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ABSTRACT: The so-called homogeneous Yang-Baxter (YB) deformations can be consid-
ered a non-abelian generalization of T-duality-shift-T-duality (TsT) transformations. TsT
transformations are known to preserve conformal symmetry to all orders in o’. Here we
argue that (unimodular) YB deformations of a bosonic string also preserve conformal sym-
metry, at least to two-loop order. We do this by showing that, starting from a background
with no NSNS-flux, the deformed background solves the o’-corrected supergravity equa-
tions to second order in the deformation parameter. At the same time we determine the
required o/-corrections of the deformed background, which take a relatively simple form.
In examples that can be constructed using, possibly non-commuting sequences of, TsT
transformations we show how to obtain the first a’-correction to all orders in the deforma-
tion parameter by making use of the o/-corrected T-duality rules. We demonstrate this on
the specific example of YB deformations of a Bianchi type II background.
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1 Introduction and summary of results

Yang-Baxter (YB) deformations were first introduced by Kliméik in [1]. It was later under-
stood that they have the remarkable property of preserving integrability [2]. If one starts
from an integrable sigma model and performs a YB deformation the resulting model is
also integrable. This made people interested in applying them in string theory, which was
done for the AdSs x S% superstring in [3, 4]. The YB deformation is based on an R-matrix
for which there are two basic possibilities — R can solve either the classical Yang-Baxter
equation (CYBE) or the modified classical Yang-Baxter equation (mCYBE). The former
case is often referred to as homogeneous YB deformations and is the case we consider here.
It was shown in [5] that these models typically have a Weyl-anomaly' unless the R-matrix
is unimodular, i.e. its contraction with the structure constants of the isometry algebra of
the original model vanishes R’ f; ;% = 0. This is similar to the anomaly encountered in
non-abelian T-duality (NATD) [8] on a non-unimodular group [9-11]. Indeed it was argued
in [12] that homogeneous YB deformations should have a realization in terms of NATD and
this was then proven in [13] (see also [14]). While the original YB deformations were de-
fined only for sigma models of the symmetric space type, the realization of the homogeneous

1This manifests itself, in the superstring case, as a target space solving the generalized supergravity
equations [6, 7] rather than the standard ones.



models using NATD meant that they could be defined for a general string sigma model
with isometries. This was carried out for the Green-Schwarz superstring in [15] and rules
for writing the supergravity background directly in terms of the R-matrix were derived.?

The simplest class of such YB deformations is when R is defined on an abelian
subalgebra of the isometry algebra. In this case the deformation is equivalent to a
T-duality-shift-T-duality (TsT) transformation [19]. These are also known as O(d,d)-
transformations [20, 21] and they have been argued to map a consistent string background
to another consistent string background, i.e. there should exist corrections to the back-
ground fields such that the corrected background solves the o’-corrected supergravity equa-
tions to all orders in o’ [22-27].3 Here we want to ask what happens for YB deformations in
general at the quantum level.* Unimodular YB deformations are known to give a conformal
theory at one loop, i.e. the background solves the (super)gravity equations. Here we will
analyze the two-loop equations in the bosonic string case. For simplicity we will restrict
to deformations of backgrounds with vanishing NSNS-flux. We will show, to second order
in the deformation parameter, that the deformed background can be corrected so that it
solves the 2-loop equations. Furthermore the correction to the background fields can be
cast in a relatively simple form. Using the knowledge of the full corrections in special cases
derived using T-duality (see below), we write an expression to all orders in the deformation
parameter, which works in some simple cases but not in general.

Since the homogeneous YB deformations can be constructed using NATD, our results
indicate that also NATD should preserve conformality at two loops, and possibly all or-
ders in o/. A convincing argument for the preservation of conformality for NATD would
follow from a generic analysis to all orders in the deformation parameter 7, since NATD
is recovered in a 7 — oo limit. Another piece of evidence for this comes from the recent
analysis of renormalizability of deformed sigma models with two-dimensional target space
in [30], and very recently [31] (see also [32]). Some of the deformations considered have a
limit where they reduce to NATD and it was found that the models behave nicely beyond
lowest order in o/ suggesting that things should work out to all orders in «’.

For YB deformations of TsT-type we can also exploit another method to obtain explicit
o/-corrections and to promote those backgrounds to two-loop solutions. We can in fact use
the known o/-corrections to the T-duality rules when doing the chain of T-duality-shift-
T-duality. This strategy will automatically bring in the needed o/-dependence into the
deformed background, and will make sure that the deformed background is a solution to
the two-loop equations. The interplay between T-duality and higher o'-corrections was
studied in various works [26, 33-37]. In this paper we will use the o/-corrections for the
T-duality rules of [34], to obtain explicit o'-corrections for YB deformed models. This
strategy allows us to start from any background with isometries (it is not necessary to set
the NSNS-flux to zero), and to keep the dependence on the deformation parameter exact.

2These rules were first guessed, at the supergravity level and restricted to the case of vanishing NSNS
flux, in [16] (see also [17] and [18]).

3Note however that the form of the a/-corrections are only known in special cases and to low loop order,
e.g. [26].

4Homogeneous YB deformations also have an O(d, d) interpretation as so called S-shifts [28, 29].



Certain YB deformations, while they cannot be understood as simple TsT trans-
formations, can still be obtained as a non-commuting sequence of TsT’s [5]. The non-
commutativity is related to the fact that certain isometries needed to perform one TsT
transformation may be broken by the application of another TsT. Therefore, in certain
cases a sequence of TsT transformations can be implemented only in one precise order.
Non-commuting sequences of TsT transformations are nice examples to study, because we
can obtain explicit results by applying what is known about abelian T-duality and TsT, and
at the same time be able to say something about NATD and more general YB deformations.

In the remaining part of the introduction, we will summarize the main results obtained
when expanding the two-loop equations to second order in the deformation parameter.

1.1 First o’-correction to deformed backgrounds

The (homogeneous) Yang-Baxter deformation of a bosonic string background G, B, ® is
given by [15-18]

G-B=(G-B)1+10(G-B)"', d—a— %lndet(l LnOG-B) . (L)

Here 7 is the deformation parameter and © is constructed by taking an anti-symmetric
R-matrix solving the classical Yang-Baxter equation (CYBE), RUIEIRIIMI £, KT = 0, on
a subalgebra of the isometry algebra of the original background (with structure constants
f17%) and contracting with the corresponding Killing vectors

O = k/'RVEk;7 =k x k7, Vikrj) =0, (1.2)
where we simplify the notation by introducing the anti-symmetric product ‘x’. Assuming
that G, B, ® define a one-loop conformal bosonic string sigma model, the same is true of
G, B, ® if R is unimodular, i.e. RI f;,5 =0 [5].°

Here we want to ask what happens at two loops, i.e. the next order in o/. We will
work in an expansion in the deformation parameter up to order n?. To simplify the calcu-

lations we will assume that the starting background has B = 0 which gives the deformed
background

Gij=Giy+n*(0%)y+0("), Biy=105+0(r"), = q’—inz@ij@“ﬂ@(n“) . (13)
We find that to this order in 7 the first o/-correction (i.e. two-loop correction) to the
background is given by (in the scheme of Hull and Townsend [40])
6Gij = 6Gij + 20°(6GO?) (i) + n*(©5GO)ij — 20O i Ry ™ O, + 0*O™"V;V O pany
§Bij = 2n(6GO) iy — nRijm O™ (1.4)

- 1 1 3
0D = 6D — 5772(5@@)%@7”” + Eﬁvk@m"vk@m — gnzv’f@m“vm@nk

1 )
+ vai@ VH{(O™O,n) .

5The unimodularity condition is sufficient but not necessary in general. Relaxing it one finds at or-
der n, assuming B = 0, the necessary condition dK = 0 where K" = V,,0™". This is equivalent to
Vm ?fJKIRJK = 0 which is in general weaker than the unimodularity condition k?fJKIRJK = 0. The
reason for this is that sometimes the anomalous terms generated by a non-unimodular R can be removed
by a field redefinition [38] (see also [39]). Here we will take R to be unimodular for simplicity.



