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1 Introduction

Abelian T-duality, introduced by Buscher in [10, 11], provides a prescription for relating
two a priori different string backgrounds. More specifically, it says that if we have a string
background with an abelian isometry, then we can construct a new string background
(which also has an abelian isometry) for which the physics is equivalent. Although primarily
of interest in string theory, it is also useful from a purely supergravity perspective where it
can be thought of as a solution generating technique. De la Ossa and Quevedo generalised
the gauging procedure of Buscher to extend the technique to spaces admitting a non-
abelian group of isometries [15], and this was later extended to include the Ramond-
Ramond fields [31, 40]. Although the role that non-abelian T-duality plays in string theory
is currently unclear, it has been employed successfully as a solution generating technique
in supergravity [1, 2, 12, 16, 24, 30, 35, 36, 38, 41] and generalised supergravity [20]. It has
also been studied in the context of the AdS/CFT correspondence in [17, 18, 23, 26-28].

One of the biggest open problems in T-duality is understanding the global nature of
non-abelian T-duality. In other words, what is the topology of the T-dual space? Since
the dual space is comprised of the base space M, together with the fibers described by the
Lagrange multiplier coordinates, there are two components to this question:

e What is the topology of the fibers?
e How are these fibers patched together globally over the base?

For abelian T-duality, we have explicit answers to both of these questions. A string
theoretic argument from higher-genus worldsheets says that the topology of the fibers is



unchanged after a T-duality [39]. That is, if the original spacetime has circular fibers,'
then the dual spacetime will also have circular fibers. Similarly, if the fibers of the original
space are non-compact, then the fibers of the dual space will also be non-compact. The
analagous argument for higher-genus worldsheets is lacking for non-abelian T-duality, so we
don’t seem to have any information on the topology of the fibers (although there has been
some work from an AdS/CFT perspective in, for example, [25, 29, 33] and related works).

The second question is often referred to as topological T-duality, and is also well-
understood. For circle bundles, topological T-duality intermixes the topology of the total
space with the H-flux [4, 5]. For torus bundles, T-duality can take us outside the realm
of geometry/topology altogether and into non-commutative geometry/topology [6, 7, 34]
(or even non-associative geometry! [8]). From a physics perspective, such non-commutative
spaces are more often studied in the context of generalised geometry, where they are referred
to as T-folds. We shall see that for non-abelian T-duality, the answer to the first question
already involves T-folds. We do not attempt an answer to the second question.?

The simplest appearance of a T-fold occurs when considering a chain of T-dualities for
a three-torus T? with H-flux. The metric is simply the flat metric

ds® = da® + dy® + d2?, (1.1)

and we wish to choose a B-field such that H = dB is non-trivial in cohomology. Explicitly,
we may take

B = —xzdy Adz, (1.2)
so that
H = —dz ANdy Adz. (1.3)
If we perform an abelian T-duality along 0., we obtain a dual space known as the twisted
torus:
ds? = da? + dy? + (d2 — zdy)? (1.4a)
B=0. (1.4b)

This space is a non-trivial circle bundle over T2. This dual model is known as the f-flux
background, and provides us with clear example of how the gauge field and the geometry
intermix under T-duality. A quick glance at (1.4) is enough to confirm that 0, is still a
Killing vector, and we can therefore perform another T-duality along it. The result is the
so-called Q-flux background:

ds? = da? + a2 (dy?® + dz?) (1.5a)
x
B=- j A dz L
T2 dy A dz (1.5b)

1So that the Lagrange multiplier has a periodicity imposed on it.
2For this reason, we will restrict ourselves in this paper to considering non-abelian T-duality for group
manifolds. That is, we will ignore spectator coordinates.



Note that a naive attempt to perform a third T-duality along 0, fails, since 9, is no
longer an isometry of the metric. Despite this, the putative T-dual, known as the R-
flux background, appears often in the literature particularly in the context of double field
theory. We will not discuss this background.

