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1 Introduction

Strongly coupled Quantum Field Theories (QFTs) can develop interesting infrared “quan-

tum” (nonperturbative) phases, distinct from those that can be inferred by semiclassical

considerations. Recently the study of the infrared dynamics of 2 + 1 dimensional gauge

theories has resulted in the discovery of novel nonperturbative quantum phases [1–6]. In

addition, some related aspects have been already studied on the lattice [7, 8]. The subject

involves several conceptual differences from the (perhaps) more familiar setting of 3 + 1

dimensional gauge theories coupled to matter:

• Since the gauge coupling has positive mass dimension, 2+1 dimensional gauge theories

are always asymptotically free. In particular, these theories are interesting even when

the gauge group is U(1).

• 2 + 1 dimensional gauge theories are labeled by a gauge group, matter fields, and the

Chern-Simons couplings, which are quantized.

• Since in 2 + 1 dimensions there is no notion of spinor chirality, one can typically add

a mass term for the matter fields preserving all the continuous symmetries of the

massless theory. In some theories, however, the massless point is distinguished by

the presence of (a discrete) antilinear time-reversal symmetry. The phases of these

theories can be studied as a function of the continuous mass deformations for the

matter fields.
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• There are no continuous ’t Hooft anomalies for the symmetries of 2 + 1 dimensional

theories. However, there are many discrete anomalies and they have to be consistent

with the infrared phases of these theories. Even though these anomalies are discrete

they nevertheless provide highly nontrivial constraints on the infrared dynamics. In

addition, such quantum phases are constrained by the matching of some countert-

erms. This matching of counterterms physically corresponds to consistency conditions

on conductivity coefficients. We will encounter some examples in this paper.

The subject of 2+1 dimensional gauge theories connects in an obvious way to condensed

matter physics (where the gauge symmetry is typically emergent) and in somewhat less

obvious ways to particle physics. Many 3 + 1 dimensional gauge theories have degenerate

trivial vacua. As a result, a domain wall connecting two vacua supports at low energies a

2+1 dimensional theory, and one can often make this connection very natural (as we will see

in this paper). In addition, one can study 3+1 dimensional gauge theories compactified on

a circle (e.g. in the context of finite temperature physics), a problem that similarly reduces

to the study of 2 + 1 dimensional systems.

In spite of the fact that 2 + 1 dimensional gauge theories are asymptotically free, these

theories admit regimes in parameter space where they are weakly coupled and the infrared

dynamics can be inferred by a careful semiclassical analysis:

• When all the matter fields have a large mass (in units of the Yang-Mills coupling

constant) they can be integrated out at energy scales above the strong coupling

scale. This only leads to a shift in the infrared Chern-Simons level (this shift is one-

loop exact for fermions and trivial for bosons) and hence the deep infrared theory is

given by the infrared dynamics of the pure Yang-Mills-Chern-Simons gauge theory,

which is quite well understood. This typically leads in the infrared to a Chern-Simons

Topological Quantum Field Theory (TQFT).1 Since the shift of the Chern-Simons

level depends on the sign of the mass of the fermion [9–11], the large mass limit defines

an asymptotically large-positive mass phase and an asymptotically large-negative

mass phase, described by two distinct TQFTs.

• When the number of matter fields is very large2 [12, 13] (i.e. many species or large

representations) one can demonstrate that there exists a weakly coupled conformal

field theory (CFT) which interpolates between the TQFTs describing the two asymp-

totically large mass phases. Such a theory does not develop interesting new quan-

tum phases.

• Likewise, when the Chern-Simons level is very large [14] one can show that there

exists a weakly coupled CFT interpolating between the TQFTs describing the two

1An exception to this is when the Chern-Simons level vanishes upon integrating out massive matter

fields. In that case, for simply connected groups, the TQFT is trivial. For non-simply connected groups

the situation is more complicated, but we will not need it here except in the case of U(1), where the low

energy theory is the gapless theory of a compact scalar. This fact will play an important role in this paper.
2The relevant group theory factor is the index of the (possibly reducible) representation of the mat-

ter fields.
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asymptotically large mass phases. For large k the theory does not develop interesting

new quantum phases.

While no new quantum phases emerge for “large representations” or large Chern-

Simons level, it is a wide-open nonperturbative problem to determine for which rep-

resentations and which levels new quantum phases develop. For some recent work

on such questions in the context of quiver gauge theories see [15, 16] and refer-

ences therein.

It follows from our discussion above that the dynamics of 2 + 1 dimensional gauge

theories is especially interesting when neither the Chern-Simons level, the dimension of the

representation, nor the mass of the matter fields are too large. In this regime there is no

semiclassical approximation to the dynamics of the theory. This is when we may expect

quantum effects to dominate the dynamics and new interesting phenomena may emerge,

including new nonperturbative phases.

In this paper we study a class of 2+1 dimensional gauge theories for which we provide

a large body of evidence that they indeed develop new nonperturbative phases along with

new phase transitions, for which we propose novel dual descriptions. (We do not know, in

general, if these phase transitions are 1st or 2nd order.) The theories we analyze are SU(N)

Yang-Mills gauge theories coupled to a fermion in the rank-two symmetric or antisymmetric

representation of SU(N) and a Chern-Simons term at level k. (The fermion is a Dirac

fermion, i.e. a complex fermion with two components.)

For generic k, these models have a global baryon number symmetry, U(1)B, acting

on the fermion as ψ 7→ eiαψ. In addition, there is charge-conjugation symmetry. Both of

these symmetries are unbroken by the mass term imψ̄ψ. For k = 0 (which is only allowed

for even N) the model also admits a time-reversal symmetry. The mass term breaks

the time-reversal symmetry. Finally, since there are no dynamical degrees of freedom in

the fundamental representation, these theories have a one-form Z2 symmetry when N is

even. (In the context of condensed matter physics, the one-form symmetry is expected to

be accidental.)

Let us now summarize the main results:

1. These theories have a critical value of the level kcrit below which a new intermedi-

ate quantum phase appears between the semiclassically accessible asymptotic large-

positive and large-negative mass phases. The critical value is3

symmetric: kcrit =
N + 2

2
, antisymmetric: kcrit =

N − 2

2
. (1.1)

2. For 0 6= k < kcrit there is an intermediate quantum phase described by the following

“emergent” TQFTs4

symmetric: U

(
N + 2

2
− k
)
N+2

2
+k,2k

, antisymmetric: U

(
N − 2

2
− k
)
N−2

2
+k,2k

.

(1.2)

3The quantized level k must be integer for N even and half-integer for N odd. See section 2.
4We recall that U(N)P,Q :=

SU(N)P×U(1)NQ

ZN
with P ≡ Q mod N . The quotient by ZN gauges an

anomaly-free one-form symmetry [17, 18].
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3. For k = 0 there is an intermediate quantum phase that includes a Nambu-Goldstone

boson (NGB) corresponding to the spontaneous breaking of U(1)B, along with

a TQFT:

symmetric:
SU
(
N+2
2

)
N+2

2
× S1

ZN+2
2

, antisymmetric:
SU
(
N−2
2

)
N−2

2
× S1

ZN−2
2

. (1.3)

The notation S1 stands for the linear sigma model of a compact real scalar field

{φ ∼ φ + 2π}, which is dual to pure U(1)0 gauge theory in 2 + 1 dimensions.5 The

scalar couples to the TQFT SU
(
N±2
2

)
N±2

2
by gauging a diagonal, anomaly-free ZN±2

2

one-form symmetry.

The microscopic (ultraviolet) theory for k = m = 0 is time-reversal invariant. It may

then seem odd that we are proposing that this model flows to a TQFT coupled to

a Nambu-Goldstone boson, as TQFTs are typically non-time-reversal invariant. It

is encouraging to observe that the SU(n)n/Zn Chern-Simons theory is in fact also a

time-reversal invariant (spin) TQFT [19]. This is a nontrivial consistency check of

our proposal.

