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1 Introduction

Interest in the entropy dynamics of quantum many-body systems has increased dramat-
ically in the past few years. In the context of the black hole information problem [1],
recent works have derived the Page curve [2] of an evaporating black hole from holographic
calculations [3-6]. These calculations have been quickly generalized to various related situ-
ations [7-25]. In particular, using a semiclassical saddle point analysis of the gravitational
path integral, it was shown that replica wormhole configurations, though exponentially
suppressed, become dominant after the Page time [5, 6]. Meanwhile, entropy dynamics are
also much explored in various circuit models [26-38]. Notably, Page-like behavior has been
obtained in random circuit models [39-44], including the Brownian SYK model [45]. It is
thus interesting to make a connection between these two types of methods in a single model.



Since the Brownian SYK model is amenable to both saddle point methods and circuit
techniques, in this note we report a calculation of the Page curve in a model consisting
of two coupled Brownian SYK clusters using both saddle point methods and operator
dynamics. The quantity we are interested in is the Rény entropy of one cluster after tracing
out the other. To formulate a path integral representation of the Rényi entropy, the initial
state is taken to be a tensor product of thermofield double (TFD) states in each subsystem
obtained by doubling the Hilbert space to left and right sides.! This is the Brownian version
of the setup in [5]: the entanglement between left and right sides is maximal, whilst it is
initially zero between the two subsystems. We find analytic solutions to the saddle point
equations and show that replica diagonal and non-diagonal solutions are responsible for
early time growth and the later time saturation of the Rényi entropy, respectively.

On the other hand, the density matrix dynamics can be directly analyzed using an
operator dynamics approach. For simplicity we take a tensor product of Kourkoulou-
Maldacena states [46] in each subsystem as initial state. Again, there is no entanglement
between the two subsystems initially. Then the system is evolved under the full Hamilto-
nian, and the Page curve is obtained from a corresponding master equation. We compare
the results from these two methods, and find excellent agreement even though the two
approaches use slight different initial states. Complementing the saddle point method, the
master equation knows about the microstate from the perspective of symmetry, i.e., the
Fermi parity in our case. The Hilbert space factorizes into different Fermi parity sectors,
leading to an order one correction to the coarse grained entropy. Note that while the oper-
ator dynamics approach gives access only to the second Rényi entropy, in the saddle point
method, we are able to get solutions for Rényi entropy for arbitrary Rényi index n.

The rest of the paper is organized as follows. In section 2 we discuss a saddle point
analysis of the path integral representation of Rényi entropy. Both replica diagonal and
replica non-diagonal solutions are obtained analytically and checked numerically. The Page
curve is obtained using these solutions, with the replica diagonal solution being responsible
for the linear growth and the replica non-diagonal solution leading to the saturation to the
coarse grained entropy. In section 3 we study the Page curve using the operator dynamics
of the Brownian SYK model. We derive the master equation governing the operator size
distribution function. The initial linear growth and late time saturation can be obtained
analytically from the master equation, which shows exact agreement with the saddle point
analysis.

2 Rényi entropy dynamics from saddle points

2.1 Coupled Brownian SYK clusters
The time-dependent Hamiltonian of two coupled Brownian SYK clusters labelled by a =

1,2 is given by
Hty= Y Ji®[aat+ D Vas®)h]alls, (2.1)

|Al=g,a=1,2 |Al=|B|=q/2

1The Brownian model does not have a fixed Hamiltonian with which we can define a finite temperature,
so we consider the infinite-temperature TFD state in each subsystem, i.e., a maximally entangled state.



where A = ji ...jj4| denotes an ascending list of length |A[, ¢ is an even integer, and

[wa]A = Z.‘Al/2¢j1,awj2,a ce. ¢j‘A|,a7 (22)

is a short-hand notation for an |A|-body interaction. The v;,, j = 1,..., N,, are Majorana
fermions in subsystem a, and satisfy {4,/ o/} = ;j70qa. The summations in eq. (2.1)
are over all possible lists with the indicated number of fermions. J4(t) and V4 p(t) are
Brownian random interactions within and between the two subsystems, respectively. The

interaction strength is drawn from a Gaussian distribution with mean zero and variance

given by
— a—1g! ,
fo(t)Jﬁ/ (t,) = Qqul jé(t —1 )6A,A’5a,a’7 (23)
q°INg
24(q/2)!?
Vag(t)Var g (t') = (a/2) s VO(t —t')04 408 B, (2.4)

q2N1(q71)/2N2(q71)/

San =0 (2.5)

1,J] 5j\A\7j‘/A/|'

The over line denotes an average over the Gaussian distribution of couplings. The in-
teraction strength has dimension one (the dimension of energy), so J and V also have
dimension one, while the §-function makes up another dimension one and also indicates
that the couplings are Brownian variables, uncorrelated in time. Regarding the prefactor,
the dependence on N, is chosen to facilitate the large- N limit and the dependence on ¢ is
chosen to facilitate the large-¢q expansion in appendix D. In general, the coupling between
two subsystem does not have to be the same ¢-body interaction as the interaction within
each subsystems, but we make such a choice for simplicity.

2.2 Setup

To investigate the entropy dynamics, we consider a similar setup to ref. [5]: starting from
the tensor product of two thermofield double (TFD) states in each of the subsystems
(a = 1,2), we focus on the Rényi entropy of subsystem a = 1 by tracing out subsystem
a = 2. Because Brownian random interactions do not conserve energy, we simply consider
an infinite temperature TFD state, which is a maximally entangled state. To prepare such
a state, we double the Hilbert space by introducting left (L) and right (R) copies of the
fermions, ;4 1, and ;4 r, for both subsystems a = 1,2. Then the maximally entangled
state and the initial density matrix are given by

(Vja,L +1jar)|00) =0, Va=1,2, Vj=1,...,N, pg=|oo)(cx|. (2.6)

Consider a time evolution generated by the sum of left and right Hamiltonians. The
random couplings are identical between the two sides, up to an overall coefficient, with
Hp(t) = H(t;¢j01) and Hr(t) = (=1)Y2H(t;1b;4,r). This choice implies that Hg|oo) =
Hp|o0). Hence, the reduced density matrix p; of the subsystem a = 1 (including both L
and R pieces) at time ¢ is

p(t) = U)poUt (1), U(t) = Te W HLEIEHR) gy (1) = Trofp(t)].  (2.7)



Figure 1. The schematic plot of the Keldysh contour and twist operator. The blue and red
contours represent subsystem a = 1 and a = 2, respectively. The black dots at two ends of contour
represent twist operators. The red contour is the « replica while in s = — of the blue contour it
changes to a — 1 due to the twist operator.

where T denotes time ordering, and Tr, denotes the trace over subsystem a. The n-th

Rényi entropy is e~ ("~1S» = Tri[p;(t)"]. This joint left-right evolution is equivalent to a
- 2t g4 /

single sided evolution for twice the time, i.e., U(t) = Te™" Jo© dt'H (),

A path integral representation of the trace of the n-th power of the reduced density
matrix is obtained via a standard replica trick using n copies of the system and twist fields to

implement modified boundary conditions on subsystem 1. This formulation gives Tr;[p}] =

Z(n)
24y’
and Z(1) = Z is the partition function of a single replica. The replicated partition function

where Z(,), n > 2 is the replicated partition function with twist operators inserted,

Zy = [ [Dip]e~! can be implemented in a Keldysh contour with two twist operators at
t =0 and t = T, respectively [5]. The insertion of twist operators in the contour is shown
in figure 1. The effective action for the path integral of the replicated systems is

I= Z / dt( qu;“ast@bj‘as (ZJA asla+ ngBVABwls] [%s] >>

J,a,a Aa,a A,B,a,B
(2.8)

where s = 4 stands for the forward and backward contour, o, 8 = 1,2, ..., n are the replica
indices, and gf‘rﬁ = 598, gF = 5918 = @B {5 due to the twist operator.

