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1 Introduction

Precision experiments at low-energy electron-positron colliders CESR(-c), BEPC, BEPC II,

PEP-II, and KEKB, referred to as flavor factories, yielded a rich harvest of fundamental

results in nearly all parts of particle physics: hadron spectroscopy, CP symmetry breaking,

physics of τ -lepton, dynamics of strong decays etc. The research program of flavor factories
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is highly complementary to the physics program of the energy frontier experiments at LHC

and must be continued with state-of-the-art particle collider and detector technologies. The

new generation of experiments — super flavor factories — are going to be on stage in the

upcoming years. Super B-factory SuperKEKB has already started data acquisition. Two

projects of Super Charm-Tau (SCT) factories are under consideration (see refs. [1, 2]).

Both SCT factory projects consider the longitudinal polarization of the electron beam

at the collision point. Presence of polarized electrons enriches the physics program and pro-

vides access to new observables. In particular, studies of tau lepton and baryons gain ben-

efit.

The central part of the SCT experimental program with the polarized beam is precision

electroweak physics. Parity-violating interaction of the Z boson with leptons leads to de-

pendency of e+e− → J/ψ cross section on the helicity of the electron due to the interference

of e+e− → γ∗ → cc and e+e− → Z∗ → cc processes. The left-right asymmetry,

A0
LR ≡

σR − σL

σR + σL

, (1.1)

is sensitive to this effect. Here σR and σL are the total J/ψ production cross sections with

right-handed and left-handed electrons, respectively. To the leading order, Standard Model

predicts the value (see ref. [3])

A0
LR =

− sin2 θeff + 3/8

2 sin2 θeff(1− sin2 θeff)

(
mJ/ψ

mZ

)2

≈ 4.7 · 10−4, (1.2)

where mJ/ψ = 3096.9 MeV is the J/ψ meson mass, mZ = 91.19 GeV is the Z boson mass,

and θeff is the effective weak mixing angle that depends on the momentum transfer. The

value of sin2 θeff was measured with relative precision of 0.1% on the Z resonance at LEP

and SLC (see ref. [4]). In a number of experiments sin2 θeff was also measured at lower

energy transfer with relative precision of a few percent (see refs. [5, 6] for a review). The

value sin2 θeff ≈ 0.23 was used to get the estimate in eq. (1.2).

Electrons are never fully polarized in an experiment. Hence the asymmetry A0
LR is

scaled down to the visible asymmetry ALR by the average longitudinal polarization of

electrons Pe (−1 ≤ Pe ≤ 1):

ALR ≡
σPe − σ−Pe
σPe + σ−Pe

= A0
LRPe. (1.3)

The value of sin2 θeff at the J/ψ energy scale differs from the value at the Z peak by

about 3%. It means that sin2 θeff should be measured with sub-percent precision to witness

the shift reliably.

Two experimental inputs are necessary to measure sin2 θeff : the cross section asymme-

try ALR and the average polarization Pe. Error propagation in eqs. (1.2) and (1.3) leads

to the following relation for the relative uncertainties

d(sin2 θeff)

sin2 θeff
= CALR

dALR

ALR
⊕ CPe

dPe
Pe

, (1.4)
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where the operator ⊕ denotes the square root of sum of squares and

CPe = −CALR
=

(
1− sin2 θeff

) (
3− 8 sin2 θeff

)
3
(
1− sin2 θeff

)
− sin2 θeff

(
3− 8 sin2 θeff

) ≈ 0.44. (1.5)

Eqs. (1.4) and (1.5) imply that the relative uncertainties of about 1% are required for both

quantities ALR and Pe to measure sin2 θeff precisely enough to detect deviation of θeff from

the value at the Z peak.

Let us address the expected statistical precision of the ALR measurement. Assuming

beam energy spread of 10−3, the visible J/ψ production cross section is (see ref. [7])

σ(e+e− → J/ψ) ≈ 3× 10−30 cm2. (1.6)

Targeted SCT luminosity of 1035 cm−2s−1 will provide about 1012 J/ψ mesons detected

during a 107 s long period of data taking. Presume the data set is divided into three

equal parts containing N0 ≈ 3 · 1011 events each, corresponding to 1) beam with +Pe
average polarization, 2) beam with −Pe average polarization, and 3) unpolarized beam.

Assuming Pe = 0.8, the statistical uncertainty for the asymmetry ALR reads

dALR

ALR
≈
[
ALR

√
2N0ε

]−1
≈ 5 · 10−3, (1.7)

where the fraction ε of J/ψ decays used in the analysis is estimated to be 0.5. The

estimate in eq. (1.7) gives about 3 · 10−3 for the relative uncertainty of sin2 θeff . Such

a level of precision is comparable with that of the LEP and SLD results. Control of the

systematic uncertainties of the measured ALR and Pe is expected to be the major challenge

of this experiment.

The electron beam polarization should be monitored with a dedicated device in real-

time during the data taking. However, it is difficult to obtain precise value of the average

polarization Pe from the real-time measurements despite the large statistics. An alternative

approach is to measure the average electron beam polarization Pe directly via analysis of

the data collected by detector. This approach is optimal from the systematic uncertainty

control viewpoint since the data used for polarization measurement is exactly the same as

is used for the ALR measurement. The average polarization measurement technique based

on analysis of Λ-hyperon decays is developed in this work.

The rest of the text is structured as follows: the 5D differential cross section of

the e+e− → [Λ → pπ−][Λ̄ → p̄π+] process is derived in section 2; proof-of-concept study

is presented in section 3; sin2 θeff measurement strategy at SCT factories is discussed in

section 4; conclusion is given in section 5. Details of the matrix element calculation are

summarized in appendix A. The angular distributions in the center-of-mass frame are ob-

tained in appendix B.

2 Differential cross section

In this section we calculate the differential cross section of the process e+e− → J/ψ → [Λ→
pπ−][Λ̄ → p̄π+] schematically depicted in figure 1. Then we present various distributions

and asymmetries, which can be built on the basis of this cross section.
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γ(P ) J/ψ

Λ(p1)

Λ̄(p2) π+(q2)

π−(q1)

p̄(l2)

p(l1)e−(k−)

e+(k+)

Figure 1. Diagram of the e+e− → J/ψ → [Λ→ pπ−][Λ̄→ p̄π+] process.

2.1 Kinematics

We denote the four-momenta of the particles participating in the e+e− → [Λ→ pπ−][Λ̄→
p̄π+] process as follows (see figure 1):

e±(k±), Λ(p1), Λ̄(p2), p(l1), p̄(l2), π−(q1), π+(q2). (2.1)

We are going to derive the complete 5D differential distribution of the final-state particles.

This problem was solved for the unpolarized electron beam in ref. [8]. We confirm correct-

ness of this result and generalize it to the case of the polarized electron beam adopting the

same notation for convenience. We use the following kinematic variables

P ≡ k+ + k− = p1 + p2, Q ≡ p1 − p2, s ≡ P 2 = 4m2
Λ −Q2. (2.2)

Here we assume that all particles are on the mass shell: p2
1 = p2

2 = m2
Λ, l21 = l22 = m2

p,

q2
1 = q2

2 = m2
π, where mΛ is the Λ-hyperon mass, mp is the proton mass, and mπ is the

charged pion mass.

As in ref. [8], we introduce the basis vectors of the right-handed coordinate system in

the rest frame of the Λ-hyperon (Λ frame)

ez =
p1

|p1|
, ey =

1

|p1||k−| sin θ
(p1 × k−) , ex =

1

|p1||k−| sin θ
(p1 × k−)× p1

|p1|
, (2.3)

where k− = |k−|(0, 0, 1) is the electron’s momentum 3-vector and

p1 = |p1| (sin θ cosφ, sin θ sinφ, cos θ) (2.4)

is the Λ-hyperon’s momentum 3-vector in the lab frame, which is the centre-of-mass (CM)

frame (see figure 2); θ and φ are the polar and azimuth angles of Λ in this frame. We will

also use θ1 and φ1 (θ2 and φ2) for the polar and azimuth angles of the proton in the Λ

(antiproton in the Λ̄) frame and denote the proton’s 3-momentum and energy in the Λ

frame by l
(Λ)
p and ε

(Λ)
p , respectively.
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φ

ez0

ex0

ey0ez

ex

ey

θ

θ1

e+(k+)

Λ(p1)

p(l1)
Scattering

plane

e−(k−)

Figure 2. Layout of the lab frame coordinate axes (ex0
, ey0

, ez0) and Λ frame coordinate axes

(ex, ey, ez):

ez = (0, 0, 1)xyz = (sin θ cosφ, sin θ sinφ, cos θ)x0y0z0 ,

ey = (0, 1, 0)xyz = (sinφ,− cosφ, 0)x0y0z0 ,

ex = (1, 0, 0)xyz = (− cos θ cosφ,− cos θ sinφ, sin θ)x0y0z0 .

