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ABSTRACT: The Weak Gravity Conjecture (WGC) demands the existence of superextremal
particles in any consistent quantum theory of gravity. The standard lore is that these par-
ticles are introduced to ensure that extremal black holes are either unstable or marginally
stable, but it is not clear what is wrong if this doesn’t happen. This note shows that, for
a generic Einstein quantum theory of gravity in AdS, exactly stability of extremal black
branes is in tension with rigorously proven quantum information theorems about entangle-
ment entropy. Avoiding the contradiction leads to a nonperturbative version of the WGC,
which reduces to the usual statement at weak coupling. The argument is general, and
it does not rely on either supersymmetry or a particular UV completion, assuming only
the validity of Einsteinian gravity, effective field theory, and holography. The pathology is
related to the development of an infinite throat in the near-horizon region of the extremal
solutions, which suggests a connection to the ER=EPR proposal.

KeEyworDS: AdS-CFT Correspondence, Gauge Symmetry, Global Symmetries

ARX1v EPRINT: 1812.03978

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP03(2019)157


mailto:monter89@gmail.com
https://arxiv.org/abs/1812.03978
https://doi.org/10.1007/JHEP03(2019)157

Contents

1 Introduction 1
1.1 Outline of the paper

2 Preliminaries 5
2.1 AdS black holes and their thermodynamics 5
2.2 Thermofield doubles and near-horizon geometry 9
2.3 (Holographic) entanglement entropy 11

3 The WGC meets quantum information theorems 15
3.1 A black hole paradox 15
3.2 A nonperturbative formulation of the WGC 24

4 Discussion and conclusions 28

A Computation of entanglement entropies 31
A.1 Entanglement entropy for rectangular regions 31
A.2 Entanglement entropy for spherical region 32

B Exponential decay of correlations at equal time 32

1 Introduction

Perhaps one of the few universal things that we think we know about quantum gravity is
that we cannot couple it to anything we want. You cannot just write down your favorite
effective field theory, couple it to Einsteinian gravity, and hope that has a sensible UV
completion. Most such bottom up constructions are doomed to fail; this state of affairs has
been colourfully called the Swampland of effective field theories [1] (see also the review [2]),
where there are only a few dry spots where UV-sensible theories live. If correct, the
Swampland is awesome news, because the sensible effective field theories outside of it are
constrained. These constraints should be universal, low-energy predictions of quantum
gravity, that one can check without building a collider the size of the Universe. This
was recently illustrated in [3], where it was shown that the Swampland as we currently
understand it predicts an exactly massless photon.

So far, there is a healthy number of proposed Swampland criteria. Among these,
one may count the Swampland Distance Conjecture [4], the Chern-Simons Pandemic [5],
or the recent conjecture on the scalar potential [6, 7], which leads to the dramatic (and
debated [8-30]) conclusion that there are no de Sitter vacua in string theory (this has
been suspected long before [6, 31]; see [32] for a thorough review of the stringy arguments



against de Sitter, and [33] for arguments supporting the conjecture). Most of these remain
conjectures primarily supported by a large variety of stringy examples. There are few cases
where more solid arguments can be given: absence of continuous spin representations can
be rigorously proven in string theory [34], and there are also heuristic arguments supporting
it [35]. The absence of global symmetries in quantum gravity [36-39] is very well supported
by both heuristics [40], worldsheet [41] and holographic [42-45] arguments.

One of the most far-reaching Swampland constraints is the Weak Gravity Conjecture
(WGC) [46]. In its original form, it says that in any effective field theory with gauge fields
consistently coupled to Einsteinian gravity, there should be a state whose charge-to-mass
ratio is equal to or larger than that of an extremal black hole. This has the effect of
rendering the black hole unstable via Schwinger pair production of charged particles. This
is only the mildest form of the conjecture. There are several more refined and constraining
versions, such as a version applying to axions and other p-form fields, the Convex Hull
Condition [47], Lattice and Tower WGC [48, 49], scalar versions of the conjecture [50—
53] (leading to a connection to the Distance Conjecture and emergence [54-57]), and a
variant leading to the instability of nonsupersymmetric AdS space [58, 59] (and to proposed
constraints on the Standard Model [60-63]). Variants of the WGC have also been argued
to constrain axion models of inflation or relaxation [48, 58, 64-83]. The vanishing photon
mass prediction mentioned above involves the WGC as well.

All of this makes the WGC one of the most interesting Swampland constraints, but why
should it be true? On top of the fact that it seems to be satisfied in string compactifications,
sometimes in very nontrivial ways [84—86], there is a heuristic argument that extremal black
holes should be unstable [46, 87]. Otherwise, one could take the g — 0 limit at finite Mp,
leading to a theory with a global symmetry in quantum gravity, which is illegal [44, 45].
This argument is unsatisfactory for a number of reasons. First, perhaps this dangerous
limit cannot be taken. The Swampland Distance Conjecture suggests that points where
g — 0 are generically near the boundary of the moduli space, where an infinite tower of
fields become light and the effective field theory analysis breaks down. In fact, trying to
follow the heuristics carefully in the AdS case leads precisely to this conclusion, and not
to the WGC [43]. On top of this, at any finite value of g, there is only a finite number
of exactly stable black holes, so it is not clear how is this a problem. Theories with
extended supersymmetry can have a large number of exactly stable extremal black holes
with different charges [88], and this seems to be fine.

The goal of this paper is to provide a more convincing derivation of the WGC from
more fundamental principles, a “physics proof” of sorts. This is not the first paper claiming
to do so. Of course, the validity of any proof depends on the assumptions and axioms
one is willing to accept. Reference [89] argued that the WGC follows from a previous
conjecture, the “universal relaxation bound”, so it is only a proof if one is willing to count
the latter as an axiom, or if one is able to prove it in turn from other axioms; see also [90].
References [82, 91] explored loop corrections to entanglement entropy in extremal black
holes, finding no blatant pathologies, while reference [92] reached the opposite conclusion.
This disagreement persists, with [49] claiming that [92] uses certain loop correction formulae
outside of their regime of validity. Reference [93] makes a convincing case that higher-



derivative corrections work in such a way so as to have small black holes satisfy the WGC,
provided some assumptions about the UV — more concretely, that it is described by an
effective field theory such that the IR higher-derivative interactions arise as a result of
classically integrating out UV modes —. These assumptions are not general — for instance,
one of the original examples of the WGC in [46] involves a non-supersymmetric U(1) gauge
field in 10d heterotic string theory, which does not have a field theory UV completion —,
but when they hold, the argument is solid. Reference [94] connects the WGC to causality
and unitarity IR properties of the effective field theory.

Just as the examples above, the argument in this paper is only as good as its assump-
tions. In this case, we consider a consider a Einsteinian quantum theory of gravity, but
only in Anti-de Sitter (AdS) space, plus a number of technical assumptions discussed be-
low. Of course, the point is that we now have the tools of holography at our disposal — we
can attack the problem from two sides, the bulk and the dual field theory description. A
similar approach was followed in [78, 95] and in [96], where we tried to relate the WGC to
Lloyd’s bound for the C = A proposal for holographic complexity. See [97] for a thorough
analysis of WGC bounds in AdS space. We will provide a derivation of the formula in
section IV C of that reference.

I want to emphasize that “holography” as used here is a very mild assumption — any
consistent theory of gravity in AdS should have boundary correlators that obey unitarity
and crossing symmetry, and is therefore a CFT [98]. Leveraging general theorems in the
CF'T side into bulk statements can be a powerful strategy, since unlike in other approaches
one makes no explicit assumptions about the UV in the bulk —whether it is String Theory
or something else, whether there is supersymetry or not, the arguments work all the same—

The argument given in this note applies to any bulk theory, as long as it reduces to
Einsteinian gravity plus effective field theory at low energies.

I will now briefly outline the argument. An Einstein — U(1) — AdS theory contains
stable extremal planar black brane solutions [99]. These have a finite area horizon and zero
temperature. They are holographically dual to the (highly degenerate) ground state of the
dual CFT, deformed by a chemical potential. The maximal extension of these black branes
is dual to the corresponding thermofield double state. The bulk description allows us to
compute a variety of properties of this thermofield double, in particular its entanglement
entropy (via the Ryu-Takayanagi formula [100]). This satisfies a volume law (this means
that it grows as the volume enclosed by the entangling surface).

At the same time, the extremal black brane has a near-horizon AdS; x R~ geometry,
which controls the behavior of correlators in the IR. In particular, there is a notion of
near-horizon scaling dimension, and a corresponding dilatation operator. These scaling
dimensions are related to masses and charges of the states in the theory and, under mild
assumptions, they lead to correlators that decay exponentially in space. Pure quantum
states with exponential decay of correlations are widely expected to obey an area law [101].
In fact, this has been proven in a particular case [102, 103], which covers (a particular
compactification of) the extremal black brane, which should therefore obey an area law,
leading to a contradiction with the holographic behavior. It follows that the bulk model we
are using must be inconsistent. To avoid the contradiction, one can modify the theory in



such a way that the scaling dimensions no longer lead to exponential decay of correlations.
The simplest way to do this is to introduce a charged state whose charge is bigger than or
equal to its mass — in other words, a WGC particle. This both covers the supersymmetric
and nonsupersymmetric cases. In the supersymmetric case, the BPS particle makes the
dilatation operator gapless. In the nonsupersymmetric case, the WGC particle introduces
a near-horizon instability, which is seen as complex near-horizon scaling dimensions. In
both cases, exponential decay of correlations no longer holds.

The pathological behavior in the entanglement entropy is directly related to the pres-
ence of a horizon even at zero temperature, which entails a large entropy density. In
bottom-up holography this has long been regarded as probably unphysical, since there is
no obvious symmetry protecting this degeneracy (see e.g. [104]'). On the other hand, it
was difficult to pinpoint a precise inconsistency; perhaps the finite entropy density of the
extremal black brane was not unphysical, but just weird. The argument presented here
aims to fill in this gap, pointing out that there is indeed a pathology if WGC particles are
absent. In spirit, it follows the same line as [82, 91|, which also tried to find a pathology in
the entanglement entropy of extremal charged black holes in WGC-violating theories; the
crucial difference is that holography allows us to leverage rigorous quantum information
theorems into bulk statements.