At this point, the Brownian random interactions are integrated out. Strictly speaking,
what we calculate is the logarithm of the average of the replicated partition function, i.e.,
1=, log Tr1 [p}], instead of the average Rényi entropy ﬁlog Try [p}] which involves an ad-
ditional replica trick to obtain the averaged logarithm. Nevertheless, due to the large- N
structure of the Brownian models, we expect the circuit-to-circuit fluctuation are sup-
pressed [30, 47] so that both quantities agree with each other at large N. After integrating
out the Brownian variables and introducing the bilocal fields G and ¥,

[ 6(% o ta) - Z m(m)) (2.9

N,
/dG dE eXp|: 726135 (t17t2)<Gais tl,tg ZI/J]&S yas(tQ)):|’ (2.10)



we arrive at the following effective action,

yob oo J
_I= ZN [longata - /dtldtg <— Zo Gt + Jad(h)eww (2670, (t1,t2))Q>]

+\/N1N22—q2 / dt1dtad(t12)css (2GT0, (11, 12)) 2927 900 (2GY (b1, 1)) 2. (2.11)

where t19 =t] —t9, and ¢4 = c—_ = —1, ¢y = c_4 = 1 is due to the Keldysh evolution.
The summation over the replica indices and the contour indices is implicit. 6% denotes the
Pauli matrix acting on contour space.

From the above effective action the Schwinger-Dyson equations are

Gl =670 — S, (2.12)

e k7 Q a —
207 = cod(tin) <2Gais - 1+Z\/ 2G27 )1 g9 [g()) 2 (2G|
(2.13)

where we have defined g1y = g, gy = g7, and 1 =2, 2 =1.

2.3 Saddle point solutions

For simplicity, we assume the two clusters have equal numbers of Majorana fermions Ny =
Ny = N. To look for a replica diagonal solution, we can start by looking for a solution
when the inter-cluster coupling V = 0. In this case, the problem reduces to n independent
replicas. Moreover, because of the Brownian nature of the problem, the self-energy is local
in time (2.13). Starting from the Green’s functions ansatz

GoB(ty,1g) = 68 f(75212) (Sgngtw) _Sg;zm)) 7 (2.14)

one uses (2.13) to get

S (b1, t) = 87 (0)1 5 (t12)(?_01>a zgﬂ<w>=5aﬁf<o>q—“§<§"01>, (215)

where 3, ( = dt1934(t12)e“n2. Here the limit 77 > 1 is implicit, as we are interested

in the long tlme behaviors of Rényi entropy, so the Fourier transform becomes an integral.

We also solve the Schwinger-Dyson equation (2.12), (2.13) numerically in appendix B for

finite T, and find excellent agreement with the analytic solution we give in the following.
Plugging the self-energy into (2.12) gives

0Bl N sap 1 iw  —f0)r 1L
GoP(w) =6 W+ F(0a2(L)2 (f(())qlg I (2.16)
—f(0)97 1 L t1o]
af _ capt a sgn(ti2) -1
R R R e < ; _Sgn(t12)>. (2.17)



. . —Zt10]
Comparing it to the ansatz, we find f(t12) =€ «

,l|t12|
t —1
G (11, 12) = =50 (Sgn( 12) )

, so the replica diagonal solution is

1 —sgn(tia)

0-1
08 (1 1) = ‘Z&aﬁa(tu) (1 ) ) (2.18)

Now we claim that the above function (2.18) is still a solution to the Schwinger-Dyson
equation with finite coupling ¥V > 0. The reason is two-fold: (1) for the replica-diagonal
solution, the V term in (2.13) is only non-vanishing on intra Keldysh contour s = s’ term
due to the twist operator, and (2) the self-energy only depends on the Green’s function at
t12 = 0 which is vanishing on the intra Keldysh contour s = s’ term. So if one plugs (2.18)
into the Schwinger-Dyson equation, the V term in (2.13) vanishes and the it solves the
equation.

Besides the replica diagonal solution, the twist operator induces new replica non-
diagonal solutions that are the analog of the wormhole solutions found in [5]. We assume
the subsystem a = 2 still hosts the replica diagonal solution, ng’ , Eg‘ﬁ o 6“8 and find that
the subsystem a = 1 supports a replica non-diagonal solution. To get a replica non-diagonal
solution, the nontrivial part must come from the twist operator in (2.13), corresponding
to the inter Keldysh contour correlation function that crosses the twist operator as shown
in figure 1. The self-energy of subsystem a = 1 is given by

ot
w2 = 22 gyt veer? gt eneey )] )
Y

q

For a diagonal solution 2?6_ 4 X 58 the second term in (2.19) vanishes, and the equation
reduces to the diagonal solution (2.18) as we have shown. However, the second term
in (2.19) also suggests a replica non-diagonal solution, Z?’ﬁi 4 €.

This leads us to consider a replica non-diagonal ansatz for subsystem a = 1 (and a
replica diagonal ansatz for subsystem a = 2),

o filtie) (sen(tin)  —&" o fa(ti2) [ sgn(tiz) -1
G1= 2 ( € —sgn(tu)) = 2 ( 1 —sgn(t12)> 7 (2.20)

where the replica indices are implicit, and ¢ = sgn(a — 5)5‘”1’5 . Note that éTe = 1.
The sign prefactor in € is due to an emergent time ordering between different replicas when
different replicas develop nonvanishing correlations. This is also confirmed by the numerical
solutions (see figure 2). A detailed derivation is given in appendix A, where one finds that

_J+Vv
f1 and fo are fi(t12) = fa(t12) = e« 2l The replica non-diagonal solutions read

J+V J+V

e £ —y e D

Gi=" \ . Go= . (2.21)
2 € —sgn(ti2) 2 1 —sgn(ti2)

Thus, we have found both replica diagonal and non-diagonal solutions. We check these
solutions by numerically iterating the Schwinger-Dyson equation (2.12), (2.13). In the
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Figure 2. The numerical replica diagonal and non-diagonal solutions for n = 2 (a,b), and for
n = 3 (c,d). The coordinates are arranged such that (2kT, (2k + 2)T") belongs to the k-th replica,
and within each replica, (2kT, (2k + 1)T') [((2k + 1)T, (2k + 2)T)] is the forward s = + (backward
s = —) contour. Small nonvanishing values appear at the locations of the twist operators. This has
important contributions to the onshell action, and we discuss it in appendix C.

numerical calculations, we focus on n = 2,3. As shown in figure 2, the agreement between
the analytics and the numerical solutions is quite good. Note the small contributions
near the twist operators in the replica non-diagonal case. The analytical result above
corresponds to the limit of large T" where these boundary contributions can be neglected,
but they do give important contributions to the on-shell action as we discuss below.

2.4 Page curve from saddle points

We now show that the replica diagonal and non-diagonal solutions lead to the linear increase
and the saturation of the Rényi entropy, respectively. We first give analytic results for
Rényi entropy from the two saddle point solutions, and then numerically evaluate the
onshell action to verify our analytic results.

