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1 Introduction

The D1D5P system provides a very useful instance of an extremal black hole in string
theory [1-4]. The D1 and D5 branes form a bound state whose dynamics can be given as
an effective 1 + 1 dimensional conformal field theory. The momentum charge P is given by
the difference in energy between the left moving and right moving excitations in this CFT.
Our interest is in the extremal states of this CFT; i.e., those where the right moving sector
is in its ground state. Such states correspond to microstates of the extremal black hole,
and preserve 1/8 of the supersymmetries of the string theory.

The CFT has a ‘free point’ which is given by a 1 4+ 1 dimensional sigma model whose
target space is an orbifold [5-12]. The orbifold theory consists N copes of a ¢ = 6 CFT,
joined up in different ‘twist sectors’. In each twist sector the excitations are just given
by free left and right moving bosons and fermions, with an overall symmetry condition
to enforce the orbifold symmetry. At this orbifold point, any state with no right moving
oscillator excitations is extremal.

The situation changes as we deform the theory away from the orbifold point. Sets
of extremal states can join up into larger multiplets and lift to higher energies, leaving a
smaller set of states that remain extremal. The latter set is the set of microstates of the
extremal black hole. Thus we are interested in finding the pattern of lifting. In other words,
we are interested in the following questions. Which of the extremal states at the orbifold
point remain extremal? For the states that lift, which ones join into long multiplets? For
these lifted states, how much is the lift in energy?

Let us first recall some results that are known in this direction. The count of states
that remain unlifted is given by an index. This index was computed in [1] for the case where
the compactification is K3 x S and in [13] for the compactification 7% x S!. Looking at
the expression for the index in [13], one notes that if the numbers of D1, D5, P charges are
taken to be co-prime, then the index can be reproduced by assuming that all states in the
maximally twisted sector of the CFT are unlifted, and all states in the other twist sectors
are lifted. The actual unlifted states do not, of course, have to be in the maximally twisted
sector: the index gives a (weighted) count of unlifted states, without telling us what these
states look like. We will find that the lifted states form multiplets whose members lie in
sectors with different twists, including the sector with maximal twist. Understanding the
twist sectors is important for a physical picture of the extremal hole. States in highly
twisted sectors correspond to gravity states with deep throats, while states in sectors with
low twist describe shallow throats. (For constructions of fuzzballs see for example [14-18].)

In [19] the lift was computed, in an approximation scheme, for the situation where
most of the CFT copies are in the untwisted sector and one set is in a twisted sector.
Low energy excitations of this sector can be mapped, in the gravity dual, to strings in an
AdS3 x S3 x T* spacetime. Apart from a small set of states in the graviton multiplet, these
string states are all lifted. On the other hand we know from the index computation of [13]
that if we go to sufficiently high energies and twists to describe black hole states, then a
large number of states must remain unlifted: the index of [13] agrees with the Bekenstein
entropy of extremal holes for large charges. It would be very interesting to understand
better what properties of the highly excited states makes them remain ‘unlifted’.



Our steps and results are as follows:

(i) We consider a CFT with N = 2; this means that the product of the number N; of
D1 branes and N5 of D5 branes is nins = N = 2. Further, we consider the lowest
nontrivial amount of momentum charge: P = 1. Even with these choices, the number
of extremal states at this level in the orbifold CFT is 2688, which is a largish number.
Our goal is to find the pattern of lifting for all the states at this level in this N = 2
CFT.

(ii) First we organize the states in multiplets of symmetry charges at the orbifold point.
We note that states related by these symmetry charges will have the same lift. We
find the lowest weight states under these symmetries, and henceforth concentrate on
the lifting of these lowest weight states.

(iii) The deformation operator gives a supercharge that groups states into multiplets as
they lift off the orbifold point. We find there is one triplet of lifted multiplets. For
these multiplets, we find the lift is

6F = \’7? (1.1)
where A is the coupling giving the deformation off the orbifold point.

Before proceeding, we note that there are many earlier works that study conformal
perturbation theory, the lifting of the states, the acquiring of anomalous dimensions, and
the issue of operator mixing, in particular in the context of the D1-D5 CFT; see for ex-
ample [20-34]. Also, for more computations in conformal perturbation theory in two and
higher dimensional CFTs see, e.g. [35-47].

2 The D1D5 CFT

In this section, we summarize some properties of the D1D5 CFT at the orbifold point and
the deformation operator that we will use to perturb away from the orbifold point. For
more details, see [20, 21].

Consider type IIB string theory, compactified as

M971 — M471 X Sl X T4. (2.1)

Wrap N; D1 branes on S', and N5 D5 branes on S* x T%. The bound state of these branes
is described by a field theory. We think of the S' as being large compared to the T, so
that at low energies we look for excitations only in the direction S'. This low energy limit
gives a conformal field theory (CFT) on the circle S*.

It has been conjectured that we can move in the moduli space of couplings in the string
theory to a point called the ‘orbifold point’ where the CFT is particularly simple. At this
orbifold point the CFT is a 1+1 dimensional sigma model. We will work in the Euclidized
theory, where the base space is a cylinder spanned by the coordinates

T,0: 0<o0<2m, —00<T<00 (2.2)



The target space of the sigma model is the ‘symmetrized product’ of N1 N5 copies of T4,
(TN /Sy N (2.3)

with each copy of T* giving 4 bosonic excitations X!, X2, X3 X*. It also gives 4 fermionic
excitations, which we call ¢!, 42,43, 9% for the left movers, and 1!, )%, )3, 1)* for the right
movers. The fermions can be antiperiodic or periodic around the o circle. If they are
antiperiodic on the S we are in the Neveu-Schwarz (NS) sector, and if they are periodic
on the S! we are in the Ramond (R) sector. The central charge of the theory with fields
Xt i=1...41is c = 6. The total central charge of the entire system is thus

¢=6N1N5; =6N. (2.4)
2.1 Symmetries of the CFT

The D1D5 CFT has (4,4) supersymmetry, which means that we have N' = 4 supersym-
metry in both the left and right moving sectors. This leads to a superconformal N = 4
symmetry in both the left and right sectors, generated by operators L, G, J for the left

movers and L,, G, J for the right movers. The full symmetry is actually larger; it is the
contracted large N = 4 superconformal symmetry [13, 48]. The algebra generators and
commutators are given in appendix A.

Each N = 4 algebra has an internal R symmetry group SU(2), so there is a global
symmetry group SU(2)z x SU(2)g. We denote the quantum numbers in these two SU(2)
groups as

SU@)L: (om)i SU@g: (Gom). (2.5)
In the geometrical setting of the CFT, this symmetry arises from the rotational symmetry
in the 4 space directions of My 1: we have SO(4) g ~ SU(2)1, xSU(2) g. Here the subscript E
stands for ‘external’, which denotes that these rotations are in the noncompact directions.
We have another SO(4) symmetry in the four directions of the 7. This symmetry we call
SO(4); (where I stands for ‘internal’). This symmetry is broken by the compactification of
the torus, but at the orbifold point it still provides a useful organizing principle. We write
SO(4); ~ SU(2)1 x SU(2)2. We use spinor indices «, & for SU(2), and SU(2) g respectively.
We use spinor indices A, A for SU(2); and SU(2), respectively.

The 4 real fermions of the left sector can be grouped into complex fermions ¥*4. The
right fermions have indices ¢/*. The bosons X* are a vector in the 7. One can decompose
this vector into the (3, ) representation of SU(2)1 x SU(2)2, which gives scalars X , ;.

2.2 Deformation of the CFT

The deformation of the CFT off the orbifold point is given by adding a deformation operator
D to the action
S — S+ / d?2D(z, %) (2.6)

where D has conformal dimensions (h,h) = (1,1). A choice of D which is a singlet under
all the symmetries at the orbifold point is
1 ~50) 53
D= G AB eageaﬁG 2(0) G © )1 pb (2.7)
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where o8 is a twist operator of rank 2 in the orbifold theory. Here G(© and G©) are the
left and right moving supercharge operators at the orbifold point.

3 Computation of the lift using the Gava-Narain method

We are interested in finding states which have well defined scaling dimensions, and the
values of these dimensions, as we move away from the orbifold point. We will work in the
Ramond sector. We measure the dimensions from the Ramond groud state dimensions,

which are (57, 57). At level n, we have a set of states with dimensions
(h,h) = (n,0). (3.1)
Let these states be labelled by indices a,b,..., and written as }O((IO)> etc. (We will be

interested in level n = 1 in this paper.)

