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ABSTRACT: We present a general formula for constructing R-matrices with non-additive
spectral parameters associated with a type-I quantum superalgebra. The spectral parame-
ters originate from two one-parameter families of inequivalent finite-dimensional irreducible
representations of the quantum superalgebra upon which the R-matrix acts. Applying to
the quantum superalgebra U,(gl(2|1)), we obtain the explicit expression for the U, (gl(2]1))-
invariant R-matrix which is of non-difference form in spectral parameters. Using this R-
matrix we derive a new two-parameter integrable model of strongly correlated electrons
with pure imaginary pair hopping terms.
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1 Introduction

Type-1 quantum superalgebras are known to admit non-trivial one-parameter families of
inequivalent finite dimensional irreducible representations (irreps), even for generic ¢ [1].
Using such irreps, R-matrices which depend not only on a spectral parameter but in addi-
tion on further continuous parameters were constructed in [2, 3]. These extra parameters
enter the quantum Yang-Baxter equation (QYBE) in non-additive form. The freedom
of having such further parameters opens up new and exciting possibilities. For example,
by using the rational R-matrix associated with the 4-dimensional irreps of superalgebra
gl(2]1), the supersymmetric U model for correlated electrons was introduced in [4]. The
Bethe ansatz solutions of this model were later derived in [5, 6]. A two-parameter ver-
sion was proposed in [7] and was shown in [8] to come from the trigonometric R-matrix
associated with quantum superalgebra U,(gl(2|1)).

There is a different way of treating the extra parameters in the R-matrices obtained
in [2, 3]. Instead of regarding them as free parameters, one can treat them as spectral pa-
rameters. This approach was applied in [9] to the ¢gl(2|1)-invariant rational R-matrix to de-
rive another extension of the supersymmetric U model. Similar ideas recently also appeared
in the construction of R-matrices associated with the central extension of su(2|2) [10, 11].
There the values of the central elements, which parametrize the representations of the cen-
trally extended superalgebra, give rise to spectral parameters. R-matrices obtained from
such a construction are also of non-difference form and have found applications in various
areas (see e.g. [12-14] and references therein).

In this paper we implement a similar strategy for the one-parameter family of irreps
of a general type-I quantum superalgebra. From the results obtained in [2, 3], we deduce a
formula for quantum superalgebra invariant R-matrices with non-additive spectral param-
eters. Applying our results to the two 4-dimensional irreps of U,(gl(2]1)), we obtain the
explicit expression of a new 36-vertex R-matrix without difference property of the spectral
parameters.



The obtained R-matrices can be used to construct new integrable models of correlated
fermions. As the R-matrices are of non-difference form, the actual values of the spectral
parameters are important in the corresponding model construction. We will restrict our
attention to the homogeneous case in which the parameter of each of the representations
is the same at each site. Then the two-site local Hamiltonian of the integrable model
corresponding to bivariate R-matrix R(a, 3) is obtained via Hig ~ /=1 P a%R(a, 5)|B:a ,
where P is the graded permutation operator. Using the Ug,(gl(2|1))-invariant R-matrix
derived in this paper, we obtain the local Hamiltonian in terms of the standard electron
creation and destruction operators,

Hiiy1 = —) (Czocz'ﬂa + h.c.) ez (E-om itz (Etonnic, -

(e

+U (eﬁﬂ/Q CLC;'FTCi'i‘lTCi-Hi + h.C.) , (1.1)

where £,n and U are real parameters and 0 = + (or 1), — (or ). To our knowledge, this
is a new integrable model of correlated electrons with pure imaginary pair hopping terms.

2 R-matrices with non-additive spectral parameters

In this section we deduce from the results in [2, 3] an expression for solutions of the QYBE
with non-additive spectral parameters.

