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Abstract: It is well-known that chiral anomaly can be macroscopically detected through

the energy and charge transport, due to the chiral magnetic effect. On the other hand,

in a holographic many body system, the chaotic modes might be only associated with the

energy conservation. This suggests that, perhaps, one can detect microscopic anomalies

through the diagnosis of quantum chaos in such systems. To investigate this idea, we

consider a magnetized brane in AdS space time with a Chern-Simons coupling in the

bulk. By studying the shock wave geometry in this background, we first compute the

corresponding butterfly velocities, in the presence of an external magnetic field B, in µ� T

and B � T 2 limit. We find that the butterfly propagation in the direction of B has a

different velocity than in the opposite direction; the difference is ∆vB = (log(4)−1)∆vsound
with ∆vsound being the difference between the velocity of two sound modes propagating in

the system. The splitting of butterfly velocities confirms the idea that chiral anomaly can

be macroscopically manifested via quantum chaos. We then show that the pole-skipping

points of energy density Green’s function of the boundary theory coincide precisely with

the chaos points. This might be regarded as the hydrodynamic origin of quantum chaos

in an anomalous system. Additionally, by studying the near horizon dynamics of a scalar

field on the above background, we find the spectrum of pole-skipping points associated with

the two-point function of dual boundary operator. We find that the sum of wavenumbers

corresponding to pole-skipping points at a specific Matsubara frequency is a universal

quantity, which is independent of the scaling dimension of the dual boundary operator.

We then show that this quantity follows from a closed formula and can be regarded as

another macroscopic manifestation of the chiral anomaly.
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1 Introduction

It has been observed that for a large class of many-body systems [1–17],

〈V (t, ~x)W (0, 0)V (t, ~x)W (0, 0) 〉β = 1− ε e−iωt+ik|~x| + · · · (1.1)

where V and W are generic few-body operators, β = 1/T and ε ∼ 1/N with N being the

number of degrees of freedom. The chaotic behavior of the system is represented by the

purely imaginary values of the ω and k:

ω = iλ, k = i
λ

vB
(1.2)
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Here λ is the quantum Lyapunov exponent and vB is the butterfly velocity, i.e. the velocity

at which the information propagates in the space. The exponential growth of the out-of-

time-order-correlator (OTOC) (1.1) is known as the manifestation of the quantum chaos

in many-body systems.

Holographically, butterfly velocity can be computed via studying an eternal black hole

as being dual to a thermofield double state in a CFT [18]. Let us recall that the chaotic

behavior (1.1) is related to sensitivity of dynamics to initial conditions. Correspondingly,

injecting an small amount of energy into the left side of the eternal black hole, in the past,

will have exponentially blue-shifted energy near the horizon. Therefore, the backreaction

on the geometry must be included [2]. The resultant geometry can be described as a Dray-

’t Hooft shock wave [19]. For a localized shock in U − V coordinates, with TUU ∼ δ(U),

the exponential growth of the discontinuity in the V coordinate, when passing through the

shock, is then the holographic dual of (1.1). Thus the problem of finding butterfly velocity

reduces to finding the shift in the V coordinate via solving Einstein equations in the bulk.

Based on the above holographic picture, in the first part of the paper, we compute the

butterfly velocity in a system with chiral anomaly. Quantum chaos in anomalous systems

has not been studied in the literature so far. However, our motivation originates from

the fact that in such systems, some kinds of hydrodynamic transport are related to the

microscopic triangle anomalies [21]. For example in the presence of an external magnetic

field, the energy flux encodes some information about the chiral anomaly due to the chiral

magnetic effect [22].1 We also know that, in a holographic system, the chaotic modes may

be associated with the energy conservation. This suggests that, perhaps, one can detect

chiral anomaly via quantum chaos in the holographic systems.

The holographic dual of a four dimensional system in the presence of an external

magnetic field is a magnetized brane in AdS5 space time [24]. In order to make the

boundary system anomalous, it is convenient to couple the magnetized brane to a Chern-

Simons term in the bulk. The gauge invariance in the bulk then leads to existence of chiral

anomaly on the boundary, through the inflow mechanism [24]. Thus in order to study a

thermal state in the boundary chiral system, we need a black brane solution in the Einstein-

Maxwell-Chern-Simons theory. Such solution has been already found analytically in the

regime of small magnetic field B, in [24]. However, the metric functions in [24] are given by

some un-evaluated integrals. In order to work with them, we adopt the double expansion

over B/T 2 and µ/T , introduced in [25], to evaluate the metric functions. Consequently,

whatever we find in this paper will be analytic and will be given in a double expansion

over these two dimensionless parameters.

Using the shock wave picture, in the first part of the paper, we compute the butter-

fly velocity in the above-mentioned background, for two cases; firstly in the case where

information propagates parallel to the magnetic field,2 and secondly in the case where it

propagates perpendicular to the magnetic field. In agreement with our earlier motivation,

we show that in the parallel case, the microscopic anomaly is really detected via the butter-

1A possible relevant experimental evidence has been reported in [23].
2This corresponds to a situation in (1.1) where the line connecting the insertion points of the operators

V and W in the space is parallel to the magnetic field.

– 2 –



J
H
E
P
0
3
(
2
0
2
0
)
0
5
0

fly velocities. While in a non-chiral system for both x < 0 and x > 0 in (1.1) one obtains

the same butterfly velocity [2, 17], for a chiral system in the presence of magnetic field

parallel to ~x, however, the butterfly velocities in these two ranges have different magni-

tudes. Their difference, which we refer to as ∆vB, is proportional with the chiral anomaly

coefficient times ( µT )2( B
T 2 ). That ∆vB depends on the anomaly coefficient shows that it

could be a new macroscopic measure for detecting the microscopic chiral anomaly.

In another direction, by computing the spectrum of the hydrodynamic modes in the

same bulk background, we find that the magnitude of velocity of sound modes, going

parallel and anti-parallel to the magnetic field, differ from each other; to leading order in

the double expansion over µ/T and B/T 2, their difference, namely ∆vsound, is related to

∆vB as ∆vB = (log(4) − 1)∆vsound. On the other hand, any splitting between velocity

of sound waves is caused due to the chiral magnetic effect, both in energy and charge

transports. One then may conclude that the splitting between butterfly velocities has the

same origin. Although, to confirm this idea it is needed to show that the mentioned relation

between ∆vB and ∆vsound continues to hold beyond the perturbative limit on B and µ.3

It has been recently shown that in addition to (1.1), quantum chaos has a sharp man-

ifestation in the two-point functions of energy density and energy flux. This manifestation

was firstly observed in the numerical spectrum of quasi normal modes in a holographic

system [20]. In the mentioned paper, it has been shown that the values of frequency and

momentum given in (1.2) follow from a dispersion relation of the hydrodynamic sound

mode. Additionally, it has been shown that just at this point, the residue of retarded

two-point function of the energy density vanishes. This observation actually established

a direct link between hydrodynamics and the butterfly effect, for the first time. This so-

called “pole-skipping” phenomenon was then derived as a general prediction of effective

field theory in [26]. In the mentioned paper, based on previously developed effective field

theory of dissipative fluids [27, 28],4 a new quantum theory of hydrodynamics was formu-

lated. This quantum theory is valid not only to all orders in derivative, but also at finite

~. The latter emphasizes that the theory of quantum hydrodynamics has been constructed

for studying those systems for which the Lyapunov exponent is of the order of λ ∼ 1
~ .

The main idea of [26] is that the scrambling of a few body operator can be described

as the following: there exists an effective chaos mode which propagates and builds up an

exponentially growing hydrodynamic cloud, around the operators. The exponential growth

basically arises from a shift symmetry. This shift symmetry leads to chaotic behavior in out-

of-time-order correlators (eq. (1.1)), and simultaneously shields the correlation functions

of energy density and energy flux from exponential growth. The latter happens because

at exactly the chaos point (1.2), the residue of theses correlation functions turns out to

vanish; this is nothing but the pole-skipping phenomenon. The pole-skipping has been

explicitly shown to happen in 2-dim CFT at large central charge [32] and recently in

higher dimensional CFTs [33].

3We thank the anonymous referee to pointing this out to us.
4The effective theory of dissipative fluid has been also studied in [29, 30], differently. Before these

references, however, deriving dissipative hydrodynamics from effective action on a Schwinger-Keldysh CTP

contour, was originally initiated by [31].
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The effective field theory approach of [26] associates the chaotic mode to the energy

conservation. Such feature may be universal among the systems which are or are close

to being maximally chaotic. In [34], some further strong support for the pole-skipping

phenomenon in such systems was found. By studying the linearized Einstein equations

around a static black hole geometry, it has been shown that the pole-skipping is universal

for general systems at finite temperature, dual to Einstein gravity coupled to matter.

Among other evidence [35, 36], this is the pole-skipping phenomenon that is sometimes

referred to as the smoking gun for the hydrodynamic origin of the chaotic mode [26].

Based on this, in the current paper and as the second part, we will explore the relation

between hydrodynamics and quantum chaos in a many body system with chiral anomaly,

via studying the pole-skipping phenomenon.