It turns out that while such states receive corrections at first order in A, the dimensions
get corrections only starting at O(A\?). The computation involves pulling down two copies
of the deformation operator D from the action, and then integrating the positions of these
two D operators. We first compute the matrix elements

Xpul(7) = (O (Z) | ( / d2w1D(w1,w1)> < / dzwgD(wg,wg)) o <_Z> ). (32

Then we compute the matrix

2
By, = Jim _%eE(O)TXba(T) (3.3)
where E(©) is the energy of the states |O((ZO)> at the orbifold point. The eigenstates of this
matrix then give the linear combinations of the |O((10)> which have definite dimensions and
the eigenvalues give the lift in energy of the corresponding states.

Such O(\?) corrections were computed for some simple states in [44, 45]. In general
the computation of a correlation functions with deformation operators involves going to
a covering space where the effect of the twists is undone, and one gets a correlator of
operators not involving twists on this covering space. But the covering space can be a
sphere in some cases, and a torus in other cases. While correlators on a sphere are easy
to compute, they can be difficult to find on a torus. (A central reason for this difficulty
is that the correlators on the covering space can involve spin fields. On a sphere we can
remove these spin fields by spectral flows, but it is not clear how to do this on a higher
genus surface.)

If we cannot explicitly compute the amplitudes (3.2), then how can we find the lifting?
In [19] Gava and Narain gave a method by which amplitudes like (3.2) could be written as
modulus squared of amplitudes involving just one twist. Computing these one-twist ampli-
tudes always gives a covering space that is a sphere, so the computation is straightforward.

In [49] this proposal of [19] was studied in detail. Let us recall the results of this study.
We find

1P =232 (00 [{ G50, G o) (.4



(P)

~Q (2)
The operators G A0

will be explained below. We will refer to the matrix Ey ~ as the lifting

matrix E®).
From the above relation we see that the lifting matrix (3.3) can be written using either
of the following two equivalent expressions

E? = 2A2<O,§°)‘{Gﬂ§) Gt P)Ho ) = 2>\2<O,§°)){fo§”,fof)}‘0g0)>. (3.5)

Note that all operators in these expressions are at the same time 7. This is in contrast

to (3.2) where the operators are clearly at different times 71, 7,. The operators C_}j(g))

)

are

given by
2T dU n &
AO 77/ 7rG A1 (T,U))P. (3.6)

Here the operator P is a projection operator, which projects any state to the subspace
spanned by the unperturbed states |O((10)> which have the dimensions (3.1). The operator
P(WGX 0 %1,0))P (3.7)
v 2
does not depend on 7 or o, since the projection operators P ensures that it acts between
states of the same dimension. Thus (3.6) can be simplified to

~o(P) _ + —a
GA,O = WPGA_%O' P. (3.8)

Note that when we apply this operator to a state with dimension (3.1), we can drop the
projection operator P on the right since it will act as the identity.

Further, it was noted in [49], that the operators G ( ) give the supersymmetric struc-
ture of long multiplets. At the orbifold point the states can be grouped into short mul-
tiplets. As we deform away from the orbifold point, four of these short multiplets can
join into a long multiplet and lift. The structure of this long multiplet is indicated in the
following diagram:

o+ ) o+ _
Gt \ﬂg;) G—f(f)/ Y!@
¢ . ¢ . (3.9)
Gty ’ /@i,(f) é;ff\ ; G

The state ¢ is at the bottom of this long multiplet. Note that ¢ is a member of a short

multiplet created by operators that are not depicted in the figure. The operators GHP)

and G+( ) play the role of the two raising operators which take us to states ¢, ¢_ which
are members of two other short multiplets. Acting with both these raising operators takes
us to the short multiplet represented by the state ¢_. We can move along this multiplet
in the reverse direction using the lowering operators (_}';(éj ) and (_;:fég ),

Suppose we have diagonalized the matrix E(®) given in eq. (3.5). Let |0©®) be an
eigenstate of this matrix. Let the corresponding eigenvalue, which gives the lift of this



operator, be called E(Oz). Then from (3.5) we find that E(O2) can be written as a sum of

modulus-squared terms

(P 2 __(p 2 __(p 2 __(p 2
ES =222(|617100) +|cZP100)]) =222 (|6 P10y + |6 100 ).
(3.10)
In the long multiplet described in (3.9) each of the four states ¢, ¢4, ¢— and ¢4 _

have the following property: if it can be raised by @iféj ), then it will be annihilated by the

G’:féj ); conversely, if it can be lowered by C’:féj ) then it will be annihilated by the G’I&I; ),
The same holds for the raising operators C_?:(éD ) and the lowering operators C_?jr’(éj ). Thus
in each of the two expressions in (3.10), only one of the two terms is nonzero.

In summary, one can get the lifting and corresponding eigenstates by diagonalizing
the lifting matrix E(®) (3.5). Four short multiplets join into a long multiplet as shown in

eq. (3.9) and the lifting can be calculated from (3.10).

4 The global zero mode multiplets

The CFT has left and right moving symmetries generated by its chiral algebra. These
symmetries remain true for all values of the coupling. Thus states related by these symme-
tries will have the same lift E®). We would like to group states that are related by these
symmetries, so that we may reduce the number of independent lifting computations that
we have to perform. We will call the operators giving these symmetries ‘global zero modes’
since they act on all the N copies of the ¢ =6 CFT.

In subsection 4.1, we introduce the subalgebra of global modes that we will use. We
will build characters from the representations of these subalgebras; this will help us count
all the states within a multiplet. In subsection 4.2, we count the number of multiplets by
taking the partition function of the orbifold theory and writing it in terms of the characters.
In subsection 4.3 and 4.4, we construct the lowest weight states of these multiplets explicitly
for the case of two singly wound copies of the ¢ = 6 CFT and for the case of one doubly
wound copy.

4.1 The subalgebra and the characters of the multiplets

We consider the subalgebra formed by the following left and right moving global zero modes
at gy Gy,  dgt (4.1)

where the expression for these modes are given in (A.10). We will now note that these

(P)

global modes commute with the operators Gj 0 that act as raising and lowering operators

)

in the long multiplet.

First note that all these zero modes (4.1) commute with the projection operator P,
since zero modes do not change the dimension of an operator. Thus we must consider the
commutation of the modes (4.1) with GX_%J*O?



First consider the left moving zero modes. Then we must consider their commutation
with Gl-‘ L0~ . The relation (D.4) gives

T2

{deA, G+ 07} =0. (4.2)
32
Thus we find
o Oé P
{ds, A(O)} =0. (4.3)

Since Gj‘ ,0 carries no charge under Jg, we have
"3

[J§,GL _,o07]=0. (4.4)
T3
Thus we get
e, GA<§>] =0. (4.5)
Now we note that
(G5 o G;_ 0 | =€;500%. (4.6)

2
Note that in (3.6) there is an integral over ¢ which will make any total derivative vanish.
Thus we get
~a(P
G5 ijo 1=0. (4.7)
Now consider the right moving part of GJAr L0~ % which is given by the operator 7.

