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1 Introduction and conclusions

6d SCFTs and little string theories (LSTs) have been at the focal point of many recent
developments in quantum field theory and string theory [11-130]. Many of these devel-
opments were inspired by the classifications of these theories carried out in [1-4]. These
classifications have taken two different starting points. On one hand are the classifications
of [1-3] which study all the 6d SCFTs and LSTs which can be constructed by compactifying
F-theory on an elliptically fibered Calabi-Yau threefold. These classifications are incom-
plete, because as pointed out in [5], the F-theory compactifications considered by [1-3] do
not include frozen singularities. On the other hand is the classification of [4] which studies
all the consistent! 6d supersymmetric gauge theories that can arise as low energy theories
on the tensor branch of a 6d SCFT or LST, and conjectures that the corresponding 6d
SCFTs and LSTs exist. Such a classification is incomplete because there exist 6d SCFTs
and LSTs that are not described purely by a 6d supersymmetric gauge theory on their
tensor branch.

To compare the two classifications, one can compare the set of theories obtained in [4]
to the subset of those theories in [1-3] that are described purely by a gauge theory on their
tensor branch. One finds that some of the theories obtained in [4] are missing from [1-3].
We can divide such theories into two types:

The consistency conditions are based on a version of Green-Schwarz mechanism of anomaly cancellation
in the six-dimensional context, which was first discussed in [9].



1. First of all, there are theories which are known to have a field-theoretic inconsistency
even though they solve the consistency conditions imposed in [4]. See [11] for an
example.

2. Second, there are theories that involve sub-quivers that cannot be constructed in
F-theory without frozen singularities, but admit a construction once we allow frozen
singularities in F-theory. See [5] for a construction of some of these sub-quivers.
It is these theories that will be the main topic of discussion in this paper. It is
interesting to note that some, but not all, of these theories are known to admit a
brane construction in massive type IIA string theory? for around 20 years now [6-8].

This paper is organized as follows. In section 2, we list down all of the possible missing
theories that involve sub-quivers that cannot be constructed in F-theory without frozen
singularities.®> We continue in section 3.1 with a brief discussion about the reasons for the
omission of such theories from the unfrozen phase of F-theory. Then, in section 3.2, we
introduce new constructions of various sub-quivers that we need to construct the theories
listed in section 2. Finally, in sections 3.3 and 3.4, we go on to explicitly show how each
theory listed in section 2 can be constructed by compactifying F-theory on an elliptically
fibered Calabi-Yau threefold involving frozen singularities.

We conjecture that the full list of 6d SCFTs and LSTs is obtained by combining the
classification of this paper with the earlier classification of [1, 3]. Our conjecture stems from
the fact that this combined classification exhausts all the possible tensor branches that can
be obtained by putting together gauge theories with known non-gauge theories like the
E-string theory and A; (2,0) theory. We caution that there is a small set of theories whose
F-theory construction was proposed in [1, 3] but a closer look in [12] (see also [13, 14])
revealed an inconsistency in the proposed constructions of those theories. It would be
worthwhile to investigate whether such theories can be given a consistent construction in
the frozen phase of F-theory. We leave this as an interesting problem for future work.

As a by-product of our work, we demonstrate the existence of SCFTs that do not
descend from LSTs via an RG flow. See (2.59), (2.63) and (2.64) for examples of such
theories and (3.10), (3.14), (3.15) for their F-theory constructions. Such SCFTs were
earlier expected to be inconsistent in [3] because as shown there almost all SCFTs do
admit a LST completion. As shown in this paper, this expectation is not correct.

2 Missing theories

We start in section 2.1 by listing down all the sub-quivers appearing in [4] but not admitting

a construction in the unfrozen phase of F-theory. We then list down all the possible LSTs

4

and SCFTs containing these sub-quivers® in sections 2.2 and 2.3 respectively. In compiling

2See [10] for initial work on Hanany-Witten-like brane constructions of six-dimensional theories.

3We emphasize that our list also includes those theories that contain non-gauge-theoretic factors like
E-string and N' = (2,0) theory. This is unlike [4] where the discussion was entirely restricted to gauge
theories.

4We slightly enlarge the extent of the classification of [4] by allowing some non-gauge-theoretic factors to
appear in the low energy theory on the tensor branch in the form of formal gauge algebras sp(0) and su(1).



our list, we discard those theories which involve certain sub-quivers known to have a field
theoretic inconsistency [11].
2.1 Missing sub-quivers

) §2 — su(n)

(2.1)
which denotes a hyper in two-index symmetric representation S? of su(n).
[ ]
su(n) so(m) (2.2)
where the edge denotes a hyper in bifundamental of su & so.
[ )
su(4) S 50(7) (2.3)

where the edge decorated by S on one side denotes a hyper in fundamental ® spinor
of su @ so.

su(4) —— 92

(2.4)
where the edge denotes a hyper in fundamental ® 7 of su @ go.
[ ]
s50(ng)
s0(ny) — sp(n) — so(ng) (2.5)

where the edge between sp(n) and so(n;) denotes a half-hyper in bifundamental of
sp(n) & so(n;).

s50(ng)

s0(n1) — sp(n) — su(nz) (2.6)

where the edge between sp(n) and su(ns3) denotes a hyper in bifundamental of sp(n)®
511(713) .

s0(n2)

s0(ny) — sp(4) —= s0(7)

(2.7)

where the edge decorated by S on one side denotes a half-hyper in fundamental ®
spinor of sp @ so.



EU(TLQ)

s0(ny) — sp(4) —— 92 (2.8)

where the edge between sp and go denotes a half-hyper in fundamental ® 7 of sp @ go.

s0(7)
|

50(7) =— sp(2) —= 50(7)

(2.9)

2.2 Missing LSTs

Let us first list down all the possible LSTs carrying the sub-quivers listed in section 2.1:

2 _ . _
S su(ng) — su(ny) su(ng) sp(m) (2.10)
where all the edges except the leftmost one denote a hyper in bifundamental. Here
n; = 2m+ 8+ 8(k — i) with m > 0 and k > 0. The case m = 0 corresponds to an
E-string theory at the rightmost end of the quiver.

Its construction is given in (3.16).

F
|

S?2 — su(ng) — su(m) — -+ — su(ny) — -+ — su(ny,) — sp(0) (2.11)

where the edge between su(n;) and F denotes a hyper in the fundamental represen-
tation F of su(n;). Here n; = 9+9(k—1i) for j <i < kandn; =9+9(k—j)+8(j —1)
for 0 <i < jwith0<j<kandk >0. sp(0) is a shorthand for E-string which
allows a neighboring su(n < 9). Since these theories involve an E-string, they don’t
appear in [4] but can be obtained by a mild extension of the rules considered there.