While it reduces to the usual WGC in perturbative setups, the requirement that the
spectrum of the dilatation generator should not be holomorphic and gapped makes sense
more generally. One might then regard this statement as a nonperturbative generalization
of the WGC, a concrete property that consistent quantum theories of gravity must satisfy
and that reduces to the ordinary WGC in particular cases.

The statement derived here is also connected to the ER=EPR proposal [107]. The zero-
temperature thermofield double states dual to the black brane are highly entangled, yet
the wormhole at zero temperature grows a logarithmic throat and effectively disconnects.
This is is what causes the pathological volume law for the entanglement entropy, and at
the same time, is in contradiction with ER=EPR, which demands a wormhole. The WGC
introduces particles which either are so light that can traverse the wormhole in a finite
time, even at zero temperature, or are tachyonic, causing an instability and the wormhole
to fragment into a myriad of Planckian sized wormholes.

1.1 Outline of the paper

This paper has a single goal — to provide a holographic derivation of the Weak Gravity
Conjecture. The different sections have been structured accordingly:

e Section 2 introduces the necessary preliminaries, which can be safely skipped by the
familiar reader:

— Subsection 2.1 focuses on (charged) black holes and how to relate them to CFT
quantities.

!Therefore we have two different communities (bottom-up holography and string model building) that
get to the same conclusion (the WGC) by different routes. This connection seems to have been first noticed
in [105], as well as [106] which discusses entanglement entropy, of more direct relevance to us.



— Subsection 2.2 discusses the thermofield double formalism and near-horizon sym-
metries of extremal black holes.

— Subsection 2.3 is a lightning review on entanglement entropy (EE) and holo-
graphic entanglement entropy computations. It also discusses the holographic
EE computation for the black holes of interest.

e Section 3 is the core of the paper:

— In subsection 3.1, a contradiction is presented between the holographic EE cal-
culation and a quantum information theorem.

— Subsection 3.2 then presents the main result coming out of the previous subsec-
tion, discussing how it reduces to the standard WGC in both supersymmetric
and nonsupersymmetric cases.

e Finally, section 4 sums up results and conclusions.

2 Preliminaries

The main result of the paper relies on black hole thermodynamics and holographic en-
tanglement entropy calculations. While the result is general, it is useful to focus on a
particular “benchmark” model, which in our case will be Einstein-Maxwell. We will also
allow for a finite number of charged elementary particles, as long as their charge-to-mass
ratio is low enough so that they do not satisfy the WGC. This section reviews the necessary
background. The material is standard and can be safely skipped by a familiar reader.

2.1 AdS black holes and their thermodynamics

Our arena will be (d + 1)-dimensional Anti de Sitter space in the Poincaré patch. All the
metrics we will consider will therefore asymptote to

02 r? 1
ds? 45 = (72) dr® + 7 (-dt2 + def) : (2.1)
=1

where ¢ is the AdS radius. The Poincaré horizon sits at 7 = 0. As is well known [99, 108],
the conformal boundary of (2.1), which sits at 7 — oo, is R?. As usual the gravity theory
in the Poincaré patch is dual to a conformal field theory on R? endowed with the flat
Minkowski metric.

To proceed further, we need to specify the bulk theory. The minimum requirements for
a WGC discussion are Einsteinian gravity (the WGC does not seem to hold in higher-spin
theories [97] such as Vasiliev’s theory [109]) and a weakly coupled U(1) gauge field. As
usual, the U(1) gauge field is dual to a conserved charge @) in the boundary. By Einsteinian
gravity we actually mean that there is a weakly coupled bulk effective field theory with
a finite number of light fields of spin < 2 [110, 111], as well as a decoupling limit for
the gravitational sector. We will refer to this as the large N limit, as usual; however, we



emphasize that we assume nothing but the existence of the limit. The parameter N can
therefore be discrete or continuous; we will take G to scale as

er o< Gy o< N2, (2.2)

since this is the correct scaling in the more familiar d = 4 case; but N is just a bookkeeping
device and our results will be general. Similarly, the U(1) gauge coupling will scale as [97]

g~1/N (2.3)

This scaling ensures that both gravity and gauge interactions become weak in the large NV
limit but the product ¢g/+/G y, which shows up in the WGC bound, remains finite. All the
results mentioned in this paper are semiclassical, to leading order in N.

The strategy in this paper is to obtain the WGC by contradiction: we will start
with a theory in which extremal black holes are stable, and derive a paradox. While the
arguments we present are general, it is useful to keep a simple, concrete model in mind
as a “benchmark” to illustrate the arguments. We will take the Einstein-Maxwell system
with action

1 d(d—1) 1
dtt! ——— ) — —Fu,F"
/ v [2/{?[“ (R+ 202 ) 4g2° H

The next step is to look for black hole solutions of (2.4) which asymptote to (2.1).

. Kayq = 81G. (2.4)

These are worked out in [99]. The metric is

9 5 dr? r2 (L 9 o m 7>
ds? = —U(r)dt* + + 4 > dal), U(r)= 7~ st e (2.5)
=1

U(r)

There is a horizon at the larger solution of U(r) = 0. We will call this solution ;. To
avoid naked singularities, one must impose the (sub)extremality condition,

d 949
T > ¢?02. (2.6)

There is also an electric field [43, 99],

1v29 g
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dt, c= =1 (2.7)

A=p

These are “black branes”, since the topology of the horizon is R%. They can be obtained
from standard AdS Reissner-Nordstrom black hole solutions via a scaling limit [99]. Since
the solutions extend to infinity in the transverse directions, one should talk of mass and
charge densities. These correspond to energy and charge density in the corresponding CFT
state, given by [43, 99]

_(d—l)m  V/(d—=2)(d—-1)
- 167G ©= V8w Gy ‘ 28)



Since the solutions have a horizon, there is also a nonvanishing entropy density, proportional
to the horizon area:

A B 27r7“i_1

S:E_ Kd+1 '

(2.9)

Finally, the solution (2.5) has an Euclidean counterpart, obtained by Wick-rotating the
time coordinate and introducing a periodicity in the time coordinate of 273, where

_ 47T£27"+
Cdr? —(d—2)(c®l)?’

Kd+1
P = . (2.10)
V2g

is the Hawking temperature of the horizon. As is well known [99, 108, 112], the Euclidean

B

solution encodes the thermodynamic properties of the Lorentzian one, and of the CFT in
general. More specifically, in the semiclassical limit one can compute the partition function
of the CFT at an inverse temperature 8 and chemical potential y

Zopr=e 9= Y €%, (2.11)
Saddles

where S is the Euclidean action of the solution and the sum ranges over solu-
tions of the Euclidean equations of motion with the correct asymptotics for the bulk
electrostatic potential,

Alr = 00) = p+ ... (2.12)

There is only one solution of the form (2.5) for given 5 and p. Then, (2.11) collapses to
a single term, and we can identify the free energy of the CFT with I/5, where I is the
on-shell action of the black hole solution per unit transverse volume. In short, the bulk
dual of the CFT at finite temperature and chemical potential is the corresponding black
hole (2.5). We will be particularly interested in the small T" region. At T' = 0, the entropy
contribution disappears, and the only contribution comes from the ground states of the
modified CFT Hamiltonian H,, = H — p@. In the bulk, this corresponds to an extremal
black brane.

Thus, we arrive at the picture that the extremal black brane is describing the ground
state of the CFT modified by a chemical potential. Since this has a nonzero entropy
density (2.9), we expect this ground state to be highly degenerate, with the black brane
describing a CFT mixed state which is a statistical superposition of all ground states with
the same weight. The dimension of the ground state space grows exponentially with the
volume of the system.

In supersymmetric black branes, we understand this huge degeneracy. The theory
has BPS operators, whose dimension is protected, and black holes/branes are built out of
these. In the black hole case, one just has to count how many possible combinations are
there for a particular value of the total charge [113]. This is the standard success story of
entropy counting in supersymmetric black holes. In short, the degeneracy is explained by
supersymmetry. But (2.9) applies for non-supersymmetric black holes as well. We have
a huge ground state degeneracy, and no explanation for it [106]. It has been suggested



that this is an artifact of the large N limit [114], but there is nothing going wrong in an
obvious way, and the limit does work in the supersymmetric case. In a way, the argument in
section 3 will explain what is wrong with this situation, in terms of entanglement entropy,
while also being compatible with the supersymmetric result.

Since the equivalence between the black brane and the CFT ground state is one of
the main ingredients in the argument, it is important to understand exactly when it holds.
Equation (2.11) is a standard saddle point approximation in the large N limit. Specif-
ically, since the action (2.4) scales like N2, the path integral localizes to the sum over
saddles (2.11). For each term in the sum, one then uses the usual formula [115],

~N28 L -N2s
/6 X We O, (213)

where Sj is the value of the action at the saddle point v/det S” is the determinant of the
quadratic fluctuations around the saddle. The saddle point calculation will be reliable as
long as det S” > 0. A negative determinant signals the presence of a tachyonic instability in
the black hole background. If it is zero, validity of the saddle point approximation depends
on higher-order corrections (in the finite-dimensional case, this is studied by catastrophe
theory [116].).

The exact conditions for instability of a probe scalar field in the background (2.5)
have been studied extensively; the Einstein-Maxwell system together with a charged scalar
provides the simplest model of a holographic superconductor. In this case, the effective
mass of the charged scalar is shifted by the electric field of the black hole, and there will
be an instability if and only if this effective mass is below the near-horizon AdS; BF
bound [117]. As worked out in [97, 105], this constraint that one must satisfy to ensure the
absence of instabilities is essentially (the opposite of) the WGC: the charge-to-mass ratio of
any field on the black hole background is bounded from above. As long as this happens, the
saddle point approximation is reliable, even at extremality, since the contribution coming
from the perturbations never becomes larger than the classical one.

We will therefore assume det S” > 0 for any u,T we consider; equivalently, black
holes are (perturbatively) stable. If they are not, one just has to look at the effectively
massless/tachyonic direction around the Euclidean saddle; that mode is a WGC particle.