Let G be a simple type-I Lie superalgebra of rank r with generators {e;, fi, hi, i =
1,---,r}and Uy(G) the corresponding quantum superalgebra. We will not give the defining
relations for U,(G) here but mention that it is a Za-graded quasi-triangular Hopf algebra
with coproduct

A2y =g g2 Aa)=a0 ¢+ 0a, a=e, fi (2.1)

Note that Uy(G) also has an opposite coproduct structure defined by A=T-A, with T
being the twist map: T(a®b) = (~1)Vb @ a, Va,b € U,(G), where [a] € Zy denotes the
grading of the element a. The multiplication rule for the tensor product is defined by

(a@b)(cod) = ()Y (acbd),  Va,b e de Ul Q). (2.2)

Let 7, be a one-parameter family of irreducible representations (irreps) provided by the
irreducible Uy (G) module V (A, ), with the highest weight A, depending on the parameter
«. Assume that for any « the irrep 7, is affinizable, i.e. it can be extended to become
a loop representation of the corresponding untwisted quantum affine superalgebra Uq(é).
Let z € C be the associated loop parameter (the spectral parameter), and let R(z|a, 8) €
End(V(As) ® V(Ag)) be an operator (R-matrix) associated with two affinizable irreps

Ta, g from the one-parameter family. Let
R(x|a, ) = PR(x|a, B),
where P is the graded permutation operator in V(Ay) ® V(Ag) such that

P(va @ vg) = (~1)lslyy @ v, . Vo, € V(AL), v € V(Ag). (2.3)



Then a solution to the linear equations
Rial, 0)A% (a) = A7 (@)R(zle ), Va € Uy(G),
Riwla, B) (2malfy) @ ma(d"?) + Talg™/2) & ma(fy) ) (2.4)
= (2ma(fp) @ mald"?) + ma(a %) @ 7a(f1) ) Risler, B),

satisfies the QYBE in the tensor product module V (Ao)®V (Ag)®V (A,) of three affinizable
irreps from the one-parameter family [3, 15-17]:

(I ® Rzl B)(R(zyla, ) @ I)(I @ R(y|B, 7))
= (R(yIB,7) ® I @ Rlzyla,)(R(zla, B) @ I).  (2.5)

In the above, A%%(a) = (7, ®75)A(a) and fy, hy are elements associated with the highest
root 1 of Uy (G) such that the irreps extend to the loop representation of Uq(é). It was also
shown in [15-17] that the solution to (2.4) is unique (up to a scalar normalization factor).
In [3], «, 5,7 were treated as extra free parameters although they enter in the QYBE in
non-additive form.

A systematic method was developed in [3] for constructing solutions to (2.4) which
satisfy the QYBE (2.5). In this work, we focus on the z = 1 case, i.e. we fix the parameter

x to 1, but instead treat the parameters «, 5 as the spectral parameters. Set
R(a, ) = R(1]a, B). (2.6)
It then follows from (2.4) and (2.5) that the linear relations
R(a, B)A(a) = AP*(a)R(e, B), Va € U,(Q),

R(e, B) (mal f) @ ma(q"/2) + ma(q7"/%) @ ms(f)) (2.7)

= (ma(fu) @ Tald™/?) + 75(a ™) © 7a(Fy)) Rie B),

admit a unique solution R(a, §) (under suitable normalization) for any given one-parameter
family of irreps of U,(G) which satisfies the QYBE

(I ® R(e, B))(R(o,7) @ DI @ R(B,7)) = (R(B, ) ® (I ® R(or, 7)) (R(ev, f) @ 1)

with non-additive spectral parameters «, 3,7, provided such irreps are consistently affini-
able.
In the case of a multiplicity-free tensor product decomposition

V(Aa) ® V(Ag) = P V(w), (2.8)
o

where i denotes a highest weight depending on the parameters o and /3, solution R(a, B)
of (2.7) can be written in the general form [3]

Rl f) =3 pu P3P (2.9)
o



Here p,, are combination coefficients to be determined and ng t V(AL)®V(Ag) = V() C
V(Ag) ® V(Ay) are the elementary intertwiners satisfying

PP A (a) = AP (a)PSP, Va € U,(G). (2.10)

Explicit expressions for Pﬁﬁ can be constructed as follows. Let {|e/'),gs} be an orthonor-
mal basis for V(u) in V(Aq) ® V(Ag). V(i) is also embedded in V(Ag) ® V(An) through
the opposite coproduct A. Let {|e/)sgq} denote the corresponding orthonormal basis.