4. For k < kcrit these theories undergo two phase transitions as a function of the mass of

the fermion. The phase transitions connect the intermediate quantum phase with the

asymptotic large-positive mass phase and with the asymptotic large-negative mass

phase, respectively. We propose that these transitions have a dual description in

terms of another 2 + 1 dimensional gauge theory. This leads us to propose new

(fermion-fermion) dualities in 2 + 1 dimensions.

Dualities for SU(N)k + symmetric ψ for k < N+2
2 :

SU(N)k+ symmetric ψ←→U

(
N+2

2
+k

)
1
2
(−1+k−3N/2),k−N/2

+ antisymmetric ψ̃

SU(N)k+ symmetric ψ←→U

(
N+2

2
−k
)

1
2
(+1+k+3N/2),k+N/2

+ antisymmetric ψ̂ .

(1.4)

Dualities for SU(N)k + antisymmetric ψ for k < N−2
2 :

SU(N)k+ antisymmetric ψ←→U

(
N−2

2
+k

)
1
2
(+1+k−3N/2),k−N/2

+ symmetric ψ̃

SU(N)k+ antisymmetric ψ←→U

(
N−2

2
−k
)

1
2
(−1+k+3N/2),k+N/2

+ symmetric ψ̂ .

(1.5)

We note that the fermion in the dual gauge theory transforms in the other rank-two

representation compared to the fermion in the original gauge theory.

5For k = 0, the U(1)0 factor in (1.2) should not be interpreted as a TQFT, but rather as a gapless U(1)0
gauge theory, which can be dualized to the compact scalar.
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5. For k ≥ kcrit the phase diagram has just two phases: the asymptotic large-positive

mass and large-negative mass semiclassical phases, separated by a phase transition.

For very large k the phase transition is controlled by a weakly coupled CFT. The

asymptotic large mass phases are the TQFTs

symmetric: SU(N)k±N+2
2

, antisymmetric: SU(N)k±N−2
2

, (1.6)

where the upper/lower sign is for the large positive/negative mass asymptotic phase.

These phases are present in these theories for any k, but for k < kcrit they are

separated by the intermediate quantum phases discussed above while for k ≥ kcrit
they are separated by a single transition (which for sufficiently large k must be given

by a CFT).

Outline of the paper. In section 2 we present our conjectures for the phases of SU(N)

Yang-Mills gauge theory coupled to a fermion in the symmetric and antisymmetric rep-

resentation and with a Chern-Simons term. In section 3 we present a list of nontrivial

consistency checks, involving a comparison to known special cases, and the highly non-

trivial matching of some contact terms. In section 4 we study some domain wall solutions

in four-dimensional gauge theories and show that at least in one case one can explicitly

demonstrate baryon symmetry breaking on the domain wall, in agreement with the pre-

dictions for the infrared behavior of the corresponding three-dimensional gauge theory. In

section 5 we make a few forward-looking comments about the time-reversal anomaly and

about baryons.

2 Phase diagrams

Consider Yang-Mills theory with gauge group SU(N), a Chern-Simons term and a Dirac

fermion ψ in the rank-two symmetric or antisymmetric representation R of SU(N):

L = tr

(
− 1

2g2
F 2 +

ikbare
4π

(
AdA+

2

3
A3

)
+ iψ̄ /Dψ + imψ̄ψ

)
. (2.1)

In this section we make a proposal for the phase diagram of these theories as a function

of the effective Chern-Simons level k := kbare − T (R) and of the mass m ∈ R of the

fermion.6 T (R) is the Dynkin index of the SU(N) representation under which the Dirac

fermion transforms. Since under time-reversal k → −k (along with reversing the sign of

the mass), we restrict our discussion to k ≥ 0. Since kbare ∈ Z, it follows from table 1 that

k ∈ Z for N even and k ∈ Z + 1
2 for N odd.

6The shift of the Chern-Simons level in (2.1) by T (R) arises from the determinant of the massless

fermion. It is convenient to use kbare when writing Lagrangians since kbare is always an integer. However,

the infrared phases of the theory are more conveniently labeled by k := kbare − T (R) because time-reversal

symmetry acts on k by simply reversing it, along with reversing the mass of the fermion.
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symmetric antisymmetric adjoint

T (R) 1
2(N + 2) 1

2(N − 2) N

Table 1. Index for SU(N) rank-two and adjoint representations. (Since the adjoint representation

is real, one could also take the corresponding fermion to be a Majorana fermion — that model was

discussed in detail in [2].)

We now discuss the global symmetries of these theories. There is a U(1)B flavor

symmetry and a ZC
2 charge-conjugation symmetry C acting as7

U(1)B : ψ 7→ eiαψ , C :

Aµ 7→ −ATµψ 7→ +ψ∗ .
(2.2)

These transformations do not commute and generate the group O(2)B = U(1)B oZC
2 .

Since the center of the gauge group ZN ⊂ SU(N) acts as ψ 7→ e
4πi
N ψ, the global symmetry

group is O(2)B/ZN/2 for N even and O(2)B/ZN for N odd. The operators charged under

this symmetry are baryons, which will be discussed briefly at the end of this paper.

Since the gauge group is simply-connected, the magnetic symmetry group is trivial.

For N even a Z2 ⊂ ZN subgroup of the center acts trivially on ψ and the theory has a

Z2 one-form global symmetry. For N odd the one-form symmetry is trivial. Finally, for

k = m = 0 the theory is time-reversal invariant. Time-reversal symmetry acts on the

fermion by

T : ψ 7→ γ0ψ
∗ . (2.3)

Therefore, in these theories, T2 = (−1)F . It is easy to verify that the mass term is odd

under time-reversal symmetry but it preserves all other symmetries.

We proceed now to analyzing the phase diagram. We start with the phases that can be

established by a semiclassical analysis. When |m| � g2 we can reliably integrate out the

fermion before the interactions become strong. Integrating out a massive fermion shifts the

Chern-Simons level to k + sign(m)T (R), and the resulting effective theory is pure SU(N)

Yang-Mills with an integer-quantized Chern-Simons term at level k + sign(m)T (R). This

theory, which now has no matter fields, flows at low energies to the topological SU(N)

Chern-Simons theory at level k + sign(m)T (R), which we denote by SU(N)k+sign(m)T (R).

Therefore the infrared dynamics is captured by the TQFTs SU(N)k±T (R) for large positive

and negative mass respectively. These asymptotic large mass phases are present for all k

and all N . In the above discussion of the asymptotic phases, k = T (R) is an exception

since the infrared theory (after integrating the fermions out) is pure Yang-Mills theory

(without a Chern-Simons term) with gauge group SU(N). In this case the infrared theory

is trivial and gapped due to confinement and due to the fact that the gauge group is

simply-connected.

As long as k is sufficiently large, the above two topological phases SU(N)k+sign(m)T (R)

are separated by a single transition. The question is below which value of k additional

phases appear. Our proposal is that as long as k ≥ T (R) the above picture holds true,

7For N = 2 the action of C on the gauge field is a gauge transformation.
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SU(N)k + ψ k ≥ N+2
2

SU(N)k− 1
2
(N+2) SU(N)k+ 1

2
(N+2)

m→ +∞m→ −∞

Figure 1. Phase diagram of SU(N) gauge theory with a symmetric fermion for k ≥ N+2
2 . The

solid circle represents a phase transition between the asymptotic phases. For sufficiently large k we

know for certain that the phase transition is associated with a CFT.

SU(N)k + ψ k ≥ N−2
2

SU(N)k− 1
2
(N−2) SU(N)k+ 1

2
(N−2)

m→ +∞m→ −∞

Figure 2. Phase diagram of SU(N) with an antisymmetric fermion for k ≥ N−2
2 . The solid circle

represents a phase transition between the asymptotic phases. For sufficiently large k we know for

certain that the phase transition is associated with a CFT.

namely, the two semiclassically accessible phases are separated by a phase transition at

some value of the mass. The phase diagrams for k ≥ T (R) are summarized in figures 1

and 2. Note that the boundary of the above region, k = T (R), is exactly where one of the

phases becomes a trivial infrared theory, with no Chern-Simons TQFT.

