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ABSTRACT: It is well-known that chiral anomaly can be macroscopically detected through
the energy and charge transport, due to the chiral magnetic effect. On the other hand,
in a holographic many body system, the chaotic modes might be only associated with the
energy conservation. This suggests that, perhaps, one can detect microscopic anomalies
through the diagnosis of quantum chaos in such systems. To investigate this idea, we
consider a magnetized brane in AdS space time with a Chern-Simons coupling in the
bulk. By studying the shock wave geometry in this background, we first compute the
corresponding butterfly velocities, in the presence of an external magnetic field B, in y < T
and B < T? limit. We find that the butterfly propagation in the direction of B has a
different velocity than in the opposite direction; the difference is Avg = (log(4) — 1) Avsound
with Avgoung being the difference between the velocity of two sound modes propagating in
the system. The splitting of butterfly velocities confirms the idea that chiral anomaly can
be macroscopically manifested via quantum chaos. We then show that the pole-skipping
points of energy density Green’s function of the boundary theory coincide precisely with
the chaos points. This might be regarded as the hydrodynamic origin of quantum chaos
in an anomalous system. Additionally, by studying the near horizon dynamics of a scalar
field on the above background, we find the spectrum of pole-skipping points associated with
the two-point function of dual boundary operator. We find that the sum of wavenumbers
corresponding to pole-skipping points at a specific Matsubara frequency is a universal
quantity, which is independent of the scaling dimension of the dual boundary operator.
We then show that this quantity follows from a closed formula and can be regarded as
another macroscopic manifestation of the chiral anomaly.
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1 Introduction
It has been observed that for a large class of many-body systems [1-17],
(V(t, )W (0,0)V(t, )W (0,0) )5 = 1 — ee”@HHkIE ... (1.1)

where V and W are generic few-body operators, § = 1/T and € ~ 1/N with N being the
number of degrees of freedom. The chaotic behavior of the system is represented by the
purely imaginary values of the w and k:

W= 1A, k=i— (1.2)



Here A is the quantum Lyapunov exponent and vp is the butterfly velocity, i.e. the velocity
at which the information propagates in the space. The exponential growth of the out-of-
time-order-correlator (OTOC) (1.1) is known as the manifestation of the quantum chaos
in many-body systems.

Holographically, butterfly velocity can be computed via studying an eternal black hole
as being dual to a thermofield double state in a CFT [18]. Let us recall that the chaotic
behavior (1.1) is related to sensitivity of dynamics to initial conditions. Correspondingly,
injecting an small amount of energy into the left side of the eternal black hole, in the past,
will have exponentially blue-shifted energy near the horizon. Therefore, the backreaction
on the geometry must be included [2]. The resultant geometry can be described as a Dray-
't Hooft shock wave [19]. For a localized shock in U — V' coordinates, with Ty ~ 0(U),
the exponential growth of the discontinuity in the V' coordinate, when passing through the
shock, is then the holographic dual of (1.1). Thus the problem of finding butterfly velocity
reduces to finding the shift in the V' coordinate via solving Einstein equations in the bulk.

Based on the above holographic picture, in the first part of the paper, we compute the
butterfly velocity in a system with chiral anomaly. Quantum chaos in anomalous systems
has not been studied in the literature so far. However, our motivation originates from
the fact that in such systems, some kinds of hydrodynamic transport are related to the
microscopic triangle anomalies [21]. For example in the presence of an external magnetic
field, the energy flux encodes some information about the chiral anomaly due to the chiral
magnetic effect [22].1 We also know that, in a holographic system, the chaotic modes may
be associated with the energy conservation. This suggests that, perhaps, one can detect
chiral anomaly via quantum chaos in the holographic systems.

The holographic dual of a four dimensional system in the presence of an external
magnetic field is a magnetized brane in AdS5 space time [24]. In order to make the
boundary system anomalous, it is convenient to couple the magnetized brane to a Chern-
Simons term in the bulk. The gauge invariance in the bulk then leads to existence of chiral
anomaly on the boundary, through the inflow mechanism [24]. Thus in order to study a
thermal state in the boundary chiral system, we need a black brane solution in the Einstein-
Maxwell-Chern-Simons theory. Such solution has been already found analytically in the
regime of small magnetic field B, in [24]. However, the metric functions in [24] are given by
some un-evaluated integrals. In order to work with them, we adopt the double expansion
over B/T? and p/T, introduced in [25], to evaluate the metric functions. Consequently,
whatever we find in this paper will be analytic and will be given in a double expansion
over these two dimensionless parameters.

Using the shock wave picture, in the first part of the paper, we compute the butter-
fly velocity in the above-mentioned background, for two cases; firstly in the case where
information propagates parallel to the magnetic field,? and secondly in the case where it
propagates perpendicular to the magnetic field. In agreement with our earlier motivation,
we show that in the parallel case, the microscopic anomaly is really detected via the butter-

! A possible relevant experimental evidence has been reported in [23].
2This corresponds to a situation in (1.1) where the line connecting the insertion points of the operators
V and W in the space is parallel to the magnetic field.



fly velocities. While in a non-chiral system for both < 0 and > 0 in (1.1) one obtains
the same butterfly velocity [2, 17], for a chiral system in the presence of magnetic field
parallel to Z, however, the butterfly velocities in these two ranges have different magni-
tudes. Their difference, which we refer to as Avpg, is proportional with the chiral anomaly
coefficient times (%)2(%) That Avp depends on the anomaly coefficient shows that it
could be a new macroscopic measure for detecting the microscopic chiral anomaly.

In another direction, by computing the spectrum of the hydrodynamic modes in the
same bulk background, we find that the magnitude of velocity of sound modes, going
parallel and anti-parallel to the magnetic field, differ from each other; to leading order in
the double expansion over p/T and B/T?, their difference, namely Avgound, is related to
Avp as Avg = (log(4) — 1)Avgound. On the other hand, any splitting between velocity
of sound waves is caused due to the chiral magnetic effect, both in energy and charge
transports. One then may conclude that the splitting between butterfly velocities has the
same origin. Although, to confirm this idea it is needed to show that the mentioned relation
between Avg and Avggung continues to hold beyond the perturbative limit on B and pu.3

It has been recently shown that in addition to (1.1), quantum chaos has a sharp man-
ifestation in the two-point functions of energy density and energy flux. This manifestation
was firstly observed in the numerical spectrum of quasi normal modes in a holographic
system [20]. In the mentioned paper, it has been shown that the values of frequency and
momentum given in (1.2) follow from a dispersion relation of the hydrodynamic sound
mode. Additionally, it has been shown that just at this point, the residue of retarded
two-point function of the energy density vanishes. This observation actually established
a direct link between hydrodynamics and the butterfly effect, for the first time. This so-
called “pole-skipping” phenomenon was then derived as a general prediction of effective
field theory in [26]. In the mentioned paper, based on previously developed effective field
theory of dissipative fluids [27, 28], a new quantum theory of hydrodynamics was formu-
lated. This quantum theory is valid not only to all orders in derivative, but also at finite
h. The latter emphasizes that the theory of quantum hydrodynamics has been constructed
for studying those systems for which the Lyapunov exponent is of the order of A ~ %

The main idea of [26] is that the scrambling of a few body operator can be described
as the following: there exists an effective chaos mode which propagates and builds up an
exponentially growing hydrodynamic cloud, around the operators. The exponential growth
basically arises from a shift symmetry. This shift symmetry leads to chaotic behavior in out-
of-time-order correlators (eq. (1.1)), and simultaneously shields the correlation functions
of energy density and energy flux from exponential growth. The latter happens because
at exactly the chaos point (1.2), the residue of theses correlation functions turns out to
vanish; this is nothing but the pole-skipping phenomenon. The pole-skipping has been
explicitly shown to happen in 2-dim CFT at large central charge [32] and recently in
higher dimensional CFTs [33].

3We thank the anonymous referee to pointing this out to us.

4The effective theory of dissipative fluid has been also studied in [29, 30], differently. Before these
references, however, deriving dissipative hydrodynamics from effective action on a Schwinger-Keldysh CTP
contour, was originally initiated by [31].



The effective field theory approach of [26] associates the chaotic mode to the energy
conservation. Such feature may be universal among the systems which are or are close
to being maximally chaotic. In [34], some further strong support for the pole-skipping
phenomenon in such systems was found. By studying the linearized Einstein equations
around a static black hole geometry, it has been shown that the pole-skipping is universal
for general systems at finite temperature, dual to Einstein gravity coupled to matter.

Among other evidence [35, 36], this is the pole-skipping phenomenon that is sometimes
referred to as the smoking gun for the hydrodynamic origin of the chaotic mode [26].
Based on this, in the current paper and as the second part, we will explore the relation
between hydrodynamics and quantum chaos in a many body system with chiral anomaly,
via studying the pole-skipping phenomenon.