Similarly, the requirement that the Euclidean black brane is nonperturbatively stable
is equivalent to demanding that (2.5) is the dominant saddle in (2.11). There are certainly
no other saddles within the consistent truncation (2.4), and one also does not expect them
outside of it within the EFT framework. In many cases, one can make a given supergravity
solution be the dominant contribution to a certain path integral via changes in boundary
conditions in AdS, which correspond to different ensembles in the CFT [99, 118].

In short, we will assume that the black brane (2.5) is the dominant saddle in the
partition function. Extrapolating from the benchmark, this will constitute one of the main
hypothesis of our argument — that we have some sort of extremal black brane solution with
finite horizon area which is dual to the ground state of a suitable deformation of the CFT.



Figure 1. Standard illustration of the Euclidean path integral preparing the charged thermofield
double state (2.14). The Euclidean part of the solution is below the dotted line; its boundary is
an interval of length 8/2. The fuzzy lines represent the timelike singularities of the subextremal
Reissner-Nordstron black brane. We have omitted the transverse R?~! factor.

2.2 Thermofield doubles and near-horizon geometry

The discussion in the previous subsection involves the black brane only up to the horizon.
However, the Lorentzian solution (2.5) admits a continuation beyond, to a two-sided black
brane. The conformal diagram is depicted in figure 2. As is well known, this now has
two asymptotically AdS regions, so it is natural to guess that the holographic dual lives
in two copies of the CFT. In fact, the holographic dual is supposed to be a thermofield
double [119],

TFD) = 3 e s EnmQn ) ) g (2.14)

1
VZ(B1) 5
an entangled state between the two CFT’s. Here, |n) means the CPT conjugate of |n).
This state has the property that when tracing out one of the CFT’s one is left with the
thermal state for one CF'T — which, as discussed in section 2, is dual to a single-sided black
hole. The two pictures agree, with the black hole interior somehow containing information
about correlations of the two CFT’s.

The thermofield double state can be prepared by a simple Euclidean path integral [119]:
just consider the vacuum CFT on an interval of length 5/2, as illustrated in figure 1. The
corresponding bulk saddle is half of the Euclidean saddle contributing to the thermal
partition function.

We will be interested in the zero-temperature limit of (2.14), where the black brane be-
comes extremal. In this limit, the only states contributing to (2.14) have minimal E,, — u@,
and as a result (2.14) becomes an energy eigenstate in the dual CFT. In this limit, (2.14)
involves only the groundstate subspace of the modified Hamiltonian H, = H — uQ,

ITFD(T=0)) o > l|a)rla)s. (2.15)

Groundstates

As we approach (2.15) by lowering the temperature, an extra symmetry emerges deep in
the bulk. Near the region where the two horizons intersect in figure 2, the metric simplifies
at low enough temperatures. To lowest order in S~!, and introducing the coordinate



Figure 2. On the left, conformal diagram of the maximal extension of the sub-extremal black
brane. At each point we have ommited the transverse R? factor. The solid lines represent the
two conformal boundaries where each of the CFT copies in the thermofield double state (2.14) live.
Dashed lines represent black brane (outer and inner) horizons. Beyond the inner horizon lie timelike
singularities, represented by fuzzy lines. When the black brane becomes extremal, the outer and
inner horizons coincide; the left and right pieces disconnect, and the resulting conformal diagram
is depicted on the right.

z = r—ry, where 7 is the extremal black brane radius, the function U(r) in (2.5) becomes

2 2 1 d—1)d
Ur) = 5— + 21T <2z +(5— 3d)z> +O(T?), 5 = ( 5 ) . (2.16)
Caas, T+ CRas, 14

The leading term in (2.16) is the dominant contribution for

Amli g, T < 2 < 14 (2.17)
In this range, the metric (2.5) is to a good approximation
€2 dZQ d—1
2 o AdS 2 2 2
2 i=1

This is the metric in the Poincaré patch of a product space AdSs x R%~!, where the AdS,
factor involves the (z,t) coordinates, and the transverse R%~! factor with coordinates z;
has a flat metric.

Due to the near-horizon AdSs x R?! region, one could expect the ground state
dual to the extremal black brane to develop an emergent SL(2,R) symmetry (see
e.g. [120, 121]). Morally, there should be three conformal generators, obeying SL(2,R)
commutation relations,

i[D,H) =K, iD,K|]=-H, i[K H =D (2.19)

all of which should annihilate the vacuum. In the one-sided description, where the black
brane represents a mixed ground state, this means that [G, p] = 0 for each G in (2.19). In
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the thermofield double picture, which describes both sides of the wormhole, this becomes
the usual statement G|T'FD) = 0. In the § — oo limit, the Euclidean path integral
defining the thermofield double state becomes the real line; the symmetry (2.19) is just the
conformal group acting on this real line.

It is tricky to argue that these isometries of the black brane solution uplift to full sym-
metries of the theory, so perhaps the algebra (2.19) is not exactly realized. Yet weakly inter-
acting particles in AdS, which correspond to single-trace operators in the dual CFT [111],
are sensitive only to the geometry and electric field, and indeed correlators of local opera-
tors behave as they should in a theory with SL(2,R) symmetry. In particular, two-point
functions in momentum space are of the form [114]

(OF O (=P, t')) ~ ’t_lt,‘m (2.20)
which is what one would expect from conformal invariance. This property is one of the
essential ingredients in the argument presented in section 3. Notice that the scaling coor-
dinate is time only; spatial coordinates do not scale. It is an example of a z = oo Lifshitz
scaling point [114]. The IR tail of any correlator in the dual CFT in the black brane
background is controlled by this SL(2,R) symmetry. The conformal diagram splits in two
in the 8 = oo case, as illustrated in figure 2, so we end up with two sets of independent
near-horizon AdSs regions. Accordingly, two-sided correlators vanish in this limit.

We should emphasize that the usual issue with AdS3, namely that backreaction is
so strong that any finite-energy excitations break the conformal symmetry [122], is not
expected to be present in this case due to the transverse R?~! factor [123]. States with
well-defined energy (which would have strong backreaction in the AdSs factor) are non-
normalizable plane waves in the transverse R~!. But for normalizable wavepackets this
effect is damped. Relatedly, the thermodynamic gap of a black hole [124] vanishes as the
size of the black hole diverges.

To sum up, the thermofield double (2.15) is described by a two-sided extremal black
brane in the bulk, which enjoys an emergent SL(2,R) symmetry due to its near-horizon
geometry, at least as far as weakly interacting particles are concerned.

2.3 (Holographic) entanglement entropy

The main point of this paper is to turn entanglement entropy theorems into Swampland
constraints, so a somewhat detailed introduction to entanglement entropy is in order.
The reader is encouraged to read the excellent review [125], parts of which we will now
roughly summarize.

Suppose one is given a density matrix p — that is, a hermitean, unit trace, positive
linear operator on some Hilbert space H. One of the simples quantities that one can
associate to p is its von Neumann entropy

S(p) = =Tr(p log p). (2.21)

One thing this quantity measures is how pure the state p is. For a pure state, p = |W)(¥|,
S(p) = 0, while it achieves its maximal value for p oc I. In case p is a thermal state,
p=ePH/Z(B), S is precisely the thermodynamic entropy.

- 11 -



It turns out that (2.21) also provides a measure of quantum entanglement. Roughly
speaking, the word “entanglement” describes the presence of correlations in a quantum
bipartite system that do not have a classical counterpart; there is no (local) classical
system that could ever reproduce them [126]. Given a pure state |¥) in a bipartite system
described by a tensor product Hilbert space H 4 ® Hp, we would like to know whether |¥)
is entangled and if so, how much. It turns out that the Von Neumann entropy of either
reduced state

pa=Tep(W)(T)) or pp=Trea(¥)(T) (2.22)

is a measure of entanglement,? called the entanglement entropy of |¥). As a simple check,
when the state |¥) factorizes as |¥)4 ® |¥)p, so that there are no bipartite correlations,
the entanglement entropy of the reduced state pg = |¥)4(¥|4 indeed vanishes.

Notice that the entanglement entropy is an actual entanglement measure only when
applied to pure states. Nevertheless, its definition makes sense for mixed states as well,
where it also captures some of the classical correlations in the system.

In a quantum field theory defined on R? (such that states live naturally in R9~1), there
is a natural class of bipartitions, given by

R = A region of R~ with boundary S,
RE = The complement of R in R41, (2.23)

We will therefore talk of the entanglement entropy of the state |¥) (or a mixed state p)
associated to the surface S, and denote it by S)g)(S) or S,(S). One is often interested on
how the entanglement entropy behaves as a function of the size of S; sometimes we will
replace S by some characteristic scale L and talk about the entanglement entropy Sy)(L)
as a function of L. To get meaningful statements, we need to introduce a regularization,
since the entanglement entropy in field theory turns out to be UV divergent. The intuitive
picture is that a generic state of a quantum field theory is entangled, so when tracing out
one of the subsystems we get contributions from the degrees of freedom right across the
entangling surface §. But in a continuum field theory we get infinitely many degrees of
freedom per unit volume, which causes a divergence. A simple way out is to e.g. introduce
a lattice regularization. As the lattice spacing ¢ — 0 one expects the entanglement to be
dominated by modes just across the entangling surface S, leading to what is called an area
law for entanglement entropy:

S|‘1,> (8) — Jj(;i) as € — 0. (2.24)

As we will see, this universal behavior is automatically reproduced by holographic entan-
glement entropy.

Because of its universal character, the above area law does not tell us much about the
state |W) itself. It will be more interesting to us to look at the opposite regime, where the

2In a precise sense [126], this means that the entanglement entropy remains invariant under any “clas-
sical” operation, and therefore is a measure of purely quantum correlations.
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size of S — oo while keeping the cutoff € finite and constant. The behavior of the entan-
glement entropy in this limit is captured by universal terms, which are independent of the
cutoff. Alternatively, one can look at particular combinations of entanglement entropies,
such as mutual information, in which the cutoff dependence cancels out. We will see an
example of this in the next section.