The example of the torus with H-flux is oft-studied in the literature because it is quite
simple, but nevertheless exhibits a lot of the interesting features of T-duality. The three
torus directions of the original model provide, in principle, three isometries to gauge, and
therefore three different T-dualities to perform. Indeed, the dual spaces we have obtained
fit into a series of T-dualities:
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In [3], following the work of [13, 14], it was realised that there are some non-abelian T-

RY2, (1.6)

dualities which give the same dual space as a chain of abelian T-dualities. The simplest
example is the non-abelian T-dual of the f-flux background, which has a non-abelian Lie
algebra of isometries. The chain of T-dualities is given by:
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where we must perform a gauge transformation for the B-field in order to continue the T-
duality chain. In fact, there is an even nicer picture here. Starting with the three torus with
flux, the various abelian T-dualities can be incorporated into the following duality cube:
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The non-abelian T-duality we have been discussing then corresponds to a map from oppo-
site sides of the cube, sending f — ). This can be realised as a chain of abelian T-dualities
by tracing along the edges of the cube. One such path is the one we have already discussed
in (1.7):
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Note that the inverse map isn’t well-defined as a single non-abelian T-duality, since the
@Q-flux background does not have a globally defined non-abelian group of isometries with
which we can dualise. This is in line with our expectations — we aren’t normally able to
invert non-abelian T-duality. On the other hand, the inverse chain of abelian T-dualities
is certainly well-defined. This coincidence — that a non-abelian T-duality agrees with a
chain of abelian T-dualities — is more than a curiosity. Topological aspects of non-abelian
T-duality are still not understood, even for the simplest examples of gauging the left action
of a group on itself. The twisted torus, however, provides us with an example where we
know explicitly the topology of the non-abelian T-dual, since the non-abelian T-dual agrees
with a chain of abelian T-dualities, whose topological behaviour is well-understood. In this
case, the non-abelian T-dual is no longer a geometric space,® so “topological aspects of
non-abelian T-duality” should be suitably interpreted. The appearance of the Q-flux back-
ground as the non-abelian T-dual of the f-flux background suggests that global aspects of
non-abelian T-duality might only be understood in the broader context of non-commutative
and non-associative geometry and T-folds. Similar observations have been made in [32].

The main purpose of this paper is twofold. First, we show that there is a class of non-
abelian T-dualities that can be interpreted instead as a chain of abelian T-dualities. This
observation sheds light on the topological nature of these non-abelian T-duals, since the
topology of abelian T-duality is well-understood. The second purpose of this paper is to
discuss, more generally, the relationship between arbitrary non-abelian T-duals and T-folds.

Our paper is organised as follows: in section 2 we discuss under which conditions we
can view a non-abelian T-duality as a chain of abelian T-dualities. Then, in section 3
we discuss the relationship between spaces obtained through non-abelian T-duality and
T-folds. Finally, in section 4 we provide some concluding remarks.

2 Non-abelian T-duality as a chain of abelian T-dualities

2.1 Non-abelian T-duality and O(d, d) transformations

Let us review here the relevant features of non-abelian T-duality. We begin with a group
manifold G of dimension d. Let us choose a basis {1, } for the Lie algebra g of G, and express

3For a wonderful review on non-geometric backgrounds in string theory, see [37].



Figure 1. A schematic of the Buscher procedure for T-duality.

the (left-invariant) Maurer-Cartan form A = g~'dg in terms of this basis as A = \%T,.
Consider now the (0, 2)-tensor on G given by

E = E j\'V, (2.1)

where Ej; is a constant, invertible matrix. Decomposing E into the symmetric and anti-
symmetric parts gives us the metric and the B-field:

E=g+B. (2.2)

The non-linear sigma model corresponding to this background is
S = / 4%z Eij(g~'9g)' (g~ ' Dg)’. (2.3)
by

Since the Maurer-Cartan forms are left-invariant, the right-invariant vector fields R, (which
generate the left action) are symmetries of this action. That is, since

Lr, A\ =0, (2.4)

we have

Lr,E=0. (2.5)

To obtain the dual space, we follow the Buscher procedure shown schematically in figure 1.
First, one gauges the isometries by minimally coupling gauge fields A. One also introduces
a Lagrange multiplier term x which enforces a flat connection. Fixing a gauge then reduces
back to the original model. On the other hand, integrating out the non-propagating gauge
fields and fixing a gauge for the original coordinates gives us the T-dual model.