The relation (E.6) says

(5, 5°(0)] = 0. (4.8)
Thus we get
aA _@(P) _
{dj G, 0 }=0. (4.9)

Thus we find that the global modes (4.1) commute with the operators G, a( 0)
We define a short multiplet as the multiplet generated by these modes in the space of
states with dimension (3.1). The reason to use these modes is following. We show that

)

four states into a long multiplet and lift. Thus all the states in a short multlplet have the

these global modes commute with the raising and lowering operators G a(P A0 which join

same lift. Looking at the lowest weight state in a short multiplet will therefore suffice to

give us the lifting.
a(P)

Since the operators C_}i 0

)

carry jg charge, they do not commute with the jg. Thus

we do not include the J_g operators in the subalgebra that we are using.
The relevant commutation relations for the left movers are

_ _ C
{G+ 0 7,0} = {G:O’ G+,0} = Lo - 2

) = ) =
3 :t +

[ngda“w - igd(j)EA (4.10)



and for the right movers are
{dg*, —dg "} = {dg " dy "} =1
T8, @A) = %Jgf‘. (4.11)
The lowest weight states of the irreducible representation of this subalgebra are defined by
dy|6) = G |o) = Jg |9) = dg![¢) = 0 (4.12)

with charges
Tolo) = —ile)  J5lo) = jsl) - (4.13)

The characters are defined as follows:
_ 3_973 3 573
X7 (9, §) = Tujz, (=120 7204200 520 (4.14)

where the trace is over states in the irreducible representation. We compute these characters
in appendix C. The operators of the subalgebra act independently on the left and right, so
the characters have a factorized form

X335 (4, 8) = X5 ()X () - (4.15)
We find
X)) = xj-1(—y) "2 =y~ (4.16)
and
G (@) = — (=) (G2 - g (4.17)
where ‘ ‘
i) =y +y¥ P4y = yzjj__;_fjl (4.18)

4.2 The partition function and the counting of multiplets

In this subsection, we will recall the partition function of the orbifold CFT. We will then
express this partition function in terms of the characters found above. This will allow us
to find the number of multiplets of the subalgebra at our chosen level n, = 1.

The partition function for a single ¢ = 6 copy of the CFT is defined as

7 — Tr(_1)2]372‘?3qL071/4qE071/4y2J3g2j3 = Z c(h, B,jg,jg)qhqﬁy2j3g253 . (4.19)
h7ﬁ7j3)j3

For the case where the target space is 7%, we consider states without U(1) charges com-
ing from the translational symmetries along the four directions of the T4. For this case,

Z(T") = (91>2 i4 (91)2 i4 (4.20)

n A" Ui

one finds



where

0 =i(y'"? —y - -y -y ")

n=1

n=q[0-q"). (4.21)
n=1

Using the above we can find the partition function for the case where the target space of
the 1 + 1 dimensional CFT is the symmetric product Sym¥(T*). The partition function
for a symmetric product target space Z(Sym”* (X)) is given by

1
(1- pnqh/nq—ﬁ/nyzj3 gzjg)c(h,ﬁ,jg,js)
(4.22)
where H;L,E,js,js is restricted so that (h — h)/n is an integer. The c(h, h, j3,j3) are the

Z(p,q,3y.9) = Y_pZ2Sym* X)) =] I

k=0 n=1 h7B7j37.73

degeneracies appearing in the partition function for the CFT with a single copy of the
space X. We write

Zp,q,q9.0) = Y, o(N,hh,js, j3)pV " Ty g (4.23)
Nahzl_lvj3733

This yields the degeneracies ¢(N, h, h, js, j3) of the states with total winding of the effective
string N and quantum number h, h, j3, j3.

We will be working with the case NV = 2. There are two different twist sectors for
this N: the case of two singly wound copies which we call N = (1,1), and the case of a
single doubly wound copy which we call N = (2). The expression (4.23) gives the count
of states where the contribution of both these twist sectors have been added. We are
however interested in obtaining the count of states separately in these two different twist
sectors. It turns out that with a little effort we can separate the two contributions in the
expression (4.23). We will do that in what follows.

4.3 Global zero mode multiplets for two singly wound copies at level one

In this subsection, we will apply the counting procedure discussed above to get the number
of global zero mode multiplets at level 1 for the case N = (1,1). We will also construct the
lowest weight states of these multiplets explicitly.

As noted above, from (4.23), we can get the count of multiplets for a given value of
N. We are however interested in the contribution to this count where the winding is given
by N = (1,1). We can extract this contribution as follows. In (4.22), let us restrict the
product to terms with n = 1 and collect all the terms with dependence p?. In this way, we
get the contribution from states in the N = (1,1) winding sector, and not from states in
the N = (2) winding sector. We find

Z(N = (L 1);h=1h=0)==2(y"* -y 1/?)0(5"? —571/2) (4.24)



By looking at the characters derived above, we find by inspection that this function can
be expressed as

Z(N = (1,1);h=1,h = 0)

= (2xf:3/2(y) +4xf:1(y)) ()Zﬁ:_l(y) + 22Xy p(5) + X o(y)> (4.25)
Note that such a Z does not in general have to have a form that is factorized between the
left and right sectors; this is because the symmetry requirements of the orbifold theory
apply to the full state and not separately to the left and right sectors. in the present case
Z just happens to have a factorized form.

Let us now look at the actual lowest weight states of the characters By applying the
conditions for the three left sector operators in (4.12) we find that d ]0 )|0%) is a lowest
weight state for the left sector. The representation has j = 3/2. The two choices A = +, —
give us two such representations. It may seem that we can get another two representations
using the second copy of the CFT; i.e., from the states d:f(Q)\O§>|0§>, for a total of 4 left
representations with 7 = 3/2. But such is not the case. The orbifold symmetry condition
forces us to consider the symmetric and antisymmetric combinations

vy = d_1 V107107 + d”1 P05 (07)
Yo = d_7 |00 — ‘“ 107)107) (4.26)

The overall state must be symmetric under the interchange of copies (1) <> (2). Thus if
the right sector state is symmetric under this interchange then we must take ¥, from the
above, while if the right sector state is antisymmetric then we must take 1_. In either
case we just get two j = 3/2 representations, from the two values of the index A. This
corresponds to the term 2X 3/2( y) in the r.h.s. of (4.25).

Proceeding in this way, we find for the left sector the lowest weight states (4.12)

—A 1) —
2X§;:3/2 : |0 7)0R)
- +B(1 +B(2) 10—\ [~
4XJL*:1 : d—1( )(do - dy ( ))|OR>’OR> (4.27)
where we note that the symmetrization under (1) <> (2) will be done later.
For the right sector, the lowest weight states are given by the condition d A|¢> =
n (4.12)
Xji— 1 [0R)|0%)
_ 7+A HAR)\ A=\ |A—
2012 (4" = )05 )
- FHH1) Q) 1) FH—@)\ -\ -
Yoo (@3 = dg )@y - 4 ®)I0R)107) (4.28)
For this sector the lowest weight states automatically have a definite symmetry under
(1) < (2).
Finally, as noted above we get the correctly symmetrized states of the orbifiold theory
by taking an appropriately symmetrized representation from the left and multiplying it with
a representation from the right, so that the overall state is symmetric under (1) <> (2). In

this way, we get the complete subspace of the lowest weight states of the global zero mode
subalgebra defined by the operators (4.1).

~10 -



4.4 Global zero mode multiplets for one doubly wound copy at level one

In this subsection, we repeat the above computation for the twist sector where we have
one doubly wound copy of the CFT; i.e., the sector N = (2).

This time in the expression (4.22) we keep only the contribution of terms with n = 2
and collect the terms with power p?. This gives the contribution from the winding sector
N = (2). Expressing the result in terms of characters, we find

Z(N=(2;h=1h=0)=(y—8+y "> —y /)G -y '/?)?
= (Xae®) + 80 ) XE 1 o(@)- (4.29)
The lowest weight states on the left satisfying (4.12) are
X§:3/2 : d:i_/Qdil_/2|0??,_>
8Xjo1 + dZ110%)

d:;r/Qa—A,—l/2|0?{>

—1/20‘+A,71/2|0?{>
__ _ 92—
( —12%A—12 T d—f/2a+A,—1/2) 0% ) - (4.30)

The lowest weight states on the right are

1 105 (431)

This time there is just one doubly wound copy of the CFT, so we do not have to symmetrize
or antisymmetrize the left and right sectors. Any of the above above left states can by
tensored any of the above right states to give a lowest weight states of the global zero mode
subalgebra defined by the operators (4.1).

5 The effect of twist operator

The deformation operator (2.7) contains a twist 0. The action of this twist was studied
in [20, 21]. Here we recall some results about this action which will be of use to us later in
the computation of E(2).