We mainly follow the argument of [34]% which is based on studying the near horizon
dynamics of metric perturbations in Fourier space, namely 0g,.,(rp;w, k)’s.5 To proceed,
the linearized form of one appropriate component of the Einstein equations, expanded near
the horizon, is considered. Let us recall that in any system with Einstein gravity dual, we
expect the Lyapunov exponent to be as A = 27T. According to (1.2), it corresponds to
the imaginary frequency w* = i 277T. Precisely at this frequency, the above mentioned lin-
earized component of the Einstein equations highly simplifies and leaves d g, (rp) decoupled
from the other metric perturbations at the horizon.” At a general wave number k, §gy, (rp)
thus must vanish. For a set of sources of the stress tensor components on the boundary,
the condition dg.,(r,) = 0 actually picks up a unique regular solution for dg,, (r;w, k) in
the bulk [34].%

However, there exist two special wavenumbers k*, at which, this equation is automat-
ically satisfied. This is equivalent to saying that at the point (w*, k*), fixing the boundary
sources and imposing regularity at the horizon is not sufficient to pick out a unique solution
t0 0g,uu(r; w, k) in the ingoing coordinates [34]. In order to find a solution in the bulk around
this point, namely at a general point like (r;w* + dw, k* + dk), in addition to the sources
of the stress tensor, the value of the parameter dw/dk is needed too. Then by changing
dw/dk, one can obtain a spectrum of solutions in the bulk, including both renormaliz-
able and non-renormalizable solutions, and all passing through (w*, k*). Let us take the
corresponding values for renormalizable and non-normalizable solutions as (0w/dk),, and
(dw/ 5k:)(nn), respectively. In accordance with holographic dictionary, all points between
(w*, k) and (w* + dw(n), k* + 0k(y)), on the line with slope (éw/dk),, are poles of GT in
the boundary theory; similarly, all points between (w*, k*) and (w* + 6wnn), k* + 6k(nn)),
on the line with slope (w/dk),,,
GT pass through (w*, k*). As a result, the Green’s function becomes multi-valued at this

) are roots of GR. Thus, both lines of poles and roots of

point. It is nothing but the pole-skipping, predicted by the effective field theory of [26].
Following the above discussion, we find the pole-skipping points of energy density
Green’s function in a system with chiral anomaly, via studying the Einstein-Maxwell-Chern-

®See also [37] for the first study of pole-skipping at finite coupling.

5Let us denote that by using symmetries, we only work with a subset of Oguv’s.
" is the time coordinate in the Eddington-Finkelstein coordinates.

8We thank the anonymous referee for pointing out this to us.



Simons theory. It turns out that w*/k* is exactly the same as butterfly velocity vp found
from shock wave computations in the previous part. This coincidence might be an implicit
evidence for hydrodynamic origin of quantum chaos in holographic anomalous systems.

Furthermore, it has recently been shown that the lack of information to uniquely define
a correlation function is not specific to energy density correlation functions at chaos point;
Green’s functions of generic operators have also the same feature but at negative Matsubara
frequencies and some appropriate complex values of wavenumber [38].” The presence of
such set of pole-skipping points in the lower half of the complex Fourier plane shows that
the dispersion relations of collective modes in boundary theory at energy scales w ~ T are
directly constrained by the near horizon dynamics of bulk fields.

We use the same idea to compute the set of pole-skipping points in the lower half
plane by studying the dynamics of a scalar field near the horizon. We find the tower of
pole-skipping points whose frequencies are actually given by the Matsubara frequencies
wy = —12nT¢; £ =1,2,---. It turns out that the spectrum is deviated from the symmetric
spectrum of a non-chiral system. In particular, we find that the sum of wavenumbers cor-
responding to pole-skipping points at /" Matsubara frequency, which we call it Ak, is a
special quantity with a universal behavior. Its universality comes from the fact that it does
not depend on the mass of scalar field and consequently neither does on the scaling dimen-
sion of the dual operator. By computing this quantity at several Matsubara frequencies,
we propose a closed formula for it, which gives the sum at a general Matsubara frequency.
Interestingly, we show that Ak /Ak. = —0?, with Ak, being the sum of wavenumbers
corresponding to the chaos points. This suggests that in a holographic anomalous system,
the quantity Ak, can be regarded as another macroscopic manifestation of chiral anomaly.

In the rest of the paper, we firstly introduce the gravity set-up dual to the chiral system
in section 2.1. In section 2.2 by using the shock wave picture, we compute the butterfly
velocities in longitudinal direction. In section 2.3, we derive the spectrum of hydro modes
in the system under study and compare the results with the butterfly velocities. Then in
section 2.4 we show that the pole-skipping in energy density correlators occurs at exactly
the chaos points. In section 3 and its corresponding subsections, we study the pole-skipping
points of boundary operator dual to a dynamical scalar field in the bulk. Finally, in section 4
we end with reviewing our results and discussing about some follow-up directions.

2 Holographic quantum chaos and pole-skipping in an anomalous system

In this section we holographically investigate the relation between quantum chaos and chiral
anomaly as well as that of quantum chaos and hydrodynamics, in an anomalous system.
Following the detailed explanations in the Introduction, in what follows, we mostly focus
on computations and corresponding results.

9See [39-44], for some recent related works, specially [45, 46] for some exact results in AdS3 and 2-dim
BCFT, respectively.



2.1 Chiral system and its holographic dual: set up

The holographic dual of a chiral system in the presence of magnetic field is the Einstein-
Maxwell-Chern-Simons theory. The action in the bulk is given by

1
N 167[‘G5

12
- —

/M &z \/—g <R + 732 FMNFMN> + Scis + Sbay (2.1)

with the Chern-Simons action being as the following

K
127G5

K
487G

Scs = /A ANFANF = /d533 —g prmﬁApFuuFaﬂ (2.2)

Here Spqy is the boundary counter term. The equations of motion are given by:
V,Fr g Bepveafp o= 0 (2.3)
v 46 vpllap = .
1
Ry + 490 + gFaﬁFaﬁ Guv + 2F,p Fh, =0 (2.4)

from which, one can find the following magnetized brane solution in the bulk

2 _ dr?
fr)
F = E(r)dr N dt + Bdxy A dxg + P(r)dzs A dr. (2.6)

ds — f(r)dt® + 2V (dz? 4+ dad) + V) (das + C(r)dt)? (2.5)

The functions f(r), Wr(r), Wr(r), C(r), E(r) and P(r) were found analytically in [24], in
the limit B < T2. Assuming the following expansions for these functions

f=fo+B*f E = Ey + B*E,
Wiy =Wro+ BQWLQ C=Cy+ BC; (2.7)
Wr =Wro+ B*Wry P =P+ BP

and by considering the zero order solutions

Q

Ey = 7"73’ Wio = Wpo = log(r), fo= r? + — — —= (2.8)
the authors of [24] found the correction functions in (2.7) as some unevaluated integrals.
Here @ and M can be written in terms of the horizons radii, r4, which satisfy f(ry) = 0:

Q72_7“2742(7“2+?"2) M_T4+T4+r2r2 (29)
3 = =), =Ty T T '
The unevaluated integral functions found in [24] can be evaluated analytically in some
regimes. In [25], all these functions have been computed in a double expansion over B/T?
and p/T. In the current paper we follow [25] and work in the same limit.!? Here, however,

we do not rewrite the explicit expressions of functions (2.7) evaluated in [25]. In order to

1071 this limit, our results will be relevant to the magnetohydrodynamics of the boundary system in the
presence of a constant background magnetic field [47, 48].



study the chaos, we only need to know the near horizon limit of the mentioned correction
functions. So in the following we just give their series expansion around the outer horizon,
rp = r4+. One formally writes

fr) = f'(rn)(r —ra) + f//(grh) (r—rn)*+--
C(r)=C'(rn)(r —ra) + C”;Th) (r=rn)*+--- (2.10)

and

WL,T(T) = WL,T(rh) + Wi(rh)(r — rh) + ...
E(r) = E(ry) + E'(rp)(r —r3) + - --
P(r) = P(rp) + P'(rp)(r —rp) + -

where the coefficients have been given in the table 1 of the appendix F.

There is an important point about r, in the above expressions. In the absence of mag-
netic field, the location of horizon is the root of fy and is given by r, = 71". However, as
discussed in [25], since fp gets a magnetic correction, the outer horizon and consequently
both the Hawking temperature and the chemical potential of the solution have to be cor-
rected as well. Considering the double expansion discussed above, the corrected outer
horizon, is found to be as

2 1 1
rp =T [1 +3 V2 + (6 +3 v? (3K (—3m + 6 + log(16)) — 4)) bQ] (2.11)
to second order in v = ﬁ and b = %.