The dual metric and B-field are given by

Ejj := NATDg (Eij) = (Ey; + fixi) ™, (2.6)

where i’; are the structure constants associated to the Lie algebra of right-invariant vector
fields.
We can see this non-abelian T-duality transformation as an O(d,d) transformation,

albeit a non-standard one,? as follows. Recall that an O(d, d) matrix

0= (Z Z) (2.7)

“Note that in Double Field Theory (DFT), the O(d,d) transformation matrices are often taken to be
constant, so that the transformed fields can still solve the strong constraint. Here, it is not at all clear that

the transformed fields solve the strong constraint.



acts on £ = g + B by fractional linear transformations:
O-FE = (aE+b)(cE+d)* (2.8)

It is then easy to see that the non-abelian T-duality transformation (2.6) is implemented
by the following O(d, d) matrix

(o o1\ (o) (1 k)
Onarp = (11 ZX’) = <]l 0) (0 1 ) = 9205 (2.9)

E = Oparp - E. (2.10)

such that

That is, non-abelian T-duality can be thought of as first performing a B-shift by fz-]} Xk, and
then performing a factorised duality. Of course, this B-shift is not a gauge transformation of
the B-field since it doesn’t leave the field strength H-invariant. Indeed, this transformation
involves the dual coordinates and so should more rightly be thought of as a transformation
on the doubled space. For a discussion of non-abelian T-duality in the context of DFT,
see [19].

The example of the f-flux background mentioned in the introduction shows that there
is an example of a non-abelian T-duality where we can view it as a chain of abelian T-
dualities, together with an honest B-field gauge transformation.® In order to reconcile this
with the decomposition (2.9) we note that if the factorised duality, or factorised dualities,
commute with Op then the B-shift can be well-defined on the target space since the
dual coordinates become coordinates after a factorised duality. This requirement places
constraints on the Lie algebra, and in the next section we investigate the Lie algebras for
which this can occur.

2.2 Algebraic conditions

Let us now discuss the conditions under which we can view non-abelian T-duality as a
chain of abelian T-dualities. Let us assume that g, the Lie algebra of right-invariant vector
fields, is a non-abelian Lie algebra of dimension d.

Consider the full factorised duality matrix Oyz,. This can be written as a product of

d d
01 1-E E
_ ~TT o, 2.11

1=

individual dualities:

where F; is a d x d matrix with a 1 in the (i,7) entry and zeros elsewhere, and where the
product in (2.11) can be taken in any order since the O; commute amongst themselves. In
order for us to view non-abelian T-duality as a chain of abelian T-dualities, the B-shift has
to involve only coordinates, and not dual coordinates. This means that if a dual coordinate
appears explicitly in Op, then we need to perform a factorised duality in that coordinate
before we perform the B-shift. Said another way, if there is some k for which fi@ is non-zero,

5That is, without resorting to a doubled description.



then we require that O commute with Op. Let us denote the set of these & by A. That
is, define

k
A:{kze{l,...,d}:fiﬁéo}. (2.12)
This splits the basis elements of g according to whether they appear in the image of the
Lie bracket or not, with {7} = {t,, T, },¢A,ven- Then it follows that

g" =g, 9] C span{T,}. (2.13)

The set of T}, form an ideal of g, which is non-zero since g is not abelian.
For k € A, the commutator is schematically given by

—fx-E—[E, X
Ok, 0p] = . 2.14
(O, Op] ( 0 Fx-E (2.14)
With indices written, it takes the form
— [ XmEr —ERfii Xm + [ xmEk

0 _fgLXmEk

This vanishes precisely when f/! = 0 for all ¢ and m. That is, O commutes with Op
when [T;,T] = 0 for all ¢ € {1,...,d}. It follows that span{T, } C Z(g), where Z(g) is the
center of g. Thus in order for us to interpret a non-abelian T-duality as a chain of abelian

[Ok, Op] = < (2.15)

T-dualities, we require the existence of a subalgebra h = span{f,,} such that

9,9l C b C Z(g). (2.16)

Note that b is a non-trivial abelian ideal in g. We can see immediately that g cannot be a
semisimple Lie algebra, since that would imply that h = Z(g) = g, which would imply that
g is abelian. In the special case that [g,g] = h = Z(g), then g is a 2-step nilpotent Lie alge-
bra,® and thus any 2-step nilpotent Lie algebra provides an example where we can consider
non-abelian T-duality as a chain of abelian T-dualities. On the other hand, for k-step nilpo-
tent algebras with k > 3 we see that [g, g] is not abelian, and therefore cannot be contained
in Z(g). It follows that nilpotent Lie algebras only provide examples when they are 2-step.