Its construction is given in (3.16).
2 _ e _ A2
S su(ng) — su(nq) su(ny) — su(m) A (2.12)

where the rightmost edge denotes a hyper in two-index antisymmetric representation
A? of su(m). Here n; = m + 8+ 8(k — i) with m > 2 and k > 0.

Its construction is given in (3.17).



F

|
where the rightmost edge denotes a half-hyper in three-index antisymmetric represen-
tation A3 of su(ny). Here n; = 6+9(k—1) for j <i < kand n; = 6+9(k—7)+8(j —1i)
for0<i<jwithO0<j<kandk>1.

Its construction is given in (3.20).

s50(ng) — su(ny) — su(ng) — -+ — su(ng) — sp(m) (2.14)
Here n; = 2m + 8 + 8(k — i) with m >0 and k > 1.
Its construction is given in (3.23).
F
|
so(ng) — su(ny) — su(ng) — -+ — su(n;) —--- — su(ng) — sp(0) (2.15)

Here n; =9+ 9(k—id) for j<i<kandn; =949k —j)+8(y —i) for0<i<j
with 1 <j<kandk > 1.

Its construction is given in (3.23).

For 7 = 0, we obtain

F

s0(ng) — su(n1) — su(ng) — - — su(ng) — sp(0) (2.16)

where the edge between s0(ng) and F denotes a hyper in the fundamental represen-
tation F of so(ng). Here n; = 94 9(k — i) with k£ > 1.

Its construction is given in (3.23).

_ _ e = _ A2
s0(ng) su(ny) — su(ng) su(nyg) su(m) A (2.17)
Here n; = m + 8+ 8(k — i) with m > 2 and k > 1.
Its construction is given in (3.24).
F
|
so(ng) — su(ny) — su(ng) — -+ —su(ny) — -+ — su(ng) — A3 (2.18)



Here n; =6+ 9(k —i) for j<i<kandn, =6+ 9(k—j)+8(j—4) for 1 <i<j
with 1 <j <kand k > 2.

Its construction is given in (3.25).

For j = 0, we obtain

F
|
so(ng) — su(ny) — su(ng) — -+ — su(ng) — A3 (2.19)
Here n; = 6 +9(k — i) with k& > 2.
Its construction is given in (3.25).
[ ]
(o) — sa(in1) — sp(n2) — so(ns) — -+ — splrze) — sulm) (p o0

where the dots denote an alternating sp — so chain. We remind the reader that
edges between so and sp correspond to a half-hyper rather than a full hyper in
bifundamental. Here ng;y1 = 2ng; = 2m + 16(k — i) with m > 2 and k£ > 1.

Its construction is given in (3.26).

F
|

su(ng) — so(n1) — sp(na) — -+ — sp(ng;) — -+ — sp(nay) =

D[

F

sul) g 91

where the dots denote alternating sp —so chains and the edge between sp(no;) and %F
denotes a half-hyper in fundamental representation F of sp(na;). su(1) at the right-
most node indicates an unpaired tensor corresponding to Ay N' = (2,0) theory. The
decoration by %F on top of rightmost edge indicates that a half-hyper in fundamental
of sp(ngr) = sp(1) has to be trapped there for the edge between sp(ngy) = sp(1) and
su(1) to be consistent.® This half-hyper is unlike the half-hyper attached to sp(nq;)
because the latter can move around as we change j but the former must remain at-
tached to sp(ngr) = sp(1). Here ngiy1 + 1 = 2ng; = 2+ 18(k — i) for j < i < k and
noir1 =2n9; =2+ 18(k—j)+16(j —i) for 0<i<j—1with1 <j<kand k> 1.

Its construction is given in (3.27) and (3.28).

5The existence of this trapped %F can be understood if one views the Ay AN/ = (2,0) theory in the
N = (1,0) language. The ' = (2,0) R-symmetry is so0(5) whose s0(4) subalgebra decomposes into su(2)
N = (1,0) R-symmetry plus an su(2) = sp(1) flavor symmetry. The A" = (2,0) tensor multiplet decomposes
into a N = (1, 0) tensor multiplet plus a N = (1,0) hypermultiplet such that the hypermultiplet transforms
as F under the flavor sp(1). This flavor sp(1) is gauged in (2.21) by the gauge algebra sp(nax) = sp(1).



For 5 = 0, we obtain

F

su(ng) — so(ny) — sp(ng) — - — sp(nap) 2

1
2

su(l) (2.22)

where the dots denote an alternating sp—so chain. Here ng;11+1 = 2ng; = 2+18(k—1i)
with £ > 1.

Its construction is given in (3.27).

su(ng) — so(n1) — sp(n2) — -+ — sp(nok) — so(ngk1) — sp(0) — su(l)

(2.23)
where the dots denote an alternating sp—so chain. Here ng;11 = 2ng; = 16+16(k—1)
with £ > 1. The sub-quiver

formed by the two rightmost nodes denotes a rank two E-string theory.
Its construction is given in (3.29).

For k = 0, we obtain

su(8) — s0(16) — sp(0) — su(1) (2.25)

Its construction is given in (3.30).

su(ng) — so(n1) — sp(n2) — so(ng) — -+ — sp(nak) — s0(nok41) — S (2.26)

where the dots denote an alternating sp — so chain and the rightmost edge denotes
a hyper in spinor representation S of so(ngk11). Here ng;r1 = 2ng; = 12 + 16(k — i)
with £ > 1.

Its construction is given in (3.31).

For k = 0, we obtain
su(6) — so0(12) — S

(2.27)
Its construction is given in (3.32).
IF
|
su(ng) — s0(n1) — sp(na) — -~ — sp(ng;) — - — sp(nax) — s0(ngpr1) — %5
(2.28)



where the dots denote alternating sp—so chains and the rightmost edge denotes a half-
hyper in spinor representation S of so(nog+1). Here nojr1+1 = 2ng; = 144 18(k — 1)
for j <i <k and ngit1 = 2n9; = 14+ 18(k — j) + 16(j — ) for 0 < i < j — 1 with
1<j<kandk>1.

Its construction is given in (3.33).

For 5 = 0, we obtain

F

su(ng) — so(n1) — sp(na) — -+ — sp(nag) — s0(n2k11) — 35S (2.29)

where the dots denote an alternating sp — so chain. Here noj11 + 1 = 2ng; = 14 +
18(k — i) with k > 1.
Its construction is given in (3.33).