Here 6G, §® denote the o corrections to the undeformed background with B=46B=0. Note
that the terms involving 0G just come from correcting the undeformed metric in (1.3), while
the terms involving the Riemann tensor in 6G and 6B are obtained simply by replacing
©ij — B — a’Rijkl@kl in (1.3). The correction to the dilaton does not look nice in this
scheme but by changing the scheme one can arrange it so that

e 22/ det G = e72%+/det G, (1.5)

so that the correction to the dilaton just comes from the correction to the determinant of
the metric. This is achieved by the scheme change®

®— &+ (—;v% +(Ve)* — 116Hk,mH’“’m> : (1.6)

With a little help from the corresponding expressions derived to all orders in 7 for

a particular background in (5.30) and (5.31) one can write a completion of (1.4) to all
orders in the deformation. First of all it is natural to expect that one should correct the
undeformed metric and take ©;; — ©;; — oz’R,-jkl@kl in the expressions in (1.1). On top of
this we need to extend the last term in the transformation of the metric and looking at the
example in (5.30) and (5.31) suggests the following form for the corrections to all orders in n

- 1
Gij—Bij=[G(1+n[0—d'R-0])7'] . —-ad/0;Indet(1+7©)0; Indet(1+nO)

ij 9

1 — mn — mn -
+§o/77([G(1+7]@) 1 VEV,0m 4 [G(1-70) 7], VY0 )[G(1+n@) .
(1.7)

with the transformation of the dilaton read off from (1.5) (in the HT scheme after the
shift (1.6)). Here indices are raised and lowered with the undeformed metric including
its o’-corrections. We have also defined the contraction of © with the Riemann tensor
(R-9©); = Rijkl@kl. Note that this expression can be thought of as an o'-corrected open-
closed string map, such as appears for example in the work of Seiberg and Witten on
non-commutative gauge theories [41]. While this result works for the rank 2 examples in
section 4 it unfortunately does not work in general.

2 Two-loop conformal invariance conditions

The conditions for two-loop conformal invariance of the bosonic string sigma model were
worked out in [42-44]. Following Hull and Townsend (HT) the conditions in their scheme
are [40]7

G G G B B B ] ] [
E.] = Fo,ij + alFl,ij = 0, FZ_] = FO,ij + O/Fl,’ij = O, E] = Fo,ij + alFl,ij = 07 (21)

50On-shell this is equivalent to turning on the g parameter in the scheme of Hull and Townsend [40].
"To go from their conventions to ours one sends ® — 2® and H — %H.



where the one-loop conditions are
1
FC; = Rij — ZHZ-MHJ»“ +2V,V;®,
Fghj = V¥ Hjj — 2VFOH,jp (2.2)
P 2 i 1 ijk

and the two-loop corrections are

1 1 1 1
FC, = §Riklijklm + ZRiklekmnHlmn + ZRklm(iHj)mnH’dn + ﬂvinlmijklm
1 k rrlm 1 klm rrpq 1 p rrkmn ryl
- gv H ikalmj + EHikajqu H m T 16Hikajl H H mn s (23)
1 1
Flly =V H" i Ry — Vi Hiig H H o+ oV H™  H g Hi" (2:4)
1 g 1 o 1 .. 1 g
Fiy = =7 Rign B + 5 (Vi) (VU 4 2 HY o B Ry + - g (H?)
o i il 7k 3 0 pr2vij
- %HiijllmHj nH" — 372Hij(H ), (2.5)
where Hfj = H; H jkl. Here we have set to zero the parameter ¢ of [40].

3 Expansion in the deformation parameter

In this section we expand the conditions for two-loop conformal invariance in powers of
the deformation parameter 7, and we find the explicit o/ corrections for the background
such that the conditions hold to the quadratic order in 7. Here will not need to impose the
equation for the dilaton. It is known that when the equations for G and B are satisfied
the dilaton equation is satisfied up to a constant [40]. Since we assume the undeformed
background to solve all the two-loop equations and since there is no way to introduce a
constant at higher orders in 7,® the dilaton equation will not add anything.

3.1 First order in the deformation parameter

At order ' we see, by looking at (1.3), that the metric is not deformed while”
1

Using this in (2.4) we find

FESY = VEHO™ Ry = VE(H) Riyp™) + 2H ) V' Ry ™
3 m 1 m
= SV Vi (Rjiin©'™) = 5 VF [Rijim VO™
+ 2V (R 1) — 2V HZS;’[iRj]klm : (3.2)

8The parameter 7 is always accompanied by © and it is not possible to construct a constant from a
general ©.

9We indicate the order in 7 with a superscript in parenthesis. Since it is clear that this refers to the
deformed background we drop the tilde.



where we have used the lowest order equations (2.2). Using the two derivative Killing
identity (A.2) we have

Vi(RM™V100) = ViRM™V,0,m + RNV V0,
= ViR "V1Om + 2RV YV (10), — RNV O,

3
- _ivk(RiklmVj@lm) + 2R Rk ©mn — Rim™ Rjni©™"
+ Rklmanlmiejn + 3Riklmvk¢) Vj@lm + 2Ri’“lmvk<l> Vl@jm . (3'3)

Using this together with the identity (A.9) we find

FBO)

i = 3V IV (Rjgim©™) — 6V @ Vi (R ©™™) + 2R™ R0 1 (3.4)

Taking into account the o’-corrections to the classical background, /G and o/6®, and
the B-field at order !, o/ (6B)()), we have
- o (1 ) (1 m m
o 1F5:3v’fv[i(5B)§k§—6vkq>v[i(5B)§kj+3vkv[i(Rjk]lm@’ )~ 6V Vi (RjimO™)
+30(VF)V 10, —66(VF @) V ;0 13y +2RM™ Ryyi© 1 - (3.5)

In the case where the metric and dilaton do not receive corrections, G = §® = 0, the
terms in the second line vanish, and the terms in the first line also vanish provided we take
5B\ = —Ryj,0M 3.6
( )ij gkl : (3.6)
In the general case the assumption that the corrected original background solves the two-
loop equations implies that

RM™  Rpimi = —20(Rin + 2V V@) = =V V0Gn — VFVL0GL + GMV V0G0
+ V25Gin + 2VED(Vi6Gn + VidGri — VidGin) — AViV,0®,  (3.7)

where we used the expressions for the variation of the Ricci tensor and Christoffel sym-
bols (3.10) and (3.13).

Using this it is not hard to see, noting that d® must respect the isometries, that the
dP-terms cancel without any further correction to B. With a little bit more work one can
show, using the fact that £;0G;; = 0, i.e. that the correction to the undeformed metric
does not break any isometries, that all terms cancel if one takes

(53)2) =2(6GO);;) — Riju©™ . (3.8)

The first term is simply the correction induced by the correction to the undeformed metric,
ie. 6(3(1))@- = 00;j, which comes from the fact that the indices on ©;; were lowered with
the metric (note that the Killing vectors k7", with an upper index, are not corrected by
assumption). Thus we have proven that a two-loop Weyl invariant sigma-model remains
two-loop Weyl invariant under a YB deformation, at least to first order in the deformation
parameter. We now consider what happens at second order.



3.2 Second order in the deformation parameter

B(2)

It is easy to see that at order n? the B-field equation, Fy,;" =0, is trivially satisfied. For

the metric equation we find

G m 1 m n m n
F (Q)ZR(?W Rj)klm_iR(ikl Rj)im (021" =R ™ Ryt ™ (%)

1,35 (
1 Dkmn (1)1 1 Wmn (k. L (1) Vklm
+ZRkile( Jemn )mn‘i'ZRklm(iHj) HW n+ﬂvinlmij( )
1

Note that we choose to define all tensors to have lower indices, e.g. R;jx;, and then raise
indices with the undeformed metric Gj;.