It is worth mentioning that if h = span{fy} is an abelian ideal as required, then
the B-shift defined by Op is a shift by a closed form, and is therefore an honest gauge
transformation of the B-field. That is, the B-shift leaves H-invariant.”

2.3 Examples: the Heisenberg groups

The Heisenberg algebras provide a class of 2-step nilpotent Lie algebras, and therefore a
class of examples in which we can view non-abelian T-duality as a chain of abelian T-
dualities. Recall that the Heisenberg group H, of dimension d = 2n + 1 is the set of
(n+2) x (n + 2) matrices of the form

1 x z
01, y|, (2.17)
001

Recall that a nilpotent Lie algebra is k-step if g* := [g" ™', g] = {0} and ¢g*~! # {0}.
" Although the inversion may change H, as usual.



where z is a real number, 1, is the n x n identity matrix, x = (z1,...,2,), and y =
(y1,...,yn)T. The group structure is given by matrix multiplication. A convenient basis
for the Lie algebra b, of H), is given by

061'0
G=1000 (2.18a)
000

000
pi=100¢ (2.18b)
000
001

Z=1|o000], (2.18¢)
000

where {ej, es,...,e,} is the canonical basis for R”. The commutation relations for the Lie
algebra are simply the canonical commutation relations:

9i,ps] = 6i;Z (2.19a)
i, Z] =0 (2.19b)
[pj, Z] = 0. (2.19¢)

The left-invariant Maurer-Cartan forms, A = g~! dg, expressed in this basis as A = A*T},
are:

N = da; (2.20a)
NP = dy; (2.20b)
M =dz —x-dy. (2.20c)

We now define a left-invariant metric by

ds® = SifABADY + G PP 4 AT NP
=dx? + dy? + (dz — x - dy)? (2.21)

and we take B = 0.8 This metric is left-invariant, so the right-invariant vector fields, R,,
are isometries. Their expressions are:

Ry, = O, + yi0: (2.22)
Ry, =0y, (2.23)
Ry = 0.. (2.24)

8We have used the shorthand dx? = dx - dx = dz? + dz2 + - - - + dz2.



We can perform a non-abelian T-duality on this background by gauging the isometric left
action of the group on itself. The resultant T-dual is given by (2.6). It is:

E=|21

=1 im0
=1 510 (2.25)

0 0 1

Extracting the symmetric and antisymmetric parts gives us the dual metric and the dual

B-field:

-2 1 ~92 ~92 ~2
ds = 52 (dx* 4 dy?) +dz (2.26a)
~ PR
B= i d; A d; 2.2
1_1_225 dz; A dy; (2.26b)

On the other hand, we can first perform a single abelian T-duality on (2.21) with
respect to d,. The result is the flat metric on the (2n + 1)-torus T?"*!  together with a
non-zero B-field:

ds® = dx* + dy* + dz? (2.27a)
B =—x-dy Adz. (2.27b)

We would like to perform additional abelian T-dualities on this background along the 2n
Killing vectors {0z,,...,0z,,0y,...,0y, }, however the explicit dependence of the B-field
on the coordinates x spoils our ability to do so. We can, however, perform the following
(large) gauge transformation of the B-field:

Bw B =B+d (é(x : dy)), (2.28)

so that
B = —26"dx; A dy;. (2.29)

Note that the H-flux is given by
H =~ dx; Ady; Ad2. (2.30)
The metric (2.27a) and B-field (2.29) now satisfy