We mainly follow the argument of [34]5 which is based on studying the near horizon

dynamics of metric perturbations in Fourier space, namely δgµν(rh;ω, k)’s.6 To proceed,

the linearized form of one appropriate component of the Einstein equations, expanded near

the horizon, is considered. Let us recall that in any system with Einstein gravity dual, we

expect the Lyapunov exponent to be as λ = 2πT . According to (1.2), it corresponds to

the imaginary frequency ω∗ = i 2πT . Precisely at this frequency, the above mentioned lin-

earized component of the Einstein equations highly simplifies and leaves δgvv(rh) decoupled

from the other metric perturbations at the horizon.7 At a general wave number k, δgvv(rh)

thus must vanish. For a set of sources of the stress tensor components on the boundary,

the condition δgvv(rh) = 0 actually picks up a unique regular solution for δgµν(r;ω, k) in

the bulk [34].8

However, there exist two special wavenumbers k∗, at which, this equation is automat-

ically satisfied. This is equivalent to saying that at the point (ω∗, k∗), fixing the boundary

sources and imposing regularity at the horizon is not sufficient to pick out a unique solution

to δgµν(r;ω, k) in the ingoing coordinates [34]. In order to find a solution in the bulk around

this point, namely at a general point like (r;ω∗ + δω, k∗ + δk), in addition to the sources

of the stress tensor, the value of the parameter δω/δk is needed too. Then by changing

δω/δk, one can obtain a spectrum of solutions in the bulk, including both renormaliz-

able and non-renormalizable solutions, and all passing through (ω∗, k∗). Let us take the

corresponding values for renormalizable and non-normalizable solutions as (δω/δk)(n) and

(δω/δk)(nn), respectively. In accordance with holographic dictionary, all points between

(ω∗, k∗) and (ω∗ + δω(n), k
∗ + δk(n)), on the line with slope (δω/δk)(n), are poles of GRεε in

the boundary theory; similarly, all points between (ω∗, k∗) and (ω∗ + δω(nn), k
∗ + δk(nn)),

on the line with slope (δω/δk)(nn), are roots of GRεε. Thus, both lines of poles and roots of

GRεε pass through (ω∗, k∗). As a result, the Green’s function becomes multi-valued at this

point. It is nothing but the pole-skipping, predicted by the effective field theory of [26].

Following the above discussion, we find the pole-skipping points of energy density

Green’s function in a system with chiral anomaly, via studying the Einstein-Maxwell-Chern-

5See also [37] for the first study of pole-skipping at finite coupling.
6Let us denote that by using symmetries, we only work with a subset of δgµν ’s.
7v is the time coordinate in the Eddington-Finkelstein coordinates.
8We thank the anonymous referee for pointing out this to us.
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Simons theory. It turns out that ω∗/k∗ is exactly the same as butterfly velocity vB found

from shock wave computations in the previous part. This coincidence might be an implicit

evidence for hydrodynamic origin of quantum chaos in holographic anomalous systems.

Furthermore, it has recently been shown that the lack of information to uniquely define

a correlation function is not specific to energy density correlation functions at chaos point;

Green’s functions of generic operators have also the same feature but at negative Matsubara

frequencies and some appropriate complex values of wavenumber [38].9 The presence of

such set of pole-skipping points in the lower half of the complex Fourier plane shows that

the dispersion relations of collective modes in boundary theory at energy scales ω ∼ T are

directly constrained by the near horizon dynamics of bulk fields.

We use the same idea to compute the set of pole-skipping points in the lower half

plane by studying the dynamics of a scalar field near the horizon. We find the tower of

pole-skipping points whose frequencies are actually given by the Matsubara frequencies

ω` = −i2πT`; ` = 1, 2, · · · . It turns out that the spectrum is deviated from the symmetric

spectrum of a non-chiral system. In particular, we find that the sum of wavenumbers cor-

responding to pole-skipping points at `th Matsubara frequency, which we call it ∆k(`), is a

special quantity with a universal behavior. Its universality comes from the fact that it does

not depend on the mass of scalar field and consequently neither does on the scaling dimen-

sion of the dual operator. By computing this quantity at several Matsubara frequencies,

we propose a closed formula for it, which gives the sum at a general Matsubara frequency.

Interestingly, we show that ∆k(`)/∆kc = −`2, with ∆kc being the sum of wavenumbers

corresponding to the chaos points. This suggests that in a holographic anomalous system,

the quantity ∆k(`) can be regarded as another macroscopic manifestation of chiral anomaly.

In the rest of the paper, we firstly introduce the gravity set-up dual to the chiral system

in section 2.1. In section 2.2 by using the shock wave picture, we compute the butterfly

velocities in longitudinal direction. In section 2.3, we derive the spectrum of hydro modes

in the system under study and compare the results with the butterfly velocities. Then in

section 2.4 we show that the pole-skipping in energy density correlators occurs at exactly

the chaos points. In section 3 and its corresponding subsections, we study the pole-skipping

points of boundary operator dual to a dynamical scalar field in the bulk. Finally, in section 4

we end with reviewing our results and discussing about some follow-up directions.

2 Holographic quantum chaos and pole-skipping in an anomalous system

In this section we holographically investigate the relation between quantum chaos and chiral

anomaly as well as that of quantum chaos and hydrodynamics, in an anomalous system.

Following the detailed explanations in the Introduction, in what follows, we mostly focus

on computations and corresponding results.

9See [39–44], for some recent related works, specially [45, 46] for some exact results in AdS3 and 2-dim

BCFT, respectively.
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2.1 Chiral system and its holographic dual: set up

The holographic dual of a chiral system in the presence of magnetic field is the Einstein-

Maxwell-Chern-Simons theory. The action in the bulk is given by

S =
1

16πG5

∫
M
d5x
√
−g
(
R+

12

L2
− FMNFMN

)
+ SCS + Sbdy (2.1)

with the Chern-Simons action being as the following

SCS =
κ

12πG5

∫
A ∧ F ∧ F =

κ

48πG5

∫
d5x
√
−g ερµναβAρFµνFαβ . (2.2)

Here Sbdy is the boundary counter term. The equations of motion are given by:

∇νF νµ +
κ

4
εµνραβFνρFαβ = 0 (2.3)

Rµν + 4gµν +
1

3
FαβFαβ gµν + 2FµρF

ρ
ν = 0 (2.4)

from which, one can find the following magnetized brane solution in the bulk

ds2 =
dr2

f(r)
− f(r)dt2 + e2WT (r)(dx21 + dx22) + e2WL(r)(dx3 + C(r)dt)2 (2.5)

F = E(r)dr ∧ dt+Bdx1 ∧ dx2 + P (r)dx3 ∧ dr. (2.6)

The functions f(r), WL(r), WT (r), C(r), E(r) and P (r) were found analytically in [24], in

the limit B � T 2. Assuming the following expansions for these functions

f = f0 +B2f2 E = E0 +B2E2

WL = WL0 +B2WL2 C = C0 +BC1 (2.7)

WT = WT0 +B2WT2 P = P0 +BP1

and by considering the zero order solutions

E0 =
Q

r3
, WL0 = WT0 = log(r), f0 = r2 +

Q2

3r4
− M

r2
, (2.8)

the authors of [24] found the correction functions in (2.7) as some unevaluated integrals.

Here Q and M can be written in terms of the horizons radii, r±, which satisfy f(r±) = 0:

Q2

3
= r2+r

2
−(r2+ + r2−), M = r4+ + r4− + r2+r

2
−. (2.9)

The unevaluated integral functions found in [24] can be evaluated analytically in some

regimes. In [25], all these functions have been computed in a double expansion over B/T 2

and µ/T . In the current paper we follow [25] and work in the same limit.10 Here, however,

we do not rewrite the explicit expressions of functions (2.7) evaluated in [25]. In order to

10In this limit, our results will be relevant to the magnetohydrodynamics of the boundary system in the

presence of a constant background magnetic field [47, 48].
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study the chaos, we only need to know the near horizon limit of the mentioned correction

functions. So in the following we just give their series expansion around the outer horizon,

rh ≡ r+. One formally writes

f(r) = f ′(rh)(r − rh) +
f ′′(rh)

2
(r − rh)2 + · · ·

C(r) = C ′(rh)(r − rh) +
C ′′(rh)

2
(r − rh)2 + · · · (2.10)

and

WL,T (r) = WL,T (rh) +W ′L(rh)(r − rh) + · · ·
E(r) = E(rh) + E′(rh)(r − rh) + · · ·
P (r) = P (rh) + P ′(rh)(r − rh) + · · ·

where the coefficients have been given in the table 1 of the appendix F.

There is an important point about rh in the above expressions. In the absence of mag-

netic field, the location of horizon is the root of f0 and is given by rh = πT . However, as

discussed in [25], since f0 gets a magnetic correction, the outer horizon and consequently

both the Hawking temperature and the chemical potential of the solution have to be cor-

rected as well. Considering the double expansion discussed above, the corrected outer

horizon, is found to be as

rh = πT

[
1 +

2

3
ν2 +

(
1

6
+

1

9
ν2
(
3κ2(−3π + 6 + log(16))− 4

))
b2
]

(2.11)

to second order in ν = µ
πT and b = B

(πT )2
.

2.2 Quantum chaos and butterfly effect from holography

Following the explanation about shock wave and its backreaction on the eternal black hole

geometry in the Introduction, we first proceed to rewrite the metric (2.5) and the field

strength (2.6) in the Kruskal coordinates. To this end, by using the tortoise coordinate

dr∗ =
dr√

f(r)(f(r)− C(r)2e2WL(r))
(2.12)

and defining f̃(r) = f(r)− C(r)2e2WL(r), we find the Kruskal coordinates U and V in the

left side of the Kruskal diagram as the following

t+ r∗ = v V = −e
1
2
f̃ ′(rh)v

t− r∗ = u U = e−
1
2
f̃ ′(rh)u.

(2.13)

In terms of the Kruskal coordinates, metric may be rewritten as

ds2past = A(UV )dUdV +BL(UV )dx23 +BT (UV )(dx21 + dx22) +D(UV )

(
dV

V
− dU

U

)
dx3,

(2.14)
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where the functions A, B and D are given by

A(UV ) =
4

UV

f(r)

f̃ ′(rh)
, BL,T (UV ) = e2WL,T (r), D(UV ) =

2C(r)

f̃ ′(rh)
e2WL(r). (2.15)

Note that the subscript “past” is denoting that the metric corresponds to an eternal black

hole in the past, before becoming perturbed by the shock wave. Similarly, field strength

must be rewritten in U − V coordinates in the past. one writes

Fpast = G(UV ) dV ∧ dU +B dx1 ∧ dx2 +H(UV ) dx3 ∧
(
dV

V
+
dU

U

)
, (2.16)

with the functions G and H given by

G(UV ) =−E(r)

UV

√
f(r)(f(r)−C(r)2e2WL(r))

f̃ ′(rh)
, H(UV ) =P (r)

√
f(r)(f(r)−C(r)2e2WL(r))

f̃ ′(rh)
.