We consider only the left sector. Start in the twist sector N = (1,1) where we have
two singly wound copies of the CFT. Let the initial state be the Ramond ground state
|05)|0%). Let us apply the twist operator o5 at the position wy on the cylinder. This
action generates the state |y) whose formal structure is as follows

X) = 03 (wo) 0)|07) = [03) + a®0_1|0%) + 0|03 + ... (5.1)

where q = ewo/2

and the O_y, are operators of dimension k. The full expression for |x) was
found in closed form in [20, 21].
We can also start with an initial state which contains one oscillator excitation on the

vacuum |05)|05). For a bosonic oscillator with mode number n < 0 which is placed on
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copy 1 we find
1 N
o (wo) ol 10)[0R)
l 1_ 2(n—p’)-1
_ i 2 ;P a )
—< Apin T Z ; T[] 2n_2p/_1O‘AA,p/+1/2>’X>

= flpl e, X (5.2)

p

where f5[n,p] is defined by the coefficients in the second line. Here the « Adpy2 A€ bosonic
oscillators acting on the twist sector N = (2) where we have one doubly wound copy of the
CFT. Note that we restrict the initial oscillator mode to n < 0 since we assume that the
zero mode of the bosonic oscillators annihilate the vacuum; this corresponds to working in
the sector where our states have no U(1) charges coming from the translational symmetries
along the four directions of the 7.

If the initial oscillator is placed on copy 2 instead of copy 1, we get a similar result but
with the replacement a — —a in (5.2)

;(wo) |OR 0R) = Zf n,p XAdp/2 X) - (5.3)

g

We can start with one fermionic oscillator instead of the bosonic oscillator. For the
fermionic excitation d,} 4 on copy 1 with n < 0 we get
Al — —
o3 (wo)dt A0 05)

1 i T3 —n]T[3 —p] a?p)-1
_ [ = gt+A L-12 2 +A
- <2d" 2 aT[1—n] T[—p] 2n—2p — 1dp+1/2>|x>

p'<—1
= Z £ pld Al (5.4)
If this initial excitation is placed on copy 2, we replace a by —a
of (wo)di @) 0%) = > 1 In pldi51) - (5.5)

p

For states with one fermionic excitation d,, A on copy 1 with n <0

o5 (wo)d, *M[0)[05)

1 iT[L—n|T[=L —p] 20—p)-1
=|=d A ~12 2 d /A
( " Z m I[-n] T[-p] 2n-2p —1 P'+1/2 )

For this excitation on copy 2, we replace a by —a

a5 (wo)d, |0 Zf [, pld, A1) (5.7)
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We can also start with initial states that have more than one oscillator excitation; i.e.,
we can compute

where ¢; denoted the copy in which the oscillator O; _,, is placed. The general method
to compute the final state in this situation was given in [21]. There are terms where each
oscillator in the initial state is moved separately to the final state as indicated in the
relations (5.2)—(5.7) discussed above where we had only one initial operator. There are
additional terms that arise from the contractions between oscillator modes in the initial
state. It will turn out that for the cases we encounter below, there are no contractions
between the modes in the initial state. We will need a subset of the coefficients f in the
relations (5.2)—(5.7). We write them in the following form which will be of use to us:

1 1
ZfF —L,pldy/y = —§a_1d_1/2 toda+ O(a) (5.9)
e 1
Zfa [Ovp]dp/Q = §d0 (510)
P
i _ 1
Z —1,pldyy2 = 1 d_yy + 501 + O(a) (5.11)
1 1
Z fa 10, pldy/0 = 5do + gad_i/2 + O(a®). (5.12)

The dependence of the above expressions on the parameter a is rather simple; the
power of a just keeps track of the dimension of the operator it multiplies. We will find two
uses of this parameter. First, by taking the limit a — 0 we can project onto states of a
certain dimension. Second, the replacement a — —a, interchanges an excitation between
copies 1 and 2; this will help us in making excitations that are symmetric or antisymmetric
between the two copies.

6 The lifting and the long multiplet at level 1

With the tools we have collected, we can now move on to the computation of lifting for
the level 1 states. In section 6.1, we discuss the part of the amplitudes involving the right
movers. In section 6.2, we will consider the left movers. In section 6.3, we will combine
these results to get the structure of the lifted multiplet and the value of the lifting.

6.1 The right sector of states having nozero lifting

The level 1 states we are studying have conformal dimensions (h,h) = (1,0). Thus the
right movers are in the Ramond ground state. In section 4, we had organized all the right
moving ground states in terms of multiplets created by the global modes JS‘A. For the
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winding sector N = (1, 1), the lowest weight states of these multiplets were given in (4.28):

)05
HA “+A(2)\ |A—\ |A—
(dg "™ — a1 ) [05)[05)
(dg M = d Ty dg ™M — df )05 105) - (6.1)

For the winding sector N = (2) the lowest weight state was given in (4.31):

0% ) (6.2)
The right mover of the operator (3.8) G‘i(éj) is
Pce. (6.3)

where we drop the second projection operator since it is acting on states with dimen-
sion (3.1). Therefore in the long multiplet structure (3.9), the two ‘raising’ operators have
the same operator Po+ in the right sector. The two ‘lowering’ operators G have the same
operator Pg~ in the right sector. Thus the long multiplet structure (3.1) for the right
movers is as given in the following diagram:

Pﬁ}/” ¢f\\\f§+ Pz///'¢§ o
4R ol oF ol (6.4)
PA ¢R 4—# 7’;‘\ ¢R Af

In the appendix E.1, we will find the following results:

(i) The right moving sector of the states in the long multiplet in figure 6.4 are

6" = 07} 07)
65 = 6% = 0%)
68 = S — G — g oplog) . (65)

(ii) States which have the right moving sector
A1 FHAR)\ | 7=\ |1A—
(@™ — 5 )05 05) (6.6)
have zero lift.

Let us summarize the structure we have found in appendix E.1 for the right sector
of the long multiplet. Consider figure (6.4), which shows the right moving part of the
long multiplet structure given in figure (3.9); these figures show how four short multiplets
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join into a long multiplet. We start with the state |¢®*) = |05)|0;) at the bottom of the
multiplet. From (E.3) we see that this state is annihilated by P&~

P |pT) =0 (6.7)

so we cannot move along the multiplet by applying the GL. We can apply the G1 to |¢%),
and we find from (E.4) that this will take us to a state where the right moving part is
]6?{). Since the two raising operators G{ have the same action on the right side, the two
states ¢4 and ¢_ are the same on the right, and will differ only in their left part. Finally,
we see that a second application of the G will give the right moving state gbf_.

From (E.14) we see that the state ¢f'_ is annihilated by P&

Patlef ) =0 (6.8)

so we cannot move further along the multiplet by applying the GJ.

We observe that in the sector N = (1,1) where we have two singly wound copies of the
CFT, the right moving ground states (6.5) are symmetric between the two copies. Since
the overall state must be symmetric, the left moving sector of these long multiplet states

must be symmetric as well.

6.2 The left sector of states with nozero lift

We now consider the left sector. In section 4, we had organized the states into representa-
tions generated by the global modes dS‘A, Jg, Gj o The lowest weight states in the winding
sector N = (1,1) were found in (4.27): 7

,A _ _
d_1M107)105)
—A B B _ _
d_ @Y — af @) 0R)105) (6.9)

where it is wunderstood that these states have to be appropriately sym-
metrized/antisymmetrized between the two copies. In the previous subsection, we
had noted that for states in a long multiplet the state on the right was symmetric between
the two copies. The overall orbifold symmetry then says that the left sector must be
symmetric as well. Thus if we are looking for long multiplets we must symmetrize the
states in (6.9). After this symmetrzation we find that the states in the first line of (6.9)
become global states. In appendix D we show that these global states are unlifted. The
states in the second line can be decomposed into a triplet and singlet of the SU(2) charge
A. The lowest weight state of the triplet is

(@ —d= )y~ — g ®)]0R) 05) (6.10)

and for the singlet is

(AT —d ) ag™ M = dg ) = (@27 — a7 = d T | o) 105)
(6.11)
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The singlet has zero lift because it is given by global mode excitations on a Ramond ground
state

—+(1 —+(2 -1 —(2 ——(1 ——(2 1 2 e
(d ) =g - ) - <d_1< Pz = ) 10Rl0R)
= 5 (dy " = ) ™Y — dg ) oR)l0g) (6.12)
Thus the left sector of the states with nonzero lift must lie in the space of the triplet A
charge, given in (6.10). Since all members of the triplet must have the same lift (A charge
automorphism), we need to calculate the lift for only one of these states.
The lifting matrix (3.5) involves the operators G ( ) (3.8). Consider the left sector of

these operators.
WPG:Z e (6.13)

T2
We need to compute the action of the above operator on the left sector state whose lift we
are computing. For the triplet (6.10), we show in appendix E.2 that:

— —(1 —_— 2 o _
PG} 10 (AW = d=y D)y~ = dg )0 07) = —id =0 4y l037) . (6.14)
Based on (6.14), define the following normalized left moving states

J — - - e
67) = 16%) = §<d,1 e (A [ [ (U

¢h) = \fd_l_/ga++,—1/2’0?z_>

o) = fd:;maﬁ,l/zrozv (6.15)

Thus eq. (6.14) is

WPG£7_%U_!¢L> _ —%Wﬁ% wPGZ’_%J_Mﬂ_} - —%chf-,)- (6.16)

The properties in (6.16) can be summarized into the following diagram

+ 1/2/ V\WPG

—1/2

1/20\ (ZSL A)G:_lmo_

6.3 The long multiplet and its lifting

We have seen that the long multiplets at level 1 form a triplet of A charge. Thus we
have to compute just one independent lift. To find the lift we must combine the left and
right sectors.