The last two terms do not involve the Riemann tensor and the calculations can be
simplified somewhat if we remove them by shifting the metric and dilaton. Under a shift
of the metric we have

1
5(ViV;®) = =0T}V, @ = —iv’f@(vj&Gki + Vi6Grj — VidGij) (3.10)

and
1
5Rijk:l = Vk(éle] — FIT?(SGZm) + iijkl(sGim — (k? <~ l) s (311)

so that in particular

2 2 m 1 m
Rz(j;)d = Vk(FEij)N + Fl[i(@Q)j]m) - 5(@2) i Bjjmi — (k< 1)
= —ViVi(0) + ViVp(©02) 5k — (0%) ™ iRt - (3.12)

The variation of the Ricci tensor becomes (symmetrization in ¢j understood)
Rij = 6G* Rirji + G*'S Ry
= 6GuR ' + R*j0G i, + V;[GHoT iy — GHTT0G im) — V¥ [T 56 — T4,0Gy]
= V*V,.0G; — %levivjaakl - %v%Gij : (3.13)

From this expression we see that the last two terms in (3.9) can be canceled by shifting
the metric and dilaton as

Gij — Gij — éa’Hilejkl , DD %a/HklmHklm. (3.14)

The two-loop contribution then becomes (symmetrization in ¢j understood)
FI/C;J(Q) _ R§2)’“’ijkzm . %Riklm jnlm(@2)kn_Riklijkln(ez)mn+ éRkiﬂH(l)kmnH(l)lmn
+%Rklmiﬂ§”mnﬂ<1>“n—%Rklmnﬂf,jl)Hﬁzn—iH“)“mviij,g};. (3.15)

Here we have used the Bianchi identity for H and the lowest order equations of motion,
which in particular imply

V2 Hyim = 3V"V (i Hypgn = —3Rppipa Hy ™ + 6V ® Vi Hypyy - (3.16)



Note that terms with two derivatives of H(!) indeed give something involving the Riemann
tensor since they involve three derivatives acting on a product of two Killing vectors giving
at least two derivatives on one Killing vector.

Expressing all terms in terms of the basis defined in appendix B we have (symmetriza-
tion in ¢ understood)

. A 1
RPHMR i = =V - (fr2 + fa0) — V(2f5 — fo) + 2932 + gas — g35 + hr — Shs

1
+ 5o + 2ms + 2mg (3.17)

R H™ HOM, = — g5 1294 — 296 + gs — 2914 + 915 (3.18)
Rklm”HZ(,il)H](izn =4g16 + 4917 + 919, (3.19)

H(l)klmviij]glly)n = 393 — 694 — 696 + 398 — 18714 + 9915 + 6928 — 6929 — 3g31 + 12932
— 12g33 + 12934 . (320)

While the order n o/-correction to B in (3.8) contributes the terms (for the moment
we assume that the undeformed background is not corrected) (symmetrization in ij under-
stood)

~ 3 1
(5H)§;2H](1)kl = Qv[i(RkZ]mn@mn)Hj(l)kl =g3—98— 915+ 916 + =919 - (3.21)

1
2 2

For the two-loop correction we therefore get % times

— 8V - (fi2 + f20) — 8V(2f5 — fo) + 3g3 + 1094 — 696 — 5gs — 2914 — Tg15 + 4g16 — 4917
+ 3919 + 4930 + 2931 + 12932 + 4933 + 4934 — 8935 — 8hg + 4h1g + 16m7 + 16mg  (3.22)

To this we have to add the terms arising from the o/-corrections to G and ®. We will
ignore the corrections to the undeformed background until the end of the section.

Consider the following possible o/-corrections to the metric at order n? (symmetrization
in 4j understood)

61Gij = Vi0 V,;,0™" (3.23)
62Gij = ki X Viky kj x VTE™ (3.24)
83Gi; = Vi0""V,,0,; (3.25)
6,Gi; = R*'™0,,0,,, . (3.26)

Note that we could write also the second one in terms of © as

~ 1 1 1
(52Gij = §vm@mvm@jn — §V"@mvm®m —Vz‘@mnvm@m’ + sz@m”VJGmn y (3.27)



but the above expression is more convenient for the following calculation. Using (3.13)
and (3.10) these variations give rise to the terms

811G =V (2f3+ fos) — V(fi +2f6) + g31 — 4ms — 4mg + 2mag

1 X X R, .
602G : §V (fi+2fr— fuu—2fir + fao +2f23) + V(=fi+2fo+2f3 — fa +2f5) + g2s
1 3
— 929 — 2930 + 2931~ 2my +ma3 + gvivj(2vk@mnvm@nk — 3VFO™V1.0,mn)

5G: — %V'(f1+f3+f10—f11+f22+f28+f30—f31)

+1V(f1—2f2—2f3+f4—2f5+2f7—4f8)+930—m5—m6+m7—m8—m10

+ mi11 — my3 + Mmoo + Mo — Ma3

1 1 A R N N R R
04G - 5V-(fg+f14—f26) — ZV(3f1+2f2+2f3—3f4—2f5+4f6)+h9—m1+m2
—m3—mis,

where we used the identity (B.50) in calculating the last variation.
Taking the following correction to the metric and dilaton

(56),(3) = 1(—351+252+253+654)é2-j L (69)?) = —i(wkemnvm@nk —3VFO™"V10,)

4 32
(3.28)
and using appendix B we are left with % times the following order o’ terms

1291 + 892 + g3 — 694 + 495 — 696 — 1297 + 3gs + 12910 — 9912
+ 24g13 + 12914 — 6915 + 6916 — 6919 — 6920 + 12921 + 8922 — 2923 — 12g24 + 16925
+ 6h1 + 8hg — 16hs — 4hs + 16hg — 4hg + 12hg + 8hig — 4hyy + 4V f7 (3.29)

Next we use the Yang-Baxter equation which, in terms of ©, reads
okly,eml =0, (3.30)
Hitting this with R;p,., VP we get the identity
0 = Rimn V' (O, VFO™) + 2R ™"V |(01,V*Oyj) = V - (f19 — 2f11) - (3.31)
Adding —4 times the r.h.s. to our expression we are left with % times

1291+892—393—694+12g5 —6g6 — 1297+ 393+ 12910 — 9912
+24g913+12914—6915+6916 — 6919 — 6920 +8921 +8g22 — 6923 — 12924+ 24925
+6h1+8hy—16h3+24hg+12hg+8h1g—4h11 —8(m4 —2mqg +2m11) +4Vf7 R (332)

where the m-terms vanish by the Yang-Baxter equation. Using the identities (B.47)—
(B.49), (B.55) and (B.56) this reduces to (symmetrization in ij understood)

1 1_ 4 1 1
hio = 5hu+ §Vf7 = Ritmi R (07,5 — §Rk1manlmp9m@jp + Zvivj(vl@mnvl@mn) :
(3.33)



The first two terms vanish if the original background does not suffer o/-corrections, while
the last term can be canceled by shifting the dilaton.

To summarize we have found that with the following correction to the metric and
dilaton in the HT scheme at order 7%, taking into account also (3.14), (symmetrization in
ij understood)

~ 1

(5G)Z(JQ) = _%vi@mnvj@mn - §vm@nzv]@mn - gRiklm@lm@kj y (334)
~ 1

(5@))(2) — Evk@mnvkemn - gvk@mnvmgnka (335)

the deformed model is Weyl invariant at two loops provided the undeformed model is. The
shift in the metric does not look particularly natural but it can be brought to a nicer form
by noting that (symmetrization in ij understood)

1
Vm@m‘vj‘@mn = Vmnkn X kiVj@mn + §Vz‘@mnvj‘@mn
1
= Vﬂ)j + Riklm@kj@lm + iviGWmVj@mn, (3.36)

where v; = V,,k, X k;0™". The first term represents a diffeomorphism, so it can be
dropped (note that the dilaton does not transform, v'V;® = 0, since it is isometric). It
will be convenient to perform a further diffeomorphism generated by v¢ = %@m”VZGmn
after which we have (symmetrization in ij understood)

(6 = —2RHmE,, 04 + O™V, VO | (3.37)

)

~ 1 1 .
(69)2) = 1fﬁvk@mvk@m —~ %vk@mnvm@nk + 4 Vi@ V(0" Opn) (3.38)

We will now consider what happens when the undeformed background receives o'-
corrections.