2.2 Quantum chaos and butterfly effect from holography

Following the explanation about shock wave and its backreaction on the eternal black hole
geometry in the Introduction, we first proceed to rewrite the metric (2.5) and the field
strength (2.6) in the Kruskal coordinates. To this end, by using the tortoise coordinate
B dr

VI (f(r) = C(r)2e2We )

and defining f(r) = f(r) — C(r)2e2"L(") | we find the Kruskal coordinates U and V in the
left side of the Kruskal diagram as the following

*

dr (2.12)

t+r-=v V = —edf/ v

. 2.13
t—r"=u U = e~ 3 mu, (2.13)
In terms of the Kruskal coordinates, metric may be rewritten as
dspast = AUV)AUAV + BL(UV)dzs + Br(UV)(dxy + dx3) + D(UV) v U dxs,
(2.14)



where the functions A, B and D are given by

4 2
AUV) = — J(r) . Bpr(UV) =W DUv) = 20(r) owi ) (2.15)
UV f'(rn) F(rn)
Note that the subscript “past” is denoting that the metric corresponds to an eternal black
hole in the past, before becoming perturbed by the shock wave. Similarly, field strength
must be rewritten in U — V' coordinates in the past. one writes

Foast = G(UV)dV ANdU 4+ Bdxy Ndxe + H(UV) dzs A <d“// + dg) , (2.16)
with the functions G and H given by
Guv)— -2 VI el PO vy = peyVIC GIAoE /(ng%wm
(2.17)

According to [2], the backreaction of shock wave on the above background develops a
“future” solution in the bulk which can be obtained by imposing the shift V- — V+h(z)o(U)
to the past one. Under this shift, (2.14) and (2.16) take the following form:

D
A ure = dShasy — AUV)M(2)6(U) dU? — Mh(x)é(U) dUdxs (2.18)
H
Fruture = Foast — (‘[iv)h(l‘)(S(U) dxs A dU. (2.19)

Plugging (2.18) and (2.19) in (2.4) and con51der1ng the matter source in the right hand side
of it as Tyy ~ ezl )tw 5 §(U)5%(Z),'! one finds that h must obey the following equation

near the horizon'2

40 (5o Bg?  Broie ~)
(

<4W+2(2W 0) + W (0 ))) (2.20)
o 128Tf2L E(O)Q _% A(O) 2 D/(0)2 ) ~ eéf/(Th)tw 3 7
37 A)  3Br(0° T BT(O)A(O)]h( )~ 2B o)

where E(0) = E(UV)|y=0 = E(r)|r=r,. The same convention has been considered for

functions Wy and Wy, in the above equation.

Note that through deriving the equation above we have already taken the magnetic
field in the third direction. For a magnetic field in a general direction, say 5, equation (2.20)
can be formally written as the following

2B(0)
A(0)

(a” +q20% +2pb-0— mg) h(z) ~ Eexl mtw 53(g) (2.21)

where || and L are denoting the directions parallel and perpendicular to the magnetic field,
respectively. It should be noted that b in the third term of the left hand side is coming

14, is the past time at which the energy E is released into the bulk.
2Note that near the horizon r = r4(1 — UV + O(U*V?)).



from D’(0) in the first line of (2.20). It is also obvious that g, p and mg can be easily read
in terms of coefficients in (2.20).
When £ is assumed to be only function of z3, the second term in (2.21) vanishes and

h(z3) is found to be (see appendix A for detail of computations)!?

1g —ts)— m2)x
h(x3) ~ —rE ezl )t —ts) (v+\/p2+ 8) 3 /p2+m3 0(x3)

) (2.22)
—7Fk e%f/(rh)(tw_t*)_(_p+\/p2+m(2’)m3 \/p2 + mg O(—x3).

Comparing this equation with (1.1) and (1.2), one finds that the Lyapunov exponent of
the system, as expected, is

A= =f"(r) = 2nT. (2.23)

1
2
Moreover, we see that the speed at which the information propagates depends on the sign
of x3; let us recall that in (1.1), at ¢ = 0, the operator W is inserted at x = 0 and
then at time ¢, V will be inserted at #. Thus x3 > 0 corresponds to the propagation
of information in +z3 direction, namely the magnetic field direction; similarly x3 < 0
corresponds to the butterfly propagation opposite to the magnetic field. From (2.22), we
find the corresponding butterfly velocities as the following

27T
23>0 vél—n;(\/@—i—m%—p)

0

2T
x3 <0: véQITZQ(\/pQerngp).

0

(2.24)

When the magnetic field vanishes, p = 0 and one finds the degenerate velocities of [36].
Interestingly, the above relations show that when p # 0, the speed of butterfly propagation
in the medium is not isotropic. In the following we show that this asymmetry is just coming
from the chiral anomaly.

To better explain the physical aspects of this result, we first compute p and mg in
terms of background data. We find:

p = (7T) r (log(4) — 1)v?b

mg = (T)* [6 + 3607 — <7T62 - 1) b~ (79 + % +56r7 (log(2) — 1)> u%ﬂ (2.25)

Now we can put these expressions back into (2.24) and read the butterfly velocities. In the
following we discuss on the resultant formulas in various limits.

Uncharged system in the absence of magnetic field. Such system is holographically
described with a Schwarzschild black brane. Substituting b = 0 and v = 0 in (2.24), we
reproduce the well known result vg = /2/3 [2] for this system.

13¢, is the scrambling time [3].



Charged system in the absence of magnetic field. The holographic dual of this
system is a Reissner-Nordstorm black brane. Substituting b = 0, in (2.24), we reproduce
the result of [35] concerning the RN black brane as the following

2
L
UB1,2 = tvp <1 — ?ﬂrl;TZ> (2.26)

We study chaos in RN black brane at finite p in a future work, in details [49].

Non-chirally charged system in the presence of magnetic field. Such system is
holographically dual to a magnetized RN black brane. In order to put off the chiral effects
in (2.24), we force the Chern-Simons coefficient to vanish, i.e. kK = 0. As a result, p in (2.25)
vanishes and then we obtain two equal butterfly velocities with opposite signs:

9 2 2 2 2 2
L2 I ™™ -6 b m”+ 54 wB

24 1— — 2.2
VB m0 = 0B [ 3(xT)? | ( 72 > (xT) < 216 ) (aT)° (220

In [17], based on shock wave picture of [2], the anisotropic butterfly velocities for a general

family of anisotropic metrics has been computed. Our metric given in (2.5) for C(r) = 0,
namely for the non-chiral case, falls into the family of metrics studied in [17]. In the
appendix C, we will show that our above result in (2.27) is in complete agreement with
that of [17] and [16].

Chirally charged system in the presence of magnetic field. Our main goal in this
section is to just consider this case. Since in a chiral system, k is proportional to the chiral
anomaly coefficient, we take k # 0 and find

Lo 2 2 2 ’B
v]LB’ = j:\/g (1 - 3(7I:T)2> - gm(log(él) - 1)(I;T)4
<772 —6  m* +18(—4r*(log(4) —2)) p° > B?

36v/6 108v/6 (nT)2 ) (xT)4

It is obvious that u?B term splits the degeneracy between the magnitude of two butterfly

(2.28)

velocities in this case, so the equality vél = ]v?\ will no longer hold. Putting the value of

 [50, 51], we find
2 8 ’B
k=—— — Avézvé1—|vé2|: — a

7 3\/g(logél—l) T

This is actually our central result in this section. It is seen that the difference between

(2.29)

the magnitude of the right- and left-moving butterfly propagation is originated from the
anomaly of microscopic quantum field theory. Consequently, any macroscopic observation
of such difference in experiment is a new manifestation of chiral anomaly.

For later requirements, we know represent the butterfly velocities (2.28) in the form of
chaos points introduced in (1.2). The chaos points are given by (iw,, ik.) where w, = 27T
and k. = 2nTk.. k. is given by

V6 | V6 6 —72 66— — T72r%(log(4) — 2) 2) 52

kc- =t+—+ —v°+ k(log(4) — 1 bV2:|:< + 14
(2.30)

~10 -



We also call the sum of the above two wavenumbers as Ak,
Ak, = keq + keo = 2k (log(4) — 1) 1. (2.31)

Before ending this section, let us note that we will compute the butterfly velocities in the
transverse directions in the appendix B.

2.3 Butterfly effect and chiral transport

Hydrodynamics is the universal low-energy long wavelength limit of thermal systems. In-
stead of microscopic degrees of freedom, hydrodynamics uses just a few number of macro-
scopic variables as the dynamical degrees of freedom, say velocity u*(t, ), temperature
T(t,Z) and ---. The idea of hydrodynamics is that in the long wavelength limit, every
physical quantity in the system, like energy density, can be written in a derivative ex-
pansion of the above degrees of freedom. The equations of motion are then simply the
(non-)conservation equations of energy-momentum tensor (and global currents). In a sim-
ple system with one anomalous U(1) current, one writes

9, T" = F" J° (2.32)
8,J* = CE*B, (2.33)

with the electric and magnetic fields in the rest frame of fluid elements defined as
EF = F*y, and B* = %e‘“’o‘ﬁ u, Fr 3, respectively. C is the coefficient of chiral anomaly in
the system. In a chiral system and in presence of the background field F},,, the constitutive
relations are given by [21, 52]

T = wuru” + pg"” + oB(ulBY +u’ B*) + o) (uhw” + u’wh), (2.34)
JH = nut + oBB* + oYWk, (2.35)

B

B oY and ¢) are the anomalous transport coefficients.

where w# = e““aﬂul,(‘)aug and o8, o
Here also, w = € + p is the enthalpy density of the equilibrium.

