is

SBPS

[4,1,1] 71+5(N+3)OEEB]

((NQ)NP7,1OBE(N2)P7,2 [3(N+1)0g

1
6V Py

—3(N—2)P7,3O 72—|-\/%P774(9 71—‘-\/6137,5(9 12(N—|—3) P7,6(9 71—|—\/§P777O 2
B

2 B

+(N+3) {213778 {8\/§(N—1)(9§33,3—3(N+2)OE}2} —\/%NPLQOEDJH\/EP?JOOEEQ}

—(N+3)(N+2)Pr1 {50 +30 ,1] +2(N+3)(N+2)P7,1QOEJ> (B.115)

B f
where the normalisation and coefficient polynomials are
P; =1691280 N'* + 14469840 N3 34933194 N'? — 15345720 N !

— 97734483 N0 + 108829584 N + 94236018 N® — 365252412 N7
4332214736 N + 23494544 N° — 188670784 N* + 59358800 N3

+ 76067360 N? — 55528000 N + 47136640 (B.116)
Pry =2052 N°+2592 N* — 7293 N3 44232 N + 1320 N — 2240 (B.117)
Py =108 N®+ 477 N* — 348 N® — 770 N>+ 1254 N — 772 (B.118)
Pr3=0612N°%+3210 N° +939 N* — 7568 N> +-5760 N? + 692 N — 2472 (B.119)
P; 4 =1296 N7 +6029 N® + 1473 N° — 11350 N* + 9484 N* — 4114 N? — 3428 N + 3440
(B.120)
Pr5 =648 N7 +4186 N°+ 1473 N° — 12472 N* 48280 N*® + 6672 N? — 4760 N — 3440
(B.121)
Prg=13N°—7TN*+84N®—129 N* 4222 N — 40 (B.122)
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P;7=15N° 486 N* — 194 N3+ 278 N% — 178 N +284 (B.123)
Prg=69N* 4222 N3 +112 N2 — 193 N — 62 (B.124)
Prg=97TN*+316 N> +62N?—306 N — 164 (B.125)
Py 10 =263 N°+410 N* 1216 N* —953 N% 41060 N + 860 (B.126)
Pr11=15N*+60 N® — 262 N? — 146 N — 244 (B.127)
P19 =222 N*+ 726 N3 474 N? — 725 N — 430 (B.128)
For p = [3, 3] the operator is
Sha = 18\}@ < — 60N Py 1 Qe + 9Ps 2051 — 18Ps 30552 — V30N Py 4 O
—10 \/éz\fp&g)ogm2 — 3Py 60 + 12P5 7051 — 12\/513&86)@33,2
— 6P [sﬁ(N ~ )O3 — 3(N + 2)(9?,2] + V6N {\/SPSJOOHLI - 10P8,11(9§D,2
—3(N 4 2) P 1 [5% + 30?,1} — 60N (N + 2)P8,13(9§3> (B.129)
where the normalisation and coefficient polynomials are
Py = 64152 N2 4209952 N1 — 137241 N0 — 640440 N® + 908640 N®
— 322236 N7 — 116124 N — 675864 N° + 2362028 N* — 3013280 N3
42221520 N? — 926400 N + 177280 (B.130)
Py1=27N° —54N* 4+ 39 N3 + 7N? — 36 N + 20 (B.131)
Ps o = 540 N® 4 765 N° — 2364 N* 4 2098 N — 686 N? — 592 N + 488 (B.132)
Ps3 =90 N® + 75 N° — 198 N* + 156 N — 202 N? 4 216 N — 104 (B.133)
Pyy =255 N* — 78 N — 310 N? 4 218 N — 28 (B.134)
Pss =69 N* — 156 N* + 52 N? + 178 N — 164 (B.135)
Pyg = 1188 NO + 3519 N® — 2868 N* — 5066 N + 9654 N? — 8560 N + 3000  (B.136)
Ps7 =87N°+81 N* — 302 N + 396 N? — 214 N + 60 (B.137)
Pyg = 99N> — 12 N* — 486 N® + 706 N> — 640 N + 168 (B.138)
Pysg=21N* +48N* -~ 36 N> —2N — 12 (B.139)
Ps10 =51 N* + 138 N® — 86 N? — 142 N — 12 (B.140)
Py11 =33N* 4+ 48 N% — 164 N? + 2 N + 156 (B.141)
P12 =33 N* + 54 N3 — 58 N2 +- 134 N — 36 (B.142)
Py13=3N>+9N? 5N — 14 (B.143)
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For p = [4, 2] the operator is