Lo.g=Lo B=0
Lo, 9= Lo, B =0,

and so we can proceed to perform multiple abelian T-dualities along the vector fields
{021,-..,02,,0y,,...,0y,}. The formula for multiple abelian T-dualities is relatively easy



to derive (see, for example, [9]). If the coordinates X™ of the manifold split into coordi-
nates on the fibers X™, and coordinates along the base X*, then the metric and B-field

decompose as
Emn Eml/
Eun = , 2.31

and the T-dual for the multiple abelian T-dualities is given by

- Epin Emy E! —(EY)ymE
Eyn = | 2 2 = ( Zflfm ( )mﬁl " : (2.32)
E,un E;UJ Eum(E )mn E/J,I/ - Eum(E )mnEm/

In our case, we have

1 —21
Epn = (A]l . ) (2.33a)

By = (0 0) (2.33b)
0

By = | : (2.33¢)
0

B, = (1) . (2.33d)

The dual metric and B-field obtained from the 2n abelian isometries via (2.32) are given
by:

ds? = - — (d%* + dy?) + dz? (2.34a)
2 a7 ~ ~
B = 1322 0¥ dz; A dg;, (2.34b)

which is precisely the background (2.26) obtained from the non-abelian T-duality. Note
that when n = 1 we get the situation described in the introduction and shown in (1.7).

A comment on the topology. The (left-invariant) metric is given by
ds? = dx* + dy? + (dz — x - dy)*. (2.35)

This is naively a curved metric on R?**1 9 however, we are interested in a compact version
of this. The metric (2.35) is manifestly invariant under the identifications y; ~ y; + 1, and
z ~ z + 1. Under the identifications x; ~ x; + 1 we see that the metric is only invariant
provided that z is identified as z ~ z + y;. Written more succinctly, we have

(X,y,Z) ~ (x,y,z+1) ~ (Xay+€ivz) ~ (X+€i,}’a2’+yi)

It follows that we can view this compact manifold as a (non-trivial) circle bundle over T??.10
Indeed, circle bundles over T?" are classified (up to bundle isomorphism) by elements of

9The metric has a scalar curvature of —1.
10The fibers of the bundle are parameterised by z, and the base T?" is paramtererised by (x,y).

,10,



H?(T?",7). The class determining the isomorphism class of the bundle is the first Chern
class of the associated line bundle. We can obtain an explicit representative of this class
by computing the curvature F' = dA of a principal U(1)-connection. A glance at (2.35) is
enough to confirm that A = dz —x - dy is a principal U(1)-connection for the bundle, and
that therefore the isomorphism class of the bundle is determined by the (non-trivial) class

F = —6Y da; A dy;. (2.36)

Performing a T-duality along the circle fiber parameterised by z gives a dual circle bundle
which is determined up to bundle isomorphism by its first Chern class. From [4], the first
Chern class of the T-dual circle bundle is given by
F= | H=o, (2.37)
S1
so that the dual bundle is just the trivial circle bundle over T??, that is, T?"*!. According
to [4], the dual flux should satisfy

/g H=F, (2.38)

and we can see that this is satisfied by comparing (2.30) and (2.36).

When we perform the additional 2n abelian T-dualities on T?"*! with flux, the topo-
logical description of [4] is no longer sufficient, and we need to use the generalisation for
torus bundles in [8, 34]. Here, we notice that since the H-flux has two ‘legs’ along the
toroidal fibers we are T-dualising along, the dual space will no longer be a principle torus
bundle. Following [8, 34], we could interpret the dual space as a bundle of non-commutative
tori over the base S'. Instead, we will take the perspective of T-folds.

2.4 A non-example: the 4 X 4 unipotent upper triangular matrices

Before we move on to section 3 to discuss T-folds in the context of non-abelian T-duality,
let us include a non-example which is a 3-step nilpotent Lie algebra. Consider the Lie
group of 4 x 4 unipotent upper triangular matrices. That is, the set of matrices of the form

1x1 29 2
01 wy
00 1y2
00 01

(2.39)

where (21, 72,91, y2,w, z) € R6. A convenient basis for the Lie algebra is given by the same
basis for the Heisenberg algebra Ha, (2.18), together with an additional element W:

0000

1
w—|0010] (2.40)