Taking into account the lowest order correction to the metric and dilaton as well as
the first order correction to B (3.8) we have (symmetrization in ij understood)

1 1
(R~ i HYY HOH 4 9[V, V0] )) + Rygyni R (©2)— 5R,dmnR’dﬂwemejp . (3.39)
Using (3.7) and the variations in (3.13) and (3.10) this becomes, after a tedious calculation,
— 3VF6G" V' OOy — 0Gink® x [k, Vikj] x Vik™ + 20G k" x [k, Vikj] x Vik"
+ 0GR Vik® x [k, ViE™] X kj — 0G V™ (ki x [k, Vik;] x k)
— 2V D 0G k™ x [k, ViE"] x kj 4+ 2VF® 6Gy ks x (K, ViE™] < Kj . (3.40)
The first term vanishes by the Yang-Baxter equation. Using the fact that kévlkﬁ —
k:f]Vlk:}‘ = f[JKk?{ and the YB equation (i.e. RYREL f;, M antisymmetrized in ILM

vanishes) this further reduces to
1
_iRIJRKLfJKMfILN(SGinijk]T\L[ = RMIRKL £y friN 6Ginknt kY

1
= —iRM"RKI frrt froN 6Ginkariky =0, (3.41)
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where we have used first the YB equation, then the Jacobi identity and finally the uni-
modularity condition R¥ fr /L = 0.

This shows that the only additional corrections that arise are the ones coming from
correcting the undeformed metric in G and ) so that

(56)1(]2') =2(6GO%) ;) +(06GO)y; _2@k(iRj)klm@lm"’@mnvivj@mn ; (3.42)
= 1 1 1 .
(59) ) =~ (3GO) @™ + £ VHO™ VO — SVHOTV 0,44 [ Vi V(O O,).

(3.43)

This completes the proof that, at least to second order in the deformation and when B = 0,
unimodular YB deformations preserve conformality at two loops.

4 «a’-corrections from T-duality rules at two loops

Homogeneous Yang-Baxter deformations are closely related to non-abelian T-duality [12,
13] and it can be shown that the non-abelian T-dual model is in fact recovered in the
maximally deformed limit  — oo [13], see also [14, 15]. The simplest class of Yang-
Baxter deformations — the “abelian” one — is related to just abelian T-duality, and is
equivalent to doing TsT transformations [45, 46]. In general, a Yang-Baxter deformation
generated by © = k; A ky where k1 = 0,1 and ky = 0,2 are commuting Killing vectors,
is equivalent to doing first a T-duality o' — &', then a shift 22> — z? + nz!, and then a
T-duality back ! — z'. Some “non-abelian” deformations are non-commuting sequences
of TsT’s [5, 47]. The non-abelian nature is related to the fact that the order in which the
TsT transformations are performed is important, as certain T-dualities would break the
isometries that are needed to perform the other T-dualities in the sequence. In this section
we want to exploit the relation to TsT transformations and combine it with the knowledge
of the first o/-corrections of the T-duality rules, to obtain two-loop corrections for all Yang-
Baxter deformations that are obtainable by TsT transformations, or more generically by
a non-commuting sequence of them. This strategy allows us to obtain backgrounds at two
loops that are exact in the deformation parameter n. Moreover, these tools can be applied
to any starting background with isometries, and it is not needed to restrict to B = 0 as we
assume in most of this paper.

Because at each step all that we are doing is (abelian) T-duality and coordinate trans-
formations, we are bound to preserve conformal invariance on the worldsheet to the very
end, and we can check explicitly that the solutions we generate do solve the two-loop equa-
tions. This argument can be repeated also to higher orders in the o/ expansion, and it is
enough to conclude that all Yang-Baxter deformations that are obtainable by a generically
non-commuting sequence of TsT transformations, do not break the conformality of the
original model to all orders in /.

At leading order in o/ the T-duality rules are given by the Buscher rules [48]. At higher
loops these rules get corrected in o/. We will use the o/-corrections to the T-duality rules
derived by Kaloper and Meissner in [34]. The rules were obtained by carefully analysing the
two-loop effective action of the bosonic string, and identifying the terms that are symmetric

- 11 -



or anti-symmetric under the Buscher rules. The o/-corrections of the T-duality rules were
then fixed by requiring that they give a symmetry of the full two-loop effective action,
compensating for the antisymmetry of those terms.'®

Already at leading order in o/, the T-duality rules are more easily presented in terms
of fields of a dimensional reduction, where we reduce along the direction that we want to
T-dualize. We follow [34] and we rewrite the metric, Kalb-Ramond field and dilaton of the

D-dimensional spacetime in terms of the following (D — 1)-dimensional fields
ds? = Gyjda'das’ = gy, datdz” + €* (dz + V)?,
B= %Bijdx" Ada! = %bwdw“/\dw”—l— %W/\VJFWA@, (4.1)
b =¢+ %a.

Here we are assuming that we have brought the solution in a form such that the isometry
we want to dualize is simply implemented by a shift of a coordinate, that we denote by
2. We use Greek indices for the (D — 1)-dimensional spacetime.!'! We have introduced a
(D — 1)-dimensional metric g,,, and antisymmetric by, vectors V,, and W, and scalars ¢
and 0. Above we also used form notation V = V,dx#, W = W, dz". In components, the
relations to identify the fields of the dimensional reduction are

1 G GG
0’:710gG‘,E‘,L,7 V,LL: “g, g“y:G#V_M’
= = (4.2)
1 GafuBya
(b:(I)—legGM, WZBME’ bNV:BUV_'_Gi'
xTx
It is also useful to notice that GH = gh¥, GFL = —VH GZZ = ¢=20 4 V2 The combination
1 1
huwp =3 | Oubug) — §W[/va} - §V[WWp} = Hyuwp = 3W'Vy) (4.3)
is gauge invariant. In terms of these new fields the Buscher rules are simply
o — —o, VeW. (4.4)

All other fields remain unchanged under T-duality at leading order in o’.

In [34] Kaloper and Meissner derived the corrections to the T-duality rules in a par-
ticular scheme introduced by Meissner in [49]. We will call it the Kaloper-Meissner (KM)
scheme. In order to apply the T-duality rules of KM to our case, we will therefore first need
to implement the field redefinitions to go from the scheme of HT to that of KM. We can
do so by combining the formulas given in [40] (see their equations (61) and (64)) relating
the HT scheme to the Metsaev-Tseytlin (MT) scheme of [43], and those given in [49] (see

0Tn [34] the authors claim that their results can be applied also to the heterotic string, but the action they
start with is missing the Chern-Simons terms that are expected there. See [37] for o/-corrected T-duality
rules that encompass both the bosonic and the heterotic string.

HThe discussion of the a/-corrected T-duality rules and their derivation simplifies if written in terms of
tangent-space indices, but we will not do so here.
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his equations (3.7), (4.1) and (4.7)) to go from MT to KM.'2 The field redefinitions that

we will use arel?

HT KM 1
G( ):G( )—l-Oé/ <Rij_2H¢2j>,

1j ij
BY = B 1 of (—H V) (4.5)
3 1 1
@(HT) _ @(KM) / _7H2 “p_ - d 2 .
+ « 39 + 8R 2(V )

Once we are in the scheme of KM we can use their o/-corrected T-duality rules [34]

1
o— —o+a |:(V0’)2—|—8(€2UZ—|—€_20T):|

1
V= Wy+d |:W/WVVO'+ 4h,wpvw’eﬂ (4.6)
1
W, —V,+d [VWVVU - 4hWPW”peZ"]
1 1
by — b+ [Vp[uwpy] + (W[M)Vpcﬂ— 1€ A1//“) V) + <V[W)V"a - 46—2%WWW> Wy}]

Indices are always raised/lowered using the (D — 1)-dimensional metric g,,,, and the trans-
formations are written using also the following definitions

Vi = 9,V — 8,V Zuw = ViV, Z=2},

A7
Wiw = 0uWy =0 W,, T =W,,W,»,  T=TH. 4.7

In general, at higher loops, not only o,V and W will change under T-duality. In fact, at
two loops in the scheme of KM also b, gets modified.'* It is important to remark that
already before doing T-duality the fields will in general have an explicit o/-dependence. In
particular, o, V and W that transform according to (4.6) may in general depend on ', and
this must be taken into account already when implementing the leading order T-duality
rules (the Buscher rules).