For the rest of the paper we will be interested in the IR limit. Here the entanglement
entropy can also display simple behaviors. Most states in a quantum field theory will
satisfy a volume law: the entanglement entropy grows as the volume of the region enclosed
by S§. Because we have introduced a lattice regularization, the Hilbert space associated to
the region enclosed by § is actually finite-dimensional, and the logarithm of its dimension
scales with the volume. Because the maximum Von Neumann entropy in a state space
of dimension d is logd, it follows that volume law is the fastest entanglement entropy
can grow.

While a typical state in a QFT will have a volume law [127], special states can have a
different behavior. The most prominent example is the ground state of the theory, which
often obeys an area law (see [101]). This is very interesting on its own, since an area
law means that the ground state can be analyzed via the techniques of matrix product
states [101]. However, it is by no means a universal statement: there are mild violations
in two-dimensional CFT’s [128], which have a universal logarithmic behavior, and systems
with Fermi surfaces often get an area law with an extra logarithmic factor [101]. Further-
more, there are some exotic one-dimensional systems with polynomial or even volume law
entropies in the ground state [129, 130]. We will elaborate on the origin of the area law in
section 3.

In a holographic CFT (by which again we mean a CFT with some sort of large N
limit in which gravity decouples and there is a low-energy effective field theory containing
finitely many fields of spins < 2 [110, 111]), Ryu and Takayanagi provided a simple recipe
to compute entanglement entropies, illustrated in figure 3: given an entangling surface S,
consider all (properly regularized) bulk surfaces that anchor in S and that are homologous
to it. Among these surfaces, find the one of minimal area. The entanglement entropy of
the CFT state dual to the bulk geometry under consideration is simply

_2nA

)
Rd+1

S,(S) (2.25)
where A is the area of the extremal surface.

The RT formula (2.25) works equally well for pure or mixed states, and was originally
derived for the case when the state under consideration must be approximately dual to a
semiclassical geometry.? Also, it is a large N result, providing only the leading piece of
the boundary entanglement entropy. As usual in holographic setups, 1/N corrections are
dual to quantum loop effects in the bulk and are organized in a power series expansion
in kg1 [111]. With these caveats, however, the formula was proven in [133], and first

3In [131] the formula was argued not to work for superpositions of many different semiclassical states,
but [132] showed this can be corrected by appropriately taking into account the contribution of the bulk
entanglement entropy.
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Figure 3. Illustration of the Ryu-Takayanagi prescription for computing entanglement entropies.
The dotted square represents a regularized version of the boundary, in which the entangling surface
S sits. The RT surface is anchored in S, extends into the bulk, and has minimal area.

quantum corrections were analyzed in [134] (see the review [125] for a summary of the
proof as well). The idea is to compute the entanglement entropy via the replica trick [125]
and then compute the action of the replicas via a bulk semiclassical gravity computation.

Using (2.25), one can compute the entanglement entropy for a wide variety of states of
interest. For instance, in the AdS;1 vacuum, one obtains an area law, as advertised. The
Schwarzschild black brane leads to a volume law, which fits right in with the fact that this
describes a thermal state in the dual CFT. Quite generally, for large enough entangling
surfaces S in spacetimes with horizon, the RT surface tends to hover right above the
horizon (see [125] again for details), resulting in an entanglement entropy proportional
to the Bekenstein-Hawking black hole entropy. Some sample calculations can be found in
appendix A. For convenience, we will now quote the results for the black brane metric (2.5)
for the case when S is a S%2 sphere of radius L:

S 2rA 27rri_1 wg_oLA~1 (2.26)
P Kap kKay1r  d—1 7 '

This volume law is actually independent of the precise shape of S, as long as it is
large enough.

This concludes the lightning review of holographic entanglement entropy. Before we go
on, however, there is an important point we must address. We are interested in the behavior
of entanglement entropy as the characteristic length scale of S, call it L, diverges. On the
other hand, (2.25) only allows us to compute entanglement entropies in the large N limit.
So we have an issue of commutativity of limits. Suppose the actual, exact entanglement
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entropy at finite N and L can be written as
S(p) = N*f(L) + g(L, N), (2.27)

where g(L, N) grows slower than N? in the large N limit at constant L. The physically
relevant quantity to check whether we have area or volume law is obtained by taking large
and fixed N first, then sending L — oo, while what we are actually able to compute is the
N — oo result for any fixed large L (the f(L) piece in (2.27)).

It is very hard to imagine that the limits would not commute for a pure state. The
derivation in [133] shows that the RT prescription arises as a saddle point action in semi-
classical gravity, which shows no pathology no matter how large L is. For the limits not
to commute, there would have to be some quantum gravitational effect that becomes in-
creasingly important as L — oo. This would be a breakdown of local effective field theory
on long scales. And in fact, one could ask similar questions in all sort of holographic sit-
uations: comnsider, for instance, the calculation of the partition function of a CFT, as a
function of 5. As 8 — 00, Z — 1, since the only contribution comes from the ground state.
This is exactly matched by the AdS saddle in the bulk perspective. However, this saddle
comes with its own set of 1/N corrections. How do we know that there is no correction
that overcomes the semiclassical contribution as § — oco?

To get around this kind of objections, we will make the additional assumption that
effective field theory and hence the semiclassical result (2.25) actually gives the leading
piece of the entanglement entropy for arbitrarily large L. A similar point already arose at
the end of subsection 2.1, and will be a recurring theme of the paper, so we will state it
clearly: we will assume validity of the low-energy effective field theory, which means that
the leading behavior of all quantities of interest in this paper (entanglement entropies, heat
capacity, etc) is correctly reproduced by the semiclassical calculation.

3 The WGC meets quantum information theorems

We are finally in a position to present the black hole information paradox that leads to a
version of the WGC. This reformulation involves asymptotically AdS black branes instead
of black holes, and covers both the supersymmetric and non-supersymmetric cases.

3.1 A black hole paradox

Just as in the previous section, we will consider a two-sided black brane which is dual to
a zero-temperature thermofield state in two copies of the dual CFT. One can think of the
electric black brane (2.5) as a benchmark, but it will be clear that the story is more general
— it follows through whenever one has a zero-temperature state with a horizon and an
emerging AdSy geometry in the deep IR.

As reviewed in section 2, under these circumstances we expect an emergent conformal
IR symmetry. In particular, this symmetry controls correlators of Fuclidean local single-
trace operators (O(Z, )@’ (#',#)) in the regime [114, 135, 136]

|7 — 2|, [t —t'| > 1/p. (3.1)
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In particular, after Fourier-transforming in time and space, one obtains the behavior [114,
135, 137]
(O(p,w)O(=p,0)) ox > B@=1/2), (3:2)

where Ap/(p) is the would-be near-horizon conformal dimension. This is the eigenvalue
under 7D of the near-horizon conformal symmetry.

One can Fourier-transform (3.2) back into real space, to obtain a late-time behavior as
t—1'|2200) at long but fixed spatial separation. As long as A(p) is holomorphic near the real
axis, this leads to exponential decay of spatial correlations at finite time [135]. The near-
extremal geometry is the prototypical example of this behavior, which has been dubbed
quasi-local quantum criticality [114, 135], where correlations decay on spatial directions
but are long lived in time. The fact that (3.2) is not gapped for any p implies the existence
of light modes at any value of the momentum, which provides a heuristic explanation of
the large ground state degeneracy in (2.9) [138].

Notice that the exponential decay of correlations only follows from (3.2) at sufficiently
late times. However, as proven in appendix B, one can show that (3.2) implies that corre-
lations decay exponentially at large spacelike separation also at ¢ = 0 if the following two
assumptions hold:

e Ap(p) is holomorphic on a strip near the real line for every operator in the theory.
o Ap(p) > 0 for every operator.

From here on, we will take this two properties for granted, so we have a state with
exponential decay of correlations for local operators. There is a broad expectation that
such a behavior of correlators leads to an area law for the entanglement entropy [101].
The heuristic explanation is illustrated in figure 4; the exponentially vanishing correlations
intuitively mean that degrees of freedom in the bulk of region R are in fact unentangled
with bulk degrees of freedom in region R¢. In fact, this heuristic picture is what underlies
the expectation that ground states of gapped Hamiltonian satisfy an area law (which by
itself has been proven rigorously only in one dimension so far [139]), since they always have
exponential decay of correlations [140].

This expectation is not correct in general: quantum “data-hiding” states have tiny clas-
sical correlations, yet they can store large amounts of entanglement at the same time [141].
However, if it turns out to be correct in our setup, then we have a paradox: the extremal
black brane shows exponential decay of correlations, which leads to an area law, which
contradicts the volume law predicted by Ryu-Takayanagi. Subsection 3.2 discusses the
way out of this contradiction, which essentially leads to the WGC.

The remainder of this subsection is devoted to making this handwavy “paradox” as

4

sharp as we can.” More concretely, the expectation above has been rigorously shown

1At first sight, a similar paradox could be obtained from [142], which predicts a subvolume law for the
entanglement entropy just from a linear heat capacity, which is the case for the extremal black brane. The
argument would be even more direct, as there would be no need to check exponential decay of correlations.
Unfortunately, the result in [142] requires the unstated assumption that the ground state entropy is not
extensive, which precludes a direct application. However, the argument could still work if one can prove
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Figure 4. In a system with exponential decay of correlations, one could intuitively expect the
degrees of freedom in the bulk of region R to have almost no entanglement with degrees of freedom
in R°. This would mean that only degrees of freedom in a neighbourhood of the boundary (shaded
in blue in the picture) are significantly entangled, leading to an area law.

to be correct in the context of spin chain (1+1 dimensional lattice systems with a finite-
dimensional local Hilbert space). We will first state the rigorous result, proven in [102, 103],
and then discuss how to connect the black branes we are interested in to it.

(Area law from exponential decay of correlations) Consider a pure state
|¥) in a one-dimensional qubit spin chain. Suppose there are (ly,&) such
that for any operators O 4 and Op supported on intervals A and B, sep-
arated | > ly sites, one has

(0AO0B)w) < 110all[|O5]127"%, (3-3)

where || || is an operator norm. Such a state is said to have exponential
decay of correlations. Then, the entropy of a region of any size is bounded
above by a constant,

Sjwy (L) < clo exp(d¢logé), (3.4)

where c,c are universal constants. In other words, the state satisfies an

area law.