Recall that the replica diagonal solution (2.18) is actually the same as the solution of
Schwinger-Dyson equation (2.13) when V = 0. This means the replica diagonal solution
is a solution of replicated action without inserting the twist operator because the twist
operator effect is proportional to V. As a result, the first line in (2.11) counts the total
Hilbert space dimension. For each replica system, we have two subsystems a = 1,2 each
hosting N Majorana fermions (remember we have doubled the Hilbert space to prepare the
maximally entangled initial state within each subsystems), thus the total Hilbert dimension



is 2"V In the second line of (2.11), for replica diagonal solution the inter Kelysh contour
component s # s’ is zero. The intra Keldysh contour component s = s’ leads to a linear
increase of Renyi-n entropy,? i.e.,

e v _z VT
—W = nlog2 — ;/dt1dt26(tl2)(e Z‘t12‘sgn(t12))q = nlOgQ - an? (222)
o1 _nNVT

7 =e & (2.23)

where the first term in S() is cancelled by the denominator which is the Hilbert space of
n replicated systems Z" = 2"V,

For the replica non-diagonal solution, we first show that it leads to a time-independent
on-shell action.® The on-shell action is a function of JT and VT, I = I[JT,VT], so its
time derivative reads

a _ Jor VoI
dIi” T oJ TOoV
N J a V a oy B6 5

== / dt1dtad(t12)Css {4([2 Z(zaaﬁs,)q 27 —5(2G70 129276 (263, )q/Q].

a

(2.24)

(2.25)
Plugging the replica non-diagonal solution (2.21) into the time derivative, we have
dI( N ‘_7 + V _J+V |t |
= dtidtad(t12)(1+1—-1-1 2h7 = 2.2
U = 3 [ adnsw + Ty~ o)

where the vanishing prefactor is coming from summing over czy. The difference between
replica diagonal and non-diagonal solutions originates from the twist operator, and the non-
diagonal solution has a nontrivial contribution from the inter Keldysh contour component,
so the time derivative vanishes. Because the bulk of the on-shell action vanishes, its value
is determined by boundary effects near the twist operators.

Explicitly, the onshell action for the replica non-diagonal solution is given by

I .
- N = ) "log P60, — ]

J v a
#(10) [Bltslene | 2 15 050+ 5GP QGT) .
(2.27)
= Zlog Pf[@;l], (2.28)

2The factor §(z)sgn(z)? seems to give a vanishing result. But we can consider a smeared out §-function,
which leads to a nonvanishing result. We verify numerically in appendix C that this smearing procedure
indeed gives the correct linear growth.

3For finite T, we need to consider the effects of the twist operators which serve as boundary conditions
at the end of the Keldysh contour. The on-shell action from the replica non-diagonal solution is then not
time independent and will receive important corrections. We discuss this correction in section 2.5 and in
appendix D.



where the second line vanishes for the same reason as in (2.26), and we use (2.12) to get the
third line. Hence, the on-shell action is determined by the Pfaffian of the Green’s function.

It is convenient to approach the calculation of the Pfaffian by recalling that the a = 2
subsystem still hosts the replica diagonal solution, which is also a solution when there is
no twist operator in (2.11). Consider the action without twist operators,

7(0)

A 1 J
= =Y | log PH9,6° — %, —onefqeh 4 551 (2G27 “
N [ 0og [ata ] +/dt1dt2< 9 ~a,ss Ga,ss + 4q25(t12)c ( Ga,ss (tl’tQ)) >]

a

+ 2 / dt1dto8(t12) sy (2G27

2q2 1,ss’ (t17 t2))Q/2(2Gg,€s’ (tla t2))q/2, (229)

where the replica indices are trivial because there are no twist operators. Similar to the
previous calculation, one can show that the large- N solution of (2.29) for both subsystems
is the same as the diagonal solution in subsystem a = 2 given in (2.20). We copy it here
using the same symbol for convenience,

. —J+V‘t12‘ 1
Gy — L ((sa(t) . (2.30)
2 1 —sgn(t1)

The onshell action of (2.29) is simply —Lj\?) = 2log Pf[ég ! which is actually the logarithm

—7(0

of Hilbert space dimension, i.e., e = Z". Using this action as denominator, the Rényi

entropy from replica non-diagonal solution can be written as
2
e~ 72

Z'I’L

= e~ I®-10) 2 expN(log PHGTY] - log Pf[é:;l}), (2.31)

where G and Go are given by (2.21). However, as discussed, (2.21) neglects the effect
of twist operators near the boundary, which must be included to get the correct answer.
Thus we need to calculate the Pfaffian using the full numerical solution where the effect of
twist operators is automatically included. We evaluate the Pfaffian for n = 2,3,...,10 in
appendix C and find that

log PG — log PG5 1] = (1 — n) log 2. (2.32)

We expect that this result holds true for any integer n because it gives the correct answer
for Brownian evolutions where the Rényi entropy is maximized at late time.

From the on-shell actions of the replica diagonal solution (2.22) and replica non-
diagonal solution (2.31), we find that the n-th Rényi entropy at time 7' is

6—1(1) + €_I<2> _ aNYT
o~ (n=1)Sa(T) _ = "+ 9~ N(n-1), (2.33)
1 _aNVT n_NVT T<T*
So(T) = log [e 2 4o N (”—”} N (2.34)
1—n Nlog?2, T>T*

which is the Page curve in the coupled Brownian SYK models and T = %%logQ +
O(1/N). To convert the result to entropy per Majorana, we notice that the number of



S2(0) S3(0)

0.4 0.4}

0.3 0.3

0.2 0.2}

0.1 0.1+

0.0 ‘ ‘ ‘ It 0.0l t
0 5 10 15 20J 0 5 10 15 20 J

Figure 3. (a) The second Rényi entropy and (b) the third Rényi entropy per Majorana fermion.
The solid line is from the replica diagonal solution, which grows linearly. The dashed line is from
the replica non-diagonal solution that takes over after Page time. The value of the dashed line is
%log 2. The dotted line plots the first line in (2.35) for comparison.

Majorana fermion in the doubled Hilbert space of subsystem a = 1 is 2N, so we have

Sn(t) =

(T =2 Vi ottt
Sn(T = 2t) — { 2 (2.35)

n—1g
2N +log?2, t>t*
where t* = T*/2 is the Page time. It is interesting to note the Page time increases for
increasing n, but remains finite for n — co. We also evaluate the Rényi entropy of the
replica diagonal and non-diagonal solution numerically. The results for n = 2,3 are shown
in figure 3.

So far we have mainly discussed the Rényi entropy. It is an interesting question to
understand the entanglement entropy which can be obtained in principle by analytically
continue n — 1 of the Rényi entropy. There are two ways of doing the analytical continu-
ation depending on when to take the limit. One can keep the action off-shell and take the
limit near n ~ 1 to get the corresponding saddle-point equation [5, 6]. In our case, since n
is the dimension of various matrices G, X, g, etc, it is not clear how to do it. Another way
is to take the analytically continuation of the on-shell saddle-point action. This amounts
to evaluate all possible saddle-point solutions at general n. We have evaluated the fully
connected replica non-diagonal solution which is responsible for the saturation of the Rényi
entropy at long times. It is reasonable to expect that there are lower symmetric saddle-point
solutions that also contribute to the action. This is also the reason that a naive n — 1 limit
of (2.33) is ill-defined. For n = 3 case, we explicitly evaluate different replica non-diagonal
saddle-point solutions (not shown in the paper). We hope to generalize the calculation to
arbitrary n, and then analytically continue the result to n — 1 in the future work.

