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ABSTRACT: We present a renormalization-group (RG) analysis of dark matter interactions
with the standard model, where dark matter is allowed to be a component of an electroweak
multiplet, and has a mass at or below the electroweak scale. We consider, in addition to
the gauge interactions, the complete set of effective operators for dark matter interactions
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calculate the RG evolution of these operators from the high scale A down to the weak scale,
and perform the matching to the tower of effective theories below the weak scale. We also
summarize the RG evolution below the weak scale and the matching to the nonrelativistic
nuclear interactions. We present several numerical examples and show that in certain cases
the dark matter — nucleus scattering rate can change by orders of magnitude when the
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1 Introduction

For a large class of dark matter (DM) models, the physics of direct detection experiments
can be described using Effective Field Theory (EFT) [1-27]. There are several scales that
enter the problem: the DM mass, m,, the scale of the mediators, A, through which the DM
interacts with the visible sector, and, finally, the standard model (SM) scales — the masses
of the SM particles and the scale of strong interactions, Aqcp. The EFT description of DM
direct detection is appropriate as long as the mediators are heavier than a few hundred MeV,
i.e., above the typical momentum exchange in direct detection experiments. Furthermore,
the EFT description is necessary in order to consistently treat the hadronic physics in the
scattering of DM on nuclei.

The EFT approach is especially appealing if one does not want to commit to a partic-
ular DM model when interpreting the results of direct detection experiments. The direct
detection bounds can be expressed as the bounds on the coeflicients of local operators,
which can then be compared between different direct detection experiments in a model-
independent manner [16, 20, 21, 23, 27]. If the mediator scale is above the DM mass,
A Z my, they can also be compared to indirect detection bounds [28-34], and to colliders
searches if A is above the typical partonic momentum exchange in the collision [35-43]. At
the LHC the typical partonic momentum often does exceed the mediator scale, A, in which
case one needs to resort to simplified models [44-57].

In the present manuscript we are interested in the connection between the DM theory
at the mediator scale, A, and the EFT describing DM direct detection. To do so one needs
to run through a tower of EFTs that connects the UV scale A with the nuclear scale. We
assume that!

A>>mX~mZ, (1.1)

where myz = 91.1876 GeV is the Z-boson mass. Figure 1 depicts the resulting tower
of EFTs. At a particular scale p the appropriate EFT is constructed from the relevant
propagating degrees of freedom.

At p ~ A the propagating degrees of freedom are either the full theory of DM inter-
actions, presumably renormalizable, or a simplified model of DM interactions, including
the mediators. For p < A the mediators are integrated out, leading to an EFT with
nonrenormalizable interactions between DM and the visible sector. At u ~ myz the top
quark, the Higgs, and the W, Z bosons are integrated out. For p < myz the DM interac-
tions are therefore described by nonrenormalizable operators in an EFT that contains only

'For A ~ m,, one needs to match onto an EFT with non-relativistic DM, the Heavy Dark Matter EFT
(HDMET), already at the scale A.
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Figure 1. The tower of EFTs linking the UV scale A to the scale of interactions between the
nucleons and the DM.

DM (which, for m, ~ mg, is now described by a nonrelativistic field), and the bottom-,
charm-, strange-, down-, and up-quark, as well as the leptons, gluons and photons. At
1 ~ my one integrates out the bottom quark, and at p ~ m. the charm quark. Finally,
at p ~ O(1 GeV) a nonperturbative matching to an EFT with pions and nucleons, i.e., a
chiral effective theory, is performed [18-21]. This is then used in a chiral EFT approach to
nuclear forces together with the nuclear response functions to obtain the hadronic matrix
element for each of the DM-nucleon interaction operators [9-13, 23, 34, 58, 59].

The EFT operators mix under the renormalization-group (RG) evolution when going
from A to myz, from myz to my, etc. The primary purpose of this paper is to calculate the
anomalous dimensions for the RG running from A to myz for the case of Dirac fermion
DM in an arbitrary electroweak multiplet. This RG running can be phenomenologically
important since it can mix operators that are velocity suppressed in the nonrelativistic limit
with operators that are not velocity suppressed (see refs. [22, 60-67] for further examples
of relevant loop corrections in DM interactions). In addition, we also perform the rest of
the running and matching down to the nuclear level and give several numerical examples.

The possibility that DM is part of an electroweak multiplet is allowed by direct detec-
tion constraints as long as DM does not couple to the Z boson at tree level (for instance, this
is the case if the DM multiplet has odd dimensionality and does not carry hypercharge).
The exchanges of W, Z, h bosons with a quark current then generate a contribution to
DM-nucleon scattering at one-loop and two-loop level, see figure 2 and refs. [68, 69]. Since
these contributions are loop-suppressed and result in either a chirality flip or spin-dependent
scattering, it is quite possible that the leading contribution is due to exchanges of heavy
mediators. This is illustrated in figure 3 where we show for several non-renormalizable
interactions at which values of the mediator mass, Acqual, the non-renormalizable and
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Figure 2. Representative one-loop (left and middle) and two-loop (right) diagrams contributing
to the direct detection scattering of DM that is part of an electroweak multiplet.

renormalizable contributions to scattering on Xenon are equal. For mediators lighter than
Acqual the scattering rates are dominated by the non-renormalizable interactions. Even if
the mediators are very heavy, many orders of magnitude heavier than the weak scale, they
can still give the leading effect in spin-independent scattering. Furthermore, the operators
that lead to velocity-suppressed contributions, such as vector-axial interactions, are only
poorly constrained. A mixing into velocity unsuppressed, coherently enhanced operators
at one-loop, two-loop, or potentially even three-loop can therefore still be the leading con-
tribution to the scattering rate. This motivates both the use of the complete tower of EFTs
and the calculation of the leading-logarithmic effects captured by RG running.

In our analysis we cover both the case of DM with electroweak-scale mass, m, ~ mz,
and light DM, m, < mgz. Note that we do not require DM to be a thermal relic, and
therefore allow for a large range of DM masses and interactions. Above the electroweak scale
we limit our analysis to a basis of operators with mass dimension five and six, and work to
one-loop order for the anomalous dimensions. The matching corrections are calculated at
tree level, except for the cases where one-loop contributions can be numerically important,
for instance, if the matching generates gluonic operators. The subsequent RG evolution
below the electroweak scale has been described in detail in refs. [16, 21]; see also ref. [23]
for a computer code that implements the running numerically. Several interesting cases are
left for future work, such as the case of several DM multiplets, the case of scalar DM, the
case of very heavy DM, m, > my, as well as the analysis of higher dimension operators.

The paper is organized as follows. In section 2 we give the complete basis of dimension-
five and dimension-six operators for DM interacting with the SM, valid above the elec-
troweak scale. The anomalous dimensions describing the mixing of these operators are
presented in section 3, while in section 4 we give the matchings to the tower of EFTs below
the electroweak symmetry breaking scale, and collect the results on the running down to
the hadronic scale, along with the subsequent nonperturbative matching to the chiral EFT
and the nuclear responses. Section 5 contains illustrative examples showcasing the effects
of operator mixing on DM direct detection phenomenology. The conclusions are given in
section 6. Appendix A contains our notation and conventions, appendix C the mixing with
the pure SM operators, appendix D the mixing with the pure dark sector, and appendix E
a list of unphysical operators used in the calculation.
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Figure 3. The contribution from the non-renormalizable operator di) dominates in direct de-
tection scattering over the renormalizable contributions, if the suppression scale A is below the
corresponding solid line (i.e., for A = Acqual the non-renormalizable and the renormalizable con-
tributions are of the same size). Examples shown are for triplet Dirac fermion DM with Y, = 0
scattering on a Xenon target, so that the contributions from renormalizable interactions start at
one-loop. The dashed gray lines denote the electroweak scale, mz, and the scales roughly n loop
factors above it, (47)2"myz on the left and (47)"myz on the right. Dimension-five operators are
shown in the left panel, dimension-six operators in the right panel.

2 Effective Lagrangian above the electroweak scale

We extend the SM by a single Dirac fermion, a Zs-odd electroweak multiplet of dimension
dy = 21, + 1, hypercharge Y, and mass m,, whose electrically neutral component is the
DM. Here I, is the weak isospin of the DM multiplet (see appendix A for our conventions).
One-loop electroweak corrections split the multiplet components, so that the charged parti-
cles are heavier than DM and decay in the early universe (see refs. [7, 70]). In the numerical
examples in section 5 we set Y, = 0, so that the phenomenologically dangerous tree-level
vectorial Z couplings are absent. In the calculation of anomalous dimension in this section
we do, however, keep the Y, dependence, so that the results can be more generally applied.?

Within our set-up there are two types of DM interactions with the visible sector: either
through the exchanges of SM particles, or through new states — the mediators. In general
both of these contributions are present. Our default assumption is that DM has electroweak
scale mass, while the mediators are much heavier, with masses of order A > my . We thus

2This added generality is needed in the case of light DM. Collider experiments require that the charged
components of the multiplet that contains the DM have electroweak scale masses. The required large
splitting of the spectrum arises from mixing with additional multiplets that have to be properly accounted
for in the running of Wilson coefficients below the NP scale, A. In our sample applications below, the
light DM case is unrealistic — and given for illustration purposes only — because the effect of the required
additional multiplets is ignored. Analysis of realistic examples is left for future work.



have the following hierarchy of scales,
A>m, ~mz > Aqcp 2 ¢, (2.1)

where g ~ O(100 MeV) is the typical momentum transfer in DM scattering on nuclei. We
will also discuss the case of light DM, m, < mz.

When one considers processes at energy scales below the mass of the mediators, u < A,
the mediators can be integrated out. The effective DM Lagrangian, valid for A > u > my,
is given by

Lo=LP+L0+L0 ... (2.2)

where the superscripts denote the dimensionality of the operators in the Lagrangian. The
renormalizable part of the effective Lagrangian is, for a Dirac-fermion DM multiplet,

/Jg?‘) = XY Dyx — my XX - (2.3)

The covariant derivative comprises the interactions with the electroweak gauge bosons W
and B,,; see appendix A for further details on our notation. For y > my ~ m, the mass
parameter m, can effectively be set to zero.

The non-renormalizable terms in the effective Lagrangian (2.2),

(%) e’ ) (6) e
L :ZTQG, L :ZFQG R (2.4)
a a
arise from integrating out the mediators. Depending on the mediator model it is possible
that only ng) or only 5&6) are generated, but in general both will be present. We trun-
cate the expansion at dimension six since most mediator models generate nonzero Wilson
coeflicients, C’éd), in at least one of the two effective Lagrangians, £§<5), /3;6) (for exceptions
where the first contributions arise only at dimension seven, see, e.g., refs. [71, 72]; the
complete basis at dimension seven has been presented in ref. [26]). When writing the basis
we assume that there is a conserved global dark U(1)p quantum number, which forbids
currents of the form y°I'y, where x¢ is the charge-conjugated DM field, and I' denotes a
generic string of Dirac matrices. (This assumption is to be relaxed in a follow-up work,
where we plan to extend our analysis to the case of Majorana fermions and more than

one multiplet.)

2.1 Dimension-five operator basis

The CP-conserving dimension-five operators are

g _ v g = vV ~a a
P = 2 (0" ) B QY = GO T, (25)
§ = o H), QY = (xF)(H'TH), (2.6)

while the CP-odd operators have an extra insertion of ~s,
92

g _ oy - _uvsa; a
QéS) = 8%()(0“ 5X) By QéS) = S?(XUM i)W (2.7)
QY = (xivsx)(H'H), QY = (x7insx)(H' T H) . (2.8)



Here and below, H is the SM Higgs doublet, and the SU(2) generators 7%, 7@ are defined
in appendix A. All non-displayed SU(2) (and, below, also color) indices are assumed to be
contracted within the brackets. Note that if x is a SU(2) singlet, the operators QS)), Qf),
Qé5), and Qg’) are absent. In a perturbative UV theory the operators Qgg’% and Qg’% are
generated at one loop, while the operators Qgii and Q% are typically generated at tree
level. This expectation is reflected in our normalization of the operators.

2.2 Dimension-six operator basis

At dimension six there are many more operators. We do not consider flavor-violating
operators, keeping our discussion minimal. For each SM fermion generation, i = 1,2, 3,
there are then eight operators that are products of DM currents and quark currents,

Q) = () (@i T°QY) | Q) = (Vs (@A QL) (2.9)
Q%) = (X1 (Qir"Q%) QY = (X715 (Q1A"Q1) (2.10)
QYY) = (X900 (@ uuly) | QYY) = (xnusx) (@ uly) (2.11)
Q) = (0100 (dy ) Q) = (vmuvsx) (i di) (2.12)

Here 1, denotes the left-handed quark doublet, and ug, dg the right-handed up- and down-
type quark singlets, respectively. The analogous operators involving lepton currents are

QYY) = (X7 7 X)Ly roLY) QY = (xvsF (Lo L), (2.13)
Q&?Z:(mx)(‘i VLYY, QY. = (vrs) (LA L) (2.14)
) = () oy Cin) Q) = (v X) (et (2.15)

where Lj denotes the left-handed lepton doublet, and £ the right-handed down-type
lepton singlet. Finally, there are four dimension-six operators involving Higgs currents,
Q(6):(— waa T~<_>a (6): S | Sy-1¢) T Ha
15 = ("7 x)(H'i Dy H) Q7 = (XY s7X)(H"i D%, H), (2.16)
QY = (v x)(H'i Dy H) QWY = ("5 (H'i D,y H) (2.17)
16 X7 X v Dy ) 18 X7 V5X t Dy . .
The Higgs currents are defined in terms of hermitian combinations of the covariant deriva-
tives, BME D,— Bl and BGNE 7D, — BL 7% Additional operators with covariant
derivatives acting on the DM fields vanish via the DM equations of motion, up to total
derivatives. Asin the case of dimension five operators, the basis simplifies if DM is a SU(2)
singlet. In this case, the operators Q1 i Qéi-) , gji) , Qgg)ﬁ., g?, and Qﬁ) vanish and should
be dropped from the basis.

While the operators (2.5)—(2.8) and (2.9)—(2.17) mix under RG running, they do not
yet form a closed set under renormalization; for this we also need to include the pure SM
operators (see appendix C) and the operators with only DM fields. To the extent that
we neglect the mixing of the pure DM operators among themselves, we need only four
operators for our purposes, which we can choose as

DY = (x9x) (X7"X) DY = (X350 (X7X) (218)
DY = (x7,7%) (1"7x) , DY = (77570 (X7"79X) - (2.19)



3 Renormalization group running

The RG running proceeds through several sequential steps, A — ppw — pp — U, with
matching thresholds at the electroweak scale, ugw, the bottom-quark mass scale, up, and
the charm-quark mass scale, pu.. We first review briefly each of the steps, and then give
the details in this and the subsequent section.