~16 —



In section 6.1, we found that the right movers of the long multiplet were given by (6.5)
and in section 6.2 we defined the left parts of a set of states in (6.15). We will now combine
the right and left parts of these states in an appropriate fashion. The long multiplet contains
four short multiplets. The lowest weight states of these four short multiplets will be

(@D —d= P ad ™Y — dy 071007107

|p1) = \/*d_l_/ga++,71/2‘0§z_>’6§z_>

l9-) = fd:f/2a+,7,1/2\0§%—>,@%—>
1 - _ et —
’¢+—> = Z(d_l @ d—l( ))<d0 -1 da_ (2))(d8‘+(1) _ da_+(2))

x(dg ™ = di ) 010 107)107) - (6.18)

From (6.4) and (6.17), one can see that the above states satisfy the following relations

Gl 120 ‘7 *G; —127 7
\ /ch 120

Now we will prove that the four states (6.18) indeed form a long multiplet. Let’s first show
that ¢ is the bottom member of the long multiplet. We had noted in (6.5) that the right
mover of the bottom member of a long multiplet must be ¢. Now let’s look for possible

(6.19)

left movers. From section 6.2, we know the only possible left movers for long multiplets are
the triplets with lowest weight state (6.10). Combining the three states from the triplets
with the right mover ¢ gives us three possible states as the bottom members of long
multiplets. We will thus get a triplet of long multiplets. The state ¢ listed above is the
member of this triplet with lowest A charge (A = —1).

In a similar way we can show that ¢4 _ is the top member of a long multiplet. First
we note that the right mover of the top member of a long multiplet must be gbf_ as
n (6.5). The only possible left movers are the triplets with lowest weight state (6.10).
Thus combining the left mover (6.10) and the right mover qbf_ gives the top member ¢4 _
of a long multiplet.

To find the middle member ¢, of the multiplet, we can apply Gi(P) = 7T’PG17_1/20_5+

to the bottom member ¢ or apply (_};(P) = 7r77G17_1/20_6_ to the top member ¢, _. These
two ways are verified in relations (6.19). Thus ¢4 in (6.18) is indeed a middle member
of the long multiplet. Similarly, the two ways to find the middle member ¢_ are verified
n (6.18). Thus ¢_ in (6.18) is a correct middle member of the long multiplet.

Since all the members in a long multiplet must be eigenstates of the lifting matrix, we
can use the relation (3.10) to get the lifting. All the members have the same lift, so we only
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need to calculate the lift for the bottom member ¢. Using the first expression in (3.10),
we have

E® — 2A2<‘Gif§)\¢>’2 + ‘Giff)\@r)
- 2)\2<‘7T'PGI7_1/20'_5'+|¢>)2 + ’ﬂPG:_l/QG_&_W)‘Q) . (6.20)
For the first term, from (E.4) and (6.16), we have

PGt o atg) = (6.21)
=3

s
_ﬁ‘¢+> :
The second term in the final expression in (6.20) is zero due to (6.7). Thus the lift is

E® = X272, (6.22)

To summarize, we find three long multiplets, which form a triplet of charge A. The
member of this triplet with lowest A charge (A = —1) is given in (6.18). All the states
joining into long multiplets have the same lift (6.22).

7 Unlifted states and the index

We have studied the states at level 1 and found states that are lifted and states that
remain unlifted. In this section we will count the number of states of each kind. We will
also examine what we can learn from an index type computation which provides a lower
bound on the number of unlifted states. We will find that at level 1 the lower bound is
actually saturated, and all these unlifted states are in fact global modes.

In section 7.1, we will count the total number of states at level 1. In section 7.2, we
will find all the global states. In section 7.3, we will find a lower bound of the unlifted
states from an index computation. In section 7.4, we will find that the number of unlifted
states from our perturbation calculation saturates that lower bound.

7.1 The number of states

In this subsection, we will count the number of states at level 1. One can see that if we
take y = y = —1 in the character (4.14), we get the number of states. For the N = (1,1)
sector (4.25), the number of states at level 1 is

(20202 0) + 0G0 ®) (et @ + 2K 1o @) + To(@)) | =2048. (7)

For the N = (2) sector (4.29), the number of states at level 1 is

(o) + 8xfa ) Wiy o@)] | =640, (7.2)

Thus the total number of states is

Number of states = 2688. (7.3)
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7.2 The number of global states

In this subsection, we will count the number of global states.! These states are unlifted
states due to the contracted large N' = 4 superconformal symmetry.
The first class of unlifted states is in the (1, 1) sector

2X5s0(¥) (1 () + X5 () (7.4)
where the states can be read from (4.27) and (4.28). In this class, the global excitation
d:’f‘ acts on the Ramond ground states. Taking y = ¢y = —1 gives the number of states in

the class, which is 512.
The second class is in the (1,1) sector
(1,1) : 2x7g0(9)2X0_ 4 15(8) - (7.5)
The states are
—AQ1 —A(2)\, 7B(1 FHB(2)\ 1 n—\ |n—\ [F—\ | A—
(@3 —d= @) (dg ™Y — dy P )]05)105)107)107)
- Al A(2)\, 7+B(1 FHB(2)\ 1 n—\ |n—\ |[F—\ |A—
= 753 (dg "V = dg M)Ay P — dy P 0R) 0R) 0R) 0) - (76)
which can be written as a global excitation J—; acting on the Ramond ground state. The

number of states in the this class in 512.
The third class is in the (1,1) sector

4X]L:1(y)2>_(jR3:_1/2(g) (7'7)

where the states can be read from (4.27) and (4.28). In this class, the global excitation
d:’f‘ acts on the Ramond ground states. The number of states is 512.
The fourth class is in the (1,1) sector

X ) (XE__ (@) + X5 (@) (7.8)

where the left mover is given by (6.12) and right mover is given by (4.28). As we can see
from (6.12), these are global states. The number of states is 128.
The fifth class is in the (2) sector

XJL:3/2(y)XjR3:_1/2(g) (7'9)

where the state can be read from (4.30) and (4.31); the state is d:bﬂ:iﬂO?{)]@%{) =

—2J:1|0§{>|(_)?{>. It is a global state. The number of states in this class is 128.
The last class is in the (2) sector

2X}=1(?J)Xﬁ:71/2(§) (7'10)

where state can be read from (4.30) and (4.31); it is d:‘f|02R_>\(_)§{>. It is a global state.
The number of states in this class is 128.
Thus the total number of global states from the above six classes is

Number of global states = 512 4+ 512 + 512 4 128 + 128 4+ 128 = 1920. (7.11)

"We thank Nathan Benjamin and Xinan Zhou for useful discussions on the characters created by global

modes.
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7.3 A lower bound on the number of unlifted states

We have already noted that global states will remain unlifted. A lower bound on the number
of unlifted states can be found from an index [1, 13, 51, 52]. The index computation may,
however tell us that there are additional (i.e., nonglobal) that will not lift. We will now
see that at level 1, there are no such additional unlifted states predicted by the index.

