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1 Introduction

String theory, in the ground-breaking works of Strominger and Vafa [1], has demonstrated
its viability as a theory of quantum gravity by providing a microscopic interpretation for
the macroscopic entropy of certain black holes. A similar microscopic explanation for
asymptotically AdS black holes has long been an important open problem. The AdS/CFT
correspondence [2—4] provides us with some insights into black hole puzzles by identifying
a gravity theory in asymptotically AdS spacetimes with a field theory on the boundary. It,
therefore, implicitly answers questions such as the information paradox via a unitary field
theory; we would like to know the answers explicitly.

The breakthrough occurred first for magnetically charged asymptotically AdS, black
holes [5]. Benini, Hristov and Zaffaroni studied the topologically twisted index of the dual
ABJM theory on the boundary, and found that at the leading order it matches exactly



the black hole entropy of AdS, magnetically charged STU black holes after a Legendre
transformation. Since then many more cases and generalizations have been considered [6—
17] including incursions into sub-leading corrections [18-25].

For the asymptotically AdSs5 case, using the superconformal index of N = 4 super-
Yang-Mills (SYM) theory on the boundary, some attempts of reproducing the AdSs black
hole entropy via the AdS/CFT correspondence have been made [26], but the results did
not quite match the ones from the gravity side.

Recently, it was first found, on the gravity side, that the entropies of 1/16-BPS AdSs
electrically charged black holes [27-32] can be obtained by extremizing an entropy func-
tion [33], which has the same functional form as the supersymmetric Casimir energy of N’ =
4 SYM first studied in [34]. Several groups have now independently reproduced the entropy
function by studying the partition function or the superconformal index of N' = 4 SYM [35-
37] by slightly reinterpreting the original work in the superconformal index [26]. Further
extensions for the general growth of the /' = 1 superconformal index [38-42] including via
the Bethe-Ansatz approach [43, 44] have been achieved. After this important progress, the
generalizations to other dimensions were also considered. For instance, the BPS AdSg and
AdS, black hole entropy functions have been studied on the gravity side in [45, 46], and
computed from the microscopic theories using the superconformal index [47-50]. Similarly,
the BPS AdS; black hole entropy obtained from gravity [51] was also reproduced recently
using dual field theory partition function [52] and superconformal index [53]. By turning
on temperature or breaking the BPS constraint, the near-BPS AdS5 black hole entropy was
also computed both on the gravity side and from the microscopic field-theoretic side [54].

Although a lot of progress has been made towards the understanding of AdS black hole
entropies in various dimensions, most of the recent works are based on the study of super-
conformal indices, which are essentially computations done in the free field theory limit.
Hence, the results obtained in this way capture only perturbative information, and are
probably only reliable at the leading order. In order to go beyond the perturbative results
at the leading order, we need some exact non-perturbative approaches, and supersymmet-
ric localization is such a tool. Among the recent progress, it was first introduced in [35]
that the physical partition function of N' = 4 SYM without a topological twist can be
computed on certain complex backgrounds using supersymmetric localization. The result
was used to obtain the BPS AdSs black hole entropy function. In this paper, we extend
this idea to the BPS AdS4 black hole case by computing the exact partition function of 3d
ABJM theory on an appropriate curved background geometry that includes complexified
background fields. The result matches the BPS AdS, entropy function from the grav-
ity side [45]. Similarly and alternatively to [48] our computation provides a microscopic
foundation for the Bekenstein-Hawking entropy of such black holes.

The first technical difficulty is the construction of the field theory on a curved back-
ground including complexified background fields on which the field theory can be defined
in a supersymmetric way. The systematic approach to this problem was formulated in the
work of Festuccia and Seiberg [55] who starting from a supergravity theory took a rigid
limit leading to supersymmetric field theories on curved spaces. This general approach was
explicitly applied to 3-dimensional curved spaces [56], and some specific complex back-



grounds were constructed in [57] in order to produce the partition functions of 3d N' = 2
Chern-Simons-matter theories on squashed S3, elucidating a previous puzzle regarding two
theories with the same supersymmetry but with different partition functions on the same
curved space as obtained in [58, 59].

In this paper, we apply the same technique of [57] to the boundary of rotating electri-
cally charged supersymmetric AdS; black holes, which is a round S? fibered over a circle,
S1, and described by the metric

ds? = dr? + L*|d6* + sin6 (dp — iQdr)?| . (1.1)

By appropriately turning on some complex background fields, we find that there exist
Killing spinors with anti-periodic boundary conditions along the circle S which is a re-
quirement for supersymmetric localization. The background is characterized by the chem-
ical potential 2 for the angular momentum and the electric potential ®, both of which are
in general complex-valued, and there is a constraint between (2 and ® in order to preserve
some supercharges. Using some supercharges on this background, we apply supersymmet-
ric localization techniques to compute the partition function of 3d NV = 2 Chern-Simons-
matter theories. To address the ABJM theory we lift the degeneracy from L® to A;/2
(I =1,---,4) by turning on chemical potentials for the flavor symmetry. We study the
large-N limit of the free energy of the ABJM theory and show that if one additionally
restricts to a Cardy-like limit (|w| = |L)| < 1), the large-N free energy has the expression:
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which precisely reproduces the entropy function of the rotating electrically charged BPS
AdS, black holes [45, 46]. Our microscopic derivation is based on an approach quite
different from [48] whose starting point is the superconformal index.

The manuscript is organized as follows. In section 2 we describe the general setup which
includes a curved three-dimensional metric as well as complex background fields, in a man-
ner that admits certain amount of supersymmetry and Killing spinors with anti-periodic
boundary condition along S'. In that section we also briefly review the supersymmetric
gauge theories that can be defined on the constructed backgrounds. In section 3 the parti-
tion function of 3d N' = 2 gauge theories are computed using supersymmetric localization.
Various details of the general computation are presented and we discuss the ABJM theory
as an explicit case. In section 4 we compute the free energy in the large-N and further
take a Cardy-like limit. In section 5 we demonstrate that the free energy of the ABJM
theory in that large-N and a Cardy-like limit reproduces the Bekenstein-Hawking entropy
of rotating electrically charged supersymmetric AdS, black hole, thus providing a counting
of microstates via the AdS/CFT correspondence. A discussion, including prospects for
future research, is presented in section 6. Some conventions of spinors are summarized in
appendix A, useful identities of special functions are listed in appendix B.



2 3d N = 2 SUSY theories on curved spaces

2.1 Supersymmetry with background fields

An important requisite for supersymmetric localization is to establish supersymmetry on

the given curved background. The term curved background not only refers to the metric

but to the set of auxiliary background fields involved.

The case we are mainly interested in has the following metric:

ds* = dr* + L*|d6* + sin?0 (dp — iQdr)?| ,

where 7 is a coordinate with period L, that is,
T~T+ L.

We choose the period of S! and the radius of S? to be both L.

We can rewrite the metric as

ds? = f2(dx® + adz® + adz?) + 2dzdz,

where z and Z denote the complex coordinates on the sphere S?. More precisely,

z = tang elilp—i2r)
2 b

X=T,

and the factors in the metric (2.3) are chosen to be
f=1,
a=0,

2L
c= — """
e 4 e~ 07| 2|2

For later convenience, we also define another set of coordinates:

T=T,
559,
o=@ —iQr.

In these new coordinates the metric (2.1) becomes

ds? = d7% + L?|d6* + sin®0 d3?| |

(2.1)

(2.2)

(2.12)

showing its local equivalence to the standard metric on S x S2. Globally, the difference is

encoded in the identifications of the coordinates.