Running from the mediator scale, A, to the EW scale, ugw ~ mz ~ m,, results in
the mixing of the operators in the effective DM Lagrangian, eq. (2.2). We perform the
calculation of the RG running using dimensional regularization in d = 4 — 2¢ dimensions.
Following the conventions in ref. [73], we define the anomalous dimension matrix v by

udié(u) — 76w, (3.1)

where C is a vector of Wilson coefficients,? and the superscript 7' denotes matrix transpo-
sition. The anomalous dimension matrix receives a number of different contributions that

we treat separately, so that

2
NI Qs ) (1) L X _(0) , X2 (0) QF 0 L X0
V=g +(47T> AN M +f ;b oy T e (32)
:73077-

Here, we defined ay = yj% /4m and oy = A/4m, where yy is the Yukawa coupling of the
fermion f and A the Higgs quartic coupling (for normalizations see appendix A), while the
other parameters are defined in terms of the gauge couplings in the usual way, a; = g7 /4n.
The ellipsis denotes higher-order contributions. Note that the anomalous dimension above
the EW scale does not depend on the QCD coupling constant, since DM does not carry
color, while all the DM-quark operators in (2.9)—(2.12) contain conserved quark currents
in the limit of zero quark masses. The situation is different below the EW scale.
The solution to the RG evolution equation (3.1) gives the Wilson coefficients at any
scale ppw < p < A,
C(p) = U(p, A)C(A), (3.3)

where U(u,A) is the evolution operator from A to p, obtained by solving (3.1),
or equivalently

d
dln p

U(N7A) = ’YTU(:U’v A)’ (34)

with the initial condition U (A, A) = 1. The leading-order RG evolution effectively sums the
terms of the form af log"(A/purw) to all orders. Since some of the anomalous dimensions
are large, we count «; log(A/purw) ~ O(1). We work to leading-logarithmic order and thus
include all terms that are O(1). This means that the matching conditions are calculated
to the same order, i.e., are obtained at tree level. Matching is done at one-loop, if the
tree level contribution vanishes and the one-loop contribution is numerically important,
for details see below.

3For dimension-five operators some Wilson coefficients need to be redefined to have simple forms of
anomalous dimensions, see eq. (3.8).



The first matching arises at the EW scale, ugw ~ myz, where one integrates out the
top quark, Higgs, W and Z. For p < pugw the propagating degrees of freedom are then
the photon, the gluons, ny = 5 quark flavors, and the leptons. The RG running in the
five-flavor theory is given by the anomalous dimension matrix 7j5. It receives QCD and
electromagnetic contributions, so that at one loop order,

— s _(0) & (0
Ving] = 47rfy["f}’5 + 47T7[”f]76 + ) (3.5)

where o and « are the strong and electromagnetic coupling constants. At pp ~ my the
bottom quark is integrated out. The resulting four flavor EFT has as the propagating
degrees of freedom the photon, gluons, leptons, and ny = 4 flavors of quarks. It is valid for
e < b < Wy, where p. ~ m, is the scale at which the charm quark and the 7 lepton are
integrated out. The running from A down to the scale pup,q ~ 2 GeV, where the hadronic
matrix elements are evaluated, can thus formally be written as

—

C(pnad)|ny;=3 = U3)(knad, te) Mia—3) (1) Ulgg (Bes 1t6) M5y (110

) (3.6)
X Uls) (t, pew ) MEw 5 (kEw)U (kEW, A)C(A) .

Here Uy, (p, 1) are the evolution operators from p’ to 4 in a theory with ny quark flavors
that satisfy an evolution equation similar to (3.4),

d

_ T
g Vsl (0 1) = Vi Ut (1 1) - (3.7)

In the numerics we take finag ~ fte ~ 2GeV, and thus set Usj(pihad, ) = 1. The
M, jonp—1] 0 eq. (3.6) are the matching matrices when going from a theory with ny
quark to a theory with ny — 1 quarks, while Mgw_,5(urw) symbolises the matching to
the five-flavor theory at the EW scale. On the left side of eq. (3.6) we have denoted explic-
itly that the final Wilson coefficients are in the theory with only three flavors of quarks,
i.e., with just u, d, and s quarks, along with gluons, photons and the light leptons.

In the remaining part of this section we present the explicit form of the anomalous
dimension matrix, eq. (3.2), that describes the mixing of the operators due to the RG
evolution from the mediator scale A to pugw. The subsequent matching and RG evolutions
below the weak scale is given in section 4. We work in the limit of flavor conservation,
setting the Cabibbo-Kobayashi-Maskawa (CKM) matrix to unity. Furthermore, in this
section we keep only the top, bottom, charm, and tau Yukawa couplings nonzero.

For the computation of the anomalous dimensions we used two independent automated
setups. In the first, the amplitudes were generated using gqgraf [74] and the anomalous
dimensions were computed using the computer algebra system form [75]. The second setup
relied on Mathematica packages: the Feynman rules were generated using FeynRules [76],
the amplitudes with FeynArts [77], and the anomalous dimensions were computed using
FormCalc [78]. A large part of the calculations were also checked using pen and paper.

3.1 Mixing of dimension five operators

We start by providing the anomalous dimension matrices for mixing of the CP conserving
dimension-five operators Qf)), e g’), defined in egs. (2.5)—(2.8). For the column of the



dimension-five Wilson coefficients entering the RG evolution equation (3.3) we use the
rescaled Wilson coefficients
Qg

= a1 5 5 5
c’—(2ﬂc§>,2c§),c§),0§), C§>,c§>,c§),c§)). (3.8)

The explicit factors of oy o/2m = 9%,2 /872 in C' ensure that the anomalous dimension

(0)

matrices «y; , still defined by (3.2), do not depend on coupling constants. The evolution

of the primed Wilson coefficients is given by the analogue of eq. (3.1), namely,

u ;L () = 47 C" (). (3.9)

The corresponding rescaled operators are also denoted by a prime and read

5 1 _ 5 1 —
Qll( ) = a (X" x) By , ,2( )= gj(XUlWTa X)W ;juv (3.10)
5 1 . 5 L . -
= g7 (X" 1715) B ¢ = o (X T OW, (3.11)

while Q/®) = Q' for i = 3,4,7,8.

The anomalous dimension for Q/1(5), . ,(5)

splits mto two blocks, for the CP even
operators, Qll(5), .. .,Q;(S), and the CP odd operators, Q5 s 23(5), while there is no
mixing between the two blocks. The QCD anomalous dimensions vanish, since all fields

.. . . /(5 /(5
are color neutral. The remaining one-loop anomalous dimensions for the Ql( ), el Q4( )
block are

0

3y2 - 25 Q0 6% 0

Ol o —AY\ Iy Yy 0 12Y, 12
0 0 0 -3 - 37?2
27y —4Y, 0 —24
(0)
(0) _ 0 107, —8—25, 127, 0 1
[ ]Qms TSl I 0 67,2 0 (3.13)
0 0 0  —6J+3

Here J, = I, (I +1), with d,, = 2I,,+1 the dimensionality of the DM electroweak multiplet,
and Y, its hypercharge. The 8 functions for the gauge couplings g; and g2 are given by

2
) _ 41 Y, ) 19 4
By = 6 ?deNxa By = 6 §\7XdXNX’ (3.14)
respectively, where N, is the number of DM multiplets in the representation I, (we will
mostly take N, = 1). The anomalous dimension matrices for the CP-odd operators
1(5) 1(5) . . (0) (0)
Q ,...,QS are also given by the same matrices, [7; ]Q'(5)8XQ'(5) [ ]Qzl ), xQ1))

i = 1,2,y, A, as required by the fact that CP breaking is not probed by the relevant
one-loop diagrams.
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Figure 4. Sample diagrams for renormalization of Q’l(‘r’), Q;(s) operators due to B, W exchanges

at one loop.
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Figure 5. The renormalization of the Qg(‘r’), 21(5) operators at one loop, with only one representative

of each class of diagrams shown.

The anomalous dimensions 7§0) in eq. (3.12) and 750) in eq. (3.13) come from the

exchanges of the B, and W, gauge bosons in figures 4, 5, and 6, respectively. They are
almost diagonal, with only six nonzero off-diagonal entries. The Q/1(5) mixing into Q/2(5)
in 7%0) is due to a loop exchange of B, with an emission of W, shown in the left two
diagrams in figure 4, while the Q/Q(E’) mixing into Qll(s) is due to a similar diagram with B,
and Wj exchanged. The Q/l(s) mixing into Q/2(5) in 750) is due to a loop exchange of B, in
the last diagram in figure 4. The mixings of dipole operators, Qll(é), into the Higgs current
operators, Qg(i), arise from the diagrams in figure 6. These mixing contributions vanish
for singlet DM (Y; = J, = 0). This is true also for the mixing of Q/1(5) into Qf)) in ’yéo)
(recall that the operators Q;@ and QF) are absent for singlet DM). The contributions
proportional to Yukawa couplings and the Higgs self coupling to the anomalous dimension
lead only to multiplicative renormalization of Qé(5) and Qf):

D)o a0, = Do e, = Do g, = die (0,0.6,6), - (3.15)
[%59)}Q’1<.??4x62’1(.".’?4 = diag (0,0,2,2), (3.16)
[7§0)]Q;§??4xc2’1???4 = diag (0,0,3,1). (3.17)

They arise from the Higgs wave function renormalization, and in the case of fy/(\o), from the

last diagram in figure 5.
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Figure 6. Sample diagrams for mixing of the dipole operators Qll(s) and Q'z(5) into the Higgs
operators Q;(S) and QQ(S).

After running from p ~ A to p ~ my, we revert the rescaling of the Wilson coeffi-

cients, i.e.,

a1 ’ a2 a1 a2

- 2 2 2 2
- <7701<5) 2T ) 1) 1) 2T ) 2T ), ;(5)705/5(5))7 (3.18)

corresponding to our original definition of operators in egs. (2.5)—(2.8). We use the un-
primed Wilson coefficients for determining the matching conditions in section 4.

3.2 Mixing of dimension six operators

We turn next to the anomalous dimensions for the dimension-six operators. Counting
the three SM fermion generations and keeping only flavor-diagonal fermion currents, there
are 46 operators in total that couple DM with the SM. We work in the limit of flavor
conservation which simplifies the structure of the anomalous dimensions.

We split the 46 x 46 matrix of anomalous dimensions into several sub-blocks. They

correspond to three groups of operators: the operators with quark currents, Qgi.) s ngi) ;
the operators with lepton current, ngi) Y vQﬁ)ﬁ and the operators with Higgs currents,

Qg?, ce Qg%) (see egs. (2.9)—(2.17) for definitions). Moreover, we will distinguish between
mixing within one fermion generation, and mixing between different generations.

A technical remark is in order. To project the one-loop matrix elements onto our
operator basis within the context of dimensional regularization, we have to manipulate
Dirac v matrices in d # 4 dimensions. Strictly speaking, this requires the extension of
the operator basis by evanescent operators. However, the one-loop anomalous dimensions
are not affected by the choice of the evanescent operator basis, and we can effectively use
four-dimensional Dirac algebra [79].

We start with the mixing among the operators that are products of DM and quark
currents, Q@, e g?, eqs. (2.9)—(2.12), within the same quark generation. The corre-
sponding 8 x 8 block of the anomalous dimension matrix is given by

0 0 0 0 -Yy 0 0 0
2 2 8 4

0 3d Y242 9 —3 0 =Y, 0 0

0 32 %dXY>?8+19—6 ) -8 ) 0 0 4Y, 0
(0) 0 —5 -3 2dY2+5 0 0 0 —2Y 319
[ ]Qf?“g,ixQﬁ“sﬂ ~Y, 0 0 0 o 0o o o | G

2 8 4

0 ~Yy 0 0 0 T

0 0 4Yy 0 0 0, 5

0 0 0 -2y, o -2 -% ¢
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X

X X X X X
B,W
; B, W>< %BW
QvL QvL QvL Q7L Q-L
(6)

Figure 7. Sample diagrams for the renormalization of in), ..., Q14 operators due to the exchange
of B,,, W at one loop (right-handed quarks and leptons can also be on the external lines).

QL

X X X X X X
Q.L H! I Q,L
\ !
Q.L QL QL QL H H
: B (6) (6) (6) (6)
Figure 8. The renormalization of the operators Q;;,...,Q1,,; and Q35 ,...,Qjg due to the

B,,,W,! penguin insertion (right-handed quarks and leptons can also be on the external lines).

for the part of the anomalous dimension matrix proportional to g7, while the part of the
anomalous dimension proportional to g% is

STdy—4 0 0 0 0 =37, 0 0

0 O 00 —-12 0 00

0 0O 00 0 0 0 0

0 0 0O 00 0 0 00
2] X Qs 0 37, 00 -4 0 0 0 (3:20)

~12 0O 00 0 0 0 0

0 0O 00 0 0 0 0

0 O 00 0 0 0 0

Both of the anomalous dimension matrices are diagonal in flavor indices. As far as the
U(1) gauge interaction is concerned, for Y, = 0 the operators QEG), i=2,3,4,6,7,8, are
partially conserved currents, and one would naively expect their anomalous dimensions to
vanish. That this is not the case can be understood as the result of a non-multiplicative
renormalization, allowed for U(1) gauge groups; see ref. [80]. Similar arguments apply for
the QED anomalous dimensions discussed in section 4.3.

The Feynman diagrams that lead to nonzero entries in the two matrices are given in
figures 7 and 8, with contributions from gauge boson exchanges between fermion lines,
and penguin diagrams, respectively. We see that an exchange of the hypercharge boson B
between the DM and quark lines, shown in figure 7 (middle and right panel), mixes Qﬁ-)

and Q?i) , while these operators do not mix with any of the remaining operators. The same
contributions also mix QgGi) and Qéﬁg , Qéﬁg and Qgi-) , and QELGZ-) and Qz(z6z‘) , respectively. These

- 12 —



diagrams are nonzero only for DM with EW charges. If DM is EW neutral, the 8 x 8 part

of ,yio) splits into two remaining 3 x 3 nonzero blocks formed by operators Qg’% 4 and Qé?%g.

(0)

In contrast to v, ’ there are only a few nonzero entries in 750) in this 8 x 8 block.
The operator Qgi-) gets renormalized through diagrams in figure 7, and mixes into ngi)

through the middle and rightmost diagrams in figure 7. Equivalent diagrams mix ngi) and

gjz Note that these contributions to the mixing vanish, if DM is EW neutral, while the

operators Qgi-) and in) would be absent.

The penguin insertions, figure 8, also lead to mixing between operators involving quark
currents of different generations. The corresponding anomalous dimensions are given, for

i #j, by

2 8 _4
9 9 9
(0) (0) 4 16 _ 8
6 o = 6 6 4 b 0 3.21
hl ]Qé,gmzl,iXQé,J)'--A,j hl ] él)SlXQéj)gj 92 98 49 7 ( )
~9 "9 9

for the part of the anomalous dimension matrix proportional to g%, while the part of the
anomalous dimension proportional to g3 has the following non-zero entries for i # j

") gt = 2" loga = (822

1,0%1,5

All the other entries vanish.
We turn next to the 6 x 6 block of the anomalous dimension matrix that describes the
mixing of the lepton operators Qg? ey Qgi),w egs. (2.13)—(2.15), among themselves, giving

0 0 0 3Y, 0 0
2 2, 2 4
0 §de%< + 3 , 3 9 0 3y, O
(0) _ 10 3 Y25 0 0 —6Yy
|:le :| {g?i)v..147i><Qg?3...14,i o 3YX 0 O 0 0 0 bl (323)
2 4
0 3Yy 0 o %2 2
0 0 6Y, O % %
and
ST =% 0 0 0 —37,0
0 0 0-12 0 0O
(0) 0 0 0 O 0 0
' - 3.24
[72 ]Qgég.“l“x@_(fg“.l% 0 _3JX _%6 0 0 ( )
—12 0 0 O 0 0
0 0 0 O 0 0

The latter two anomalous dimension matrices are straightforward modifications of the ones
for the DM-quark operators in (3.19), (3.20), taking into account different EW charges of
the leptons, compared to the quarks, and the fact that there is no right-handed neutrino
in the SM. (The operators containing the right-handed neutrino could be included, if
necessary, and would not mix with the operators in our basis.)