P can be expressed as [2, 3]

pof = Z ) s asalel] - (2.11)
i

Using these bases, Py,

Obviously, when a = 3, Pj;* are the usual projection operators which satisfy > u P =1

It can be easily shown that Pfjﬁ satisfies the relation
PP = 6, P, (2.12)

where 7336 : V(Aa) ® V(Ap) — V(u) are the projection operators satisfying 3, 7336 =

Thanks to the uniqueness of the solution to (2.7), it suffices to consider the case that
the coefficients p, in (2.9) are independent of the parameters o, . To determine such p,,,
we normalize R(«, 3) as

R(a,0) =1, R(o, B)R(B,a) =1, (2.13)
which are called the regularity and unitarity conditions, respectively. Then the unitarity
condition R(a, B)R(B,a) = I and the relation (2.12) mean that p, satisfies (p,)? = 1, so
that p, = £1. By using the regularity condition R(a, &) = I and the property Zu P =
I, we can conclude that p, appearing in (2.9) must equal to 1 identically. It follows that
solution R(av, 3) of (2.7) has the particularly simple form,

R(e,8) =Y PP (2.14)
I

and this solution satisfies the QYBE (2.8) with non-difference property of the spectral
parameters.

Let’s remark that the simple formula (2.14) is essentially x = 1 specialization of the
R-matrix in [3] associated with the affine U,(G). Tt is different from the standard R-matrix
from the non-affine U,(G) (which corresponds to the x = 0 specialization of the R-matrix

in [3]).

3 Explicit expression for U,(gl(2|1))-invariant new R-matrix

We now apply the above formalism to the one-parameter family of 4-dimensional irreps of
the quantum superalgebra U,(gl(2]1)) with hight weight A, = (0,0]a). It is known that
such irreps of U,(gl(2|1)) are affinizable and thus the formula (2.14) can be applied to
construct the corresponding R-matrix which satisfies the QYBE (2.8).



Uy(gl(2]1)) has generators {E!}?,_; with grading determined by [El] = ([ +
[j]) (mod 2), where [1] = [2] = 0, [3] = 1. Let {|v)}?_; denote an orthonormal basis
for a 4-dimensional U,(gl(2|1)) module V(A,). Consistent with the Zs-grading of the
generators we may assign a grading on the basis states by

D=[491=0,  [2]=[3)]=1 (3.1)
Then the generators {E;}f’]:l act on this module according to

Ey =12)(3|, BEf=13)(, Bi=-[3)@-4)dl, B =-[2)( -4) 4,

B3 = \flol 1) 2]+l + g 13) (@, B§ = /lalg[2) 1l + /Lo +11,14) (3],

Ef = af1) (1] + (a +1)(12) 2] + [3) (3]) + (o +2) [4) (4], (3.2)

where [z], = (¢° —¢*)/(¢—q~'). Note that the representation depends upon a parameter
AT .
a € C. For a > 0 we have (E;) = EJ and we call the representation unitary of type

I. For a < —1 we have (E]’) = (_1)[i}+[ﬂEl? and we say the representation is unitary of
type II. We will assume that « is restricted to either of the above ranges.

Associated with Uy (gl(2|1)) there is a co-product structure (Zg-graded algebra homo-
morphism) A : U (91(2[1)) - Uy(gl(2/1)) © Uy(gl(2]1)) given by

AE)=IQE+E®I, i=1,23

A(E}) = Bl @ ¢ 3B1-ED) | g3(BI-E}) g pl

AE?) = E?® q*%(E%*Eg) + q%(E%*Eg) ® B2,

A(E}) = B} @ ¢ 2 PP 4 2P @ 3,

A(B) = B3 0 q 2P 4 2 @ 3. (33)

Under the co-product action the tensor product V' (0,0]a) ® V(0,0|5) is also a Uy(gl(2|1))
module which reduces completely;

where V1 = V(0,0|a + ) and V3 = V(—1,—1|a + 8 + 2) are 4-dimensional modules and
Vo = V(0,—1|a + 3 + 1) is 8-dimensional.