For k = 0, we obtain

F

|
su(7) — s0(13) — 1S (2.30)

Its construction is given in (3.34).
su(ng) — so(ny) — sp(ng) — so(ng) — -+ — sp(ngk) —= s0(7) (2.31)

where the dots denote an alternating sp —so chain. Here no; 11 = 2ng; = 8 +16(k —1)
with k& > 1.

Its construction is given in (3.35).

For k = 0, we obtain
su(4) —= s0(7)

(2.32)

Its construction is given in (3.36).

D=

su(ng) — s0(n1) — sp(na) — -+ — sp(ng;) — - — sp(ngg) — B2 (2.33)

where the dots denote alternating sp —so chains. Here ng;j+1+1 = 2ng; = 8+18(k—1)
for j <i <k and ngiy1 = 2n9; = 8+ 18(k — j) +16(j — i) for 0 < i < j — 1 with
1<j<kandk>1.

Its construction is given in (3.37).



For 5 = 0, we obtain

F
|

su(ng) — so(n1) — sp(ng) — -+ — sp(ng) — 92 (2.34)

where the dots denote an alternating sp—so chain. Here ng;+1+1 = 2ng; = 84+18(k—1)
with k& > 1.

Its construction is given in (3.37).

For k = 0, we obtain
F

su(4) — @ (2.35)

Its construction is given in (3.38).

sp(m)
|

su(ng) — so(n1) — sp(nz) — -+ — sp(ngk) — s0(nog+1) — sp(m) (2.36)

where the dots denote an alternating sp — so chain. Here ng;11 = 2ng; = 4m + 16 +
16(k — i) with m > 0 and k£ > 1. The case m = 0 gives rise to two E-string factors at
the right end of the quiver.

Its construction is given in (3.39).

For k = 0, we obtain
sp(m)

su(ng) — so(n1) — sp(m) (2.37)

Here n1 = 2ng = 4m + 16 with m > 0.

Its construction is given in (3.40).

so(n)

s0(n) — sp(ng) — so(n1) — -+ — sp(ngg) — su(m) (2.38)

where the dots denote an alternating sp—so chain. Here ng; 11 = 2ng; = 2m—+16(k—1)
and n =m+ 84 8k with m > 2 and &k > 1.

Its construction is given in (3.41).



N[ =

so(n)

so(n) — sp(ng) — - — sp(ng;) — - — sp(nax)

1
1F

su(1) (2.39)

where the dots denote alternating sp —so chains. Here ng;j+1+1 = 2ng; = 2+18(k—1)
for j < i <k, mois1 = 2n9; = 24+18(k—j)+16(j—i) for 0 < i < j—1, and n = 9+9k—j
with 0 < j <kand k > 1.

Its construction is given in (3.42) and (3.43).

s0(n)

so(n+1) — sp(ng) — so(ny) — -+ — sp(nok)
|

F (2.40)

F

[N

su(1)

where the dots denote an alternating sp—so chain. Here no;11+1 = 2ng; = 24+18(k—1)
and n =9+ 9k with k > 1.

Its construction is given in (3.44).

s0(n)

so(n) — sp(ng) — so(n1) — - — sp(ngp) — su(l) (2.41)

where the dots denote an alternating sp — so chain. Here ng; 11 = 2ng; = 16(k — i)
and n = 848k with k£ > 1. The two rightmost nodes gives rise to a rank two E-string
factor in the low energy theory.

Its construction is given in (3.45).

so0(n)

s0(n) — sp(ng) — so(n1) — -+ — sp(ngk) — 50(ngkt1) — S (2.42)

where the dots denote an alternating sp —so chain. Here ng; 11 = 2ng; = 12+ 16(k—1)
and n = 14 + 8k with k£ > 0.

Its construction is given in (3.46).

~10 -



s0(n)

so(n) — sp(ng) — -+ — sp(ng;) — -+ — sp(no) — s0(nogs1) — 35

F

[Nl

(2.43)

where the dots denote alternating sp—so chains. Here ng;1+1 = 2ng; = 144+18(k—1)
for j < i < k, nais1 = 2ng; = 14+ 18(k — j) + 16(j — i) for 0 < i < j — 1 and
n=15+9k —j with0 <j <k and k£ > 0.

Its construction is given in (3.47).

s0(n)

so(n+1) — sp(ng) — -+ — sp(nax) — so(nag+1) — 35
|

F (2.44)

where the dots denote an alternating sp — so chain. Here nojy1 + 1 = 2ng; = 14 +
18(k — i) and n = 15 + 9k with k& > 0.

Its construction is given in (3.48).

s0(n)

so(n) — sp(ng) — so(ny) — -+ — sp(ngi) —= s0(7) (2.45)
where the dots denote an alternating sp — so chain. Here ng;j+1 = 2ng9; = 84 16(k —1)
and n = 12 + 8k with k£ > 1.
Its construction is given in (3.49).

For k = 0, we obtain
s0(12)

50(12) — sp(4) —= s0(7)

(2.46)

Its construction is given in (3.50).

- 11 -



s0(n)

so(n) — Ep(no) — s = sp(ngj) — s = Ep(ngk) — 02

N[

(2.47)

where the dots denote alternating sp —so chains. Here ng;y1+1 = 2ng; = 8+ 18(k—1)
for j < i < k, noir1 = 2na; = 8+18(k—j)+16(j—i) for 0 < i < j—1andn = 124+9k—j
with 0 <j<kand k> 1.

Its construction is given in (3.51).

For k = 0, we obtain
50(12)

50(12) — sp(4) —— 92

2F (2.48)
Its construction is given in (3.52).
s0(n)
so(n+1) — sp(ng) — -+ — sp(nax) —— 92
|
F (2.49)

where the dots denote an alternating sp—so chain. Here no;+1+1 = 2ng; = 84+18(k—1)
and n = 12 + 9k with £ > 1.

Its construction is given in (3.53).

For k = 0, we obtain
s0(12)

50(13) — sp(4) — 92

F (2.50)

Its construction is given in (3.54).

so(n) sp(m)

s0(n) — sp(ng) — so(n1) — -+ — 50(naj+1) — sp(m) (2.51)

- 12 —



where the dots denote an alternating sp — so chain. Here ng;11 = 2n9; = 4m + 16 +
16(k —4) and n = 2m + 16 + 8k with m > 0 and k > 0.

Its construction is given in (3.55).