Hydrodynamic excitations are gap-less modes of the equation (2.32) and (2.32) propa-
gating on top of the thermal equilibrium state. In order to find them, we take the following

near equilibrium profile for the hydrodynamic variables

’U,M(t, 1‘3) = (1, 0, 0, 0) + <0, (5U1 (t, .133), (5U2(t, .%'3), (5U3(t, £C3))

T(t,xg) =T + dT(t,z3) (2.36)
u(t, x3) = p+opu(t, 3).
We have assumed the time dependent perturbations are functions of only the third spacial
coordinate. We also take the magnetic field being directed along the same axis. Based on

these assumptions, we will find the plane wave hydrodynamic excitations propagating either
parallel or opposite to the magnetic field. Let us recall that around the equilibrium state,
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the thermodynamic quantities deviate from their equilibrium values, too. One writers

de(t,x3) = e+ (86> 0T (t,x3) + (g;) op(t,xs) =€+ ardT + agdp  (2.37)
o T

oT
Ip dp
or), ow) ¢

on(t,x3) =n+ on 0T (t, xz3) + On ou(t,z3) =n+ B10T + B2dp. (2.39)
oT u ou)

Expanding the equations of motion to first order in the perturbations and also to second
order in derivatives, then, results in the following five linear equations:
0
0= (mw-— droB BE)oT + (aaw — 8“063 Bk)fu + (— wk — 205 Bw)dus
w
0= i(nB + Ug)kO.))(S'LLQ — ww Ouq
0=—i(nB+ afk‘w) Suy — ww dus (2.40)
0
0= (11 k — 0r0® Bw)oT + (12 k — 8,05 Bw)°E + (= ww + 205 Bk)dus
w

0= (ﬂlw — aTaB Bl{:)(ST + (Bzw — 8MUB Bl{:)% + ( —nk+ o8 Bw)éu;;

The eigen modes of the above equations are the so-called hydrodynamic modes. In this
case with only one single U(1) anomalous currents, one finds five of them, including two
sound waves, two chiral Alfvén waves (CAW) together with one chiral magnetic-heat wave
(CMHW) [53, 54].14 In the laboratory frame [56], we find the velocity of these modes as
the following:

nB

VCAW = W o, (2.41)
B 1
UCMHW = EW (w (Ollau + a23T)UB - n(alau + ozz@T)J§> (2.42)

B [v,q] <_1 (nag —wpP2)0r — (noy — w51)8u> oB

soun ==+ S o .
Pound =6 5[50l nhy,a] — wly, B

B(_bBlY s, Bhal ((na1r—wb)i —(nas —wh)ir\ g
* (1 [a,m) t < nlry, o] — wl, Bl )

(2.43)

2w [, o

w

where cz = [[gzj] + % {gﬂ We have used the shorthand notation [« 8] = a1 82 — a1, and

similarly we use the same for other commutators.

Our results regarding the hydrodynamic modes have been general so far, in the sense
that we used no any special equation of state to find them. In order to evaluate the above
velocities in a specific system with a given equation of state, we have to firstly compute the
corresponding thermodynamic derivatives aq 2, 812 and 712 of the system. Let us recall
that the system under study in the current paper is a holographic chiral system dual to
Einstein-Maxwell-Chern-Simons theory, (2.1) and (2.2). The thermodynamic equation of

1Gee [55] for a related work.
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state for such system has been found in [25]. The energy density, thermodynamic pressure
and charge density are to second order in v and b given by

N02 4 2 2 4 NCQBZ T 2 M2
€=35 (3(rT)* + 12(xT)2p* + 8p*) + y ( (1 — log (A)> — 373 (8log(2) - 3)
N? N2B? 7T 2 u?
P= 5 (3(xT)* + 12(zT)?p® + 8u*) + yo <log <A> + gm(810g(2) - 3))
N? N2B% 4
= < (3(nT)% pu + 443 ¢ (8log(2) — 2.44
n=33 (3(nT)* pu +4p”) + 372 (xT)° (8log(2) —3) (2.44)

where N, > 1 is the number of colors in the boundary gauge theory and A is an energy
scale. Using these expressions, one then can simply compute the thermodynamic derivatives
defined in (2.37), (2.38) and (2.39) (see appendix D).

The only things which then remain to be specified are the anomalous transport coef-
ficients.!® The non-dissipative transport coefficients introduced in (2.34) and (2.35) have
been computed for the Einstein-Maxwell-Chern-Simons theory in [52]. However in that
reference, in addition to the Chern-Simons coupling (2.2), a gauge-gravitational coupling
has been considered as well:

1 146 K A lea
Scs = 162G /d5$ —g e BAP (3Fm/Fa5 + ZR WuR"aaB> (2.45)

where A is proportional to the gravitational anomaly coefficient in the boundary theory
and as mentioned earlier, x is proportional to the coefficient of chiral anomaly. It is clear
that in order to use the results of [52] in our work, we have to take the limit A = 0. Doing
so, the anomalous transport coefficients take the following simple form

- 27Gs o= 72\/3 a
2
v B K 2 Ne o
= = — = 2-46
0’ =0, rrenl ey L (2.46)
Vo K g_ 2NZ g

€ __67TG5M - 371'2\/§M
where in the second equalities we have used [50, 51]

K 2N?
= — = ¢ . 24
C 27TG5 71'2\/3 ( 7)

Putting all the above expressions into the velocities (2.41), (2.42) and (2.43) and expanding

to second order in b and v, we find

1 4,
Usound:ﬁ :|:1—|—§y b

VCMW = \3517 (1 — 21/2) (2'48)

veaw = 0.

5For a general system with U(1) triangle anomalies some expressions have been found for these coefficients
in [21]. Analogue of the expressions found in [21] for a system with anomalous SU(NN) symmetries, was
found in [57]. Both the mentioned references computed the anomalous transport coefficients in the Landau-
Lifshitz frame. For the expressions in the laboratory frame, see [52, 56].
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There are some points regarding the above results which deserve more explanation. Firstly,
the non-propagation of chiral Alfvén wave in this case shows that the propagation of these
kind of gap-less modes is tied to presence of gravitational anomaly. If we took A # 0, we
would obtain vcaw # 0, although just in the laboratory frame ([56, 58]). The second point
is that in front of every magnetic field factor b, there is an implicit chiral anomaly coeflicient
C'. But since our computations are in the framework of holography, the relation (2.47) has
been already imposed and the anomaly coefficient is not seen explicitly.

More importantly, from (2.48) one simply notices that the right- and left-moving sound
modes have different velocities vsound,1 and vsound,2. The difference between their magni-

tudes is

8
Avsound = ——=12b. (2.49)

3v3

It can be simply seen that Avgsung arises just due to the non-zero chiral magnetic effect
coefficients 0% and ¢, in (2.43). Comparing this result with Avg (see (2.29)), one finds

Avk  (logd—1)8/3v3
A'Usound 8/3\/3

logd — 1. (2.50)

This equation is not an exact relation between Avé and Avgound. We have just shown
that it holds perturbatively, up to second order in v and b. If one shows that this equation
continues to hold beyond the perturbative limit of small v and b, then it will send a physical
message: the splitting between the butterfly velocities not only will be the manifestation of
chiral anomaly, but also will reveal the presence of chiral magnetic effect. Then in addition
to previously proposed macroscopic probes of the chiral magnetic effect, like three particle
correlations in heavy-ion collisions [23], Avé might be regarded as a new experimental
probe of this effect in anomalous systems. We leave the study on the non-perturbative
regime of v and b to a future work.

2.4 Pole-skipping of energy density Green’s function from holography

In order to find the pole-skipping points of energy density Green’s function, we have to
work in the ingoing Eddington-Finkelstein coordinates. In these coordinates, with time
coordinate identified by v,'6 equations (2.5) and (2.6) take the following form

ds* = —F(r)dv*+2q(r)drdv+2 <j(r)dv+ s(r)dr) dzg+e2VT ™) (da? 4-da) +e*We () da?
F = E(r)dr Ndv+ Bdzy Adze+ P(r)dzs Adr (2.51)

6The time coordinate v is defined as

_ dr
v=1t+ / \/f(r) (f(r) = C(r)2e2Wr (™)

in terms of coordinates r and ¢ in (2.5). In the Eddington-Finkelstein coordinates, metric and field strength
are non-singular everywhere away from r = 0.
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where

o (1w COHY
alr) <1 70 > (2.52)
j(r) = C(r)e*"r )

C(r)eQWL(’”)

s(r)=—

V@) (76) = C(r)2e2win)

In order to find the energy density two-point function, one has to. consider the per-
turbations of the vv-component of metric 8¢y, (r, v, 2) = dgu,(r)e ™ T* T Tt is clear that
among the other Einstein equations, the vv component is the one which governs the dy-
namics of dg,,. Thus we study the linearized form of this equation in two cases; while we
always consider the magnetic field being directed along the third direction, we take once,
the perturbations propagating in the same direction and then as the second case, we study
the propagation of the transverse direction (see appendix B for the transverse case). For
either case, we find the points (w*, k*) at which the vv equation becomes trivial. It is in
correspondence with the multi-valuedness point of the boundary energy two-point function.