(2.17)

According to [2], the backreaction of shock wave on the above background develops a

“future” solution in the bulk which can be obtained by imposing the shift V → V +h(x)δ(U)

to the past one. Under this shift, (2.14) and (2.16) take the following form:

ds2future = ds2past −A(UV )h(x)δ(U) dU2 − D(UV )

V
h(x)δ(U) dUdx3 (2.18)

Ffuture = Fpast −
H(UV )

V
h(x)δ(U) dx3 ∧ dU. (2.19)

Plugging (2.18) and (2.19) in (2.4) and considering the matter source in the right hand side

of it as TUU ∼ Ee
1
2
f̃ ′(rh)tw δ(U)δ3(~x),11 one finds that h must obey the following equation

near the horizon12[
A(0)

(
1

BL(0)
∂2z +

1

BT (0)
∂2i −

D′(0)

BT (0)A(0)
∂z

)
+

(
4
A′(0)− 2A(0)2

A(0)
+ 2(2W ′T (0) +W ′L(0))

)
−

128 r2h
3f̃ ′(rh)2

E(0)2

A(0)
− 4

3

A(0)

BT (0)2
B2 +

D′(0)2

BT (0)A(0)

]
h(x) ∼ 2Ee

1
2
f̃ ′(rh)tw δ3(~x)

(2.20)

where E(0) = E(UV )|U=0 ≡ E(r)|r=rh . The same convention has been considered for

functions WT and WL in the above equation.

Note that through deriving the equation above we have already taken the magnetic

field in the third direction. For a magnetic field in a general direction, say ~b, equation (2.20)

can be formally written as the following(
∂2‖ + q2 ∂2⊥ + 2 p b̂ · ~∂ −m2

0

)
h(x) ∼ 2BL(0)

A(0)
Ee

1
2
f̃ ′(rh)tw δ3(~x) (2.21)

where ‖ and ⊥ are denoting the directions parallel and perpendicular to the magnetic field,

respectively. It should be noted that b in the third term of the left hand side is coming

11tw is the past time at which the energy E is released into the bulk.
12Note that near the horizon r = rh(1− UV +O(U2V 2)).
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from D′(0) in the first line of (2.20). It is also obvious that q, p and m0 can be easily read

in terms of coefficients in (2.20).

When h is assumed to be only function of x3, the second term in (2.21) vanishes and

h(x3) is found to be (see appendix A for detail of computations)13

h(x3) ∼ −πE e
1
2
f̃ ′(rh)(tω−t∗)−

(
p+
√
p2+m2

0

)
x3
√
p2 +m2

0 θ(x3)

− πE e
1
2
f̃ ′(rh)(tω−t∗)−

(
−p+
√
p2+m2

0

)
x3
√
p2 +m2

0 θ(−x3).
(2.22)

Comparing this equation with (1.1) and (1.2), one finds that the Lyapunov exponent of

the system, as expected, is

λ =
1

2
f̃ ′(rh) = 2πT. (2.23)

Moreover, we see that the speed at which the information propagates depends on the sign

of x3; let us recall that in (1.1), at t = 0, the operator W is inserted at x = 0 and

then at time t, V will be inserted at ~x. Thus x3 > 0 corresponds to the propagation

of information in +x3 direction, namely the magnetic field direction; similarly x3 < 0

corresponds to the butterfly propagation opposite to the magnetic field. From (2.22), we

find the corresponding butterfly velocities as the following

x3 > 0 : vL1
B =

2πT

m2
0

(√
p2 +m2

0 − p
)

x3 < 0 : vL2
B = −2πT

m2
0

(√
p2 +m2

0 + p

)
.

(2.24)

When the magnetic field vanishes, p = 0 and one finds the degenerate velocities of [36].

Interestingly, the above relations show that when p 6= 0, the speed of butterfly propagation

in the medium is not isotropic. In the following we show that this asymmetry is just coming

from the chiral anomaly.

To better explain the physical aspects of this result, we first compute p and m0 in

terms of background data. We find:

p = (πT )κ (log(4)− 1)ν2 b

m2
0 = (πT )2

[
6 + 36ν2 −

(
π2

6
− 1

)
b2 −

(
π2 +

92

9
+ 56κ2(log(2)− 1)

)
ν2b2

]
(2.25)

Now we can put these expressions back into (2.24) and read the butterfly velocities. In the

following we discuss on the resultant formulas in various limits.

Uncharged system in the absence of magnetic field. Such system is holographically

described with a Schwarzschild black brane. Substituting b = 0 and ν = 0 in (2.24), we

reproduce the well known result vB =
√

2/3 [2] for this system.

13t∗ is the scrambling time [3].
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Charged system in the absence of magnetic field. The holographic dual of this

system is a Reissner-Nordstorm black brane. Substituting b = 0, in (2.24), we reproduce

the result of [35] concerning the RN black brane as the following

v
L1,2

B = ±vB
(

1− µ2

3π2T 2

)
(2.26)

We study chaos in RN black brane at finite µ in a future work, in details [49].

Non-chirally charged system in the presence of magnetic field. Such system is

holographically dual to a magnetized RN black brane. In order to put off the chiral effects

in (2.24), we force the Chern-Simons coefficient to vanish, i.e. κ = 0. As a result, p in (2.25)

vanishes and then we obtain two equal butterfly velocities with opposite signs:

v
L1,2

B,κ=0 = ±vB
[
1− µ2

3(πT )2
+

(
π2 − 6

72

)
B2

(πT )4
−
(
π2 + 54

216

)
µ2B2

(πT )6

]
(2.27)

In [17], based on shock wave picture of [2], the anisotropic butterfly velocities for a general

family of anisotropic metrics has been computed. Our metric given in (2.5) for C(r) = 0,

namely for the non-chiral case, falls into the family of metrics studied in [17]. In the

appendix C, we will show that our above result in (2.27) is in complete agreement with

that of [17] and [16].

Chirally charged system in the presence of magnetic field. Our main goal in this

section is to just consider this case. Since in a chiral system, κ is proportional to the chiral

anomaly coefficient, we take κ 6= 0 and find

v
L1,2

B = ±
√

2

3

(
1− µ2

3(πT )2

)
− 2

3
κ (log(4)− 1)

µ2B

(πT )4

±
(
π2 − 6

36
√

6
− π2 + 18(−4κ2(log(4)− 2))

108
√

6

µ2

(πT )2

)
B2

(πT )4

(2.28)

It is obvious that µ2B term splits the degeneracy between the magnitude of two butterfly

velocities in this case, so the equality vL1
B = |vL2

B | will no longer hold. Putting the value of

κ [50, 51], we find

κ = − 2√
3
→ ∆vLB = vL1

B − |v
L2
B | =

8

3
√

3
(log 4− 1)

µ2B

(π T )4
(2.29)

This is actually our central result in this section. It is seen that the difference between

the magnitude of the right- and left-moving butterfly propagation is originated from the

anomaly of microscopic quantum field theory. Consequently, any macroscopic observation

of such difference in experiment is a new manifestation of chiral anomaly.

For later requirements, we know represent the butterfly velocities (2.28) in the form of

chaos points introduced in (1.2). The chaos points are given by (iωc, ikc) where ωc = 2πT

and kc = 2πTkc. kc is given by

kc;1,2 = ±
√

6

2
±
√

6

6
ν2 + κ (log(4)− 1) bν2 ±

(
6− π2

24
√

6
+

66− π2 − 72κ2(log(4)− 2)

72
√

6
ν2
)
b2.

(2.30)
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We also call the sum of the above two wavenumbers as ∆kc

∆kc ≡ kc;1 + kc;2 = 2κ (log(4)− 1) ν2b. (2.31)

Before ending this section, let us note that we will compute the butterfly velocities in the

transverse directions in the appendix B.

2.3 Butterfly effect and chiral transport

Hydrodynamics is the universal low-energy long wavelength limit of thermal systems. In-

stead of microscopic degrees of freedom, hydrodynamics uses just a few number of macro-

scopic variables as the dynamical degrees of freedom, say velocity uµ(t, ~x), temperature

T (t, ~x) and · · · . The idea of hydrodynamics is that in the long wavelength limit, every

physical quantity in the system, like energy density, can be written in a derivative ex-

pansion of the above degrees of freedom. The equations of motion are then simply the

(non-)conservation equations of energy-momentum tensor (and global currents). In a sim-

ple system with one anomalous U(1) current, one writes

∂µT
µν = F νρJ

ρ (2.32)

∂µJ
µ = CEµBµ (2.33)

with the electric and magnetic fields in the rest frame of fluid elements defined as

Eµ = Fµνuν and Bµ = 1
2ε
µναβuνFαβ , respectively. C is the coefficient of chiral anomaly in

the system. In a chiral system and in presence of the background field Fµν , the constitutive

relations are given by [21, 52]

Tµν = wuµuν + pgµν + σBε (uµBν + uνBµ) + σVε (uµων + uνωµ), (2.34)

Jµ = nuµ + σBBµ + σVωµ, (2.35)

where ωµ = εµναβuν∂αuβ and σB, σBε , σV and σVε are the anomalous transport coefficients.

Here also, w = ε+ p is the enthalpy density of the equilibrium.

Hydrodynamic excitations are gap-less modes of the equation (2.32) and (2.32) propa-

gating on top of the thermal equilibrium state. In order to find them, we take the following

near equilibrium profile for the hydrodynamic variables

uµ(t, x3) = (1, 0, 0, 0) +

(
0, δu1(t, x3), δu2(t, x3), δu3(t, x3)

)
T (t, x3) = T + δT (t, x3) (2.36)

µ(t, x3) = µ+ δµ(t, x3).