If we want to relate (3.4) to the WGC, have to bridge a wide gap between a spin chain
on one side and a holographic CFT on the other. The first obstacle that needs to be
addressed is that (3.4) applies to lattice systems, while we want to use it in a continuum
field theory. Bridging this gap requires the extra assumption that the CFT admits a lattice
formulation, that is, there is a lattice model which reproduces CF'T correlators in the deep
IR. This lattice model provides a UV regulator of the CF'T, which we also need to discuss
entanglement entropies as reviewed in section 2.3; the lattice spacing will be related to 1/e.

Crucially, “lattice model” above does not just mean standard lattice spin systems, but
also includes lattice gauge theories. This is an important extension, since for many well-
known holographic CFT’s we have lattice gauge theory descriptions, but no known spin

that the thermofield double state is the ground state of a sufficiently local Hamiltonian; see [143] for recent
progress in this direction.
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lattice description.’ Lattice gauge theories are not spin systems, but are obtained from
them via a projection to the gauge-invariant subsector. Also, in a spin system, the degrees
of freedom live in lattice sites, while a lattice gauge theory includes degrees of freedom
(gauge fields) that live on lattice links [146]. These two quirks mean that the physical
Hilbert space in a lattice gauge theory does not admit a local factorization (see e.g. [147]),
which means that even the standard definition of entanglement entropy needs to be fixed.

Here, we will follow the proposal set out in [148], which exploits the fact that while
the physical gauge-invariant Hilbert space does not factorize, it is a subspace of the larger,
unphysical Hilbert space, which does. One can then compute entanglement entropies in this
enlarged space. The resulting entanglement entropy has a number of desirable properties,
such as e.g. the replica trick. For our purposes, the main point is that the enlarged, non-
gauge invariant system where the entropy is computed is an ordinary lattice system. The
projection to the physical Hilbert space is imposed via a local constraint at each lattice
site, which only involves nearest-neighbour degrees of freedom. As an example, in a U(1)
gauge theory with matter, gauge invariance is simply Gauss’ law, V-E = p, point by
point in spacetime. In the lattice gauge theory, this becomes the statement that physical
operators are annihilated by

Ge=pz+ Y iz ( i — a?,a?—ﬁ) , (3.5)

for every ¥ in the lattice. The sum fi runs over all the nearest neighbours, and wj is the
unit vector in the f direction. The lattice gauge theory also comes equipped by a gauge-
invariant Hamiltonian (in the sense that [H, Gz| = 0). The constrained lattice gauge theory
system, satisfying the constraints Gz|i)) = 0, can be described as the low-energy sector of
the modified Hamiltonian
H =H+)\Y Gig: (3.6)
@

It is easy to see that (3.6) gives an energy of order \ to any non-gauge invariant state. As
A — 00, the non-gauge invariant states decouple from the physical spectrum, but for finite
A, the gauge-invariant states span the ground state sector of the hamiltonian (3.6), which
is gapped. Now, it has been proven that ground states of gapped local hamiltonians satisfy
a version of exponential decay of correlations:

<OAOB> — <OAP()OB> = <P0(9AP()OBP0>, (3.7)

where Py is the projector onto the ground state subspace. Equation (3.7) tells us that
correlators of any operators are identical to correlators of their gauge-invariant parts, as
A — oo. Thus, we only need to check for exponential decay of correlations in the gauge-
invariant theory.

Another problem is that the theorem (3.4) applies to one-dimensional systems, while
we have a higher-dimensional conformal field theory. To address this, we can compactify on
the spatial manifold 792 xR. The transverse torus ensures that we have a one-dimensional

5This does not mean that such a description does not exist, as 2d dualities illustrate [144, 145].
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theory, as the theorem requires. In the bulk solution (2.5), this means introducing a peri-
odicity
€XT; ~ T; + i (3.8)

on (d — 2) of the transverse coordinates x;. Due to the warping factor, the physical size
of the torus then decreases as one goes further into the bulk; to guarantee validity of the
Euclidean version of (2.5), one should make sure that the minimal size of the torus is below
the cutoff length scale A~! where the EFT is no longer valid:

ry L> AL (3.9)

Combined with (2.10), one sees that this can be guaranteed by looking at large enough
chemical potentials, for any choice of L. One worry is that usually in two or three di-
mensions there can be large quantum effects, which might offset the semiclassical behavior
discussed here. A famous case is a massless scalar field, whose propagator falls of with
distance in d > 2 but grows logarithmically in d = 2. One might ask how this behavior
comes about in the dual description. The dominant saddle of a d-dimensional CFT on
a torus is the so-called AdS soliton — a geometry with a stringy throat in the IR [149].
The two-point function of a scalar in the AdS soliton smoothly interpolates between the
UV 2-point function and the IR one as one increases the separation between the operator
insertions. From the bulk perspective, this happens because the IR limit is controlled by
geodesics which probe the stringy throat of the AdS soliton.

In the black brane background, however, the geometry caps off before the stringy throat
is reached. As a result, geodesics have roughly the same behavior as in the uncompactified
setup, and correlators do as well. This is yet another manifestation of the exponential
decay of correlations. One may also wonder whether compactification introduces new
saddles with lower free energy, but this should not be the case for large enough L, where
we should recover the noncompact result.

On top of this, (3.4) is derived by a spin chain where the on-site degree of freedom is a
single qubit. In the lattice regularization of a holographic field theory, we expect to have a
Hilbert space of dimension D ~ N2. (3.4) can be easily restated for a n—qubit system via
blocking: one writes one site of a n-qubit system as n one-qubit sites, and applies (3.4).
Rewriting in terms of n-qubit site and blocking, we obtain

S(L) < cnlyexp(c'n&log(ng)). (3.10)

In our case we have a large N theory with ~ N2 /e degrees of freedom per site (where we
have introduced also a cutoff in energies of order 1/¢), compactified on a (d — 2) torus of

~\ d—2
n o~ <L> N?%/e (3.11)

side L. This means we have

€

qubits per site. Here we have taken the lattice cutoff e~ to also provide the UV cutoff

on the Hilbert space of each lattice site. We also need to estimate Iy and £. The latter is

1

easy: it is simply the correlation length p~", in lattice units, so € = pe. The former is the
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length scale controlling the onset of the exponential decay of correlations. Since p is the
only scale in the CFT, we expect lp ~ pe. A more precise way of stating this comes from
looking at the mutual information between two regions A and B, which controls the decay
of correlations [150]:

(0A0B) — (OB){04)|

I(A:B)>
(4:5) 10AOs]

(3.12)

Taking A and B to be two strips in a black brane background, the mutual information

vanishes after a critical separation of order (ry /¢)~! ~ y~! [151, 152]. From this point on,

I(A: B) S O(1), so correlations are small. It is then reasonable to estimate Iy ~ £. One

could also compute [y explicitly, by just computing the correlators of single-trace operators.
Putting all of this together, we have

~\ d—2
L N?
S(L) < cpexp(c'plogp), p= () 62“. (3.13)

€

This is the version of the area law one can hope to have in a large N holographic CFT,
with the caveats mentioned above. It has the expected prefactor of N? and dependence
on the cutoff. As discussed in section 2.3, only the universal part of the entanglement
entropy, which is cutoff-independent, has a physical meaning independent of the lattice
regularization. For this reason, it is convenient to recast the result (3.13) in terms of a
mutual information, which is insensitive to the details of the regularization. In our case we
have a thermofield double state, and the bipartition consists of the union Ay U Ar of two
identical strips of length L on both sides of the CFT, and their complement. The mutual

information

I|\I/)(AL : AR) = S\\I!)(AL) + S\\I!)(AR) — S\\IJ)(AL U AR)
= 25\@)(14[/) - S|\1,>(AL U AR)
= 2(S|wy(AL) — Sj0y(AL)) — (Sjwy (AL U AR) — 2810y (AL)) (3.14)

is a purely IR quantity insensitive to the UV regulator. Now take the strip size L to be very
large, and we have added and substracted the entanglement entropy of the CFT vacuum
(without chemical potential). In the limit L — oo, (3.13) guarantees that the last term
in (3.14) stays bounded, so that the asymptotic behavior of I|g)(AL : Ag) is controlled by
the entanglement entropy difference S)yy(AL) — Sjoy(AL). Entropy differences are also UV
insensitive, so this expression is meaningful. In other words, if S)g)(AL) — Sjoy(AL) scales
faster than the area of Ay (and this will be the case for us, since the one-sided entropy
scales like a volume, see (2.26)) , we have

I(A; : A
lim (Ar R)

— 2. 3.15
L—oco S‘\m (AL) — S‘0> (AL) ( )

Equations (3.13) and (3.15) are the core results that we want to compare to the black
brane background. But before we do so, let us mention a couple of problematic points:
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e Theorem (3.4) requires exponential decay of all localized correlators. This includes
not only local operators, but also operators built out of arbitrarily many insertions,
as long as these are done in a finite region. In the large N limit, and for single-trace
operators, one can extend the result for the two-point function to local operators built
of up to N single-trace operators, via large N factorization, but this technique does
not work forever [111]. At some point, gravitational backreaction becomes strong
enough and large N factorization does not work. In our setup this corresponds to
very massive black hole microstates, with a small charge-to-mass ratio. I do not know
how to prove that correlators of these vanish exponentially, and can only offer some
plausibility arguments. In a correlator of the form

(U| Ay By |¥) (3.16)

where Ax is an arbitrary operator supported in a region X, and By is another such
operator supported in a region Y, one can in principle OPE all of the local operators
constructing Ax, and the same in Y, to obtain an expression of the form

3 /X da /Y Ay K i o) Klgy o (OO ), (3.17)
0,0’

where K4, o) and K %Y’O/(y) are kernels obtained by explicitly carrying out the
OPES in both Ax and By. One expects two-point functions to vanish exponen-
tially even for operators of high dimension, since this is suggested by the worldline
approximation [152].