In the Λ frame the proton’s 3-momentum is l1 = l
(Λ)
p l̂1, where the unit vector in its

direction is

l̂1 = (sin θ1 cosφ1, sin θ1 sinφ1, cos θ1), (2.5)

as is shown in figure 2. In the Λ̄ frame the antiproton’s 3-momentum is l2 = l
(Λ)
p l̂2, where

the unit vector in its direction reads

l̂2 = (sin θ2 cosφ2, sin θ2 sinφ2, cos θ2). (2.6)

2.2 Helicity amplitudes and Λ form factors

We presume that our process is mediated by the J/ψ-resonance: e+e− → J/ψ → [Λ →
pπ−][Λ̄→ p̄π+]. Let us denote the helicities of Λ, Λ̄, proton and antiproton by λ1, λ2, λ′1,

and λ′2 correspondingly keeping ξ for the double helicity of the initial electron.

For the ultrarelativistic electron and positron only the configurations with opposite

helicities survive. Therefore the leptonic current reads

jµ(e) ≡ v−ξ(k+)γµuξ(k−) =
√
s (0, ξ cos θ, i,−ξ sin θ)µ , (2.7)

where the latter equality is valid in the CM frame in the axes (ex, ey, ez) shown in figure 2;

ξ = +1 corresponds to the right-handed electron and ξ = −1 to the left-handed one. In
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this frame and for the same axes the vertex J/ψ → Λ(p1, λ1)Λ̄(p2, λ2) has the form

ΓµΛ (p1, p2) = −iegMµ
ΛΛ̄

(λ1, λ2)

= −ieguΛ(p1)

[
GψMγ

µ − 2mΛ

Q2

(
GψM −G

ψ
E

)
Qµ
]
vΛ̄(p2)

= −ieg2
√
s

(
0, λ1G

ψ
Mδλ1,−λ2 ,−

i

2
GψMδλ1,−λ2 ,−

mΛ√
s
GψEδλ1,λ2

)µ
.

(2.8)

Here the superscript ψ is used to avoid confusion between the form factors GψE and GψM and

the electromagnetic form factors of the Λ-hyperon. Since the J/ψ decays into the hyperon

pair through three gluons, the GψE and GψM are some effective parameters without universal

interpretation.

The invariant amplitude for the e+(k+,−ξ)e−(k−, ξ) → J/ψ → Λ(p1, λ1)Λ̄(p2, λ2)

process reads

iMe+e−→ΛΛ̄ =
iegeJ/ψ

s−m2
J/ψ + imJ/ψΓJ/ψ

jµ(e)Mµ
ΛΛ̄

(λ1, λ2), (2.9)

where

jµ(e)Mµ
ΛΛ̄

(λ1, λ2) = −2mΛ

√
sGψEξ sin θδλ1,λ2 − sGψM (1 + 2λ1ξ cos θ) δλ1,−λ2 . (2.10)

Here eJ/ψ is the coupling constant of the unpolarized J/ψ → e+e− decay and eg is the

coupling constant of the J/ψ → ΛΛ̄ decay defined in ref. [8]:1

e2
J/ψ

4π
≡ αJ/ψ =

3ΓJ/ψ→e+e−

mJ/ψ
,

e2
g

4π
≡ αg =

3ΓJ/ψ→ΛΛ̄

mJ/ψ

( ∣∣∣GψM ∣∣∣2 + 2m2
Λ/m

2
J/ψ

∣∣∣GψE∣∣∣2 )√1− 4m2
Λ/m

2
J/ψ

.
(2.11)

One can take into account the electroweak interference between the photon and the Z

boson amplitudes in the J/ψ production by the substitution eJ/ψ → eξJ/ψ and correspond-

ingly αJ/ψ → αξJ/ψ = (eξJ/ψ)2/(4π) with

eξJ/ψ ≈ eJ/ψ
[

1− ξ − sin2 θeff + 3/8

4 sin2 θeff(1− sin2 θeff)

(
m2
J/ψ

m2
J/ψ −m2

Z + imZΓZ

)]
,

αξJ/ψ ≈ αJ/ψ
[

1 + ξ
− sin2 θeff + 3/8

2 sin2 θeff(1− sin2 θeff)

(
mJ/ψ

mZ

)2
]

= αJ/ψ
(
1 + ξA0

LR

)
,

(2.12)

where A0
LR is defined in eq. (1.2). The terms with the factor ξ in eq. (2.12) take into

account the difference of the Z boson coupling with the leptonic current eq. (2.7) for

double helicity ξ = +1 and ξ = −1.

1There is a misprint in eg representation in eq. (A58) in ref. [8].
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The vertex of the transition Λ(p1, λ1) → p(l1, λ
′
1)π−(q1) is described by the invari-

ant amplitude

M(Λ)(λ1, λ
′
1) = u(l1)

[
A+Bγ5

]
u(p1)

=
√

2mΛe
iλ1φ1+iπ(1−2λ′1)/4 sin

(
θ1 + π(λ′1 + λ1)

2

)
×
[
A

√
ε
(Λ)
p +mp − 2λ′1B

√
ε
(Λ)
p −mp

]
,

(2.13)

while the vertex of the transition Λ̄(p2, λ2) → p̄(l2, λ
′
2)π+(q2) is given by the invariant

amplitude

M(Λ̄)(λ2, λ
′
2) = v(p2)

[
A′ +B′γ5

]
v(l2)

= −
√

2mΛe
−iλ2φ2+iπ(1−2λ′2)/4 sin

(
θ2 + π(λ′2 − λ2)

2

)
×
[
A′
√
ε
(Λ)
p +mp − 2λ′2B

′
√
ε
(Λ)
p −mp

]
.

(2.14)

Following notations of ref. [9], we use RΛ, SΛ (RΛ, SΛ) instead of A, B (and A′, B′):

RΛ ≡ 2(l1p1)
(
|A|2 + |B|2

)
+ 2mpmΛ

(
|A|2 − |B|2

)
,

SΛ ≡ 4 Re (A∗B) ,

RΛ ≡ 2(l2p2)
(∣∣A′∣∣2 +

∣∣B′∣∣2)+ 2mpmΛ

(∣∣A′∣∣2 − ∣∣B′∣∣2) ,
SΛ ≡ 4 Re

(
A′
∗
B′
)
.

(2.15)

In the final expressions it is convenient to rewrite the form factors through the following

dimensionless variables: the ratio α and the relative phase ∆Φ defined as

α ≡
s
∣∣∣GψM ∣∣∣2 − 4m2

Λ

∣∣∣GψE∣∣∣2
s
∣∣∣GψM ∣∣∣2 + 4m2

Λ

∣∣∣GψE∣∣∣2 ,
GψE

GψM
≡ ei∆Φ

∣∣∣GψE∣∣∣∣∣∣GψM ∣∣∣ , (2.16)

and to introduce the dimensionless combinations

α1 ≡ −
l
(Λ)
p mΛSΛ

RΛ
, α2 ≡ −

l
(Λ)
p mΛSΛ

RΛ

. (2.17)

Note, that α and ∆Φ are functions of the energy invariant s. The BESIII Collaboration

reported the following values of the form factors at s = m2
J/ψ in ref. [10]:

∆Φ = (42.4± 0.6± 0.5)◦,

α = 0.461± 0.006± 0.007,

α1 = 0.750± 0.009± 0.004,

α2 = −0.758± 0.010± 0.007.

(2.18)
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2.3 5D differential distribution

The differential distribution

dσ ∝ W(ζ) d(cos θ) dΩ1 dΩ2, dΩ1 = d cos θ1dφ1, dΩ2 = d cos θ2dφ2, (2.19)

depends on the vector ζ with 5 components

ζ ≡ (θ, θ1, φ1, θ2, φ2) . (2.20)

The dimensionless quantity W(ζ) is defined via the convolution of the leptonic and

hadronic tensors (referred to as the reduced matrix element squared):

W =
1

RΛRΛs

(
s
∣∣∣GψM ∣∣∣2 + 4m2

Λ

∣∣∣GψE∣∣∣2)L
µνHνµ. (2.21)

Detailed calculation of the reduced matrix element squared

|Mred|2 = LµνHνµ = a+ bξ (2.22)

is presented in the appendix A. The unpolarized part a in eq. (2.22) was previously found

in ref. [9]. The explicit expression for W(ζ) reads

W(ζ) = F0 + αF5 + α1α2

(
F1 +

√
1− α2 cos (∆Φ)F2 + αF6

)
+
√

1− α2 sin (∆Φ) (α1F3 + α2F4)

+ ξ
[
(1 + α)(α1G1 + α2G2) +

√
1− α2 cos (∆Φ) (α1G3 + α2G4)

+
√

1− α2α1α2 sin (∆Φ)G5

]
,

(2.23)

where

F0 = 1,

F1 = sin2 θ sin θ1 sin θ2 cosφ1 cosφ2 + cos2 θ cos θ1 cos θ2,

F2 = sin θ cos θ (sin θ1 cos θ2 cosφ1 + cos θ1 sin θ2 cosφ2) ,

F3 = sin θ cos θ sin θ1 sinφ1,

F4 = sin θ cos θ sin θ2 sinφ2,

F5 = cos2 θ,

F6 = cos θ1 cos θ2 − sin2 θ sin θ1 sin θ2 sinφ1 sinφ2,

G1 = cos θ cos θ1,

G2 = cos θ cos θ2,

G3 = sin θ sin θ1 cosφ1,

G4 = sin θ sin θ2 cosφ2,

G5 = sin θ (sin θ1 cos θ2 sinφ1 + cos θ1 sin θ2 sinφ2) .