We have assumed the time dependent perturbations are functions of only the third spacial

coordinate. We also take the magnetic field being directed along the same axis. Based on

these assumptions, we will find the plane wave hydrodynamic excitations propagating either

parallel or opposite to the magnetic field. Let us recall that around the equilibrium state,
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the thermodynamic quantities deviate from their equilibrium values, too. One writers

δε(t, x3) = ε+

(
∂ε

∂T

)
µ

δT (t, x3) +

(
∂ε

∂µ

)
T

δµ(t, x3) ≡ ε+ α1δT + α2δµ (2.37)

δp(t, x3) = p+

(
∂p

∂T

)
µ

δT (t, x3) +

(
∂p

∂µ

)
T

δµ(t, x3) ≡ p+ γ1δT + γ2δµ (2.38)

δn(t, x3) = n+

(
∂n

∂T

)
µ

δT (t, x3) +

(
∂n

∂µ

)
T

δµ(t, x3) ≡ n+ β1δT + β2δµ. (2.39)

Expanding the equations of motion to first order in the perturbations and also to second

order in derivatives, then, results in the following five linear equations:

0 =
(
α1 ω − ∂TσBε Bk

)
δT +

(
α2 ω − ∂µσBε Bk

)δµ
w

+
(
− wk − 2σBε Bω

)
δu3

0 = i
(
nB + σVε kω

)
δu2 − wω δu1

0 = −i
(
nB + σVε kω

)
δu1 − wω δu2 (2.40)

0 =
(
γ1 k − ∂TσB Bω

)
δT +

(
γ2 k − ∂µσBε Bω

)δµ
w

+
(
− wω + 2σBε Bk

)
δu3

0 =
(
β1 ω − ∂TσB Bk

)
δT +

(
β2 ω − ∂µσB Bk

)δµ
w

+
(
− nk + σB Bω

)
δu3

The eigen modes of the above equations are the so-called hydrodynamic modes. In this

case with only one single U(1) anomalous currents, one finds five of them, including two

sound waves, two chiral Alfvén waves (CAW) together with one chiral magnetic-heat wave

(CMHW) [53, 54].14 In the laboratory frame [56], we find the velocity of these modes as

the following:

vCAW =
nB

w2
σVε (2.41)

vCMHW =
B

w

1

[β, α]

(
w
(
α1∂µ + α2∂T

)
σB − n

(
α1∂µ + α2∂T

)
σBε

)
(2.42)

vsound = ±cs +
B

2w

[γ, α]

[β, α]

(
−1 +

(nα2 − wβ2)∂T − (nα1 − wβ1)∂µ
n[γ, α]− w[γ, β]

)
σB (2.43)

+
B

w

(
1− [γ, β]

[α, β]

)
σBε +

B

2w

[γ, α]

[β, α]

(
(nα1 − wβ1)∂µ − (nα2 − wβ2)∂T

n[γ, α]− w[γ, β]

)
σBε

where c2s = [β,γ]
[β,α] + n

w
[γ,α]
[β,α] . We have used the shorthand notation [α, β] = α1β2 − α2β1, and

similarly we use the same for other commutators.

Our results regarding the hydrodynamic modes have been general so far, in the sense

that we used no any special equation of state to find them. In order to evaluate the above

velocities in a specific system with a given equation of state, we have to firstly compute the

corresponding thermodynamic derivatives α1,2, β1,2 and γ1,2 of the system. Let us recall

that the system under study in the current paper is a holographic chiral system dual to

Einstein-Maxwell-Chern-Simons theory, (2.1) and (2.2). The thermodynamic equation of

14See [55] for a related work.
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state for such system has been found in [25]. The energy density, thermodynamic pressure

and charge density are to second order in ν and b given by

ε =
N2
c

8π2
(
3(πT )4 + 12(πT )2µ2 + 8µ4

)
+
N2
cB

2

4π2

((
1− log

(
πT

∆

))
− 2

3

µ2

πT 2
(8 log(2)− 3)

)
p =

N2
c

24π2
(
3(πT )4 + 12(πT )2µ2 + 8µ4

)
+
N2
cB

2

4π2

(
log

(
πT

∆

)
+

2

3

µ2

πT 2
(8 log(2)− 3)

)
n =

N2
c

3π2
(
3(πT )2 µ+ 4µ3

)
+
N2
cB

2

3π2
µ

(πT )2
(8 log(2)− 3) (2.44)

where Nc � 1 is the number of colors in the boundary gauge theory and ∆ is an energy

scale. Using these expressions, one then can simply compute the thermodynamic derivatives

defined in (2.37), (2.38) and (2.39) (see appendix D).

The only things which then remain to be specified are the anomalous transport coef-

ficients.15 The non-dissipative transport coefficients introduced in (2.34) and (2.35) have

been computed for the Einstein-Maxwell-Chern-Simons theory in [52]. However in that

reference, in addition to the Chern-Simons coupling (2.2), a gauge-gravitational coupling

has been considered as well:

SCS =
1

16πG

∫
d5x
√
−g ερµναβAρ

(
κ

3
FµνFαβ +

λ

4
RσηµνR

η
σαβ

)
(2.45)

where λ is proportional to the gravitational anomaly coefficient in the boundary theory

and as mentioned earlier, κ is proportional to the coefficient of chiral anomaly. It is clear

that in order to use the results of [52] in our work, we have to take the limit λ = 0. Doing

so, the anomalous transport coefficients take the following simple form

σB = − κ

2πG5
µ =

2N2
c

π2
√

3
µ

σV = σBε = − κ

2πG5
µ2 =

N2
c

π2
√

3
µ2 (2.46)

σVε = − κ

6πG5
µ3 =

2N2
c

3π2
√

3
µ3

where in the second equalities we have used [50, 51]

C = − κ

2πG5
=

2N2
c

π2
√

3
. (2.47)

Putting all the above expressions into the velocities (2.41), (2.42) and (2.43) and expanding

to second order in b and ν, we find

vsound =
1√
3

(
±1 +

4

3
ν2b

)
vCMW =

2√
3
b
(
1− 2ν2

)
vCAW = 0.

(2.48)

15For a general system with U(1) triangle anomalies some expressions have been found for these coefficients

in [21]. Analogue of the expressions found in [21] for a system with anomalous SU(N) symmetries, was

found in [57]. Both the mentioned references computed the anomalous transport coefficients in the Landau-

Lifshitz frame. For the expressions in the laboratory frame, see [52, 56].
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There are some points regarding the above results which deserve more explanation. Firstly,

the non-propagation of chiral Alfvén wave in this case shows that the propagation of these

kind of gap-less modes is tied to presence of gravitational anomaly. If we took λ 6= 0, we

would obtain vCAW 6= 0, although just in the laboratory frame ([56, 58]). The second point

is that in front of every magnetic field factor b, there is an implicit chiral anomaly coefficient

C. But since our computations are in the framework of holography, the relation (2.47) has

been already imposed and the anomaly coefficient is not seen explicitly.

More importantly, from (2.48) one simply notices that the right- and left-moving sound

modes have different velocities vsound,1 and vsound,2. The difference between their magni-

tudes is

∆vsound =
8

3
√

3
ν2b. (2.49)

It can be simply seen that ∆vsound arises just due to the non-zero chiral magnetic effect

coefficients σB and σBε , in (2.43). Comparing this result with ∆vB (see (2.29)), one finds

∆vLB
∆vsound

=
(log 4− 1)8/3

√
3

8/3
√

3
= log 4− 1. (2.50)

This equation is not an exact relation between ∆vLB and ∆vsound. We have just shown

that it holds perturbatively, up to second order in ν and b. If one shows that this equation

continues to hold beyond the perturbative limit of small ν and b, then it will send a physical

message: the splitting between the butterfly velocities not only will be the manifestation of

chiral anomaly, but also will reveal the presence of chiral magnetic effect. Then in addition

to previously proposed macroscopic probes of the chiral magnetic effect, like three particle

correlations in heavy-ion collisions [23], ∆vLB might be regarded as a new experimental

probe of this effect in anomalous systems. We leave the study on the non-perturbative

regime of ν and b to a future work.

2.4 Pole-skipping of energy density Green’s function from holography

In order to find the pole-skipping points of energy density Green’s function, we have to

work in the ingoing Eddington-Finkelstein coordinates. In these coordinates, with time

coordinate identified by v,16 equations (2.5) and (2.6) take the following form

ds2 =−F (r)dv2+2q(r)drdv+2
(
j(r)dv+ s(r)dr

)
dx3+e2WT (r)(dx21+dx22)+e2WL(r)dx23

F =E(r)dr∧dv+Bdx1∧dx2+P (r)dx3∧dr (2.51)

16The time coordinate v is defined as

v = t+

∫
dr√

f(r) (f(r)− C(r)2e2WL(r))

in terms of coordinates r and t in (2.5). In the Eddington-Finkelstein coordinates, metric and field strength

are non-singular everywhere away from r = 0.
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where

F (r) = f(r)− e2WL(r)C(r)2

q(r) =

(
1− e2WL(r)

C(r)2

f(r)

)1/2

(2.52)

j(r) = C(r)e2WL(r)

s(r) = − C(r)e2WL(r)√
f(r)

(
f(r)− C(r)2e2WL(r)

) .
In order to find the energy density two-point function, one has to consider the per-

turbations of the vv-component of metric δgvv(r, v, x) = δgvv(r)e
−iωv+i~k·~x. It is clear that

among the other Einstein equations, the vv component is the one which governs the dy-

namics of δgvv. Thus we study the linearized form of this equation in two cases; while we

always consider the magnetic field being directed along the third direction, we take once,

the perturbations propagating in the same direction and then as the second case, we study

the propagation of the transverse direction (see appendix B for the transverse case). For

either case, we find the points (ω∗, k∗) at which the vv equation becomes trivial. It is in

correspondence with the multi-valuedness point of the boundary energy two-point function.