For 0 ≤ k < T (R) we propose that there is a new intermediate “quantum phase” in

between the asymptotic large mass phases.8 This phase is inherently quantum mechan-

ical, and is not visible semiclassically. This new quantum phase connects to each of the

asymptotic phases through a phase transition. The phase diagrams for 0 < k < T (R) are

summarized in figures 3 and 4. The reason that k = 0 is excluded from the figures is that

it requires a separate discussion, as we shall see below.

The way we arrive at the phase diagrams in figures 3 and 4 is as follows. As mentioned

above the asymptotic positive and negative mass phases are described by the TQFTs

SU(N)k±T (R). These TQFTs admit a level/rank SU/U dual description [20, 21]9

SU(N)k±T (R) ←→ U(T (R)± k)∓N,∓N . (2.4)

8In the case of symmetric fermion the new phase appears at k = T (R)− 2 = N
2
− 1. See below.

9Level/rank dualities are generically valid only as spin TQFTs, and therefore, whenever the theory on

one side of the duality is not spin (i.e. it does not have a transparent spin 1/2 line) we must tensor that

theory with a trivial spin TQFT. SU(N)k is never spin and U(N)k,k is spin for k odd.

– 7 –
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SU(N)k + ψ 0 < k < N+2
2

U
(
N+2
2
− k

)
1
4
(3N+2k+2),k+ 1

2
N
+ ψ̂ U

(
N+2
2

+ k
)

1
4
(−3N+2k−2),k− 1

2
N
+ ψ̃

SU(N)k− 1
2
(N+2)

U
(
N+2
2
− k

)
+N

U
(
N+2
2
− k

)
+ 1

2
(N+2)+k,2k

U
(
N+2
2

+ k
)
− 1

2
(N+2)+k,2k

SU(N)k+ 1
2
(N+2)

U
(
N+2
2

+ k
)
−N

m→ +∞m→ −∞

Figure 3. Phase diagram of SU(N) with a symmetric fermion for 0 < k < N+2
2 . The solid circles

represent a phase transition between the asymptotic phases and the intermediate quantum phase.

Each phase transition has a dual gauge theory description, which appears with an arrow pointing

to the phase transition. The mass deformations are related by mψ = −mψ̂ and mψ = −mψ̃.

SU(N)k + ψ 0 < k < N−2
2

U
(
N−2
2
− k

)
1
4
(3N+2k−2),k+ 1

2
N
+ ψ̂ U

(
N−2
2

+ k
)

1
4
(−3N+2k+2),k− 1

2
N
+ ψ̃

SU(N)k− 1
2
(N−2)

U
(
N−2
2
− k

)
+N

U
(
N−2
2
− k

)
+ 1

2
(N−2)+k,2k

U
(
N−2
2

+ k
)
− 1

2
(N−2)+k,2k

SU(N)k+ 1
2
(N−2)

U
(
N−2
2

+ k
)
−N

m→ +∞m→ −∞

Figure 4. Phase diagram of SU(N) with an antisymmetric fermion for 0 < k < N−2
2 . The solid

circles represent a phase transition between the asymptotic phases and the intermediate quantum

phase. Each phase transition has a dual gauge theory description, which appears with an arrow

pointing to the phase transition. The mass deformations are related by mψ = −mψ̂ and mψ = −mψ̃.
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We start with the level/rank dual description of the asymptotic positive mass phase

and search for a dual description that would allow us to understand the quantum phase

semiclassically in the dual variables. Similarly, we consider the asymptotic negative mass

phase and search for an ultraviolet gauge theory that could describe the phase transi-

tion between the semiclassical asymptotic negative mass phase and the quantum phase.

These steps involve some guesswork. The fact that this can be done at all is already a

highly nontrivial consistency check. Indeed, the two required dual descriptions are mutu-

ally non-local10 but there is only one quantum phase, which both of them have to describe

simultaneously (in our case this happens thanks to the new level/rank duality in [21]).

In the present context, luckily, we were able to find consistent dual descriptions describ-

ing the same quantum phase. Furthermore, this guess satisfies very nontrivial additional

consistency checks, as we shall see. One of the dual theories is based on the gauge group

U(T (R)−k) and the other on the gauge group U(T (R)+k) with appropriate Chern-Simons

levels and matter representations.

We are thus led to propose the following new fermion-fermion dualities for 0 ≤ k <

T (R):

Dualities for SU(N)k + symmetric ψ for k < N+2
2 :

SU(N)k + symmetric ψ ←→ U

(
N + 2

2
+ k

)
1
2
(−1+k−3N/2),k−N/2

+ antisymmetric ψ̃

SU(N)k + symmetric ψ ←→ U

(
N + 2

2
− k
)

1
2
(+1+k+3N/2),k+N/2

+ antisymmetric ψ̂ .

(2.5)

Dualities for SU(N)k + antisymmetric ψ for k < N−2
2 :

SU(N)k + antisymmetric ψ ←→ U

(
N − 2

2
+ k

)
1
2
(+1+k−3N/2),k−N/2

+ symmetric ψ̃

SU(N)k + antisymmetric ψ ←→ U

(
N − 2

2
− k
)

1
2
(−1+k+3N/2),k+N/2

+ symmetric ψ̂ .

(2.6)

For k = T (R)− 1 = N/2 in the theory of the fermion in the symmetric representation

the intermediate phase coincides with the asymptotic large negative mass phase and the

first phase transition is therefore unnecessary. Indeed, the associated duality in the second

line of (2.5) trivializes since the antisymmetric representation of U(1) is trivial.

The case of k = 0 is particularly interesting and requires a separate discussion. The

quantum phase that has appeared in the figure 3 and 4 would seem to make sense also

for k = 0. However, while for k > 0 it is a pure TQFT, for k = 0 it is not. Indeed,

after integrating the fermion in the dual theory with gauge group U(T (R)), we are left

10By “mutually non-local” we mean that there exists no local map between the fields in the two dual

descriptions, yet, they have some region of overlap in the physics they describe. This is reminiscent of

the Seiberg-Witten solution, which has two mutually non-local theories describing two different massless

theories, with a region of overlap.
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SU(N)0 + ψ

U
(
N+2
2

)
1
4
(3N+2), 1

2
N
+ ψ U

(
N+2
2

)
− 1

4
(3N+2),− 1

2
N
+ ψ

SU(N)− 1
2
(N+2)

U
(
N+2
2

)
+N

SU
(
N+2
2

)
+ 1

2
(N+2)

× S1

Z 1
2
(N+2)

SU
(
N+2
2

)
− 1

2
(N+2)

× S1

Z 1
2
(N+2)

SU(N) 1
2
(N+2)

U
(
N+2
2

)
−N

m = 0

m→ +∞m→ −∞

Figure 5. Phase diagram of SU(N) gauge theory with a symmetric fermion for k = 0. The

circle S1 represents the corresponding sigma model. Each phase transition has a dual gauge theory

description, which appears with an arrow pointing to the phase transition. The mass deformations

are related by mψ = −mψ̂ and mψ = −mψ̃.

with pure U(T (R))T (R),0 Yang-Mills-Chern-Simons theory, with T (R) = N
2 ± 1 in the

symmetric/antisymmetric case. The crucial point is that the U(1)0 factor is not topological.

This latter theory can be dualized to the theory of a compact, real scalar field φ

LU(1)0 =
f2π
2

(∂φ)2 , (2.7)

with φ ∼ φ+ 2π and f2π the “decay constant”.

This theory is combined with the Chern-Simons theory in the following way: the NGB

theory (2.7) has a non-anomalous U(1) one-form symmetry, corresponding to the con-

served two-form current εµνρ∂
ρφ. Likewise, SU(T (R))T (R) Chern-Simons theory has a non-

anomalous ZT (R) one-form symmetry (it is non-anomalous when one views SU(T (R))T (R)

as a spin TQFT). We gauge the diagonal ZT (R) symmetry, and denote this by

SU(T (R))T (R) × S1

ZT (R)
, (2.8)

where ZT (R) is the diagonal one-form symmetry. The phase diagrams for k = 0 are sum-

marized in figures 5 and 6.