Let Pgﬁ, k =1,2,3 denote the intertwining operators from V'(0,0|a) ® V' (0,0|3) onto
Vi € V(0,0|8) ® V(0,0]cr). Then the intertwining operators may be evaluated as follows.
Let ’\I’llc>a®ﬁ \Il%>a®5, k= 1,2,3,4 and |\Iflz>a®5, [l =1,2,---,8 form symmetry
adapted bases for the spaces Vi, V3 and V5 respectively. By means of the representation (3.2)

and the co-product action (3.3) we obtain
U1 ags = |1 >®\1>

[¥h)acs = —— a% [ 2 [l (@) +qa/2¢@(|1>®|2>>]
Bhhoos = = [ SRR CEIEEENENEEE) )



#hhaos = e 4Vl (e 1) 0 Il (e )
y/lelyl8l, (40702203~ <a—ﬁ+”/2|3>®|2>)},

)00y = [MF 2ei-a2 el (s,
)y = [aﬂf Bei-a 2l s,
2y 1 («8)/2 [
Waos = e {1l Bl 211)
@72, flal B+ 1, (D)
0l (2@ 3 -0 Bl (312) |,
oz = 13)013),
p _ 1 ~(B8+1)/2, [0 (a+1)/2
Whoss = (4 ot (9813 -g 02 Bl ).
2 _ 1 ~B+0/2 /1, (a+1)/2
Whoss = (4 et il ()8 12)-g 02 i) ).
1

@=8)/2 /14
a+5+1]q[a+5+2]q{q o118, (14 ]1))

—q\ A2 J1B+1]g[alg (1) ®14)) +q T2 [B+1],(12)®[3))

‘\IJ$>01®B = \/[

+q—<ﬁ+1/2>[a+1]q<\3>®|2>>},

[PDacs = [2)®]2),

¥heos = g 0 ke (9 e )
o412, fla 1) [841],(12) 2 13))
LB e+ flar ol (Dol |
o = M(qw“ 2Bl e+ 2 flar s ),
03y = M(q@“ 12, [18+1) (4)®3))+q~ 012 [a+1]q<|3>®|4>>),
¥Dass = 4)H). (35)

The dual vectors of these basis vectors are defined using the following rules,

(l2) ® [y))T = (=)= (2] @ (g,

(Vilpgs = |¥ >a®5 i=1,2,3. (3.6)



It can be checked that (3.5) forms an orthonormal basis.! It then follows from (2.14)
and (2.11) that the U,(gl(2|1))-invariant R-matrix depending on the spectral parameters
a, (B is given by

R(a, ) = PY” + P57 + P§7, (3.7)
Piaﬁ = Z ‘\Iﬂi‘f>5®a a®p <\II}L€| ) i = 1’2’3'
k

By means of the orthonormal basis vectors (3.5) we obtain the following explicit expression
for the Uy(gl(2|1))-invariant R-matrix which satisfies the QYBE (2.8),

R(a,B) = enn®e11 +exn®exntez3®@esztes@eq (3.9)
+ (q(a+6)/2 +q_(a+ﬁ)/2) [a[oiqﬁ[i]q(em ®eir+ei1 ®ex+esz®err +e11 @ess)

VIedg[Blgla+1][8+1],
[a+Blqla+5+2],

1 flelglBlg+ (a2 4+ 1) [a+ Bq

[a+Blgla+B+2]
flalq[Blq+ (q_a_5_2+1) [a+B]q
[a+ Blgla+B+2]q

n (q—(a+ﬁ+2)/2 n q(a+6+2)/2) [a+1]g[B+1]q

+f (e4a®e11+e11 ®eqyq)

+q

€22 X es3

+q €33 ® ez

[a+B+2]
X (€44 ® €22+ €22 R €44+ €44 ® €33+ €33 D €44)
Wq_[a]q
+————(e21®extea®ea +e31®e3t+e3®es
fat Bl :
(%570 [aﬁﬂ [aﬁ+1
+f e e+ | ————| eru®eqn
[a+pBlqla+B+2], 2 . 2 ;