In the longitudinal case, perturbations dgyy, 0Grr, 0Grv, 0Ggigi, 094343, 0Gy.s and
0g,»3 decouple form the others. Thus just by considering these metric perturbations
around (2.51), the linearized vv component of Einstein equations near the horizon reads
(up to second order in b and v):

4 21 1
[k2—32'7rTw+ <—3k2+2é7rTw> V24 <<;r6_3> k2+2i7rTw> 62+A1/26+Bu2b2] 50

2_
i(2nTtiw) 3 [—2(36+(772—12)b2) (2kég§?3+w 593(62;3)
Fw (=724 (72 +24)0?) (5953?;1} —0 (2.53)

Where the superscript (0) refers to the zeroth order in the expansion around r = r,. The
coefficients A and B are given by

A = —4inT r (log(4) — 1) kb (2.54)
. 2 20 12-7% 5 5
B = 2inT [(log(él) —2)k* — 1} wroh” + Tk Zal)
Let us denote that as one expects, when v = 0 and b = 0, equation (2.53) simplifies to
what was found for the Schwarzschild case in [34]. Obviously, when w = w* = 27T, all
the other fields decouple from dg,, at the horizon and we are left with

36 3 vy
(2.55)

2
[k%r 6m2T% + <—;lk2—47r2T2> 2+ <k2 (” 1) - W2T2> V2 +C20+D* V2% |6g%) =0
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where D* = D(i27T, k). For a generic k, the above equation gives 591(,9}) = 0, however,

for some special value of k = ¢k*, this equation is automatically satisfied. Such k* can be
computed perturbatively in a double expansion over b and v; considering k* = 27xTk", one
finds the following two dimensionless wavenumbers:

12= :I:\éé + @yz + w (log(4) — 1) bv* + <

6 — 72 66— — T2r%(log(4) — 2) l/z) 2
/ .

241/6 * 72/6
(2.56)

As it is obvious, this result is exactly the same as (2.30). In other words, we have shown
that in an anomalous system, the pole-skipping points of energy density Green’s function
coincides with the chaos points:

(W, ko) = (", k¥) (2.57)

This results might be regraded as the first evidence for the hydrodynamic origin of quantum
chaos in the presence of chiral anomaly. In order to make it stronger, it would be nice if one
shows that the analytic continuation of a hydrodynamic dispersion in the system passes
through this point in the complex Fourier plane. We will discuss on this point in more
details in section 4.

3 Pole-skipping in the Green’s function of boundary operators

As discussed in the Introduction, the chaos points are not the only well-known pole-skipping
points in the Complex Fourier plane. In some specific cases, It has been shown that the pole
of Green’s functions of generic boundary operators skips at a set of points in the lower half
of this plane. In this section we consider the near horizon dynamics of a scalar field pertur-
bations on the magnetized black bane solution (2.51) to obtain such pole-skipping points.

The scalar field equation of motion on the fixed background with metric g, is given by
(3#(\/—98’“‘) —m2\/—g>(I> = 0. (3.1)

The strategy is as the following; one takes ® = qﬁ(r)e_w”“];'f with ¢(r) expanded near the
horizon as

G(r) =Y dn(r—rn)" = o+ (r—rn)dr+--- . (3.2)
n=0

Then by putting (3.2) back into (3.1), the equation of scalar field can be rewritten in a near
horizon expansion, giving a set of equations corresponding to different orders of expansion.

The resultant equations are special in the sense that at ¢

order of expansion, one finds a
linear equation between ¢q, ¢1, --- and ¢py1, with the coefficient of ¢y vanishing at the
Matsubara frequency wy = —i27T'(¢ + 1). In the following two subsections we will study

the first four of these equations, namely those corresponding to £ = 0,1, 2,3. They can be
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formally written as
0= My1¢o + (27T — iw) 1,
0 = Ma1¢pg + Mooy + (AnT — iw) oo,
0 = M31¢0 + M3zad1 + M33¢ + (67T — iw) s,
0 = My1¢o + Mazp1 + Muzpa + Mgz + (87T — iw) ¢4

Sy Ut s W

A~ o~/
— — ~— ~—

where M, coefficients are in fact some functions of w and k.
As it is obvious from the above equations, just at the Matsubara frequency wy=—i27TY,
the first £ equations decouple from the rest of them and take the following form

%o

¢1
0= Mpgy(w=—i2nT0,E) | . |. (3.7)

b1

We already encountered with a similar situation when studying the near horizon dynam-
ics of dg,, perturbation at the chaos points in (2.55). Similarly, the roots of equation
det Myxo(w = —i2nT¥, E) = 0, here, are special. For a given UV renormalization constant,
the ingoing boundary condition is not sufficient to uniquely fix a global solution for ® at
these wavenumbers. Let us call the roots as ki, ks, - ,kop. It is clear that at these 2/
points, the Green’s function of the boundary operator, dual to the bulk scalar field ®, is
multi-valued.

According to the explanations given in the Introduction, based on [38], one concludes
that to every Matsubara frequency wy = —i27T¢, ¢ pole-skipping points of the dual bound-
ary operator correspond. This simply shows that how near horizon dynamics can strictly
constrain the Green’s function of a generic boundary operator, even beyond the regime of
hydrodynamics, namely at frequencies w ~ T

In the following two subsections, we find the set of pole-skipping points discussed above
for the scalar field in the Einstein-Maxwell-Chern-Simons theory. Since there is a preferred
direction, namely the magnetic field direction, which we take it as being along the third
axis, our study of the scalar field perturbations falls into two cases; once when k I B and
then when k L B (see appendix E for the latter case).

3.1 Longitudinal poles: a universal behavior

Longitudinal pole-skipping points are obtained by studying the dynamics of the Fourier
modes of ® propagating in the direction of magnetic field. The Fourier components of the
scalar field then are written as ® = ¢(r)e~“ %23 Plugging in (3.1), we arrive at

. e?WTW((j(rf—e2WL<T>F>¢’<r>—z‘w(emmq(r)—s<r>j<r>>¢<r>+z’k<F<r>s<r>—q(r)j(r))qs(r))

dr VeV ()2 +F(r)s(r)2 —2q(r)s(r)j(r)

1) (G )S0) =) 0) V() s () (1) = () 4R 0(r)
VWL g(r)2 4+ F(r)s(r)2—2q(r)s(r)j (r)

AW [V g4 Fr)s(r)220(r)s(r)] mP6(r) =0 (33

+
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As explained around (3.2), the above equation is equivalent to a set of linear equations for
the near horizon components of ¢(r). The first four equations are given by

0= MEgo + (27T —iw)éy, (3.9)
0= Mfido + Mgper + (4nT — iw) s, (3.10)
0= MEdo + MEoy + MEgs + (67T — iw)es, (3.11)
0= Mfi¢o + Mfyd1 + Mfzps + Miyds + (87T — iw)d. (3.12)

Here, the superscripts L emphasize that & || B. One can show that in this case, all MX
coefficients can be generally written as the following:

ME(w, k) = iwak + kbl +iwkch, + X, (3.13)

where w = w/27T and k = k/27T. The coefficients aZ,, b%,, ck

TS) YTrsr TS

and d%, of the first three
equations above have been given in the table 2 of the appendix F.

3.1.1 Pole-skipping points at wy = —12#xT

From the near horizon equations of scalar field above, it is obvious that just at the lowest
Matsubara frequency w; = —i27T, equation (3.9) decouples from the rest of equations.
One then concludes that the pair of roots of MlLl( — 27T, 27T k) = 0 correspond to the
lowest frequency pole-skipping points. We call the roots as kf ;3 J=1,2 and find

Lol fee, () oy (7 (m?46) -12(m?48))
ki) =3 Vmi+6£ e — i (log(4) — 1) v7bF T b
" (18 (6 (24K (log(2) —1) —11) +7%) + (7> —12) m* +9m? (16 (x> (log(8) —3) —2) + 7)) 2

216 (m2+6)*/2
(3.14)
Obviously, these two points are not symmetric with respect to Im w-axis. The asym-
metry is due to the chiral effects and, more precisely, is proportional with »?b. This is
reminiscent of the asymmetry of the chaos points in (2.30). The difference between the
magnitude of kfl and k:lL,Q is

Akpy = kfl — |kfy| = kzlﬁl + szg = —2k (log(4) — 1) b (3.15)

Interestingly, the term b in both k:f 1 and sz o is independent of m, namely the mass of
scalar field. Thus the above difference is universal in the sense that it does not depend on
the scaling dimension of the corresponding boundary operator [59].