2.5 Finite time effects

So far we showed that the replica diagonal solution gives rise to linear entropy growth while
the replica non-diagonal solution gives rise to entropy saturation at long times. When the
non-diagonal saddle dominates, there were small contributions localized near the twist

~10 -



operator that lead to important effects. Here we discuss the effects of these contributions
on the timescale for entropy saturation.

In fact, there are two important times in the problem. The first is the time at which
the two saddles exchange dominance. We refer to this as the Page time and note that, at
large N, it is independent of N. The second is the time for the entropy to reach within a
few bits of its maximal value. We refer to this time as the strong scrambling time. As we
now show, this time scales like log IV at large N.

The key point is that in the replica non-diagonal saddle, boundary effects contribute
a term in the on-shell action of the form

(1 —n)Nby,(T)e A (2.36)

where b, grows no faster than polynomial in T, and A is a local interaction scale, which
in our case is given by A = 2(J + V)/q at large ¢ limit. After the Page time, the Renyi
entropy is thus

S, = Nlog2 — Nb,(T)e . (2.37)

Hence, as N goes to infinity at fixed T, the entropy differs from its saturation value by
an amount extensive in N. On the other hand, by taking T' ~ %log N, the correction
term can be made order unity instead of order N. At these times, the entropy is therefore
within a few bits of its saturation value. This form of the on-shell action follows from the
exponential decay of correlations. In the limit of large time, the twist operator contribution
is local and cannot depend on the temporal extent of the system. Since correlations are
exponentially decaying in time, it follows that finite time effects must vanish exponentially
fast, up to a polynomial prefactor. A detailed analysis of this physics is possible in the
large ¢ limit as discussed in appendix D.

3 Purity from operator dynamics

Here we study the entropy dynamics from the perspective of operator dynamics, focusing on
the purity, e 2. This approach is complementary to the path integral approach, including
offering easier access to finite IV corrections.

3.1 Operator dynamics of the coupled Brownian SYK models

As before, we consider a Hilbert space made up of Ni + No Majorana fermions. The
Majorana fermions satisfy {1 4,5} = dapdij, and form an orthonormal basis

Tap= Z‘[(\AHIBI)/?]2(|A\+\B|)/2WI]A[wQ]B, [ala = Vj1a-- jiapan (3.1)

where A = ji...jj4) is an ascending list of length |A| and [z] is the largest integer less
than or equal to x. In particular, we use I'y o ="'y g and T'g 4 = I’y 4 to denote the basis
locating solely in subsystem a = 1, 2.

We again take N; = Ny for simplicity, so the Hilbert space dimension is 2. The inner
product of operators is Tr[OTO'] for any two operators @ and O'. We can decompose any
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operator by the basis (3.1)

LNTr[(’)FA,B]- (3.2)

0= ZCA,BFA,Ba cAB =5

A,B

If the operator is normalized according to 2~ NTr[OTO] = 1, implying EA,B leasl? =1,
then because unitary evolution preserves the normalization, we can interpret |c4 p|* as the
probability of finding the operator O in basis operator I'4 p. Since the disorder averaged
theory has an emergent SO(N) x SO(NN) symmetry for each of the subsystem, one expects
the dynamics depends only on the length of operators not on the specific list A. So we
define the probability distribution of an operator in subsystem a = 1,2 with length m, m’
to be

P ()= Y leas®P= Y 27NmO@Cap]’ (33)

|Al|=m,| Bl=m/ |Al=m,|B|=m/

We are interested in finding the master equation governing the time development of this
probability distribution.
In terms of the basis, the Hamiltonian (2.1) can be rewritten as

H = Z JA,BFEZ?B’ JA70 = 2_q/2J}4, JO,A = 2_q/2J3‘, JA,B = 2_q/2VA7B, (3.4)
AB

where the superscript I'9 implies the length of basis is ¢. The short-hand summation
denotes the same summation as in (2.1). Due to the Brownian nature of the interactions,
we can view the Hamiltonian as a random circuit. At each time step, the evolution operator
is generated by U(dt) = e~ (t)dt  When we discretize the time interval by a tiny time step
dt < T, it is easy to check the average over Brownian variables takes the following rule

JA7B(t)dtJAIVB/ (t’)dt = 6AA’5BB’5tt’O'A,Bdta (35)
|7 2)12Y
O—A’OIO'[)’A:WEUO, O'A7B:(qu/]\r)q_1£0'1. (36)

In the following, the over line denoting the disorder average is omitted for notational

simplicity.

For a generic operator (O, the infinitesimal evolution O(t + dt) = UT(dt)O(t)U(dt) is
O(t + dt) = U O (1)~ (3.7)
— O(t) +i[H,0()dt — %{sztz, O1)} + HO(t) Hdt2 (3.9)

- <1_(201‘{,ao + (C]‘{,/Q)%l)dt) O(t) +i[H,0(1)dt + Y o4 pdtT Oy,

AB

(3.9)
where C7' = Wlm)' denotes the number of m-combinations of set with n elements. In

the second line, we expand the exponential function in the first line and keep up to the
second order in dt. In the third line we have performed the disorder average of the dt?
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terms by using (3.5), and due to the Ito calculus, they become linear in dt. Assuming the
operator O is Hermitian, the distribution at time ¢ + dt via the definition (3.3) is given by

P (E+dt) =27 " | TY[O(t + dt)Ta 5] (3.10)
| Aj=m,| B|l=m’
_(1_ q a/2\2
= <1 2(2CNU() + (CN ) Ul)) DPm,m/ (t)

Y (QTI“[O(t)FA,B]ZUC7DTr[O(t)F(C‘?’)DFA7BF(C€)D ]
|Al=m,|B|=m C,D

> oo O[T aE, r%]))a, (3.11)

where the summation over C, D is the same as in (3.4). We have performed disorder average
in the second line.

The master equation of py, ,,,(t) can be derived straightforwardly. We leave the detailed
derivation in appendix E, and the result is

min(q,m min(gq,m’)

d k! /
OPmm/AF) dm ) _ —4[00 > O;JV o oL N o) St o
k=1,0odd k’=1,odd
min(q/2,m) min(g/2,m’) k!
1 —(-1 2k 2k k!
Y O )
mln(q m)
—k
[ Z C —(m+q—2k) m+q 2kPm+q—2k,m/ (t)
k=1,0odd
min(q,m
Z CN (m/+q— 2k’)cm '+q— 2k’pm m/+q— o (t)
k’'=1,0dd
min(g/2,m) min( q/2m) ( 1)kz+ ’
o\ k k
o1 Z Z fCNf(m+q/272k)C$+q/2 2%k
k! It
XCNf(m/+q/272k/)C;T;/+q/2—2k’pm+Q/2—2kvm’+q/2—2k" (t) ’ (312)

where the first two lines is the out-going rate and the rest is the in-coming rate. It is
straightforward but tedious to show that the following distribution is a stationary solution
to the master equation

pEh =2 ooy (3.13)

which means the probability in any basis I'y p is the same, i.e., |cfjf])3|2 = 272N This
is consistent with the expectation of approaching an infinite temperature state in the
Brownian evolution, where no any specific basis is preferred.