1
S
Sh = 6T (-ﬁpg,logm—(s V2Py 5041 —3 \/§P9,3(’)HP’2—4\/15NP974(’)F,1

—2V3Py 502+ (N+3) [~10V2(N =1) PO +6V2Py 1 { NO,

~V2Py g {8\/§(N—1)(9§3373—3(N+2)OEH,2}+4 \/E(thl)(N—1)1\7053,1

) (B.144)

1 +2\/§O§P2}

—2\/§P9,90 2_\/§(N+2){100 +60 71+P9’IOOEJ}

B R

E:Ua
where the normalisation and coefficient polynomials are

Py =297 N0 4 378 N® — 1260 N7 + 390 N® 4 1080 N° — 1256 N* + 640 N3
+ 760 N? — 1920 N + 1440 ( )

Pyy =81 N° — 129 N* 451 N3 + 76 N> — 130 N + 60 ( )
Pyo=9N°+3N*-3N3 - 13N? 4+ 13N -6 ( )
Pyg=(9N*+13N? — 13N +6)(3N* - 2) (B.148)
Pyy=5N3—-2N? 5N +3 ( )
Pys=29N* —65N3 4+ 24 N? + 70 N — 60 (B.150)
Pyg=3N?-3N +2 ( )
Py7=N?*—-2N +2 ( )
Pyg=3N”> -2 ( )
Pyg=11N>—-18 N? — 10N + 20 ( )
Py10=9N?—10 (B.155)

B.3 Norms of operators with multiplicity

As explained in section 6.7, for A,p with M, , > 1, the BPS norms of the operators are
dependent on the choice of basis for the multiplicity space. In that section, we described
a process to extract norm-like functions of N that characterise the multiplicity space and
are independent of the choice of basis.

In the A = [4,2] sector, there are two partitions p = [2,2,1,1] and [3,2,1] with
My, = 2. For the first of these, we go through the process described in section 6.7
in some detail, while for the second we only give the results.

We begin by renormalising the BPS operators to have norm 1 in the physical inner
product as given in (6.72). For p = [2,2,1,1], this replaces P, and P, in the expan-
sions (B.33) and (B.45) with

P =3(N +3)(N +2)(N + 1)2N*(N — 1)(N = 2)(N — 3)Qmut @1 (B.156)
Py =3(N + 1)N*(N = 1)(N = 2)(N = 3)QumuisQ2 (B.157)
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where Q1 and Q2 are defined in (B.181) and (B.182) and

Quuit = 2145 N8 421570 N7 +69156 N°®+44856 N° —130747 N* —117106 N3+ 138802 N
+53280 N — 75456 (B.158)

after normalising, the S, inner product matrix can be calculated, and is given by

SBPS | GBPS gBPs | GBPS A _Aio
A B 2,2,1,1,11°2,2,1,1)1 / g \P[2.211],11°[2,2,11],2 /g | _ P /Pb
(2.2,1,1] = <§BPS ‘ABPS > <ABPS |ABPS > | Az Ase
[27271»1]72 [2’29171}’1 Sn [2»271’1}72 [2727171]a2 Sn 1/P1P2 P2
(B.159)

where

Ay =1254825 N6 425236900 N '° +212913135 N '* +949347864 N '* + 2265287922 N 42296326096 N '*
—483268806 N''* — 64991400 N +7717590681 N®+4250132076 N —14563157385 N°
—5596987632 N° 420300164460 N* +5660498272 N* — 5514459136 N° 414594125824 N
+12396386304 (B.160)

A1 2 =2+/5(394875 N'° 47400484 N** 57527991 N *° 4231664914 N''* +476892396 N'* 4249273666 N *°
—1301445666 N —4474130634 N® — 7919982621 N” —8401406142 N® — 6257132757 N°
—4801800696 N'* — 1575438250 N — 1395294808 N* — 4205573568 N —1295069184) (B.161)

Ag.0 = 64575225 N9 41221543180 N'°+9292023450 N ** + 34312809600 N '® + 49747071546 N '
—49520811024 N''' —212528733480 N'*° +81502221096 N +872883407025 N® 4609873915684 N”
—949480261506 N°® — 778095650280 N° +986491220724 N* +591265527264 N° — 532623199736 N>
—150593123520 N + 181872634752 (B.162)

We now take the trace of Ap 1], divide by My ;, and take the reciprocal. This gives the
first p = [2,2,1, 1] invariant

2 2N 43N +2)(N + 1N (N - 1)(N - 2)(N —3)Q:1Qy
TrAp21,1 Dy

(B.163)

where the denominator is

D1 = 3913650 N '°+78795855 N'° 4656781957 N'* 42811679470 N'® 45818416030 N ' + 1501757316 N '*
—15672370512 N0 — 14255947158 N 442286367112 N® 471992040249 N ™ — 32371301901 N°
—121059621624 N° — 22843286488 N* 77152295508 N> 442542435352 N % + 5036467584 N
42255817600 (B.164)