[ ]
sp(m)
|
s0(4m + 16)
|
sp(m) — so(4dm + 16) — sp(3m + 8) — so(4m + 16) — sp(m) (2.52)
with m > 0.
Its construction is given in (3.56).
[ ]
s0(7)
|
50(7) =— sp(2) —= 50(7) (2.53)
Its construction is given in (3.57).
[ ]
s
|
s0(12)
|
lg - - 1
55 s0(12) sp(5) s0(12) 55 (2.54)

Its construction is given in (3.58).

2.3 Missing SCFTs

Let us now list down all the possible SCF'Ts carrying the sub-quivers listed in section 2.1.
Our list below will contain SCFTs that do not have an LST parent. These SCFTs
are (2.59), (2.63) and (2.64).

°
mgF mlF mkF

$2 — su(ng) — su(ny) — -+ — su(ny) (2.55)

where the edge between su(n;) and m;F denotes m; hypers in fundamental of su(n;).
Here mo = ng —8 —ny and m; = 2n; —n;—1 —niy1 for 1 <4 < k with ng4q := 0 and
k> 0.

Its construction is given in (3.6).

~13 -



mgF mlF mgF mkF

| | | o |
s0(ng) — su(ny) — su(ng) — -+ — su(ng) (2.56)
where the edge between so0(ng) and moF denotes mg hypers in vector of so(ng). Here
mo = ng—8—nj and m; = 2n; —n;—1 —n;y1 for 1 <i < k with ngq :=0and k > 1.

Its construction is given in (3.7).

moF mlF mQF kaF

su(ng) — so(n1) — sp(na) — -+ — sp(nax) (2.57)

where the dots denote an alternating sp — so chain and the edge between sp(ng;)
and mg;F denotes mg; hypers in fundamental of sp(ng;). Here mo = 2n¢ — ny,
mo;—1 = N9i—1 — 8 — no;—2 — N9, and mo; = 27122‘ + 8 — % — % for 1 S 7 S k with
nog+1 := 0 and & > 1. Here ngg can be zero, in which case we obtain an E-string
factor at the right end of the quiver.

Its construction is given in (3.8).

mF moF mlF mng

su(n) — so(ng) — sp(n1) — -~ — s0(ngy) (2.58)

where the dots denote an alternating sp — so chain. Here m = 2n — ng, mgy =
nog — 8 — ny —mn, mo; = Ng; — 8 — nNg;—1 — N9y; and moi+1 = 2712,‘4.1 +8 — % — % fOI‘
1 <4 <k with nogyq :=0and k > 0.

Its construction is given in (3.9).

moF mqF moF mgF

su(ng) — su(ny1) — so(nz) — sp(ns) (2.59)

Here mg = 2ng—n1, mi = 2n1—ng—nz, mo = no—8—nj;—ns and mg = 2n3+8—%.

Its construction is given in (3.10). It was suspected in [3] that this theory is probably
not consistent since there is no LST from which it can be obtained by decoupling a
tensor multiplet. Our construction in (3.10) demonstrates that this suspicion is not
correct, and shows that there exist SCFTs that cannot be obtained via an RG flow
starting from a LST.

— 14 —



mlF

s0(nq)
\
s0(ng) — sp(na) — so(ng) — -+ — sp(ngg)
| | | a |
m()F mQF mgF e mng (260)

where the dots denote an alternating sp — so chain. Here mg = ng — 8 — no, m; =
ny—8—mng, mg = 2ng +8 — L — & — B mo; 1 = ng;1 —8—ng — ng_2 and
Ma; = 2ng; +8 — 2= — 22 for 2 <4 < k with nggy1 := 0 and k > 2. Here ngy, can

be zero, in which case we obtain an E-string factor at the right end of the quiver.

Its construction is given in (3.11).

m1F

s50(nq)
so(ng) — sp(n2) — so(nz) — -+ — §0(n2k41)
moF maF maF mog+1F

(2.61)

where the dots denote an alternating sp — so chain. Here mg = ng — 8 — no, my =
np—8 —mng, my =2ng +8 — P — T — T Mo = ng;1 — 8 — Nz — Ngi_2, M2; =

2n9; + 8 — % — n2§“ and Mmogy1 = Nogr1 — 8 — ngi for 2 < ¢ < k with k£ > 1.

Its construction is given in (3.12).

m5F

s50(ns)

sp(ng) — so(ny) — sp(n2) — so(n3) — sp(ng)

moF miF moF msF myF (2.62)
Here mo = 2no + 8 — 54, m1 = n1 — 8 —ng — ng, mg = 2np +8 — G — P — 5,

m3 =n3 — 8 —ng —ng, mg = 2ng +8 — % and m5 = nz — 8 — na.

Its construction is given in (3.13).
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mGF
|
s0(ng)
|
sp(ng) — so(n1) — sp(n2) — so(n3) — sp(na) — so(ns)

moF mlF sz m3F m4F m5F (2.63)

Here mo = 2no + 8 — 5, m1 = n1 — 8 —ng — ng, mg = 2np +8 — G — P — &,

m3 = n3—8—nyg—ng, my = 2n4+8— "5 — B, m5 = nz —8—ny4 and mg = ng—8 —na.
Its construction is given in (3.14). Like (2.59), this theory is an example of an SCFT
that cannot be obtained from an LST via an RG flow.

m7F
|
s0(ny)
|
sp(no) — s0(n1) — sp(ng) — so(n3) — sp(ng) — so(ns) — sp(ns)

mOF mlF TTLQF m3F m4F ﬂ’L5F mGF (264)
Here mo = 2no + 8 — 54, m1 = n1 — 8 —ng — ng, mg = 2np +8 — 5 — P — &L,

m3 = n3—8—ng—ng, my = 2n4+8— " — 2, my = n5—8—nyg—ng, me = 2ng+8— "3
and m7 = ny — 8 — na.

Its construction is given in (3.15). Like (2.59) and (2.63), this theory is another
example of an SCFT that cannot be obtained from an LST via an RG flow.

3 6d SCFTs and LSTs from the frozen phase

3.1 Reasons for missing theories

We now recall the reasons due to which the theories listed in sections 2.2 and 2.3 do not
admit a construction in the unfrozen phase of F-theory. These theories can be divided into
three types.