One could in principle combine the T-duality rules of KM in (4.6) with the field
redefinitions in (4.5), to obtain the a/-corrections of the T-duality rules in the scheme of

2The field redefinitions given in [49] relate the KM and the MT schemes only on-shell, but this is enough
for our purposes, since we just want to make sure that we can generate solutions of the two-loop equations.

!3These are the redefinitions needed when we set the parameter ¢ of [40] to zero. Different values of ¢
would affect the coefficient of H? that appears in the redefinition of the dilaton. Importantly, the coefficient
in front of Hizj that appears in the redefinition of the metric has the opposite sign compared to what one
would expect from formulas in [40] or [49]. We have checked in various examples, some not included in
this paper, that we must have the sign that we use here, as this is fixed by requiring that we want to
have a solution of the two-loop equations after doing T-duality in the KM scheme and going back to the
HT scheme.

YIn [34] the rules were given in terms of transformations of h.,. Here we preferred to rewrite them
as a transformation of b,,. Importantly, the a/-corrections to the T-duality rules of b,, (or equivalently
hyuwp) differ by an overall sign compared to those given in [34], and our formula corrects the one given there.
We thank A. Vilar Lépez for discussions on this point. A future paper will contain also more details on
this [50].
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HT. We will not do so here, as the scheme of KM appears to be the minimal scheme for
what concerns the complexity of the corrections to the T-duality rules. In other schemes, all
other fields of the dimensional reduction will in general receive o’-corrections. Therefore,
to obtain Yang-Baxter deformations in the scheme of HT we will follow this strategy:

1. Start from a solution of the two-loop equations in the HT scheme. In general that
implies finding o/-corrections for this initial solution.

2. Go to the scheme of KM using (4.5).

3. Do TsT or sequences of TsT transformations, using the o’-corrected T-duality rules
in (4.6).

4. Go back to the scheme of HT using (4.5).

We have worked out examples to test this method and obtain explicit results for o'-
corrections of Yang-Baxter deformed models. This also allows us to relate to the results of
section 3 that are perturbative in 7. We will provide an example in the next section.

5 Examples
In this section we consider two particularly simple examples.

5.1 Solvable pp-wave

We start with the pp-wave background considered in [51]

ds® = 2dxTda —

22 (dz™)? + da?,, O =mat + gklnaz+ , (5.1)

—~

1;+)2

where 0 < k < % is a constant, m is another constant and d is the number of transverse
dimensions. This background is known not to receive o’-corrections. This follows from the
fact that the only non-zero component of the Riemann tensor is Rymin = Smnk(zt) ™2

Consider the following four Killing vectors

ki = (2%)"0) — v(aT) e, ks = (2v—1)0_,
ko = ()70 — (1 —v)(xT) Va0, ky = (1) 0y — v(x™)  tag0_, (5.2)

where we have defined the parameter

1+v1—-2k
v = R e . (5.3)
2
They form a Heisenberg algebra of isometries with the only non-trivial Lie bracket [k1, ko] =
k3. From the discussion of R-matrices in [5] we see that we can consider the non-abelian
rank 4 deformation

O = ki Nky+ ska N k3, (5.4)
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where we introduced the parameter s to keep track of the contribution from the second
term. We will show below that in this case this deformation is equivalent to the abelian
one obtained by setting s = 0. First we construct the matrix

00 00O
ol _ 00 a0 ’ (5.5)
0—-a 0 ¢
0—-b—-cO
where
a=v(E")* toy —s(2v — 1)), b= —v()* oy, c= (M. (5.6)

The deformed background takes the form

ds° = 2dz+ <dﬂs— + 772Ld 2 UQLd 1)

1+ p22™ T 1™ (5.7)
ko, 5 a? +b? 4o dzi+ dzd 5 '
_<(glc+)2$m+77 1+ n%c? (do™)"+ 14 n2c? A -
With the B-field and dilaton given by
~ ~ 1
B= —%17202 [(ada’ +bde®) Ndat + eda® Nda'], @ =@~ SIn(1+7’C). (5.8)
One sees from this that
H = 4nqu(z ) Ydz? A dat A dat (5.9)

which is independent of the parameter s. The fact that also ® is independent of s suggests
that it might be possible to remove the s dependence also from the metric. Consider the
change of coordinates o — xo+ f and = — &~ 4 gxo + h where f, g, h are functions only
of z*. One finds that the choice

F=22@u -1, g=—2n2@v -t

2 2
h = 382172(2y —1)? [4(3 - 2w) L (zT)372 — 1721/(:c+)3+2”} , (5.10)

removes the dependence on s completely and reduces the background to the one obtained
by the TsT with
© =k Nky. (5.11)

Explicitly, the metric is

ds’ = 2dut (da™ + P+ 1P rday + nada®) fa7)

— ()72 (kmfn + 20?1+ n?c) a2 + m%)) (dzt)? + Lﬁ +da?, .
1+n4c
From (1.4) we find the only correction to the deformed background is given by
6G y = —4n* (202 —v) (2 )2, (5.13)
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which can be canceled by a diffeomorphism 6G41 = Viv,. In fact the change of coordi-
2 2

nates r~ — = + W]QCQ%, z12 — /14 n?c? 212 brings the deformed metric to

the form

o+

ds” = 2datdz~ +(@) 72 | —kad, +1 P =3v+50° —knc?] 1+72c2

(dzt)?+da?,. (5.14)

Therefore this background is exact at two loops, as is easily checked directly, and possibly
to all loops.

5.2 Bianchi type II background

Next we consider the Bianchi type II background [52, 53] (the o/-corrections to Bianchi
type I were considered in [54])

aTt

ds? = — cosh(r)el@tt+aTqr2 4 c (dz — zdy)? + cosh(7)e 07 dy? + cosh ()@t dz? |
cosh(7)
(5.15)
supported by a dilaton linear in 7
o =ar/2. (5.16)

This solves the Einstein equations provided that the parameters a, b, ¢ are related as
be=a*+1. (5.17)
The solution has three Killing vectors
ki =-0.—y0,, ko=0y, k3z=0;, (5.18)

which again satisfy a Heisenberg algebra [k1, k2] = k3.

From now on we will simplify things by taking ¢« = 0 and b = ¢ = 1. The two-
loop equations are not automatically satisfied, and we need to find o'-corrections for this
background. It is convenient to introduce a new coordinate system {v, x,y, z} where v = €7,
since the metric then has a rational dependence on v

o 20(dr —zdy)?  (v®+1) (v (dy* + d2?) — dv?)
ds” = 5 + .
ve+1 2v

(5.19)

We assume that the correction to the metric 6G;; respects the isometries of the background.
We turn on the diagonal components 0G;; and 6Gi1o = —2z0G11. We also allow for a
correction to the dilaton d® that, together with dGj;, is allowed to depend only on v. The
two-loop equation for the B-field is already satisfied. First it is simpler to solve the two-
loop equation for the dilaton, because there only the correction @ contributes. One finds a
second order differential equation —3v%+45v* — 4502+ 3 — (v? + 1)5 (v6®" (v) + 69’ (v)) =0

solved by

v 2v 1
0P = + + — arctanv + cg log v, 5.20
2 (’U2 + 1) (’U2 + 1)3 2 108 ( )

where cg is a constant. Looking at the two-loop equations for the metric, one can find a

linear combination of those equations that gives an algebraic constraint imposing §G11 = 0.
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To find §Gog, 0Ga2,dG3s, we first identify linear combinations of the equations that give
first order differential equations for 0Gyg and dGs3, and we solve them obtaining results
written in terms of dGas. These are then used to get a third order differential equation for
0G2o only, that we also solve. The final result is

—2084+200% 4802 -2 (’1)2 —3) (v2—|—1)3 varctanv+6

0G0 = (i —1)?
(v2+1) (Coo (122—1)2—{—1)2(022—2f22)+022—2f22—4c(p (02—3) UQIOgU—FSC(I))
- v(v2—1)>2 ’
(31}2—1) ((v2+1)3arctanv+v (v4+2v2+5))
0C = 2(v2—1) (12 +1)2
N (v2+1) (’02(d22*022)+3622*d22+210g1) (f22 (v2 — 1) +4Cq>) *4f22+86q:.)
4(v2-1) ’
6G33 = 5G22—% (v*+1) (2c00 —2c22+daz +2( foo —6ca) logv+2 fos) (5.21)

For simplicity in what follows we will set all integration constants cy = cog = coo = dao =
foo = 0. This background admits a non-abelian deformation with

O = aky AN kg + Bko NEk3, (5.22)

where «, 8 are parameters and we have introduced an additional flat direction w so that
we can have a fourth Killing vector k4 = 0. If both o and S are non-zero, they can be
reabsorbed by redefining w and the deformation parameter 7. For simplicity we set a = 0,
8 =1 and analyze the abelian deformation given by

© =kyNks. (523)

The Yang-Baxter deformation to lowest order in o’ yields the following deformed back-
ground!®

e <(1)2+1)2+4vz2) dy? —8vzdxdy+4vda? (v2+1) dv? N 1
o 2(v241) (14n?v) 20

p = Mvdzidy (5.24)
1+n2v '

(1)2+1) dz?,

O |

= —%log (1+n2v) .