One systematic approach to establishing supersymmetry for field theories in curved

backgrounds is to start with a supergravity theory and then consider its rigid limit [55].



Following closely the discussion in ref. [56] which is rooted in the minimal gauged super-
gravity in three dimensions, one can construct two conserved supercharges satisfying the
following Killing spinor equations stemming from the gravitino variations:

. 1 , T
(Vy—1iA,)¢ = —§H7H§ —iVu¢ — §€WPV vP¢, (2.13)

N 1 ~ o= 1 v o
(Vu+1iA,)¢ = 75H7MC +iVu ¢+ §EWPV ~PC, (2.14)

1 o_ [0
Cazx/§<0>, ¢ —\f<_1>. (2.15)
), (2.16)

H=ir, (2.17)

where

where k is a constant. In the frame
e1=dr, e,=ey+ie3=cdz, es=ey—ie3=cdz, (2.18)

with ¢ given by (2.8), the other background gauge fields can also be obtained to be

Vi=k, (2.19)

V=0, (2.20)

Vs=0, (2.21)

i 3

A = —§8Tlogs + 3" (2.22)

As = 20,1085 — Lo, Tog(cs) (2.23)
2 = 907 Ogs 9077 oglces), .

A = — 20,1085 — Lo 10g(cs) (2.24)
3= 907 Ogs 907 oglcs), .

where s(7, z, Z) is an arbitrary function which in this paper is chosen to be
s =e 5%, (2.25)

With this choice, we can express the background gauge fields (2.22)—(2.24) more explicitly

as:
3
Ay =4i® + S, (2.26)
Ay = ie_m(z - Z), (2.27)
1
Az = Ze—QT(z +2). (2.28)



Following the same approach as in [57], we find that the explicit expressions of Ay and
Az will be irrelevant for the following calculations, and the expression showing up in the
final result of localization is the following combination:

1
Ay = 5Vi+iH = 4i®. (2.29)

This a key ingredient in our construction because the nature of the background fields
determines the asymptotic field on the gravity dual. More precisely, the background fields
determine the electric potential and the chemical potential for the angular momentum of
the AdS,4 black hole.

It was shown in ref. [57] that one can introduce an additional rotation of the Killing
spinors with a parameter © while keeping the Killing spinor equations (2.13)—(2.14) invari-
ant:

¢ —eMOc, (= emOf. (230)

For the Killing spinor equations (2.13)—(2.14) to still hold, we choose

0 = —irQ, (2.31)
and at the same time we also fix the constant

K= —2iQ). (2.32)

The two Killing spinor equations (2.13) and (2.14) can be combined into one equation:

) 1 , by
(Vp—idum)é = —§H7ﬂ§ —iVuimé + 5‘/ Y 71E s (2.33)

where a general solution £, to this equation takes the form:

_ u 67(97443)
o = uly + vl = < ) (2.34)

v e—T(Q—42)

with two complex constants v and v. If we require the anti-periodic boundary condition
along S', then the Killing spinor ¢ should obey

ToT1+L = (-, (2.35)
which leads to the constraint
MO0 — 1 o L4® - Q) =7 (mod 2mi). (2.36)

For simplicity, we consider u = v = 1. Hence, in the following £ takes the form:
eT(Q—4‘I’)
o = r(ae) | (2.37)

Thus, a pair of independent supercharges with anti-periodic boundary conditions can be
constructed in the curved space (2.1) with complex background fields and we have fulfill the



first step for supersymmetric localization. The amount of supersymmetry in this curved
background matches AdSy black holes in 4d N' = 2 gauged supergravity [60].

As we have seen, the construction of supersymmetry in this subsection is very similar
to [35] albeit in a different dimension. A similar analysis, relevant for AdS7 black holes,
was presented in [52]. The crucial new ingredient in all cases is the inclusion of complex
background fields and, consequently, spinors with anti-periodic boundary conditions along
S' that do not break supersymmetry completely.

2.2 Review of the 3d N/ = 2 SUSY theories

Let us briefly review the 3d SUSY theories that can be constructed on a large class of
curved backgrounds following the implementation of rigid supersymmetry in [56]. The
background discussed in the previous section is a special case in this class and thus we can
borrow many of the results obtained in the literature (see, for example, [56] and [57]).
The 3D N = 2 vector multiplet in the Wess-Zumino gauge transforms in the following

way:
8a, = —i(Cyh + Cu)
S0 = —(A+ (A,
) T .
O\ = ZC(D + UH) - 55# p'YpCf/w — Q(Z@MO' - VMU) > (2.38)

6X = —iC(D + o H) = 2, fuy + 7" (10,0 + Vo)
6D = DG A = (7" N) = iVu(Cy* A + (y*A) = H(GA = CA) + ¢ A, o] = ¢[A, o]
The transformations of the chiral and the anti-chiral multiplets are given by

5p = V20,

8t = V2CF — V2i(z — g0 — rH)Co — V2ir"CDyuo,

0F = V2i(z — qo — (r — 2)H)C + 2iqdCX — V2iD,,(Cy"e))
56 = =200,

5121 = \/ﬁzﬁ +V2i(z — qo — ’I”H)Cg‘F \@i’Y”CDpa)

0F = V/2i(z — qo — (r — 2)H)CO + 2iqdCh — V2D, (Cy"D)

(2.39)

where z, r and g denote, respectively, the central charge, the R-charge and the gauge charge
for the chiral multiplet and

1
D,=V,—ir <Au - 2Vu> —i2Cy, — iqlay, -], (2.40)
where C), satisfies
VH = —iegh?9,C, . (2.41)

The transformation parameters ¢ and Z satisfy the two Killing spinor equations (2.13) (2.14)
with opposite R-charges respectively. Suppose that ¢ and £ are two transformation param-
eters without tilde, and ¢ and £ are two transformation parameters with tilde. It is checked



in ref. [56] that the transformations with only parameters with tilde and only parameters
without tilde satisfy the algebra:

{6Ca 65}80 =0,
{oc, dgke = —2i (Lo + Lz = 1H)g) | (242)

where ¢ denotes an arbitrary field in the theory, and K#* = gwf is a Killing vector, while
L’ is a modified Lie derivative with the local R- and z-transformation

1
o = Lo —irK* <Au — 2VM) o —izK Cyp. (2.43)
Under these supersymmetry transformations, the following Lagrangians are invariant:

1. Fayet-Iliopoulos term (for U(1)-factors of the gauge group):

Lrr=&D —a,V' —0ocH). (2.44)
2. Gauge-Gauge Chern-Simons Lagrangian:

k -
Lyg="Tr [ﬁ(is’“’"a#&,a,} —2Do + 21’)\/\)] . (2.45)

3. Gauge-R Chern-Simons Lagrangian (for U(1)-factors of the gauge group):
& kgr (. wp A 1 1 " 9
gr = % 1€ auay p §Vp — DH + ZU(R — 2V V,u — 2H ) . (246)
4. Yang-Mills Lagrangian:

Ly =Tr

1., 1 i~ i i~
@f” fuw + @3“08“0 — g)\’y“ (Du + 2V,L) A — 6—2/\[0, Al
2e2

+ @Jawpvyfyp — @V”VMU — 7(D —+ O'H) —+ 262H}\A] . (247)

5. Matter Lagrangian:

Lmat = D" 0Dy — " Dyt — FF + q(D + 0 H)p — 2(r — 1) H(z — qo) o

X <(z—q0)2—2R+;<r—;> V"Vlﬂ—r(r—;) H2> oo

x <z —qo <7“ — ;) H) b + V2ig(dMp + dMD) (2.48)
where
Dy =V, —ir <Au - ;Vu> +irgVy, — izCy, —iqlay, -]. (2.49)



In principle we could also add a superpotential term to the theory:

/d29W+/d2§W, (2.50)

which is d-exact. The superpotential W should be gauge invariant and have R-charge 2,
which imposes contraints on the fields and implicitly affects the final result of the partition
function. In this paper, for simplicity, we do not consider a superpotential term.