(2.24)

At ξ = 0 these formulas coincide with eqs. (6.55) – (6.56) from ref. [8].

– 8 –
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Eq. (2.23) was obtained in the on-shell approximation for the intermediate Λ and Λ̄

using effective vertices to describe J/ψ decay. Corrections to the on-shell propagator ap-

proximation are negligible (O(ΓΛ/mΛ)). Initial state radiative corrections will not alter the

ultrarelativistic electron’s helicity leaving the angular distributions unchanged. Radiative

corrections to the π−p and π+p̄ final states are already included into the effective vertices

while other radiative corrections with photons or Z bozons connecting the initial or final

state particles are highly suppressed (by α2) and lack resonance enhancement. Therefore

eq. (2.23) can be safely used for precise measurement of the average polarization Pe with

the accuracy better than 1%.

The quantity W (2.23) can be obtained from the helicity amplitudes (2.10), (2.13),

and (2.14) as well:

W =

1
2

∑
λ′1,λ

′
2=±1/2

∣∣∣∑λ1,λ2=±1/2 jµ(e)Mµ
ΛΛ̄

(λ1, λ2)M(Λ)(λ1, λ
′
1)M(Λ̄)(λ2, λ

′
2)
∣∣∣2

RΛRΛs

(
s
∣∣∣GψM ∣∣∣2 + 4m2

Λ

∣∣∣GψE∣∣∣2) . (2.25)

Further application of the helicity formalism to the baryon-antibaryon pairs produced in

collisions of unpolarized electron-positron beams is elaborated in ref. [11].

2.4 Single-side differential distributions

Analysis of the full 5D phase space is necessary to measure all parameters involved in

eq. (2.23) if the electron beam is unpolarized. In contrast, the angular distribution of the

single-side Λ→ pπ− decay contains enough information to disentangle all parameters if the

electron beam is polarized. Integration of eq. (2.23) over the Λ̄ phase space (variables θ2

and φ2) leads to the 3D differential cross section

dσ

d cos θ dΩ1
∝ 1 + α cos2 θ + α1

√
1− α2 sin (∆Φ) sin θ cos θ sin θ1 sinφ1

+ ξ
[
(1 + α)α1 cos θ cos θ1 + α1

√
1− α2 cos (∆Φ) sin θ sin θ1 cosφ1

]
.

(2.26)

Note that eq. (2.26) can be obtained from eq. (2.23) simply by setting the parameter α2 = 0.

From the experimental viewpoint, single-side analysis implies inclusive reconstruction of

the accompanying Λ̄ using the missing mass spectrum. Semi-inclusive single-side recon-

struction gives advantage in statistics thanks to both higher reconstruction efficiency and

independence from the Λ̄→ p̄π+ branching fraction.

The Λ̄ → p̄π− decay phase space can be considered completely analogously. The

corresponding 3D differential distribution is obtained from eq. (2.26) by the substitution

(α1, φ1, θ1)→ (α2, φ2, θ2).

2.4.1 Forward-backward asymmetry in the CM frame

Distribution in eq. (2.26) is expressed in the combined reference frame illustrated in figure 2.

The corresponding distribution rewritten via the CM frame observables is quite bulky. We

place the explicit 3D distribution together with its detailed derivation in appendix B.

From the practical viewpoint the distribution in the polar angle of the proton in the CM
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frame θ
(0)
1 is particularly interesting. It is worth noting that there are two values of the

proton’s energy ε
(0)
p and momentum l

(0)
p for the fixed angles θ

(0)
1 and φ

(0)
1 in the CM frame.

They correspond to two different configurations of the proton’s angles θ1 and φ1 in the

Λ frame as we discuss in the appendix, section (B.1). The exact distribution can not be

represented in elementary functions, but we found the following approximate expression

(see details in appendix B, eq. (B.33)):

dσ

d cos θ
(0)
1

∝ 1 + α cos2 θ
(0)
1

+ ξα1 cos θ
(0)
1

[
0.203 (1 + α) + 0.054

√
1− α2 cos (∆Φ)

]
+O

(
δ2(s)

)
,

(2.27)

where

δ(s) =
l
(Λ)
p

mpβΛγΛ
=

2mΛ√
s− 4m2

Λ

l
(Λ)
p

mp
. (2.28)

The parameter δ(m2
J/ψ) ' 0.1, so that eq. (2.27) has a one percent accuracy. More accurate

result can be obtained by numerical integration of the exact 3D CM distribution given in

the appendix B.

The distribution from eq. (2.27) is shown in figure 3(a). Electron beam polarization

generates the forward-backward asymmetry for protons in the CM frame:

A(0)
FB ≡

∫ 1
0

dσ

d cos θ
(0)
1

d cos θ
(0)
1 −

∫ 0
−1

dσ

d cos θ
(0)
1

d cos θ
(0)
1∫ 1

0
dσ

d cos θ
(0)
1

d cos θ
(0)
1 +

∫ 0
−1

dσ

d cos θ
(0)
1

d cos θ
(0)
1

≈ 0.11 ξ. (2.29)

Here we use the BESIII results from eq. (2.18) to obtain the coefficient 0.11.

2.4.2 Left-right asymmetry

The distribution in the azimuth angle φ1,

dσ

dφ1
∝ 1 +

α

3
+ ξ

π2

16
α1

√
1− α2 cos (∆Φ) cosφ1, (2.30)

is obtained by integration of eq. (2.26) over cos θ and cos θ1. It is sensitive to the electron

beam polarization, as is illustrated in figure 3(b). Further reduction leads us to the integral

observables:

σ
(φ1)
L ≡

∫ π/2

−π/2

dσ

dφ1
dφ1 ∝ 1 +

α

3
+ ξ

π

8
α1

√
1− α2 cos (∆Φ),

σ
(φ1)
R ≡

∫ 3π/2

π/2

dσ

dφ1
dφ1 ∝ 1 +

α

3
− ξ π

8
α1

√
1− α2 cos (∆Φ),

(2.31)

and the azimuthal left-right asymmetry

A(φ1)
LR ≡

σ
(φ1)
L − σ(φ1)

R

σ
(φ1)
L + σ

(φ1)
R

= ξ
3π

8

√
1− α2

α+ 3
α1 cos (∆Φ) ≈ 0.17 ξ. (2.32)

The coefficient 0.17 in eq. (2.32) is obtained using the experimental data from eq. (2.18).
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Figure 3. Distributions in (a) the proton polar angle in the CM frame and (b) the proton azimuth

angle in the Λ frame for the e+e− → J/ψ → [Λ → pπ−]Λ̄ process. Solid blue lines correspond to

the unpolarized electron beam (ξ = 0), dotted orange lines correspond to the beam of electrons

with double helicity ξ = +1, and the dashed green lines correspond to the beam of electrons with

double helicity ξ = −1.
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Figure 4. Differential distribution in the polar angles θ and θ1 from eq. (2.33). Left: unpolarized

beam, ξ = 0. Right: polarized beam with ξ = +1. Color scale is the same for the both plots.

2.4.3 Forward-backward asymmetry 2D

Integration of eq. (2.26) over the azimuth angle φ1 leads to the 2D distribution in the polar

angles θ and θ1,

dσ

d cos θ d cos θ1
∝ 1 + α cos2 θ + ξ (1 + α)α1 cos θ cos θ1. (2.33)

Beam polarization makes the cos θ and cos θ1 distributions correlated as is illustrated in

figure 4. This correlation has a simple interpretation in the lab frame (see eq. (2.27)):

protons tend to fly along the electron beam polarization (and antiprotons tend to fly in

the opposite direction since α2 is negative).
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Integral observables corresponding to the distribution in eq. (2.33):

σfwd ≡
∫

cos θ cos θ1>0

dσ

d cos θ d cos θ1
d cos θ d cos θ1,

σbwd ≡
∫

cos θ cos θ1<0

dσ

d cos θ d cos θ1
d cos θ d cos θ1,

(2.34)

lead to the forward-backward asymmetry

AFB =
σfwd − σbwd

σfwd + σbwd
= ξ

3α1

4

α+ 1

α+ 3
≈ 0.24 ξ. (2.35)

3 Feasibility study

The results obtained in section 2 are supposed to be used in the data analysis at a future

SCT experiment. The developed formalism allows one to precisely measure the parame-

ters α, ∆Φ, α1 and α2 together with the average electron beam polarization ξ. Choice of

the specific analysis strategy is a trade-off between statistical and systematic uncertainties.

The complete 5D phase space analysis employing eq. (2.23) provides the best statistical

precision but leads to a difficult 5D analysis of the detection efficiency. The opposite ex-

treme is a counting-experiment measurement of the average polarization Pe employing any

of the integral asymmetries from eqs. (2.29), (2.32), and (2.35).