It is instructive also to check the symmetry of the master equation. First, after the
disorder average the model has an SO(NN) x SO(/NN) symmetry, and this is the reason that
the master equation can be reduced ps,p — py,,m depending only on the length of the basis.
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Second, depending on the parity of ¢/2, i.e., the interactions between two Brownian
SYK models, the model has Z{ X Zg for even ¢/2, i.e., the Fermi parity is conserved sepa-
rately in two subsystems, or Z{ for odd ¢/2, i.e., only the total Fermi parity is conserved.
This leads to the result that py, v couples only to py,iq/2—2km/+q/2—2% 0 (3.12). If ¢/2 is
even, then the master equations for distribution pyy, ./, (m, m’) € (even, even), (even,odd),
(odd, even), (odd,odd) decouple. If ¢/2 is odd, then the master equations for distribution
Pmm/s M+ m’ € even,odd decouple.

Finally, some special operators are conserved due to the Fermi parity symmetry. For
even ¢/2, four operators I'g g, 281,00 Toq12..8ys 12,8}, {12...v) are conserved, while
for odd ¢/2, only two operators I'g o, I't12..N},{12...N} are conserved.

3.2 Purity evolution of a pure state

Now we relate the purity evolution to the operator dynamics. The discussion in the follow-
ing is general for any initial density matrix p(®) in the Hilbert space span by 2N Majorana
operators. The density matrix evolves

p(t) = UWp™Ut () =Y ean®)Tan, cap(0)=cis, (3.14)
A,B

so the reduced density matrix is

pr(t) = Tra[Y can®)Tapl =22 cao(t)Ta, (3.15)
A,B A
e 20 = Try[p1 (£)%] = 2V " Jeao(t)]. (3.16)
A

Here T' 4 = illAI/212141/2[41] 4 is the basis in subsystem a = 1. In the second equation, we
have used the orthonormal property of the basis I' 4, namely, Try[[ 4I'g] = 2V 128 45.

The evolution of the operator wavefunction ca g is captured by the master equa-
tion (3.12), so the purity dynamics is also dictated by the master equation. We should
notice that the density matrix is not normalized with respect to 2~ NTr[OTO] = 1. For
simplicity, let us consider pure initial state so that Tr[p?] = 1. We can look at normalized
operator,

0, =2"Pp = "oNPcy gt)Tan, pPow= >, 2V ecasl” (3.17)
AB |A|l=m,|B|=m’

So the purity is

e 90 = aN2N "p0 (1), (3.18)

which is 22¥/2 times the probability of finding the operator in subsystem a = 1.
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3.3 Setup

We consider the following state (not be confused with the TFD state considered in the
previous section), |0o), that is similar to the Kourkoulou-Maldacena state [46]

(1#2]'_1,(1 + i¢2j7a)’00> = 0, <OO‘(1/12]'_17@ — ’L'ngﬂ) = O, Ya = 1, 2, Vj = 1, - ,N. (3.19)
So the initial density matrix is

N/2 N/2

. . L
p(ln) = |OO><OO| = H <2 - “/12]'—1,11/}2]',1) H <2 - 11/12]'_1721/1]',2> (320)
Jj=1 Jj=1
N/2 .
=2 V[ (1= Tporap0) (1= Toqzmr2p) = D_ci'plan  (321)
j=1

where in the second line we used the basis defined in (3.1). The probability distribution of
the normalized density matrix operator at time zero is

@ N !
p2m,2m/(0) 2 N/2 ﬁ/Q? (3.22)
which implies the purity is one (equivalently, the second Rényi entropy is zero),

N/2
e~ 520 2N/2Zp =9~ N/2 Z CRyp = 1. (3.23)

This is consistent with the fact that the initial state is a product state between the two
subsystems.

3.4 Page curve from the master equation

The system is prepared in a pure state with the initial distribution given by (3.22). Though
it is not easy to solve the master equation exactly, we can obtain the final probability distri-
bution. Considering the symmetry of the master equation, the final probability distribution
depends on the parity of ¢/2. If ¢/2 is even, the final distribution is

1221\7

SIN 7 4C'K}C'N , {m,m’ €2Z}n{m,m’ #0,N}
P = 277, (m,m’) = (0,0), (0, N), (N,0),(N,N) . (3.24)
0, m,m’' ¢ 27

which leads to the purity
N
e = Sy = 5 log2 —log4 + oM. (3.25)

The deficit of log 4 is due to Z{ X Zg symmetry, since the Hilbert space has four decoupled
sectors. Because the initial state (3.20) is prepared in the (even, even) sector, its maximal
entropy is given by % log 2 — log 4.
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On the other hand, if ¢/2 is odd, the final distribution is

%Cﬁq@, {m+m'e2Zyn{m,m #0,N}
P = § 27V, (m,m’) = (0,0), (N, N) : (3.26)
0, m+m' ¢ 27

which leads to the purity

e = T Sy = %ng —log2+0(27N). (3.27)
The shortage of log2 is due to the Zg symmetry. The Hilbert space has two decoupled
sectors, leading to a deficit of —log 2.

Thus we expect that under the Hamiltonian (3.4) evolution, the second Rényi entropy
will increase from zero to almost the largest value % log2. We can get the increase rate,
which is the outgoing rate from P(t) = 2V/23"  p,, 0(t), i.e., the second line in (3.12). The
initial outgoing rate is

min(g/2,m)

dP(t) dp 0 = k
- — 9N/2 Z mOl = 9NN 4o 0l N U CE pao(0), (3.28)
t=0 t=0 m=0 k=1,odd
9/2 & $)127ksE [N n(em1jop2
k=1,odd
~ Ao U2 N0/ (1 — 95\0/2 [V ~N(s—1/2)2
4o CY2N 2(q/2)!/0 dsf1 — (1-25)97 | e (3.30)
2N
~— qQV. (3.31)

where in the second line we take the large-N limit with s = m/N fixed, and use the
Gaussian distribution to approximate the Binomial distribution, i.e.,

2 [N >
N/2 ~ 2 Y —N(s-1/2)
2V/2p0 (0) \ e . (3.32)

Thus at t < 1/V, the second Rényi entropy grows linearly,

2NV _2NY 2NV

e =Pty 1- TSt me @, Sy(t) = Tt (3.33)
q q

At late time, as we know that the second Rényi entropy will saturate at % log 2, we have

thus the following Page curve of second Rényi entropy per Majorana fermion,

N %log27 t>

where t* = % log 2 is the Page time. Even though we start from a different initial density
matrix, we can still compare the result from the saddle point solution. We find that two
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Figure 4. (a) The Page curve of the second Rényi entropy per Majorana fermion Sy from the master
equation. We start from the initial distribution given in (3.22). We choose N = 66, ¢ = 4, and
V/J = 0.2. The dotted line is the first line in (3.34), and the dashed line is Si" = 1 log2 — 3 log 4
where the finite N correction is included. (b) A log linear plot of Si* — Sy(t) after the Page time.
It indicates an exponential e~ behavior, consistent with the log N scrambling time discussed in
section 2.5.

results match exactly for second Rényi entropy per Majorana (2.35). This is the useful
quantity since the Hilbert dimensions are different for the two cases.