In the longitudinal case, perturbations δgvv, δgrr, δgrv, δgxixi , δgx3x3 , δgvx3 and

δgrx3 decouple form the others. Thus just by considering these metric perturbations

around (2.51), the linearized vv component of Einstein equations near the horizon reads

(up to second order in b and ν):[
k2−3iπTω+

(
−4

3
k2+2iπTω

)
ν2+

((
π2

36
− 1

3

)
k2+

1

2
iπTω

)
b2+Aν2b+Bν2b2

]
δg(0)vv

−i(2πT+iω)
4ν2−3

216

[
−2(36+(π2−12)b2)

(
2kδg

(0)
vx3

+ωδg
(0)
x3x3

)
+ω

(
−72+(π2+24)b2

)
δg

(0)

xixi

]
= 0 (2.53)

Where the superscript (0) refers to the zeroth order in the expansion around r = rh. The

coefficients A and B are given by

A = −4iπT κ (log(4)− 1) k ν2b (2.54)

B = 2iπT

[
(log(4)− 2)κ2 − 1

]
ω ν2b2 +

12− π2

27
k2 ν2b2

Let us denote that as one expects, when ν = 0 and b = 0, equation (2.53) simplifies to

what was found for the Schwarzschild case in [34]. Obviously, when ω = iω∗ = i2πT , all

the other fields decouple from δgvv at the horizon and we are left with[
k2+ 6π2T 2+

(
−4

3
k2−4π2T 2

)
ν2+

(
k2
(
π2

36
− 1

3

)
−π2T 2

)
b2+C ν2b+D∗ ν2b2

]
δg(0)vv = 0

(2.55)
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where D∗ = D(i 2πT, k). For a generic k, the above equation gives δg
(0)
vv = 0, however,

for some special value of k = ik∗, this equation is automatically satisfied. Such k∗ can be

computed perturbatively in a double expansion over b and ν; considering k∗ = 2πTk∗, one

finds the following two dimensionless wavenumbers:

k∗1,2 = ±
√

6

2
±
√

6

6
ν2 + κ (log(4)− 1) bν2 ±

(
6− π2

24
√

6
+

66− π2 − 72κ2(log(4)− 2)

72
√

6
ν2
)
b2.

(2.56)

As it is obvious, this result is exactly the same as (2.30). In other words, we have shown

that in an anomalous system, the pole-skipping points of energy density Green’s function

coincides with the chaos points:

(ωc, kc) ≡ (ω∗, k∗) (2.57)

This results might be regraded as the first evidence for the hydrodynamic origin of quantum

chaos in the presence of chiral anomaly. In order to make it stronger, it would be nice if one

shows that the analytic continuation of a hydrodynamic dispersion in the system passes

through this point in the complex Fourier plane. We will discuss on this point in more

details in section 4.

3 Pole-skipping in the Green’s function of boundary operators

As discussed in the Introduction, the chaos points are not the only well-known pole-skipping

points in the Complex Fourier plane. In some specific cases, It has been shown that the pole

of Green’s functions of generic boundary operators skips at a set of points in the lower half

of this plane. In this section we consider the near horizon dynamics of a scalar field pertur-

bations on the magnetized black bane solution (2.51) to obtain such pole-skipping points.

The scalar field equation of motion on the fixed background with metric gµν is given by(
∂µ(
√
−g∂µ)−m2√−g

)
Φ = 0. (3.1)

The strategy is as the following; one takes Φ = φ(r)e−iων+i
~k·~x with φ(r) expanded near the

horizon as

φ(r) =
∞∑
n=0

φn(r − rh)n = φ0 + (r − rh)φ1 + · · · . (3.2)

Then by putting (3.2) back into (3.1), the equation of scalar field can be rewritten in a near

horizon expansion, giving a set of equations corresponding to different orders of expansion.

The resultant equations are special in the sense that at `th order of expansion, one finds a

linear equation between φ0, φ1, · · · and φ`+1, with the coefficient of φ`+1 vanishing at the

Matsubara frequency ω` = −i2πT (` + 1). In the following two subsections we will study

the first four of these equations, namely those corresponding to ` = 0, 1, 2, 3. They can be
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formally written as

0 = M11φ0 + (2πT − iω)φ1, (3.3)

0 = M21φ0 +M22φ1 + (4πT − iω)φ2, (3.4)

0 = M31φ0 +M32φ1 +M33φ2 + (6πT − iω)φ3, (3.5)

0 = M41φ0 +M42φ1 +M43φ2 +M44φ3 + (8πT − iω)φ4 (3.6)

where Mrs coefficients are in fact some functions of ω and ~k.

As it is obvious from the above equations, just at the Matsubara frequency ω`=−i2πT`,
the first ` equations decouple from the rest of them and take the following form

0 = M`×`(ω = −i2πT`,~k)


φ0
φ1
.

.

φ`−1

 . (3.7)

We already encountered with a similar situation when studying the near horizon dynam-

ics of δgνν perturbation at the chaos points in (2.55). Similarly, the roots of equation

detM`×`(ω = −i2πT`,~k) = 0, here, are special. For a given UV renormalization constant,

the ingoing boundary condition is not sufficient to uniquely fix a global solution for Φ at

these wavenumbers. Let us call the roots as k1, k2, · · · , k2`. It is clear that at these 2`

points, the Green’s function of the boundary operator, dual to the bulk scalar field Φ, is

multi-valued.

According to the explanations given in the Introduction, based on [38], one concludes

that to every Matsubara frequency ω` = −i2πT`, ` pole-skipping points of the dual bound-

ary operator correspond. This simply shows that how near horizon dynamics can strictly

constrain the Green’s function of a generic boundary operator, even beyond the regime of

hydrodynamics, namely at frequencies ω ∼ T .

In the following two subsections, we find the set of pole-skipping points discussed above

for the scalar field in the Einstein-Maxwell-Chern-Simons theory. Since there is a preferred

direction, namely the magnetic field direction, which we take it as being along the third

axis, our study of the scalar field perturbations falls into two cases; once when ~k ‖ ~B and

then when ~k ⊥ ~B (see appendix E for the latter case).

3.1 Longitudinal poles: a universal behavior

Longitudinal pole-skipping points are obtained by studying the dynamics of the Fourier

modes of Φ propagating in the direction of magnetic field. The Fourier components of the

scalar field then are written as Φ = φ(r)e−iων+ikx3 . Plugging in (3.1), we arrive at

d

dr

e2WT (r)

(
(j(r)2−e2WL(r)F )φ′(r)−iω(e2WL(r)q(r)−s(r)j(r))φ(r)+ik(F (r)s(r)−q(r)j(r))φ(r)

)
√
e2WL(r)q(r)2+F (r)s(r)2−2q(r)s(r)j(r)


+
e2WT (r)

((
ik(F (r)s(r)−q(r)j(r))−iω(e2WL(r)q(r)−s(r)j(r))

)
φ′(r)−(ωs(r)+kq(r))2φ(r)

)
√
e2WL(r)q(r)2+F (r)s(r)2−2q(r)s(r)j(r)

−e2WT (r)
√
e2WL(r)q(r)2+F (r)s(r)2−2q(r)s(r)j m2φ(r) = 0 (3.8)
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As explained around (3.2), the above equation is equivalent to a set of linear equations for

the near horizon components of φ(r). The first four equations are given by

0 = ML
11φ0 + (2πT − iω)φ1, (3.9)

0 = ML
21φ0 +ML

22φ1 + (4πT − iω)φ2, (3.10)

0 = ML
31φ0 +ML

32φ1 +ML
33φ2 + (6πT − iω)φ3, (3.11)

0 = ML
41φ0 +ML

42φ1 +ML
43φ2 +ML

44φ3 + (8πT − iω)φ4. (3.12)

Here, the superscripts L emphasize that ~k ‖ ~B. One can show that in this case, all ML
rs

coefficients can be generally written as the following:

ML
rs(ω,k) = iω aLrs + k2 bLrs + iω k cLrs + dLrs (3.13)

where ω = ω/2πT and k = k/2πT . The coefficients aLrs, b
L
rs, c

L
rs and dLrs of the first three

equations above have been given in the table 2 of the appendix F.

3.1.1 Pole-skipping points at ω1 = −i2πT

From the near horizon equations of scalar field above, it is obvious that just at the lowest

Matsubara frequency ω1 = −i2πT , equation (3.9) decouples from the rest of equations.

One then concludes that the pair of roots of ML
11

(
− i2πT, i2πTk

)
= 0 correspond to the

lowest frequency pole-skipping points. We call the roots as kL1,j ; j = 1, 2 and find

kL1,{1,2}=±1

2

√
m2+6±

(
m2+3

)
ν2

3
√
m2+6

−κ(log(4)−1)ν2b∓
(
π2
(
m2+6

)
−12

(
m2+3

))
144
√
m2+6

b2

±
(
18
(
6
(
24κ2(log(2)−1)−11

)
+π2

)
+
(
π2−12

)
m4+9m2

(
16
(
κ2(log(8)−3)−2

)
+π2

))
216(m2+6)3/2

ν2b2.

(3.14)

Obviously, these two points are not symmetric with respect to Im ω-axis. The asym-

metry is due to the chiral effects and, more precisely, is proportional with ν2b. This is

reminiscent of the asymmetry of the chaos points in (2.30). The difference between the

magnitude of kL1,1 and kL1,2 is

∆k(1) = kL1,1 − |kL1,2| = kL1,1 + kL1,2 = −2κ (log(4)− 1) ν2b (3.15)

Interestingly, the term ν2b in both kL1,1 and kL1,2 is independent of m, namely the mass of

scalar field. Thus the above difference is universal in the sense that it does not depend on

the scaling dimension of the corresponding boundary operator [59].

The universal behavior mentioned in the previous paragraph has been illustrated in

both figures 1 and 2. In these figures, we have also demonstrated the chaos points found

in (2.30). As it can be seen, in general, there is no explicit relation between the position

of chaos points (the blue ones) and that of the lowest frequency pole-skipping points (the

highest pair of green ones). However, there is an implicit relation between them; the sum of

wavenumbers corresponding to pole-skipping point with the lowest Matsubara frequency, in

the lower half plane, is exactly the absolute value of that of chaos points, given by (2.31), in

the upper half plane: ∆k(1) = |∆kc|. We will comment on this interesting property later.
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Δk(1) = Δkc
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Im
ω

2π T

Figure 1. Spectrum of chaos points (in the upper half plane) together with the pole-skipping

points of a boundary operator dual to a scalar field with mass m = 0 in the bulk (in the lower half

plane). Orange and red points, which are symmetric with respect to the vertical axis, are related

to non-chiral matter at ν = 0 and b = 0. Blue and green points, however, correspond to a chiral

matter at ν = 0.5 and b = 0.5. Due to the chiral anomaly, these points are located asymmetrically

with respect to vertical axis. The vertical gray dashed lines at k = ±
√

3/2 show that at the special

case when m = 0, accidentally, the chaos points and the lowest frequency pole-skipping points have

the same wavenumbers at b = 0 and ν = 0.