We can also consider the trace of A[22 211" This leads to the second invariant

2 _VANEIWN AN NN - DNV =NV =3)QiQ: 16
TrA[2272’171] V' Ds .
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where the denominator is

Dy = 7658328161250 N°? 4-308379397920750 N°*" 4+ 5678040590961075 N*>° 4-62861883407800200 N'>°
+461553133569402069 N>® 4 2323880655128992368 N> 4 7893896923770889320 N 2°
+16200841926037924512 N2° +9738474984510581700 N2* — 43140893567922372492 N3
—100830809456338189482 N2 4 66300678032545590264 N°' 4 576422366985618028290 N *°
+ 587496624365125252152 N — 1266939757691694906384 N '® — 3370314414344723267400 N'*
—14422779155617085790 N ¢ 4-8873284172309294711934 N'° 4-9228283693975324117807 N
—8309143471774592802944 N''? — 21871661389590847910159 N''? — 3725069874701998817592 N''*
+25451491117140266214976 N'° 4 18757146605106723110568 N° — 15395309506022451870416 N°®
—22339442519546818907728 N + 3985689055612424950064 N° +16657691069689910952704 N
+ 3604888800092578331072 N* — 4775351642112978422784 N — 82696688563225374720 N>
+2740871464097166655488 N + 1006239182315089379328 (B.166)

For p = [3,2, 1], the same process produces

2 ~ 2(N +2)(N 4+ 1)N3(N — 1)(N — 2)Q4Qs5
Tdgsy o (B.167)

2 V2(N+2)(N+ 1NN —1)(N - 2)Q4Q5

where the denominators are

Ey = 41812200 N** + 448198920 N2 + 1563219648 N2 + 1093147920 N — 3204936072 N'1©
— 1375066305 N + 4730520504 N® — 3314823954 N7 + 4335640504 N® — 6084970 N°

— 10209076192 N* + 9690911824 N* — 2443216896 N2 + 3777810528 N — 538272768
(B.169)

By = 874130034420000 N8 + 18740182882824000 N27 4- 166345754746996800 N 2°
+ 753788224097235360 N2° 4 1608498415010610504 N>* + 181361766700128024 N3
— 5390210561323512672 N22 — 4416942361725000252 N2! 4 13381736971853528568 N 2°
+ 14451638301852715944 N'*° — 26479800963850159935 N1& — 31944440045187411534 N'17
+ 47031196210114852566 N'*¢ + 73597499966176725312 N5 — 112834178522277863808 N4
— 122423268066628273308 N3 4 309535922049432602720 N2 + 10889533588200882344 N 11
— 425645164341054775804 N0 4 196537079346722192144 N° 4 367648860348492413280 N®
— 423712842979380230656 N7 + 67969647225996116864 N°® 4 101859033408413821440 N'°
— 27177241919312392192 N* — 38998356711672686592 N> + 48696174595572179968 N2
— 18571148044644937728 N + 3609255644969508864 (B.170)

B.4 Norms of BPS operators

The physical norms of the BPS operators can be understood as characteristic functions
of the pair A,p and should be reproducible from stringy physics on the other side of the
AdS/CFT duality.
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We give the norms for each of the BPS operators in the A = [4,2] sector. For p =
[2,2,1,1] and [3,2,1], we reproduce the invariants derived in the previous subsection in
order to compare with other operators.

gpps 2 (N+4)(N+3)(N+2)(N+1)N*(N - D*(N—=2)(N-3)(N-4)Q:

Sy = Py (B.171)
2 2(N43)(N+2)(N+1)°N3(N—1)(N-2)(N-3)Q1Q>
o~ B, (B.172)
2 V2N43)(N+2)(N+1)°NA(N-1)(N-2)(N-3)@Q1Q2 (B.173)
Ter[z2 2,11] v Ds .
(N+2)(N+1)N(N—1)(N-2)(N -3
SEES | 2 (N+2)(N+1)N( 2Pi( )( )Q2Q3 (B.174)
2 2N+2)(N+DN*(N-1)(N-2)Q4Qs
oy e o (B.176)
2 V2(N+2)(N+1)N*(N-1)(N—2)Q4Qs
T i (B.177)
‘Sgg]s 2 _ (N+2)(N+1)é\;2(N_1)Q6Q7 (B.179)
\sﬁgf’ 2_ (N+3)(N+2)(N+1)JJ;;4(N1) (BN?—-2)Q7 (B.180)

where the polynomials in the denominator have been defined in previous subsections and
the polynomials in the numerator are