~13 -



Penguin-type insertions lead to mixing between different generations also for leptons,
giving (for ¢ # j)

2 4
(0) _ .0 _ (33 9
0,0 @02, = 11 0, 0% @, 0, ( ) . (329)
and 5
(0) N0 _2 3.96
2 Jgwew = 12 1g0 09 =3 (3.26)

All the other entries vanish.

A very interesting effect of the one-loop RG running is that the penguin diagrams mix
the operators with quark- and operators with lepton currents. This is shown in figure 8
(left), where the two quark lines coming from the EFT operator are contracted into a loop,
while the emission of a B converts this into a lepton current. Conversely, an operator with a
leptonic current can be converted to a DM-quark operator at one-loop. The corresponding
mixing of the quark operators QSG), ey Qgi) into the lepton operators QS(,G), ceey Qgi) is given
by the following 8 x 6 block of 7§0), now for arbitrary generation indices i, j

00 00O O

0-2-200 0

0-3-300 0

2 4

(0) 05 300 0 597
[ ]Q§638zXQé63)14g 00 000 O (3.27)

2 4

00 0O _i —g

00 0O —Qg —4§

00 0035 3

The corresponding block of the 750) matrix has only two nonzero entries,
0 0

5] goqm = 12”1 gwqw =2, (3.28)

while the remaining entries in this 8 x 6 block of 'yéo) are zero.

The mixing of the lepton operators, Qéﬁ), . .,Qﬁ), into the quark operators,
QSG), .. .,Qéﬁ), is given for arbitrary generation indices 4,5 by the following 6 x 8 block
of the %0) anomalous matrix

[an}
[en}

OO

©Oloowlco

O O O ook O
S O O O o O

QOINOIN

o O o O
o O O O

MO)] ©  0®

9,i---14,i *¥1,5...8,5

(3.29)

oo oo oo
oo o
o o o
|
[

Relfeeiallel)
ook ©O O O O

The corresponding 6 x 8 block of the 'yéo) anomalous matrix has only two nonzero entries,

7 o 2
(73 ]nggng;) = [ ]Qm) o0 =3 (3.30)

12,i%5,5
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Figure 9. Additional diagrams for the renormalization of the Qg?, ey Qﬁ? operators at one loop.
These diagrams are in addition to the set of diagrams in figure 5 which, at dimension six, include
an additional derivative w.r.t. to the dimension-five operators.

The mixing of DM-quark and DM-lepton operators, egs. (3.27)—(3.30), has important
phenomenological consequences. One implication is that, in any theory where one intro-
duces DM-quark interactions, one-loop mixing will generate DM-lepton interactions. The
converse is also true: a theory of purely “leptophilic” DM is impossible. An interaction
between DM and leptons will lead to an interaction between DM and quarks via one-loop
mixing. Note that the mixing is nonzero irrespective of whether or not DM carries any
electroweak charge. Penguin insertions will also generate DM-quark and DM-lepton inter-
actions, when initially only the pure DM operators (eq. (2.18)) are present; see appendix D.

Finally, we move to the mixing of dimension-six operators with Higgs currents,
QS?,...,Q%?, eqs. (2.16)—(2.17). We start with the 4 x 4 blocks of the anomalous di-
mension matrices that give the mixing of these operators among themselves,

O o =g (0.} 4 20y, ] .
['71 ]Q(l?...ngQg?..,lg 1ag < ’ 3 + 3 XLy 3 y ( X )
(0) i 8 4 _L? 17 ,
[72 ]Q565>18XQ§65)18 1ag <9‘7X X 3 ’05 3 ;0 . (33 )

The relevant diagrams are shown in figures 5 and 9. The renormalization induced by these
contributions is multiplicative and does not lead to mixing of the DM-Higgs operators.

In addition there is mixing of the operators with quark and lepton currents into the
Higgs-current operators and vice versa (see figure 8). The resulting mixing of the DM-
quark operators, Qgi.), ey Qgi), and the lepton operators Qs(fi), ceey Qgi),i into the DM-Higgs
operators, Qg%), .. .,Qg%), are given by the following 8 x 4 and 6 x 4 blocks in the 750)
anomalous dimension matrix (¢ = 1,2, 3), respectively,

0000
0200 0000
0200 0-20 0
2 2
(0) _|0-3500 (0) 0-20 0
[fyl ]sz?...s,ing‘ss)nqs 0 00O ’ [’Yl ]Qg?z?~-~14,iXQ§?~-18 0000 ’
000 2 000-2
4 2
000 3 00 0-2
000-3

(3.33)
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and by the corresponding 8 x 4 and 6 x 4 blocks in the 'yéo) anomalous dimension matrix,

which, however, only have two nonzero entries each,

2
) gaw = 2 oo =2 [2"logo = e'logop =5 334

5,0 917 12,6917

The mixing of the DM-Higgs operators, Qg?, cen Qg?, into the DM-quark operators,
Qgﬁ), ey Qéﬁ), and into the DM-lepton operators, Qgﬁ), ey Qgi), is given by

000 0 000 O
1 4 2
[ ]QE‘?—,T.lsXQf?...g,i 0000000 0 |’ (3.35)
1 4 2
000 0 0% 42
and
00 000 0
1 2
[ ]QS%?..lsté?E...14,i 00 000 0| (3.36)
00 00-—3-2

respectively, for the corresponding blocks of %0)7 while the nonzero yéo) entries are given by

0 )ogatn = 1o = 1o = 1 loag, =5+ 30
Note that both the mixing of DM-quark and DM-lepton operators into the DM-Higgs ones
and vice versa is present even if the DM does not carry any electroweak charge.
For the third-generation DM-quark operators, Qg, . Qg, there is also the renormal-
ization due to the Yukawa interaction with the Higgs (we neglect all the Yukawa interactions
except with the third fermion generation and the charm Yukawa), giving

10 0000 00
01 -2000 00
0-12000 00
0 0 00 0000 00
6200, 4 ix0)e = D900 4 ix0®a =00 0010 00f B
00 0001 —20
00 000-120
00 0000 00
and
10000000
010-20000
00000000
0 0-1020000
h?(’b)]Q(f%...&stf%...s,g: 00001000 (3.39)
000001 0-2
00000000
00000-10 2
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The off-diagonal entries in eq. (3.38) are generated by the left-most diagram in figure 10

while the diagonal entries result from the field renormalization constants. The Yukawa

interactions also lead to mixing of the DM-third-generation quark operators into the DM-
: (6) (6)

Higgs operators, Q15 ,...,Q1y ,

60 0 0
06 0 0
060 0
000 0
D)0 00 = 180)00, cxe®0s= | 0 0 6 0 |© GO
00 0 6
0 0 0 —6
00 0 0
and
60 0 0
060 0
00 0 0
[7;2)]Qg?%-us,st(l?mm: 8 g —06 8 ’ (3'41)
0 0 0 —6
00 0 0
00 0 6

as well as to the mixing of the DM-Higgs operators into the DM-third-generation quark
operators,

-10 00000

0
01-200000

(0) N0 _
[’ch ]Q(I(;)..-18XQ§(,}%...S,2 [’Yyt ]Q(165)<..18><Q(1?%4..873 000 0-=10001" (342)
00000 1-20
10000 000
(0) _ |0 -1020 000
[’be]ggg?,_wx@f;_,,&g 0 000—=1000 (3.43)

0 0000 =102

The Yukawa interactions also renormalize the Higgs operators themselves due to the
renormalization of the Higgs fields, giving
(0) _ [0 — [~(0) =di 44
00 xa® 1 = D)o e 1 = Do L , = G128(6:6,6,6). (3.4
Finally, we also present the anomalous dimensions due to the tau Yukawa coupling,

leading to mixing among the four-fermion operators,

10 000 O

01 -200 O

(0) 0-1200 O
[’ny ]Qg?;,-ulzl,SXQé%»-»M,B 0 0 0 1 0 0 ) (345)

00 001 -2

00 00-12
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’ NH
/
\
! \
QL. qr qr, QL QL. qr qr, QL

Figure 10. Mixing of the quark operators proportional to the quark yukawa coupling due to the
insertion of DM-quark and DM-Higgs operators. We consider only the top, bottom, charm Yukawas
here and so ¢ € {t,b,c}. The same diagrams with @Q; — L; and g — 7 mix DM-lepton and
DM-Higgs operators. These diagrams only contribute to off-diagonal mixing.

mixing of four-fermion into Higgs operators,

-2 0 0 O
0 -2 0 O
(0) ‘ 0 2 0 O 346
o @@= 0 0 —2 0 | (3.46)
0 0 0 -2
0 0 0 2
Higgs operators into four-fermion operators,
-1 000 00O
(0) _ |10 -120 00
[’ny ]Q§65)~»18><Qs(f§~-14,3 0 00-10 0}’ (3.47)
0 000 —12
and diagonal self mixing of the Higgs operators due to Higgs field renormalization,
© = diag(2,2,2,2) . 3.48
[ T] g?-JSXQ(l?mlS lag( B ) ( )

The results given in this section are sufficient if one works to leading-log accuracy
without resummation of the logarithms. However, the set of operators Q@ ,...,Qgﬁg),
egqs. (2.9)-(2.17), does not close under renormalization, unless the DM self-interaction
operators, eq. (2.18), and the SM EFT operators are included. We provide the anomalous
dimension that give the mixing with the SM effective operators in appendix C, and with
the DM self-interaction operators in appendix D.

4 Matching to EFT below the weak scale

The running from the mediator scale, i ~ A, down to the weak scale, i ~ my, is described
by the evolution operator U(ugw,A) in eq. (3.6). The relevant anomalous dimension
matrix ~, appearing in eq. (3.4), was presented in sections 3.1 and 3.2. The next step is
to calculate the matching onto a five-flavor theory at u ~ vgw by integrating out the top
quark, the Higgs and W, Z gauge bosons. This gives the matrix Mgw_,(5) in the evolution
equation (3.6). Since we are interested in the elastic direct detection scattering we can,
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below the electroweak scale, ignore all the charged components of the y multiplet. From
now on x will thus denote only the neutral component of the DM electroweak multiplet.

After the matching at p ~ mz we arrive at the ny = 5 effective Lagrangian which we
organize in terms of the dimensionality of the operators,

Lolny=s = L |n,=5 + LOn,=5 + L], 5 + LD |, =5 + -+ . (4.1)

In the matching we keep all the numerically leading terms. The leading contributions
from dimension-five (< 1/A) and dimension-six operators (o< 1/A?), eq. (2.2), generically
arise already at tree level, with the exception of phenomenologically important one-loop
matchings onto the dimension-seven gluonic operators. In these matching calculations we
allow for DM to carry arbitrary SU(2) x U(1) gauge quantum numbers. In addition, there
are contributions from renormalizable interactions. We include these in our numerical
examples in section 5, taking Y, = 0, so that there is no tree-level Z coupling to DM. The
first nonzero contributions from gauge interactions are then due to the one- and two-loop
electroweak threshold corrections, shown in figure 2, for which we use the results of ref. [68].

We consider two discrete options for the DM mass: i) light DM, m, < mgz, and
ii) DM with the EW scale mass, m, ~ O(mz). The case of heavy DM, m, > my, is
relegated to future work (dimension-four interactions are discussed in refs. [7, 81]). In
section 4.1 we perform the matching for light DM. In this case the time component and
the spatial components of the DM current are of the same size at the matching scale.
The situation is different for weak scale DM. For p < my ~ O(mz) DM becomes non-
relativistic, and thus the time component is parametrically larger than the spatial ones. In
the matching we therefore need to simultaneously perform an expansion in 1/m,,, which is
done in section 4.2.

Before proceeding we remark that both the DM mass, m,, and the DM field, x, get
shifted by the Higgs vacuum expectation value due to the contributions from the an
operators, eq. (2.6), and from the Q% operators, eq. (2.8). The dimension-four part of the
effective Lagrangian (4.1) in terms of the shifted fields, x’, is

£§<4)]an5 =i X — mgcxlxl. (4.2)

The redefinition of the x field is a simple chiral rotation, x’ = exp (%75@)(, with (see also
ref. [82])

Y. Y,
tan ¢ = (C§5) + 4XC§5)> / |:27T042mXA/(C%Um2 ) — <C§5) + 4XC£5)> ] ) (4.3)

while the new mass term is

2

2
_ CwMy ), Yy A0)) ), Yx ~(5)
ml, = my cos ¢ + S KC7 + ZXCS > sin ¢ — <C3 + ZXC4 ) cos qb] : (4.4)

The field redefinition also changes the operators Qg‘:’), ce é‘r)) in egs. (2.5)—(2.8) and the
corresponding Wilson coefficients, c®r = C’Z»(5) cos ¢ + C’ﬁl sin ¢, C’Z-(_?_)Zl’ = C’i(il cos ¢ —

7
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C’i(‘r)) sing, fori =1,...,4, while there is no change in the dimension-six Wilson coefficients.
In the case my ~ O(mz) we expand in mz/A which gives

2,2

()1 _ ~(5) CyMy (5) | Yx ~(5)) ~(5)

2 2 :
B)r _ ~6)  CGMy (5) | Y () ~(5)
e = Cika 2map Amy, <C7 + 30y )Cl ’

From now on we will assume that the above field and mass redefinitions have been per-
formed and drop the primes on the Wilson coefficients, the DM fields, and the DM mass.

4.1 Light dark matter

In the case of light DM, m, < myz, we can use relativistic DM fields to construct the
effective theory below the weak scale. The effective Lagrangians containing operators of
dimensionality d in eq. (4.1) are given by

£§<d)|nf:5 = Zé,gd)\nf=5di), (46)

where we introduced the dimensionful Wilson coefficients é,ﬁd)|n ;=5 in order to simplify the
notation. They are suppressed by inverse powers of the NP scale A and/or the top, W,
Z and Higgs masses. The DM mass, m,, can be set to zero in the matching except when
calculating the electroweak threshold corrections from the gauge interactions, where one
needs to expand to first order in m,,.

The electroweak EFT Lagrangian (2.2) with operators up to dimension six matches
onto the “five-flavor” EFT in the broken electroweak phase, eq. (4.1). This gives rise to
operators up to dimension seven, if one keeps only the leading contributions. We first give
the basis of the operators di) in the five-flavor EFT, required for the matching, and then
present their respective Wilson coefficients c}(f”.

At dimension five there are only two operators,

O = (" ). Q) = S5 (00" i) Fuw (4.7)
where F),,, is the electromagnetic field strength tensor. The operator Qg‘:’) is CP even, while

Qg5) is CP odd. The dimension-six operators are

Q%) = (V) (") o) = (Vs ) (Ff), (4.8)
OF) = (1) (Fr* 156, Q) = (X150 (F1*75 1) - (4.9)

Here f denotes any quark, f = u,d, s, c,b, or charged lepton flavor, f = e, u, 7. We find it
convenient to express the operators in terms of (axial-)vector and (pseudo-)scalar currents,
which have definite non-relativistic limits. Operators with neutrinos are not needed for our
purposes as they do not run below the EW scale.

In the effective Lagrangian eq. (4.1) we need to include a subset of dimension-seven
operators. These are generated from dimension-five and -six operators in the effective
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Lagrangian (2.2) when integrating out the Higgs and the Z boson at pugw ~ myz. They
are thus suppressed by O(1/A?my, z) or O(l/AmiZ), instead of O(1/A?), and can lead
to contributions in direct detection comparable to those of the dimension-six operators,
egs. (4.8)—(4.9).

The relevant dimension-seven operators involving the DM and gluon fields are given by

aur a 7 aur a
Ql - 12 ( )G a Gp,z/? Qé ) = 12 (XZ/Y5X)G a Gy,y? (4'10)
apv oa (M _ Os . apy a
where CNJW = %@VPUG”“ and a = 1,...,8 are the color indices. The strong coupling

constant «ay is defined in the five-flavor scheme. The normalization reflects the fact that
these operators are typically generated at one-loop level. Note that Qg) and Qg)
CP odd.