Δk(1) = Δkc

- 3 /2 3 /2-4 -2 2 4
Im

k

2π T

-4

-3

-2

-1

1

2

3

Im
ω

2π T

Figure 2. Spectrum of chaos points (in the upper half plane) together with the pole-skipping

points of a boundary operator dual to a scalar filed with mass m = 2 in the bulk (in the lower half

plane). Orange and red points are related to non-chiral matter at ν = 0 and b = 0. Blue and green

points correspond to a chiral matter at ν = 0.5 and b = 0.5. Orange and red points are symmetric

with respect to the Im ω-axis, however, due to the chiral anomaly, the blue and Green ones are

located asymmetrically with respect to the same axis.
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3.1.2 Pole-skipping points at ω2 = −i4πT and higher Matsubara frequencies

At the next Matsubara frequency, namely at ω2 = −i4πT , two of the near horizon equations

((3.9) and (3.10)) decouple form the rest of them. The corresponding pole-skipping points

can then be found by studying ML
rs coefficients of the first two equations. Solving

0 = detM2×2(−i4πT, i2πTk)

= ML
11(−i4πT, i2πTk)ML

22(−i4πT, i2πTk) + (2πT )ML
12(−i4πT, i2πTk),

(3.16)

one finds four roots kL2,4 < k
L
2,3 < k

L
2,2 < k

L
2,1, corresponding to two pairs of pole skipping

points, namely {kL2,1,kL2,4} and {kL2,2,kL2,3}. In the absence of chiral effects, these four are

represented by the red points at Im ω
2πT = −2 in figures 1 and 2. It is shown that the wave

number of red points satisfy the following relations [38]

kL2,1 = −kL2,4, kL2,2 = −kL2,3. (3.17)

At the same row of the figures, however, there are four green points showing the pole-

skipping in our holographic chiral system; one obviously sees that the above equalities will

no longer hold for the green points. Although the analytic expressions of the wavenumbers

for the green points are so much complicated, their deviation from the symmetric case can

be written in a simple form:

kL2,1 + kL2,4 = −4κ

(
log(4)− 1− 1√

2m2 + 12

)
ν2b (3.18)

kL2,2 + kL2,3 = −4κ

(
log(4)− 1 +

1√
2m2 + 12

)
ν2b. (3.19)

Compared to the asymmetry of the lowest frequency points given by (3.15), it seems that

these results are not universal, in the sense that they explicitly depend on the mass of

scalar field. However, the sum of all four wavenumbers is interestingly mass independent:

∆k(2) = kL2,1 + kL2,2 + kL2,3 + kL2,4 = −8κ (log(4)− 1) ν2b. (3.20)

It suggests that perhaps the sum of wavenumbers of pole-skipping points at a specific Mat-

subara frequency encodes some information about chiral anomaly. To explore more on this

idea, we compute

∆k(`) =

2∑̀
r=1

kL`,r (ω` = −i2πT`) (3.21)

for ` = 1, 2, 3, 4. In this formula, kL`,r is the wave number corresponding to the rth longitu-

dinal pole-skipping point at `th Matsubara frequency. Surprisingly, we obtain

∆k(1) = −2κ (log(4)− 1) ν2b (3.22)

∆k(2) = −8κ (log(4)− 1) ν2b (3.23)

∆k(3) = −18κ (log(4)− 1) ν2b (3.24)

∆k(4) = −32κ (log(4)− 1) ν2b. (3.25)
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Considering the above expressions, one may conjecture that the sum of wavenumbers cor-

responding to the pole-skipping points at `th Matsubara frequency ω` = −i2πT , is given

by the following closed formula

∆k(`) = −2`2 κ
(

log(4)− 1
)
ν2b (3.26)

This results is not only surprising because of its simple feature, but is also important from

the viewpoint of its universality. It can be seen that whatever the mass of scalar field in

the bulk and correspondingly the scaling dimension of the dual boundary operator is, this

result always identically holds. In the following subsection, we discuss about the relation

between (3.26) and quantum chaos.

3.2 Longitudinal poles and quantum chaos

What we obtained in previous subsection can be reviewed as it follows. Firstly, it is

important to note that due to the chiral effects, the arrangement of green pole-skipping

points in figure 1 and figure 2 is asymmetric with respect to Im ω axis. We showed that

an appropriate quantity which universally captures the asymmetric feature was the one

introduced in (3.21). We finally argued that this quantity might in general follow from a

closed formula given by (3.26). Comparing this result with (2.31), we arrive at

∆k(`)

∆kc
= −`2 (3.27)

One concludes that in addition to the splitting of butterfly velocities, the non-zero value

of the quantity ∆k(`) can be regarded as the macroscopic manifestation of chiral anomaly.

It would be also interesting to investigate whether the above relation continues to hold

beyond the perturbative limit of small ν and b. We leave more investigation about it to a

future work.

4 Conclusion and outlook

In this paper we holographically studied quantum chaos and pole-skipping phenomenon

in a system with chiral anomaly. Using the shock wave picture, we first computed the

butterfly velocities in both directions parallel and perpendicular to the magnetic field.

As we showed, in the parallel case, the two butterfly velocities would split due to the

chiral anomaly. Then by computing the spectrum of hydrodynamic modes in the system,

we found that the velocity of sound waves propagating parallel and anti-parallel to the

magnetic field are split for the same reason. To leading order in small B/T 2 and µ/T , we

arrived at (2.50). It would be interesting to investigate whether this relation continues to

hold beyond the perturbation regime of ν and b.17

The splitting of butterfly velocities has an important implication. Let us recall that

the butterfly velocity can be actually measured in the experiment [61–64]. The splitting

17If it is the case, then following [60], it would be interesting to investigate whether such feature will be

protected at finite coupling.
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of butterfly velocities due to chiral anomaly then implies that designing relevant experi-

ments to measure OTOC’s in chiral matters, e.g. in the Weyl semimetal [65, 66], might be

important for macroscopically detecting the chiral anomaly.

To investigate the relation between quantum chaos and hydrodynamics, we then holo-

graphically computed the pole-skipping points in the energy density Green’s function of

the boundary theory. The pole-skipping points were found to be precisely the same as

chaos ones (2.57). This coincidence might be regarded as hydrodynamic origin of quantum

chaos in an anomalous system. However, there are yet another ways to explore the relation

between hydrodynamics and quantum chaos. Following [20] and in the language of [67],

one can investigate whether the chaos points given in (2.30) are located on the analytically

continued dispersion relation of sound waves. To proceed, one has to firstly find the spec-

tral curve corresponding to the sound channel. To this end, it is needed to know the gauge

invariant objects in this channel. One can show that for the general class of the solutions

ds2 = −a(r)dt2 + b(r)dr2 + a1(r)(dx
2
1 + dx22) + a3(r)dx

2
3 + 2c(r)dtdx3

A =

(∫
E(r)dr

)
dt− B

2

(
x2dx1 − x1dx2

)
−
(∫

P (r)dr

)
dx3,

in the sound channel, only htt, hx3x3 , hxixi , hrr, hrt, At, Ar and Ax3 mix with each other.

We have assumed metric and gauge field perturbations as hµνe
−iωt+ikx3 and Aµe

−iωt+ikx3 ,

respectively. It can then be shown that there are two relevant gauge invariant quantities

constructed out of the metric and gauge perturbations in this channel:

Ez = kAt + ωAx3 +
kE(r)− ωP (r)

a′1(r)
hxixi

Z = k2htt + ω2hx3x3 + 2ωk htx3 +
k2a′(r)− ω2a′3(r)− 2kω c′(r)

a′1(r)
h.

Finally it turns out that these two quantities obey two coupled second order ordinary

differential equations. Formally one writes

Z ′′ + a1 Z
′ + a2 Z + a3Ez + a4E

′
z = 0

E′′z + b1E
′
z + b2Ez + b3 Z + b4 Z

′ = 0

with the coefficients being some functions of ω, k as well as metric and gauge field compo-

nents. Considering the radial coordinate in the bulk as u ∼ 1/r2, one then looks for solu-

tions Z(u;ω, k2, kB) and Ez(u;ω, k2, kB) to the above equations. Solutions must be regular

on the future event horizon and also obey the Dirichlet boundary condition at u = 0. The

latter gives spectral curve of sound channel Z(0;ω, k2, kB) = 0 and Ez(0;ω, k2, kB) = 0.

Then by using the method developed in [67], one can find the dispersion relation of sound

modes in an expansion over both k and B. If it behaves like the non-chiral case [20], luckily,

the first few orders in the expansion will be sufficient to observe that chaos point is on the

analytic continuation of this spectral curve. If so, it would be also interesting to investigate

whether chaos points are located within the domain of convergence of hydrodynamics in

our system or not.
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In another direction, we can fully do the above task numerically. One can numerically

solve the above coupled differential equations for a given specific wave number to find

the corresponding spectrum of quasi normal modes in the system. However, for purely

imaginary values of the wave number, in addition to the points with negative imaginary

frequency, one finds a point in the upper half of the complex plane, just on vertical axis.

Following the effective field theory discussion of [26], one can collect a number of these

points and interpolate among them to see whether the chaos points are on the interpolating

curve. We leave detailed computations to a future work.

In the last part of the paper, we showed that the same information about splitting the

butterfly velocities is encoded in pole-skipping points of Green’s function associated with a

boundary operator dual to the scalar field in the bulk. More precisely, we firstly computed

the spectrum of pole-skipping points in the lower half of complex Fourier plane. Then we

showed that the sum of wavenumbers corresponding to pole-skipping points at a specific

Matsubara frequency was a universal quantity. By universal we mean that the sum does

not depend on the mass of scalar field in the bulk and consequently neither does on the

scaling dimension of dual boundary operator. More interestingly, we proposed a closed

formula for the above mentioned universal quantity, in (3.26). While formula (3.26) was

found through holographic computations, it would be interesting to investigate the reason

behind this nice behavior of pole-kipping points, in quantum field theory.

Acknowledgments

We would like to thank Ali Davody for valuable discussions on our results. We also thank

Armin Ghazi, Karl Landsteiner, Shu Lin and Omid Tavakol for discussion. We are partic-

ularly grateful to Richard Davison and Saso Grozdanov for reading the draft and giving

many helpful comments.