We also numerically solve the master equation starting from (3.22) for ¢/2 = 2. The
purity evolution as a function of time is plotted as the solid line in figure 4(a), explicitly
showing the Page curve in the Brownian evolution. The dotted line and dash line are given
by (3.34). The deviation from the linear increasing dotted line at early time is due to
finite IV effect. For the dashed line, we have included the finite N correction from Z{ X Z{
symmetry. Figure 4(b) shows that after the Page time, the approach to the thermal value
is given by an exponential function. This is consistent with a log N scrambling time as
discussed in section 2.5, where it is explained by the effect of twist operators.

4 Conclusion

We studied the Rényi entropy dynamics of coupled Brownian SYK clusters using both
path integral and operator dynamics methods. While the Page curve has been observed
in random circuit models before, we showed how the replica diagonal and non-diagonal
saddle points give rise to the entanglement behavior. This structure is very similar to
the replica wormhole scenario obtained in holographic calculations. We also discussed the
scrambling time and Page time in section 2.5 and appendix D, where the crucial effect
of the twist operator was discussed. One interesting future direction is to calculate the
entanglement entropy directly, and consequently to reveal the role of entanglement islands
in more generic quantum mechanical systems.
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A Replica non-diagonal solution

According to the ansatz (2.20) and the Schwinger-Dyson equation (2.13), the self-energy is

~ _~T ~
5 =f1<2 0 ) fi= <§f1(0>q‘1+zf1(0>q/2—1f2(0>q/2>, (A.1)

Yo = fo <(1) _01> . = <Zf2(0)q_1 + zfz(o)q/z_lfl(o)qﬂ>, (A.2)

where f; is a constant. Then (2.12) leads to

L1 iw —fél N iw —fo
Gilw) = 575 2 <f1€ —iw ) ’ Calw) =55 3 (fz —z’w) ’ (4-3)
A e—filts2] sgn(tis)  —él A e~ F2lti2] sgn(ti2) -1
G = 2 ( € —Sgn(tm)) ’ G = 2 ( 1 —sgn(t12) |
(A.4)

Comparing this to the ansatz (2.20), we find the replica non-diagonal solution

J+V
a2l

filtiz) = fo(tiz) = e (A.5)

B The solution at finite time

We solve the Schwinger-Dyson equation numerically to compare it with the analytic so-
lutions (2.18), (2.21). Starting from a noninteracting solution as an input, we iterate the
Schwinger-Dyson equation (2.12), (2.13) until the result converges. This iteration was used
in [48] and also in [5].

We show the results in figure 5. The analytic solution (2.18), (2.21) matches the
numeric solution quite well for J7" = 20 as shown in figure 5 for both diagonal figure 5(c)
and non-diagonal figure 5(d) solutions.

C Numerical calculation of the saddle point solution and the onshell
action

For numerical convenience, here we adopt a different convention for the labeling of fields.
We put both Keldysh contour indices and replica indices into the time argument 0 < s <
2nT (a similar convention is used in [49]): the forward contour for the a-th replica is s €
((2a—2)T, (2ae—1)T'), and the backward contour for the a-th replicais s € ((2a—1)T, 2aT).
We also introduce a sign factor to capture the forward and backward contour,

_[p se@@-29T,@e-11)
f(s)_{z', s € ((2a — 1)T, 2aT) Tl -

In this convention we also adapt the action such that the interaction between two clusters
is local at s. As an illustration, the contour convention for n = 2 is shown in figure 6.
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Figure 5. The replica diagonal (a,c) and replica non-diagonal (b,d) solution of the Schwinger-
Dyson equation for n = 2 Rényi entropy. We plot G1, (t1,t2) and G12_(t1,t2) for replica diagonal
and non-diagonal solutions, respectively. (c,d) are the values of Green’s function on the dashed
line in (a,b). The red dot (black line) represents the numerical (analytic) solution. We choose the
parameter ¢ =4, 7/V =1, JT = 20. The number of discretization is M = 400.

s=8t [ 1 1 1 .1 1
) s = 6t
s=4t | 1 1 11 1T 1
s=4t | 1 1 T 1 1T 1
) s =2t
s=o | 1 1 1o T 1

Figure 6. The contour convention of n = 2 Rényi entropy. The blue (red) solid line represents the
subsystem a = 1 (a = 2). The arrows indicate the direction of the time parametrization. The black
dashed lines indicate the interaction between two subsystems.

In this case, as seen from the figure, a replica diagonal solution in subsystem a = 1 will
have nonvanishing correlation between s € (0,2t) and s € (6t, 8t) and between s € (2t,4t)
and s € (4t,6t). On the other hand, a nonvanishing correlation between s € (0,2t) and
s € (2t,4t) and between s € (4t,6t) and s € (6t,8t) for subsystem a = 1 implies a replica
non-diagonal solution. We will assume a = 2 has a diagonal solution in the following.
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In terms of this convention, the action is

5= [asguou+ 56) (). (C2)
H(s)= > Ji®Wda+ D Vas(®)hlalals. (C3)
|Al=q,a=1,2 |Al=|B|=q/2

where A = j1 ... j 4 denotes an ascending list of length [A[, and [ts]4 = i1 245 atbis .
¥, a},a 18 a short-hand notation for |Al-body interaction. The summation is over all possible
such lists from N, Majorana fermions.

In general, the interaction strength is random variable with possible dependence on
time s. The distributions of the interactions are defined by vanishing means and the
following variances,

_ 2q—1 q!
JX(S)JE,(S’) = 2Nq lij(S — S )5A A’6a as (C4)
29(q/2)1?
Van O] = e e Vs = )aadi (€5)
q-ivy Ny
5A,A’ = (53-17]{ .. .(Sle"jllA/‘. (Cﬁ)

where the function f; and fy characterize the time dependence of the variances. For
Brownian random variable on the contours, f(s,s') = fy(s,s') = 3020 8(|s — | = 2aT) +
S22 (s + 8" — 2aT)]. And for regular SYK model, f;(s,s') = 7, fy(s,s') = V.

The effective action after averaging over random variables and introducing bilocal
fields, i.e. the Green’s function G,(s1,s2) = N%l Z;V:‘II Vja(s)¥ja(s’) and the self-energy

Ya(s, s, reads
1
—I = ZN [ Trlog Gaa a) — 2/d81d822a(317SQ)GQ(Sl,SQ)

Z dsld@msl,sz>f<sl>f<82><2aa<shsz»q}
Jm/NlN2 / dsidsa fy(s1,52)f(s1)f(52)(2G1(s1, $2))72(2Ga(s1, 52)) V2, (C.7)

The Schwinger-Dyson equation follows from the effective action is given by

~

Gl =

a

P

51L - iav (C.S)

Sa(s1,82) = = fr(s1,82)f(51)f(s2)(2Ga(s1,82)) 7"

SIS

+\/§2sz(517 52) f(s1)f(52)(2Ga(51, SQ))q/2_1(2Ga(Sl’ 52))‘1/2' (C.9)

For simplicity, we consider N1 = Ny = N. We numerically solve the Schwinger-Dyson
equation (C.8), (C.9) for n = 2, 3 and look for replica non-diagonal solution. In doing so, we
use Goq(s,s') = 3sgn(s— ) for times located at the same close time path. An illustration
of the close time bath for n = 2 is given in figure 6. To get the replica non-diagonal
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Figure 7. The replica diagonal solution G2 (a) and replica non-diagonal solution G; (b) of