The expected statistical precision for the parameters α, ∆Φ, α1 and α2 and the average

electron beam polarization Pe is addressed in this section. Three measurement schemes are

considered: the full 5D fit employing eq. (2.23), the single-side 3D fit employing eq. (2.26),

and the counting experiments. The objectives are to assess the statistical sensitivity to the

average polarization Pe and to evaluate what effect the electron beam polarization has on

the precision of measurement of the other parameters.

The following procedure is used in the feasibility study:

1. The J/ψ → [Λ → pπ−][Λ̄ → p̄π+] events with uniform (phase-space) momentum

distribution are generated with the EvtGen generator (see ref. [12]) embedded in the

SCT software framework AURORA (see ref. [13]).

2. The signal events are obtained with accept-reject procedure employing the W(ζ)

distribution from eq. (2.23) as probability density.

3. Simple selection criteria are imposed on the events: transverse momentum of the

final-state particles is to be higher than 60 MeV/c and the angle between the beam

direction and the particle momentum is to be larger than 10◦.

4. The unbinned maximum likelihood fit is performed to obtain the parameters defined

in eqs. (2.16) and (2.17). The following likelihood function is used:

− 2 lnL = −2

N∑
i=1

lnW(ζi) + 2N ln

M∑
j=1

W(ζ̃j). (3.1)
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Analysis scheme
SCT one-year σ (10−4)

Pe α ∆Φ (rad) αi

Full reconstruction 5D, Pe = 0 Fixed 1.5 3.1 2.8

Full reconstruction 5D, Pe = 0.8 1.3 1.2 1.6 0.9

Single-side reconstruction 3D, Pe = 0.8 4.3 1.2 2.4 3.4

Table 1. The expected one-year statistical precision for the parameters defined in eqs. (2.16)

and (2.17) and the average polarization Pe obtained through different experimental schemes.

HereW is the decay probability density under study, ζ is defined in eq. (2.20), ζ̃j corre-

spond to the phase-space events, ζi correspond to the events weighted withW, and the

condition M � N is respected. Minimization of the likelihood function in eq. (3.1)

is performed with the MINUIT algorithm (see ref. [14]) via the iminuit (see ref. [15])

python interface.

The expected annual signal yield of J/ψ → [Λ → pπ−][Λ̄ → p̄π+] events at an SCT

factory is

Nsig = NJ/ψ × B
(
J/ψ → ΛΛ̄

)
×
(
B
(
Λ→ pπ−

))2 × εdet = 0.8× 109εdet, (3.2)

where εdet is the detection efficiency, NJ/ψ = 1012 is the expected number of J/ψ states

produced at the SCT factory during one data taking season, and the branching fractions

(see ref. [16])

B
(
J/ψ → ΛΛ̄

)
= (1.89± 0.09)× 10−3, B

(
Λ→ pπ−

)
= (63.9± 0.5)%. (3.3)

3.1 Estimates for the statistical precision

The maximum likelihood fit procedure is applied to the following analysis schemes:

1. Full reconstruction 5D fit with unpolarized beams and W(ζ) defined in eq. (2.23).

2. Full reconstruction 5D fit with the average beam polarization Pe = 0.8 and W(ζ)

defined in eq. (2.23).

3. Single-side reconstruction 3D fit with the average beam polarization Pe = 0.8

and W(ζ) defined in eq. (2.26).

The first scheme implies four free parameters defined in eqs. (2.16) and (2.17). The

other two schemes have two additional free parameters: the average polarizations of the

electron beam corresponding to the data sets with the right-handed and the left-handed

electrons, respectively. The statistical precision obtained for the expected signal yield at

the SCT factory is shown in table 1.

The first result obtained is that the 5D analysis at the SCT factory with the polarized

electron beam provides the statistical precision level of order of 10−4 for all parameters.

In particular, this precision for the average beam polarization is good enough for the weak
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mixing angle measurement. The single-side analysis provides about three times worse

precision of the average polarization monitoring, but still satisfies the requirements for the

weak mixing angle measurement.

Electron beam polarization leads to considerable improvement in statistical precision

of the parameter measurement. In particular, the precision of the phase difference ∆Φ is

improved by a factor of two. The most significant improvement of about three times occurs

for the precision of the Λ and Λ̄ decay parameters α1 and α2. We will explain this fact in

the next section. The single-side analysis with the polarized electron beam (third row in

table 1) provides statistical precision similar to that of the full reconstruction analysis with

the unpolarized beams, but with the potentially better control of systematic uncertainties.

3.2 Sensitivity to CP violation in the Λ → pπ− decay

CP symmetry implies α1 = −α2, so a deviation of the sum (α1 + α2) from zero would

manifest CP symmetry breaking. The standard model predicts a very small value for the

CP asymmetry (see ref. [17])

|ACP | ≡
∣∣∣∣α1 + α2

α1 − α2

∣∣∣∣ < 5× 10−5. (3.4)

Electron beam polarization improves precision in the measurement of α1 and α2 and there-

fore enhances sensitivity to CP violation in the Λ→ pπ− decay. Moreover, the correlation

coefficient between the parameters α1 and α2 in the case of the unpolarized beam (scheme 1)

is close to +1 as shown in figure 5(a). So the fit is more sensitive to the difference α1 −α2

than to the CP violating sum α1 + α2 (and ACP ). This conclusion is confirmed by the fit

with explicit change of variables:

s ≡ 1

2
(α1 + α2) , d ≡ 1

2
(α1 − α2) . (3.5)

The fit precision of d is about three times better than that of s.

The correlation matrix for the scheme 2 fit is shown in figure 5(b). Note that the

correlation between the four parameters decreases. The most significant effect is for the

correlation between α1 and α2. It can be interpreted as follows: the Λ and Λ̄ sides be-

come less correlated because each side carries enough information to disentangle the decay

dynamics, thanks to the beam polarization. It explains the significant improvement of

statistical precision for α1 and α2 in the scheme 2 indicated in table 1.

3.3 Counting experiments

Asymmetries in eqs. (2.29), (2.32), and (2.35) can be used to measure the average beam

polarization with a counting experiment. The asymmetries are proportional to the average

polarization Pe with some coefficient η ∼ 0.1 dependent on the parameters. The parameters

should be measured independently. One option is to use the data set with the unpolarized

electron beam to measure the parameters (scheme 1 from section 3.1). Statistical precision

for the average beam polarization in this case reads

σ(Pe) =
1

η

(
1√
N0
⊕ Peσ(η)

)
, (3.6)
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Figure 5. Correlation matrices for the fit schemes 1 (a) and 2 (b). Note the strong correlation

of α1 and α2 in scheme 1 (unpolarized beam) and absence of this correlation in scheme 2 (electron

beam polarization level of Pe = 0.8).

where N0 ≈ Nsig/3 (see eq. (3.2)) is the number of events in the sample with a certain

polarization. Statistical precision σ(Pe) of 0.1% is reachable with this approach.

4 Experimental effects

New precision frontiers pose new challenges in data analysis and reveal subtle effects that

used to be safely neglected. This section presents a brief review of experimental effects

foreseeing the weak mixing angle measurement at the Super Charm-Tau factory with data-

driven monitoring of the average beam polarization.

4.1 Luminosity monitoring

The asymmetry in ALR eq. (1.3) is expressed in terms of the cross sections σPe and σ−Pe .

The actual observables are event counts NPe and N−Pe corresponding to the data sets

collected with the opposite average beam polarizations:

σPe =
NPe
LPeεeff

, σ−Pe =
N−Pe
L−Peεeff

. (4.1)

It is likely safe to assume the same detection efficiency εeff for both data sets. In contrast,

the luminosity integrals LPe and L−Pe can not be expected to be equal precisely enough

in general and should be measured. The statistical uncertainty of the measured luminos-

ity must be better than 1/
√
NR,L ∼ 10−6. The uncertainty in the measured luminosity

translates into the uncertainty in the cross sections.

A conventional way of luminosity monitoring is analysis of the Bhabha scattering

events. Cross section of the detectable Bhabha scattering events is determined by hermetic-

ity of the detector. The minimal polar angle θ = 10◦, which is an optimistic assumption,

leads to the Bhabha scattering cross section of about 1 × 10−30 cm2, which is three times
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less than the J/ψ cross section from eq. (1.6). It means that the luminosity monitoring will

give a sizeable contribution to the ALR measurement and potentially limit the achievable

precision. A dedicated detector counting collinear Bhabha scattering events at low angles

would allow one to get large enough statistics and break this limitation. This detector

should be sufficiently fast to measure luminosity bunch-by-bunch and be able to cope with

the high radiation load.

A multiplicative systematic uncertainty shared among LPe and L−Pe does not affect

the observable asymmetry. The requirement of the shared systematic uncertainty can be

met only if both data sets are collected simultaneously. It can be done since about 500

electron bunches are to circulate in the collider ring at the same time (see ref. [1]), and

electron polarization can be set in a bunch-by-bunch regime.

To conclude this discussion consider common additive background:

N ′Pe = NPe +Nbkg, N ′−Pe = N−Pe +Nbkg. (4.2)

This kind of background should be suppressed up to the level of ALR statistical precision:

Nbkg/NR . 10−3 (not up to 10−6 as can be naively assumed), that looks like a feasible

constraint.