0000

0000

— 11 -



The non-zero commutation relations are

95, p;] = Z (2.41a)
[q1, W] = g2 (2.41D)
[p2, W] = —pa, (2.41c)

and the left-invariant Maurer-Cartan forms with respect to this basis are

A = dxy (2.42a)
A2 =dxg — x1 dw (2.42b)
MU =dy; —wdys (2.42¢)
AP2 = dys (2.42d)
MW= dw (2.42¢)
N o=dz+ (wxy — x2) dy2 — x1 dy;. (2.42f)

Defining a left-invariant metric by
ds® = §;ANEAY 4 5 PP 4 AW AW 1 A7 )\Z (2.43)

gives a metric of constant scalar curvature R = —2. The right-invariant vector fields are a
non-abelian algebra of isometries, and we can gauge these isometries to construct a non-
abelian T-dual. Note, however, that we cannot consider this non-abelian T-duality as a
chain of abelian T-dualities, since

(9, 6] = span{gz, p1, Z} (2.44)

and
Z(g) = span{Z}, (2.45)

from which it follows that there is no ideal b such that (2.16) holds.

3 Non-abelian T-duals as T-folds

The dual space (2.34) obtained as the chain of abelian T-dualities (or, equivalently, as a
single non-abelian T-duality (2.26)) is not a globally-defined Riemannian manifold. Al-
though we have a perfectly well-defined local description, it is easy to see that the metric
and B-field are not globally-defined since the transformation Z ~ 241 does not leave them
invariant. That is, there is no diffeomorphism relating E(x,y, 2) and E(x,y,2+1). On the
other hand, if we allow ourselves a broader class of gluing functions, then it is possible to
make sense of this background globally. A T-fold is a space in which the gluing functions
are allowed to take values in O(d, d), rather than just diffeomorphisms [21, 22]. A simple
calculation shows that for E defined by (2.34), we have

E(X7Y7Z+1):Oﬁ'E(X7Y7Z)7 (31)

— 12 —



where Op is the following 3 transformation:

o1 O
Oy = , 3.2
g ( B ]12n+1> (3:2)
and
0 1,0
B=|-1, 00 (3.3)
0 00

Indeed, we can expand this description much more generally to include all non-abelian
T-duals! Recall from (2.6) that the non-abelian T-dual model E can be expressed as an
O(d, d) transformation of the original model E via

Eij = (Ey + fz"}Xk)_l =0z, -0p-E. (3.4)

The dual model depends only on the dual coordinates (xi,...,Xxq), and it turns out that
it is possible to glue these models using O(d,d) transformations. To see this, consider
increasing one of the dual coordinates by 1. Then

Eij(xm +1) = (Eij + fixe + £f:0km) ™!
= Oz, - (Eij + [5xx + [50km)
= 0z, - Op - (Eij + fiixx)
= Oz, Op - Oz, - (Eij + fixe) "
=0y, -Op-0g, - E;

= Op - Lij,

where Op is a B-shift by f{;dkm. More generally, the value of E at the point x =

(X1,---,Xa) is related to the value of E at the point x + ' = (X1 +X1,-->Xd+ X)) via

Eij(x+X) = 0 Ejj(x), (3.5)

1 0
Op = 3.6
’ ( X ﬂ) 30

3.1 Example: the NATD of S3

where

By far the most prevalent example of non-abelian T-duality in the literature is the non-
abelian T-duality of the round three sphere, thought of as the group manifold SU(2). We
will take B = 0 for simplicity. The round metric is the (unique) bi-invariant metric, and
so is invariant under the left action of SU(2), as well as the right action of SU(2). In
fact, the full isometry group is SO(4) = (SU(2) x SU(2)) /Zs. Performing a non-abelian
T-duality with respect to one of these isometries gives the following dual space, defined on
the Lagrange multiplier coordinates {x;} = {z,y, z}:

1422 2y —zaz+y
zy+z1+y>yz—2a|. (3.7)
zz—yyzr+a 1+ 22

~ 1
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Extracting the symmetric and antisymmetric parts gives us the metric and B-field:

—~2 1 i .

ds :W(éij+Xin) dx* dy’ (3.8a)

B = —¢€jp,————=dx" Ady?, .8b
63k1+X2 X Adx (38)

where x? = x? + x3 + x3. Note that we can’t view this non-abelian dual as a chain of
abelian T-duals a la section 2, since su(2) is a simple Lie algebra, and therefore has no
non-trivial ideals.