Schwinger-Dyson equation for the second Rényi entropy. (c,d) Comparison between numerical
solutions and analytic solutions located on the dashed line in (b). (d) The nonvanishing correlation
sourced by the twist operator is also given by the profile of e~ (7 +V)It/4 at the dashed line in (b)
due to the boundary condition at ¢; = 2t. We choose the parameter JT = 20, V/J = 0.2, ¢ = 4.
Note that T' = 2¢. The number of discretization is M = 400.

solution, we start from an initial ansatz with small but non-zero non-diagonal correlations
for subsystem a = 1 and a diagonal initial ansatz for subsystem a = 2. The results for
n = 2 are shown in figure 7. As we discuss in above, figure 7(b) is a replica non-diagonal
solution. It is intuitive to note from the figures that the only difference between the replica
diagonal solution and the replica non-diagonal solution is those nonvanishing correlations
at {4t < s1 <8t} N{0 < s2 <4t} and {0 < t; < 4t} N {4t < ta < 8t} sourced by the twist
operators located at s = 0, 2¢, 6¢, 8t. We also get the results for n = 3 Rényi entropy, which
are shown in figure 8(b), and there are six twist operators.

We also numerically calculate the Pfaffian in the calculation of onshell action and check
the validity of (2.32). The result is plotted in figure 9 where we calculate log Pf(G'Ga)
for the Rényi entropy n = 2,...,10. The dashed line is (1 — n)log 2, and we find excellent
agreement of the numerical evaluated values and (2.32).
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Figure 8. The replica diagonal solution G2 (a) and replica non-diagonal solution G; (b) of
Schwinger-Dyson equation for the third Rényi entropy. (b) shows clearly the nonvanishing cor-
relation is sourced by the twist operator. We choose the parameter JT = 24, V/J = 0.2, ¢ = 4.
The number of discretization is M = 400.

log(Pf(G;'G>))
0t n
~2_ 4 6 8 10
-2 -
-4 e (I-m)log2
. e

Figure 9. The Pfaffian in onshell action as a function of n. We choose JT = 50, V/J = 0.2,
q = 4. The number of discretization is M = 40.

D Non-diagonal solutions and twist operators

In this section, we discuss the effect of the twist operators. We will focus on the replica non-
diagonal solution for the second Rény entropy n = 2 for simplicity, while the generalization
to other Rényi entropy is straightforward. The first equation (C.8) couples functions non-
locally in time domain, while the second equation (C.9) is local. Using the large-q ansatz,
Go = gao(1 + %‘1), the Schwinger-Dyson equation becomes,

1
Ea(sh 32) = _585185291109(1(51’ 52)7 (Dl)
_J q—1,ga(s1,52)
Ya(s1,82) = EfJ(Sla32)f(31)f(52)(2ga0) et
NaV j2-1 /2% (ga(51,52)+ga(51,52))
+ Fgfv(%Sz)f(sl)f(sz)@gao)q (2gao)?/ “ez'9etens2imgaton22)) (D). 2)
a

One advantage of the large-¢q equation of motion is that it becomes local in time variables.
For simplicity, we will assume N; = Ny = N. We also assume ggop = %sgn(sl — $2) when

s1, s are located at the same close time path and zero otherwise, while g1 = %sgn(sl — 59)
to look for the non-diagonal solutions.
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We can solve it in the regime 0 < s; < T and 0 < s9 < T. For Brownian case, the
large-q saddle point equation reads,

05,05, 0a (51, 59) = 2T (51 — 52)e9251:52) L 2V§(5 — 52)65(9“(81’SQH%(SLSQ))- (D.3)

The equation can be solved by realizing it is 0, 0s,9a(S1,52) = 0 when s; # s2, and the §
function leads to a jump in the first derivative at s = s1 = so that can be solved easily.
Supplementing with the boundary condition g¢,(s,s) = 0 and g4(s1,$2) = ga(s2, 1), the
solutions are

g1(s1,82) = g2(s1,82) = —(T + V)[s1 — 52|, {0<s1 <T,0<s2<Th}. (D.4)

We can extend such calculations to the regime 0 < s7 < 27T and 0 < so < 27,

sen(si—so) | e 7T el rg sV e [(0,7), (0, 7)) U {(T)2T), (T, 27} |

4
2 e—%|T—81—82"

Ga(Sla 52) =

otherwise

(D.5)

This is consistent with the analytic solution (2.21) and the numeric solution shown in
figure 7. More generally, the solutions in (o — 1)2T < 51,82 < 2aT, a = 1,...,n will be
the same.

To investigate the nonvanishing correlation induced by the twist operator near the
boundary, we first focus on the regime 37" < s; < 4T and 0 < sp < T'. In this regime, there
are two twist operators, where T} locates at (47,0) and T5 locates (37, T') as also indicated
by the nonvanishing correlations in figure 7. So the boundary conditions are (7T") = ¥(3T)
and ¥ (0) = —(4T). The minus sign is because of the Fermi operator. To simplify the
notation, we shift s; — s1 + 37, so the regime is 0 < s1, 59 < T'. After the redefinition, the
large-g equation of motion in this regime is

05, 05,91 (51, 52) = —2T8(T — 51 — s9)e9(51:52), (D.6)

The absence of the V term is because the replica diagonal solution of subsystem a = 2
vanishes in this regime.

The solution is exponentially suppressed at large s, and at the large time, i.e., 7T > 1,
the two twist operators are separated by a large distance T. So we can further assume in
this regime the induced solution is separable as follows,

G1(81, 82) = GT1 (81, 82) + GTQ(Sl, 82), (D.7)

where G, denotes the induced solution by twist operator 7;. At large-¢q limit, G, ~

gr;
1+

boundary conditions because the two twist operators locate at different places, i.e.,

), and g7, satisfies large-¢ equation of motion (D.6). But they satisfy different

ng(Sl,O) = —(j + V)(T — 81), ar, (T, Sg) = —(j + V)SQ, (DS)
915(51,T) = =(T + V)31, 912(0,52) = =(T + V)(T — s2). (D.9)
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Let us first look at g7,. Owing to the delta function in the right-hand-side of (D.6), the
solution is not differentiable at s1 + so = T, so we assume

g1(s1,82), s1+s2<T
ng (81,82) = { ( ) (D.IO)

grr(s1,82), s1+sa>T
Taking the boundary conditions into consideration, the solution has the form,
91(s1,82) ==(T +V)(T = s1) + fry (T = s2), gr1(s1,82) =—(J +V)s2 + fri(s1), (D.11)
and fr, satisfies
Osfr,(s) =T +V —2Je” VHNI=8)+Ir(8) - pr (T) = 0. (D.12)

It is not hard to solve above differential equation, which leads to the solution,

6—2(J+V)(T—s)j 4y
J+V

fr(s)=—(T+V)(T —s)—log (D.13)

And consequently, one can get the correlation function G, ~ %eng /% induced by the twist
operator 17,

—2(JT+V)s
a7 (51, 52) = —(T + V)T — 51 — 52) — log “——7L+¥, si b sy <T "
1 ) _ V T . . . 1 672(‘7+V)(T751)\7+V > T . .
(THVNT = 51— 52) — log TV , S1+8y >

To simplify the notation, we define the induced Green’s function as

—2(J+V) min(s1,s2)
c j+v>} (D.15)

1 1
Gr(s1,82) = 5 eXP [— q((j—i— V)(s1 + s2) + log Y

Intuitively, this function is exponentially suppressed away from s; = ss = 0 where the
twist operator supposed to be located. So the solution at the regime is

G1(81,82) :GT<T—81,82)+GT(81,T—82). (D.lﬁ)

This is an approximate solution with accuracy O(e~7T). The solutions in other regimes
can be obtained in the same way, so we do not have to detail the calculation.