A very different, but conceivable, option to consider is to provide very stable bunch

current and bunch crossing conditions to guarantee that the integrated luminosities LPe
and L−Pe are equal with precision better than 10−6.

4.2 Spin rotation in the detector field

The Λ baryon has the lifetime τ ≈ 2.6 × 10−10 s and the corresponding decay length of

several centimeters. Its spin rotates around the detector magnetic field B with the angular

velocity (see ref. [18])

ω = −2µΛ + 2µ′Λ(γΛ − 1)

~γΛ
B +

2µ′ΛγΛ

~(γΛ + 1)
(βΛB)βΛ, (4.3)

where µΛ and µ′Λ are the total and the anomalous magnetic moments of the Λ baryon,

respectively, and γΛ =
√
s/(2mΛ) is its Lorentz factor with the velocity βΛ, βΛ =√

1− 4m2
Λ/s.

Electric charge of Λ is zero, thus µΛ = µ′Λ and

ω =
−2µΛ

~

(
B− γΛ

γΛ + 1
(βΛB)βΛ

)
. (4.4)

The rotation angle is maximal when the magnetic field and the baryon’s velocity are per-

pendicular,

θmax = ωmaxτ
(0) =

2|µΛ|
~

BγΛτ. (4.5)

The magnetic moment of Λ is µΛ = (−0.613±0.004)µN , where µN = |e|~/(2mpc) is the

nuclear magneton and γΛ ≈ 1.39 for s = m2
J/ψ. Therefore, the magnetic field of B = 1.5 T

leads to θmax ≈ 32 mrad.
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This rotation affects the observable angular distribution and probably should be taken

into account to achieve sub-percent precision level for sin2 θeff . Fortunately, an event-

by-event correction can be applied using the measured flight length of Λ, which imposes

certain requirements on tracking system and vertex resolution. See discussion of this effect

in ref. [19].

4.3 Deflection of particles in the beam

A large number of particles in each beam and small bunch size lead to a significant magnetic

field generated by the bunch. The BINP SCT project has the following parameters (see

ref. [1]): single bunch current of 4.2 mA and beam size of 0.178 µm × 17.8 µm × 10 mm.

They give the magnetic field of about 0.01 T at the surface of the flat beam. Λ spin rotation

in this field is negligible, but such a bunch field can disturb the Bhabha distribution and

introduce a bias to the luminosity measurement, as is discussed in detail in ref. [20].

4.4 Finite beams crossing angle and natural polarization

Differential cross sections presented in section 2.4 are derived under the assumption of

collinear electron-positron bunch crossing. The crab-waist beam collision scheme implies

the crossing angle of about 60 mrad leading formally to a different setup. The helicity

state of an ultrarelativistic electron is invariant under weak boosts. Therefore our formulas

remain applicable.

More attention should be paid to a possible polarization of positrons. It is known that

there is a natural polarization of particles in collider rings that is parallel or antiparallel

to the magnetic field, i.e. transverse to the plane of the ring (see ref. [21]). Our calcula-

tions imply unpolarized positrons. Nevertheless, such a transverse positron polarization

(we denote it as ~ζ⊥ in appendix A.1) does not change our results. Indeed, the terms pro-

portional to ~ζ⊥ cancel in the leptonic tensor as is shown in eq. (A.5). Longitudinal positron

polarization ζq, that can potentially change our results, can also appear due to non-linear

beam dynamics. A way to eliminate all possible effects related to positron polarization is

to foresee a device depolarizing the positron beams.

5 Conclusions

Measurement of the weak mixing angle at a Super Charm-Tau factory experiment would

provide a unique probe of the neutral weak coupling of the charm quark at low, rela-

tive to mZ , momentum transfer. The expected statistical precision of the measurement,

δ
(
sin2 θeff

)
/ sin2 θeff ≈ 0.3%, approaches the most precise at the moment results of LEP

and SLD (see ref. [4]).

This weak mixing angle measurement is a challenging experiment that should be care-

fully planned ahead. Longitudinal polarization of the electron beam is a necessary condi-

tion for this experiment. The data with positive and negative beam polarizations should

be collected simultaneously via the bunch-by-bunch switching of the electron polarization.

Special attention must be paid to the luminosity and the average electron beam polariza-

tion monitoring. Precise enough luminosity monitoring can be provided with a dedicated

low-angle Bhabha detector.
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Data-driven monitoring of the average electron beam polarization provides the best

control of the systematic uncertainty. We developed a method of the average beam polar-

ization monitoring based on the angular analysis of the J/ψ → [Λ→ pπ−][Λ̄→ p̄π+] decay.

The 5D differential cross section for this decay in eq. (2.23) is derived taking into account

the polarization of the electron beam. The expected statistical precision for the average

polarization Pe does not limit the precision of the weak mixing angle measurement.

Longitudinal polarization of the electron beam significantly increases sensitivity to

the Λ baryon form factors and CP symmetry breaking in the Λ → pπ− decay. There is

no doubt that there are many applications of the beam polarization in studies of baryons.

Cascade decays like Ξ− → [Λ→ pπ−]π− and Λ+
c → [Λ→ pπ−]π+ are also sensitive to the

beam polarization and should be considered in this context.
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A Reduced matrix element squared

In this section we calculate the reduced matrix element squared for the e+e− → J/ψ →
[Λ → pπ−][Λ̄ → p̄π+] process depicted in figure 1. We use kinematic variables defined in

eq. (2.2), which have the properties:

lp ≡ l1p1 = l2p2 = (m2
Λ +m2

p −m2
π)/2, PQ = 0, k+Q = −k−Q. (A.1)

For brevity we keep both notations of the form factors GψM,E and Gψ1,2 related as follows:

GψM = Gψ1 , GψE = Gψ1 −
Q2

4m2
Λ

Gψ2 , Gψ2 =
4m2

Λ

Q2

(
GψM −G

ψ
E

)
. (A.2)

It is also convenient to introduce the notations

Vol (l1, l2, l3, l4) = εα1α2α3α4 l
α1
1 lα2

2 lα3
3 lα4

4 ,

Vol (l1, l2, l3, µ) = εα1α2α3µ l
α1
1 lα2

2 lα3
3 ,

Vol (l1, l2, µ, ν) = εα1α2µν l
α1
1 lα2

2 .

(A.3)

A.1 Leptonic and hadronic tensors

We defined the reduced matrix element squared and averaged over the positron’s polariza-

tions and summed over the proton and antiproton’s polarizations in eq. (2.22). It is equal
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to the convolution of the leptonic Lµν and hadronic Hνµ tensors. The leptonic tensor reads

Lµν = [v(k+)γνu(k−)]† v(k+)γµu(k−) =
1

4
Tr
[
γν k̂+γ

µk̂−(1− ξγ5)
]

= kµ+k
ν
− + kµ−k

ν
+ −

s

2
gµν − ξiεµναβk−αk+β ,

(A.4)

where γ5 = iγ0γ1γ2γ3 and ε0123 = 1 = −ε0123. Note that the sign of εµναβ here is different

from ref. [9].

Suppose the ultrarelativistic positron beam is (partially) polarized. Then a positron

has the longitudinal with respect to its momentum component of the double average spin

in its rest frame ζq and the perpendicular component ~ζ⊥. Therefore one can present the

leptonic tensor in the form

Lµν =
1

4
Tr
[
γν k̂+(1 + ζqγ

5 − γ5~γ⊥~ζ⊥)γµk̂−(1− ξγ5)
]

= (1− ξζq)
(
kµ+k

ν
− + kµ−k

ν
+ −

s

2
gµν
)
− (ξ − ζq)iεµναβk−αk+β .

(A.5)

One can see that the leptonic tensor does not depend on ~ζ⊥.

The hadronic tensor has the form

Hνµ = Tr

{
(p̂1 +mΛ)

[
RΛ − SΛγ5

(
lp+mΛ l̂1

)](
GψMγµ −

2mΛ

Q2

(
GψM −G

ψ
E

)
Qµ

)
× (p̂2 −mΛ)

[
RΛ + SΛγ5

(
lp−mΛ l̂2

)](
Gψ∗M γν −

2mΛ

Q2

(
Gψ∗M −G

ψ∗
E

)
Qν

)}
.

(A.6)

We present it as a sum of the symmetric (Hνµ) and antisymmetric (H̃νµ) parts:

Hνµ = Hνµ + H̃νµ, Hνµ =
Hνµ +Hµν

2
, H̃νµ =

Hνµ −Hµν

2
. (A.7)

The symmetric component was calculated before in ref. [9] while the antisymmetric one is

new. Both parts of the hadronic tensor from eq. (A.6) have the form

Hνµ = RΛRΛH
RR
νµ +RΛSΛH

RS
νµ + SΛRΛH

SR
νµ + SΛSΛH

SS
νµ ,

H̃νµ = RΛRΛH̃
RR
νµ +RΛSΛH̃

RS
νµ + SΛRΛH̃

SR
νµ + SΛSΛH̃

SS
νµ .