+ [a;ﬁ:| q(623®632+632®623)>
[B+1]g—[a+1],
[+ B+2],
145210/ [e]a[B+ 1],
[a+Blgla+5+2]
[#]q [+ 1]q[ﬁ]q
[a+Blgla+B+2]

(12 ® €24+ €24 R eqa+e43R €34+ €34 @ €43)

+f

(q_1/2(€42 ®e13—eg1 Desq) + % (e31 @eaq —eys ®€12))

+f (q_1/2(€24 ®e3; —e12®@eq3) + q1/2(€13 ®eq2 — €34 ®€21)) ;

where we have used the notation e;; = |4) (j| and
F=gotBHl oAl gy gL

It can be checked that the R-matrix (3.9) satisfies the regularity and unitarity prop-
erties (2.13) as well as the QYBE (2.8), as required. To our knowledge, the bivariate
Uq(gl(2]1))-invariant R-matrix (3.9) is new.

LA set of non mutually orthogonal basis vectors for V; in the decomposition (3.4) was obtained in [18].



In the ¢ — 1 limit, we obtain its “rational” version,

é(aa B) = e ®e11 + e @ e+ €33 ®e33 + e1q @ ey (3.10)
&
+2 +B(€22®611+€11®€22+€33®€11+611®633)
af(a+1)(8+
+4E{1 + B)(« +(ﬁ T 2)) (644 ® €11 + €11 ® €4q)
a+2ab+p
Pt parpry ¥t s
a+1)(f+1
+2 (OhLﬁ)(JrQ )(644®€22+€22®e44+e44®633+633®e44)
0 —«
+oz n ,8(621 ®ejg+epaRer +e31 XVeg+ez® 631)
a—pf ) )
+(a+5)(a+5+2) {la—p—2)ess ®en+ (a—+2)e1s ey
+(a — B)(e23 ® e32 + €32 @ ea3)}
-«
aiﬁ+2(e42®€24+€24®642+€43®€34+634®e43)
B8 B+1
+2EQ+B;(@ (e42 ® €13 — €21 ® €34 + €31 @ €24 — €43 @ €12)
B)(a+1)p
" Ea + Bi(@ (e ®@es —er2@eus e ®en —eauden).

This R-matrix is gl(2|1) invariant and also seems new.

4 New integrable model of strongly correlated electrons

The new R-matrix (3.9) can be used to define an integrable model of correlated electrons.
On the N-fold tensor product space we denote

R(a, B)iip1 = 1%V @ R(a, B) @ TV 71, (4.1)

and define a local Hamiltonian by

( a+1l _ q—a—l) o
R, B)ii1| (4.2)
In ¢ Ja fea

z g+l — —V —




From the explicit expression of the R-matrix (3.9) and via a direct computation, we find
the two-site local Hamiltonian

a+1
Hip = v—-1 [ Jg (e12 ® €1 + €91 ® €12 + €13 ® e31 + €31 @ e13)

[alg

1
V=1 — (eq1 ®e1q —e14 ®eyq1)
[a]q

+vV—1 (€214 ® €42 + €42 @ €24 + €34 @ €43 + €43 @ €34)

o+ 1],
[a]q

+¢"2 (e31 @ €21 + 43 ® €12 — €13 @ €42 — €31 @ 624)} . (43)

++/—1 sign(a)

{q’lﬂ (e12 ® €43 + €21 ® €34 — €42 ® €13 — €24 D €31)

In view of the grading (3.1) we now make the assignment

=10, By=m=dloy, [2==cl0), ==cdlo), @9

which allows us to express e;; = |i) (j| in terms of the canonical fermion operators. We can
show that we have

loa

1
Hiip = — Z (fﬁﬁ/z C;‘raciJrla + h.c.) {1 — Nj,—o (1 + sign(a) ¢~/2 lot 1 ]q)

[alq
—Nitl,—o <1 + sign(a) ¢°/? o + Hq)

[a]q

+1i,—oNit1,—0 (1 + o+ 1y +sign(a) (¢ + ¢ /%) M) }

[alq [a]q
+L <e_‘/?1“/2 el cire —i—hc) (4.5)
[Ck]q lJ, ’LT ’L+1T Z+1\L e ) .