Later, in subsection 3.2, we will see that things improve a little for near-extremal,
small black holes (compared to the AdS radius). Here, the usual balance of electric
and gravitational forces leads to low near-horizon scaling dimensions, and interac-
tions effectively “switch off”. While these are not single-trace operators in the usual
sense of the word, they can be described semiclassically, and the fact that their in-
teractions switch off suggests that we recover some notion of factorization. However,
this argument fails for operators dual to large black holes (in AdS units).

e Relatedly, the upper bound (3.13) grows very fast with N, so one is precluded from
taking the strict N — oo limit. Rather, we must work at very large but finite N,
and then look at the entanglement entropy of very large strips, whose length grows
exponentially with N. As emphasized in the Introduction, and also in section 2,
we will be assuming that even for these very large strips the leading IV piece gives
the leading contribution to the entanglement entropy. In other words, effective field
theory is reliable. Similarly, requiring A(p) to be holomorphic on a strip around
the real axis is a statement which is sensitive to 1/N corrections; these might in
principle might in principle shift or introduce additional poles and/or branch cuts.

6Since the ground state is not invariant under dilatations, we must understand the OPE as an asymptotic
expansion valid when the separation is small, and not a convergent series as would happen for correlators
in the CFT vacuum.
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Figure 5. Illustration of the different entangling surfaces in the thermofield double. The whole
setup is taken at t = 0. The dotted horizontal lines represent the two boundaries, and the solid
black line in the middle represents the black brane horizon. The entangling surface consists of two
identical pieces, one in each boundary. The red entangling surface is similar to two copies of what
one would have in the one-sided black hole, while the blue one goes through the horizon.

In section 3.2, we will apply the above argument using large N expressions for A(p);
physically, this amounts to saying that the (weak) gravitational interactions do not
somehow result in more extremal bound states (as measured by the near-horizon
effectivemass).

With these caveats in mind, the bottomline is that (3.4) tells us that the entanglement
entropy in the T' = 0 thermofield double state should satisfy an area law (3.13), or in terms
of UV-insensitive quantities, (3.15). Let’s check if the bulk agrees. The holographic bulk
computation of the relevant entanglement entropy was analyzed in [152]. A similar analysis
for the eternal Schwarzschild black hole was carried out in [153].

We need to compute the entanglement entropy of a strip of length L in the dual
theory. We should regard the two uncoupled CFT’s as different sectors of the same local
field theory, which means that the Ryu-Takayanagi surfaces must anchor at two identical
strips on each side of the eternal black hole. The situation is depicted in figure 5. As we can
see, there are two extremal surfaces satisfying the homology constraint (this requires the
RT surface to be equivalent in singular homology to the boundary entangling region [125]) .
One of them can be contracted to the boundary, and the other goes through the wormhole.

The whole point of this discussion is that the two different extremal surfaces lead to
different behavior for the boundary entanglement entropy. The contractible surface, which
does not go through the horizon, is just two copies of the one-sided Ryu-Takayanagi surface,
already discussed in section 2. It therefore leads to a volume law for the entanglement
entropy. The non-contractible surface, on the other hand, leads to (see appendix A) [152]

o 27Trff__lvd_2 log(59/()
Kdt1 V2(d - 2)®

Here, V;_2 is the volume of the transverse (d-2)-torus. Notice that there is no L-dependence

(3.18)

in (3.18), so it is describing an area law for the entanglement entropy.
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When there is more than one extremal surface satisfying the homology constraint, one
is always supposed to take the one with the smallest (bulk) area. Since the non-contractible
result (3.18) diverges logarithmically as 7' — 0, the Ryu-Takayanagi prescription predicts
a volume law for the entanglement entropy of the ground state in the boundary field
theory.” This was already noticed by the authors of [152], which describe a vanishing
mutual information in the extremal limit.

Since according to (3.4) and (3.13), only an area law should be admissible, we arrive at
the advertised contradiction and conclude that the theory must somehow be inconsistent,
so that the above analysis breaks down. We also see a violation of (3.15); the denominator
grows like N2, while the numerator is O(1).

We can pinpoint precisely why the pathological behavior shows up: it is because of the
logarithmic divergence in (3.18). Notice that in fact an area law is predicted at any T # 0,
precisely because the finiteness of (3.18) ensures that for large enough L the contractible
surface will have a larger area. The same happens for the Schwarzschild black hole; in
fact it was noticed in [153] that the thermofield double behaves as a gapped state, with
exponentially small correlations and area law entanglement.

In turn, the logarithmic divergence in (3.18) boils down to the fact that the extremal
wormhole throat becomes infinite, effectively disconnecting the two CFT’s. More con-
cretely, the area element of the extremal RT surface goes as

rd=2dr

dA ~ Vs (3.19)

S
=

Near r ~ ry, the 742 factor is approximately constant, and we obtain a logarithmic
divergence,

= (3.20)

This divergence is the same one obtains in a radial infalling geodesic.

The result is reminiscent of the ER=EPR proposal [107], where entanglement is some-
how dual to the existence of a bulk wormhole geometry. The proposal essentially says that
if we have some state with a horizon in the bulk, and purify it via the thermofield construc-
tion, the bulk solution should develop a wormhole connecting the two sides. However, in
the extremal black brane, the throat becomes infinitely long, and the wormhole effectively
disconnects. So we get a contradiction with (3.13) precisely at the time where ER=EPR
seems to fail. This failure led [107] to claim that a better description of the thermofield
double (2.14) is actually an almost extremal black hole (such that the temperature is below
the gap of the system), for which the wormhole throat is finite. While this works for black
holes, there is no gap for an infinite black brane, so maybe in this case the absence of a
wormbhole is a real pathology that needs to be cured. And this can happen if one introduces
light enough fields, which cause the wormhole to branch out into smaller wormholes until
the semiclassical picture no longer applies. In the supersymmetric case, this branching

"Note that we obtain the T — 0 results as limits of finite 7" ones. The idea is that one first fixes L and
then sends 7' — 0. In this way we do obtain a volume law for any L.
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Figure 6. On top we have the (near-extremal) black brane, connected by a very long wormhole
whose length diverges in the extremal limit. The WGC triggers an instability and the black brane
decays to a myriad of “Planck-sized wormholes”, which are presumably OK with ER=EPR.

out was described in [154]; in the nonsupersymmetric case, where the black brane decays,
the wormhole branches out into a myriad Planckian wormholes connecting the elementary
particles in each AdS factor, as depicted in figure 6.

The result (3.15) can also be obtained using the long-distance expansion for the mutual
information in a QFT in terms of local operators [134, 155]. This has the advantage
of working directly in d dimensions. For a thermofield double, we obtain that the low-
temperature limit of the mutual information is governed by a two-point function

1Az Ap) ~ ((01(0.0)08(0.0) — (0)?) (3:21)
where O is the operator with slowest-decaying two-sided correlator. Generically, this van-
ishes as 37240 [134], so if the operator of lowest dimension has Ay > 0, then the mutual
information must vanish in the extremal limit, in contrast with the holographic result.
Notice that the assumption of holomorphicity for A(p) (which ensures exponential decay
of correlations) was not needed in this case; the result obtained is thus slightly stronger.
Another advantage is that (3.21) can be understood as a result purely in the large N limit;
one does not need to work at finite V.

3.2 A nonperturbative formulation of the WGC

After going through the argument, we are finally in a position to write down the main
claim of this paper:

In any consistent quantum theory of gravity in AdS, there can be mo
extremal black branes with a near-horizon AdSs geometry in which the
spectrum of 1D is holomorphic on an open strip around the real axis and
gapped.
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The claim is that this is a precise, nonperturbative reformulation of the WGC in the AdS
context. The reader is perhaps annoyed at this point: the result looks nothing like the
WGC, which is a precise inequality involving numbers, rather than just words. To see
the relationship between the two, it is best to focus on an example. We will go back to
our benchmark, the Einstein-Maxwell theory with the black brane (2.5), and introduce
elementary particles of charges ¢;, m; and spins up to 1. These are coupled in the standard
way to the gauge field and the metric. The very well known result [114] is that the near-
horizon spectrum is of the form

1 1 0?2 g2 d(d—1) ¢?|pl?
A(F) = = Z - 2 _ 2 3.22
W =5tnt\ 1t qa- (m PR ) e e (3:22)
for scalars and
1 2 g9° d(d—1) g*p]?
AP)==4+n+,|——<|m?— @+ (3.23)
2 d(d—1) ( “?Hl (d—2)? H?I+1/L2

for fermions. We should worry also about the metric and gauge field; the near-horizon
spectrum associated to these was computed in [156] (see also [114]), and is both holomorphic
in the momentum in a neighbourhood of zero and lower-bounded by 1/2.

We should also take into account charged string states, black holes, and anything that
might be in the UV. In fact, there is increasing evidence in the flat space setup that the
WGC is satisfied by UV objects, such as black holes [94]. We will deal with these heavy
objects via a mean field theory calculation, in which one neglects the backreaction of the
objects on the metric. In this approximation, the motion a heavy object of mass M and
charge @ is described via an effective quantum-mechanical model [157]:

g \? d? M2
(A a tan20> (o) = <_d02 T sin2a> ¥(@),

e dd—1) gt
2 2
M= aa- (m BRCERIEr ANl

¢ 9@Q
d(d — 1) Kd+1

£

(3.24)

In the limit of large conformal dimension, the results can be well approximated by the Born-
Sommerfeld quantization rule, leading again to (3.22). When the conformal dimension is
lower than one, there is an alternate boundary condition, as usual in AdS/CFT. Which
choice of the square root one takes depends on the boundary conditions of the problem.
These are in turn inherited from the boundary conditions of the full AdS solution. In any
case, we should note that this ambiguity only shows up when M = &, i.e. for states that
are (almost) extremal.

Physically, the main point of the above analysis is that the near-horizon region of a
large black brane just looks like AdS space itself with a constant electric field turned on.
We have just worked out the dynamics of the different charged objects of the theory in such
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a background, assuming they are stable (we neglected interactions). Presumably, some of
the more heavy objects will actually decay into lighter ones (just like a neutral atom ionizes
when subjected to a strong enough electric field), but the above analysis should be valid
more generally for the lightest charged objects in the theory, for each value of the charge,
whenever the U(1) coupling is small.