(A.8)

Here

H
RR
νµ = 2

∣∣∣Gψ1 ∣∣∣2 (PµPν − P 2gµν −QµQν
)

+ 2QµQν

[
2 Re

(
Gψ1G

ψ∗
2

)
− Q2

∣∣Gψ2 ∣∣2
4m2

Λ

]
,

H
RS
νµ = −2 Im

(
Gψ1G

ψ∗
2

) [
Qν Vol (l1, p1, p2, µ) +Qµ Vol (l1, p1, p2, ν)

]
,

H
SR
νµ = −2 Im

(
Gψ1G

ψ∗
2

) [
Qν Vol (l2, p1, p2, µ) +Qµ Vol (l2, p1, p2, ν)

]
,

H
SS
νµ = −

∣∣∣Gψ2 ∣∣∣2QµQν ( Q2

2m2
Λ

[
(lp)2 −m2

Λ (l1l2)
]

+ (l1Q) (l2Q)

)
+
∣∣∣Gψ1 ∣∣∣2{−2

(
m2

Λ (l1l2) + (lp)2
)

(PµPν − sgµν −QµQν)
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− 4m2
Λ

[
(l1P ) (l2P ) gµν +

s

2
(l2µl1ν + l1µl2ν)

− (l1P ) (l2νp1µ + l2µp1ν)− (l2P ) (l1νp2µ + l1µp2ν)

]}
+ Re

(
Gψ1G

ψ∗
2

) [
(l1νQµ + l1µQν)

(
2m2

Λ(Pl2)− (pl)s
)

− (l2νQµ + l2µQν)
(
2m2

Λ(Pl1)− (pl)s
)
− 4m2

ΛQµQν (l1l2)

+ 2 (p1νQµ + p1µQν) (l1p2)− 2 (p2νQµ + p2µQν) (l2p1)
]
. (A.9)

This expression coincides with the symmetric part of the hadronic tensor from ref. [9].

H̃RR
νµ = 0,

H̃RS
νµ = 4i

∣∣∣Gψ1 ∣∣∣2 [(lp) Vol (p1, p2, µ, ν)−m2
Λ Vol (l1, P, µ, ν)

]
+ 2iRe

(
Gψ1G

ψ∗
2

) [
Qν Vol (l1, p1, p2, µ)−Qµ Vol (l1, p1, p2, ν)

]
,

H̃SR
νµ = −4i

∣∣∣Gψ1 ∣∣∣2 [(lp) Vol (p1, p2, µ, ν) +m2
Λ Vol (l2, P, µ, ν)

]
+ 2iRe

(
Gψ1G

ψ∗
2

) [
Qν Vol (l2, p1, p2, µ)−Qµ Vol (l2, p1, p2, ν)

]
,

H̃SS
νµ = i Im

(
Gψ1G

ψ∗
2

){
−(lp) (l1p2 − l2p1) (PνQµ − PµQν)

− (l2νQµ − l2µQν)
[(

2m2
Λ −Q2

)
(lp)− 2m2

Λ (l1p2)
]

+ (l1νQµ − l1µQν)
[(

2m2
Λ −Q2

)
(lp)− 2m2

Λ (l2p1)
]}
.

(A.10)

A.2 Two parts of the reduced matrix element squared

The reduced matrix element squared defined in eq. (2.22) has the unpolarized part denoted

a and the part named b responsible for the polarization. We present the quantities a and

b in the following form

a = RΛRΛa
RR +RΛSΛa

RS + SΛRΛa
SR + SΛSΛa

SS ,

b = RΛRΛb
RR +RΛSΛb

RS + SΛRΛb
SR + SΛSΛb

SS .
(A.11)

Here

aRR =
∣∣∣Gψ1 ∣∣∣2 (4 (k+Q)2 + s

(
4m2

Λ + s
))

−
(

2 (k+Q)2 +
s

2
Q2
)[

4 Re
(
Gψ1G

ψ∗
2

)
− Q2

2m2
Λ

∣∣∣Gψ2 ∣∣∣2] ,
aRS = 4 Im

(
Gψ1G

ψ∗
2

)
(k+Q) Vol (k− − k+, l1, p1, p2) ,

aSR = 4 Im
(
Gψ1G

ψ∗
2

)
(k+Q) Vol (k− − k+, l2, p1, p2) ,

aSS =
∣∣∣Gψ2 ∣∣∣2 (2 (k+Q)2 +

s

2
Q2
)[ Q2

2m2
Λ

(lp)2 + (l1Q) (l2Q)− Q2

2
(l1l2)

]
+ 2

∣∣∣Gψ1 ∣∣∣2 {m2
Λs

(
2 (k−l1) (k−l2) + 2 (k+l1) (k+l2)− 2 (l1p2) (l2p1)− 1

2
Q2 (l1l2)

)
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− 2m2
Λ (k+Q)

[
(l1l2) (k+Q)− 2 (k−l2) (k+l1) + 2 (k−l1) (k+l2)

]
− 1

2
(lp)2

(
4 (k+Q)2 + P 4

)}
+ Re

(
Gψ1G

ψ∗
2

){
(k+Q)2

[
8m2

Λ (l1l2)− 4(lp) (l1p2 + l2p1)
]

+ (k+Q)

(
2
(
2m2

Λ − s
)

(lp) (k+ − k−, l2 − l1)

+ 4m2
Λ

[
(l1p2) (k+ − k−, l2)− (l2p1) (k+ − k−, l1)

])
+ 2s

[ (
s− 2m2

Λ

)
(lp)2 +m2

Λ

[
2 (l1p2) (l2p1) +Q2 (l1l2)

]
− 2m2

Λ(lp) (l1p2 + l2p1)
]}
. (A.12)

Here a = −A− sB/2 with A and B from eqs. (40) – (47) in ref. [9].

bRR = 0,

bRS = 4
∣∣∣Gψ1 ∣∣∣2 ((lp) (k+Q)−m2

Λ (k+ − k−, l1)
)
s

+ Re
(
Gψ1G

ψ∗
2

) [
2 (k+Q)

(
l1P − 2(lp)

)
+Q2 (k+ − k−, l1)

]
s,

bSR = −4
∣∣∣Gψ1 ∣∣∣2 ((lp) (k+Q) +m2

Λ (k+ − k−, l2)
)
s

+ Re
(
Gψ1G

ψ∗
2

) [
2 (k+Q)

(
2(lp)− l2P

)
+Q2 (k+ − k−, l2)

]
s,

bSS = 2 Im
(
Gψ1G

ψ∗
2

) [(
2m2

Λ (l2P )− s(lp)
)

Vol (k−, k+, l1, Q)

+
(
s(lp)− 2m2

Λ (l1P )
)

Vol (k−, k+, l2, Q)
]
.

(A.13)

B Distributions in CM frame

The distribution in eq. (2.26) is expressed in terms of two frames: the CM frame (angle θ)

and the Λ frame (dΩ1 = sin θ1dθ1dφ1). To express the angular distributions only through

the CM frame variables, we introduce θ
(0)
1 and φ

(0)
1 as the polar and azimuth angles of the

proton in the CM frame (dΩ
(0)
1 = sin θ

(0)
1 dθ

(0)
1 dφ

(0)
1 ), whereas θ and φ are the polar and

azimuth angles of the Λ-hyperon in this frame (dΩ = sin θ dθ dφ).

B.1 Two-valuedness in CM frame

Let us consider the transformation of the proton’s momentum from the Λ frame to the CM

frame. The Λ frame is defined according to eqs. (6.49) – (6.51) from ref. [8]. The proton’s

momentum l
(Λ)
p and energy ε

(Λ)
p in this frame stay constant:

l(Λ)
p =

1

2mΛ

√
(mΛ −mp −mπ)(mΛ +mp −mπ)(mΛ −mp +mπ)(mΛ +mp +mπ), (B.1)

and

ε(Λ)
p =

√
l
(Λ)2
p +m2

p = (m2
Λ +m2

p −m2
π)/(2mΛ). (B.2)
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Using experimental values from ref. [16]: mΛ = 1115.7 MeV, mp = 938.2721 MeV, and

mπ = 139.57 MeV, we obtain that the proton is quite nonrelativistic in the Λ frame:

β(Λ)
p =

l
(Λ)
p

ε
(Λ)
p

≈ 0.11. (B.3)

In the CM frame (x0, y0, z0) the z0 axis is directed along the momentum of the electron

(i.e. along k−) and the e+e− → ΛΛ̄ scattering plane is inclined at the angle φ to the x0z0

coordinate plane, as is shown in figure 2.