We can obtain the first o’-correction exactly in the deformation parameter 7 if we
follow the strategy outlined in section 4. The deformation generated by © = ko A k3 is
equivalent to doing first a T-duality along x, then shifting y — y — nz where Z is the dual
coordinate to z, and then T-dualising T back.

We first start from the background given by the metric (5.19) and the o/-correc-
tions (5.21). This background solves the two-loop equations in the HT scheme, and we

15\We remind that in this paper we use the convention B = %Bij dzt A da? .
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need to apply (4.5) in order to find a solution in the KM scheme. Obviously, since the
corrections in (4.5) are multiplied by an explicit power of ¢/, it is enough to use the un-
corrected background to derive them, which simplifies the calculation. Because B = 0, we
can in principle get a non-trivial modification only for the metric from the Ricci tensor,
and for the dilaton from the Ricci scalar. But the Bianchi II background is also Ricci-flat,
therefore it is the same in the KM scheme and in the HT scheme. The next step is that
of identifying the fields of the dimensional reduction as in (4.1). Because we want to do
T-duality along x here, we are taking x = x. This is a straightforward exercise, and in-
stead of writing down all fields of the dimensional reduction, we only write those that can
potentially change under the corrected T-duality rules

1 2v
U:log<1+v2>, V =—zdy, W =0, b=0. (5.25)

These particular fields of the dimensional reduction happen not to depend on «' in this
particular example. We then implement the o'-corrected T-duality rules of KM as in (4.6)
and obtain the fields of the dimensional reduction after T-duality

1 2 T— 602 +1
g:]og( v >o/(v Y +3), V=0, W = —zdy, b=0. (5.26)
20 (v2 4 1)

After T-duality the scalar o does depend explicitly on /. The explicit form of the two-loop
background after performing this first T-duality along x is

ds® = 1 v+ov = o (U4_6U2+1) dz?
2 (v3+v)?

o (31}2—1) ((1)2+1)3arctanv—|—v (U4+2v2+5)>

1
+- | 1402+ dy? +dz>
2 (v2—1) (v2+1)? (dy )
w241 2a/ <v8—1004—4v2+(02—3) (02+1)3varctanv—3) 0 (5.27)
— - )
2v (1}4—1)2 ’
B=zdxAdy,
oL 20\, (2v6+3v4+16v2—1)+ .
=——log| —— o —arctanv| .
2 %%\ 21 40 (0417 2

In the T-dual frame the metric is diagonal (even to two loops) at the cost of having a non-
vanishing B-field. We can now do the shift y — y — nz, that here will have only the effect
of modifying the metric. To perform another T-duality along  we have to first repeat the
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identification of the fields of the dimensional reduction. We find in particular

1 1
o= ilog (2 (772 (v2+1) +v+v_1)>

1, (v4—61)2+1) n*v (31)2—1) ((02+1)3arctanv—|—v (v4+21)2—|—5))
+oa |- + :
2" v(024+1)% (14n20) (v2—1) (v2+1)* (v +1)
2 6,4 ,2
—nd o v(3@2—1) (v2+1) arctanv-+3 (U +v*+tov )—1
1/:777 y2 v(1+n2v)+ ( 5 ) ,
(1+n%v) (v2—1) (v2+1)
W =—zdy, b=0. (5.28)

At this point we can use again the T-duality rules of KM (4.6). After doing that we obtain
the following background

(v24+1) dv? N 2(dx— zdy)? N (v2+1) dy? +1
2v n? (v2+1)4+v+ov=1t  2(14n%v) 2
oG 2-1
< 2 = 3 T2v 1)4
(v?+1)" (1+7%v) (v2+1)" (1+7%v)
6 t—6v7+1
—l—o/( Gz 5 —n? ! SU + 2) dy* 40/ 6Gaad2?,
(1+nv) 2(v?+1)" (1+7v)
o/ndvAdz
(v2+1) (1+7v)

ds® = —

(v2 + 1) dz>

+a/8Goodv? —4a'n*v? 2) (dz— zdy)?

B=

1 5 20(v2—3)4+n2 (3v2—-1) (v2 -1
+nvdx Ady — +2a Gas 5 o V(v )+ 3( Y )gv ) ,
L+n7v (v2+1) (1+n%v) (v2+1)° (1+n%v)

-1 4u(v2+1)20Ga +50t — 100241
d=——log (1+772v)+o/6<1>—o/772 v(v'+1) 223+ Y v
2 4(v2+1)” (14n?v)

(5.29)

where 6G;; and 0P are the corrections to the undeformed background given in (5.20)
and (5.21). This is a TsT of the initial Bianchi II that solves the two-loop equations in
the KM scheme. To go to the HT scheme we use again (4.5). Because of the deformation,
now the dictionary to go to the new scheme is non-trivial, and the background in the HT
scheme reads

ds?® = @ijdxidxj ,

B a/ndvAdz
(W +1) (1720)
1 6G 2-3 5.30
+77vdx/\dy< 5~ +2d 22 5 +20v v3 2> (5.30)
1+n%v (v?+1) (1+n*v) (v*+1)" (1+7?v)
-1 6G 3vt—1402 -1
®=——_log (1+?721))+a'5<13—a'772 5 vor22 5 —a/n? Y 3 Y ,
2 (v?+1) (1+n?v) 4(v2+1)3 (14n2v)
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_ 2 1 2 3 2,2 2
Goo = —— ks + o/6Goo — o'n? WY T U27

2v 2 (02 +1) (1+1%v)
~ 2 ) Z_
G = — v 5 — 4o/ n*v? 2G22 5 — 4va!n*v? v4 3 5

(v +1) (1 +7%v) (02 4+ 1)* (1 +7%v) (v +1)* (1 + 720)

2 2
~ v+ 1 v° —3 oG ~
Goo = S 0/772112 5 3 PRV + a/% +22Gn1 ,

(14 n%v) (02 + 1) (1 + 72v) (14 n2v)
~ 1 v?
Gss = = (V2 +1) + a'6Ga — o'n? ,
w=g (7 +1) 2702 1) (1 + nP)

Gia = —2G11 . (5.31)

Performing the redefinition of the dilaton given in (1.6) this background agrees precisely
with that obtained from the all order expression (1.7).

When we want to work out a deformation generated by © = ki A k4 following the
strategy of section 4, we first need to find a coordinate system in which k; acts as a simple
shift of a coordinate. We can redefine

x=1a +y7, y=1, z=2, (5.32)

so that in the new coordinate system k; = —0,/. As should be clear from the discussion at
the beginning of this section, the isometry generated by k1 is not broken by o’ corrections,
therefore the metric will not depend on 2z’ also at two loops. The deformation generated
by © = ki A k4 can be obtained by doing T-duality w — w, then the shift 2z’ — 2/ — nw,
and then T-duality back @ — w. We will omit the explicit results for this particular
deformation, since they involve very long expressions, and we have already presented our
method in the previous deformation generated by © = kg A k3. We have checked that
the resulting background again agrees with that obtained by the o/-corrected open-closed
string map (1.7).