The universal behavior mentioned in the previous paragraph has been illustrated in
both figures 1 and 2. In these figures, we have also demonstrated the chaos points found
in (2.30). As it can be seen, in general, there is no explicit relation between the position
of chaos points (the blue ones) and that of the lowest frequency pole-skipping points (the
highest pair of green ones). However, there is an implicit relation between them; the sum of
wavenumbers corresponding to pole-skipping point with the lowest Matsubara frequency, in
the lower half plane, is exactly the absolute value of that of chaos points, given by (2.31), in
the upper half plane: Ak = |Ak.|. We will comment on this interesting property later.
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Figure 1. Spectrum of chaos points (in the upper half plane) together with the pole-skipping
points of a boundary operator dual to a scalar field with mass m = 0 in the bulk (in the lower half
plane). Orange and red points, which are symmetric with respect to the vertical axis, are related
to non-chiral matter at ¥ = 0 and b = 0. Blue and green points, however, correspond to a chiral
matter at ¥ = 0.5 and b = 0.5. Due to the chiral anomaly, these points are located asymmetrically
with respect to vertical axis. The vertical gray dashed lines at k = :I:m show that at the special
case when m = 0, accidentally, the chaos points and the lowest frequency pole-skipping points have
the same wavenumbers at b = 0 and v = 0.
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Figure 2. Spectrum of chaos points (in the upper half plane) together with the pole-skipping
points of a boundary operator dual to a scalar filed with mass m = 2 in the bulk (in the lower half
plane). Orange and red points are related to non-chiral matter at » = 0 and b = 0. Blue and green
points correspond to a chiral matter at ¥ = 0.5 and b = 0.5. Orange and red points are symmetric
with respect to the Im w-axis, however, due to the chiral anomaly, the blue and Green ones are
located asymmetrically with respect to the same axis.
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3.1.2 Pole-skipping points at ws = —i47T and higher Matsubara frequencies

At the next Matsubara frequency, namely at ws = —i4nT’, two of the near horizon equations
((3.9) and (3.10)) decouple form the rest of them. The corresponding pole-skipping points
can then be found by studying M% coefficients of the first two equations. Solving

0 = detMoyo(—idnT,i2rTk)

L . . L . . L . . (316)
= Mii(—idnT,2nTk) M (—idnT,i2nTk) + (2nT) M5 (—idnT,i27Tk),

one finds four roots k£4 < k£3 < kiQ < kzil, corresponding to two pairs of pole skipping
points, namely {kil, kzéA} and {kQLg, k%,3}- In the absence of chiral effects, these four are
represented by the red points at Im5 % = —2 in figures 1 and 2. It is shown that the wave
number of red points satisfy the following relations [38]

kil == —kéA, kiQ == —kig (317)

At the same row of the figures, however, there are four green points showing the pole-
skipping in our holographic chiral system; one obviously sees that the above equalities will
no longer hold for the green points. Although the analytic expressions of the wavenumbers
for the green points are so much complicated, their deviation from the symmetric case can
be written in a simple form:

1
k%,l + kéA = —4kK <10g(4) —-1- 27712—1—12> V2b (3.18)

1

Compared to the asymmetry of the lowest frequency points given by (3.15), it seems that
these results are not universal, in the sense that they explicitly depend on the mass of
scalar field. However, the sum of all four wavenumbers is interestingly mass independent:

Ak = kgl + k§2 + kgg + k§4 = —8x (log(4) — 1) v/?b. (3.20)

It suggests that perhaps the sum of wavenumbers of pole-skipping points at a specific Mat-
subara frequency encodes some information about chiral anomaly. To explore more on this
idea, we compute

2/
Ak = > ki,  (we = —i2rT¥) (3.21)
r=1

for £ =1,2,3,4. In this formula, kZLJ is the wave number corresponding to the r* longitu-
dinal pole-skipping point at ¢** Matsubara frequency. Surprisingly, we obtain

Ak(py = —2k (log(4) — 1) %b (3.22)
Ak = —8r (log(4) — 1) % (3.23)
Ak = —18r (log(4) — 1) %b (3.24)
Ak(yy = =32k (log(4) — 1) v°b (3.25)
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Considering the above expressions, one may conjecture that the sum of wavenumbers cor-

responding to the pole-skipping points at ¢! Matsubara frequency wy = —i2xT, is given
by the following closed formula
Ak = —20%k (log(4) — 1) °b (3.26)

This results is not only surprising because of its simple feature, but is also important from
the viewpoint of its universality. It can be seen that whatever the mass of scalar field in
the bulk and correspondingly the scaling dimension of the dual boundary operator is, this
result always identically holds. In the following subsection, we discuss about the relation
between (3.26) and quantum chaos.

3.2 Longitudinal poles and quantum chaos

What we obtained in previous subsection can be reviewed as it follows. Firstly, it is
important to note that due to the chiral effects, the arrangement of green pole-skipping
points in figure 1 and figure 2 is asymmetric with respect to Im w axis. We showed that
an appropriate quantity which universally captures the asymmetric feature was the one
introduced in (3.21). We finally argued that this quantity might in general follow from a
closed formula given by (3.26). Comparing this result with (2.31), we arrive at

Ak,
Ak,

=2 (3.27)

One concludes that in addition to the splitting of butterfly velocities, the non-zero value
of the quantity Ak, can be regarded as the macroscopic manifestation of chiral anomaly.
It would be also interesting to investigate whether the above relation continues to hold
beyond the perturbative limit of small v and b. We leave more investigation about it to a
future work.

4 Conclusion and outlook

In this paper we holographically studied quantum chaos and pole-skipping phenomenon
in a system with chiral anomaly. Using the shock wave picture, we first computed the
butterfly velocities in both directions parallel and perpendicular to the magnetic field.
As we showed, in the parallel case, the two butterfly velocities would split due to the
chiral anomaly. Then by computing the spectrum of hydrodynamic modes in the system,
we found that the velocity of sound waves propagating parallel and anti-parallel to the
magnetic field are split for the same reason. To leading order in small B/T? and /T, we
arrived at (2.50). It would be interesting to investigate whether this relation continues to
hold beyond the perturbation regime of v and b.17

The splitting of butterfly velocities has an important implication. Let us recall that
the butterfly velocity can be actually measured in the experiment [61-64]. The splitting

171f it is the case, then following [60], it would be interesting to investigate whether such feature will be
protected at finite coupling.
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of butterfly velocities due to chiral anomaly then implies that designing relevant experi-
ments to measure OTOC’s in chiral matters, e.g. in the Weyl semimetal [65, 66], might be
important for macroscopically detecting the chiral anomaly.

To investigate the relation between quantum chaos and hydrodynamics, we then holo-
graphically computed the pole-skipping points in the energy density Green’s function of
the boundary theory. The pole-skipping points were found to be precisely the same as
chaos ones (2.57). This coincidence might be regarded as hydrodynamic origin of quantum
chaos in an anomalous system. However, there are yet another ways to explore the relation
between hydrodynamics and quantum chaos. Following [20] and in the language of [67],
one can investigate whether the chaos points given in (2.30) are located on the analytically
continued dispersion relation of sound waves. To proceed, one has to firstly find the spec-
tral curve corresponding to the sound channel. To this end, it is needed to know the gauge
invariant objects in this channel. One can show that for the general class of the solutions

ds® = —a(r)dt* + b(r)dr® + a1 (r)(da? + da3) + a3(r)dx + 2¢(r)dtdxs

A < / E(r)dr) dt — g(xgd:cl ~ wyden) ( / P(r)dr) das,

in the sound channel, only Ay, hys.s, hyigi, brry Bre, A, Ay and A,z mix with each other.
We have assumed metric and gauge field perturbations as huye*iw’f“k“’?’ and Aue*i‘”t*ikz?’,
respectively. It can then be shown that there are two relevant gauge invariant quantities

constructed out of the metric and gauge perturbations in this channel:
kE(r) — wP(r)h N

e
K2a'(r) — w?aj(r) — 2kw (1)

ay ()

EZ = kAt + WAxB +

h.