Thus we have the following transformation including the Lorentz boost along the z-

axis, the rotation of the coordinate system about the y-axis at the angle θ, and the rotation

of the coordinate system about the new z-axis (z0-axis) at the angle π − φ:
ε
(0)
p

l
(0)
p sin θ

(0)
1 cosφ

(0)
1

l
(0)
p sin θ

(0)
1 sinφ

(0)
1

l
(0)
p cos θ

(0)
1

 = R̂


ε
(Λ)
p

l
(Λ)
p sin θ1 cosφ1

l
(Λ)
p sin θ1 sinφ1

l
(Λ)
p cos θ1

 , (B.4)

where ε
(0)
p and l

(0)
p are the proton’s energy and momentum in the CM frame. The trans-

formation R̂ reads

R̂ = R̂z(φ)R̂y(θ)R̂0(βΛ) =


γΛ 0 0 βΛγΛ

βΛγΛ sin θ cosφ − cos θ cosφ sinφ γΛ sin θ cosφ

βΛγΛ sin θ sinφ − cos θ sinφ − cosφ γΛ sin θ sinφ

βΛγΛ cos θ sin θ 0 γΛ cos θ

 , (B.5)

where βΛ =
√

1− 4m2
Λ/s and γΛ =

√
s/(2mΛ) are the boost parameters (βΛ ≈ 0.69 and

γΛ ≈ 1.39 for s = m2
J/ψ), and

R̂0(βΛ) =


γΛ 0 0 βΛγΛ

0 1 0 0

0 0 1 0

βΛγΛ 0 0 γΛ

 ,

R̂y(θ) =


1 0 0 0

0 cos θ 0 − sin θ

0 0 1 0

0 sin θ 0 cos θ

 ,

R̂z(φ) =


1 0 0 0

0 − cosφ sinφ 0

0 − sinφ − cosφ 0

0 0 0 1

 .

(B.6)

eq. (B.4) allows one to find the energy ε
(0)
p and the momentum l

(0)
p as functions of the

angles θ, φ and θ
(0)
1 , φ

(0)
1 . For s = m2

J/ψ we have βΛ > β
(Λ)
p , i.e. s > (m2

Λ +m2
p−m2

π)2/m2
p.
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Therefore for fixed θ
(0)
1 and φ

(0)
1 there are two solutions for ε

(0)
p and l

(0)
p :

ε(0)
p =

ε
(Λ)
p ± gβΛ

√
ε
(Λ) 2
p −γ2

Λm
2
p(1−β2

Λg
2)

γΛ(1− β2
Λg

2)
, l(0)

p =
gβΛε

(Λ)
p ±

√
ε
(Λ) 2
p −γ2

Λm
2
p(1−β2

Λg
2)

γΛ(1− β2
Λg

2)
,

(B.7)

where we used the following function g:

g = g(θ, φ; θ
(0)
1 , φ

(0)
1 ) = cos θ cos θ

(0)
1 + sin θ sin θ

(0)
1 cos(φ− φ(0)

1 ). (B.8)

It is obvious that g = nΛ · n(0)
p , where nΛ and n

(0)
p = l

(0)
p /l

(0)
p are the unit vectors along

the Λ-hyperon’s and the proton’s momenta in the CM frame, respectively. Moreover, the

acceptable angles θ
(0)
1 and φ

(0)
1 in the CM frame obey the inequality, which ensures that

the expression under the root in eq. (B.7) is not negative:

g(θ, φ; θ
(0)
1 , φ

(0)
1 ) ≥ gthr(s) =

√
1−

(m2
Λ +m2

p −m2
π)2

m2
ps

/√
1− 4m2

Λ

s
=
√

1− δ2(s).

(B.9)

Here we introduce the parameter δ(s) defined in eq. (2.28). To express the squared ampli-

tude, e.g. eq. (2.23), in terms of the angles θ, φ, θ
(0)
1 , and φ

(0)
1 in the CM frame, we use

the following relations:

cos θ1 = γΛ
gl

(0)
p − βΛε

(0)
p

l
(Λ)
p

=
(g2 − 1)βΛγ

2
Λε

(Λ)
p ± g

√
ε
(Λ) 2
p − γ2

Λm
2
p(1− β2

Λg
2)

l
(Λ)
p γ2

Λ(1− β2
Λg

2)
, (B.10)

sinφ1 =
l
(0)
p sin θ

(0)
1 sin(φ− φ(0)

1 )

l
(Λ)
p sin θ1

, cosφ1 =
l
(0)
p g′

l
(Λ)
p sin θ1

, (B.11)

where g is defined in eq. (B.8), sin θ1 = +
√

1− cos2 θ1, and the function g′ is defined

as follows:

g′ = g′(θ, φ; θ
(0)
1 , φ

(0)
1 ) = sin θ cos θ

(0)
1 − cos θ sin θ

(0)
1 cos(φ− φ(0)

1 ). (B.12)

As a result, the angle φ1 can be restored from θ, φ, θ
(0)
1 , and φ

(0)
1 without ambiguity.

B.2 Differential cross section in CM frame

Let us now consider the special case when the Λ̄-hyperon is not detected, i.e. the pro-

cess e+e− → γ∗(Z∗) → J/ψ → ΛΛ̄ → Λ̄pπ− with the polarized electron beam and the

unpolarized positron one. Its differential cross section has the form

dσ =
|M|2

4I
dρf . (B.13)
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Here the flux factor I =
√

(k+k−)2 − k2
+k

2
− ≈ s/2, and the Lorentz invariant phase space

element reads

dρf = (2π)4δ(4)(k+ + k− − p2 − l1 − q1)
d3p2

(2π)32ε2

d3l1

(2π)32ε
(0)
p

d3q1

(2π)32ε
(0)
π

=

∫
ds1

(2π)

∫
d3p1

(2π)32ε1
(2π)4δ(4)(k+ + k− − p1 − p2)

d3p2

(2π)32ε2
×

× (2π)4δ(4)(p1 − l1 − q1)
d3l1

(2π)32ε
(0)
p

d3q1

(2π)32ε
(0)
π

,

(B.14)

where s1 = p2
1 and the pion’s energy in the CM frame ε

(0)
π =

√
s/2− ε(0)

p .

In section 2.2 we denoted the helicities of Λ, Λ̄, proton and antiproton by λ1, λ2, λ′1,

and λ′2 correspondingly keeping ξ for the double helicity of the initial electron. The squared

amplitude summed over polarizations of the final particles Λ̄(p2, λ2) and p(l1, λ
′
1) can be

rewritten as

|M|2 =
(4παξJ/ψ)(4παg)

(s−m2
J/ψ)2 +m2

J/ψΓ2
J/ψ

πδ(s1 −m2
Λ)

mΛΓΛ

× 1

2

∑
λ2,λ′1

∣∣∣j(e)µ∑
λ1

Mµ
ΛΛ̄

(λ1, λ2)M(Λ)(λ1, λ
′
1)
∣∣∣2, (B.15)

where the factors αg and αξJ/ψ are defined in eqs. (2.11) and (2.12), respectively, and

ΓΛ is the total width of the Λ-hyperon. In eq. (B.15) we use the propagator on-shell

approximation for the Λ-hyperon

1

(p2
1 −m2

Λ)2 +m2
ΛΓ2

Λ

≈ π

mΛΓΛ
δ(p2

1 −m2
Λ), ΓΛ � mΛ. (B.16)

The factor 1
2 in eq. (B.15) arises because the positron is unpolarized whereas the electron

has the given double helicity ξ = ±1. eq. (B.15) can also be obtained (up to the overall

factor) from the distribution in eq. (2.23) integrating the latter over θ2 and φ2. Using

eqs. (2.7), (2.8), and (2.13), we get

∑
λ2,λ′1

∣∣∣ j(e)µ∑
λ1

Mµ
ΛΛ̄

(λ1, λ2)M(Λ)(λ1, λ
′
1)
∣∣∣2 = 2sRΛ

(
s
∣∣∣GψM ∣∣∣2 + 4m2

Λ

∣∣∣GψE∣∣∣2)
×
{

1 + α cos2 θ + α1

√
1− α2 sin (∆Φ) sin θ cos θ sin θ1 sinφ1

+ ξα1

[√
1− α2 cos (∆Φ) sin θ sin θ1 cosφ1 + (1 + α) cos θ cos θ1

]}
.

(B.17)

Since this quantity is Lorentz invariant, one can rewrite it in the CM frame using eqs. (B.10)

and (B.11) to obtain the differential cross section of the e+e− → γ∗(Z∗)→ J/ψ → ΛΛ̄→
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Λ̄pπ− process in the CM frame:

dσ

dΩ
(0)
1 dΩ

= B(Λ→ pπ−)
smΛβΛ α

ξ
J/ψαgH

(
g − gthr(s)

)
4πl

(Λ)
p

[
(s−m2

J/ψ)2 +m2
J/ψΓ2

J/ψ

]
∣∣∣GψM ∣∣∣2
1 + α

∑
±

l
(0)
p

√
s/2− ε(0)

p

×
{

1 + α cos2 θ + α1

√
1− α2 sin (∆Φ) sin θ cos θ

l
(0)
p

l
(Λ)
p

sin θ
(0)
1 sin(φ− φ(0)

1 )

+ξα1

[√
1− α2 cos (∆Φ) sin θ

g′ l
(0)
p

l
(Λ)
p

+ (1 + α) cos θ γΛ
g l

(0)
p − βΛε

(0)
p

l
(Λ)
p

]}
.

(B.18)

Here we use the notations from eqs. (B.8) and (B.12), and

B(Λ→ pπ−) = ΓΛ→pπ−/ΓΛ = (63.9± 0.5)%, ΓΛ→pπ− = RΛl
(Λ)
p /(8πm2

Λ). (B.19)

In eq. (B.18) the sum
∑
± goes over two branches of the solutions from eq. (B.7). The

Heaviside step function H in the first line of eq. (B.18) means that we consider only the

acceptable proton’s angles given by eq. (B.9).