To see this, let us recall how the index computation is done. Consider the exact
supercharge operators G, A = +, — of the perturbed CFT. These operators are the ones
that join four short multiplets into a long multiplet. Let us see the structure of the set
of states that will join into a long multiplet. Each of these operators (_};g increases the
SU(2)g charge by 1/2, while it does not change the SU(2), charge. Thus the four short
multiplets joining into a long multiplet must have the same left moving character but their
right moving characters will be as follows:

R R R
X 2X§3+1/2 Xia+1 - (7'12)

Whenever we can group states in the manner indicated by such a set of characters, then
we find a set of states that have the charges to join into a long multiplet. We therefore
exclude such sets of states from the index. If there are states left over that cannot group
into a set with characters (7.12), then we count those states in the index, since they cannot
possibly join into a long multiplet and lift.

We will now see that in our case all the states which are not global states actually fall
into sets having the characters (7.12), and so they will not be be counted in the index.

The set of all states at level 1 was counted in section 7.1. Let us exclude from this set
the global states counted in section 7.2. The remaining states (i.e., nonglobal states) are
described by the following characters:

(1,1) : 3xgoy () (W, (@) + X5 (@)

(2): 6xy )Xy (@) (7.13)

We find that these 12 characters can be grouped into three groups. Each group has four
characters whose left movers are XJL:1 and right movers are (7.12) with j5 = —1. Thus we
see that it is possible to combine all the nonglobal states in (7.13) into three long multiplets.

To summarize, the index argument does not require any unlifted states at level 1 in
addition to the global states. Thus the lower bound on the number of unlifted states
provided by the index is the same as the number of global states:

Number of unlifted states > Number of global states = 1920. (7.14)

7.4 Number of unlifted states at A2

Now we note that our computation in section 6.3 shows that the states (7.13) which could
join into a long multiplet are actually lifted. Thus we find that as we perturb away from
the orbifold point

Number of unlifted states at order A = 1920 . (7.15)
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Thus the number of unlifted states saturates the bound (7.14) found in section 7.3. To
summarize, for the perturbation calculation at order \? at level 1, we find that all the
unlifted states are global states and all the remaining states are lifted.

8 A larger set of deformations

In all our analysis so far we have consider the deformation of the orbifold CFT by the
deformation (2.7). This deformation is a singlet under all our global charges. One can
consider the more general set of deformations given by the operators

A LB _a(0) Aa(0) B3
D_ZP eageaBGA_%GB’_ lojda (8.1)

NG

The deformation operator must be Hermitian. Some rules for Hermitian conjugation are
noted in appendix B. Using these we find that the matrix P can be parameterized by four
real parameters pg, p1, P2, P3

3
P=pol + Y ippos (8.2)
k=1
where o, are the Pauli matrices. Following the method in [49], one can generalize the
lifting matrix (3.5) for the set of deformations (8.1):

B = PAPPCPecepp (O {10, 617 H o)
= P peh 2 (00| {GH0, G DY o). ©3)
Using the parameters in (8.2), we have
PABPCDe ey = 2(p3 + p2 + 93 + p3) = 2p°. (8:4)
Comparing the lifting matrices (3.5) and (8.3), one finds that they are proportional to
each other:

E® = p?E® (8.5)
The eigenstates with definite energy and their lift are given by eigenstates and eigenvalues
of the lifting matrix. Thus we find that the states which are lifted do not depend on the
parameters po, p;, and the value of their lift is just given through the invariant p?. The

structure of the long multiplets also does not depend on the choice of pAB,

9 Discussion

The D1D5 CFT is a very useful tool in the study of black holes in string theory. However,
several aspects of its supersymmetric states remain mysterious. In this paper we have
analyzed the supermultiplet structure and lifting of states at level 1, at second order in
the deformation off the orbifold point. We now mention some of the questions about the
D1D5 system that we hope to address by our computations and its extensions to higher
level states.
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The black hole threshold: the NS sector of the CFT is dual to global AdS3 x S x T%.
At low energies we expect that most states that are extremal at the orbifold point will
be lifted as we perturb away from the orbifold point. This is because in the dual gravity
theory there are relatively few supergravity states at low energies, and stringy excitations
will be lifted in general. In [19] the lift of stringy states in the pp-wave approximation was
computed in the dual CFT and agreement was found.

But at energies higher than the black hole threshold we expect a large class of unlifted
states which will account for the entropy of the extremal hole. In the Ramond sector these
are states with dimensions (h, h) = (55 4+ n, 55). The index computations of [1, 13] indeed
imply such a large number of unlifted states.

Now consider the perturbative computation of the lift, say at second order. There
should be some feature of this computation that explains the small number of unlifted
states in the NS sector computation mentioned above but leads to a large number of
unlifted states when we consider levels that describe black hole states. It would be very
interesting to identify this feature, as it would tell us something about the origin of the
large value of black hole entropy. Finding this feature is one of our goals in studying the
detailed pattern of lifting.

Twist sectors for lifted and unlifted states: consider the index computation of [13].
If we take the D1, D5, P charges to be coprime, then we see that the index equals the
count of all states in the maximally twisted sector. This does not of course mean that it is
the states in the maximally twisted sector that will remain unlifted. In our computation at
level 1 we found that the lifted multiplets have half their states in the maximally twisted
sector and half in the untwisted sector.

What will be the pattern of lifting in general? For nins = N large, will the super-
symmetric states have support in the highly twisted sectors with twist ~ N7 Or will the
support be in sectors with intermediate twists ~ v/N? Or perhaps the support would lie
in sectors with low twists ~ 17 The index computation cannot distinguish between these
possibilities. Extending our computations of lift to higher levels may shed light on this
question. The question is of direct physical relevance to the structure of black holes in the
fuzzball paradigm as sectors with low twists correspond to gravity solutions with shallow
throats and sectors with high twists correspond to gravity solutions with deep throats.

More generally we would like to ask: given the set of extremal states at a given level n
at the orbifold point, is there an elegant prescription which will tell us which of these states
will group together into long multiplets and lift, and what will be the value of the lift?

Separating global modes: at any point in the moduli space the CFT has a set of raising
operators given by elements of the chiral algebra; we have called these ‘global modes’ since
they act on all copies of the ¢ = 6 CFT rather than on just one individual copy. The
‘global states’ obtained by applying these global excitations on Ramond ground states will
always remain unlifted. In [50] it was shown that the action of global modes is mapped, in
the dual gravity theory, to excitations at the ‘neck’ region of the geometry where the outer
boundary of the AdS joins flat spacetime. Thus global modes therefore do not modify the
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structure of a black hole microstate whose nontrivial fuzzball structure is at the bottom of
a deep throat.

In an index computation, one attempts to group states with character sets of the
type (7.12) in order to identify how many sets of states can join into long multiplets and
lift. Some of the states that might appear to join into long multiplets in this analysis
might actually be global states. Such states will not lift, but this fact will not be obvious
by looking at the characters representing these states. Thus it is useful to first separate out
the global states from the set of all states, and then to use the character grouping (7.12)
to develop an index count. We have indeed separated global states first in our analysis
of level 1 states. A general analysis of the index after separating global states has been
carried out in [51, 52].

More generally, it would be useful to be able to identify all states that are global
descendants of states at lower levels. In other words, we would like to have a simple
prescription for identifying all the primaries of the large N’ = 4 superalgebra; the analysis
of lifting can then be confined to these primaries.

We hope to return to these issues elsewhere, when we consider the lifting at states at
higher levels and with larger values of nyns = N.
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A Contracted large N = 4 superconformal algebra

We follow the notation in the appendix of [45]. The indices a = (+,—) and & = (+,—)
correspond to the subgroups SU(2), and SU(2)g arising from rotations on S3. The indices
A= (+,-) and A = (+,—) correspond to the subgroups SU(2); and SU(2) arising from
rotations in T¢. We use the convention

e =1, e =-1 (A.1)

The commutation relations for the contracted large N' = 4 superconformal algebra are

C

[aAA,m’ aBB,n] - = 6m6A36A35m+n,0
C
{dgAa de} = - EEQBEAB(STJrS,O (AQ)
A m A
[Lm’ aAA,n] = = naAA,m+n [Lm7 d? ] = — (2 + ’I”) dfnJﬂ,
. A ) A
{GiﬂJ de} == Zﬁaﬁg BaAA,T+S [Gjﬂ” aBB,m:I = — ZmeABeABd?+m
1
A A
i di ) = 5 (07300, (A.3)
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c
[Lin, Ly] = Em(m2 — 1)0m4n,o0+ (m —n)Lyip

a ¢ a - _ab jc
[Jm7 J,g] = Emé b(sm—i-n,() + 1€ l)ch+n
1
(65 Gb =ean [ (= §Jormot (TR = ) P

a a ] 1 aT\a B
[Jm7 GA,T] = 5(0’ )5GA,T)’L+T'

L,,,J% = —nJ®

n m+n
e m o

[LmGAJ—<2—w>GAmH. (A4)

We define J;F, J, as

Ji = Jy+iJ;
Jo = J—iJ2. (A.5)

From (A.3), one can see that d2* with o = 4, — is a SU(2) 1, charge doublet. We have

[, 4] =0, s ) = dyt,
mndi ] = dyA. [T5.df4) = 0. (A.6)

From (A.4), one can see that G with a = +, — is also a SU(2), charge doublet. We have

oot — ] -
[Jm’GA,r} =0, [Jm’GA,r] - GA,err

[J$’G;4,T} - Gfg,m-l-r’ {J;L’G;,r] =0 (A7>

It is believed that the contracted large N/ = 4 superconformal algebra is an exact symmetry
at any point of the moduli space.