In any case, the above analysis shows that in the weakly coupled regime, the near-
horizon conformal dimensions are directly related to masses and charges of the states of
the theory. The only thing left to check is holomorphicity of the spectrum of ¢D near the
real axis. Looking at (3.22), we see that for bosons this is indeed the case if and only if
the near-horizon effective dimension is above the BF bound:

2 9 2 < d(d—1)

m" — ——qg

" R (3.25)

This is one of the versions of the WGC introduced by Nakayama and Nomura in [97].
Introducing the charge-to-mass ratios of the extremal black hole® and particle respectively,

2

_ 99 C” Kd+1
= — ext. — < , 326
5 m7 5 t 9 g ( )

(3.25) can be rewritten as
£ d—1 d(d—1)

_— 1+ —% ). 3.27
eon ~ \d—2) T dmep (3:27)

Equations (3.25),(3.27) have an interesting consequence: as already pointed out in [97],
the bound (3.27) is stronger than the usual WGC bound derived from flat space heuristic
arguments, which is simply

f > fext.a (328)

by an O(1) factor. This is an intrinsically AdS effect which has to do with the fact that in
large extremal RN-AdS black holes the near-horizon AdSs radius is locked to the asymptotic
AdS gy radius, while no such phenomenon occurs for flat space black holes. However, this
only happens if one looks at bosons; one can see from (3.23) that the same effect does not
take place for fermions.

As mentioned above, the last term in the bound (3.27) is related to a particular bound-
ary condition in the near-horizon geometry of (2.5). In a more general but still weakly
coupled theory this boundary condition might change; we will see this is indeed the case
in supersymmetric theories. There is a potential issue with boundary conditions whenever

M<E. (3.29)

For a weakly coupled theory with states satisfying (3.29) figuring out whether it complies
with the statement above requires extra work to understand the boundary conditions. But

8This is the charge-to-mass ratio of a small extremal black hole (compared to the AdSqy1 radius) or
equivalently an extremal asymptotically flat RN black hole. It is therefore the charge-to-mass ratio that
shows up in traditional WGC arguments.
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we can immediately exclude any theory in which all states violate (3.29). This particular
case of the statement above is sufficiently interesting that it deserves another blue box:

(The Weak Gravity Conjecture in AdS) In any consistent weakly coupled
quantum theory of gravity weakly with exactly stable charged extremal
black branes with a near-horizon AdSs x R4 geometry, there has to be
at least one state which satisfies

m? < g2, (3.30)

Kd+1

We should emphasize that (3.25) or (3.30) are not simply BPS bounds in disguise. Even
in supersymmetric theories, one can have U(1)’s which do not show up as central charges
in the supersymmetry algebra. In this case, there is no BPS bound, even if the theory
and the vacuum under consideration are supersymmetric. The 10d right-moving heterotic
U(1) originally used as an example of the WGC is precisely of this kind [46]. In AdS string
compactifications in Sasaki-Einstein manifolds, these are typically flavor U(1)’s, which in
the bulk arise from dimensional reduction of p-form gauge fields on nontrivial cycles of the
compactification manifold [158].

However, it is true that, whenever we discuss a supersymmetric black brane, (3.30)
becomes the BPS bound. We know examples of BPS asymptotically AdS black branes,
for instance in gauged supergravity [159], which preserve 1/4 of the supercharges. Clearly,
these black branes must be exactly stable. As a result, the spectrum of ¢D is automatically
real and positive. To be consistent with (3.30), D must either be nonlocal, as in the electric
examples above, or it may also be gapless. In supersymmetric theories, this is often the
case because one has BPS local operators. To be precise, since the near-horizon geometry
is 1/4 BPS, the conformal algebra (2.19) is enhanced to a 1d superconformal algebra. This
involves the introduction of two near-horizon supercharges @, S, which satisfy [121]

{Q,5}=D. (3.31)

Consider a BPS local operator O(Z,t) which preserves the same supercharges as the
background black brane. Just as with the scalar field example, we can expect that O(Z,t)
will decompose in KK modes, leading to a continuous spectrum A(p). The zero mode of
the BPS primary will be annihilated by the supercharge Q, and thus will have A = 0, so
we have a gapless spectrum. Physically, the BPS operator adds one additional charged
particle to the black brane, increasing its charge by an infinitesimal amount, leading to a
slightly different black brane, with a higher charge, but still with a transparent horizon.
One can also understand this in the mean field model (3.24): supersymmetry forces us to
take the negative square root, leading to A = 0.

A couple of final points. First, in contrast with every other version of the WGC
known to me, the main statement is nonperturbative in any EFT coupling, i.e. it involves
only considerations about the spectrum of physical excitations over the extremal black
hole background. By contrast, the standard formulation of the WGC as in (3.30) involves
explicitly the U(1) gauge coupling g, which is assumed to be small (the statement above still
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requires Einsteinian gravity). Second, the statement is UV sensitive, since in principle even
very massive fields or black holes can in principle lead to a gapless or complex spectrum;
in this sense, the above statement includes the possibility that the WGC is satisfied via
black holes.

Finally, there might be other ways to obtain a gapless spectrum not directly related to
supersymmetry — for instance, one could imagine an infinite tower of states whose near-
horizon dimensions scale as 1/n —. I do not know of any examples where something like this
is realized, but if possible, they would perhaps correspond to exotic ways to comply with the
WGC. We will speculate about a system that might realize this behavior in the conclusions.

4 Discussion and conclusions

It is often said that consistent quantum theories of gravity must satisfy the WGC in order
to avoid stable extremal black holes, but it was never clear precisely what is wrong with
these. The best one could do in this line was heuristic arguments involving remnants in a
limit (¢ — O at finite Mp) which does not necessarily exist.

This note helps to fill in that gap in the AdS context, by pointing out that extremal
exactly stable black brane solutions are actually inconsistent with quantum information
theorems. More concretely, the volume law predicted by the Ryu-Takayanagi formula
means that the spectrum of the near-horizon dilatation operator cannot be both holomor-
phic near the real axis and gapped. Physically, this means that extremal black branes must
either be (on the verge of) an instability, or have a zero mode. The former case correspond
to the standard WGC, since the near-horizon scaling dimensions are related to masses and
charges of UV states. The latter covers the supersymmetric case.

This property, which must hold in any consistent quantum theory of gravity, may be
regarded as a nonperturbative generalization of the WGC, valid even at strong (gauge) cou-
pling. At this point it is probably good to summarize the assumptions involved, whic are:

1. That the two-sided black brane solution (compactified to 2 + 1 dimensions) is dual
to a thermofield state in the dual field theory.

2. Validity of the large N approximation, i.e. that the semiclassical picture gives the
leading piece of the quantities of interest (in particular, the near-horizon AdSy ge-
ometry controlling the correlators and the Ryu-Takayanagi prescription for entangle-
ment entropy).

3. That the holographic dual CFT admits a lattice or lattice gauge theory formulation.

4. That the semi-local critical behavior seen for single-trace operators of low dimension
also works for n-point functions and for operators of high dimension.

The last point is the weakest link in the chain. It is hard to argue on general grounds
that the semi-local behavior holds for primaries of large dimension, beyond the reach of
large N factorization, although this is suggested by the worldline approximation. Also,
high-dimension operators belong in a handwavy sense to the UV of the theory; one expects
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that IR quantities such as the long distance behavior of the entanglement entropy or
mutual information are not very sensitive to them. In this sense, the second point can be
recast as the requirement that the IR properties of the entanglement entropy or mutual
information are not UV sensitive, which has been argued before [160]. It is reassuring
that an argument based on a long-distance expansion of the mutual information in terms
of two-point functions leads to the same result, directly in d dimensions and requiring
only Ap > 0.

Other than that, the argument given here is very general — it only relies on having
FEinsteinian gravity, and an extremal bulk black brane solution. In practice, any holographic
model that predicts a (degenerate) ground state with a finite area horizon is in trouble. On
the other hand, this generality means that we only have an argument for the mildest version
of the WGC — it would be interesting to see how far can we get on the road towards e.g.
a Lattice WGC [48, 49, 74, 78]. Such an improvement is necessary if one wants to provide
meaningful constraints to EFT’s.

The result obtained here also has some connection to the ER=EPR correspondence.
The pathological behavior of the black brane solution is directly connected to the fact
that the length of the wormhole throat in the two-sided extremal black brane solution is
actually infinite, so that the two sides of the black brane effectively disconnect. According
to ER=EPR this would mean no entanglement, yet one can see explicitly from (2.15) that
the two sides are actually heavily entangled. Thus ER=EPR suggests that the two sides
cannot have really disconnected, and so the black brane picture must be corrected. The
result derived here does precisely this, by either introducing long-range correlations that
can traverse the wormhole or by introducing an instability, which breaks it up into a myriad
Planckian wormholes.

The Einstein-Maxwell effective field theory in AdS is quite popular in bottom up
holography and AdS/CMT. Based on the above discussion, can one conclude that results
obtained with this model are inconsistent? Not necessarily; the inconsistency may well
be harmless depending on the particular question one is trying to answer. As an analogy,
consider a four-dimensional SU(2) gauge theory with one fermion in the fundamental. This
theory is anomalous [161] and therefore it does not really make sense. However, due to
the nonperturbative character of the anomaly, as long as we only consider perturbative
quantities the theory seems to work. Omn the other hand there are observables such as
e.g. the partition function which are pathological. Similarly, perhaps computing one or
two-point functions in Einstein-Maxwell-AdS yields reasonable results that make sense as
models of condensed matter systems; on the other hand, we have just seen that one should
not use this model at all to make statements about long-range entanglement.

While in this note we have focused on the case of an ordinary U(1) gauge symmetry,
the argument works in the same way for gauged p-form generalized global symmetries, in
the range 0 < p < (d — 1), by considering higher codimension branes. The “O-form gauge
field” (axion) and d-dimensional gauge fields (membranes) remain outside of the scope
of this analysis, although it would be interesting to study them from the entanglement
entropy perspective. The d-form case is particularly relevant, as it has to do with stability
of AdS space [58].
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Can the above arguments be extended to asymptotics other than AdS? Clearly not
in a rigorous way, at least at present. We lack enough information about the putative
holographic duals to apply (3.4). I also do not know of a rigorous way to compute en-
tanglement in spacetimes with arbitrary asymptotics (see however [162]). However, the
statement that a local gapped near-horizon dilatation operator? is problematic makes sense
in dS and Minkowski as well, so maybe theories where this happens should be regarded
with suspicion.