There are also four scalar operators

o} = my(x)(Ff). o'} = my(xivsx)(F1). (4.12)
J)f =ms(xx)(firsf) Qé} = m(Xivsx)(fivs f) (4.13)

)

with f denoting any quark (f = u,d,s,c,b) or charged lepton flavor (f = e,u, 7). The
definitions of Qg])c, R Qg} include an explicit power of the corresponding quark or lepton
mass. This reflects the leading contributions to their Wilson coefficients, see below.

In the remainder of the subsection we give the results of the matching at ugpw ~
my. We start with the dimension-five operators where the contributions come from W
and B dipole operators above my after rotating the EW gauge eigenstates into the mass
eigenstates after EWSB:4

5) _ 1), Y a0
lns=5 = A(Cl + 7"02 ) +. (4.14)
X 1 Y,

Equation (4.14) also receives a one-loop contribution from dimension-four gauge interac-
tions, denoted by the ellipsis, proportional to the hypercharge of the DM multiplet. We
omit this contribution here since a non-zero hypercharge leads to a tree-level Z exchange
with nuclei which is excluded by direct detection experiments.

For the dimension-six operators we start with the operators with external quark legs.
The contributions from dimension-six UV operators with external quark legs are

6 ) 9
5(6 _ 1 Yy 6, Cai 34),i , 3—8(4)sy, 6) ©6)
Cl,ui(di)|nf=5 =2 [jF @XCM + 5 + 5 + 5 X015 +Clg , (4.16)

(6) (6)
R 1 Y, Co?  Cogyi 33— 8(4)s
¥ i(di)|7lf:5 = A2 |::F 8X CEE?@') + g + 7;8)’ + 6( )8w < XC§7) =+ 0(6)> :| ) (4'17)

“Note that in eqgs. (4.14) and (4.15) we use the original definition of operators, eqs. (2.5) and (2.7).
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XXX

Figure 11. Matching contributions to the effective operators at p ~ myz. The left diagram shows
the contribution of the high-energy operators, the middle one the contribution from the dimension-
four gauge interactions onto the dimension-six operators, respectively; the right diagram shows the
contribution to the matching onto the dimension-seven operators.

f

(6) (6)

5 1 Y, Cy, C'3 4 1
Cé?gi(diﬂnfzk’) = A2 |::l: %Cﬁ? - % + # + 3 5 < XC§5) + 0(6)> :| ) (4.18)
(6) (6)
5 1 Y, Cs.i Crsyi 1
() =5 = 2 [i %Céi-) - ; + % T3 ( x4 C(G)) ] L, (419)

where ¢ is a generation index (u; = u, ug = ¢ and d; = d, d2 = s, d3 = b) and the
upper(lower) signs apply for up(down) quarks. For each of the Wilson coefficients the
last 1/A%-suppressed term is due to Z exchange, shown in figure 11 (left). For a DM
multiplet with nonzero hypercharge Y,, Z exchange due to the renormalizable gauge
coupling (2.3), see figure 11 (right), gives the additional contributions (fﬁ)“( di)‘" s=5 =

i6c%0:72122 (3 — 8(4)s2)Y, and C( ]nf =5 = $2C§a2 Y. Ci iz(d ln;=5 receives a contribu-

tion, denoted by the ellipsis, from gauge 1nteract10ns at one-loop (see figure 2) that does

not vanish for Y, = 0. This requires a two-loop matching calculation with m, kept para-
metrically small, which is beyond the scope of present paper. In the numerical evaluations
we thus use the results from ref. [68], that were obtained assuming that m, is not much
smaller than my.

Similarly we find for the dimension-six operators with leptons ({1 = e, o = p, 3 = 7)
on the external legs

- (6) (6)
Cflnyms = 3 | O + 5 + ot = = ( “xo® 4 C<6>> ] , (4.20)
v © O
5 1 Cisy Oy 11— 45,2”
Coplng=5 = 12 XCfg)z R ( oW 0<6>> ] , (4.21)
: © 0O
5(6 1 Yy o) Cioi  Cis 1 6
Soln—s = 13|~ 20l — e+ 5+ g ( e+ ¢f )> ] , (4.22)
: © A0
5(6 1 Yy ) Cizi Ol 1 (Y 6 6
foln=s = 33|~ 5 Clak — 5+ 5 T3 (4XC{7) - Cfg))] to. (4.23)
As before, Z-boson exchange due to the renormalizable gauge coupling (2.3) leads to the
additional contributions CA§6£),|,W:5 = —gaa(1- 4s2)Y, and C( b lnp=5 = 552y Y Also
" Cme
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Figure 12. Matching contributions to dimension-seven effective operators involving gluons for
1 < my that arise from integrating out the top quark.

for leptons, CZE% |In ;=5 receives a one-loop contribution from gauge interaction that does not
vanish for Y, = 0, see ref. [68].

The dimension-seven operators receive contributions from both the renormalizable
electroweak interactions of the DM multiplet as well as from the higher dimension operators.
For the gluonic operators QQ the higher dimension UV operators give a contribution after
integrating out the top quark at one loop, see figure 12. We then have

5(7) _ 1 (
Ciiz)lns=s = A2 <C

5) . Yx )
s+ 4XC4(8)> +..., (4.24)

and C}g&]n ;=5 = 0. Note that the loop factor is already included in the definition of the

operators Q§7). The explicit top-quark mass dependence drops out because we expand
to leading (quadratic) order in the small external momenta. This limit is equivalent to
the limit of heavy top mass in on-shell Higgs decays to two photons or gluons, where the
non-decoupling of chiral fermions is a familiar result. The ellipsis denotes the two-loop
contributions from renormalizable electroweak interactions, see ref. [68].

For scalar operators we have

5(7 1 5 Yy A5
Cév}’nfg,:—ATn}%(Cé)-i-i(Ci ’) T (4.25)
5(7 1 5 Yx A5
€M =5 = — fon? <c§ R, ’) , (4.26)

and CA§7}|n j=5 = éé?\n ;=5 = 0. The right diagram in figure 11 shows the tree-level contri-
butions from higher dimension operators. Here, the ellipsis denotes the one-loop “Higgs
penguin” contribution from gauge interactions (see figure 2 and ref. [68]).

4.2 Electroweak scale dark matter

The case that the DM mass is comparable to the electroweak scale, m, ~ O(mz), needs to
be treated separately. In this case we integrate out at the electroweak scale, in addition to
the top quark, the Higgs and the W, Z bosons, also the high-momentum fluctuations of the
DM field. In this way we arrive at the Heavy Dark Matter Effective Theory (HDMET).
The HDMET is an effective theory the describes the scattering of a heavy DM, where the
momenta exchanges are much smaller than the DM mass, ¢ < m,. The HDMET uses the
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HQET (Heavy Quark Effective Theory) formalism [83-85] applied to DM direct detection
physics [8]. The result is an effective theory where terms are organized as an expansion
in 1/m,. In practice the HDMET description is not necessary if one performs electroweak
matching only at tree level. However, some of the one-loop matching corrections are
important phenomenologically and need to be kept, requiring the use of HDMET.

The construction of the requisite terms in HDMET has been presented in ref. [20].
Here, we just collect the main results and refer the interested reader to the literature
for details.

The HDMET Lagrangian is given by®

_ . r _ .
LupMET = Xo(iv - )Xo + RM(Z@L Xo+ ...+ Z LO|n,=s. (4.28)

Here, x, denotes only the neutral component of the DM electroweak multiplet, i.e., only
the DM state. The first term is the LO HDMET Lagrangian and describes an infinitely
heavy DM particle, and contains no explicit dependence on m,. The O(1/m,) term is
fixed by reparametrization invariance [87], with ellipsis denoting terms of higher order in
the 1/m,, expansion.

The effective Lagrangians £9 n ;=5 comprise the interactions of DM with the SM.
They are expanded in powers of 1/m,,1/A and 1/my, mirroring the case of light DM in
eq. (4.6). The only difference is that we now denote explicitly at which order in 1/m, the
operators enter,

L]z =Y CL™|, _5Qm) (4.29)

such that é(d’m)\nf_5 x (A, mZ)A‘*m*dm*m, where (A, mz)*T™=4 symbolizes a product of
powers of A and mz with total power 4 + m — d. The double superscripts on Cq (dm) and
Q(d ™) thus signal that they are defined in the HDMET, while a single superscript on Cq ()
or on Qa means that we are considering light DM.

The difference d —m gives the “mediator dimensionality”. This is the dimension of the
relativistic operator di—m) that gives the HDMET operator Q,(ld’m) upon expanding the
DM currents to order 1/m}* (see refs. [20, 21] for the explicit expressions).5 We group the
operators in terms of their mediator dimensionality, d —m. The operators that arise at LO

For very heavy DM, m, > mz, the DM mass is integrated out before the weak gauge bosons [8, 16,
81, 86], giving

LHDMET = Xo(iv - D)x0v + iyv(iDL)2XU + %)@;UW 7 WH Xy + %XUUWBWXU +-0, (4.27)
where at tree level cw = ¢p = 1, and the ellipsis denotes terms of higher order in 1/m,, as well as the
1/A suppressed interactions. The covariant derivative contains the Wi and B, gauge fields, so that in the
infinite mass limit the DM multiplet, x., acts as a static source of the electroweak gauge fields.

5Note that the A > my ~ m, limit reduces the set of HDMET operators that are generated. For
instance, at dimension seven the operator (x.x»)G**"G}, arises in the matching, but not the operator
(Xoxv)v"v" Gy ,GyP . The latter would arise from the dimension-nine UV operator (x0"0"x)G},,Gy” and is
thus mX/A suppressed. In contrast, for m, ~ A the two operators are of the same size, and thus both
arise in the matching to HDMET at scale u ~ A (see, e.g., the discussion of twist-two operators in ref. [88]).
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in 1/my, i.e., for which the Wilson coefficients start at order O(1/m), are the HDMET
counterparts of the operators in egs. (4.7)-(4.13). The two dimension-five operators in
eq. (4.7) get replaced by the HDMET operators

e v € /o v
Q?O) 4 26uua,8(XvS v XU)FM Q(50 272 (XUSQU Xo) Fia - (4.30)

We also need the following two subleading operators
ie
"~ 8n2 &2

since the presence of the photon pole in the interaction of the magnetic dipole with the

Q§6 = (XU’U UL ava) nv s Q(G b - (UM@VXUXU)FI“” (4’31)

nuclear current requires that we go to the second order in the expansion of the DM tensor
current. We defined o/ = i[v\,7"]/2, v/| = +* — vy, )‘(vg“xv = Xo(0"xv) — (O*Xv) X0,
and S* = ~+/75/2 is the spin operator, while v# = (1,6) is the velocity label of the
nonrelativistic DM field (cf. ref. [20]).

At tree-level we have

Eo s Oyt Py P, (432)

(6 1) tree (5,0) (6 1) tree 1 5(5,0)
|nf =5 = mic |nf =5 |nf =5 — mixcl |nf=5a (433)
where the equalities get corrections at loop level. Again, éfS’O)\n =5 receives a photon pen-
guin contribution proportional to Y,, denoted by the ellipsis and omitted in the following.
The Wilson coefficients for the dipole operator in the case of light DM, CA%), are given in
egs. (4.14), (4.15).

The dimension-six operators of LO in 1/m, are

Q%Y — (xuxo) (FES) Q0 = 23Sy o) (F1f) (4.34)
Qz(aﬁfo) (Xoxo) (FPr5.1) 5 Q © 0) = 2(XoSyuXo) (fY Y5 f) - (4.35)

In addition, we need the following d — m = 6 operators that are 1/m,, suppressed
QY = 2 (%9 x0) (P Q1) = —i(RuSy o) (FH1) (4.36)
o) = %()Zviglin)(f’Yu’YBf) : Q" = —i(wSy-oxo)(Fpsf),  (437)
ol = %ay(xvai”xﬁ(fo), o) = %ay(xvaﬁ”m( Frsf), (439

where our convention is that the derivatives act only within the brackets or on the nearest
bracket. The Q (T.1) Q (T.1) operators do not enter the phenomenological analysis, but we
keep them for completeness and transparency of notation. For the matching conditions
we have

C0 =5 = MOtV nyms O s, i= 1,4 (4.39)
and in addition
tree 1

5(6 7,1)
CNymss T s 2 o s - (4.40)

(71
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Note that the equalities denoted by “tree” are only valid for tree-level matching, while the
remaining relations are valid to all orders due to reparametrization invariance. The light
DM Wilson coefficients Ci(? are given in eqgs. (4.16)—(4.23) .

The relevant dimension-seven operators in eqs. (4.10)—(4.13) involve scalar and pseu-
doscalar DM currents. The HDMET scalar current operator starts at O(1/ mg), while pseu-
doscalar current starts at O(1/m, ), see ref. [20]. We thus define the following d — m =7
HDMET operators

g s = auv a
Qgp) 127 (XvXU)GaHVGZV7 Qg&l) - 1271'8M (XUSIM )G : G/W’ (441)
(7,0) _ Qs auy Na (8,1) Qs - auv Sya
Q" = = (Rxw) GG, Q" = £ 0u(xwSx) GGy (4.42)
O = m (X (Ff) O =m0, (%St (F1) (4.43)
Q 3 O) = mf()zva)(.]Fh%f) ) Qg}l) = _mfau (XUSQXU) (fl'75f) : (4'44)

The top-quark loop contributions to the gluonic operators, eq. (4.41) and (4.42), are the
same as in eq. (4.24), so that

7,0) 5(8,1 5(7,0
Cyms = C 7 yms,  C |z = C 0,5 (4.45)
The Wilson coefficients C \n s=5 and C |n =5 vanish.

The Wilson coefficients for the scalar operators are

(81 1

7 5(7
5,7 Ing=5=C5flns=s5 Iny=s = mixcéﬂ)”’”f:f” (4.46)

while C ’nf, = C 8 1)\nf 5 = 0. The dimension-five UV operators Q3 4 ineq. (2.6) and

Q778 in eq. (2.8) contrlbute through a Higgs exchange at tree level, see figure 11 (right
panel), and give the same matching conditions as in the case of light DM, eqgs. (4.25)
and (4.26). Note that within this subsection, the full (unexpanded) results of ref. [68]
should be used.

The following twist-two operators are needed for the two-loop electroweak matching
contributions (the numbering is chosen such that we avoid inconsistencies with the num-
bering in ref. [26]):

70 1, _ VA= 1%
Qg&q) - §(Xva) [q <¢ iD-v— ZdD )q] , (4.47)
1 v
Q" = (Xoxw) L%Gwﬁ — vt GG A] - (4.48)
The first operator, Qg’g), receives a non-vanishing matching contribution at the electroweak
scale. It can be extracted from ref. [68] if in their results one takes the leading HDMET
limit of the DM bilinears xi0*x — m, X,v"x» and Xv#x — XovHX0. 1t is then given by
Cg’g) = gt(ll) + 952), with the loop functions given in ref. [68]. The operator Q25 does not

receive an initial condition at the weak scale, but is generated by QCD RG evolution below
the weak scale, to be discussed in the following section.

— 96 —



q q I I
Figure 13. Left panel: the mixing of the gluonic operators into operators with scalar and pseu-

doscalar quark currents. Right panel: the mixing of dimension-six four-fermion operators into each
other via the photon penguin insertion.