A Detailed computations of the longitudinal butterfly velocity

When h is just a function of x3, equation (2.21) takes the following form(
∂2‖ + 2 p~b · ~∂ −m2

0

)
h(x) ∼ 2BL(0)

A(0)
Ee

1
2
f̃ ′(rh)t δ(x3). (A.1)

As before, we assume the magnetic field to be directed along +x3 direction. In the Fourier

space, h(x3) = h̃ eik x3 and one finds(
−k2 + 2i p b k −m2

0

)
h̃ ∼ Ẽ (A.2)

with Ẽ = 2BL(0)
A(0) Ee

1
2
f̃ ′(rh)t. As a result, the function h can be found by performing the

following integral:

h(x3) ∼
∫ +∞

−∞
dk eikx3

−Ẽ
k2 − 2ip k +m2

0

=

∫ +∞

−∞
dkeikx3

−Ẽ
(k − k1)(k − k2)

(A.3)
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Figure 3. Asymmetric analytic structure of h̃ in the presence of magnetic field and chiral anomaly.

Black points, which are symmetric with respect to the real axis, show the location of poles in the

absence of magnetic filed.

with k1 = i(p+
√
p2 +m2

0) and k2 = i(p−
√
p2 +m2

0). To proceed, we close a contour in

the complex plane of k (see figure 3). In the absence of magnetic field, h(x3) is symmetric

under x3 ↔ −x3. However, a magnetic field directed in +x3 direction breaks down this

symmetry. When x3 > 0, the integral along C1 is convergent, while for x3 < 0 integration

over C2 converges. One then finds

h(x3) ∼ (2πi)(−Ẽ)

[
e−(p+

√
p2+m2

0)x3

2i
√
p2 +m2

θ(x3) +
e−(p−

√
p2+m2

0)x3

2i
√
p2 +m2

θ(−x3)

]
. (A.4)

Using this, one simply obtains (2.24). In fact, the asymmetric positioning of the poles with

respect to the real axis in figure 3 is the origin of splitting between the butterfly velocities.

B Transverse butterfly and pole-skipping

If function h in (2.21) is assumed to be a function of the transverse directions, say

x⊥ = x1, x2, then this equation simplifies to(
∂2⊥ −

m2
0

q2

)
h(x⊥) ∼ 2BL(0)

A(0)q2
Ee

1
2
f̃ ′(rh)t δ2(x⊥). (B.1)

It has the following simple solution

h(x⊥) ∼ E e
1
2
f̃ ′(rh)(tω−t∗)−

m0
q |x⊥|g(|x⊥|) (B.2)
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where g is a non-exponential function. The transverse speed of propagation then reads

v
T1,2
B =

2πT

m0
q. (B.3)

Using q = 1− π2

24 b
2 together with (2.25), one simply finds

v
T1,2
B =±

√
2

3

(
1− µ2

3(πT )2

)
±

(
−12+π2

72
√

6
+

(
π2+36

(
4κ2(log(4)−2)−3

))
216
√

6

µ2

(πT )2

)
B2

(πT )4

There are two butterfly velocities with the same magnitude in the transverse directions.

Although the magnitude of the butterfly velocity has changed compared to the non-chiral

system, however, there is no any term linearly depending on the magnetic field. In other

words, the magnetic field starts to contribute like µ2B2

T 6 for both transverse butterfly veloc-

ities. This basically means that in this case it is just by precisely measuring the butterfly

velocities that one can explore the existence of chiral effects. Let us recall that in the

longitudinal case, any difference between the magnitude of the two butterfly velocities was

regraded as the sign of such anomalous effects.

In the absence of chiral effects, namely when κ = 0, the above result simplifies to

v
T1,2
B,κ=0 = ±vB

[
1− µ2

3(πT )2
−
(

1

12
+

π2

144

)
µ2

(πT )2
+

(
−1

4
+

π2

432

)
µ2B2

(πT )6

]
. (B.4)

We discuss more about this equation in the following subsection.

Now we show that the transverse pole-skipping points of the energy density Green’s

function precisely coincide with the transverse chaos points (ωc, k
T
c ) = (i2πT, i2πT/v

T1,2
B ).

When ~k ⊥ ~B, the perturbations δgvv, δgrr, δgrv, δgxixi , δgx3x3 , δgvx1 , δgvx2 , δgrx1 and

δgrx2 decouple form the others. Considering these metric perturbations around (2.51), the

linearized vv component of Einstein equations near the horizon then, up to second order

in b and ν, reads:[
k2−3iπTω+

(
−4

3
k2+2iπTω

)
ν2+

(
−
(
π2

72
+

1

3

)
k2+

1

2
iπTω

)
b2+C ν2b2

]
δg(0)vv

−i(2πT+iω)
4ν2−3

216

[
(−72+(π2+24)b2)

(
2kδg

(0)
vx3

+ωδg
(0)

xixi

)
−2ω

(
36+(π2−12)b2

)
δg

(0)
x3x3

]
= 0

(B.5)

with the coefficients C = 2iπT

[
(log(4) − 2)κ2 − 1

]
ω ν2b2 + 24+π2

54 k2 ν2b2. Again, like the

longitudinal case, at the frequency ω = i2πT , the perturbation δgvv decouples from the

other perturbations at the horizon. We find the position of pole-skipping points (ω∗, k∗) =

(i2πT, i2πTk∗) with k∗ given by

k∗1,2 = ±
√

3

2
± ν2√

6
±

(
12 + π2

48
√

6
+

(
−144κ2(log(4)− 2) + π2 + 132

)
144
√

6
ν2

)
b2. (B.6)

One can simply check that two values of ω∗/k∗ in this case are exactly equal to the butterfly

velocities (B.4). This means that in an anomalous system, the pole-skipping points are the

same as chaos points, not only in the longitudinal case, but also in the transverse directions.

Thus it completes our discussions about the relation between hydrodynamics and quantum

chaos in an anomalous system.
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C Comparison with Blake-Davison-Sachdev [17]

In [17], based on the shock wave propagation picture in the bulk of AdS [2], the butterfly

velocities for an anisotropic Q-lattice has been computed. Considering the solution as

ds2 = −f(r)dt2 +
dr2

f(r)
+ hT (r) (dx21 + dx22) + hL(r) dx23, (C.1)

authors of [17] show that butterfly velocities in the longitudinal (L) and transverses (T )

directions are given as the following

vL =
2πT√
hLm

∣∣∣∣
rh

, vT =
2πT√
hTm

∣∣∣∣
rh

, m2 = πT

(
2h′ThL + h′LhT

hThL

) ∣∣∣∣
rh

, (C.2)

with m being the effective mass of the shock wave. Let us recall that in the current

paper, we have been mainly working on the solution (2.5). Obviously, when C(r) = 0,

namely when the solution is non-chiral but still magnetized, (2.5) reduces to (C.1), with

the following identifications:

hT (r) ≡ e2WT (r), hL(r) ≡ e2WL(r). (C.3)

The expressions of WT (r) and WL(r) have been given in table 1. Using them, we find

m|rh =
√

6

(
1− ν2

3

)
+

1

2
√

6

(
−1 +

11

3
ν2
)
b2 (C.4)

hT (rh) = π2T 2

[
1 +

4

3
ν2 − π2 − 12

9

(
1

4
+
ν2

3

)
b2
]

(C.5)

hL(rh) = π2T 2

[
1 +

4

3
ν2 +

π2 + 24

18

(
1

4
+
ν2

3

)
b2
]
. (C.6)

By use of the recent expressions, then, the longitudinal and transverse butterfly velocities

given in (C.2) turn out to be exactly the same as (2.27) and (B.4), respectively.

D Thermodynamic derivatives

Using the equation of sate given in (2.37), (2.38) and (2.39), one finds

α1 =

(
∂ε

∂T

)
µ

= N2
c π

2T 3

[
3

2
+ 3ν2 + b2

(
ν2
(

8

3
π log(2)− π

)
− 1

4

)]
(D.1)

α2 =

(
∂ε

∂µ

)
T

= N2
c πT

3 ν

[
3 + b2

(
π − 8

3
π log(2)

)]
(D.2)

β1 =

(
∂n

∂T

)
µ

= N2
c πT

2ν

[
2 + b2

(
2− 16 log(2)

3

)]
(D.3)

β2 =

(
∂n

∂µ

)
T

= N2
c T

2

[
1 + 4ν2 + b2

(
8 log(2)

3
− 1

)]
(D.4)

γ1 =

(
∂p

∂T

)
µ

= N2
c π

2T 3

[
1

2
+ ν2 + b2

(
ν2
(
π − 8

3
π log(2)

)
+

1

4

)]
(D.5)

γ2 =

(
∂p

∂µ

)
T

= N2
c πT

3ν

[
1 + b2

(
8

3
π log(2)− π

)]
(D.6)
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Figure 4. Spectrum of chaos points together with the pole-skipping points of a boundary operator

dual to a scalar filed, in the transverse channel. In the left panel, the mass of scalar field in the

bulk is m = 0 and in the right panel m = 2. Orange and red points are related to non-chiral matter

at ν = 0 and b = 0. Blue and green points correspond to a chiral matter at ν = .5 and b = .5.

E Scalar field dynamics in transverse directions: symmetric spectrum

Transverse pole-skipping points are obtained by studying the dynamics of Fourier modes of

Φ propagating in the directions perpendicular to the magnetic field. As before, we take the

magnetic field along the third axis. Exploiting SO(2) rotational symmetry in the transverse

plane, we then take the Fourier components of the scalar field as Φ = φ(r)e−iων+ikx1 .

Plugging in (3.1), we arrive at

d

dr

e
2WT (r)

(
(j(r)2 − e2WL(r)F )φ′(r)− iω(e2WL(r)q(r)− s(r)j(r))φ(r)

)
√
e2WL(r)q(r)2 + F (r)s(r)2 − 2q(r)s(r)j(r)



+

e2WT (r)

((
− iω)(e2WL(r)q(r)− j(r)s(r))

)
φ′(r)− ω2s2(r)φ(r)

)
√
e2WL(r)q(r)2 + F (r)s(r)2 − 2q(r)s(r)j(r)

− e2WT (r)
√
e2WL(r)u(r)2 + F (r)s(r)2 − 2q(r)s(r)j m2φ(r) = 0.