Now let’s consider the orbifold point. Look at the winding sector N = (nq,no,...,
ni,...) with the total winding n = ), n;. For the ith twisted set of copies with winding
number n;, we have following mode expansions on the cylinder.

1 27’I’7’Li

(@ _ (2) nw
Ydn T or o O X (w)e™ dw
. 1 2mn; )
aA() _ = aA(i) nw
dy 57 /0':0 Y (w)e"dw . (A.8)

In terms of o and d modes, the J, G and L modes can be written as

a(i 1 7 a o Al
Jm() = n, g eABdXB( )eaw(a T)ﬁalfn_(r)7 a=1,2,3
. 1 N 1 L
3(1) _ _ § : ++(7) (@ § : —4 (i) g+ (%)
Jm 2nz . dT’ dme' 2,’/1/Z . d’f’ dme
. 1 L ) 1 N
+() — E g+ g+ =) —(1) — — E d=— gt
Jm nl - (s m— ’ Jm nl - T m—r
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a()) & QA(i) (i)
GA,T‘ B _Ezdr_” OéAA,n (Ag)

: 1 AB_AB () (i) 1 1 A(i) gPB(i)
Ll = g 2 B~ gy 2 (7 g Jeemeand
n T

Let k be an integer. The mode numbers for o, L, J are n = k/n;. In the R sector, the
mode numbers for d and G are n = k/n;. In the NS sector, the mode numbers for d and
G are n = (k + 3)/n;. The modes (A.8) and (A.9) satisfy the contracted large N = 4
superconformal algebra (A.2)(A.3)(A.4) with ¢ = 6n;,.

We define the global modes O, by summing the terms from each copy

04 => "0 (A.10)

where the modes O can be modes of a d L J G. The global modes satisfy the contracted
large N = 4 superconformal algebra (A.2)(A.3)(A.4) with ¢ = 6n. It is believed that global
modes satisfy the algebra at any point in the moduli space.

B Hermitian conjugation

We use the following Hermitian conjugation rules

(Gi(T, o) =—-GZ(-71,0) (GE(r, o)) = G (-T,0)
(GL(r,0)) = -GZ(~1,0) (GE(r,0)l = GL(~T,0) (B.1)
and
(= (r,0))' = =0T (=7,0) (= (r,0) =0 (=7,0). (B.2)

In this convention, the deformation operator is a Hermitian operator
(D(r,0))1 = D(—1,0). (B.3)
From the definition of G(¥) (3.6), we find
GO — g gDt g (D (B.4)

We also have the useful relations

G+(0) +a _ G—_(O) —a _
A7_%a A7_%a
GTO jat _ GO o _ B.5
A-1 A —%U (B.5)
and
G 0) +a _ G+(0) —a G«*_(O) at _ _G«+(0) a— B.6
A-19 A-17 A-19 A-19 (B.6)

C Global zero mode characters

In this appendix, we will find the characters for the left moving subalgebra formed by d54,
Jg and Gj. We will also find the characters for right moving subalgebra formed by Jg‘A.
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C.1 Left sector

Consider the subalgebra formed by the dS‘A, J§ and Gj. The lowest weight states ¢ of the
irreducible representations are defined by

dy|0) = G |¢) = Jg |¢) = 0 (C.1)

¢ carries the charge
Jole) = —il) - (C2)

To find the irreducible representations of the subalgebra, we use the Racah-Speiser
algorithm [53, 54]. Start with a lowest weight state defined by (C.1), with charge —j. The
modes dar 4 and G;g o are four fermionic raising operators. Applying these raising operators
generates a set of states with charges j3 = —j,7 + 1/2,...,—j + 2. One may now try to
apply Jgr to each of these states, filling out the J§ representations. Such a J§ multiplet
with highest weight j will be denoted by [j]. Thus formally, we get multiplets of the type
G —1/2), .l - 2]

The Racah-Speiser algorithm says the following. For j > 0 we can indeed have such
a multiplet [j]. But there cannot be multiplets [j] with 7 < 0. For the SU(2) algebra, we
have the following rules. The multiplet [—1/2] does not correspond to an actual multiplet.
A multiplet [j] with j < —1 cancels a multiplet [—j — 1]. For example, a [—1] cancels a [0]
and a [—3/2] cancels a [1/2].

The character is defined by a trace over the irreducible representation
3 3
Xj (y) = Tr(=1)*oy?%0 (C.3)

Let’s find the characters for the irreducible representations with 7 > 2. There are four pairs
of fermionic raising and lowering operators, thus an irreducible representation contains the
following SU(2) multiplets

bl =4l —1/2] = 6[j —1] =4[ = 3/2] = [j - 2| (C4)

where — corresponds to one of the fermionic raising operators and n[j] means there are n
of [j] multiplets. Thus the character of such a left sector multiplet is

X5 W) = x5 (=) + 4x;12(=y) + 6x5-1(—y) + dxj_3/2(—Y) + xj—2(—¥)
= Xj1(=y) "2 =y ) (C.5)

where x;(—y) is the character for a SU(2) multiplet [j]

2j+1 —2j-1

-y

. . . o4 y
() = COPEY Y ) = (DY

(C.6)

We now check the special cases j = 3/2 and j = 1. We will see that they also yield
the expression (C.5). For j = 1, by applying the four fermion operators, we get

[1] — 4[1/2] — 6[0] — 4[—1/2] — [-1]. (C.7)
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Follow the Racah-Speiser algorithm, we exclude the 4[—1/2] and the [—1] cancels one of
the [0] multiplets. Thus we left with

[1], 4[1/2], 5]0]. (C.8)
The character is

X (@) = x1(=y) + 4x1/2(—y) + 5xo(—y) = (/> —y~V/2)* (C.9)

which agrees with the expression (C.5). For j = 3/2, applying the four fermion raising
operators gives
[3/2] — 4[1] — 6[1/2] — 4]0] — [-1/2]. (C.10)

Follow the Racah-Speiser algorithm, we exclude the [—1/2]. Thus we are left with
[3/2], 4[1], 6[1/2], 4[0]. (C.11)

The character is

X52() = Xa2(—) +4x1 (=y) +6x1/2(~v) +4x0(—y) = —(y+y 2~y (C.12)

This again satisfies (C.5). Thus (C.5) is correct for all j > 1 which are the cases that we
will need.

C.2 Right sector

For the right movers, we consider the sub-algebra formed by Jg‘A. The lowest weight states
are defined by
dy*|g) =0 (C.13)

with charge
Tole) = sl o) - (C.14)

There are two fermionic raising operators. Application of these to a lowest weight state
with charge j3 gives states with charges

js = 2(Js +1/2) > jz+ 1. (C.15)
The character is defined by the trace over the irreducible representation. We find

Xﬁ(g) — Tr(_l)—2j3g2jg — _(_g)233+1(y1/2 o g—1/2)2 ) (Clﬁ)

D Global states are unlifted

In this appendix, we will show that global states from the contracted large N' = 4 super-
conformal algebra are unlifted. Global states are states with global modes acting on the
Ramond ground states.

The deformation operator (2.7) preserves the N' = 4 superconformal symmetry. The
generators of the N' = 4 superconformal symmetry are global modes J2, Gi,r and L,. Thus
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these global modes do not change the lift. Since the Ramond ground states are unlifted,
global states obtained by acting with global modes J¢, Gi,r and L, to the Ramond ground
states are unlifted.