An example of a case that is not readily accesible with AdS asymptotics is that of
extremal rotating black holes, which also have a near-horizon AdS; geometry. While the
Kerr-AdS metric does exist [163], it does not admit a scaling limit leading to a black brane.
So let us look at an asymptotically flat extremal Kerr black hole instead, and consider
for simplicity a scalar field of any mass m. The near-horizon spectrum of perturbations
approaches extremality asymptotically [164], so the near-horizon spectrum is gapless even
for large black holes. Thus we get no Swampland constraints from rotating black holes,
which was to be expected from the heuristic point of view, since a rotating black hole
can always shed some of its angular momentum by emitting elementary particles in high
angular momentum configurations.

The big question addressed in this paper is “What’s wrong with a WGC-violating
EFT?” The derivation presented here gives an answer — entanglement —. So perhaps
it is a good idea to further look more closely at entanglement to get more Swampland
constraints! This is, in my opinion, the main appeal of providing a solid argument for a
Swampland conjecture — it tells us where to look for even more such constraints.

In this line, it is possible that other familiar Swampland conjectures, such as part of
the Swampland Distance Conjecture [4] or the Scalar Weak Gravity Conjecture [51, 52]
can be understood via entanglement. I hope to return to this point in the near future.

A particular model where the results of this paper could be studied more precisely the
SYK chain [165]. This is a (141)-dimensional lattice model with semi-local criticality and
a finite ground state entropy. Theorem (3.4) would then naively imply an area law for
the thermofield double entanglement entropy, for arbitrarily low temperatures.'® The way
the model avoids the contradiction discussed in the main text could be related to the fact
that the gravitational dual of SYK is not expected to be Einstein [166], so one should not
compute entanglement entropies via the RT prescription.
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A Computation of entanglement entropies

In this appendix we will compute the results (2.26) and (3.18) of the main text, using the
Ryu-Takayanagi formula. We will anchor the RT surfaces at radius r = 1/¢, related to the
lattice spacing in the dual field theory. For a more detailed account of these results (for
d =4) see [125, 152, 167].

A.1 Entanglement entropy for rectangular regions

We will take the boundary entangling surface to be a rectangle in RY, with (d — 2) sides
of lengths L;, i = 2,...(d — 1) with cross section V;_o, and a much longer one along z1 of
length L > L;. We will parametrize the surface by the coordinate r(z1), with the midpoint
at z1 = 0. The area is then given by

L/2

A=V / P2\ SR U(r) + 2 da, (A1)
—L/2

with boundary conditions r(—L/2) = r(L/2) = 1/e. Invariance under z; translations
means there is a conserved quantity
d

E i = pd-1, (A.2)
P2JU(r) + 12

where 7, is the radius at the turnaround point. Equation (A.2) can be integrated to yield

L_ / B dr (A.3)
2 ) 2d ’ '
T U r _ 2
\/ (r) (thdﬁ r )
1/e p2d—2 dr
A =2V, / — . (A.4)

+ Ty \/U(’r) (rgjg _ 7a2>

In the L — oo limit, r; &~ r1, and the extremal curve hovers just above the horizon for
most of its length. In this case, one can plug (A.3) in (A.4) to get the estimate
21 A 27r7“i_1

=~ Vd_2 L y (A5)
Rd+41 Rd+1

which is precisely (2.26).
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We are also interested in the entanglement entropy in the thermofield double state,
where the entangling surface is two copies of the rectangle described above, one in each
boundary. In the Euclidean picture, the second boundary can be taken to lie at Euclidean
time tp = /2 [152]. We will parametrize the curve by x;(r). Looking at (A.1), it is then
clear that x1 = const. is the extremal solution. One then gets directly

1/e ,.d—2
rd _ 2y / __dr. (A.6)
T4

Katl  Kdtl U(r)

This expression works also away from extremality. There is no L dependence, so this is
describing an area law. The near-horizon contribution to the integral can be estimated
by expanding

Ulry +u) = L;Tu + d(dﬁ_l)lﬁ + O(u)?,
(A.7)
which yields
2 A 2! log(B3®/¢) (A8)

~ d—2
Kd+1 |Near horizon Kd+1 \/ﬁ(d — 2)(13,

a logarithmically divergent result, (3.18) of the main text.

A.2 Entanglement entropy for spherical region

We will first take the entangling surface to be a S%2-dimensional sphere of radius L on
the boundary R? where the CFT lives. Using spherical coordinates on the R*~! factor,
with radial coordinate ¢, we can parametrize the RT surface by the function r(¢). The
area functional is now

dg

This time, the equations of motion admit no conserved quantities. It is nevertheless still

L 2
A:2wd_2/0 (r¢)d=2 (dr) +r2d¢. (A.9)

true that, as R — oo, the extremal surface sits at » ~ r4 for a long time. Substituting
r /& r+, one gets again a volume law,

2rA 27TTi_1 wWy_o L4 1

Kyl Kapr  d—1 7

(A.10)
which is equation (2.26).

B Exponential decay of correlations at equal time

In this appendix we prove the claim in section 3.1, that semi-local criticality at large
Fuclidean time together with vanishing of commutators at spacelike separation implies
exponential decay of correlations at ¢t = t/. We will essentially copy a similar derivation
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in [168], which shows how a Lieb-Robinson bound implies exponential decay of correlations
in gapped systems.
Consider the two-point function of two operators O and O’. The two-point function
at t =t' = 0 is simply
(T]0'(0,0)0(Z,0)| V). (B.1)

Let us now introduce a new operator O (&), the positive-frequency part of O(F). That is,
the matrix elements between eigenstates |w), |w’) of energies w,w’ are

(Wl OT (@)} = (W] O@)|w)0(w — o). (B.2)

The state |¥) which displays semi-local behavior is a ground state. There are no states of
lower energy, so (¥|OT (%) = (¥|O(F) Py, where Py is the projector onto the groundstate
subspace. Now, consider the momentum space matrix element

(PO, 0)[¥) (B.3)

where |¥),|U’) are two elements of the ground state subspace. They are two different
black brane microstates, or two thermofield double states with different phases. For single-
trace operators of low near-horizon dimension, correlators are insensitive to the particular
black hole microstate under consideration, so we need only consider |¥) = |¥’). We can
argue that this holds more generally, but in a handwavy way. Since the black brane
has infinite volume, one would naively expect different ground states to lie in different
superselection sectors. Matrix elements of local operators such as (B.3) should then vanish
unless |¥) = |¥'). Equation (B.3) scales with dimension A(p) under the near-horizon
emergent scaling symmetry, so it must vanish (even when diagonal) as long as A(p) > 0.
Then one gets (¥|OT(Z) = 0 and OF(F)|¥) = O(Z)|¥), so (B.1) can be rewritten as

C(%) = (¥|0'(0,0)0(Z,0)|¥) = (¥|[O'(0,0), 0" (Z,0)]|¥). (B.4)

We have turned the correlator into a commutator. Omne can further use the integral

representation
oo

~ 1
Ot (%) = — lim dt -
2me—=0 J_ it +e€

O(Z,1), (B.5)

which allows us to write the integral in terms of ordinary commutators, as

1 1
C(7) = — lim dt

27 e—0 [t|>|Z] it +e€

(U|[0'(0,0), O(Z,1)]| V). (B.6)

We used the fact that in a Lorentzian QFT the commutator vanishes outside the lightcone
to restrict the integration range.!! The Lorentzian commutator in (B.6) can be rewritten
in terms of a difference of Lorentzian two-point functions. The IR limit of these is obtained
from the Euclidean ones (3.2) via Wick rotation, so in particular they can be written as

(W][0(0,0), O(F, 1)]|¥) = / 5 COS(”QQ/Q;@“) . (B.7)

) [168], a similar commutator in this region is instead exponentially suppressed, via the Lieb-Robinson
bound.
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As explained in [114, 135, 136], a holomorphic A(p) near zero, or more precisely on a strip
near the real axis, leads to exponential decay in (B.7). Technically, this is a consequence
of the Paley-Wiener theorem (see e.g. [169], Theorem IX.13). All in all,

6_£‘fl QA(G)

{®[[0"(0,0), O(Z,)]|¥)| < (B.8)

2]
Here, ¢ is some correlation length (the radius of convergence of A(j) as a function of p?).
Plugging this back into (B.6), and using A(0) > 0 so that the time integral is convergent,
one obtains |C(Z)| < e¢I¥, as advertised.

If one introduces a lattice regulator, as we do in the main text, then Lorentz invariance
is broken explicitly and the commutator no longer vanishes at spacelike separation. How-
ever, a Lieb-Robinson bound [168, 170] guarantees that, as long as interactions are local,
there is an effective lightcone outside of which the commutator vanishes exponentially fast.
Therefore, the result still holds.

This argument establishes exponential decay of correlations at equal times for one copy
of the CFT, but the argument can be extended to two-sided correlators in the thermofield
double formalism. A generic local operator in this case is of the form Op(Z,t)Ogr(Z,t),
where the left and right insertions are at the same point & in both CFT’s. The two-point
function in the ground state thermofield double (2.15) is

(rmTFD|O(p,t)Or (P, t)OL(0,0)Or(0,t)|TFD)

= Z <a/‘LOL(ﬁ,t)OL(O,O)‘a>L<CZ/|ROR(ﬁ, t)OR(0,0)‘L_wR, (B.g)

Groundstates
so the two-point function is controlled by the off-diagonal matrix elements

Oaa’

o0
(07,0010, 0)la) o 1

(B.10)
between different black brane microstates. Here, O, is some unknown matrix element;
the time and momentum dependence is fixed by the near-horizon scaling symmetry and
the fact that any ground state is invariant under it. For single-trace operators, this is again
the statement that one-sided correlators only depend on the exterior geometry. Fourier-
transforming the two-sided correlator (B.9) back to real space, we see that it inherits the
exponential decay of correlations from the one-sided operators.
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