4.3 RG running below the electroweak scale

The matching at u ~ pgw is followed by the QCD and QED RG running from pgpw to
te ~ phad ~ 2GeV. The five-flavor theory below pgw is matched onto the four-flavor
theory at the bottom quark threshold, up, and then onto the three-flavor theory at the
charm quark threshold, p.; see eq. (3.6). There is no running in the three flavor basis
because of our choice of scales, u. = pnaq. This RG evolution was discussed in detail
in ref. [16]. For completeness and convenience we convert the results of ref. [16] to our
notation. (See also ref. [23] for a computer implementation of the RG evolution, as well as
ref. [22] for the case of vector mediators.)

QCD running. Since the vector currents are conserved, C’g and C’éﬁq) in eqs. (4.8)
and (4.9) do not run. Moreover, the axial currents have vanishing anomalous dimensions
at O(as) and so the Wilson coefficients C’éﬁq) and CA’fq) in egs. (4.8) and (4.9) do not run at
one-loop order. At dimension seven, the only non-zero effect is the mixing of the gluonic
operators, egs. (4.10)—(4.11), into the scalar operators eq. (4.12) — see left panel in figure 13

— with anomalous dimension (cf. ref. [16])

(1) =8 di —-1,-1 4.4
[73 ]Q(l?-)AXQg;mg,q 8 dlag(CF7 CF7 ) ) ) ( : 9)
where ¢ runs over active quark flavors and C'r = 4/3. This anomalous dimension arises at
O(a?) since the GG operators are defined with an additional factor of as to reflect the fact

that they are loop generated, and thus,

© =0. 4.50
7)o, w0t (4:50)
The mixing of the two operators Q%’z) and Q%O) in eq. (4.47) is given by the anomalous

dimension matrix
64

4
(0) _ 9 3
[Vs ]Qg’g@gmXQ%(;@%O) <_694 ng) : (4.51)

QED running. In general, the QED contribution to the RG evolution can be neglected
due to the smallness of the electromagnetic coupling constant. The one exception are the
off-diagonal mixings of the operators Qgﬁj)c for different fermion flavors f (and similarly
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for Qg?}), induced by the photon penguin diagrams, see figure 13. These mixings lead to
nonzero scattering on nuclei even if DM couples only to leptons at leading order [24, 89].
The conservation of parity forbids the mixing of Qg?])c into Qg?])c and vice versa. The required
anomalous dimensions can be found in ref. [61], and are

8
= [~(0) —20Q;Qp NS
he ]QS},Q(G) 3 @l N s (4.52)

2;f/

(0)
blaw,.a0,
where @ is the electric charges of the SM fermion f, while NI = 1(3), if f is a lepton
(quark). In analogy with eq. (3.2), we use the notation

«
Ye= 00+ (4.53)

where the ellipsis denotes higher orders.

Finite corrections arise at each heavy flavor threshold. Beside the usual threshold
corrections to as (see, e.g., ref. [90]), there are also finite threshold corrections for the
operators in eqs. (4.10)—(4.11), where at p = pp,

CA@)’"J’:“(M’) - CA%)'"FE’(%) - A§T£(6,6)|nf=5(ﬂb)a
(4.54)
Whlle at /_,L — uC’
. o )
CS;) Inj=3(he) = Ci(%) Inp=a(pe) — Cs(,z;)(ﬁ,c) Iny=a(pic) ,
(4.55)

5(7 5(7 5(7
?(,(z);) |nf:3 (,uc) = Cé(i) ’nf:4 (Nc) + Cé,c)(&c) |77/f:4(/'l’0) )

such that the effects of the heavy quarks appear, at low energies, as additional contributions
to the gluonic operators, eqs. (4.10)—(4.11). All the other Wilson coefficients cross the
thresholds continuously, CZ.(d)|n 1= CZ.(d)]n ;-

4.4 DM interactions with nucleons and nuclei

The final step in the RG evolution is the matching at p ~ pupaq onto an effective theory
describing interactions of DM with nonrelativistic protons and neutrons. The momenta
exchanged in direct detection experiments are ¢ < 200 MeV, with a typical value of 20 —
60 MeV, which is well below the chiral symmetry breaking scale 47 f, ~ my. One can
thus use chiral perturbation theory (ChPT) to organize different contributions in terms
of an expansion in (q/4wf)", see refs. [6, 11, 13, 18, 20, 21, 34, 91]. The leading-order
contributions come from the interactions involving a DM field and a single nucleon inside
the nucleus (these can still be coherently summed over all the neutrons and protons in
the nucleus).
The effective Lagrangian for DM scattering on nonrelativistic nucleons (see refs. [9, 10,
12, 21]),
LNr = ZCZN(CIQ)QNa (4.56)
i,N
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contains 14 operators with up to two derivatives which are needed to describe the chirally
leading interactions. The momentum-independent nonrelativistic operators are

OF = 1,1y, oY =8,-Sy, (4.57)

N_& (7 v_ (g . 7\(5.,. T

05 _SX (’UJ_XmN>]lN, 06 <SX mN) <SN mN), (4.58)

OF =1, (Sy-7.), 0) = (S, -7.) 1w, (4.59)
g W& & iq

oy =35, - <mN X SN) : oN = —<SX . mN> 1y, (4.60)

with N = p,n. We use the conventions of [21, 23], so that

S . pi+pa ki+k
q=ky— ki =p1—D2, 1= - ; (4.61)
My 2mpy

where p(2) and El(Q) are the incoming (outgoing) nucleon and DM three-momenta, respec-
tively.
The coefficients of the two momentum-independent operators (4.57) are, schematically,

0© 9
N L,...,4,f;15,16 MN ~(5) 9q  ~(5) @ ~(5)
~ 10, 2 4.62
“ A2 27 Am}% 34t Am% Caa+ Am,, Cr2 (4.62)
) N
Ci\[ ~ 5,...,8,f;17,18 + 0(5) (463)

A2 AmN L2

At leading chiral order one also has the contributions from the operators with two deriva-
tives, (’)é\jG, whose coefficients are

6
QMN (5) N My Cé,.?.,S 17,18 | OMMN (5)
Cl Cﬁ 2d s ) C

P O3 ~ Iy . (4.64)

N
¢ ~ON m2 A2 Ag?

)

The sums in eqgs. (4.62)—(4.64) are to be understood in the scaling sense, i.e., we only indi-
cate a rough order of magnitude for the contribution of each of the UV Wilson coefficients,
C’éd). Above we equated the weak scale with ugw ~ my ~ mz. The complete expressions
can be obtained, for instance, from refs. [21, 23], using the matching results given in sec-
tions 4.1 and 4.2. The additional contributions arising from the twist-two operators are
collected in appendix B.

The (’){V operator receives contributions from the vectorxvector parts of the oper-
ators Qf}, ) ..Qf}, egs. (2.9)—(2.12), and from tree-level Z exchange due to the Qg?lﬁ
operators, egs. (2.16) and (2.17). The analogous operators with an axial-vector DM cur-
rent, ng}, .. .ng} and Qg? 18> lead to spin-spin coupling in the nonrelativistic limit, and
contribute to both O and OY. The two contributions are parametrically of the same
order, since the coefficient cév is enhanced by the pion pole, which compensates the O(¢?)
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suppression of (’)év for ¢?/m2 ~ O(1) (numerically, the compensation is still only partial

for electroweak scale DM [21]). The dipole operators Qg give contributions to all four

nonrelativistic operators, while the scalar operators Q:(’ﬁ give leading contributions only to
QY , through tree-level Higgs exchange. The parameters o, in eq. (4.62) are related to the
matrix elements of gq quark scalar currents and are of order O(20 — 40) MeV.

The coefficients of the single-derivative operators, eqs. (4.59) and (4.60), are

schematically

c©

N~ 1T24f (4.65)
c©

o ~ g (4.66)

(6) (6)

ey~ 70 8] @701""’4’]0 (4.67)

? A2 my, A2 ‘
2 m3 ogm am

N 4 N (5) q"mN_ ~(5) N s (5) 4

The coefficients 017\7 and cév arise from vector xaxial and axial x vector parts of the operators
Qf}, . Qf} and ng}, . Qgi})c, respectively, while all of these contribute to cév . Since these
operators are momentum (velocity) suppressed, they will give subleading contributions to
the scattering rates, unless the leading contributions (to c{v from the vectorxvector parts,
and to ci% from axialxaxial parts) cancel. In the next section we will discuss in more
detail how realistic this is. The operators (’)%V ) .,(’)év , also receive contributions from
Qg?, . gg) due to Z exchange, where no such cancellation can occur. These contributions
are thus always subleading and were neglected in egs. (4.65)—(4.67). The operators Q%
lead to ¢?-suppressed contributions to the scattering rate in the nonrelativistic limit, while
QS% induce an electric dipole moment for DM, giving a 1/¢?-enhanced direct detection
scattering rate [92].

If the EFT above the weak scale is extended to mass dimension seven, then also
the nonrelativistic operators, O{\é = -1, (gN . icj’/mN), oy = S_"X . (gN X UJ_), oN =
—(S"X -ig/my) (S’}V - ¥ ) become phenomenologically important [26]. They arise from
dimension-seven operators with tensor DM currents and from interactions of DM with the
GG current. The scaling estimates for the corresponding coefficients are e~ (’)(m N/ A3),
ey ~ O(mg/A3), ¢y ~ O(mp/A3), setting the dimensionless Wilson coefficients to unity.

Having obtained the coefficients in the effective Lagrangian for DM scattering on non-
relativistic nucleons, eq. (4.56), the final step is to calculate the DM-nucleus scattering
cross section [9, 10, 12],

dO' QmA / ’ ’ ’ ’ /
= Ry Wi s Wt s Wl
- - (4.69)
+ L (REWE 4 RE WIS
My
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Here, ER is the recoil energy of the nucleus, m 4 the mass of the nucleus, j4 its spin, and v
the initial DM velocity in the lab frame. The kinematic factors contain the clN coefficients,

’ / 1 52 L2 / LQ ’ @2 !
TT T T = T T = T T T T
M =+ <2”T c5¢5 +Up CgCy + —5-cpcyy | (4.70)
4\ m3 ma
T 1 T 7 q_‘2 T 7 T 7 (-?4 T .7 4.71
= E CyCy -+ mi%V(C4C6 + CsCy ) + mié}vc(SCG y ( . )
/ 1 _'2 / 1 ! q_'2 /
o= 3 rcrer + 16(0262 + m—?vcgcg , (4.72)
RTT/ 1 q_)2 T T/ + T T/ (4 73)
=-| =-cic cse .
A 4 m?v 5C5 8C8 | »
/ 1 / /
Ry = 1 (5 —cgcg), (4.74)
where 17% is defined as in eq. (4.61), but with the nucleus replacing the nucleon. The sum

in (4.69) is over isospin, 7,7/ = 0,1, so that
o _ 1 n
¢, = §(cf +c). (4.75)

The nuclear response functions depend on |§| and have the approximate scaling (see,
e.g., figure 2 in [93])

War ~ O(A%), W, Wsn, Wa, Wasy ~ O(1072) — O(1). (4.76)

The Wsy, Wsn, Wa, and Waysr response functions depend strongly on the detailed proper-
ties of nuclei, for instance, whether or not they have an un-paired nucleon in the outer shell.
Here Wy v measure the spin content of the nucleus, Wa the average angular momentum
in the nucleus, and Wayy the interference of the two. Their sizes can thus differ drastically
between different isotopes of the same element.

The W) response function encodes the coherent scattering enhancement, O(A?2),
where A is the atomic mass number. This is achieved in the long-wavelength limit, ¢ — 0,
where DM scatters coherently on the whole nucleus, for instance, due to the (’){V contact
interaction. The coherent scattering due to Oév is O(qzv%) suppressed. However, since
its coefficient is 1/¢® enhanced, the corresponding contribution is of leading order [21].
The contributions due to Oz]g\,[u’ though coherently enhanced, are at the same time velocity
suppressed.

5 The effects of RG running

The impact of the mixing of electroweak operators on the scattering cross section depends
on two factors: i) the structure of the anomalous dimension and thus the sizes of the
induced Wilson coefficients in egs. (2.5)—(2.17), and i) on the sizes of the nuclear response
functions, eq. (4.76), for each of the operators involved in the mixing. In section 5.1 we
first give the scalings of the scattering cross sections without mixing effects, for several
benchmark choices of UV Wilson coefficients. In section 5.2 we then include the mixing
and perform the actual numerical analysis using the full expressions for the DM-nucleus
scattering cross sections derived in the sections above.
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5.1 Low energy phenomenology ignoring RG running

We first estimate the size of the DM-nucleus scattering cross section induced by each of
the UV operators, egs. (2.5)—(2.8) and (2.9)—(2.17), neglecting the RG running. In the
estimates we use the scaling for nonrelativistic Wilson coefficients in eqgs. (4.62)—(4.68),
and the rough scalings of nuclear response functions in eq. (4.76), but setting for simplicity
Wy, W, Wa, Wasy ~ O(1), with the knowledge that the sizes of the latter contributions
have high variations between different target materials.

5.1.1 Magnetic or electric dipole operators

The DM magnetic dipole operators, Qf’% ~ (XowX){B*,WH}, eq. (2.5), induce both
spin-dependent and spin-independent interactions. These give parametrically similar con-
tributions to the DM-nucleus scattering cross section. Schematically,

2 2
do . (72 (I‘Q 6»2
—_—~ C% + 0%2 —5 C% W + 1 ¢4, —5-C6 WZ’,E” -+ —5C5,C4 WA,AZ’
dEg my my myy

(5)\ 2 L2
aC =
A ms, q m3 mN

where we shortened the notation, cﬁv — ¢;, and dropped common factors. The scaling

(5.1)

estimates for each of the three terms are given in the second line. The spin-independent
scattering has two contributions, both O(A?) coherently enhanced: the contribution from
ON is suppressed by O(1 /m2), while the contribution from OF contains a photon pole,
leading to a net suppression of O(v#2/q?%). Using |vi5| ~ 10~ 3 , |¢| ~ 0.1mp, the two
contributions are comparable for m, ~ O(100 GeV). The two spm—dependent terms carry
a much smaller mass suppression of O(1/m%), but no coherent enhancement. Which
term dominates then depends on the details of the nuclear structure for the nuclei in the
target [21].

The DM electric dipole operators, Q ~ (XOuwysX){B*, WH}, eq. (2.7), match
onto the nuclear operator O, ~ iq - S ThlS leads to coherently enhanced scattering
independent of the nuclear spin, with the 1/|7|? pole only partially cancelled,

do q? 5
35 ~ o i~ (o) 4 o
N

Compared to the magnetic dipole operators, the bounds on the NP scale A for electric
dipole interactions of DM are thus more stringent by a factor of order m, /|{.

5.1.2 Operators with DM scalar currents

The operators Qéi)l ~ (xx)(HTH), eq. (2.6), generate DM interactions with a scalar quark
current once the Higgs is integrated out at u ~ myz. Integrating out the top, bottom,
and charm quarks at the respective thresholds generates an effective coupling of DM to
gluons. At pu ~ pnag DM thus couples to both the gluonic and light-quark scalar currents.

~32 -



Both of these match onto the nuclear operator O{V ~ 1, 1y, giving a coherently enhanced
spin-independent cross section,

2
ddj_u; ~ E Wy~ <2”;‘7{LV}LC§52> A2, (5.3)
where in the last term we kept the numerically important factor 2/27.