The global modes a4 4 ,, and dﬁ‘A are extra generators in the contracted large N' = 4
superconformal algebra. It is not obvious that the global modes « , 4, and dffA do not
change the lift. In the following we will show that global modes o, 4 ,, and d,ofA commute
with the deformation operator (2.7). Thus they also do not contribute to the lift. Hence
all the global states from the contracted large ' = 4 algebra are unlifted.

The deformation operator (2.7) has the left moving part GJE-; 10 . Let us consider
2

)

dw
aA ~+ - _ “w o aA nw -
(@464 o) = § Sy o)

d
— }éo TZ@[)O‘A(w)(l —|—nw+.--)GJBr_1U_(O)

= d%‘AGEﬁ%a*(O) (D.1)

where higher terms in the expansion vanish. From the commutator in appendix A, we have
A : BA
{d‘g ,GJE-;,_%} = ieT% ApRo- (D.2)
Thus the last expression in (D.1) becomes

4Gt
2 L) El 2 2

o (0) = Z'€+OCGBAC¥BB,OO'_(0) — G; L d$1e(0). (D.3)

Note that agp 0~ (0) = 0 since o~ (0) has no momentum along T*. Also, the operator
d$4o~(0) must vanish as it has dimension 0 but carries a nontrivial charge. Thus we find
2

{deA, G;_%a—(o)} =0. (D.4)

In a similar manner, we have

o (0)] = a,i0Gh 107 (0) +nay, GL 07 (0). (D.5)
2

) +
[aAA,n7 GB _ B, B,—3

1
2

The first term is zero since the operator G; _,07(0) has no momentum along 7. The

second term is zero since it has dimension 0 but carries a nonzero charge A. Thus we find

(@i G 10 (O] =0 (D.6)

E Some properties of left and right movers

In this appendix, we will note some properties which will be of use to constructing the long
multiplets in section 6.
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E.1 Right moving sector

In this appendix, we will find some properties of right moving states discussed in section 6.1.
First let us show that having the right moving sector state (6.6) leads to zero lift.
Applying P+ to (6.6) and using the relations in section 5, we find

Pt (dg " — di 1 )05)107)

_p<z A ]d;/;) 0

— P [( At + ad+1/2 +po<a3)) <2d+"‘ - sadt, + O(a?’))] (10%) + O(a))

~0. (E.1)

In the last step, we have used the observation after eq. (5.12) that taking the projection
onto the right moving Ramond ground state is equivalent to taking the limit a — 0.
Applying P~ to the same state (6.6), we find

P (dg d“‘ >roR>\oR>

= Ja%*(ci#(”—J§A<2)>|ﬁg>\6§>—Paﬁg(dﬁ“ i [03)107)
=0. (E.2)

Thus any state of the system which has the state (6.6) as its right moving component will
have zero lift.
Now let us check the long multiplet structure (6.5). First we note that

Po[07)|07) = 0 (E3)

since there is no right Ramond ground state in doubly wound sector with j < —1/2. From
the second diagram in 3.9 we see that ¢* should be the right moving state for the bottom
member of the long multiplet. (There were only 4 states in the right sector and we have
already seen that (6.6) cannot be the right state for a state in the long multiplet. In the
following we can see that the other states in (6.5) are not annihilated by P&, so ¢ is the
unique choice for the bottom member of the multiplet.)

Next, using (5.1) for the right sector we find

P |05)107) = 0% (E4)

This shows that gzﬁf and ¢ in (6.5) are the right sector states for the middle members of
the long multiplet.
Finally, we will show that

Pot|0%) = <d++” dy ) (g™ — dg =)o) 105 - (E.5)
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This will confirm that qﬁf, in (6.5) is indeed the right moving state for the top member of
the long multiplet. First we note that the global modes CZS_‘A commute with the operator &7

670 = § G @)a(0) = 070 = 0. (E.0)

The last equality follows because there is no operator that has dimension h = 0 and a
nonzero charge A. Then we have

J+de—Pot(0t) = Potditd|0%) (E.7)

where JS‘A is the global mode. Using

a0 = 20 ©
and
Po|0%") = [05)[0%) - (E.9)
Eq. (E.7) becomes
Aris Pt ) = 20R)0R). (©.10)

Since the global modes d, 4 commute with the P&, we have
dy AP t|0%) = Patdy, 0% ) = 0. (E.11)
We now apply dy ~dy ™ to both sides of (E.10). This gives
B) = Pot (0% = 3y~ dy T 0RO (E.12)
Now we write
0R)10F) = dg Vg~V P dg ™05 105) (E.13)
Using this on the r.h.s. of (E.12) we get (E.5). Since there is no right Ramond ground state
in doubly wound sector with j > 1/2, we have
P05 0L) =0. (E.14)
We can see that (E.12) cannot be raised by Pa™

1
P&+\¢f_):§73&+d “dy TI05)|0F) = dg_d0+7?a+|0+>\0+>—0 (E.15)

Thus |¢%_) is indeed the top member of the long multiplet.
Now let us establish the properties given in the right diagram in (6.4). Starting
from (E.12), applying Pa~ gives
Po—|pl_) = fP‘_d ~dy 0L |05 = fdf*d P& |05)|0L) = fd”d 0%y = 0% ).
(E.16)
Apply Ps~ again we have
P [03) = [05)10%) - (B.17)
These relations verify the relations in the right diagram of (6.4).
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E.2 Left mover

In this appendix, we will verify the relation (6.14) used in section 6.2.
Using property (B.6) in appendix B, the left part of the operator Gz(é)) (3.8) can be
written as ’
+
PG i

o~ =-—mPG; ot (E.18)

1 1
T g F>

Thus (6.14) is equivalent to
PG;i%g*(d:;(l) — d:;(Q))(dg*(l) _ dar*(Q))|01—%>|0R> d—l—/2 +A,,1/2|0%g_> (E.19)

This relation (E.19) is obtained as follows. Using the relations in section 5, we have
——@) A=) =\ 10—
U+d—1( )do ( )|OR>‘OR>

> f-1p) W)(Zf”()q q/2>!x>

|
|

Ty 1 _ 1 _
Lty o) (S + Jear, vow ) mao
and
o dT Vg o) 07)
- (Sario) (S o q/2>‘X>
p
= (ot s +0) (386 - ot +0W)) 10 (21
= {73 —1/2 T 5% 5% ~1/2 X '
Then we get

Potd ;P ag = df~®jo5)(07)
[ __ . _
— P <2a Ky LT+ 0 )> (iad ™5, + 0@ )
d_l_/2d+‘2|02 ). (E.22)

By using the commutators in appendix A

G O,d;[ | =—ia i, [G;.Lo,d,f] =0 (E.23)
we have
_ ——(1 —(1 _ —_ _ _
PGAOand_l( ™ — @~ jop05) = GAO2d a1 l03)
—— 2

From (E.23) and that G’* annihilates all the Ramond ground states including (alar - _
i~ ?)(07)]05), we have

G007 Vidg M = dg = )[0)[07) = 0. (E.25)
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To get (E.19), writing GE _, as a contour operator surrounding o and breaking the

contour into two zero modes wrapping the cylinder, one above and one below the point w:

_ dw'
G; ot w) = f{ G (w)

2 do 3 N N 27 do B
= /0 %GA(T>TH,,O')U (w) —0o (w)/o gGA(T<Tw,U)
T < Ty). (E.26)

Then we get

PG otd W — di®)jog) op)

=P |61t Vidg Y i) — ot ey ay VgV = df )] oplog)

T _
= §d—1/2a+A,—1/2‘O§2 ) (E.27)

where in the last step we use (E.24) and (E.25). By replacing a — —a, we can exchange
the excitations on copy 1 and copy 2. Since (E.27) doesn’t depend on a, we have

_ @), (2 - ey b -
PGAﬁ%a*d_l()(d:{ @ _ar <1))|0R>\0R>zid_1/2a+A7_1/Qyo§%>. (E.28)

Adding (E.27) and (E.28) gives (E.19).

Open Access. This article is distributed under the terms of the Creative Commons
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any medium, provided the original author(s) and source are credited.
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