3 Partition functions of 3d N = 2 SUSY theories

We localize the 3d theory reviewed in the previous section following the approach intro-
duced in ref. [57], we find that similar steps to those in ref. [57] apply. The partition
function can be expressed as

chiral vec

1 1-loo 1-1
z- L / & Do 171900 71 00D (3.1)
W)

where [W| denotes the order of the Weyl group associated to the gauge group. The classical

contribution, Z.ss, the 1-loop determinants ZE};}Z{) P for the 3d chiral multiplet and Zieq °°P

for the 3d vector multiplet can be obtained as follows.

3.1 Saddle-point configurations

Following the standard approach of supersymmetric localization, we can deform the original
theory by adding to the Lagrangian a d-exact term ¢ §), where V is chosen to be

V = ploy + otog + ator + Atox. (3.2)
The localization locus follows from
S=0, 6p=0, A=0, 6A=0, (3.3)

which can be directly obtained from the supersymmetry transformations (2.38) and (2.39).
These BPS equations can be written more precisely as follows:

VICF —V2i(z — qo — rH)Ch — V2" Do = 0, (3.4)
V2(F +V2i(z — g0 — rH)(¢ + V2ir"( Dy = 0, (3.5)
iG(D +0H) = 2"5,C fur =7 ((i0,0 = Vo) = 0, (3.6)
—iZ(D +oH) — és““p%ZfW + H Z(i@ua + Vo) =0. (3.7)

We can multiply these equations with ¢ and QN“ from the left and simplify them using
the spinor bilinears. The resulting equations are some scalar-valued partial differential
equations, and the solutions are

p=F=¢=F=0, (3.8)
if23 m m
Vi 402" YA (3.9)
m
_ _m 1
ay =a, Jo3 572" (3.10)



while all the other fields vanishing. Among these solutions, the dynamical gauge fields a,,
have the saddle-point configurations:

im(z — 2) e m(z +2) e
= =" =77 = — 3.11
ar =a, a AL ;a3 il ) (3.11)

or equivalently, in the frame (2.18) given by
s — QT - —Qr
imze imze

a4 = - : 3.12
ar a az 2 (eQ‘r + |z‘2€7ﬂ7’) az 2 (eQT 4 |z‘2€7ﬂ7’) ( )

where a and m are constants, and m takes value in the Cartan subalgebra of the gauge
group, such that
pm)€Z, «o(m)ecZ (3.13)

with the weight vector p in the representation R and the root vector « in the adjoint
representation. The field strength fo3 leads to the quantization condition:

1
/f23€2/\€3:m, (3.14)
27

which clarifies explicitly why this is a monopole-type configuration.

3.2 Classical contribution

The classical part of the partition function, Z.,ss, includes the contributions from Zpy,
ZLyg and Z,. In this paper, we only turn on .Zj,, which based on (2.17) (2.32) (3.9) can
be more explicitly expressed as

Zos,m =exp (i | d°x\/9Lyy | = exp - d:):\/gz 4QL4+ 572 . (3.15)

Note that we have the standard Chern-Simons contribution of the type a A F' which is

linear in the magnetic flux m; but we also have a contribution, coming from the term Do
which is quadratic in the flux.

There are two subtle points that we would like to emphasize. First, for the special
curved space given by the metric (2.1) we have to carefully consider the quantization con-
dition of the Chern-Simons level k. As discussed in e.g. [61], for a periodic Euclidean time

iew/h

S1 the electron wave function transforms as e , which induces a gauge transformation:

Ay = A+ 9. (3.16)

Consequently, the Chern-Simons level has to satisfy the condition:

hk

2 € Z. (3.17)

In fact, the additional shifts ~ « in the background gauge fields V; (2.19) and A; (2.22) can
be understood in this way, and the additional rotation of the Killing spinor (2.30) implies
that the wave function of physical spinors along a periodic S* should be e~ ™*L/™  with ¢

,10,



denoting the effective circumference of S'. In this case, the corresponding Chern-Simons

level obeys
ikggQ2L c

7. 3.18
For later convenience, let us define an integer-valued new constant k as
kg QUL
k=% . 3.19
Therefore,
kgg — —imk
r99 . 2
47 2QL (3.20)

The second subtle point is that similar to the case of rotating BTZ black holes as
quotients of Hl [62], we should require a modified periodicity condition in order that the
coordinates are regular for ¢ € [0, 27]:

o
@~ @+ 2m, TNT—g. (3.21)

Consequently, it will modify the Chern-Simons term by changing the effective circumference
of S1, and the classical contribution from (3.15) becomes

43k L 2 ja;m;
Zcsm = eXp ( "> [ i m’sz . (3.22)
7

02 4004 2L2

3.3 1-loop determinants

To compute the 1-loop determinants in supersymmetric localization there are various ap-
proaches, for instance, using index theorem or explicit mode expansions. In this paper, we
follow the approach discussed in [57, 58, 63] by considering the unpaired spinors and the
missing spinors, whose contributions to the 1-loop determinants are not canceled by their
superpartners. Although [57] focuses on the squashed S? as the curved space, the general
results there work for all the curved spaces in the class defined by the metric (2.3) and the
frame (2.18). Hence, in this subsection, we borrow the general results from [57] and apply
them to the case (2.1) studied in this paper. For more details, we refer to [57].

For the 3d chiral multiplet, the 1-loop determinant Z lﬁipr is expressed as the quotient

C
of the eigenvalues of the fermionic and the bosonic operators, M, and My, given by

My, =ie~ 2O [vl —i(r—2) <A1 — ;V1> —i(z—qo)Cy — (z—qa)+(r—2)H} . (3.23)
My =ie2m® [vl —ir <A1 — ;V1> —i(z—qo)Cy+(2—q7) +7*H} . (3.24)

where we can use the background gauge symmetry of (2.41) to set C; = 0, and we assume
z and o to be purely imaginary. For simplicity, we also set the central charge to z = 0 in
the following calculations.

In the frame (2.18), the covariant derivative V; can be expressed as

Vi =Vz—iQVs. (3.25)

— 11 —



Taking into account the eigenmodes of Vz and Vi given by 2ming/L and 2im, with the
winding modes on S' labelled by ng € Z and the spherical harmonics on S? labelled by

(4, m) respectively, one can straightforwardly obtain the 1-loop determinant Z, CI};rIZf P

J . .
l—loop _ H H H H 2ming — iLp(a1) + 2LQm + L(r — 2)4® + Lp(o)

chiral : s
PR oS e =i 2ming — iLp(ay) + 2LQm + Lrd® + Lp(o)

I 2ming —iLp(a) + 2LQm + Lrd® — 20 — 20
=ITIIIT 11 — L

2ming — iLp(a) + 2LQm + Lra®d — 20

pERnoez‘je%Nm:*j 4QL

I oming — iLp(a) + 2LQ(m — 1) + Lrdd — 60
=ITII IT 1T = 0L

2ming — iLp(a) + 2LOm + Lr4® — p(m)

pGRTLoEZje%Nm:*j 40 L

_ H H H 2ming —iLp(a) + 2LQ(—j — 1) + Lrd® — %

2mwing —iLp(a) + 2LQj + Lrd® — %

pER nOEZjG%N

_ H H H 2ming —iLp(a) — LOny — 20Q + Lrdd — %
peRmczmen  2ming —iLp(a) + LOny + Lrd® — il

4QL

_ H H H 2ming — iLp(a) — LOny + L(r — 2)4® — %

—— ML (3.26)
peRmocZmeN  2ming — iLp(a) + LOQny + Lrd® — 57

where n; = 27, while p denotes the weight vector in a representation R of the gauge group,
and we have used the condition (2.36).