An immediate consistency check of this scenario — which we have already dis-

cussed in the introduction — is that the ultraviolet theory is time-reversal symmetric,

so it is reassuring to realize that SU
(
N
2 ± 1

)
N
2
±1 /ZN

2
±1 Chern-Simons theory and the

NGB theory are time-reversal invariant. The time-reversal invariance of the quotient

SU
(
N
2 ± 1

)
N
2
±1 /ZN

2
±1 can be shown from level/rank duality as in [19].
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SU(N)0 + ψ

U
(
N−2
2

)
1
4
(3N−2), 1

2
N
+ ψ U

(
N−2
2

)
1
4
(−3N+2),− 1

2
N
+ ψ

SU(N)− 1
2
(N−2)

U
(
N−2
2

)
+N

SU
(
N−2
2

)
+ 1

2
(N−2)

× S1

Z 1
2
(N−2)

SU
(
N−2
2

)
− 1

2
(N−2)

× S1

Z 1
2
(N−2)

SU(N) 1
2
(N−2)

U
(
N−2
2

)
−N

m = 0

m→ +∞m→ −∞

Figure 6. Phase diagram of SU(N) gauge theory with a antisymmetric fermion for k = 0. The

circle S1 represents the gapless sigma model with S1 target space. Each phase transition has a dual

gauge theory description, which appears with an arrow pointing to the phase transition. The mass

deformations are related by mψ = −mψ̂ and mψ = −mψ̃.

The main feature of the k = 0 model is, of course, the nonperturbative spontaneous

breaking of the U(1)B baryon number symmetry. The U(1)B symmetry breaking occurs

due to the condensation of a baryon. We will discuss the baryon operators in this theory

very briefly in the last section.

This spontaneous symmetry breaking is not in contradiction with the Vafa-Witten type

theorems [22]. In essence, if a symmetry cannot be preserved by a time-reversal invariant

mass term then there is no obstruction for the spontaneous breaking of that symmetry.

Indeed, in our class of theories, it is not possible to deform by a mass term while

preserving both U(1)B baryon number symmetry and time-reversal symmetry. This is

obvious for N > 2 since there is no mass term whatsoever that preserves time-reversal

symmetry. However, the case of N = 2 requires special attention. In the case of N = 2

with an antisymmetric fermion the theory is always in the large k two-phase regime, and

there is no quantum phase and no spontaneous breaking occurs, of course, since the fermion

is completely decoupled. For N = 2 with a symmetric fermion, the situation is more

interesting. A Dirac fermion in the rank-two symmetric representation is equivalent to two

Majorana fermions in the adjoint representation. Let us denote the two Majorana fermions

by Ψ1,Ψ2, such that ψ = Ψ1 + iΨ2. The U(1)B = SO(2)B baryon symmetry simply rotates

these two real fermions (
Ψ1

Ψ2

)
7→

(
cos θ sin θ

− sin θ cos θ

)(
Ψ1

Ψ2

)
. (2.9)

Time-reversal symmetry can be taken to act as Ψ1 7→ γ0Ψ1, and Ψ2 7→ γ0Ψ2. Finally, we

have a charge-conjugation symmetry C that acts as Ψ2 7→ −Ψ2 while keeping Ψ1 intact.
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The minimal scalar baryon operator transforms with charge 2 under U(1)B. The hermitian

combinations i(Ψ̄1Ψ1 − Ψ̄2Ψ2), and iΨ̄1Ψ2 are the components of this baryon operator.11

The hermitian combination i(Ψ̄1Ψ1 + Ψ̄2Ψ2) is instead invariant under baryon symmetry,

but obviously breaks time-reversal symmetry when added to the Lagrangian.

Therefore, clearly, if we want to preserve a time-reversal symmetry, we must use the

hermitian baryon operators above. Indeed, for example, adding iΨ̄1Ψ2 to the Lagrangian

would preserve CT. However, there is no way to add a time-reversal invariant mass term

that also preserves the U(1)B baryon symmetry. Therefore, there is no obstruction for

baryon symmetry to be spontaneously broken. Interestingly, in the case of N = 2, the

TQFT trivializes (see figure 5) because SU(2)2/Z2 = SO(3)1, which is a trivial spin TQFT.

The fact that in the particular case N = 2 the NGB is not accompanied by a TQFT will

be crucial later, when we make contact with 3 + 1 dimensional physics. Note also that in

the case of N = 2 it is quite clear that the operator which condenses and leads to the NGB

is (without loss of generality) i(Ψ̄1Ψ1 − Ψ̄2Ψ2).

3 Additional consistency checks

3.1 Special cases

Here we discuss special values of N where we can compare our proposed dynamics with

previously conjectured phase diagrams for other families of theories. We also embed SU(2)

with a rank-two symmetric fermion in a renormalization group flow of N = 2 supersymmet-

ric SU(2) pure gauge theory, and contrast our proposed phase diagram with the expected

infrared dynamics of the supersymmetric theory.

• SU(4)k with antisymmetric fermion. A consistency check on our proposed dy-

namics follows from the isomorphism SU(4) ' Spin(6) and the fact that the antisymmetric

representation of SU(4) is the six-dimensional, vector, real representation of Spin(6). Since

ψ is a Dirac fermion we have the following equivalence of theories

SU(4)k + antisymmetric ψ ≡ Spin(6)k + (Nf = 2) Ψ , (3.1)

where by Nf = 2 we mean two Majorana fermions in the vector representation of Spin(6).

For k ≥ 1 the phase diagram of SU(4)k + antisymmetric has two asymptotic phases

(see figure 2). The phase diagram of Spin(6)k + Nf Ψ was derived in [3]. For Nf = 2

and k ≥ 1 the phase diagrams agree trivially by virtue of the identity of the TQFTs

SU(4)n = Spin(6)n.

We now proceed to the nontrivial matching for k = 0 where both theories have an

intermediate phase, which we want to compare. Plugging N = 4 in figure 4 we find that

the intermediate phase of SU(4)k + antisymmetric ψ is described by

U(1)0 , (3.2)

11They are the real and imaginary parts of the baryon constructed with a Dirac spinor in the symmetric

representation εα1α2εβ1β2ψ
α1β1ψα2β2 .
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which, as we explained in detail, is simply a free compact scalar φ with periodicity 2π. By

contrast, the intermediate phase of Spin(6)k + Nf Ψ is described by the following coset [3]

SO(NF )

S
(
O
(
NF
2

)
×O

(
NF
2

)) + 6ΓWZ , (3.3)

where ΓWZ is a Wess-Zumino term. The coset in (3.3) can be described more explicitly by

the equivalence relation of SO(NF ) matrices O

O ∼ P ·O , (3.4)

where P is a block-diagonal matrix with two NF
2 ×

NF
2 blocks A and B

P =

(
A 0

0 B

)
(3.5)

such that det(A ·B) = 1.

For Nf = 2 the Wess-Zumino term vanishes (because π3(S
1) = 0) and we are left

with a sigma model on the space of SO(2) matrices O =

(
cos θ sin θ

− sin θ cos θ

)
subject to the

equivalence relation (
cos θ sin θ

− sin θ cos θ

)
∼

(
−1 0

0 −1

)
·

(
cos θ sin θ

− sin θ cos θ

)
, (3.6)

with implies that θ ∼ θ + π. Therefore, after the quotient the space is still isomorphic to

a circle (albeit with a radius smaller by a factor of 2). Therefore this precisely coincides

with the result that we obtained for SU(4) with an antisymmetric fermion.

In summary, our phase diagram for SU(N)k with a fermion in the antisymmetric

representation for N = 4 precisely matches the proposed phase diagram of Spin(M) with

Nf Majorana fermions in the vector representation for M = 6 and Nf = 2. This supports

the validity of both phase diagrams.