The first type of theories involve an su(n) gauge algebra with a hyper in S? and n — 8
hypers in F. For such a theory to admit a construction in the unfrozen phase of F-theory,
the su(n) must arise on a curve C in the base B of the F-theory compactification such that:

1. The arithmetic genus of C' must be one.

2. The self-intersection of C' in B must be —1.
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It was shown in appendix B of [2] that the order of vanishing of (f,g) appearing in the
Weierstrass model on such a curve C is at least (4,6). Such a large order of vanishing
of (f,g) on a curve in B is considered to be unphysical. Hence, no such theory can be
constructed in the unfrozen phase of F-theory.

The second type of theories involve an su(m > 4) gauge algebra with 2m hypers in F
such that a subset of those hypers transform in a representation R of another gauge algebra
which is either so(n) or go. For such a theory to admit a construction in the unfrozen phase
of F-theory, the following conditions must be satisfied:

1. The su(m) must arise on a curve C' and so(n) or go must arise on a curve D such
that C'- D # 0.

2. The so(n) or g2 algebra must arise from an I} singularity over D.
3. Since m > 4, su(m) must arise from an I,,, singularity over C.
4. C must have genus zero and self-intersection —2.

Now, an I, singularity over such a C' cannot consistently intersect an I} singularity. Thus,
no such theory can be constructed in the unfrozen phase of F-theory.

The third type of theories involve an sp(m > 2) gauge algebra with 2m + 8 hypers in
F such that three subsets of those hypers transform respectively in representation Ri, Ro
and Rj of other gauge algebras b1, hs and h3 such that each h; is either an so algebra or a
g2 algebra. For such a theory to admit a construction in the unfrozen phase of F-theory,
the following conditions must be satisfied:

1. The sp(m) must arise on a curve C and h; must arise on a curve D; such that C-D; # 0
for each 1.

2. The bh; must arise from an I singularity over D.
3. Since m > 2, sp(m) must arise from a non-split Iy, singularity over C.
4. C must have genus zero and self-intersection —1.

Now, an Iy, singularity over such a C' cannot consistently intersect three singularities L} .
Thus, no such theory can be constructed in the unfrozen phase of F-theory.

3.2 Ingredients from the frozen phase

3.2.1 New constructions of old ingredients

The frozen phase provides us with novel constructions of some gauge-theoretic ingredi-
ents that already admit a construction in the unfrozen phase. We will use the following
constructions in this paper:

1. sp(m) gauge algebra with (2m + 8)F can be constructed in the frozen phase by a
curve® C of self-intersection —4 carrying an i; 14 singularity where, following the

S All of the curves considered in this paper have genus zero.
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notation of [5], we add a hat on top of an I} smgularlty if it carries an algebra of sp
type” rather than so type. In type IIB language, an Im 4 singularity corresponds to
a stack of m D7 branes on top of an O7* plane.®

There are a total of 4m + 16 zeroes of the residual discriminant A¢ on C. Each zero
carries a 1F of sp(m) leading to a total of (2m + 8)F of sp(m). If all the points on
C where A¢ vanishes have even multiplicity of zeroes, then the i; 4 singularity is
split. Otherwise, the i:n 14 singularity is non-split.

For future purposes, we define a divisor F' = ). C; where C; are compact or non-
compact curves carrying a singularity of type I:;_.

2. so(m) gauge algebra with (m — 8)F can be constructed in the frozen phase by a curve
C of self-intersection —1 carrying a non-split I,,, singularity such that F' - C = 2.

A non-split I,,, singularity on a —1 curve corresponds to a stack of m D7 branes
intersecting two O7 planes in type IIB language. Since F' - C' = 2, both of these O7
planes are O71. Hence, the gauge algebra carried by C' is so(m).

There are a total of m+12 zeroes of A¢. 20 of these come from intersections of C' with
the two O77 planes. This is because an O7" plane corresponds to a iz singularity
over which A vanish to order 10. Each remaining zero carries an F of so(m), thus
leading to a total of (m — 8)F of so(m).

We will also sometimes use a non-split I,,41 on C to construct so(m) with (m — 8)F.
This should be viewed as a non-geometric Higgsing of so(m + 1) living on I,,,11 down
to so(m).

3. su(m) gauge algebra with 2mF can be constructed in the frozen phase by the following
configuration of two curves C' and D

A
1 2
C D (3.1)

where the numbers displayed over C' and D denote the negative of their self-
intersections, the edge denotes that C'- D = 1, the singularity over C is non-split
Is,, and the singularity over D is split I,,,. In [5], a gauge divisor was associated
to every 6d gauge algebra. Here the gauge divisor for su(m) is ¥ = 2C' + D which
means that the 6d gauge algebra su(m) is embedded into the 8d gauge algebra su(2m)
carried by Ig,, with embedding index 2 and the 8d gauge algebra su(m) carried by
I, with embedding index 1. We also need F' - ¥ = 2 for consistency, which is only
possible if F'- C' =1 since D cannot intersect any other singularity.

It is again possible to understand this construction perturbatively. Since F'-C =1,
one of the O7 planes intersecting the stack of 2m D7 branes on C is an O7" and

"Notice that n > 4 for an I, singularity.
8In our notation, a superscript + denotes an O7 plane of positive RR charge and a superscript — denotes
an O7 plane of negative RR charge.
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the other is an O7~ plane thus leading to an su(m) gauge algebra with embedding
index 2 on C. A split I, singularity on the —2 curve D corresponds simply to a
stack of m D7 branes on D leading to another su(m) there. Now we can perform a
non-geometric Higgsing which combines the two su(m) living on C' and D.

Ap has no zeroes other than those coming from the intersection with 155 singularity
on C. Ac has a total of 2m + 12 zeroes. 10 out of these come from the intersection
with O7T and 2 of these come from the intersection with O7~. Each of the remaining
zeroes carry 2F of su(m), thus leading to a total of 2mF of su(m).

For m =1 and m = 0, we obtain new constructions for Ay N = (2,0) SCFT.

. We will need another construction for sp(m) gauge algebra with (2m + 8)F which is

¥ ns
Im+4 2m
4 1
¢ D (3.2)

with no other frozen singularity intersecting either C' or D. If a curve carrying a
frozen singularity appears in a gauge divisor, then its coefficient in the gauge divisor
is the embedding index times an extra factor of half. Thus, the gauge divisor for this
configuration is 3 = %C’ + D.

To understand this construction perturbatively, notice that the other O7 plane in-
tersecting D is an O7~ plane which reduces the gauge algebra on the stack of 2m
D7 branes on D to sp(m). We then combine this sp(m) with the sp(m) living on
C. Unlike the previous case, the O7" plane carried by C does not induce a further
reduction of gauge algebra on D. This makes sense because C and D are part of the
same gauge divisor.