Z =k hy + w?hys,s + 2wk hygs +

Finally it turns out that these two quantities obey two coupled second order ordinary
differential equations. Formally one writes

7"+ a2 +ayZ+ a3E, + 4 E, =0
El+ b E.+bE,+b3Z+b,72' =0

with the coefficients being some functions of w, k as well as metric and gauge field compo-
nents. Considering the radial coordinate in the bulk as u ~ 1/r2, one then looks for solu-
tions Z(u;w, k2, kB) and E,(u;w, k?, kB) to the above equations. Solutions must be regular
on the future event horizon and also obey the Dirichlet boundary condition at w = 0. The
latter gives spectral curve of sound channel Z(0;w, k% kB) = 0 and E.(0;w, k?,kB) = 0.
Then by using the method developed in [67], one can find the dispersion relation of sound
modes in an expansion over both k and B. If it behaves like the non-chiral case [20], luckily,
the first few orders in the expansion will be sufficient to observe that chaos point is on the
analytic continuation of this spectral curve. If so, it would be also interesting to investigate
whether chaos points are located within the domain of convergence of hydrodynamics in
our system or not.
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In another direction, we can fully do the above task numerically. One can numerically
solve the above coupled differential equations for a given specific wave number to find
the corresponding spectrum of quasi normal modes in the system. However, for purely
imaginary values of the wave number, in addition to the points with negative imaginary
frequency, one finds a point in the upper half of the complex plane, just on vertical axis.
Following the effective field theory discussion of [26], one can collect a number of these
points and interpolate among them to see whether the chaos points are on the interpolating
curve. We leave detailed computations to a future work.

In the last part of the paper, we showed that the same information about splitting the
butterfly velocities is encoded in pole-skipping points of Green’s function associated with a
boundary operator dual to the scalar field in the bulk. More precisely, we firstly computed
the spectrum of pole-skipping points in the lower half of complex Fourier plane. Then we
showed that the sum of wavenumbers corresponding to pole-skipping points at a specific
Matsubara frequency was a universal quantity. By universal we mean that the sum does
not depend on the mass of scalar field in the bulk and consequently neither does on the
scaling dimension of dual boundary operator. More interestingly, we proposed a closed
formula for the above mentioned universal quantity, in (3.26). While formula (3.26) was
found through holographic computations, it would be interesting to investigate the reason
behind this nice behavior of pole-kipping points, in quantum field theory.
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A Detailed computations of the longitudinal butterfly velocity

When £ is just a function of x3, equation (2.21) takes the following form

o o 2B 1
(aﬁ +2pb-8— mg) h(z) ~ 2BLO) g 47 e 5(x3). (A1)
A(0)
As before, we assume the magnetic field to be directed along +x3 direction. In the Fourier
space, h(z3) = he®3 and one finds

(=k* + 2ipbk —md) h~ E (A.2)
with E = Ziﬁ]()o )Eesf )t A a result, the function h can be found by performing the
following integral:

400 ) _E +o0 ) _E’
h(zs) ~ dk e’ = dke'*s A3
($3) /oo ¢ k2 —2ipk+m% /Oo € (]{J— k1)(k—k2) ( )
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Figure 3. Asymmetric analytic structure of & in the presence of magnetic field and chiral anomaly.
Black points, which are symmetric with respect to the real axis, show the location of poles in the
absence of magnetic filed.

with k1 = i(p + /p?> + m3) and ko = i(p — \/p? + m3). To proceed, we close a contour in
the complex plane of k (see figure 3). In the absence of magnetic field, h(z3) is symmetric
under z3 <> —x3. However, a magnetic field directed in +x3 direction breaks down this
symmetry. When x3 > 0, the integral along C is convergent, while for x5 < 0 integration
over Cy converges. One then finds

e~ (PHV/P2+mi)zs e~ (P—V/P>+mi)zs

2i\/p? + m? blas) + 2i\/p? + m? O(=s)) - (A4)

Using this, one simply obtains (2.24). In fact, the asymmetric positioning of the poles with
respect to the real axis in figure 3 is the origin of splitting between the butterfly velocities.

W) ~ (2mi)(~E)

B Transverse butterfly and pole-skipping

If function h in (2.21) is assumed to be a function of the transverse directions, say
T | = x1,x2, then this equation simplifies to

2 .
2 Mj 2BL(0) ., 17t 52
((%_ < > h(z) (0)2 Ee 0%(x ). (B.1)

It has the following simple solution

Bas) ~ Berl =g ) (B.2)
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where ¢ is a non-exponential function. The transverse speed of propagation then reads

Ty o 2nT
c = ——q. B.3
Up mo 9 (B.3)

Usingg=1— g—zb2 together with (2.25), one simply finds

Tis_ 2<1_ w? )i<_12+7r2+(772—1—36(4/@2(log(4)—2)—3)) 2 ) B

- =F\ 3 I3 726 21616 (nT)? ) (7T)*
There are two butterfly velocities with the same magnitude in the transverse directions.
Although the magnitude of the butterfly velocity has changed compared to the non-chiral
system, however, there is no any term linearly depending on the magnetic field. In other
M;EQ
ities. This basically means that in this case it is just by precisely measuring the butterfly

words, the magnetic field starts to contribute like for both transverse butterfly veloc-
velocities that one can explore the existence of chiral effects. Let us recall that in the
longitudinal case, any difference between the magnitude of the two butterfly velocities was
regraded as the sign of such anomalous effects.

In the absence of chiral effects, namely when x = 0, the above result simplifies to

. 12 1 2 12 1 72\ 2B2
1}317;3:0 = :|:’UB [1 - 73<7TT)2 - <12 + Wl) W + <—4 + 432> (71’T)6:| . (B.4)
We discuss more about this equation in the following subsection.

Now we show that the transverse pole-skipping points of the energy density Green’s
function precisely coincide with the transverse chaos points (we, k! ) = (27T, 27T/ vgm).
When k& L B, the perturbations 6gew, 0grr, 0Gre; 00uigis 00543, 0Gugl, 0Gug2s Ogrgt and
09,2 decouple form the others. Considering these metric perturbations around (2.51), the
linearized vv component of Einstein equations near the horizon then, up to second order
in b and v, reads:

4 21 1
[k2—3i7rTw+ <—3k2+2mm> V24 (- (7;2+3> k2+2i7rTw> b2+Cu2b2] 590
423

—i(2nT +iw)—

{(72+(72+24)b2) <2k 59", +w6g$;i> — 2 (36+ (%~ 12)b?) 595213} =0
(B.5)

with the coefficients C = 2inT [(log(4) —2)K% — 1] wr?h? + 24;'7[2]42 v2b%. Again, like the

longitudinal case, at the frequency w = i2xT, the perturbation dg,, decouples from the
other perturbations at the horizon. We find the position of pole-skipping points (w*, k*) =
(27T, i2nTk*) with k* given by

2 2 —144k2%(log(4) — 2 24132
’;2_1\/§iyi 12+7°  (-144n%(log(4) = 2) +774+132) ) o (B.6)
’ 2 V6 48\/6 144/6

One can simply check that two values of w*/k* in this case are exactly equal to the butterfly

velocities (B.4). This means that in an anomalous system, the pole-skipping points are the
same as chaos points, not only in the longitudinal case, but also in the transverse directions.
Thus it completes our discussions about the relation between hydrodynamics and quantum
chaos in an anomalous system.
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C Comparison with Blake-Davison-Sachdev [17]

In [17], based on the shock wave propagation picture in the bulk of AdS [2], the butterfly
velocities for an anisotropic Q-lattice has been computed. Considering the solution as

dr?
f(r)
authors of [17] show that butterfly velocities in the longitudinal (L) and transverses (T')

ds® = —f(r)dt* + —— + hr(r) (dat + dz3) + hp(r) da3, (C.1)

directions are given as the following

27T 27T
) vr =
hTm

) (C'2)

vy, =

2hlhy, + R hr
2 T L
_ shphp + Rt
., m = 71l ( hoh

hpm Th Th

Th

with m being the effective mass of the shock wave. Let us recall that in the current
paper, we have been mainly working on the solution (2.5). Obviously, when C(r) = 0,
namely when the solution is non-chiral but still magnetized, (2.5) reduces to (C.1), with

the following identifications:

hp(r) = V) pp(r) = 2V (), (C.3)
The expressions of Wr(r) and W (r) have been given in table 1. Using them, we find
mly, = V6 <1 -~ ”;) + 2\1/6 <—1 + 131:/2) b? (C.4)
hy(ry) = w212 [1 + §I/2 — r ; 12 (i + V;) 62] (C.5)
hi(ry) = 72T [1 i gyz N 7r21—;24 <i . 1/32> b2] ' (C.6)

By use of the recent expressions, then, the longitudinal and transverse butterfly velocities
given in (C.2) turn out to be exactly the same as (2.27) and (B.4), respectively.

D Thermodynamic derivatives

Using the equation of sate given in (2.37), (2.38) and (2.39), one finds

_ (9 _ n22gm |3 2 g2( o8 1
oq—(aT)M—NCTrT [24—31/ +0" v 37Tlog(2) T 1 (D.1)

o = (;)T _ NZTy {3 e <7r - 27r10g(2)>] (0.2)
8 = <§;>M - ez 2 (2 122 (D.3)
By = (gDT _ N272 [1 A 4 b <81°3g(2) - 1)] (D.4)
"= (é?;)u — N2PTP B 2D <u2 <w - imog@)) + m (D.5)
= (afz)T — N2T [1 e <§7rlog(2) - wﬂ (D.6)
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Figure 4. Spectrum of chaos points together with the pole-skipping points of a boundary operator
dual to a scalar filed, in the transverse channel. In the left panel, the mass of scalar field in the
bulk is m = 0 and in the right panel m = 2. Orange and red points are related to non-chiral matter
at ¥ =0 and b = 0. Blue and green points correspond to a chiral matter at v = .5 and b = .5.