The operators with pseudoscalar DM current, Q% ~ (xvsx)(HTH), eq. (2.8), follow a
similar series of matchings. The only significant difference arises in the nonrelativistic limit,
where the DM pseudoscalar current gives an O(q) suppressed operator, O ~ ;q . gx- The
resulting DM-nucleus scattering cross section is still coherently enhanced, but suppressed
by O(q?/m?%) compared to (5.3),

do q% , q* (2 my 6)) 42
_— Y —F ~ — - A '4
dER m3vc“WM m2 27Amic (54)

5.1.3 Operators with DM vector current and with quark vector or axial-vector
currents

We focus next on the operators Qﬁ), e 5162) ~ (XY X aLYuaL s GrR VAR Y €gs. (2.9)-(2.12).

Barring cancellations, the leading contribution is due to the vector xvector part of the op-
erators, (X7.X)(@v*q). For couplings to the first generation quarks this leads to coherently
enhanced spin-independent scattering,

do

dEgR

1 2
~ AWy ~ <A2 Cfg? » ) A? (1% generation quarks) . (5.5)

The estimate is different, if DM only couples to quarks of the second or third genera-
tion. For these the nuclear matrix element of the vector current vanishes, and the leading
contribution comes from closing the quarks in a loop, exchanging a photon with the up-
or down-quark vector currents. This also results in a spin-independent scattering, with a
cross section

2
ngR ~ <;A120£2?“"4q> A? (2°4 and 3'¢ generation quarks) . (5.6)
In addition there are subleading contributions from matching onto higher dimension op-
erators with gluons, as well as spin-dependent, velocity-suppressed scattering from the
axial currents.

The situation is qualitatively different if the UV physics is such that at u ~ A it projects
the Q1 Z,...,Qfg operators only on the vectorxaxial-vector structure. For instance, if
the Wilson coeflicients obey C’fi) (A) = 0, while C’g? (A) = C(G) (A) = —C’ii.) (A), then,
neglecting RG effects, only operators of the form ()’(%Lx)(q'y“%q) are generated. If the
operators involve light quarks, this gives a spin-dependent cross section that scales as (for
q=u,d,s)

do 12 .2 q? o q° Ci?) ne
B~ <" s+ mNcg> Wsy ~ <17T + mi) ( A2 > , (axial vector). (5.7)
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The two contributions are comparable for |¢'| ~ 0.1my and m, ~ O(100 GeV). If the
vector X axial-vector operators involve only the heavy quarks, ¢ = c¢,b,t, the scattering
cross section is further severely suppressed by the small contributions of the heavy quarks
to the nucleon spin (see section 5.1.4 below and ref. [25] for a more detailed discussion).
Note that the spin-dependent scattering in eq. (5.7) is suppressed by 17T2 ~q?%/ mi ~
1075, There is no such suppression for the spin-independent cross section, eq. (5.5), which
is, in addition, enhanced by the coherence factor A2?. This means that the Wilson coef-
ficients contributing to the quark vector currents at the scale u = myz need to cancel to
the level ~ |7]/(myA) ~ O(1079) if the spin-dependent scattering is to be the dominant
DM-nucleus interaction. Perfect cancellation at all scales is impossible to arrange, since
the contributions come from operators in different representations of the SM gauge group,
()Z’yux) (QL'WQL), ()‘(yux) (aRqu), ()‘('yﬂx) (JRW“dR). Even if one engineers the Wilson
coefficients of these operators such that the vector currents are zero at one scale, a small
amount of running will make them nonzero at a different scale. The required cancellation
is numerically of three-loop order, so that even the radiative corrections may need to be
canceled by fine tuning in order for the spin-dependent scattering to be the leading effect.

5.1.4 Operators with DM axial-vector and with quark vector or axial-vector
currents

A qualitatively different situation is encountered for the operators that involve DM
axial-vector currents, Qgsi),..., g63 ~ (X7 s x){acy"qr, Gry*qr}, eas. (2.9)-(2.12). In
this case the ()ZW%X)(évl‘yg)q) oi)erators lead to spin-dependent scattering, while the
(X7uv5Xx)(@y"q) operators lead to coherently enhanced, but momentum-suppressed scat-
tering. We discuss each of the two limiting cases separately.

If the operator (Xvu.vsx)(qy"vs5q) involves light quarks, ¢ = u,d, s, this results in a
spin-dependent cross section (not displaying explicitly the suppression for strange quark

due to its small axial charge, As = —0.031(5) [21, 94-97]),

proa {04, m?\]cﬁ} Wy sy~ ( 52"“’&) (light quarks). (5.8)

If the operator (Xv.v5x)(q7"¥5q) involves only the heavy quarks, ¢ = ¢, b, ¢, the scattering
cross section is generally very small. The axial charges of charm and bottom quarks are
tiny and poorly determined. Ref. [98] obtained Ac ~ —5-107%, Ab ~ —5 1075, with
probably at least a factor of two uncertainty on these estimates. Despite this, for heavy
quark axial-axial interactions the heavy quark axial charges still dominate the cross section
over the contributions from mixing induced couplings to light quarks, discussed in the next
section (see also ref. [25]).

We focus next on the limiting case where at © ~ myz only the axial-vector x vector op-
erators, (X7.v5X)(qY"q), are generated. For ¢ = u,d, s these match on two nonrelativistic
operators with one derivative, (’)év , Oév . Both lead to momentum suppressed incoherent
scattering, with Oév giving rise, in addition, to spin-independent scattering that is coher-
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ently enhanced, but velocity suppressed,

do 199 q? 2
FTora W + %{08709} Wa Asy sy
-2 0(6) N\ 2
~ {17%2142, q2} ( 5;{5’82) (light quarks) . (5.9)
My

The two contributions are of parametrically similar size for heavy nuclei, A ~ O(100), in
which case |Ur|A ~ |g]/mn. Which of the two contributions dominates then depends on
the details of the nuclear structure for the particular isotope.

For (xvu,v5x)(qy"q) with ¢ = t,b,c, the leading contribution comes from closing the
heavy quark loop, exchanging a photon with the up- or down-quark vector current. The
cross section is suppressed with respect to eq. (5.9) by an additional factor of (a/47)?,

do a\? 72 Cé@) o\2
~12 42 i,...,81
—_— A~ _ A 1 yeeny h k ‘ 1
dER <4w> {”T "m3, }( A2 ) (heavy quarks) (5.10)

There is also a contribution from matching onto higher dimension operators with gluons,
which is expected to be at most of similar size.

In general the sum of Qg’? yeens g;) operators matches onto both (xv,7v5x)(¢v*v5¢) and
(X7u75X)(q7"q) operators at 1 = pgw, giving a cross section that is a sum of egs. (5.8)
and (5.9). The spin-dependent scattering in eq. (5.8) is parametrically the largest. Since
the parametric enhancement is not large, however, this expectation does depend on the

target material, and spin-independent scattering could be equally important.

5.1.5 Operators with Higgs vector currents

The operators Qg?}m ~ (xv"x)(H'D,H) and Qg67)718 ~ (XY"sx)(H'D,H), egs. (2.16)
and (2.17), give rise to a DM-DM-Z boson vertices after the Higgs obtains its vacuum
expectation value. Integrating out the Z at u ~ myz leads to a coupling of DM to vector
and axial-vector quark currents. The relative strength of the two is fixed by the Z couplings
to the left- and right-handed quarks. This is different from the case of the operators
Qﬁ), ey ngi) that we discussed before, where a more general structure of DM couplings
to quarks was allowed.

For the operators Qg65),16 ~ (xv*x)(H TDHH ), the dominant contribution comes
from a quark vector current, giving a coherently enhanced, spin-independent scattering
cross section ,

Tk AWy ~ (10{?16> A2 (5.11)
The Z-boson exchange at y ~ my also generates the ()Z’yux) (cj'y“’yg,q) operator. This leads
to momentum-suppressed, spin-dependent scattering that is always subleading.

On the other hand, for the operators with DM axial-vector currents, Qg(;),ls ~
(XY v5x)(H TDMH ), one needs to keep both the spin-dependent and spin-independent scat-
tering contributions. The induced axial-vector x vector and axial-vector x axial-vector inter-
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actions lead to a cross section that scales as the sum of egs. (5.8) and (5.9),

. 2 =2
do 7’ q 2
212 2
=~ 5 C ¢ W s +0757cgWhy + 72{087 09} Wa,asy s
dERr my my

9 0(6) 2
~ (1 + 32 A% + :12> ( 1\7518) :
N

(5.12)

From scaling considerations, spin-dependent scattering is expected to be dominant in nuclei
with an unpaired nucleon that is not in an s-shell. But even then the spin-independent
scattering contributions may need to be included, depending on the nucleus. An example
is dicsussed in section 5.2.1.

5.2 Inclusion of RG running

The modifications due to RG running can significantly impact the cross section predictions.
We will show several examples where the RG running effects are particularly large. While
the sizes and patterns of the induced corrections does depend on the electroweak charges of
DM, the effects themselves are not “optional”. They are due to SM particles in the loops,
and are thus always present.

Consider, for instance, SU(2)p-singlet DM, where all mixing proportional to g van-
ishes, as can be seen by inspecting ’yéo). Another example is DM that is hypercharge
neutral, Y, = 0, for which all the mixings due to B,, exchanges with the DM line vanish.
However, in both cases there is still mixing due to the running of the non-conserved SM
currents. For instance, for DM that is a complete SM singlet the main mixing is induced
by the top-quark Yukawa interaction. This case has been discussed in detail in the lit-
erature [22, 60, 61] (see also ref. [25] for the discussion of weak-mixing effects below the
weak scale).

Here, we will use our general results from section 3 and apply them to the simplest
nontrivial example of DM with electroweak charges — a Dirac fermion multiplet that is
hypercharge neutral, Y, = 0, and an electroweak triplet, I, = 1. The choice Y, = 0 is
imposed on us by the phenomelogical requirement that DM (the neutral component of the
multiplet) should not couple to the Z boson at tree level, in order to avoid a too large
direct detection scattering scattering cross section.

We will illustrate the effects of RG running for several different choices of non-
renormalizable DM interactions, taking I, = 1 as an example. The scattering rates then
receive two types of contributions. First, there are contributions from higher dimension
operators. These vanish in the limit A — co. However, for I, # 0 there are also contribu-
tions from renormalizable electroweak interactions that are independent of A. The leading
contributions of this type are due to the small “Higgs penguin”, the one-loop and two-loop
contributions shown in figure 2. They lead to coherently enhanced scattering of parametric
size (for I,, = 1, using the right diagram in figure 2)

d gt 1071942
4o o A2 (O‘2> s~ -, (5.13)
dER “Higgs penguin” 4m MW GeV
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where A% = O(10%) for scattering on Xenon, and A% = O(10?) for scattering on Fluorine.
If the target nucleus has non-zero spin, the W box shown in figure 2 gives an additional
contribution scaling as

do

4 —16
a9 1 10
5.14
dEgp > ( )

x|—) —4/—~—.
4 4
“W box” <47T My, GeV

These scalings omit a proportionality factor that depends on the DM mass and velocity,

the recoil energy, and the detailed structure of the nucleus. For a typical scattering event
with m, = 100GeV and Er = 20keV, this factor is roughly of the order of 108 GeV.
In our numerical evaluations we use the exact results from ref. [68] (for heavy DM see
also [7, 27, 81]). The ratio of scaling estimates in egs. (5.13) and (5.14) agrees with the
ratio of full results within an order of magnitude. Note that for DM that is a complete
electroweak singlet the gauge contribution is absent.

In figures 14 to 16 we show numerical examples for DM scattering rates in two ficti-
tious, yet realistic detectors. For a Xenon target we integrate the differential rates over
Epr € [5keV,40keV], and for Fluorine over Er € [3.3keV,200keV]. We average over the
natural abundances of the xenon isotopes and assume a standard Maxwell-Boltzmann ve-
locity distribution with mean velocity 240 km/s. For nuclear response functions we use the
predictions of refs. [9, 12], while for nuclear form factors we use the inputs collected in
ref. [21]. In the figures the DM mass varies in the range m, € [30 GeV,1TeV]. While in
the lower part of the range the shown benchmarks are likely excluded by LEP constraints
and LHC searches, we keep them for illustration purposes.

In the three examples that we show below the effective interactions involve axial-vector
quark currents. The reason for this choice is easy to understand. In the case where we
have DM current coupling to either only LH or only RH quarks, the vector-vector part of
the interaction always dominates, and the RG effects are subdominant. In the case where
we have DM axial-vector current coupling to either only LH or only RH quarks, the mixing
effects are larger and are O(1). We instead show the cases where the RG running induces
the largest corrections, i.e., the case of DM interacting with axial-vector quark currents.

In all our examples DM couples to both up- and down-type quarks. Using the triplet
operators Qﬁ) and Qéi-) it is possible to construct interactions of DM with only up- or
down-quark currents separately. This would, however, require a nonzero DM hypercharge,
Y, # 0, which is phenomenologically not viable for Dirac fermion DM.

5.2.1 Operators with DM axial-vector current and 3rd generation quark axial-
vector current

For the first example we assume that at the high scale, A, the only nonzero Wilson coeffi-
cients are

Cs(A) = —CE)(A) = —C(A). (5.15)

That is, we assume that DM couples to the SM through renormalizable weak interactions
(Iy = 1,Yy = 0) and, in addition, through the dimension 6 effective operator

((363. + Q(f% + Qg}% = (X7u¥5X) (Ev* 5t + byHysb) . (5.16)
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At tree-level this operator has vanishingly small nuclear matrix element, see section 5.1.
Appreciable DM-nucleus scattering is generated only once we close the heavy quark loop.
The RG running captures the logarithmically enhanced part of this contribution. Start-
ing with
6 6 6
— Ci3(0) = G130 = G () = 1, (5.17)

the RG running from A to pu ~ My generates the Wilson coefficients (keeping only the
linear logarithmic term)

2 2
c© 921, log W _92_1915p TW 5.18
vs(mw) = 15 310 ]g o) o8 Ti— = {5z 12log T (5.18)
c© _ vt (_ (0) (0) )1 mw
s (mw) = 367 (= Doy 0 + D'l 0 ) 108 75 (5.19)

2 W :

S4N, log
16 A

In deriving egs. (5.18) and (5.19) we took into account the cancelations of contributions that
arise due to the actual values of the anomalous dimensions. For instance, the mixing via
penguin insertions generically results in DM coupling to the first two generations of quarks
by generating the operators Qé’i‘) yeens Qéi) . However, for the initial conditions in eq. (5.16)
this mixing vanishes at leading-logarithmic order. There are also mixings into higher
dimension operators coupling DM to photons or gluons instead of quark currents. These
involve at least two gauge field strengths and an additional derivative, so that the scattering
contributions are further power suppressed. The leading contributions to the scattering

rates therefore come from the mixing induced operators Qg and Qgg). The mixing into

Qgg) is due to the top-quark Yukawa interaction of the Higgs. It is present whether or not
DM is part of an electroweak multiplet, i.e., even if DM is an electroweak singlet.

In figure 14 we compare the predicted rates for scattering on Xenon and Fluorine,
obtained with (blue lines) and without (red lines) RG evolution. In the case of no RG
evolution the scattering is almost entirely due to the contribution of renormalizable weak
interactions. For A = 1TeV the RG induced contributions from dimension-six opera-
tors dominate over the renormalizable ones, in the case of Fluorine by up to two orders
of magnitude.