• SU(3)k with an antisymmetric fermion. A somewhat more trivial consistency

check can be made for SU(3)k with an antisymmetric fermion by noting that the rank-

two antisymmetric representation of SU(3) is the same as the complex conjugate of the

fundamental, three dimensional representation of SU(3). Thus we have the equivalence

of theories

SU(3)k + antisymmetric ψ ≡ SU(3)k + (Nf = 1) Υ , (3.7)

where Υ is a Dirac fermion. These theories, which always have two phases (i.e. there is

no intermediate phase regime), can be seen to have the same phase diagram by comparing

figure 4 for N = 3 with the phase diagram of SU(N)k with Nf fermions in the fundamental

representation for N = 3 and Nf = 1 in [1].
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• SU(2)k with an antisymmetric fermion. A very degenerate special case is SU(2)k
with a fermion in the antisymmetric representation. In this case the fermion is decoupled

from the gauge dynamics and there is no intermediate phase. The infrared is captured by

SU(2)k Chern-Simons theory except at one point in the phase diagram, which coincides

with the phase transition in figure 2. The phase transition simply corresponds to a neutral

fermion becoming massless.

• SU(2)k with a symmetric fermion. The rank-two symmetric representation of

SU(2) is the adjoint representation. Therefore, figures 1 and 3 for N = 2 describe the

infrared dynamics of SU(2) QCD with Nf = 2 adjoint Majorana fermions.12 This extends

the phase diagram of SU/SO/Sp adjoint QCD with Nf = 1 put forward in [2].

The particular case N = 2 with a symmetric fermion admits an embedding in the

N = 2 supersymmetric theory of one SU(2) vector multiplet. In addition to the fields we

have in our theory, this model also has a real scalar field ϕ in the adjoint representation, with

couples to the fermions via Yukawa terms. What we called U(1)B is naturally referred to

as the R-symmetry in the supersymmetric context. We can flow from the supersymmetric

theory to our theory by simply adding a (supersymmetry-breaking) mass term for the real

scalar field ϕ.13 Below we analyze what happens if that mass term is very small compared

to the scale set by the gauge coupling.

The infrared of the supersymmetric model consists of [23] a complex scalar field Y ,

whose imaginary part transforms inhomogeneously under the U(1) R-symmetry, thus sig-

naling spontaneous symmetry breaking of this symmetry. The kinetic term for Y is approx-

imately canonical for large re(Y ) and the potential is the runaway potential V ∼ e−
1
g
re(Y )

.

Adding a small (supersymmetry-breaking) mass term m2ϕ2 in the ultraviolet translates to

adding a small (supersymmetry-breaking) mass term m2 re(Y )2 in the infrared. (The map

between the deformations in the UV and IR is rather simple for large re(Y ) because the

theory is weakly coupled there.) For small enough mass of ϕ the minimum of

V = e
− 1
g
re(Y )

+m2(re(Y ))2 (3.8)

is therefore at large re(Y ) and we can analyze the physics semiclassically. The fermions

are all lifted due to the Yukawa couplings and re(Y ) is likewise massive at the mini-

mum of the potential. The deep infrared theory therefore consists of just the (compact)

Nambu-Goldstone boson im(Y ) without an additional TQFT, exactly as in the scenario we

proposed above for SU(2) with a Dirac fermion in the rank-two symmetric representation.

We shall return to this theory later when we discuss domain walls in 3 + 1 dimensional

SU(2) Yang-Mills with Nf = 2 adjoint Majorana fermions.

3.2 Gravitational counterterm matching

Another nontrivial check of our proposed phase diagrams in figures 3 and 4 can be de-

vised by coupling the theories to background gravity. A well-defined (scheme independent)

12We recall that our theory is based on a Dirac fermion and therefore Nf = 2 Majorana adjoint fermions

of SU(2).
13A closely related N = 1 preserving mass deformation was analyzed in [4].
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observable is the difference in the gravitational counterterm 2∆cCSgrav between the asymp-

totic negative and asymptotic positive mass phases. This difference is closely related to the

difference in the thermal conductance in the two phases. This is an interesting quantity to

study because it can be easily computed in the original “electric variables” where it is one

loop exact. But it can also be computed in the dual variables, followed by traversing the

quantum phase, and using the dual variables again. Therefore, one can devise a concrete

nontrivial consistency check. Such computations were done in the context of supersym-

metric dualities in [24, 25], where the connection to the physically observable thermal

conductance (or the analogous charge conductance which we will study soon) is explained.

The jump in the gravitational counterterm in the electric variables is given by the num-

ber of fermions in the ultraviolet gauge theory (this is related to the parity anomaly [9–11]).

Therefore, in our theories

∆c = − dim(R) , (3.9)

where R is either the rank-two symmetric or antisymmetric representation, respectively.

Our phase diagrams for k < T (R) in figures 3 and 4 provide us with another way to

compute this difference. The two computations must agree for consistency. We start with

the TQFT in the asymptotic negative mass phase SU(N)k−T (R) and work our way towards

the asymptotic positive mass phase SU(N)k+T (R). This requires tracking the jump of the

gravitational counterterm across level/rank dualities, where a gravitational counterterm is

generated, and across the phase transitions:

• SU/U TQFT level/rank duality in the asymptotic negative phase [21]:

∆c1 = N(k − T (R)) (3.10)

• Jump induced from positive to negative mass of the leftmost dual gauge theory:

∆c2 = dim(R̂) (3.11)

• U/U TQFT level/rank duality in the intermediate phase [21]:

∆c3 = (T (R)− k)(T (R) + k)− 1 (3.12)

• Jump induced from positive to negative mass of the rightmost dual gauge theory:

∆c4 = dim(R̃) (3.13)

• U/SU TQFT level/rank duality in the asymptotic positive phase [21]:

∆c5 = −(k + T (R))N (3.14)

Here R̂ and R̃ denote the representation of the fermion in the leftmost and rightmost dual

descriptions in figures 3 and 4.

Adding up the contributions to the jump following this path we find that it precisely

matches that in (3.9)
5∑
I=1

∆cI ≡ ∆c , (3.15)

both for the theory with a symmetric and antisymmetric fermion!
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3.3 Baryon counterterm matching

An entirely analogous exercise to (3.15) is to match the difference in the baryon number

conductivity coefficient. This coefficient is simply the difference between the two asymp-

totic phases in the Chern-Simons term for the baryon background gauge field B, i.e., we

are after the difference
∆κ

4π

∫
B ∧ dB . (3.16)

Here we think about B as an ordinary U(1) connection and the space-time is assumed to

be a spin manifold.14

We need to carefully normalize the baryon charge of the fermion. The most convenient

choice is to imagine that the fermion is in the (anti-)symmetric representation of U(N)

rather than SU(N) and the diagonal of U(N) is the baryon number. This would lead to

the fermion carrying charge 2. However, the corresponding baryon gauge field would then

have possible fractional fluxes and in order to fix that we need to take the charge to be 2/N .

We can therefore compute ∆κ straightforwardly in the electric variables as

∆κ =

(
2

N

)2

dim(R) =
4

N2

1

2
N(N ± 1) =

2

N
(N ± 1) . (3.17)

As before, we can also compute ∆κ using the dual description:

• First, in the phase with large negative mass we need to perform level/rank duality

between SU(N)k−T (R) and U(T (R)− k)N , which leads to a jump15 [21]

∆κ1 = −k − T (R)

N
= −

k − 1
2(N ± 2)

N
. (3.18)

• Next, there is a crucial difference with our computation of the thermal conductivity.

Since the baryon symmetry maps to the magnetic symmetry in the dual variables,

and since the dual fermions are not charged under the magnetic symmetry, we get

that ∆κ2 ≡ ∆κ4 ≡ 0. In other words, the phase transitions do not lead to a jump in

the conductivity.