The interesting point is that we can combine these two TsT transformations. We can
first do a TsT involving x and y corresponding to © = ks A k3. At the end of this result
the background is still invariant under isometries generated by k; and k4, and we can do a
second TsT transformation involving 2’ and w, equivalent to © = k1 A k4. The composition
of the two deformations is equivalent to the deformation given by © = ki A ks + ko A k3, as
explained in [15]. The non-abelian nature of the deformation is related to the fact that if we
had started from © = kq A k4 instead, we would have broken the isometries that we would
need to perform the deformation with © = ko Aks. As follows from the results of [15], in the
maximally deformed limit n — co we recover the non-abelian T-dual of the original Bianchi
IT solution, where the isometries dualized are those corresponding to the Killing vectors
k1, ko, ks forming a Heisenberg algebra, and k4. By this argument it follows that non-
abelian T-dual models related to this class of Yang-Baxter deformations remain conformal
on the worldsheet to two loops. Because T-duality remains a symmetry of the string at
higher orders in an o’-expansion, we can argue that this is true to all loops. Unfortunately
the all order expression (1.7) turns out not to give the correct answer in this case.
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6 Conclusions

We have argued that (homogeneous) YB deformed string o-models that are conformal at
one loop remain conformal at two loops,'% i.e. including the first correction in o. We showed
this to second order in the deformation parameter i for a generic unimodular deformation
of a background with vanishing B-field. We also argued that using the o’-corrected T-
duality rules of [34] one can verify this to all orders in the deformation parameter for the
cases that can be built from TsT transformations, and we explained that this strategy can
be used also for the non-abelian YB deformations that are equivalent to a non-commuting
sequence of TsT transformations.'” We exemplified our results in the case of a deformation
of a Bianchi type II background.

Our findings suggest that one-loop conformal YB o-models should in fact remain con-
formal to first order in o/, and likely all orders. Since these models can be thought of as a
generalization of non-abelian T-duality [12, 13, 15] (which can be recovered in an appropri-
ate 1 — oo limit) our findings suggest that the same should be true for NATD. This was
also argued recently from a different perspective in [30, 31], studying renormalizability of
a different type of integrable deformation of o-models.'® To test this idea one should start
from a model which is conformal to all orders in o/ and then deform it. A good candidate
is therefore the unimodular deformation of AdS3 x S3 constructed in [39].

We saw that the expression (1.7) for the all order in 1 form of the first o/-correction
to YB deformations works in simple cases but fails in general. It is an important problem
to fix it so that it holds in general. If a simple solution exists for the corrections, it is
also interesting in the special case of TsT transformations, whose corrections have, to our
knowledge, not been analyzed before. If, further more, this continues to work to higher
orders in o/ it could even help in determining the structure of higher o/-corrections to the
target space equations of motion. This approach could be said to be an example of using
O(d,d) symmetry to determine/constrain higher o/-corrections.

We plan to address some of these questions in the near future.
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A Killing identities
The Killing vectors satisfy the equations (suppressing the Lie algebra index)

Vikj =0 ViVk; = Ryjink"™ . (A1)
Using this and the expression for © in (1.2) we can derive the useful two-derivative identity

kav(i@j)l = Qka(i X Vj)kl + 2Rknl(i@j)n
= —ViVHOr + 2R (i:0)" — Ri(ijin©1" + RiijmOr” - (A.2)

A special case of this is
V?0ij = —Rijiu®" + Ryx©," — R;j,0;" . (A.3)
In addition we have the unimodularity condition, which in terms of ©, takes the form
VO =0. (A.4)
We also know that the dilaton respects the isometries so that
'V ®=0. (A.5)
Using these facts we can prove the useful identity
Vi(Rijim©™) = —%Rik,mvj@lm + Rim V"0, — Ryt V"0, — (i 3 ). (A6)
This follows by noting that

2R, jimVi©®'™ = —4V,,V ki x Vk™ = —4V,,(Vk; x Vik™) + 4Ry V jk; x k'
= =2V, Vi (ki X VEE™) + 2V (Rnkj1©:') + 2RV ki x k' — (i < §)
= —V"V,;VOim + V"V V10Ot + V™V;V;Opms + 2V™ (RyijiOi')
+ 2RV ki x k' — (i ¢ §)
1

1 1
= iRijlmvk@lm - §VkRz‘jzm@lm - iRiklmvj@lm + Rimu V™0,

— RilmkV’”@jl — (’L <~ j) s (A7)
where we have used the fact that
Vo V,0;, + Ve V0, + Ve V0, =0, (A.8)

as is easily verified. Acting with V¥, and using also V¥® times the above identity, one
finds

AV (Rijim V1i0'™) = 3VFV(;(Rjpim©™) — 2Rimp Rjn O™ + AR R 1y, 0,
+ 2R 1, VF® VO™ + 4Ry, VF® V0™ — (i ¢ j). (A.9)
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B Relations needed for second order calculation

For the second order calculations we define the following ‘basis’ of terms (for readability
we write all indices as lower indices)

1= RitmnVjOmnOu
J2 = RitmnV;OrOmn
f3 = RitmnVj©miOnm
J1 = RimnkVjOmiOm,
f5 = RitmnViOm;Onk
f6 = Ritmn Vi ©1jOnk
J1 = Ritmn VinOn; O
I3 = RitmnV1Ok;Omn
Jo = RimnViO1jOmn
J10 = RikmnVm©1;Ou,
fi1 = RikmnViOm;Omm,

f12 = RimiknVm©1;0mm,
J13 = RimknViOm;iOm
f14 = Ritymn ViOmn Oy
f15 = Ritmin V1010 Okj
J16 = Ritmn V1OkmOnj
f17 = Ritmn VimOrn Oy
J18 = RikmnVim©1n 0Oy
f19 = RikmnViOmn Oy
f20 = RimknVim©1m 0y
fo1 = RiimnVi©i1Omn
f22 = RitmnVi©®mnOji

f23 = Ritmn Vm©in©ji
Jo4 = RktmnV1©im O
f25 = ViRikmn©jiOmn
J26 = ViRitmn©1Omn
Jo1 = ViV;i01nViOmn
J2s = ViVEO01mn VO,
f29 = ViV;0,, Vi Onk
f30 = ViViOmn Vi Oy
31 = ViV0,1.Vi00m,
f32 = ViV 0,1V, 05
f33 = ViVimOnp VO

(B.1)

where we suppress the free indices ijk and assume symmetry in 75 throughout. We also
define the terms with only one free index

f7 = vjvl@mnvl@mn
fS = Vjvlemnvm(_')nl

fl = Rklmnvj@klemn
fo = Ritomn ViO1;Omn
f3 = Ritrn VinOuiOn;

f4 = lemnvk@mn@kl
fs = Rj1mnVin©nkOn
fo = Rj1mnViOrm©Okn

(B.2)

We will denote for example V¥ f1ijk as V- f1, again suppressing the indices, and similarly
for example V; f1;y as V f1. Using the Killing vector identities, unimodularity and isometry
of the dilaton one finds