For the 3d vector multiplet, we first choose the gauge V#A4,, = 0. Correspondingly, we
add a gauge fixing term to the Lagrangian:

Ly = Tr[eVIV e 4 bV a,,) . (3.27)

After incorporating the cancellation among various modes, it was shown in [57] that the
1-loop determinant ZEO%P can be expressed as the quotient of the eigenvalues of the

fermionic and the bosonic operators, Mg and Mp given by

Mg = i[a(a) + vl} , (3.28)
My = i[a(a) + vl} , (3.29)
where ® and B are spin-0 and spin-1 modes respectively. Similar to the chiral multiplet,
we can also use (3.25) to express the eigenmodes of V; into the eigenmodes of V5 and

Vg given by 2ming/L and 2im, with the winding modes on S I labelled by ng € Z and the
spherical harmonics on S? labelled by (j,m) respectively. Consequently, we obtain 1-loop

— 12 —



1-1
determinant Zyee ~°P:

71-loop 2ming —iLa(ar) + 2LQm + La(o)

vec H H H H 271'2710 — ZLO((Gl) + 2LQ( - 1) + L(X(O’)

a€Adjno€EZ i3 lym=—j

2ming — iLa(a )-{—QLQJ_M
=1L II 10L

aeAdino€Z jeln 2ming —iLa(a) + 2LQ(—j — 1) — %mg

2ming — iLa(a) + LOn _ a(m)
=T III —— 17

aeAd) noeZ n eN 2Ny — iLa(a) — LOn; — 2LQ — %

=11 11

a€Adjno€EZ ni €

2ming — iLa(a) + LOng — %
y 2ming — iLa(a) — LOny — 8L — 20

B H H —2ming + iLa(a) + LOny + %
weAdi noez ety —2ming + iLa(a) — Ln; — 8L® + 4

=11 11

aeAd) noeZ ny €N 2Ny — iLa(a) + LOn; + 8LP — 4§2L) 7

2ming — iLa(a) — LOng — %

(3.30)

where ny = 2j, while a denotes the root vector in the adjoint representation of the gauge
group, and we have used the condition (2.36) as well as the following reflection symmetry
of the expression:

ng — —ng, «— —a. (3.31)

Hence, we see that the 1-loop determinant of the vector multiplet can be viewed as the
one of an adjoint chiral multiplet with the R-charge » = 2. Of course, in the above
expression we have omitted a term that eventually cancels with the integration measure
following [35, 63-65] which elaborated on the original treatment in [66].

Similar to ref. [35], we can regularize the infinite products of the 1-loop determinants
using double gamma functions. After a few steps, we find that the infinite products (3.26)
and (3.30) can be regularized as follows:

1 loo FQ 7+5’1 /8) (1_’7_5‘17_/3>
chlralp H F2 ,7 5’1 ﬁ) (1 — v+ 5‘1, _/3) ) (3.32)

1-1 1-1
Zvec o = [ZchirZIOPi| p=acAdj, r=2 ) (333)
where I's(z|ay, az) is the double gamma function, and
i L) 2i L
= Z— , v = ! , (3.34)
T
5= v L) 7 a) — i — 1)AL® (3.35)
=— |- a) —i(r— . .
or | 4oL P
Due to the constraint (2.36), the parameters 5 and 7 are not independent, instead they
satisfy
2n+1
v=p8+ (nez). (3.36)

,13,



Using the identity (B.5), we can further rewrite the expression (3.32) as

2mi(y—O0+k
v | o [@(0+011,6)-C2(04-011,6)] 11 1 — 2miotho)

chiral _ p2mi(y+o+k
pPER keN 1—e o g
2mi(y—90). 2mif
_ i (€ ™)
= pl}%e (egm'(y+6); 62m'5)oo ’ (3.37)
where 5 )
E_B(1+B—2y):5<1+g> (nez), (3.38)
and (a; q),, denotes the g-Pochhammer symbol defined as
m—1
(a: ) = [[ (1~ ad"). (3.39)
k=0

Similarly, the 1-loop determinant for the vector multiplet can be further regularized as

— 1—loo
Zl loop _ |:Z - p]
vee chiral p=a€cAdj, r=2

2mi(y—90). ,2mifB
_ —mi¥ (6 ) € )oo
o II [e (627ri('y+5); 6271'1'6) ' (3.40)

acAdj 0 | p=q, r=2

3.4 Full partition function

To summarize, we can consider an arbitrary 3d N = 2 supersymmetric gauge theory
defined on the curved background (2.1). Using the supersymmetric localization, we obtain
the exact partition function of the theory given by (3.1):

1 1-1
_ T —loop 1—loop
Z = |W‘ Z d"aZclass Zchiral Zvec )
m

where the classical contribution Zj,g is given only by the Chern-Simons term Zcg w (3.22),
while the regularized 1-loop determinants Z 51};112{) Poand ZLd°P are given by (3.37)
and (3.40).

3.5 ABJM theory

We now consider the ABJM theory as a special example of the general case discussed in
this section. The ABJM theory is a 3d gauge theory with gauge group U(N)x U(N), whose
Chern-Simons levels are k and —k, respectively [67]. This theory describes the low-energy
effective theory of N M2-branes probing C*/Zj,. The R-symmetry group is SO(6) = SU(4).
In 3d N = 2 language, the field content includes 2 vector multiplets of R-charge 2 with the
gauge fields A, and ,Zu for U(N) x U(N) respectively, while the matter fields are

CI - (A17 A27 B17 Bz)a \I/I - (_w27 Tﬂl; _227 )21)7 (341)
which can be group into 4 chiral multiplets of R-charge % as

(Aa,Yaa) € (N,N),  (Ba, Xaa) € (N,N), (3.42)
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fields

(A1, A2)

(Bi, Bj)
(Y14, Y2x)
(Xiz> X3+)
Ay Ay 0
A, At 0
0,0 0
0
0

>
=

>
)
>
w

|

~—

N |—

N[ =

S

|

|
N[ DO
SN—

|
N[ —
|
NI NI NI— N
SN—

NI— N— N— N~

N[

N TN /N /N
NI NI N N
N’ N N N
N TN N N
— N N
—~

NI NI N N
NI— N

SN—

)

Q=
S:I:

o oo o O
)

Table 1. Charges (hq, ha, hg) of the fields.

where a = 1,2 and @ = 1,2 are double indices of SU(2) x SU(2) C SU(4)z. We use hy, ho
and h3 to denote the three Cartans of SO(6) g, while 3(hy + hy) denote the two Cartans of
the subgroup SU(2) x SU(2). The charges hj 2 3 of different fields are listed in the following
table [68, 69]:

The partition function for the ABJM theory on the background (2.1) is given by

w2

2 .
k my ia;m; ia;m;
rgg9 3 E: i WMy ) . .
o i Jd*z/g Z<4§2L4 202 0Lt 212 ) _€—m§ g2 R €—m§ g 2 PR K

27rz(’y 56) 27r7,,3) 2 27rz(’y 6“) 27ri/3)