Now we can discuss the effect of these twist operators to the onshell action. We mainly
discuss the second Rényi entropy, but the results can be extended to n-th Rényi entropy
by small modifications. Taking into account the twist operators, the replica non-diagonal
solution is G; = Go + G, + G1,, where G2 denotes the diagonal solution in subsystem
a =2 (D.5), and Gr, and Gp, are induced solutions by the twist operators 77 and 7%,
respectively. Notice G2 and G, have different domain of support. The onshell action is

2
671( )

1—
log —5— = 5Tr(log(Gf1G2)) N1

q2
N
~ —N10g2 - 2/d81d82851GT1 (81, 82)852GT2 (SQ, 81) (D.18)

72 j/f(81)f(82)fj(81,52)(GT1 +Grp,)? (D.17)
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where in the second line, we expand the Trlog term and keep the lowest-order coupling
between two twist operators G, and Gr,, because the factorized part contributes to the
coarse grained entropy —N log 2 [49], and we neglect other subleading terms in the large-q
limit. So including the parts from coupled induced Green’s function, the contribution from
the replica non-diagonal solution is

—7(2) 2 T+V)T
q

N _
~ —Nlog2 + ?(\7 + V)T %

In getting above results, we neglect the second term in (D.15) which will not change the

log (D.19)

ZQ

essential exponential factor. Then the second Rényi entropy from two saddle points reads

2(J4+V)T
q

eIV eI vyt njear N (741272
e~ 52(T) — ——m ¢ @ +e 8T 2

After the Page time when the replica non-diagonal saddle point dominates, the Rényi

(D.20)

entropy is actually not independent of time. The exponentially small overlaps between
two twist operators mean that it takes times proportional to log N to fully scramble the
information [28, 50].

The large-g analysis of the twist operator can be extended to the regular SYK model.
Here we calculate it at the infinite temperature for an illustration. The solutions at diagonal
part is simple, yielding the solution

2/q
sy o) (Cosh<yol|5152>> C {s1,s) € {(0,7),(0,T)}
Ga(s1,82) = U{(T,2T),(T,2T)} . (D.21)

( ) 1 2/q
sgn(si—s2 .
2 (cosh(j0|T_51_52|)) , otherwise

where Jy = V. J2 + V2. So let us focus again on the regime 3T < 51 < 4T and 0 < s9 < T.
Redefining s; — s1 + 37T, the regime is 0 < s1, s < T'. The equation of motion now reads

0s,0s,91(51, 52) = —2.72e01(s1:52) (D.22)

The absence of the V term is because the replica diagonal solution of subsystem a = 2

vanishes in this regime. A general solution to above Liouville equation is gi(s1,s2) =
1o h (s1)h5(s2)

& T2(h1(s1)—ha(s2))
the large time, i.e., JT > 1, the two twist operators are separated by a large distance T'.

. We expect the solution is exponentially suppressed at large s, and at

So we can further assume in this regime the induced solution is separable as follows,
G1(s1,52) = G1,(51,52) + Gy (51, 52), (D.23)

where G, denotes the induced solution by twist operator 7;. At large-¢ limit, G, ~
(1+ 2
conditions because the two twist operators locate at different places, i.e.,

1
cosh Jo(T — s1)’

), and g7, satisfies the Liouville equation. But they satisfy different boundary

g1, (s1,0) = 2log g1, (T, s2) = 2log (D.24)

cosh Jpso’

a1, (317 T) =2 log a1, (07 32) = 210g (D'25)

cosh Jos1’ cosh Jo(T — s2)°
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After we take into account the boundary conditions, it is straightforward to get the following
solutions,

Gr,(s1,82) = Gp(T — s1,s2), Gp, =Gr(s1,T — s2), (D.26)

1 1
GT(Sl, 82) (D.27)
(cosh Jos1 cosh Jpsg + L 7 > sinh Jos1 sinh jOSQ)

It will interesting to explore the effect of these twist operators in more details, which we

leave as a future work.

E Derivation of the master equation

We derive the master equation in this section. We start from (3.10). Using the properties

(Q)

of the Majorana basis, when I' 5/, and I'4 g share even (odd) Majorana operators, it leads

to a positive (negative) sign in the following,
F&pTaslep = Tas,
if the sum of number of common elements in A, C' and B, D is even
Tl a B, = —Tap,
if the sum of number of common elements in A, C' and B, D is odd

For a fixed list A (B), if C' (D) and A (B) have k (k') common elements, the number
in the summation over C is given by C']q\f_kmC'i,‘;1 (C1~ oL ) and C;]V/E:nkcnkl (C?V/E;If k)

N—m/~m/ m
for the intra and inter subsystem interactions, respectively. So (3.11) becomes

22V N (O8] Y o pTHOMTE T4 5T )] (E.1)
|Al=m,|B|=m/ C,D
min(gq,m) min(g,m’)
_2{ Y (DR Choo + Z W orE OF o
k=0
min (q/2,m) min <q/2,m> ,
+ Z (~DFCiZkek ST ()R e N Rt | pre (). (E-2)
k'=0

One can combine it with (3.11) to give the outgoing rate,

—2(2C% 00 + (CY*)201 ) py e (£) + 272N > 2Tx[O()T a,8loc,pTr[OTE LA BTE ]

A,B,C,D
min(g,m) min(q,m’) ,
:_4[00 RN eI S el els
k=1,0dd k'=1,0dd
min(q/2,m) min(g/2,m’) k+k
1—(-1 2-k 2k K
3y ek on ol ) (©3

mm(m q) Ck Cq k Cq

In deriving the result we have used the combinatorial identity » , — M
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We now calculate (3.11). The commutator [I'4 g, F(C)D] vanishes unless I'4 p and F(Q)
shares odd common Majorana operators. Assuming lists A and C have k common elements,
the length of [FA,B,FE?’)D] is m + |C| — 2k + |D|. Here, |C| = ¢,q/2 for intra and inter
subsystem interactions, respectively. The summation over |A| = m,|C| overcounts the
number of terms in {E,|E| = m + |C| — 2k}. The overcounting factor comes from the
number of ways to decompose m + |C| — 2k length list into two lists A and C with k
common elements, i.e., C]li,f(m ] C‘izk)CZ“ +|kc| o+ One can make similar analysis to list B
and D. Then (3.11) gives rise to the incoming rate,

=27y Y oo pTA(O()[Cas, F((,(*Z,)D]) (E4)
| Al=m,|B|=m’ C,D

min(g,m)
{ Z m+q 2k:CN (m+q—2k)Pm+q—2k,m/ (1)

k=1,odd
min(gq,m’)
kl
Z 7TrrLL+q 2w Ch_ (m-+q—2k") P,/ +g—2k' ()
k’=1,0odd
min(q/2,m) min(g/2,m’) bt k!
1-— (*1) + k
o1 Z Z fcm—i-q/Z QkCN—(m+q/2—2k)
K K
C:; '4q/2— ot ON— (m/+q/2—2k)Pmtq/2—2km/+q/2—2k (£) | - (E.5)
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