A¢ has a total of 4m+ 16 zeroes out of which 2m come from the intersection with the

ns
2m

thus leading to (m + 8)F of sp(m) living on C. Ap has a total of 2m + 12 zeroes out
of which m + 10 come from the intersection with the i; 4 singularity living over C.

singularity living over D. Each other zero carries a %F of the low energy sp(m),

Moreover, 2 other zeroes come from the intersection with the O7~ plane. Each other
zero carries an F of the low energy sp(m), thus leading to mF of sp(m) living on D.
In total, we get (2m + 8)F of sp(m).

We will also sometimes use

Ak

Ly Bt 1
4 1
¢ D (3.3)

with ¥ = 2C + D to construct sp(m) with (2m + 8)F.
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5. s50(7) gauge algebra with 2S can be constructed in the frozen phase by the configu-

ration
:[7818 I;TLS
1—3
¢ D (3.4)

with gauge divisor ¥ = 2C' + D and F - C = 1, where we have performed a non-
geometric Higgsing to reduce the algebra living over 15™* from so(11) to s0(7).

A¢ has a total of 20 zeroes. 8 out of these come from the 15" singularity on C.
10 other zeroes come from an intersection with O7% plane. The remaining two
zeroes each carry an S of s0(7). We propose that the zeroes of Ap not coming from
intersection with Ig® do not carry any matter content.

6. We will also construct sp(5) with 18F via

ns

11
1
D3
17 Iy 17
1 4 1
D1 C D 2

(3.5)

with ¥ = %C + D1 + D2 + D3 and no other frozen singularity intersects either C' or
any D;. Each D; carries 6F situated at 6 zeroes of residual discriminant on D;.

3.2.2 A new ingredient

We will also need a gauge-theoretic ingredient arising in the frozen phase that does not
admit a construction in the unfrozen phase. This is su(m) with S? + (m — 8)F and can be
constructed by a curve C of self-intersection —1 carrying an I, singularity with F'-C' = 2.
Since the intersection points of F' with C are branch points for the monodromy, to obtain
a split I,,, ' must intersect C' tangentially at a single point.

Out of m 4 12 zeroes of Ag, 20 come from the tangential intersection with O7%. The
remaining m — 8 zeroes each carry an F of su(m).

3.3 Construction of missing SCFTs

In this subsection, we will show that the frozen phase allows us to construct all the missing
SCFTs listed in section 2.3.

e Eq. (2.55) can be constructed via

S S S
Ino Im Ink

Ak +

I
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where any singularity without a number attached to it denotes a non-compact curve®”

carrying that singularity. The double edge with a tiny ¢ on top of it denotes a
tangential intersection between the curve carrying iz and the curve carrying I, .

e Eq. (2.56) can be constructed via

s I

. ni ng
I 1 2 e 2
Iy (3.7)
e Eq. (2.57) can be constructed via
:[757,() :[Zf i’ng—‘y-4= IZ;: In2k+4
2 1 4 1 e 4
L (3.8)
T* ns
n;+4 Nj41
where the dots denote an alternating chain of 4 and 1
e Eq. (2.58) can be constructed via
L (SRS SR s Lo
2 1 4 1 % 1 I,
Iy (3.9)
f:u-l—ﬁl Izikl
where the dots denote an alternating chain of 4 and 1
e Eq. (2.59) can be constructed via
Ifbo I’fbl Iz; I'n3+4
2 2 1 4
i*
4 (3.10)

This shows that (2.59) exists even though it does not have any LST parent, thus
demonstrating the existence of such SCFTs.

9We will only display non-compact curves carrying frozen singularities.
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e Eq. (2.60) can be constructed via

Iy
I
1
ns Ak n * A%
o Ino In2+4 Ins In4+4 ok +4
I 1 4 1 4 4 (3.11)
n;+4 Izirl
where the dots denote an alternating chain of 4 and 1
e Eq. (2.61) can be constructed via
I
1
1
s i* s i* ns
. no no+4 ns ng+4 N2k+1 o
I 1 4 1 4 1 I (3.12)
Ini+4 zikl
where the dots denote an alternating chain of 4 and 1
e Eq. (2.62) can be constructed via
I
I’VZS
ns
1
Sk Ak *
no-+4 I’IT'LZf In2+4 Izg In4+4
4 1 4 1 4 (3.13)
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e Eq. (2.63) can be constructed via

Iy
e
1
T* ns T* ns 7* ns
In0+4 In1 In2+4 Ing In4+4 In5 .
4 1 4 1 4 1 I (3.14)
This shows that (2.63) exists even though it does not have any LST parent.
e Eq. (2.64) can be constructed via
L
1
In0+4 IZ? In2+4 IZﬁ In4+4 IZ; In6+4

This shows that (2.64) exists even though it does not have any LST parent.

3.4 Construction of missing LSTs

In this subsection, we will show that the frozen phase allows us to construct all the missing
LSTs listed in section 2.2.

e Eq. (2.10) can be constructed via

s s S ns
L, L, L,

- . 2m
i, 1 2 = 2 1 (3.16)
We substitute m = 0 in (3.16) to obtain the construction for (2.11).
e Eq. (2.12) can be constructed via
. I, I I, r
,——1 2 e 2 1 (3.17)
The following limit of (3.17)
I
S
L 0 (3.18)
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provides a construction for

§? — su(m) — A2 (3.19)

that is dual to the construction provided in [3] using the unfrozen phase of F-theory.
Notice that the construction of [3] requires su(m) to be realized on a singular curve
in B, whereas our construction realizes su(m) on a smooth curve in B.

e Eq. (2.13) can be constructed via

IfLO :[78741 Izk—l é
P
1 2 s 2 1
L (3.20)
where the I§ is tuned to give rise to a A3,
The following limit of (3.20)
Ig
g
L 0 (3.21)
with a tuned Ig provides a construction for
F
|
2 su(6) — LA3
52— sulb) — 3 (3.22)

that is dual to the construction provided in [3] using the unfrozen phase of F-theory.
Again, notice that the construction of [3] requires su(6) to be realized on a singular
curve in B, whereas our construction realizes su(6) on a smooth curve in B.

e Eq. (2.14) can be constructed via

ns s s ns
o Ino In1 Ink 2m

I 1 2 2 1

L (3.23)

We substitute m = 0 in (3.23) to obtain the constructions for (2.15) and (2.16).

e Eq. (2.17) can be constructed via

B msI L, I
N 1 2 e 2 1
I

(3.24)
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e Eq. (2.18) and (2.19) can be constructed via