E Scalar field dynamics in transverse directions: symmetric spectrum

Transverse pole-skipping points are obtained by studying the dynamics of Fourier modes of
® propagating in the directions perpendicular to the magnetic field. As before, we take the
magnetic field along the third axis. Exploiting SO(2) rotational symmetry in the transverse
plane, we then take the Fourier components of the scalar field as ® = ¢(r)e *wv+ikz1,
Plugging in (3.1), we arrive at

o [ () = ORI ) - 1w @TO4r) - s )60))

dr \/e2WL(T)q(7=)2 + F(r)s('r)2 — QQ(T)S(T)j(T)

2Wr (1) <( — iw)(e2Vr g (r) — j(r)s(r))d () — w252(7")¢>(r)) (E.1)

VARG T F)s0 R~ 2405 0)
_ 2Wr () \/EQWL(T)u(T)2 + F(r)s(r)? = 2q(r)s(r)j m*¢(r) = 0.

Again, the above equation is equivalent to a set of linear equations for the near horizon

+

components of ¢(r). The first four equations are exactly the same as (3.9), (3.10), (3.11)
and (3.12), however, with ML coefficients replaced with M, ones. It turns out that all
Mg; coefficients can be generally written as the following:

Mg(w, k2, wk) = iw az;- + k2 bg;- + dz; (E.2)

: T
with aij,

in the longitudinal case, we have found the spectrum of the pole-skipping points for the

biTj and dz; given in the table 3 of the appendix F. Repeating the process done

four lowest Matsubara frequencies. The expressions associated with the wavenumbers are
complicated as before. Instead of rewriting them, however, we have plotted our results for
some specific values of v and b in figure 4. In the left panel of the figure we have taken
m = 0 and in the right one m = 2. As it can be seen, the green (chiral) spectra have
some deviations with respect to the red (non-chiral) ones. The important point, however,
is that by entering the chiral effects, the spectra are still symmetric with respect to the
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vertical axis. This simply means that the information about chiral anomaly, found from
the longitudinal poles can not be found from this channel.

F Tables

In the following, table 1 contains the near horizon data associated with the metric and field
strength. Table 2 and table 3 contain the near horizon data associated with the scalar field
in the parallel and transverse directions, respectively.

Metric functions Evaluated to second order in b and v and third order in 6 =r—ry,
f(r) AT (r—rp)

—I—% (—4—1—%—1—@ (%ﬂ (42/12(log(2)—1)—17) +%)> (r—rp)?
T (24_144V +b2< v (12(363 gjélog(Q))+l55) 64)> (r—rp)?
W (r) log(rT)+ 2 + 14 (24+72) b2

N (7#_%_#& <2u2(56/?;(;?g(2)1)) _3ﬂ1T)> (r—rp)
+3 ( =7 +37T2T2 +0? (VQ(SHQ(IOSSEI)?Q)Q)%) +67rgT2>> (r=ra)’

2(91—72log(2))+83
+% (F32TL5 7r3T3 +b2 < ( ( 97r37?3g( ) )_97?35713>> (T—Th)3

Wi(r) log(nT)+ 2"+ (1 -2 ) ¥
212 (k2 (log(64)—6)+1
+<7r1T_37rT+b2 (671T ( gger )>)("”—7”h)
202 (6k2(log(4)—3)+5
+% ( 71.2T2 + 371-2T2 +b2 ( ( éﬂ_g;z) )+ ) - 37r22T2>) (T—Th)2

2(k2(178—T2log(2))—22 .
+3 (,,ETS W3T3+62<” (= o )+9W%?§~3>>(T_Th)3

B0 2v-+0%w (262 (log(2) —1) —3)
+<b2u(22ni(j£0g(8)4)) 61/> (r—rp)
4b2v(2k2(log(8)—5)—3
+ (L0 g ) (o

b2v(K? —1201
+(1;< (12 (238—12010g(2))+80) 1201’,) (r—rp)?

w33 33
2 _ 2 (a_ 2 .
C(r) %(T_Th)_k%u m(i %Olog(Q))(T_rh)2+4bu n(}rngc:g(z) D (r—rp)3
P(r) —bl//f—l—%?%(r—rh) 5”2";2 (r— Th)2+2nf;.’7’;§T3 (r—rp)3

Table 1. The near the horizon expanded metric functions (2.5) and field strength (2.6), given to
second order in v and b.
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Coeflicients Evaluated to second order in b and v
aiLj, biLj, ciLj and diLj
aly —3+202 4% (202 (k2 (log(4)—2)—1) +3)
2 2
bl —24 8 2 (% (712712)1/2+%7%)
ch 4bv? K (log(4)—1)
df ~(m?/2)
L 9, 62, 12 [ v*(3k%(log(4096)—11)—1) 1
a3 “ ot T < BT ~ 5T
L 2 42 9 u2(4(61{2(log(2)71)71)+ﬂ'2) 2_g
b21 7ﬁ+#+b ( 97T - 711—871'T
L bv? k (81log(2)—6)
ch S
I 2 om2,2 | o [ 2m2v2(6x%(log(2)—1)+1) 2
h —5 gt g () e
2
ak, — L L2 (302 (66K (log(2)—1)—1) — )
2 2
o L8 (3 (12 - )
ck 2002 (log(4) —1)
dk, 6— 12 b2 (1—%)
. 2 40?2 (K2(9log(2)—7)+1
aél - 71'23T2 + 7r62VT2 +b2 < - (K (3:57(12) ) ) - 271'21T2>
2 412 (9(2k2(log(4)—1)—1)+n2 2_
" s (SRS )
I 2612 k (log(16)—3)
C31 37272
I m2 4m2 2 o [ 2m2v? (6/{2(10g(64)75)+7) 2m2
d31 T w272 T 3272 +b 27m2T? T 9272
I 7, 98?2 [ 20°(3k%(8410g(2)-73)+25) g
a3y —77 T 37 0 27aT T onT
I 4 82 9 2u2(4(6/@2(10g(2)—1)—1)+772) 2_g
bsy — 327t 0 ( 27T — 57T
L 4bv? k (log(16)—3)
€32 3T
I 25-2m2 | A(m?—13)v? o [ 202(3k2(51—52log(2))+2m? (6r>(log(2)—1)+1)—65) 2 93
d3y ST T orr T 27T T onT
2
aky — 10438 42 (Z02 (114K%(log(2) —1)+7) — 12)
2 3340 (§ (2 -12) 2+ )
cky %bygli(log(él)—l)
dk, 3B _md 4?2 (B A2 (652(log(2) —1)+49))

Table 2. Longitudinal dynamics of scalar field.
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Coefficients

ol b and d7;

Evaluated to second order in b and v

aty —3+202+0% (20 (k2 (log(4) —2)—1) +3)
8u2 8 _m 1
vl —2+T+b?(<—g 27) 2+3—(24+7r2)
df, —(m?/2)
2 2
T 6 o [ v*(3k2(log(4096)—11)—1) 1
asy 27TT+ Trl’/T +b ( 3nT —onT
2 2 2
T a? | g2 [ x2—24  V2(m*—16(x*(log(8)-3)+4))
b21 + T +b ( 367T ( 1871
T om2y o [ m?v?(3k2(log(16)—4)+2 2
& ~ gt (Gl ) _ )
2
aly — L 12 2 (302 (66K%(log(2)—1)—1) — 3)
V2 2
b2 *1+4T+b2((*%*g*4) Vit (24+7r2))
dL, 622 +17 (1-5)
2(log(512)—7)+1
ag;l 71'2T2 +7r2T2 +b2 < (H ((;i(QTQ) ) )_ 271'21T2>
T 1602 9 219 20%(9(k2(1-8log(2))—8)+7?)
b3y 37r2T2 + on27e +0 (17(;87TZT2 o 817272
2 2(log(64)—5)+7 2
dg] 71'2T2 + 7’7’7,2T2 +b2 ( = ( K27(ﬂ.02gfl(ﬂ2 )=%) ) - 931'ng2)
T 2802 | 1o [ 2v%(3k2(84log(2)—73)+25 11
a3 + ST T0 ( 27T ) T onT
A 2 2_9y 1/2(7r2—16(fi2(10g(8)—3)+4))
b32 37\'T+37TT+b (7;)471'T - 27T
T o5-_9m? | 4(m?=13)v? o [ 202(3k2(51-52log(2))+2m?(6x2(log(2)—1)+1)—65) ;2 o3
d32 3nT 9T +b 27T T onT
2
als — 10 38 4 p2 (02 (114/{ (log(2)—1)+7)— 1)
b3 —5+ 5402 (g (~24-72) 1+ g (244 77))
dt, B _m 42 2B % (657(log(2) —1)+49))

Table 3. Transverse dynamics of scalar field.
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