(E.1)

Again, the above equation is equivalent to a set of linear equations for the near horizon

components of φ(r). The first four equations are exactly the same as (3.9), (3.10), (3.11)

and (3.12), however, with ML
rs coefficients replaced with MT

rs ones. It turns out that all

MT
ij coefficients can be generally written as the following:

MT
ij (ω,k

2,ωk) = iω aTij + k2 bTij + dTij (E.2)

with aTij , b
T
ij and dTij given in the table 3 of the appendix F. Repeating the process done

in the longitudinal case, we have found the spectrum of the pole-skipping points for the

four lowest Matsubara frequencies. The expressions associated with the wavenumbers are

complicated as before. Instead of rewriting them, however, we have plotted our results for

some specific values of ν and b in figure 4. In the left panel of the figure we have taken

m = 0 and in the right one m = 2. As it can be seen, the green (chiral) spectra have

some deviations with respect to the red (non-chiral) ones. The important point, however,

is that by entering the chiral effects, the spectra are still symmetric with respect to the
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vertical axis. This simply means that the information about chiral anomaly, found from

the longitudinal poles can not be found from this channel.

F Tables

In the following, table 1 contains the near horizon data associated with the metric and field

strength. Table 2 and table 3 contain the near horizon data associated with the scalar field

in the parallel and transverse directions, respectively.

Metric functions Evaluated to second order in b and ν and third order in δ= r−rh
f(r) 4πT (r−rh)

+1
2

(
−4+ 56ν2

3 +b2
(
8
9ν

2
(
42κ2(log(2)−1)−17

)
+ 10

3

))
(r−rh)2

+1
6

(
24
πT −

144ν2

πT +b2
(

8ν2(κ2(363−324log(2))+155)
9πT − 64

3πT

))
(r−rh)3

WT (r) log(πT )+ 2ν2

3 + 1
144

(
24+π2

)
b2

+

(
1
πT −

2ν2

3πT +b2
(

2ν2(5−6κ2(log(2)−1))
9πT − 1

3πT

))
(r−rh)

+1
2

(
− 1
π2T 2 + 4ν2

3π2T 2 +b2
(
ν2(3κ2(log(256)−9)−26)

9π2T 2 + 5
6π2T 2

))
(r−rh)2

+1
6

(
2

π3T 3− 4ν2

π3T 3 +b2
(
ν2(κ2(91−72log(2))+83)

9π3T 3 − 25
9π3T 3

))
(r−rh)3

WL(r) log(πT )+ 2ν2

3 +
(
1
6−

π2

72

)
b2

+

(
1
πT −

2ν2

3πT +b2
(

1
6πT −

2ν2(κ2(log(64)−6)+1)
9πT

))
(r−rh)

+1
2

(
− 1
π2T 2 + 4ν2

3π2T 2 +b2
(

2ν2(6κ2(log(4)−3)+5)
9π2T 2 − 2

3π2T 2

))
(r−rh)2

+1
6

(
2

π3T 3− 4ν2

π3T 3 +b2
(
ν2(κ2(178−72log(2))−22)

9π3T 3 + 23
9π3T 3

))
(r−rh)3

E(r) 2ν+b2ν
(
2κ2(log(2)−1)− 1

3

)
+

(
b2ν(2−2κ2(log(8)−4))

πT − 6ν
πT

)
(r−rh)

+1
2

(
4b2ν(2κ2(log(8)−5)−3)

π2T 2 + 24ν
π2T 2

)
(r−rh)2

+1
6

(
b2ν(κ2(238−120log(2))+80)

π3T 3 − 120ν
π3T 3

)
(r−rh)3

C(r) 4bν2κ(log(4)−1)
πT (r−rh)+ 2bν2κ(3−10log(2))

π2T 2 (r−rh)2+ 4bν2κ(10log(2)−1)
π3T 3 (r−rh)3

P (r) −bνκ+ 2bνκ
πT (r−rh)− 5bνκ

2π2T 2 (r−rh)2+ 5bνκ
2mjπ3T 3 (r−rh)3

Table 1. The near the horizon expanded metric functions (2.5) and field strength (2.6), given to

second order in ν and b.
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Coefficients Evaluated to second order in b and ν

aLij , b
L
ij , c

L
ij and dLij

aL11 −3+2ν2+b2
(
2ν2

(
κ2(log(4)−2)−1

)
+ 1

2

)
bL11 −2+ 8ν2

3 +b2
(

2
27

(
π2−12

)
ν2+ 2

3−
π2

18

)
cL11 4bν2κ(log(4)−1)

dL11 −(m2/2)

aL21 − 9
2πT + 6ν2

πT +b2
(
ν2(3κ2(log(4096)−11)−1)

3πT − 1
2πT

)
bL21 − 2

πT + 4ν2

πT +b2
(
ν2(4(6κ2(log(2)−1)−1)+π2)

9πT − π2−6
18πT

)
cL21

bν2κ(8 log(2)−6)
πT

dL21 −m2

πT + 2m2ν2

3πT +b2
(

2m2ν2(6κ2(log(2)−1)+1)
9πT − m2

6πT

)
aL22 −11

2 + 11ν2

3 +b2
(
1
9ν

2
(
66κ2(log(2)−1)−1

)
− 5

12

)
bL22 −1+ 4ν2

3 +b2
(

1
27

(
π2−12

)
ν2+ 1

3−
π2

36

)
cL22 2bν2κ(log(4)−1)

dL22 6−m2

4 +b2
(

1− 8ν2

3

)
aL31 − 3

π2T 2 + 6ν2

π2T 2 +b2
(

4ν2(κ2(9 log(2)−7)+1)
3π2T 2 − 1

2π2T 2

)
bL31 − 2

3π2T 2 + 16ν2

9π2T 2 +b2
(

4ν2(9(2κ2(log(4)−1)−1)+π2)
81π2T 2 − π2−12

54π2T 2

)
cL31

2bν2κ(log(16)−3)
3π2T 2

dL31 − m2

π2T 2 + 4m2ν2

3π2T 2 +b2
(

2m2ν2(6κ2(log(64)−5)+7)
27π2T 2 − 2m2

9π2T 2

)
aL32 − 7

πT + 28ν2

3πT +b2
(

2ν2(3κ2(84log(2)−73)+25)
27πT − 11

9πT

)
bL32 − 4

3πT + 8ν2

3πT +b2
(

2ν2(4(6κ2(log(2)−1)−1)+π2)
27πT − π2−6

27πT

)
cL32

4bν2κ(log(16)−3)
3πT

dL32
25−2m2

3πT +
4(m2−13)ν2

9πT +b2
(

2ν2(3κ2(51−52log(2))+2m2(6κ2(log(2)−1)+1)−65)
27πT −m2−23

9πT

)
aL33 −19

3 + 38ν2

9 +b2
(

2
27ν

2
(
114κ2(log(2)−1)+7

)
− 13

18

)
bL33 −2

3 + 8ν2

9 +b2
(

2
81

(
π2−12

)
ν2+ 2

9−
π2

54

)
cL33

4
3bν

2κ(log(4)−1)

dL33
38
3 −

m2

6 −
4ν2

9 +b2
(
25
9 −

4
27ν

2
(
6κ2(log(2)−1)+49

))
Table 2. Longitudinal dynamics of scalar field.
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Coefficients Evaluated to second order in b and ν

aTij , b
T
ij and dTij

aT11 −3+2ν2+b2
(
2ν2

(
κ2(log(4)−2)−1

)
+ i

2

)
bT11 −2+ 8ν2

3 +b2
((
−8

9−
π2

27

)
ν2+ 1

36

(
24+π2

))
dT11 −(m2/2)

aT21 − 9
2πT + 6ν2

πT +b2
(
ν2(3κ2(log(4096)−11)−1)

3πT − 1
2πT

)
bT21 − 2

πT + 4ν2

πT +b2
(
π2−24
36πT −

ν2(π2−16(κ2(log(8)−3)+4))
18πT

)
dT21 −m2

πT + 2m2ν2

3πT +b2
(
m2ν2(3κ2(log(16)−4)+2)

9πT − m2

6πT

)
aT22 −11

2 + 11ν2

3 +b2
(
1
9ν

2
(
66κ2(log(2)−1)−1

)
− 5

12

)
bT22 −1+ 4ν2

3 +b2
((
−4

9−
π2

54

)
ν2+ 1

72

(
24+π2

))
dT22 6−m2

4 +b2
(

1− 8ν2

3

)
aT31 − 3

π2T 2 + 6ν2

π2T 2 +b2
(

4ν2(κ2(log(512)−7)+1)
3π2T 2 − 1

2π2T 2

)
bT31 − 2

3π2T 2 + 16ν2

9π2T 2 +b2
(

π2−12
108π2T 2−

2ν2(9(κ2(1−8log(2))−8)+π2)
81π2T 2

)
dT31 − m2

π2T 2 + 4m2ν2

3π2T 2 +b2
(

2m2ν2(6κ2(log(64)−5)+7)
27π2T 2 − 2m2

9π2T 2

)
aT32 − 7

πT + 28ν2

3πT +b2
(

2ν2(3κ2(84log(2)−73)+25)
27πT − 11

9πT

)
bT32 − 4

3πT + 8ν2

3πT +b2
(
π2−24
54πT −

ν2(π2−16(κ2(log(8)−3)+4))
27πT

)
dT32

25−2m2

3πT +
4(m2−13)ν2

9πT +b2
(

2ν2(3κ2(51−52log(2))+2m2(6κ2(log(2)−1)+1)−65)
27πT −m2−23

9πT

)
aT33 −19

3 + 38ν2

9 +b2
(

2
27ν

2
(
114κ2(log(2)−1)+7

)
− 13

18

)
bT33 −2

3 + 8ν2

9 +b2
(

1
81

(
−24−π2

)
ν2+ 1

108

(
24+π2

))
dT33

38
3 −

m2

6 −
4ν2

9 +b2
(
25
9 −

4
27ν

2
(
6κ2(log(2)−1)+49

))
Table 3. Transverse dynamics of scalar field.
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