The sizes of the different contributions can be qualitatively understood from their
parametric scalings, given for the gauge contributions in egs. (5.13) and (5.14). The mixing
induced Qgﬁg) leads to a cross section that scales roughly as

d 2 M, 1 107 + 10718 41072042
47 x [1 + % + (U%)2A2:| <at> <1210g W) — o~ + + ,
my 4 A

dEgr A4 GeV4
(5.20)
while the cross section induced by the mixing into Qg, scales roughly as
do Mw\? [« N\’ (16, my \*1 1071942
ox A? 121 — ) (log——) 4 ~——1. 5.21
dEr (47r> ( A ) (47r) (9 °8 MW) AT Gev? (5:21)
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. Xenon, X7,75X ® (975t + by"15h), dy =3 , Fluorine, X7,75x ® (1975t + by"y5b), dy = 3

no e/w running no e/w running

= resummed = resummed

1/R [kg day]

10* 4 T { T i
10? 10% 102 103
my [GeV] my [GeV]

Figure 14. The inverse scattering rates on Xenon (left) and Fluorine (right) for I,, = 1,Y, =0
Dirac fermion DM with additional dimension-six interactions coupling a DM axial-vector current to
the SM axial-vector third generation current, setting A = 1TeV. The red lines show the predicted
rates without mixing; the blue lines after RG resummation. The plots extend in m, below the
electroweak scale only for illustration purposes — realistic models require extended sets of non-
trivial electroweak multiplets that can modify the running (cf. section 2).

In the numerical estimates we assumed a typical momentum transfer of ¢ = O(10) MeV
and set A = 1TeV. The first two terms in the square bracket in eq. (5.20) are due to spin-
dependent scattering, with the parametric and numerical estimates shown for Fluorine and
129X e, while they are much smaller for the other main Xenon isotopes. The last term
in eq. (5.20) is due to spin-independent scattering. The spin-dependent terms give the
dominant contribution to the scattering rates on Fluorine.

The scattering contribution in (5.21) involves QED mixing, converting the third gen-
eration quark current to the first generation one, see section 4.3. This contribution is
relevant only for scattering on Xenon, where it is, for A = 1TeV, comparable to the gauge
contribution as well as to the spin-dependent scattering in eq. (5.20). Indeed, the left panel
of figure 14 shows that the contributions are of the same size.

As already mentioned, the scattering on Fluorine is dominated by the Qgg)—induced
contributions, eq. (5.20), where the leading term comes from spin-dependent scattering.
Inspection of the ¥/, ¥ response functions, ref. [9], shows that spin-dependent scattering
on Fluorine is about ten times larger than for ?°Xe, while the other Xenon isotopes give
negligible contributions. In figure 14 we weighted the contributions according to the natural
abundance of Xenon isotopes, giving an additional roughly five-fold suppression of the spin-
dependent rate for Xenon. Consequently, the effect of the RG evolution is large only for
scattering on fluorine (right panel of figure 14).

5.2.2 Vector — Axial-vector (first generation)

Next, we assume that at A = 1TeV the only nonzero Wilson coefficients are
6 6 6
— O (0) = O3 () = O (), (5.22)
so that the non-renormalizable DM interactions are due to the operator

— Q)+ Q) + Q) = (X)) @y 5u + dyy5d). (5.23)
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i Xenon, Xv,X ® (Wy*ysu + dyHvysd), dy = 3 . Fluorine, X7,Xx ® (@y*ysu + dy*ysd), dy = 3
10

no e/w running no e/w running

= resummed = resummed

—
(=2
=1

1/R kg day]
1/R kg day]

—_
(=}
B

10*

10? 10° 10? 10°
my [GeV] my [GeV]

Figure 15. Same as figure 14, but for I,, = 1,7, = 0 Dirac fermion DM with additional dimension-
six interactions coupling a DM vector current to the SM axial-vector first generation current, setting
A =1TeV.

This leads to spin-dependent scattering rate that scales roughly as

do Lo 1 10718

dER X (UT) F ~ GeV4 )
see section 5. The Higgs penguin contribution, eq. (5.13), dominates over this rate by
orders of magnitude. The dominant contribution, however, is mixing induced. The Wilson
coefficient Cé?l) (A) gets modified by the two-step mixing in the RG evolution to (we neglect
numerically subleading contributions)

(5.24)

0561) (Mw) =

(0) (0)
g\ 12 lawan 2 lagan |,
L log
e 9 A (5.25)

2 2
93 o My
=—-1- 361 .
(167r2) A

The mixing contributions for the other two Wilson coefficients, C’?E?l) and Cﬁ), cancel. This
leads to the breaking of the original alignment, eq. (5.22), inducing a coupling to the SM
vector current. The product of the large anomalous dimensions and the square of the large
logarithm log(Myy /A), together with the coherent enhancement factor, A2, leads to

do IR A , My \?1 1071842
—_— A% — 36log" — | —/ ~ ——— 5.26
resulting in the enhanced scattering rate, as shown in figure 15.

It is important to realize that it is not sufficient to use the first-order-expanded solution
to the RG equations, as the effect arises only at the second order in the mixing. While the
effect corresponds to a two-loop correction in the “full theory”, our method automatically

captures the leading-logarithmic part of it.

5.2.3 Vector — Axial-vector (third generation)

Finally, let us consider an initial condition

— CR(M) = 5 () = O (), (5.27)
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Figure 16. Same as figure 14, but for I, = 1,Y, = 0 Dirac fermion DM with additional
dimension-six interactions coupling a DM vector current to the SM axial-vector third-generation
current, setting A = 1 TeV.

so that DM couples to the third generation of quarks through the operator

— Q%) + Q)+ Q) = (x0) (B st + by ash) . (5.28)

This axial-vector current has a vanishingly small nuclear matrix element, see section 5.1.
Without mixing, the leading contribution to the scattering rate is thus due to the renor-
malizable gauge interactions, egs. (5.13) and (5.14).

The largest contribution comes, however, from the mixing. At one loop the top-quark
Yukawa interactions induce mixing of ng% and Q:(,fg into Qg%) with anomalous dimensions
6 and —6, respectively, see eq. (3.40). The contributions add up for the axial-vector quark
current, giving, for the initial condition (5.27),

2
€1 () = 5575 (= 01, a0 + 4,0 ) 108 73 (5.29)
i log Mw
1672 A

The above result takes into account the cancelations of contributions due to the actual
values of the anomalous dimensions, and neglects numerically subleading terms. (The two-
step mixing effect, described in the previous subsection, is still present, but subleading.)

The operator Qi%) leads to a vector-vector interaction after integrating out the Z boson,
cf. eq. (4.16), giving a coherently enhanced scattering cross section of parametric size

2 2 —14 42
Ao (vq%)OA?(Z‘—;) <1210g %) % ~ %. (5.30)
which is several orders of magnitude larger than the Higgs-penguin induced one. This is
illustrated in figure 15. Included in the numerics is the additional enhancement of the cross
section by the resummation of leading QCD logarithms below the weak scale (see ref. [25]
for details). Note that the mixing induced effect, eq. (5.30), is independent of the weak
isospin of DM and is present even for SM-singlet DM [60].
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6 Summary and conclusions

In this article we presented a Renormalization Group (RG) analysis of Dark Matter (DM)
interactions with the SM mediated by higher dimension operators, up to and including
dimension six. We calculated the one-loop RG evolution of these operators, for the case of
Dirac fermion DM, from the high scale A down to the weak scale, and the matching to the
tower of effective theories below the weak scale, distinguishing the two cases, m, ~ mz
and m, < mz. We allow for DM to be part of an electroweak multiplet.

The loop corrections are important whenever both the renormalizable interactions and
the tree-level insertions of higher dimension operators give suppressed direct detection scat-
tering rates. For DM charged under the electroweak gauge group, the scattering due to
renormalizable interactions is either spin-dependent or effectively of two-loop size. This
means that the contributions from higher dimension interactions, even if loop suppressed,
can still give the leading contribution. This is true in particular if the tree-level contri-
butions from higher dimension operators have small nuclear matrix elements, while the
loop-induced ones do not. In section 5.2 we illustrated this for three examples of DM
coupling to axial-vector quark currents, where the loop-induced effects are especially large.
Since the anomalous dimensions are numerically large, the mixing induced effects can dom-
inate the scattering rate even if they are effectively of two-loop order. The RG evolution
automatically picks up the leading-logarithmic parts of such corrections to all orders.

The computed corrections are not optional, as they arise from SM particles running in
the loop. They thus need to be included when connecting the processes that occur at the
mass of the DM (such as the indirect detection and the LHC searches) with the processes
occurring at the low scale, e.g., direct detection scattering. The anomalous dimensions
are of two types: (i) the contributions due to Higgs exchanges, which are present even in
the case that DM is an electroweak singlet, and (ii) the contributions that are due to the
exchanges of gauge bosons. The latter are present only if DM is part of an electroweak
multiplet.

The resulting RG evolution is implemented in the public code DirectDM [23] and is
available at

https://directdm.github.io.

The code should make it relatively straightforward to use our results when comparing indi-
rect detection and LHC bounds with the results of direct detection experiments, including
the scattering on electrons, that is in many cases generated already at one-loop level.
There are several directions for future work. The remaining case for Dirac fermion
DM, m, > myz, requires the transition to Heavy DM EFT already above the weak scale.
This will result both in a different basis of EFT operators above the electroweak scale, as
well as changes to the anomalous dimensions. The calculations of anomalous dimensions
should also be extended to include dimension seven operators (the full basis was presented
in ref. [26]). Phenomenologically interesting is an extension of our work to several multi-
plets, which would cover, for instance, bino-wino-higgsino mixing in the MSSM. There are
also higher-loop contributions that the leading-logarithmic RG resummation misses. For
instance, at two-loop level there is mixing from dimension-six operators with quarks and
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leptons into dipole operators. Such contributions may be important when estimating the
dipole contributions to the dark matter scattering rates.
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A Conventions and input

A.1 Standard model in the unbroken and broken phases

Here we collect the conventions that we use in the paper. Our convention for the Lorentz
vectors is p* = (p°,7), pu = (p', —F), while for the completely antisymmetric Levi-Civita
tensor e#VP? we use the convention €23 = +1. The field-strength tensors are

G4, = 0,GY — 0,G% — gs ™ GLGS, (A1)
WS, = 0,W5 — 0,W + ga e WhWS (A.2)
B, = 9,B, — 8,B,, . (A.3)

The SU(3), SU(2), and U(1) coupling constants are gs, g2, and g1, while fo%¢, ¢ are the
completely antisymmetric SU(3) and SU(2) structure constants, respectively.
The covariant derivative acting on a fermion f is, in our convention,

. ava . ~afyra . Y,
Duf = (GM — 19T G# — 1g2T WM + 2912fBM>f, (A'4)

with 7% 7% the generators of SU(3) and SU(2), respectively, and Y} the hypercharge of
fermion f. Specializing to the DM fields we thus have

o .Y,
DMX = (8/1' — ZgZTU‘WE + 191 QXBN>X’ (A5)

with Y, the DM hypercharge. The SU(2) generators 7 for a general representation of
weak isospin I, can be chosen as

(7 £i7) = S /(L F DU £ L+, (7)), =10k, (A.6)

with £, [ running over the values —1I,, I, +1,...,I, —1,1,.
The Higgs Lagrangian in terms of the complex Higgs doublet H reads

Ly = (D,H) D*H - 2(1{*1{)2 + 4 PH'H . (A.7)
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In the calculation of the anomalous dimensions above the electroweak scale the Higgs mass
term can be neglected as it does not affect the UV divergences.
The Yukawa interactions are given by

Ly ==Y Qi =" QbYiddiH = S LIVl +hees  (p g
el k)l kil

with k,1 the generation indices, while the charge-conjugated Higgs field is given by H =
ic?H*. In the calculation of the electroweak mixing we neglect the up, down, strange,
electron, and muon Yukawa couplings.

We further complement the Lagrangian involving the matter fields with a gauge-fixing
term. It is most convenient to perform the calculation in a background-field gauge; the
gauge-fixing Lagrangian can be taken in analogy to the case of QCD [99, 100]. We use a
generalized R¢ gauge, with gauge fixing term [101]

1

2 1
_2§7W -

T (9,B")?, (A.9)

Lgf = [(5‘108“ + 926abCW3) Wc’”}

and checked explicitly the ¢V and €2 gauge-parameter independence of our results.
After electroweak symmetry breaking we use the mass eigenbasis for the gauge bosons,

Z Cw S w3
Wt =(W!siw?)/v2, Pl=1{ ™ ™ p A.10
H ( H +? M)/\[ AH —Su Cuw Blt ’ ( )
where ¢, = cosby, = ga2/+/ g% + g% , Sw = sinf,,. The electric charge is given by
9192

55 = 925w = J1Cw - A1l
Vit + 33 A

The electric charge of the components of the DM multiplet is given by the Gell-Mann

Nishijima relation, @, = 7 + Y, /2. Defining 7+ = 71 £ 472, we can write the covariant
derivative (A.5) in terms of the broken fields as
 rmaa L€ . e

D, = 0y +igsT°G), — ——(T W, +77W, ) +ieQy A, —

-3 2
V2 5w SwCa (T Swa) Zy -

(A.12)
The Higgs doublet field after EWSB is given by
G*(x)
H(x) = ) , A.13
(z) (\}5 (v+ h(z) +iG%(z)) ( )

where GT(z) and G°(z) are the pseudo-Goldstone fields.

A.2 Numerical inputs for the electroweak running

The parameters used in our numerics for the electroweak RG evolution are g1, g2, 43, e, Ur,
Up, Ui, where the hat denotes the values in the MS scheme at scale M. All the numerical
inputs are taken from ref. [102]. Our strategy to determine the initial values at scale
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@ = My is as follows. We use the values sin? 0,,(Mz) = 0.23122(4), a~1(Mz) = 127.955(10)
to determine §; and g9 directly via the relation

sin 0, (1) = gt (A.14)

In this way we find §; = 0.36, go = 0.65. The strong coupling g3 = 1.22 is determined from
as(Myz) = 0.1181(11).
To determine ¢, we use m, = 1.77686(12) GeV, and the relations
- V2m., 1

Yr s GF = =5 -
VEW V20

(A.15)

Note that Gr = 1.1663787(6) x 1075 GeV~2 is RG invariant, and we neglect the QED
running of m,. We find g,(Mz) = 0.010. We obtain m.(Mz) by QCD running from
me(me) = 1.275(3) GeV and then convert to find g.(Mz) = 0.0045. We obtain my(Mz) by
QCD running from my(my) = 4.187393 GeV and then convert to find g,(Mz) = 0.018. We
obtain m;(Mz) by converting the top-quark pole mass M; = 173.0(0.4) GeV to the QCD
and electroweak M S scheme at scale u = M;, and use subsequent QCD and electroweak
running from g = M; to p = Myz. We find 3,(Myz) = 1.05. For the Higgs self-coupling A,
we take A\(Mz) ~ A(My) = 2v2 M? Gp ~ 0.52 with M), = 125.1 GeV.

B Nonrelativistic coeflicients

The operators Q%’z) and Q%O), defined in eq. (4.47), lead to the following additional

contributions to the nonrelativistic coeflicients:
3 (7 A7
1= 3 (e 3+ T2 -
q

with fis = 0.346(7), i) = 0.192(6), f3) = 0.034(3), and fy7) = 0.419(19), evaluated at
renormalizations scale p = 2GeV [16]. The coefficients for neutrons can be obtained by
the exchange p <> n, u < d.