Comom, Lo, &
i 1 2 o 2 1
Iy (3.25)
where the I§ is tuned to give rise to a A3,
e Eq. (2.20) can be constructed via
,// I:rszo 37810 \‘l I:;fl I;’LT?Q I;?:S I:Lﬁz}c Ifn
L2 1 ——4 1 1 e 1 2
Ly (3.26)
I:;i I:Lr"i+1

where the dots denote an alternating chain of 4 and 1  and the dashed
ellipse encircling the first two curves indicates that those two curves give rise to a
single gauge algebra in 6d, which in this case is su(ng) as we know from (3.1). Here

ma; = 2ng; and mag;— = 25 — 4.

e Eq. (2.21) for j < k can be constructed via

-

;// IZQ g?i() \\l I;knl :[777):?2 I:n5 Iglsgk 11
Vo2 1 — 4 1 4 e 1 2
L (3.27)
Ijnl IZ’ZJrl
where the dots denote an alternating chain of 4 and 1 . Here my; = 2n9; and
Mo = % —4 with I}, singularity being split for 1 <1 < j, and mg; = 2ng; +1,

Moy = " 4 with T,
known [1] that the intersection of type II singularity with I3* = I}® = captures a %F
of 5p(1) = sp(noy) as required. The IF of sp(ny;) is localized at the intersection of

ns *ns
L, and L%

singularity being non-split for j +1 <4 < k. It is

Eq. (2.21) for j = k can be constructed via

/// IfLo gfLo \\l I:rfl I?YLSQ I:rfg Ika Il
Vo2 1 — 4 1 4 s 1 2
I

(3.28)
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*S ns
I s

where the dots denote an alternating chain of 4 and 1 . Here moy; = 2n9y;

and mo;_1 = % — 4. Tt is well-known that the intersection of I; with Iy = I,

captures a full F of sp(1) = sp(nax), as required.

We substitute j = 0 in (3.27) to obtain the construction for (2.22). Here my; =

ngi—1+1
2

2n9; + 1, mg;—1 = — 4 with every I}, singularity being non-split.

-1

Eq. (2.23) can be constructed via

- ~

/ Iio gSJO \‘l Ii’i I?Yfz I:rf:; I:f%ﬂ Io Io
Vo2 1 — 4 1 4 4 1 2
I
(3.29)
I*msi IQZJr )
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9;
and mai+1 = % — 4.

Eq. (2.25) can be constructed via

-

O AN v R
L2 1——4 1 4
L (3.30)
e Eq. (2.26) can be constructed via
r// Ifm 37810 \‘l I;k7f1 I:?L”;Z I:Vf3 I;szk I:§2k+1
L2 1——4 1 4 1 2
L (3.31)
I’T‘Vfl I:L"fi+l
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9;
and mg;y1 = 25 — 4.
Eq. (2.27) can be constructed via
O AN £
V2 1 — 2
L (3.32)
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e Eq. (2.28) can be constructed via

/ I7510 5Lfbo \‘l I:fm I:erz I:ns I%s% :12k+1
Vo2 1 — 4 1 4 cee 1 2
. ,i*
4 (3.33)
:[;';11 IZ’ZJrl
where the dots denote an alternating chain of 4 and 1 . Here my; = 2n9; and
Mo = % —4 with I}, singularity being split for 1 <1 < j, and mg; = 2ng; +1,

. 1 .
Mo = % —4 with I},

sp(ng;) is localized at the intersection of I7} and

singularity being non-split for ¢ > j + 1. The %F of
I*TLS
maj41°

We substitute j = 0 in (3.33) to obtain the construction for (2.29). Here my; =

ngi—1+1
2

2n9; + 1, moi—1 = —4 with every I}, singularity being non-split. The F of

—1

su(ng) is localized at the intersection of I5,; and I}7"°.

Eq. (2.30) can be constructed via

RE I
Vo2 1—2
L (3.34)
with the F of su(7) being localized at the intersection of 17§ and I5™
e Eq. (2.31) can be constructed via
/// Iflo gflo \\\l I;’fl I%SQ 1:7;93 IZ’LSQIC IZ‘]SS
Vo2 1 ——4 1 4 e 1 2
I (3.35)
I*S InS
mg mMi41
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9;
and mo;—1 = % —4.
Eq. (2.32) can be constructed via
/// IZ Igs \\l ISSS
Vo2 1——2
Iy (3.36)
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e Eq. (2.33) can be constructed via

/ Ifbo 5Lfbo \‘l I:m I?Yfz I:n3 Inms% Igns
L2 1——14 1 4 = 1 2
o ,i*
4 (3.37)
I:;% I”miJr1
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9; and
e "2’7*1 —4 with I}, singularity being split for 1 <4 < j, and mg; = 2ng;+1,
Mmoj—1 = n?%ﬁl — 4 with I}, singularity being non-split for j +1 <4 < k. The
3F of sp(ny;) is localized at the intersection of I, and IS where I8 = Ig"".

We substitute j = 0 in (3.37) to obtain the construction for (2.34). Here my; =

ngi—1+1
2

2n9; + 1, mo;—1 = — 4 with every Iy, singularity being non-split. The F of

-1
su(ng) is localized at the intersection of I3, and I;°.

Eq. (2.35) can be constructed via

,/ I s N 1
Vo2 1 — 2
L (3.38)
with the F of su(4) being localized at the intersection of Ig* and Ij™.
e Eq. (2.36) can be constructed via
ns
2m
1
;// I’IS?,O gﬁ,o \\l I:;fl I?nsz 1:53 I:’L’LSQIC I;krf2k+1 EL;?YL
Vo2 1 — 4 1 4 EE 1 4 1
I
(3.39)
I:Ti I?rfprl
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9;
and mo;—1 = % —4
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Eq. (2.37) can be constructed via

2m
1
;// IfLO S:LO N I:(?fl an
Vo2 1— 4 1
L (3.40)
where my = % — 4.
e Eq. (2.38) can be constructed via
I
InS
n
1
ok IZS // In0+4 5Lﬁbo N I:ﬁi Irrlnszk Ifn
I 1——4 1 4 1 2
(3.41)
I*S InS
m; mi41
where the dots denote an alternating chain of 4 and 1 and the dashed

ellipse encircling the first two curves indicates that those two curves give rise to a
single gauge algebra in 6d, which in this case is sp(ng) as we know from (3.2). Here

mo; = 2n9; and mo;_1 = — 4.

n2i—1
2

e Eq. (2.39) for j < k can be constructed via

Ak
I4

ok IZS ,// no+4 2ng I:m I:LTka II
I 1——4 1— 4 1 2
(3.42)
I:nl I?rfprl
where the dots denote an alternating chain of 4 and 1 . Here my; = 2n9; and

n2i—1
moj—1 = —5— —
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. 1 .
moi—1 = % — 4 with 12121,71

of 5p(1) = sp(ngy) is localized at the intersection of [T} = I3* and type II singularity.