H H e2mi (v+09) e%rzﬁ) H H e2mi (v+0%, e27ri,8): ’ (343)

zy[l z;égKl

where we define new variables \; and XZ

)\Z . imi )\Z . Zfﬁz ~
iy = 4QL+La“ 5= 4QL+LGZ' (3.44)

Here a; and @; denote the values of @ and @ in the i-th Cartan of the gauge group, which
should not be confused with the saddle-point configurations of a, discussed in 3.1. The
explicit expressions of §’s for the 4 chiral multiplets (I = 1, ---, 4) in the bifundamental
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representation and the 2 vector multiplets (K = 1, 2) in the adjoint representation are

51y = % ! (:ﬁ) 42000 + %w , (3.45)
5y = % ! (%j) +2iLD + %@ , (3.46)
5 = % z <A2_7TAJ) _ 4iL<I>] , (3.47)
5y = % z (?) _ 4¢L<1>] , (3.48)

where 1 and o denote the chemical potentials corresponding to the Cartans %(hl + hg)
of the subgroup SU(2) x SU(2) of the R-symmetry group. In the second line of (3.43), ¢

(I=1,---,4)and V) (K =1, 2) are related to 6 and J}- as
C C 1 v v 1
I:‘SI<_/8>(1+/3_27)7 K:5K<_6>(1+6_27)' (3.49)

Due to the identity

4 2
DT> uk =0, (3.50)

i,j I=1 i#j K=1
the second line of eq. (3.43) will become 1, which is consistent with the fact that there is
no conformal anomaly in 3d.

We can work with the new variables \; and Xi, then the magnetic fluxes m; and m;
appear only in the classical part of the partition function, more precisely, the gauge-gauge
Chern-Simons term. Let us take a closer look at this term. In terms of A\; and Xi, this term
can be expressed as follows:

2 ) ~ .
47r3kLZ‘ Wiy degmy Wy dagmg
7 o Q2 i\aqrd " 2r2 aQrd 212
cs = €
m;, m;
krdm?  grZmga,  kndwl kﬂzﬁixi>

B Z eZi(2L3Q3* 202 50308 T I2q2

(3.51)
m;, m;
Applying the Poisson resummation formula:

9] TAs2 [ee]

Z €—7rm2A+27rmAs _ e Z e—%—%rins’ (352)

m=—o0 \/Z

we obtain from (3.51) the following expression:

n=—oo

2 32 303,2 30332 -
Zog=e E e . (3.53)

ng,ng

In the next section, we will consider the Cardy limit (|L€2| < 1), for which the sums over
n; and n; in Zog can be neglected. Hence, in the Cardy limit we can approximate Zcg by
the first exponential factor of (3.53).
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4 Large-N matrix model

Unlike the 4d case discussed in [35], the conformal anomaly is absent in 3d. Hence, in order
to compare with the results from the gravity side, we have to perform a large-N analysis
of the matrix model obtained by localizing the ABJM theory, similar to the procedure in
refs. [5, 70].

In order to simplify the matrix model from localization and extract the leading order
contribution to the AdS, black hole entropy, we will consider two different limits in se-
quence. First, we will consider the Cardy limit given by |L| < 1. After that we will take
the standard large-N limit.

In the following we focus on the ABJM theory. From the localization result of the
partition function (3.43) on the background discussed in section 2, we obtain the free energy

F=—logZ
_ km 9 %9
+2log N!'+ 2N log2n + F. + F,, (4.1)

where

27r7,(’y 09). 6271'1'5)

1 = 4.2

ZJ: Iz; og 27” (199). 627”’5)00 ) ( )
627rz —0%). e?mﬂ)

F’U = - Z Z log[ 627”’ 'Y+5C )’ 627ri:8) ] . (43)

i,y K=1

We can compute the leading contribution to the free energy F' at large N analyti-
cally using the approach introduced in [5, 70]. First, let us consider F.. We apply the
definitions (3.34)—(3.35) and (3.45)—(3.48) to rewrite it as

A — N .
et LQ) +3 log <€_w_6L¢+;w1;e—LQ

A — A )
_ _MNTN e i _
_ E log (e ot —2L0+5 2¥1: ¢ LQ) + E log <e 3 —6L® 291 ¢ Lo
o0 iy

M e i _ =Xy i _
R I T LQ) +Zlog (e 3t 6L, o~ LD
o

i.j 0,J o
_NiAy ig, i,
- Z log (e o 2P taer LQ) + Z log (e 2 —O6Le—3¢2, ;e L0 (4.4)
1] >

Due to the constraint (2.36), in the Cardy limit (|LQ| < 1) there is e3® ~ e=2™ = 1.
Hence, the exponents in (4.4) can be shifted by multiples of 8L® without changing the
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result at the leading order, and at the leading order we can rewrite (4.4) as

Z log <e = 2L 5o —LQ> +) log < = +2L‘1’+2%@1 LQ)
o0 Z,] oo
_ Zlog <€ e 2L<I>+2<p1 —LQ> + ZIOg ( M J +2Lo— 1Ly LQ>
o ; a o
_ Z log < —2Le—g e_LQ> + Z log (e izw ’ +2Lq’+2‘ﬂ2 —LQ>
o0 1,7 00
Ai— i X=X i
- Z IOg <€_ = A _2L<I>+§¢2; €_LQ> + Z IOg <€2W J —|—2LCI>—§<p2; 6—LQ> ) (45)
1, 0 4 )
To obtain the expression corresponding to (4.5) in the continuum limit, we adopt the
redefinitions e e
t: — ivs N t: — 0,
VR R A R L AL B S (4.6)
J T J T

and the replacement

N
> o= % / dt p(t) . (4.7)

i=1

Moreover, we apply the expansion of the g-Pochhammer symbol near ¢ = 1 [71]:
h L.
log(z, €")oc = 7 Lia(2) + O(1) (4.8)

to obtain the leading contributions in the Cardy limit (|L2| < 1). Consequently, in the
Cardy limt the leading order of (4.5) has the expression:

1 . L QLq>_,
R gp Yol (<5 >_QLZLIZ<
. LS‘j_QLq)_’_l _ i 7+2L<I>—7
ap St () < g S (e
Z?]
1 2N opp—i 2LD
+gp ot (e —wz)_zm (¢ i)

ij i
2L+ L1

0] 0J
1 A=A i i
-+ ﬁ Z L12 <€_ 27 . —2L¢’+2<p2> — QL Z L12 <€ 27 ] +2Lq>_7 ) . (49)
i?j

Let us call the 8 terms in the expression (4.5) as Fc(l) - FC(8) respectively.
Recall that the function Lis(e™) has the following property:

, , w2 2
Lig(e"™) = —Lig(e ™) + — —mu+ —, for 0 < Re(u) < 2m;

| | u22 73’2 (4.10)
Lig(e"™) = —Lis(e™™) + - tmut 3 for —2m < Re(u) <0.
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Using this property and assuming that