C SM EFT operators

In this appendix we provide the results for the mixing of the SM-DM operators into the pure
SM operators, restricting the discussion to the SM operators that enter the RG running
at one loop. Assuming conservation of lepton and baryon number, only dimension-six
operators are relevant. The dimension-six effective Lagrangian is (we use the basis in
ref. [103], but with renamed operators)

CSM,(6)
— a 6
L=>Y" ¥ S (C.1)
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where the operators involving only quark fields are

w = (@ Q@' TQ7) S = Q@) (@)"QY)
3” = Qi QL) (W ufy) SE) = Q@) (dipyd}),
52; = (Wgypuip) Wy ) | SéGz)g (i) (R d%)
SED. = (diyryudiy) (dipy dly) -

The operators involving only lepton fields can be chosen as

Sy = (LimLi) (L L) Sy = (L L) (E* )
Stos = (Frevalin) (Fp“ty)
The mixed quark-lepton operators are
Wi = @ QLT LY, Sty = (@nQU(TI L),
Si5 = (QEmQL) G 6. S5 = (i) (L4
g?ij (dR’Y“d?z)(LJL’YuLJ) Sig?ij = (UR’YMUR)(Z;%%%),
Sg?ij ( R’Y”d%)@:ﬂuﬁ)
while the Higgs-fermion operators can be taken as
St = Qi QuHYDLH) . S = Qi QL) (HYD,H),
Sk = (ki) (H'iD, H) St = (A" i) (HiDH)
Sk = Ly T L) (HNGDLH) . S = (Lhy"Ly) (HYD,H).,
247, = (lp" My )(HTZDMH)

The remaining operator, involving only Higgs fields, is

S — (H'iD,H)(HiD"H) .

(C.16)

The mixing of the SM sector into the DM-SM sector proceeds via penguin insertions.
The nonzero results for the four-fermion operators are, for i = j,

1%4 0 0
10
(0) S 2y (0)
s, e, =W 75 05 s Dl
0 2 o
0 -3 3
0 0 -
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for mixing into operators with quark currents, and

200
0 2
-2 0 4 8
(0) —y | _2 _2 (0) =Y, | 3 C.18
[71 ]Sé(f.).lo,iiXQ(l%),ll,i X 3 g ’ [’Yl ]S§g?4.17,iiXQg?)),11,i X —% 0 ( ' )
0 -3 0 4
%
0 -3
for mixing into operators with lepton currents.
The mixing proportional to gs has only a few non-vanishing entries, given by
0 10 0 0 8
[’Yé )]5(6_)' (6) = 5 > [’Yé )]5(6_)' (6) = [7; )]5&6} 6) = 5>
1,37 %1,% 3 2,11 %1,1 8,11 ¥ 9,1 3
9 (C.19)
[’750)] ©) H6) = 7 [’750)] 6) H6) = 2.
Sn,n‘ 1,4 3 Sn,n‘ 9,i

All the other entries are zero.

The result for ¢ # j are (note that the order of the flavor indices matters, except when
the operator is symmetric in ¢ and j)

07 oy (242 C.20
ki }Sé‘.’z,iijé‘,’S x<3,3, 3 ) (C.20)
_% 0
(0) — (0) —Y. 2 21
50, @ 0, = D)5 |, wa, =Yx| =5 0 . (C2D)
0 -3
as well as
x 0 -3
1 —v,|-2 0 (7] =Y |-2 0 |, (C22)
hl Séé.).ijQéé.)A,i X 3 9 ’ n Sgg)...lﬂinng.)A,i X 3 9 ’ ’
2 4
i b
7 oy |03 7 o=y, | 3 Y (cos
hl ]Si(‘fzs,jiXQg.).)A,i X %0 ’ [’Yl ]S§Z?..17,]‘¢XQ§%)..411,¢ X 0 % ’ ( ' )
0 % 0 _%
and
©7 . 2 07 , — V. dj 22 C.24
[71 ]Ss()?}iXQﬁ),i 3’ hl }553?4.134%@5%)...11,1' x 14 3’3)"° ( ' )
(0) (0) (0) 2
P2 ]s0,00 = 2 Js, a0 = 2 D2 ls,00 = 5 (C25)
All the other entries are zero.
The nonzero mixings of the operators involving Higgs currents are given by
(0) _ .0 _1 (0) _ 9 C.2
P25 o = 12 s a0 = 5 P2 )50 =2 (€.26)
(0) _2 (0) _2 Co7
D2 s =5 02 Jsway = 3 (©27)
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as well as by

(0) T
M ]S;ggi...sgiXQgg...in) = g ¥y diag (1,1,1), (C.28)

(0) I
(% }Ség)zsé?leg%)ZQﬁ)Z = 3Yx diag (1,1), (C.29)

(0) _ (0 1
259,00 = 12 s = 3 (C:30)
and
(0) _ 2 (0) . 4 (0) B 2
lsgew =30 Dlsgew =30 D lspew = 3% (G3D
2 5

(6) = —
23,i%16 24, @16 3

All the other entries vanish.

The mixing of the DM-SM sector into the SM sector also proceeds only via penguin in-
sertions. The SM four fermion operators in eqgs. (C.2)—(C.11) carry two generation indices,
where the order of the indices is important. First, we present the anomalous dimensions

proportional to g7. The mixing of ngsi) - 5163 into Séi)j—Sé% is given by
(0) (0) 0) 2
[71 ]QQGZSQGZ] = [’)’1 ]Q(3625§6])Z = [’Y% ]sz?,sfﬁ = §de><’ (C.33)
0 0 0 8
7)o s = "] qo s = 1" g g9, = 5 Yadlx (C.34)
0 0 0 4
[ )]ngl?7sfi)j = [ )}Qg;ﬁéi)j = [ )}Qggﬁ;?gj = —5 Yy (C.35)

while the remaining entries are zero. The mixing of Qéi-) - g%) into S®.-5®). vanishes. The

1,i57°7,i5
mixing of ngi) —QE&) into Sg) SQU is given by

43
oo so =" = [” ) =2V C.36
I lag s, = D loe s, = D lon s, = =3k (C.36)
X = [ =[O Ay d C.37
08 )as0, = 0 a st = 0o g, = —g%eh- (©D
The mixing of Q¥-Q® i 6) _g(6) : oo . o
go Ql,i Q4,i into Slzm- Sl?,ji? with reversed indices, vanishes. The mixing o

561) —in) into Sﬁg) Sg??i is given by

52

2
[’yio)] (6) g(6) = [’Y}O)] (6) g(6) = [’on)] (6) g6) = 2 YVxdy - (C.38)

2,i1°19,i 3,i1°20,i 4,121, 3

The mixing of Qg%{i, Qﬁ)ﬂ. into the operators Séi.)j—Sg?ij is given by

o = [ ~ 2y C.39
[ low sw = D low s, = —3 ¥y (C:39)
(0) 10 4
[ }Qgg{i,sgégj =[n ]Q§g{i,s§g3ij 3dex- (C.40)
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The mixing of Qg%{i, Qﬁ),z' into the operators Sg?ij—Sg?ij is given by

(0) _ -0 :ng C41
7 qw,50, = D lgw, s, = 5 (C4)
) _ 1.0 8y C.42
a5, = 00 Dot s, = Y e
0) O _ Ay C.43
P17l s@ = 1 lge so = —g¥ad (C.43)

(6) (6)

whereas the mixing @Q,,;, @7;’; into the operators Sig)ij_ S§$)ij vanishes, The mixing of
QS%)J’ Qg(i),i into the operators Ség)

71’

Sg&- is given by

[’Y§O)] Q(® g

10,223,

= 1] g0 g0 = ¥ (C.44)

11,i°24,4

The mixing of Higgs-DM into SM is given by

0
] st s, = Ve (33 40 -3 4 3). (€49

16,i 19,i""225,4

The mixing proportional to go has only a few non-vanishing entries, given by

[Véo)]Qgi)S(e) = [’7&0)}@35(6) = [750)]625?35(6) = [’Yéo)]Q

] 3 ) (6)g(6)
1,35 11,45 18,15 9,2~ 11,15 (C 46)
_ .0 _ _ .0 _ 8, ‘
72 lowsw, = 12 lowsw, = 12 lowsw, = g
o oy 2 C.47
[72 ]Qé?gséi)j [72 }Q(lg)ség) QJX X - ( . )

Again, all the undisplayed entries vanish. The mixing of the SM operators among them-
selves can be taken from the literature [104-106].

D Mixing in the dark sector
In this appendix we provide the results for the mixing of the operators in the SM-DM
sector into the pure DM operators. We write the dimension-six effective Lagrangian as

CDM7(6)
a 6
L=y s, ®:1)

where the relevant operators are given in eq. (2.18) (recall that we neglect the mixing of
operators within the dark sector).
The mixing of DM-SM operators into DM operators is given by

2
3
(0) _ 1.0 B
[71 ]Qgi.)A,iXDEG) o [")/1 ] éé?_87iXDé6) - YX %2 ) (D2)
E]
(0) (0) _2
o ]Qﬁg),n’ing‘” = ]Q§63>,14,¢XD£6) =M —% ’ (D.3)
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(0) _ 1.0 1
g = 1 lg@anw = 3%

and

[’Yéo)} ©) p©) = hém]Qéﬁfof’) =2,

[Véo)]Qéei)Dga) = hém]Q(ﬁ).fo) =

12,4

)

C«O\Hw‘w

[750)]Q565>D§6> = [750)]625@)135;6) =5

while the mixing of the DM operators into the DM-SM sector is given by

2 4 8 16 4 8
05+gdx g+ gdx —5— 9dx

[’Y(O)] , ‘ ‘ v 0 0 0 0
L AD--pP Q%)@ — "X | o 3« §Ix 5 |
0 0 0 0
0 0 0 0
02+2d, 5+5d —3—35d
[’Y{O)} O ©) o6 o6 =Yy [ 07 97X T 9T 9T
Dy7 Dy xQy 5 Qg 0 0 0 0
0 %Jx %jx _%jx
2 4 4 8
053 =53k 0 0
oy v |0 0 0 0-5—3dy —3
[71 ]D§6)"'D4(16)><Q$2“'Q§i)7i X 0 _gjx _%jx 0 0
2
0 0 0o 0 -%7 -
2 4
03+340 0
(0) v 0 0 0 5+ 5dy
Pl P VA S
0o 0 0 27,

and

") oy = Ds" o g0 =

8
= ") bo = b2 Lo =3
8 16
o8ty = B4 ooy = Doty = (5-+ 5 -
8 8
8 oy = 08" oy, = b4 g = (5 + 5 ) -

All non-displayed entries vanish.

E Unphysical operators

(D.8)

(D.12)
(D.13)

(D.14)

(D.15)

We extract the anomalous dimensions by renormalizing off-shell Greens functions in d =
4 — 2¢ dimensions. In the intermediate stages of the computation it is thus necessary to

introduce unphysical operators.
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E.1 Evanescent operators

The one-loop mixing among the “physical” operators is not affected by the definition of
evanescent operators, i.e., operators that are required to project one-loop Green’s functions
in d = 4 — 2¢ dimensions but vanish in d = 4. Nevertheless, for completeness and future
reference we list below the ones we used for the one-loop computations. The evanescent
operators with quark fields are chosen as

E) = (00,0770 Q1" 27 QL) — 1001 + 6Q%) | (E.1)
) = (00,57 )@ 177 Q%) + 6Q1°) — 10047 (E2)
B = (0o X) (@™ ° QL) — 10Q5) + 6Q4) (E.3)
= (XN X) QL 1P QL) + 6QY) — 10Q4) (E.4)

= (VN @y " i) — 10QY) — 6QL) (E.5)

Et(i,i) = (Vw150 (@ Yy uly) — 6Q5) — 10Q8°) (E-6)
B = (27:007X) (A7 1 diz) — 10Q4) — 6QY) (E.7)
ES) = (0nun,rsx) ([diy 1P i) — 6Q5F) — 10QY) (E.8)

while the evanescent operators involving lepton fields are

= (P 0 (Lo yP 7o L) — 108 + 6@\, (E9)

Efg)z (w157 (Lo P L) + 6Qy) — 10Q1), (E.10)
11 p = (X ;A’Yu’YpX)(EiV“’YVVPLiL) - 10@@1 + 6@5?,1‘7 (E.11)
ESZ (01X (LA™ AP L) + 6QY); — 10915, (E.12)
13 i = (X ’Yu’Yu’YpX)(gRW v 7951 ) — 10@5?)1 - 6@5?;),1'7 (E.13)
B = (0rummsx) (Cayy /4P ) — 6Q1); — 10Q17,; . (E.14)

E.2 EOM — Vanishing operators

The equations of motion (EOM) for the W and B gauge-boson field are, in our conventions,
_ A4
DW= (876" — gae™ W YW,, = —go ) 7yt —igaH' Dy H, (E.15)
and

Y - g1 pag
D'Byy=0"Byy=g1)_ simab +ig H Dy H, (E.16)
v

up to gauge-fixing and ghost terms (see ref. [107] for a more detailed discussion of the EOM
in effective theories.). The sum is over all active fermion fields.
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The following operators vanish via the EOM of the gauge fields; they contribute to the
same amplitudes as the physical four-fermion operators. Therefore, the mixing of physical
operators into the EOM-vanishing operators (computed from penguin diagrams) affects
the anomalous dimensions of four-fermion operators. There are four operators involving
DM currents,

P = ;(xm X)D, W 4 Z O+ QW) + QY + DY, (E.17)
P = ;(mx)DVBW

-5 (et + 20 - Jat - ot -a) - ety - .
P = (@570 D W 3 Q)+ Q%) + @ + DY, (£.19)

6 1
P4( ) — E(XW%X)DVB”“

L6 , 2.6 1.6 1.6 (6) Y p® (E-20)
_Z 6 6,i+§Q7,¢_§ 8,1'_5@13,1;_ 14,0 *le - =Dy,

i

four operators involving quark currents,

a a,v 6 6
P5(z (QL HFIQL) D W Qu + Z S§ 1)] El)z‘j) + S%S?i? (E.21)

PG(J' = ;(QiL’YuQiL)DuBVM - %Qzﬂ'

B Z ((155563] + ;S:gﬁz)g - %Siﬁz)a - %Sg?u Sﬁ?,@) - %ng?i, (8.22)
J
P = ;wwugwym Lets
-3 (ésg 6 + sg e s(g 9 - %ng _ 5@”) B % 59 (E.23)
J
P = guzw@agw_ﬂgg
- 2 (G5 3580 - 35% - 580 - 50 ) - 358, (24
J
two operators involving Higgs currents,
P LUEE D I AR RS T R
Py = gll(HTiBMH)Dl,B”M - %Q@
oy (bse 2 s L) <L

i

~52 -



and three operators involving lepton currents,

1 a CLI/
Py, = - — (LiAH7Ly ) D, W + QYY) + Z < i+ S§1)ﬂ> + 55, (E.27)

Pizi = a(ﬁm#LiL)Dwa B ?XQlQi
E.28)
1 6 2 (6 1 6 1 6 5 1 (
2 <6S§2?ﬁ + 35k~ 3t~ 3% Sé,%-) ~ 35
J
1 - ) Y.
Pl = 5 G - S0l

1 6 2 (6 1 6 1 6 6 L
-> <65§3?J’i T gSEG?ji - §5§7?ji - 55573?1' - Sio?ij) a 5554?1"
i

(E.29)

Several additional operators, vanishing due to the EOM for the DM fields, are needed
to project all one-loop Greens functions with insertions of the operators in eqs. (2.5), (2.7)
and egs. (2.16), (2.17), respectively: two dimension-five operators,

% = DDy, PP = XD Dirsx (E.30)

and eight dimension-six operators,

P = (viilpx) (HIT°H), P = (xip o )(HIH), (E.31)
P = (viby)(H'H), P = (xip' ) (H'H), (E.32)
P = (x#iDysx) (H' T H), PO = (i x)(H I H), (E.33)
Py = (xiysx)(H'H) , P = (xi ) (HH). (E.34)
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