Here and throughout, we have used the standard notation for electron spins: ¢ = + (or
1), — (or |). Note that the local Hamiltonian is hermitian only for a > 0 or o < —1; i.e.
when the underlying representation is unitary.

Under the unitary transformation
Cioc — Cio(1 —2n; _5) (4.6)

we obtain the same local Hamiltonian with sign(«) replaced by —sign(«). This unitary
transformation allow us write (4.5) in a compact form. Indeed, after performing the further
unitary transformation c;y — ¢V~19/2¢; . we derive from (4.5) the local Hamiltonian (1.1)
of our new electron model with the parameters £, and U defined by

el =g, = , U= [al]. (4.7)



On a periodic lattice, the corresponding global Hamiltonian of our electron model (which
is integrable with periodic boundary conditions) reads

H = Z Hiiy1 = — Z (C;'[gci—f—la + h.c.) e2(E—ommni oty Etomnis,
1 1,0
oy <6\/—717r/20L,c}LTCi+1TCi+1 o+ h.c.) . (4.8)
7

Observing that &,n and U are related to two independent parameters a and g
through (4.7) above, we can derive two distinct and non-trivial special cases corresponding
to the following limits of ¢ and « values, respectively. In the limit ¢ — 1 so that n = 0,
our model (4.8) becomes

H =— Z (CIUCH—IU + h.c.) 2 (ot o) 4 7 Z (eﬁ”/Qch;{TCanHu + h.c.) ,
1,0 7
(4.9)
where ot o

€ U=_—. 4.10
e o 5 (4.10)

Obviously this special case gives an non-trivial integrable electron model with pure imagi-
nary pair hopping terms. It can be checked that this Hamiltonian is also obtainable directly
from the R-matrix (3.10) which is the ¢ — 1 limit of (3.9).

On the other hand, in the limit o — 0o so that £ = 7, our model (4.8) reduces to the
Bariev model [19] whose Hamiltonian on the periodic lattice can be written in our notation
as

i,0

In this sense, our electron model (4.8) may be considered as an integrable one-parameter
extension of the Bariev model (4.11) with extra pure imaginary pair hopping terms. We
mention in passing that the integrability of the Bariev model was established independently
in [20, 21] by obtaining an appropriate solution of the standard (i.e. non-graded) QYBE
(through mapping the Bariev model into the coupled XY chain). Our R-matrix (3.9) for
our model (4.8) is inherently different from the bivariate R-matrices computed in [20, 21]
for the Bariev model.

5 Conclusions and discussions

We have demonstrated in this paper that new solutions to the QYBE without difference
property may be naturally constructed through R-matrices associated with one-parameter
family of irreps of type I quantum superalgebras. As an example we have considered one
of the simplest cases and derived the explicit expression of the new 36-vertex bivariate R-
matrix associated with the 4-dimensional irreps of the quantum superalgebra U,(gl(2|1)).
Using this R-matrix, we have obtained the Hamiltonian of the new two-parameter inte-
grable model of strongly correlated electrons with pure imaginary pair hopping terms. Our
model contains two non-trivial and distinct one-parameter electron models as its special
cases.

,10,



Open problems for future work include solving our new model by means of the (alge-
braic) Bethe ansatz method, and constructing and solving the corresponding open chain
models with boundary conditions defined by boundary K-matrices using an appropriate
modification of Sklyanin’s method [22]. Of particular interest is to consider twisted or anti-
periodic boundary condition, i.e. a ring of electrons with M&bius like topological boundary
condition, by means of the Cao-Yang-Shi-Wang method for a topological spin ring [23]. It
is also important to derive explicit bivariate R-matrices associated with higher rank type-I
quantum superalgebras and construct the corresponding integrable models of correlated
fermions. Finally it seems that in [10, 11], the bivariate R-matrices for the centrally ex-
tended su(2]2) and U,(su(2|2)) superalgebras were derived somewhat by brute force. It
would be interesting to investigate whether or not the superalgebra representation theory
approach presented in this paper can also be applied to derive the bivariate R-matrices
associated with central extensions of certain superalgebras. We hope to examine some of
the above problems and present the obtained results elsewhere.
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