1
V- fi= 5012+ 923 = 2he (B.3)
1 1
V- fa= 5912 + 915 — §h1 + 2my (B.4)
V- f3=g13 —g25 — hs — h7 — 2ms5 — 2mg (B.5)
1 1
V- fa=g14a—goa+ g5+ §h5 +hy — §h8 + 2mg (B.6)
Vofs=—tg 4t + by —hy —hg— < (B.7)
5= 591+ 592 — 925+ Shs —hs — he — S hs .
1 1 1 1 1
A R P — o5 — ~hg —hs + =h B.
V- fs 591~ 5910 ~ 5923 T 924 — 925 — s — s + S hs (B.8)
1
V‘f?Z—5910—923+924—h3+h6+h8 (B.9)
1
V-fs=n +gg+§h1+2m2 (B.10)
V- fo =01+ gs+ gio+ k1 + 2m1 — 2my (B.11)
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1 1
V- fio = 94 + g7 + 924 — 2925 + hy — §h5 —hg — hr + th + 2my7 — 2mg (B.12)
1 1 1
V- fi1=g5— 5923 + 925 — hg + §h5 + he + §h8 + 2mqg — 2my (B.13)
1 1
V- fi2 =94+ 924 — 2925 — §h3 + hy — §h5 — he — h7 +2my (B.14)
1 1 1
V- fis=g6+ 5923 — 924+ g25 + §h3 —ha+hs — he + §h8 + 2mqg (B.15)
V- fia = g2+ gs + ha +2mg3 (B.16)
V- fis =92 — g1 +gx (B.17)
1 1 1
V- f16 = —592 — g5+ 5911 - th + 2m16 (B'18)
1 1
V- fir =592+ g6+ Sha —ma (B.19)
3
V- fig=gs— 5921+ hs + hy — hig + 2mg + 2my7 (B.20)
V- fi9 = g3+ g21 — 2ha + 2my (B.21)
3 3 1
V- foo =94+ 97— 5921 + §h3 + hy — §h10 + 2myg (B.22)
1 1
V- for=g9— 5920 — §h2 + hg 4+ 2mq4 (B.23)
V- fa2 = —g16 — g22 + 2ha — 2ma3 (B.24)
3
V- fa3 =g17 + 2922 ~ hs — hy — hi1 + 2mq2 (B.25)
1 1
V. fog = —g18 — §h3 + §h11 + 2mgg (B.26)
1
V.- fos=0g11—91— 92 — §h2 — 2hy — 4mo + 2myg (B.27)
V- fag = —g1 — g2 — g10 — ho — 4hy — 2m5 (B.28)
V- for = 295 — 296 + 297 — 2913 — 2914 — g20 + 2928 + 2932 + 4moy (B.29)
V- fag = —g12 + 2913 — g19 — 2925 + g26 + 2map (B.30)
1 1 1 1
V- fag = 593 = 94— 95 =97+ 598 + 13+ 5015 + 5920 — 920 + gs0 — gs3 + gsa + 2may
(B.31)
V- f30 =94 — g5 + g7 — g10 — gi6 — g22 + G23 — G25 + G26 — Go7 + 2ma2 (B.32)
1 1 1 1
V. fa1= 2912 =918 — 1a + 5015 + 5919 — 5923 — g24 + g5 + gar + 2meo3 (B.33)
1 1 1 1
V- fag = —gr+ 298 + 5910 + 5916 + 5922 ~ 923 + 924 + g25 — 926 + go7 +2mos  (B.34)
. PSSR VR SRS R (B.35)
83 = 503~ 95+ 96 — 5910 — 5916 — 5922 — 5923+ 2mas .
and
V f1=g12+ 919+ 920 (B.36)
A 1
V /2 =910+916+§g20+h2 (B.37)
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Vf3=—go+g11+922
Vi1 = g15+923— 2933

Vfs=—g1a+goa+932+93a

V f6 = g13+ 925+ 934+ 935

V fr = —ga— g6 — 3914+ 926+ g28 — 920 — 930+ 2932+ 2934

1

Vf8=§(

where we have defined the V2RO?-terms

91 = Vi RimnViO1;Omn
92 = Vi Ritmn VO mn Oy
93 = Rijmn V10 Vi.Omy,
94 = RitmnViOkjVinOrn
95 = RitmnVE©Om;ViOry
96 = RitmnViO1; VO,
97 = RitmnVinOr; VO
98 = RitmnViO1;Vi.Omn
99 = RiimnVi©;i1V Oy,
910 = ViRkimnVi©1;Omn
911 = ViRkimnViOmn Oy
912 = ViRkimnV;iOuOmn
the R2©2-terms
h1 = Ripki RjpmnOkiOmn
ha = Rijmn RrmnkpOrpOji
h3 = RiimnRimnkp©Ori©jp
hy = Ritmn Riimp©Onp©O ik

913 = Ri;mn VO ViOpn
914 = Riymn VOV Oy
915 = RijmnV;iOrViOmn
916 = RiimnViOmn Vi Oy,
917 = Rpimn VOV Oy
918 = RitmnViOmiViOp;
919 = RitmnViOuV;0mn
920 = RpimnViV;iOpOmn
921 = Ritmn Vi V1010, Ok;
922 = RpimnViV©mn Oy
923 = RitmnV;iV0mn O
924 = Rimn ViV 0,101

hs = RitmnRjikp©OmkOnp
he = RikmpRjinpOri©Omn
ht = Ritmn Rjtmk (0% nk
hs = Ritmn Rjkmn(0%) 1k

and the terms involving the dilaton

m1 = RimnVi® V01,0,
m2 = RitmnVi® VOO
m3 = RimnVi® V01,05
my = Rijmn V1P V0., O
ms = RijmnVim® V0,101
me = RijmnVin® V0,0,
m7 = Ripmn Vi ® V101,01,
mg = RijmnVimn® V01,01
my = RijmnVin® V01,04

93— 94— 96+ 98 — 3914+ 3915+ 2927+ gog — G20+ 930 — 931 +2932 — 4933 +2734)

(B.43)
925 = RijmnV;iViOpmOrn
926 = ViV©mnViViOnmy,
927 = ViV0n ViV, Op
928 = RrijiVim©nk Vi On
929 = RrijiVim©nk VO
930 = RiijiViOmnVim©®n (B.44)
931 = RiijiVi©mnViOmn
932 = Vi RiijiVim©niOn
933 = Vi RiijitVn©miOn
934 = Vi RiijitV0mnOn
935 = Vin RiijiVi:01,Omn
hg = Riijp RiimnOmnOp
h10 = Ritmi Ritmn (©0%)n;  (B.45)

h11 = Ritmn Riimp©in©jp

mi0 = RitmnVm® VOO,
m11 = RimnVim® V0,01
mi12 = RpimnVi® V50,0
m13 = RiimnVi® V0,05
mi14 = RpimnVi® V005,
m15 = ViRitmn Vi ® 0,05
m16 = Ritmn VP ViOkyOnj
m17 = Rijmn Vi ® V01,0
mig = RiimnVi® V101iOn;
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m19 = Vi RimnVi® OO

moo = Vi ®V;Vi0,,,V;0m,
ma1 = Vi ®V;V;0,,, Vi Onk
ma2 = Vi ® ViVi0,n Vi Oy
ma3 = Vi@ V; V1,0, Vi0m,
mas = Vi®V;V,0,: V0,00
mas = Viy®V;V,0,: V00

(B.46)



B.1 Additional identities

Contracting (A.6) with © and one covariant derivative, or the derivative of the dilaton, in
all possible ways gives the identities

0=g12 — 4913 — 2914 + 15 + G19 , (B.47)
0=2g1 + g3 — 294 — 497 + 298 + 2910 + 916 + 2917 — 4918 , (B.48)
0 = 2g1 + 293 — 495 + 296 + gs — g16 + 2917 — 4g1s , (B.49)
0= f1+ fa+2f5 — 4f6 + ViRitmnOmnOu , (B.50)
0 = 2my + 2m12 — my3 + 4mag + 4mag + 2mag, (B.51)
0 =2ms + mq — 2mg + 2mi2 + mi3 + 2mis + 2my7 + 4mag, (B.52)
0=2f14+2f1s + fi9 — 4f20 — foz + 2fo3 + 4f21 — 2f26, (B.53)
0= fia+4fi6 + 2f17 + 2f19 + fo2 + 2fo3 + 4 foa — 2fo5. (B.54)
The last two imply, using the previous ones, that mi9 = mg and
0 = g2 + go1 + go2 + ha — 2h3 (B.55)

In addition we can derive the following identity

2h5 = 2Ripip Rjkmn O O = =2V Viki X Vi, Vik;jOpy
= =2Vi(Rjknm Viki X km©On1) + Rinkm Viki X Vik;ijOn + Rinjm Viki X Vik, O
= vl(Rjknmvasznl) + vl(Rjknmvm@kz@nl) + VZ(R]k:TLmVZ@k‘mgTLZ)

1 1
- §Rklmn@klvivj®mn — Rinkem BonijpOrpOni — §Rklpiijmn®kl@mn
1 1 1
=5V h=V-fs=V-fo—gg0+5mh+h. (B.56)
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