14As all our theories are fermionic and the baryon number clearly satisfies a spin-charge relation, we can

in principle also study our theories on spinc manifolds. This leads to some additional nontrivial consistency

checks which we do not present here.
15Let us explain briefly how to derive this shift from [21]. Using the notation of [21], the Lagrangian for

SU(N)K is

LSU(N)K =
K

4π
tr

[
bdb− 2

3
ib3

]
+
εK
4π

(tr b)d(tr b) +
1

2π
cd(tr b+B)

where b us a u(N) gauge field. If we integrate out c and remove the trace b := b̃ − 1
N
B (with tr b̃ ≡ 0),

we get

LSU(N)K →
K

4π
tr

[
b̃db̃− 2

3
ib̃3

]
+

K

4πN
BdB +

εK
4π
BdB .

The level/rank dual U(K)−N also has a term εK
4π
BdB, so the relative shift by the contact term is only given

by the term K/N
4π

BdB.
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• Next we need to address ∆κ3, which arises from the U/U level/rank duality in the

quantum phase. We find again from [21] that

∆κ3 = 1 . (3.19)

• Finally, the positive-mass SU/U level/rank duality leads to

∆κ5 =
k + 1

2(N ± 2)

N
. (3.20)

We see that if we add all the partial jumps ∆κI we get precisely the same shift in the

baryon counterterm (3.17) computed in the electric theory:

5∑
I=1

∆κI ≡ ∆κ (3.21)

for both the symmetric and antisymmetric representation!

The matching of the gravitational contact term guarantees that the phase diagram

remains consistent in curved space and the thermal conductivities are single-valued, as

they should be in physical theories. The matching of the baryon contact term further

guarantees that we can consistently gauge the ultraviolet baryon symmetry in all the phases.

Therefore, one can derive from our phase diagrams and dualities also the phase diagrams

and corresponding dualities for U(N) gauge theories coupled to two-index matter fields.

3.4 Self-consistency check for the dualities

The fact that the conductivity coefficient κ is continuous across the phase diagram means

that U(1)B can be consistently gauged. Moreover, given our choice of normalization for the

baryon charge of the fermion, one can also gauge the diagonal ZN one-form symmetry, and

this process conserves the phase diagram as well [1]. The end result is the phase diagram

of U(N)k,k′ + ψ, where ψ is a fermion in the symmetric or antisymmetric representation;

the details of these phase diagrams will be discussed elsewhere.

For our purposes, it suffices to note that SU(N)k + ψ and U(N)k,k′ + ψ have a quali-

tatively identical phase diagram and, in particular, they have the same number of phases.

More specifically, either they are both in the two-phase regime, or they both develop an in-

termediate nonperturbative phase, depending on whether k is larger or smaller than T (R).

This implies yet another consistency check of our phase diagram, because the dualities (2.5)
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and (2.6)

SU(N)k + symmetric ψ ←→ U

(
N + 2

2
+ k

)
1
2
(−1+k−3N/2),k−N/2

+ antisymmetric ψ̃

SU(N)k + symmetric ψ ←→ U

(
N + 2

2
− k
)

1
2
(+1+k+3N/2),k+N/2

+ antisymmetric ψ̂

SU(N)k + antisymmetric ψ ←→ U

(
N − 2

2
+ k

)
1
2
(+1+k−3N/2),k−N/2

+ symmetric ψ̃

SU(N)k + antisymmetric ψ ←→ U

(
N − 2

2
− k
)

1
2
(−1+k+3N/2),k+N/2

+ symmetric ψ̂

(3.22)

are only consistent if one side is in the two-phase regime and the other one is in the three-

phase regime, and vice versa.16 It is straightforward to check that this is indeed the case:

assuming that 0 < k < T (R), one has

−1

2
(−1 + k − 3N/2) >

1

2

[
N + 2

2
+ k − 2

]
+

1

2
(+1 + k + 3N/2) >

1

2

[
N + 2

2
− k − 2

] (3.23)

for the antisymmetric case, and

−1

2
(+1 + k − 3N/2) >

1

2

[
N − 2

2
+ k + 2

]
+

1

2
(−1 + k + 3N/2) >

1

2

[
N − 2

2
− k + 2

] (3.24)

for the symmetric case, as required.

Notice the interplay between the symmetric and antisymmetric representations in the

original UV description and in the dual description, which are manifested non-trivially in

the above checks. This makes the criteria for quantum phases in (1.2) natural.

4 Domain walls in four dimensional gauge theories

Let us consider the four-dimensional theory of a Dirac fermion in the symmetric/antisym-

metric representation coupled to SU(N) gauge fields. We can equivalently think about

it as SU(N) gauge theory coupled to a Weyl fermion in the symmetric/antisymmetric

representation and another Weyl fermion in the conjugate representation. Let us begin

with the massless theory. This theory has a (Z2(N−2)) Z2(N+2) discrete chiral symmetry

that acts by re-phasing the two Weyl fermions together,

Z2(N±2) : ψ, ψ̃ 7→ eiαψ, eiαψ̃ , α =
2πk

2(N ± 2)
, k ∈ Z . (4.1)

16We would like to thank A. Baumgartner for an interesting discussion regarding this point.
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In addition the theory enjoys baryon number symmetry U(1)B which acts by re-phasing

the two fermions in an opposite fashion

U(1)B : ψ, ψ̃ 7→ eiβψ, e−iβψ̃ . (4.2)

The special case of N = 2 with a symmetric representation Dirac fermion is equivalent

to SU(2) gauge theory with two Weyl fermions in the adjoint representation. In this case

the U(1)B symmetry is in fact enhanced to SU(2)F flavor symmetry (and in addition, there

is the discrete Z8 axial symmetry, where the order-two generator in Z8 is identified with

the center of SU(2)F flavor symmetry. This order-two generator coincides with the fermion

number symmetry, and it is hence unbreakable as long as the vacuum is Poincaré invariant.)

These theories admit a mass deformation, Mψψ̃, and we can take M to be non-negative

without loss of generality, at the expense of having to keep track of the θ parameter of the

gauge theory. The mass perturbation breaks the Z2(N±2) symmetry down to Z2. However,

the mass term preserves U(1)B. For θ = 0, π also the time-reversal symmetry is preserved.

In the special case of N = 2, the mass perturbation breaks SU(2)F symmetry, but it

preserves baryon number, which can be identified with the Cartan subgroup of SU(2)F .

The Vafa-Witten-like theorems would imply that the massless theory cannot break U(1)B.

We will assume that SU(2)F is broken to U(1)B.

It is reasonable to assume that the massless theory breaks the chiral symmetry

Z2(N±2) as17

Z2(N±2) → Z2 . (4.3)

According to these assumptions, the vacuum structure of the theory is therefore:

• N > 2: The massless theory has N ± 2 vacua, each of which is trivial and gapped.

The order parameter distinguishing these vacua is the fermion bilinear 〈ψψ̃〉, which

is charged under Z2(N±2)/Z2.

• N = 2: Here SU(2)F breaks spontaneously to U(1)B but also the axial symmetry is

spontaneously broken. The fermion bilinear is in the adjoint representation and it

is the order parameter leading to this symmetry breaking pattern.18 Let us param-

eterize it without loss of generality by 〈ψψ〉 =

(
1 0

0 −1

)
. This leads to the breaking

pattern SU(2)F → U(1)B, and the corresponding coset manifold is S2. Acting with

the generator of Z8 we get a new vacuum, and therefore we have at least two copies

of the coset S2. However, acting with the square of the generator of Z8 we get the

matrix

(
−1 0

0 1

)
, but this is in fact on the same coset as the original condensate (more

17This can be proven in the planar limit [26], where the theory in the meson sector is equivalent to N = 1

Supersymmetric Yang Mills theory, which is known to develop a condensate. Therefore our statement about

the symmetry breaking pattern certainly holds for large enough finite N .
18Indeed, since the order parameter must be a scalar in space-time the Lorentz indices are contracted

antisymmetrically, and since it must be gauge invariant, the gauge indices are contracted symmetrically

and hence the flavor indices must be contracted symmetrically as well, leading to the symmetric product

of the fundamental representation of SU(2)F with itself, namely, the adjoint representation.
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precisely, the Weyl group of SU(2)F relates these two configurations). Hence we have

exactly two copies of S2, and the broken axial symmetry allows us to move from one

copy to the other copy.19

Let us now turn on a small positive mass M . This corresponds to a small potential on

the above space of vacua which is a function of M, θ. For N > 2, for any θ 6= 0 this lifts the

degeneracy and picks up one of the N ± 2 vacua. At θ = π there is a first order transition

and two (adjacent) vacua are exactly degenerate. While this analysis is done at small M ,

it is natural to assume that this is true for any positive M . In particular, at asymptotically

large M this agrees with the expectations from pure Yang-Mills theory, which is supposed

to have a trivial ground state for any θ 6= π and two degenerate vacua at θ = π.