Q1=195N°+1149 N* +687 N3 —3927 N2 —1552 N 44448 (B.181)
Q2 =10035 N84+94914 N7+ 264876 N®+17268 N° —819309 N* — 487830 N3 4780722 N2

4189568 N —432744 (B.182)
Q3 =18630 N®+160677 N7 +371643 N®—204495 N° —1326729 N* — 15804 N3 +1726178 N2

— 442368 N —1298232 (B.183)
Q4 =8010 N"+56214 N°+79800 N° —132315 N4 —158273 N®+296994 N2

+33500 N — 171336 (B.184)
Q5 =2610N"+12546 N°43213 N> —25152 N4420228 N3 —5238 N2 —8000 N + 5160

(B.185)

Qe =648 N7 4+2772 N®+51 N® — 5484 N* 45438 N3 —2026 N —2000 N 41720 (B.186)
Q7=99N®+162 N°—324 N*+102 N3 +152 N? —260 N 4120 (B.187)

Comparing these norms with those in sections A.2 and 6.7, we see a general pattern in the
numerators. They typically contain a product of linear factors along with (in general) two
complicated ) polynomials. These ) polynomials appear in two consecutive norms.
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In (B.158) we saw that the @ polynomials appear in consecutive norms even in the
non-physical multiplicity space. This suggests they are an artefact of the orthogonalisa-
tion process.

The linear factors are more interesting. Their presence is partially implied by SEP-
compatibility, but there are generally more factors than would be sufficient for this purpose.
The function f,, defined in (2.29), that gives the free field norms, is a product of linear
factors, and we can compare this with those found in the numerators of weak coupling
BPS norms. In all but two (p = [2,2,2] and [3, 3]) of the examples we have calculated, the
numerators contain f,, while some partitions have considerably more factors. It would be
interesting to enumerate the linear factors that appear in the numerator for general A, p.

C A = [3,3] sector

The final example we give here is the BPS basis for the A = [3,3] sector at field con-
tent (3,3).

Throughout this section we will work with A = [3,3] and My = , so we will
suppress this index in operator labels.

For each BPS operator, we will first present it as a sum over the free field basis (2.64)
and then as a sum over symmetrised traces and commutator traces, for which we use the

covariant bases discussed in section 5.2. The covariant symmetrised trace basis is

tp21 = TrX TrY TrY? — 2Te XY Tr XY TrY — T X Tr XY Try?
+ TrX?Tr XY2TrY + 2Tr X Tr XY TrXY? — Te X Tr X2 Try (C.1)
ta1 = TrX? (TrY)? — 3TeXTrX?Y (TrY)* + 3 (TrX)? TeX Y2 TrY
+ (TrX)* Try® (C.2)

and the covariant commutator trace basis is

g = TrX?Y XY? - TeX?Y?XY = e XY [X, Y]V (C.3)
51 = TrXPY?TrY — TeX?Y XY TYY — TeXTrX?Y? + TrXTrXY X Y2
= TrX?[X,Y]YTrY — Tt XTrX[X,Y]Y? (C.4)

For these two bases, the partition label describes the cycle structure of the multi-traces.
The free field operators can be written in terms of symmetrised and commutator traces

V3

Oﬁm =35 (375[3,2,1] +t3100) + 60[5,1]) (C.5)
Ogﬂj,even = \1/3 (t[3,1,1,1] - 36[5,1]) (C.6)
Ogajyodd = —\}ic[ﬁ] (C.7)

OE:D = \3/6§ <—3t[3,2,1} +l3,1,10 + 60[5,1]) (C.8)
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The odd/even labels for the R = [3, 2, 1] multiplicity come from the odd/even permutations
used to produce the respective traces. All other zero coupling operators are defined uniquely
by A and R.

The BPS operators are

1
SBPS — —N(N—?))O +(N+3)(N—3)O ,even+2(N—|-3)NO (Cg)
(3,1,1,1] m ( QID QEP E:D
1
f— 127\/?1 (—3N(N+1)t[37271]+(N2+3N—6)t[37171,1]+18(N+1)C[571}) (Cl())
1 _ _
Sl = — ((N 1) O+ (N +1) O, ven OEI> (C.11)
1
= 74\/@ (Nt[37271] +Nt[371’171] —60[5’1]) (C12)

where the normalisation polynomials are
Py =2N* 4+ 6N3 + 9N? 4 27 Py=2N%43 (C.13)

The norms of the BPS operators are

‘Sgﬁi,u 2 (N43)(N+2)(N+ 1)N;1(N —1)(N = 2)(N - 3)Q (C.14)
N +2)(N +1)N*>(N —1)(N —2
’S[%S%]ZZ( +2)(N +1) P2( )( )Q (C.15)
where
Q=2N>+3N -3 (C.16)
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