=)
Re u—QzL@ﬂ:Lpl <0,
27 2

- (4.11)
(A — A , 1
Re u—i—%hﬁiﬂpg >0,
27 2
we can rewrite some terms in (4.9) as follows:
- 2
i 1 (i —N\)) , 1
F2 — L L2Le—go1 | _ 2 [N T A 9irg oy
e QLZ[ l2<e ’ 2 or et ae
1 2
( %O+ @1> - 7;] , (4.12)
. ~ 2
FY = Lip (5t 2borgen) _ LI A) g 1
2 27 2
1 2
( ~2%LD — 2@) - 7;] : (4.13)
- 2
i =) . 1
F(5) —_ Li +2L<I>+ 3P1 - 7 ] 2%LP — =
© oL z]: 2 o\ T T T
=X)L 1 2
+m (Z(%J) +2iLP — 2¢>1> - 7;] , (4.14)
- 2
1 [ - i i =) . 1
rn_ LN Faoro—te ) L (AN ZA) L org L
¢ QL%: (e o\ T TP T
=) 1 2
t (Z(%J) + 2L + 2g01> - 7;] . (4.15)
Consequently, (4.9) becomes
2 ) X=X i 2 ) X=Xy i
Fc ~ ﬁ iZleQ <€ 27rJ 2L® 2301) + EZLIQ (6 27rj 2Lq>+2301>
2 . 2N Lorgyi N opora—i
al Z Liy | e 27 292 ) — al Z Lis (e 2 w2
Z7]
1, N—X 1
o7 (4im+82L) > o - m((p% —e) (D1 (4.16)
ij ij

Let us call the first 4 terms FC(I) - FC(IV) respectively, for which we carefully distinguish
i =j,4>jand i < j. After applying the property (4.10) and the assumption (4.11)
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). F(IV) as follows:

2 N i
F{ = 255 [ dtp(t)Liz (e% bv-2le 2%01)
™

. I
several times, we can express F; (

2i  N*@ 1 1
—2 2 — 20LD — —
+ 702 1 /dtp (t) g+ (27r2 dvu(t) + 2i cp1>

2
- 2 -

2 1 )‘i_)‘j_QLq)_z . )‘i_Aj_QLq)_i _ﬁ
194 |2\ 2 271 T Tan 27173

+0(Q%, (4.17)
2 N

(Ir _ . ( Ly du— 2L<I>+2<p1)
F; Ta9, dt p(t) Lig ( e2r

2i N2« 1 1
=2 dt p(t — Sv(t) + 265LD + =
+ o [0 (g 000 + 200+ o )

~ 2 ~
2 I YDy i Py i w2
S - —2L® + — —ir | B 2L+~ | — —
104~ |2 ( o + 2901> ”( o + 2‘“) 3]
+0(Q%, (4.18)
2 N
pain — 2 NV Li ( Ly ou+2LO+ 1 <,02)
o Q2. dt p(t) Lig ( e2x 2
2  N?*=@ 1 1
-2 dt p*(t) g— | =— dv(t) — 2LD + =
s [P0 (5000 - 200 + 500
~ 2 ~
2 I DYDY i DYDY i w2
= - 2LD + — 2 4oL+~ | — —
LQ £ 2( o +2902> ““( o +2‘P2> 3]
+0(Q%), (4.19)
FIV) — _2 N dt p(t) Li (ez 25”+2L‘I’*§<P2>
s

2i  N?« 1 1
- =9 dt p*(1) g— | —= v(t) — 2iLd — =
s [P0 (000 - 200 - J00)

- 2 -
2 1 )\z — )‘j 7 . )\Z — )\ 7 7T2
— - 2LO — — L4 2LD — — - —
102 |2 ( o 2‘02> o ( o 2‘”) 3 ]
+0(2%), (4.20)
where 5 ) 5 )
B T o o T o
_ = — + — — = — — — —x. 4.21
The sum of the third lines of (4.17)-(4.20) is
2 Ni—A 1
4 8L _ 4 —— 1 4.22
VA ); A A g ’ (4.22)

which cancels the third line of (4.16) up to a constant of order O(N). Therefore, the final
expression of the leading terms of F. in the Cardy limit is given by the sum of the first
and second lines of (4.17)—(4.20).
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For the vector multiplet we obtain

PUDY Py
Fy=— Z log (e T —8L%, e_LQ> + Z log (e_ 7 ; e_LQ>
o0 oo

i#] i#]
-4, 54,
— Z log <e_ o —8Le, e_LQ) + Z log <e o ; e_LQ> . (4.23)
i iz o0

At the leading order, each term of F} can be expressed as

1 Ni—As
LR v (e%ﬂ—fm) , (4.24)
i#]
1 Xi—As
PO = - S <e— = ) , (4.25)
i#]
1 Ni—=Xj
F® ~ a ZLiQ (ezﬁJSL‘P> , (4.26)
1#]
1 =X
F1§4) ~ 75 ZLiQ <62H> . (4.27)
i#]

They cancel each other at the leading order of the Cardy limit, because in this limit
—8L®
e ~ 1.

Putting everything together and neglecting some subleading terms, we obtain the free
energy in both the large-NV and the Cardy limit:

Fe N”“% /dttp(t) Su(t)

21 - (ildo)+ins] - ( ilso(t)+ing]
+ NLQ 5 /dtp(t) [ng (e ) + Liy (e )

— Liy <6¢[<57;(t)—iA1]> ~ Li (a[&;(ﬂ-mﬂ)

4w 1 —~ —~
2—a " 2 . .
+NeZl / dt p2(t) [g+ (6v(t) +1A3) +g. (50@) +1A4)
g (%(t) - ml) —g (E{;(t) - Z'Az) , (4.28)
where
— 1
ov(t) = 2—7T25U(t), (4.29)
As = 2Ld + %«pl , A, =2Ld — %cm , (4.30)
Ay =2Ld + %m, Ao =200 — %m. (4.31)
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In order that the terms of the orders O(N'*®) and O(N?~%) in (4.28) compete with each
other, we further require that

a=3. (4.32)

Hence, we obtain the leading contribution of the free energy F at the order O(Q2~!) in both
the large-N and the Cardy limit:

%% / dtt p(t) su(t)

+ Ni /dt p(t) [Li2 (ei[&)(t)JriAg]) + Liy (ez‘[&;(t)ﬂm])

F~N

L)

~ Li, (ei[&)(t)fiAlo ~ Li, (ei[&)(t)fiAg]) ]
+ N%% / dt p(t) [g+ (Sl(t) + iAg) +g. (ZSZ(t) + iA4)
g (Eq}(t) - ml) —g (ZSZ(t) - iA2> ] . (4.33)

Although the second integral of (4.33) is of the order O(NN), while the first and the third in-
tegrals are of the order O(N %), the second line will contribute to the saddle point solutions.
We can add a new term with the Lagrange multiplier p that imposes the normalization
condition [ dtp(t) = 1. Consequently,

L%F’:k/dttp(t)gqj(t)—u{/dtp(t) - 1]

i1N2
i o ildu(t)+ids] :( i[du(t)+in]
1 /dt p(t) [L12 (e ) + Lis (e )

~ Liy (ei[@(t)fiAl]) ~ Li, (ei[fv(t)fiAg]) ]
+ / dt p(t) [g+ (50(t) + 83 ) + g1 (5(t) + i)

g (Z%(t) - ml) —g- (Sl(t) - m2> (4.34)

This is precisely the Bethe potential considered in [5] and the matrix model obtained from
the superconformal index [48].