For N = 2 we can again turn on some mass M and fix the theta angle. But now the

mass M is an adjoint SU(2) matrix. Without loss of generality we take this matrix to be

in the Cartan and hence the eigenvalues are real (and we keep track of θ). Therefore we

choose M = M0

(
1 0

0 −1

)
with positive M0. The physics depends only on the combination

M0e
iθ/4 (4.4)

and, furthermore, all the physical observables must be periodic under θ → θ + 2π.

We can parameterize the vacuum configurations by the adjoint SU(2)F matrix of

fermion condensates

MVAC =

{
U

(
1 0

0 −1

)
U−1

}
∪
{
V

(
i 0

0 −i

)
V −1

}
(4.5)

where U, V are SU(2) matrices. This is just the union of two S2’s, as we explained above.

The potential (up to an unimportant proportionality factor) induced by the deformation

by M, θ on the space MVAC is

E1 = M0e
iθ/4 tr

((
1 0

0 −1

)
U

(
1 0

0 −1

)
U−1

)
+ c.c. (4.6)

on the first S2 and

E2 = iM0e
iθ/4 tr

((
1 0

0 −1

)
V

(
1 0

0 −1

)
V −1

)
+ c.c. (4.7)

on the second S2. We need to minimize over U and V and then find the global minimum

by comparing these two sectors. First we simplify the expressions for E1,2 and write (again,

up to unimportant proportionality factors)

E1 = M0 cos(θ/4) tr

((
1 0

0 −1

)
U

(
1 0

0 −1

)
U−1

)
,

E2 = M0 sin(θ/4) tr

((
1 0

0 −1

)
V

(
1 0

0 −1

)
V −1

)
.

(4.8)

19This scenario of the SU(2) gauge theory with two adjoint fermions flowing in the infrared to two copies

of S2 has been recently connected to the Seiberg-Witten solution of the N = 2 vector multiplet theory [27].

Other possibilities for the infrared dynamics were recently discussed also in [28, 29].
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Using the Cauchy-Schwarz inequality we see that the expression in the trace is min-

imized when the gaugino condensate is 〈ψψ〉 =

(
−1 0

0 1

)
and it is maximized when the

gaugino condensate is 〈ψψ〉 =

(
1 0

0 −1

)
. We refer to these two points on S2 as the south

and north pole of S2. We therefore have the following phases for small enough M0, as a

function of θ:

• −π < θ < π: The true vacuum is at the south pole of the first S2.

• π < θ < 3π: The true vacuum is at the south pole of the second S2

• 3π < θ < 5π: The true vacuum is at the north pole of the first S2

• 5π < θ < 7π: The true vacuum is at the north pole of the second S2

• θ = π, 3π, 5π, 7π: The two vacua on the two sides of the transition are exactly

degenerate.

While the periodicity of the above list of vacua is 8π, of course the physical observables

are 2π periodic. In addition, as before, while our analysis is reliable for small M0, it is

consistent to assume that the bulk vacua behave as above for any M0.

We now turn to analyzing domain walls in this theory. We can start from the massless

case, which is the most difficult (and the richest) case. We consider first N > 2. Since

we have N ± 2 vacua, we can study the domain wall between any pair of vacua. However,

using the spontaneously broken axial symmetry we see that the result only depends on the

difference of the phases of the gaugino condensates on the two sides. Let us label the vacua

by J = 1, . . . , N ± 2 according to the phase of the gaugino condensate 〈ψψ̃〉 = e
2πiJ
N±2 . A

natural conjecture for the domain wall theory is to identify it with the quantum phase in the

corresponding 2+1 dimensional gauge theory of SU(N) with a symmetric (antisymmetric)

fermion. This leads to the proposal that the theory on the domain wall connecting the

vacuum I and the vacuum J . We can choose the orientation such that without loss of

generality, say, I > J and J is on the right hand side of the wall. The other cases are

obtained by simply reversing the orientation. We thus identify the rank of the gauge group

of the quantum phase in (1.2) with the jump I−J , that is, N±22 −k ↔ I−J . Equivalently,

the 2 + 1 level maps to k ↔ N±2
2 − (I − J), whence the domain wall theory is

U (I − J)N±2−I+J,N±2−2I+2J . (4.9)

Of course, this TQFT has to be accompanied by the decoupled center of mass degree of

freedom (which is described to leading order by the Nambu-Goto action).

The proposal (4.9) is a generalization of the Acharya-Vafa theory for SYM [30]. Note

a few interesting facts that follow from (4.9).

• If we take I = J+1 we obtain the TQFT U(1)N in the case of the symmetric fermion,

and U(1)N−4 in the case of the antisymmetric fermion. Note that for finite (positive)
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M , and θ = π precisely these two adjacent vacua are degenerate and hence this

domain wall continues to exist also at finite M . At very large M we can integrate

out the fermion and remain with the pure Yang-Mills theory, where the domain wall

is given by U(1)N (more precisely, the domain wall of pure Yang-Mills theory is

level/rank dual to the U(1)N TQFT). We see that in the symmetric fermion case

no phase transition occurs. This is similar to the theory with the adjoint fermion.

But in the case of the antisymmetric fermion we see that a phase transition does

occur as we crank up the mass. If the phase transition is second order, it would

be natural to assume that it is in the same universality class as the corresponding

3d phase transition, namely, it is given by U(1)N−2 plus a charge-2 fermion. This

discussion (beautifully) makes sense also for the degenerate case N = 2, where the

corresponding theory with the antisymmetric tensor is equivalent to the pure Yang-

Mills theory with a neutral Dirac fermion. The domain wall theory is always U(1)2
(here we use that U(1)2 ' U(1)−2) and the U(1)0 plus a charge-2 fermion leads to

a massless fermion on the wall [31–34], which can be thought of as arising precisely

from the massless Dirac fermion in the bulk!

• In general, combining the four-dimensional spontaneously broken axial symmetry and

time-reversal symmetry, we can derive that the domain wall theory connecting I and

J should be isomorphic to the one connecting N ± 2 − I + J and 0. Indeed, this is

merely the statement that

U (I − J)N±2−I+J,N±2−2I+2J ' U (N ± 2− I + J)J−I,N±2−2I+2J (4.10)

which is nothing but level/rank duality in three dimensions.

• If N is even then there exists a time-reversal invariant domain wall, given by I−J =
N±2
2 . The corresponding theory on the wall is U

(
N±2
2

)
N±2

2
,0

. We discussed in detail

that this theory should be interpreted as a massless NGB coupled to some TQFT.

While baryon symmetry is not broken in the bulk, we see that it is broken on the

wall! In principle, this domain wall theory is a nonperturbative object and it is hard

to understand where this massless NGB comes from and why (recall that in the case

of the Acharya-Vafa domain walls, there is no such massless field). We can think

of this domain wall theory as a bound state of N±2
2 elementary domain walls (the

elementary domain walls are the ones described in the first bullet point). There is

however one case, N = 2 with a symmetric fermion, where this massless NGB can

be seen explicitly. We describe this mechanism below.