B.3 Angular distribution of protons in CM frame at large energies

For the large invariant s, when δ(s) � 1, one can simplify eq. (B.7) considerably. In this

case, as follows from eq. (B.9),

g = nΛ · n(0)
p ≥

√
1− δ2(s) ≈ 1− δ2(s)/2, (B.20)

i.e. the region for the acceptable Λ-hyperon’s angles θ and φ reduces to a small neighbor-

hood near the proton’s angles θ
(0)
1 and φ

(0)
1 . Introducing

δθ
(0)
1 = θ

(0)
1 − θ, |δθ(0)

1 | � 1, δφ
(0)
1 = φ

(0)
1 − φ, |δφ(0)

1 | � 1, (B.21)

we get for the acceptable region

δθ
(0) 2
1 + sin θ

(0)
1 sin

(
θ

(0)
1 − δθ

(0)
1

)
δφ

(0) 2
1 ≤ δ2(s)� 1, (B.22)

which is close to the interior of an ellipse when the proton’s polar angle is not small, i.e.

θ
(0)
1 � δ(s). Numerically, our approximation works well down to θ

(0)
1 & 2δ(s), which we

assume hereafter.

For δ(s) � 1 we can integrate eq. (B.18) over the Λ-hyperon’s angles θ and φ or,

equivalently, δθ
(0)
1 and δφ

(0)
1 using expansion in δ(s). The latter variables range over the

region defined in eq. (B.22) with the accuracy of O(δ4(s)). During the integration the

proton’s angles θ
(0)
1 and φ

(0)
1 are kept fixed.

If s is not large the integration over θ and φ results in elliptic functions and is difficult

for analysis. However, even for the J/ψ energy (
√
s = 3096.9 MeV) δ(s) is small enough:

δ(s) ≈ 0.111. As follows from eq. (2.28), δ(s) is proportional to the numerically small

coefficient l
(Λ)
p /mp ≈ 0.107, which shows that the proton is nonrelativistic in the Λ frame.
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First, we change variables to rationalize our integral:

δθ
(0)
1 = δ(s)

√
1−R2 cos Φ̃, δφ

(0)
1 =

δ(s)
√

1−R2 sin Φ̃√
sin θ

(0)
1 sin

(
θ

(0)
1 − δ(s)

√
1−R2 cos Φ̃

) . (B.23)

The variables R and Φ̃ are the polar coordinates for the integration region which is now a

unit disk

∫
g≥gth

sin θdθdφ
(
. . .
)
≈ δ2(s)

∫ 2π

0
dΦ̃

∫ 1

0
dRR

√√√√√sin
(
θ

(0)
1 − δ(s)

√
1−R2 cos Φ̃

)
sin θ

(0)
1

(
. . .
)
.

(B.24)

Here the ellipsis stands for the integrand defined in eq. (B.18), where we expand g and g′:

g = 1− 1

2

(
δθ

(0) 2
1 + sin θ

(0)
1 sin

(
θ

(0)
1 − δθ

(0)
1

)
δφ

(0) 2
1

)
+O

(
δ4(s)

)
,

g′ = −δθ(0)
1 +

1

4
sin
(

2θ
(0)
1

)
δφ

(0) 2
1 +O

(
δ3(s)

)
,

(B.25)

and rewrite them through R and Φ̃:

g = 1− δ2(s)

2
(1−R2) +O

(
δ4(s)

)
,

g′ = −δ(s)
√

1−R2 cos Φ̃ +
δ2(s)

2
(1−R2) cot θ

(0)
1 sin2 Φ̃ +O

(
δ3(s)

)
.

(B.26)

These expansions allow us to obtain the following relations with O
(
δ2(s)

)
accuracy:

l
(0)
p

l
(Λ)
p

≈ γΛ

(
ε
(Λ)
p βΛ/l

(Λ)
p ±R

)
1 + (1−R2) l

(Λ) 2
p /m2

p

,

l
(0)
p

√
s/2− ε(0)

p

≈

(
βΛε

(Λ)
p ± l(Λ)

p R
)

ε
(Λ)
p

(
ε
(Λ)
p mΛ/m2

p − 1
)
∓ βΛl

(Λ)
p R−mΛl

(Λ) 2
p R2/m2

p

,

γΛ
g l

(0)
p − βΛε

(0)
p

l
(Λ)
p

≈
±R−

(
1−R2

)
ε
(Λ)
p l

(Λ)
p /(m2

pβΛ)

1 + (1−R2) l
(Λ) 2
p /m2

p

.

(B.27)

Next, we integrate eq. (B.18) with respect to Φ̃ and R and get the cross section in the

leading and next-to-leading order in δ(s):

dσ

dΩ
(0)
1

=
B(Λ→ pπ−) smΛβΛ α

ξ
J/ψαg

2 l
(Λ)
p

[
(s−m2

J/ψ)2 +m2
J/ψΓ2

J/ψ

]
∣∣∣GψM ∣∣∣2
1 + α

δ2(s)

{(
1+α cos2 θ

(0)
1

)
I1(s)

+ ξα1

[
(1 + α)I3(s)+

√
1− α2 cos (∆Φ)

(
l
(Λ)
p

mpβΛ
δ(s)

)
I5(s)

]
cos θ

(0)
1 +O

(
δ2(s)

)}
,

(B.28)
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where I1(s), I3(s), I5(s) are dimensionless functions of s:

I1(s) =
1− κ
2β2

pκ
2

(
β2

Λ − 2κ

τ(βΛ)
L1(βΛ) + βΛL2(βΛ)

)
,

I3(s) =
(1− κ)(µ2 − κ)

2β3
pκ

3βΛ

(
β2

Λ − 2κ

τ(βΛ)
L1(βΛ) + βΛL2(βΛ)

)
− 2µ2

β3
pκ

2
log

(
κ

µ

)
,

I5(s) =
(1− κ)µ2

2β5
pκ

5

[
βΛ
β2

Λ(κ− 1)− 4κ2 − µ2 + κ(3 + 2µ2)

τ(βΛ)
L1(βΛ)

+
(
β2

Λ(κ− 1)− µ2 + κ
)
L2(βΛ)

]
+

2µ4

β5
pκ

4
log

(
κ

µ

)
− µ2

β3
pκ

3
.

(B.29)

Here we introduced

κ = ε(Λ)
p mΛ/m

2
p ≈ 1.196,

µ = mΛ/mp ≈ 1.189,

βp = β(Λ)
p = l(Λ)

p /ε(Λ)
p =

√
1− µ2/κ2 ≈ 0.107.

(B.30)

Moreover, I1, I3, and I5 depend on s through βΛ =
√

1− 4m2
Λ/s and the following functions

of βΛ:

τ(βΛ) =
√
β2

Λ + 4κ(κ− 1),

L1(βΛ) = log

[
(κ2 − µ2)(βΛ − τ)2 − 4κ2(κ− 1)2

(κ2 − µ2)(βΛ + τ)2 − 4κ2(κ− 1)2

]
,

L2(βΛ) = log

[
(κ− µ2)2 − β2

Λ(κ2 − µ2)

κ2(κ− 1)2

]
.

(B.31)

For extremely large energies the functions I1,3,5 saturate: I1 → 6.638, I3 → 2.026, I5 →
28.801, but the correction

(
l
(Λ)
p /(mpβΛ) δ(s)

)
I5(s) vanishes, as is shown in figure 6. For

the energy of the J/ψ-resonance, sJ/ψ = m2
J/ψ = (3096.9 MeV)2, one gets the following

values:

I1(sJ/ψ) ≈ 4.122, I3(sJ/ψ) ≈ 0.839,

(
l
(Λ)
p

mpβΛ
δ(sJ/ψ)

)
I5(sJ/ψ) ≈ 0.223 (B.32)

with the accuracy of δ2(sJ/ψ) ≈ 0.01.

From eq. (B.28) we have for s = sJ/ψ

dσ

dΩ
(0)
1

= B(Λ→ pπ−)B(J/ψ → e+e−)B(J/ψ → ΛΛ̄)
αξJ/ψ

αJ/ψ

9mΛ

l
(Λ)
p m2

J/ψ

I1(sJ/ψ)

(3 + α)

× δ2(sJ/ψ)

{
1 + α cos2 θ

(0)
1 + ξα1 cos θ

(0)
1

[
(1 + α)

I3(sJ/ψ)

I1(sJ/ψ)

+
√

1− α2 cos (∆Φ)

(
l
(Λ)
p

mpβΛ
δ(sJ/ψ)

)
I5(sJ/ψ)

I1(sJ/ψ)

]
+O

(
δ2(sJ/ψ)

)}
,

(B.33)

which gives the numerical result presented in eq. (2.27).
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Figure 6. Functions I1(s) (see eq. (B.29)) (solid line), I3(s) (dashed line), and the correction

I5(s) l
(Λ)
p δ(s)/(mpβΛ) (dash-dotted line).
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