We can follow the same steps as in [5] to analyze the saddle-point contributions to the
free energy F'. Let us first consider the case £ = 1. We derive the saddle-point equations
from the large-IN free energy in the Cardy limit as follows:

LQOF 19 0F _

T o, L . 4.35
iN3 Op iN3 96v (4.35)
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Similar to [5], we define Y7 through

_ 1 — 1
. —_N2 . - —N2 .
dv=1ie NV _iAs, Sv=ie VY A,

4.36)
1 N f (
dv=1ie NNV LA, Sv=ie VY2 A,

and these special values of dv are called (25;)* The saddle-point equations (4.35) become

t6v-+2p

g+ (00(t) +i8s)+g4 (50(t) + i) —g (Su(t) — i) —g- (5u(t) — i) ] — i,
NN (4.37)
when 0v % (0v),:

t+pld. (%(t) + iAg) +d (E%(t) + iA4) —q (&?(t) - iAl) —q. (EE(t) - iA2> =0,

(4.38)

when 6v = (;5;)*

t+p|d. @?(t) + iAg) +4d, (&?(t) + iA4) —g" (%(t) - iA1> g (%(t) - iAg)
1
= (G +Yi- Y1 -Y)). (4.39)
Let us first define
- " - - - "
The sadde-point equations (4.37)—(4.39) can be solved in different intervals:
1. t e [t<<, t<]2
[+ tiAs
= 4.41
P= AL+ i83)(iDg + i3)(idg — iAg) (441)
v = —iAg, (4.42)
m(—tiAg — )
Ys = —/—mF——. 4.43
ST iAL — il (4.43)
2. te [t<, t>]:
N 2w+ t(iAg, IYAVIESE YAN] iAg) (4 44)
p (iAl + iAg)(iAQ + iAg)(iAl + iA4)(iA2 + iA4) ’ '
P M(iAliAQ—iAgiA4)+tZI<J<KiA]iAJiAK (445)
N 2mp + t(iA3 1Ay — i1 iA) ' ‘
3. te [t>, t>>]
on— t’iAl
_ , 4.46
p (iAl + iAg)(iAl + iA4)(iA2 — iAl) ( )
Sv =il (4.47)
m(tiAg — )
Y= —"""7—. 4.48
NN (4.48)
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Outside these intervals the function p vanishes, hence we only need to consider the solutions
in these intervals.
By requiring that

/dt p(t) =1, (4.49)
we can fix the constant u. Applying the constraint (2.36), we obtain the expression of

n =/ 2A1A2A3A4 . (450)

Plugging all the solutions back into the large- N matrix model (4.33), we obtain at the free

at the leading order:

energy at the saddle points for k = 1:

iN2 2208 Mgz,
; .

F ~ 4.51
70 (4.51)
We can define
w=LQ, (4.52)
then the free energy (4.51) at the saddle points for k = 1 becomes
3
2v2i Nz /A1 A AsA
o 2V2INE VAAAS 1 (4.53)
3 w
and now the constraint (2.36) is
> A;—2w=-2ri (mod 4ri). (4.54)

1

In order to obtain the free energy at arbitrary value of k, similar to [48], we can redefine
p = kp and perform similar steps. The final result of the real free energy at arbitrary k is

22ikINE VAR AN,

3 w

F

: (4.55)

obeying the same constraint (4.54).

5 Electrically charged AdS4 black hole entropy

In the large- N limit, the ABJM theory is dual to M-theory on AdS, x.S7/Zy, [67]. Hence, we
expect that the free energy of the ABJM theory in both the large-N and the Cardy limits
obtained in the previous section should correspond to the free energy of the electrically
charged AdS, black hole according to the AdS/CFT correspondence. In this section we
briefly review how to obtain the entropy of the rotating electrically charged AdSs black
hole from the entropy function [45, 46]. A microscopic derivation of this entropy function
was obtained in [48] starting from the superconformal index; our result in equation (4.55)
provides an alternative microscopic description.

Before we discuss the microscopic black hole entropy, there is a conceptual issue that
we would like to emphasize. The rotating electrically charged AdS, black holes discussed
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in this section are solutions in the 4d Lorentzian supergravity theory, whose holography
has been studied in [72]. However, in order to perform the localization, we have to consider
the 3d supersymmetric field theories on the Euclidean boundary manifold in section 2
through section 4. In spite of the different signatures, the partition function Z and the
large-N free energy F' obtained for the Euclidean boundary manifold can still be used to
study the asymptotically AdS, black holes in the Lorentzian supergravity theory, because
the Killing spinors found in section 2 for the Euclidean boundary manifold can be Wick
rotated easily to produce the Killing spinors for the Lorentzian boundary manifold. Hence,
we can interpret the results of Z and F' obtained in the previous sections as the ones for
the Lorentzian signature via an analytic continuation.
We first define an entropy function via a Legendre transformation:

S -1
S(Ay, w) = DY2IRINE VAIRAAL 5 NS A 4 (Z Af— 2w +2m'> L (5.1)
I I

3 w

The entropy function depends on the potentials (A, w), while the electric charges Q7 and

the angular momentum J are introduced through the Legendre transformation. By extrem-

izing S(Ay, w) as a function of (A, w), we can express the potentials (A7, w) in terms of

(Qr, J). Plugging these solutions back into (5.1), we obtain the BPS black hole entropy.
Now let us define two new variables

Ar=-Ar, o=-2w (5.2)
satisfying the following constraint equivalent to (4.54):

D A;—@=2mi (mod 4ri). (5.3)
I

Using these new variables, we can express the entropy function as

. k3N A/ A A AZA - .
S(Ar, 5)2_4‘/51;“\“ e 5+ Y ArQi+A <ZA1—&—2m'> - (5.4)
1 1

w

We extremize the entropy function (5.4) by solving the equations:

5 25

— — B _— — 0, 55
e o (5.5)
more explicitly,

AV2ikIN? \/ A1 A AzA,
+A= = , 5.6
Qr 3 Ao (5.6)
JoA— _4\/§i§:§N§ \/ 51£~233£4 . (5.7)

w

Substituting these equations into the entropy function (5.4), we obtain

S = —2miA . (5.8)
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Moreover, we can combine the equations (5.6) and (5.7) into one equation:

Q1Q2Q3Q4 + A ( > QIQJQK> + A7 (Z QIQJ> + A (Z @) + A
I

I<J<K I<J

2
= —§/<:N3(A2 —2AJ + J?). (5.9)

In order for the entropy S to be real-valued, A should be purely imaginary according
o (5.8). We can separate the real and the imaginary parts of (5.9) to obtain two indepen-
dent real-valued equations:

A+ A2 (Z Q,Q,) +Q1Q2Q3Q4 = %ka’)A? — gkzN?’JQ, (5.10)
I<J
A? (Z QJ) +A ( Z QIQJQK> = gkNSJA- (5.11)
I I<J<K

We then solve (5.11) to obtain A and consequently the black hole entropy Spp. By sub-
stituting the solution of A into (5.10), we will obtain a constraint on J and Q;’s.

To simplify the discussions, we consider a degenerate case Q1 = @3, Q2 = Q4, and the
corresponding solution to A and the constraint on J and @Q;’s are

0 [9Q1Q2(Q1 + Q2) — 2k N3
A_i?,\/ 01 + Qs ; (5.12)
2kJ2N3+2kJN3(Q1+Q2)_9Q1Q2(Q1—|—Q2)2:O. (5.13)

We take the minus sign in the solution to A, in order for the black hole entropy to be
non-negative, which has the value

2m [9Q1Q2(Q1 + Q2) — 2kJN?