Now let us discuss in detail the case of N = 2 with a Dirac fermion in the adjoint

representation. Recall that, as explained above, instead of having N+2 = 4 isolated trivial

vacua we have two copies of S2. The “elementary” domain wall corresponds to connecting

the south pole of the first S2 and the south pole of the second S2 (or any isomorphic

configuration thereof). This wall is hard to understand since it passes in regions of field

space which are not within our effective theory. However, our prediction above for the

physics of this domain wall is the U(1)2 TQFT, which makes a lot of sense (in the limit
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N

S

N

S

N

S

Figure 7. These figures represent the NG boson that arises on the domain wall connecting the

vacuum at the north pole with the vacuum at the south pole. The first figure is the NG boson on

the domain wall and the second and third figures represent the bulk vacua.

Figure 8. Moduli space of SU(2) plus a symmetric fermion, consisting of two copies of S2 (the

S2’s in the figure are stretched only for the convenience of the picture).

of softly deformed pure N = 2 SYM theory, this result can be derived directly from the

Seiberg-Witten solution along the lines of [35]).

The bound state of two such elementary walls corresponds to a jump of θ by 4π and

what it does is to connect the north pole and the south pole of the same given S2. Now,

the wall can be analyzed entirely within classical field theory, since the wall is merely

a geodesic running from the north to the south pole of the O(3) NLSM. The massless

bosonic mode that our 3d model predicts is simply the azimuthal degree of freedom of that

geodesic trajectory, see figure 7. Therefore, the domain wall has indeed a compact NGB

which corresponds to the spontaneous breaking of baryon symmetry. In figure 8 we depict

the four vacua at the north and south poles of the two S2’s as the vertices of the square

and we draw the two S2’s that stretch along the diagonals, parameterizing the vacua of

the theory.

For this story to hold up it is essential that the TQFT that accompanies the NGB is

trivial. Indeed, it is PSU(2)2 = SO(3)1 which is a trivial theory. In the four dimensional

theory there is nowhere for the domain wall to obtain a Chern-Simons term from since the
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sphere has the standard non-singular round metric and the domain wall can be understood

entirely within effective field theory. Therefore the NGB in the infrared is not accompanied

by a TQFT, in accordance with our prediction from the 3d analysis.

Note that the emergence of the NGB on the wall here is quite analogous to the way

the symmetry breaking phases of QCD3 emerge from the corresponding four-dimensional

construction [36]. For similar constructions see also [37–44]

5 Comments on future directions

Our theories with m = k = 0 all have a time-reversal symmetry, satisfying

T2 = (−1)F . (5.1)

It is therefore possible to study these theories on pin+ manifolds. It is well known that

there is a purely gravitational Z16 time-reversal anomaly in such cases [45–49]. We denote

the anomaly by ν ∈ Z16. Here we would like to briefly mention some new aspects of this

anomaly, which will be explained in more detail elsewhere.

A naive approach to computing the anomaly ν in the ultraviolet is to disregard the

gauge interactions and compute the total (weighted) number of Majorana fermions. This

seems physically justified because the gauge interactions are arbitrarily weak in the deep

ultraviolet. However, in [2] it was noted that this procedure is often ambiguous; it is not

invariant under gauge transformations, in the sense that if we compose T with a gauge

transformation then ν may change by an integer which is not a multiple of 16.

In [50] it was pointed out that in theories where the gauge group is not simply con-

nected, the time-reversal symmetry algebra could be deformed by the magnetic symmetry

and as a result ν would not be well defined. Here we will demonstrate that ν ∈ Z16 can-

not be canonically defined (in general) in theories with a one-form symmetry. This even

happens in theories without a magnetic symmetry (i.e. based on simply connected gauge

groups). The lack of a canonical choice of ν has to do with the fact that the full symmetry

group of the theory has more generators than just T, and there is no canonical way to set

to zero the background fields for the one-form symmetry. See below.

Let us consider a simple example, which was already studied in [2]. Consider SU(2)

gauge theory coupled to a single Majorana adjoint fermion (and k = m = 0). Let the

time-reversal symmetry act in the standard way, which leads to ν = 3, simply because

there are three Majorana fermions in total. However, let us now compose T with the gauge

transformation U =

(
0 1

−1 0

)
. The (traceless) Hermitian matrix of Majorana fermions

transforms under this gauge transformation as(
Ψ χ

χ† −Ψ

)
7→

(
0 1

−1 0

)(
Ψ χ

χ† −Ψ

)(
0 −1

1 0

)
=

(
−Ψ −χ†

−χ Ψ

)
. (5.2)

If our original time-reversal symmetry acts as TΨ = γ0Ψ and Tχ = γ0χ† as usual,

then combining this with the gauge transformation we see that T ◦ UΨ = −γ0Ψ and
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T ◦ Uχ = −γ0χ. Remembering that T ◦ U is antilinear (squaring to (−1)F ) we thus see

that now it would appear that the time-reversal anomaly is ν = −1. We therefore clearly

see that in theories with a one-form symmetry the ν ∈ Z16 anomaly is not uniquely defined

in spite of the fact that there is no magnetic symmetry. The same phenomenon takes

place in many of the examples studied in [2, 50]. We will now give a physical as well as a

mathematical interpretation of this phenomenon.

The SU(2) gauge theory coupled to the adjoint Majorana fermion was claimed to flow

in the infrared to a free massless Majorana fermion alongside with the U(1)2 TQFT [2].

The time-reversal anomaly of the U(1)2 TQFT could be either ν = +2 or ν = −2 — this

depends on the time-reversal transformation of the semion in the TQFT. The contribution

of the decoupled Majorana fermion is always νMajorana = +1 in our conventions (i.e. with

our choice of orientation). Therefore the total time-reversal anomaly of the infrared theory

is either −1 or 3, which is in exact agreement with the values found above in the ultraviolet

gauge theory. (Analogous matching of the multiple possible values in the ultraviolet of ν

can be carried out in the examples appearing in [2, 50].) Indeed, the ultraviolet theory

has an unscreened Wilson line in the fundamental representation and the properties of the

particle defining the worldline are not part of the definition of the ultraviolet theory.

A closely related point of view [28] is that we can break the one-form symmetry by

adding heavy particles that transform faithfully under the center of the gauge group. We

need to assign time-reversal transformations to these new particles. The fundamental

Wilson line is now screened by these particles. In particular, ν ∈ Z16 is well defined and

the transformation properties of the infrared semions are completely determined in the

presence of these heavy particles.20

The mathematical interpretation21 is that one can show that in the presence of a Z2

one-form symmetry the value of ν can be shifted by a change of variables involving the

two-form gauge field and w2
1. This can lead to ∆ν = 4 which is precisely what we have

found above. Ideally in such theories we should compute the full anomaly polynomial

involving the two-form gauge field B and the time-reversal gauge field w1, and this should

be compared across renormalization group flows and dualities. We leave this for the future.

An additional subtlety that arises in our theories (but not in the theories with an

adjoint Majorana) at m = k = 0 is the presence of a massless scalar field. In the presence

of such a gapless mode, it is nontrivial to evaluate the infrared contribution to ν (and to

various other discrete anomalies).

To avoid the complications of having the Nambu-Goldstone boson when we study the

theory on pin+ manifolds, we could try to add a baryon to the Lagrangian, in such a way

that some time-reversal symmetry remains and at the same time the Nambu-Goldstone

boson would be lifted due to the explicit breaking of baryon symmetry.

This brings us back to the discussion of which baryon, in fact, condenses (see e.g. [51]

for a discussion of some baryons in such theories). It turns out that the baryons in these

theories are not as simple as one may initially expect. For instance, the naive baryons for

20We thank T. Senthil for discussions on this.
21We thank R. Thorngren for collaborating with us on this result.
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the rank-two representation that were discussed in the literature

εi1···iN εj1···jNψ
i1j1 · · ·ψiN jN (5.3)

vanish identically because of Fermi statistics:

εi1...iN εj1···jNψ
i1j1ψi2j2ψi3j3 · · · ≡ 0 (5.4)

for arbitrary values of the spinor indices and regardless of which other insertions are used.

To construct a baryon with minimal baryon charge one therefore has to add various deriva-

tives, insertions of the field strength or mesons. It would be nice to return to this in

the future.
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