Like all T-dualities, this metric is a priori defined on the dual Lie algebra su(2)*,
which, since it is a vector space, is topologically R?. The dual data takes a simpler form
upon switching to polar coordinates via

x =rsinfcos ¢ (3.9a)
y = rsinfsin ¢ (3.9b)
2z =rcosb, (3.9¢)
from which we get the expressions
I = dr? + L (d92 + sin? 0d¢>2) (3.10a)
1+r2 '
B = 1 sin 6 df A d¢. (3.10b)

This geometry interpolates between R3 near r = 0 and R x S? as r — oco. The Ricci scalar is

2(r* 4 3r% +9)

R=""rmr

(3.11)
from which it is clear that there is no radial compactification which results in a smooth
geometry. In other words, there is no diffeomorphism relating E(r, 0, ¢) and E(r+1',6, ¢).
On the other hand, a short calculation shows that

E@+a,y+y,2+7)=0z-E(x,y,2), (3.12)
where
10
On = 3.13
and
O Z, _y/
B=172 0 a2 |. (3.14)
y/ —CE, 0

It follows that we can view the non-abelian T-dual of S3 as a compact space provided that
we are allowed to glue using O(d, d) transformations.
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4 Summary and outlook

In the first part of the paper we have discussed under which conditions we can consider
non-abelian T-duality to be equivalent to performing a chain of abelian T-dualities. We
found that the algebra of isometries, g, was required to have a non-trivial ideal h such that

[g,0] ChC Z(g), (4.1)

where Z(g) is the center of the Lie algebra. This condition highlights the class of 2-step
nilpotent Lie algebras as candidates, whilst excluding all simple/semisimple Lie algebras
and k-step nilpotent Lie algebras for £ > 3. We then discussed a class of examples (the
Heisenberg algebras) generalising the well-known f-flux background from string theory,
and showed that T-folds/non-commutative spaces appear naturally in the context of non-
abelian T-duality.

The second part of the paper involved exploring the relationship between non-abelian
T-duality and T-folds. The non-abelian Buscher rules are written as an O(d, d) transfor-
mation of £ = g + B, and this is used to show that incrementing a coordinate in the
non-abelian T-dual can be similarly implemented with an O(d,d) transformation. Thus
the dual space can be considered as a compact manifold, with the metric and B-field at
different points related by means of O(d, d) transformations. Such transformations do not
lie in the geometric subgroup, and therefore the dual space is not a Riemannian mani-
fold but is instead a T-fold. Note that a generalisation to Poisson-Lie T-duality for the
content of section 3 follows relatively straightforwardly. We have not included this minor
generalisation for ease of exposition.

An obvious and difficult question is how we should make the identifications in the
dual space. For the Q-flux background obtained as the non-abelian T-dual of the f-flux
background in (1.6) (or the generalisation in section 2.3), this has an easy answer since
we can simply compare to the space obtained as a chain of abelian T-dualities. In that
case, we take the coordinate z to be periodic, with periodicity determined by the genus-one
worldsheet argument as in [39]. An alternative way to determine the periodicity of the z
coordinate is to consider bounds on the quantity

b= | B, (4.2)
P

where Y3 is a suitably chosen closed 2-manifold, as in [25, 29]. String theory arguments
require this quantity to be bounded in [0, 1], and imposing this bound on the non-abelian
T-dual of the f-flux gives us the correct periodicity for the z-coordinate. This argument
has been used for the non-abelian T-dual of S? in [25, 29], where it was suggested that the
radial coordinate be constrained to an interval [n,n + 1]. The results of this paper suggest
that, rather than having a large number of such intervals, one should glue the endpoints
of the interval using O(d, d) transformations. It would be interesting to further investigate
the role of such transformations in AdS/CFT, and in particular to clarify the nature of
this gluing procedure in the associated CFT.
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