S p—
BH =3 Q1+ Q2

(5.14)

In fact, the black hole entropy Sppy and the angular momentum J can be expressed
in an alternative way. From (5.13) we obtain

2kJ2N3
9 + Qo) —2kJN? = = — . 5.15
Q1Q2(Q1 + Q2) 01+ Oy (5.15)
By plugging it into (5.14), we have another expression of the black hole entropy
1 3
2V/2mk2 N2
Sy = V2TRINE (5.16)

3 Q1+ Q2

We can also view (5.13) as a quadratic equation for J. By solving it, we obtain the
expression of J

(5.17)

J= (@it Q) <—1i 1t 18@1@2) .

kN3
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If we identify some parameters with the ones on the gravity side in the following way:

L_2V2 N

g
= — = -1
G 3 QBH 2@ ’ JBH Ja (5 8)

we can rewrite the black hole entropy (5.16) and the angular momentum (5.17) as

T JBH
Spi = 2G (2 2 ’
g (gQBHJ + EQBHQ)

1/2 2 2 2
Jpg = - <gQBH’1 + gQBH,Q) <1 + \/1 + 16¢g%G? QJ;HJ QBH,z) 7 (5.20)

(5.19)

2 g

where we assume that Jgy > 0. The expressions (5.19) and (5.20) match exactly the
results on the gravity side [45, 73, 74]. Recently, more general AdS, solutions with four
generic electric charges Q1’s have been constructed in [75].

6 Discussion

In this manuscript we compute the partition function of 3d N = 2 gauge theories on curved
spaces coinciding with the asymptotics of rotating electically charged supersymmetric AdSy
black holes. We have turned on some complex background fields to preserve a pair of
independent supercharges with anti-periodic boundary conditions along S', matching the
amount of supersymmetry of AdS, black holes in 4d N' = 2 gauged supergravity. We then
applied supersymmetric localization to compute the corresponding partition functions. As
a special example, we consider the ABJM theory on this background, whose partition
function in the large-N and a Cardy-like limits successfully produces the entropy function
and the corresponding black hole entropy of a class of rotating electrically charged BPS
AdS4 black holes. Our approach complements the previous microscopic explanation of the
black hole entropy based on the superconformal index of the ABJM field theory [48].
There are various conceptual issues that deserve further investigation. For instance,
although the starting points for free energy computations are not the same, different ap-
proaches all lead effectively to the same matrix model. Originally the matrix model was
studied in [5] as the result of the large— N limit of the topologically twisted index in a
successful microscopic description of magnetically charged BPS AdS, black holes. The
very same effective matrix model resurfaced in the study of the superconformal index of
ABJM theory [48] as a microscopic description of rotating, electrically charged BPS AdS,
black holes. Finally, this effective matrix model shows in our work which is based on
supersymmetric localization. It would be quite interesting to gain a better understand-
ing of this coincidence at a more fundamental level. There seem to be universal relations
among these various partitions functions which might even reach the sphere partition func-
tion Zgs. Related to this observation, some other universal relations among conformal
anomaly coefficients and partition functions in different dimensions have been previously
found in [76, 77] and more recently in [49]. At the technical level, adding magnetic charges
or electric charges and angular momentum simply changes an overall factor in the same
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matrix model. An attack on this question can probably be mounted following direct com-
putations of indices and partition functions such as [78-82]. A rigorous understanding of
these universal relations can possibly be achieved from the insightful work [83] and the
formula therein Zy4, , with an additional refinement.

We can generalize our results on BPS AdSy black hole entropy in various ways. Since
the supersymmetric localization provides the exact results, besides the leading order dis-
cussed in this paper, we may extract the subleading 1-loop corrections to the black hole
entropy from the exact partition function of the boundary ABJM theory. As various previ-
ous works has demonstrated [18-22, 25, 50, 84-86] such an analysis can provide more precise
tests of the AdS/CFT correspondence. Going beyond the Cardy-like limit, however, seems
more formidable. The absence of a Bethe Ansatz description for the superconformal index
seems to block a route that was successfully taken in the 4d context [43, 44]. It would
be interesting to consider near-BPS configurations by turning on temperature or slightly
violating the BPS constraint (4.54), in the same spirit as [54]. The same technique, in
principle, can be applied to more general black holes, e.g. AdSs dyonic black holes, or
AdS black holes in other dimensions. Moreover, we should be able to introduce M5-branes
and use the new techniques to study a system of M2-branes suspended between parallel
M5-branes described by ABJM theory with some appropriate boundary conditions [87, 88].

Beyond the exciting applications to black hole entropy counting, the supersymmetric
localization applied to the complex background itself is very important progress. Similar
to the 4d case [35], these new field theoretic observables are among the first that can be
constructed relying on spinors with anti-periodic boundary condition along S' without
completely breaking supersymmetry. Supersymmetric localization is thus providing a new
class of, in principle, exact nonperturbative observables. It is a well-defined and interesting
field theoretic question to study these observables in supersymmetric 3d field theories in
general and, eventually, use them to connect with other important methods such as the
conformal bootstrap.
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A Conventions
The 3d y-matrices are chosen to be

N =03, Y2=-—01, 7Y3=—02, (A.1)
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where o; are the standard Pauli matrices. They satisfy

[Yms Yn] = 2i€mnp? - (A.2)

In this paper, we use commuting spinors. The product of two spinors are defined as

X = Y*CapX®, VX = P (Cyp)apX” (A.3)

where the indices can be raised and lowered using

= (%)

is the charge conjugation matrix. The spinor bilinears of commuting spinors satisfy

X = —x¥, VYuX = Xt (A.4)

B Special functions

B.1 Multiple gamma and multiple zeta functions

The double zeta function (a(s; x|e1,e2) can be viewed as the regularization of the infinite
sum:

Ca(s; xler, e2) = Z (x+me1 +neg) % (B.1)

m,n>0

The double gamma function is defined as

d
Do(zler,e2) = exp£ Ca(s; xler, ea). (B.2)
0

It can be viewed as a regularized infinite product depending on the signs of €1, ea:

( H (m+m51+nsg)_1, for 1 > 0,69 > 0;
m,n>0
H (x +me1 — (n+ 1)ea) for e1 > 0,69 < 0;
Fy(x|er,e2) = (B.3)
H (x — (m+ 1)ey + nea) for e1 < 0,69 > 0;
m,n>0
H (x—(m+1e; — (n+1ey)" ", fore; <0,e0<0.
\ m,n>0

The Barnes’ multiple gamma functions 'y (z|a;, as) satisfy the following identity for
N eN:

. . A . a1
Tni1(2l1, B) - Tvga (1 — 21, =) = e~ et 0#1L0) H (1 - €2m(z+kﬂ)) , (B4)
FenN
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where (n41(0, z|1,§) are the Barnes” multiple zeta functions. In particular, we need the
special case N = 1 in this paper:

. . —1
To(2|1, 8) - Ta(1 — 2|1, —B) = e ™O=LA) TT (1 - 62“@*’@) , (B.5)
keN

with (2(0, 2|1, 8) given explicitly by

22 (1+m2+1+3ﬁ+&

C2(0,2[1,8) = 28 % 127

(B.6)
More details of I'y(z|a1, a2) and (n(z|a1,az) can be found in [89].

B.2 Polylogarithmic functions

In the main text we have used some properties of the polylogarithmic functions Liz(z) and
Lig(z). The general polylogarithmic function Li,(z) is defined as

m@zzg. (B.7)

n=1

The functions Lig(e™) and Liz(e™) have the following properties for with 0 < Re(u) < 27

Uﬁ%+m@%=%—m+%, (B.8)
. . . 2
Liz(e") — Lig(e ™) = -2 oy (B.9)
6 2 3
B.3 ¢g-Pochhammer symbol
The g-Pochhammer symbol (a; q), is defined as
m—1
(@; m = [[(1—ad"). (B.10)
k=0
For ¢ ~ 1, the g-Pochhammer symbol (a; q)~ has an expansion [71]:
B, h”
log(z, €" =7 Z Lis_n(2), Reh <0, (B.11)

where B,, are the Bernoulli numbers.
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