The iF of sp(ny;) is localized at the intersection of L, and LIS .

singularity being non-split for j+1 < i < k. The %F

Eq. (2.39) for j = k can be constructed via

Iy
InS
n
1
A% IZS :// i710+4 5Lzo R I:;% Imzk I
I 1———41 1— 4 1 2
(3.43)
I:;fz I;Lfi+l
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9y;
and mg;_1 = 251 —4. The %F+ %F of sp(1) = sp(noy) is localized at the intersection
of I,, =1I> and Ij.
Eq. (2.40) can be constructed via
I
ns
n+1
1
ns .7 /A;”S ns A N *NS ns
- In+2 N I710-&-5 2ng+1 \ Iml Im2k II
I 1— 4 1——4 e 1 2
(3.44)
neoom
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9;+1

and mo;_1 = "2%1“ — 4. The %F of sp(1) = sp(nay) is localized at the intersection
of I}~ =15° and type II singularity. The so(n + 1) is realized by 13,3, and the so(n)
is realized by I};% ;. The curves encircled by the dashed ellipse give rise to sp(ng).
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e Eq. (2.41) can be constructed via

I
e
1
~x IZS :// In0+4 gzo R I:% Im2k Io
I 1——34 1— 4 1 2
(3.45)
L I”T,fi+1
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9;
and mg;_1 = "2 — 4.
e Eq. (2.42) can be constructed via
Iy
ITLS
n
1
/ /:*/ . ® \ *
- I ; Ino+4 37810 | I:?% Inmszk Iﬂi%ﬂ
I, 1——14 1— 4 e 1 2
(3.46)
L I”,,ZJrl
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9;
and mo;—1 = % — 4.
e Eq. (2.43) can be constructed via
Iy
Ins
n
1
o Izs ,// I7104-4 37810 \‘l 1211 Inmsgk I7*712k+1
Iy 1——14 1— 4 E 1 2
(3.47)
I:nl I?rfprl
where the dots denote an alternating chain of 4 and 1 . Here my; = 2n9; and
Mo = % —4 with I}, singularity being split for 1 <1 < j, and mg; = 2ng; +1,
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Moj_1 = "2%1“ — 4 with I}, singularity being non-split for i > j + 1. The 3F of
sp(ng;) is localized at the intersection of I - and I775 .

e Eq. (2.44) can be constructed via

Iy
ns
n+1
1
L7 /A;TLS B N
. Zj& N I”0-‘:—5 Igfbo-i-l \ I:;:Lls InmSQk I:?QSk+1
Iy 1— 4 1——4 e 1 2
(3.48)
I:;;Lis I:Lnsi-‘rl
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9;+1

and mo;_1 = m’%ﬁl — 4. The so(n + 1) is realized by I} 5 and the so(n) is realized

by I% ;. The curves encircled by the dashed ellipse give rise to sp(ng).

e Eq. (2.45) can be constructed via

Iy
I?’LS
n
1
I:LLS // i;:o-i-4 Igﬁo\\‘ Irri Inmszk ISSS
I, 1——4 1——14 1 2
(3.49)
I:;fi I?nswl
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9y;
and mg;_1 = 5L — 4.
Eq. (2.46) can be constructed via
I
ns
12
1
ns /// /i*s In; AN [*ss
» 12 8 g v to
i 1——1 1——2

(3.50)
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e Eq. (2.47) can be constructed via

I
ITLS
n
1
SRR VN VIR A o LM
I 1——14 1— 4 1 2
(3.51)
Irni I%Si+1
where the dots denote an alternating chain of 4 and 1 . Here mg; = 2n9; and

T2i—1

mai—1 = —5— —4 with I:n2¢71 singularity being split for 1 < i < j, and mg; = 2n9;+1,

Mo = nQZ’Tﬁ_l — 4 with I}, singularity being non-split for j +1 <4 < k. The

1F of sp(ng;) is localized at the intersection of L, and IX  where

Eq. (2.48) can be constructed via

ax

I, 1——4 1——2

with the F of sp(4) being localized at the intersection of I§* and Ij™.

e Eq. (2.49) can be constructed via

~k
14
ns
n+1
1
ns /’/A*ns ns \\\ *Ns ns *NS
o n+2 / Ino+5 I2no+1 ‘! Iml Imzk IO
I4 1 = 4 1 7 4 s 1 2
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(3.52)

(3.53)



where the dots denote an alternating chain of

*Ns
I

4

and

ns
Imi+1

1 . Here mog; = 2n9;+1

and mo;_1 = M“Tlﬂ — 4. The so(n + 1) is realized by I};% 5 and the so(n) is realized
by I3 1. The curves encircled by the dashed ellipse give rise to sp(ng).

Eq. (2.50) can be constructed via

Iy
ns
13
1
. 7]?2 I// i;ns Igs\\\l IEk)ns
Iy 1——14 1— 2
(3.54)
The s0(13) is realized by I7{ and the so(12) is realized by I75.
e Eq. (2.51) can be constructed via
I
ITLS 727/3
n m
1 1
. I ns \\! Ly Lo _— ns
I, 1——-14 1—7—4 1 4 1
(3.55)
L I
where the dots denote an alternating chain of 4 and 1 . Here mo; = 2n9y;
and mo;j_; = 2L 4,
e Eq. (2.52) can be constructed via
Im+4
4
Lim-+16
1
Lova Tmiie Bz Timiie Loga
4 1 4 1 4

~ 34—
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e Eq. (2.53) can be constructed via

i 3 \
: |
\ I
\ Ins ,I
N 8 /
\ 1 //
///I*ns Ins\\ T*S .7 Ins I*ns \
2 I 6 ] 2 |
Vo3 1 4 — 1 3 )
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(3.57)

where the curves encircled by each dashed ellipse give rise to an so(7) with 2S as we
suggested in (3.4).

e Eq. (2.54) can be constructed via

a7 (3.58)
where the four curves encircled by the dashed circle give rise to an sp(5) with 18F as
we suggested in (3.5).
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