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1 Introduction

The holographic AdS/CFT correspondence relates strongly interacting quantum field the-
ories (QFT) to classical gravity theories in higher dimensions [1]. Apart from being a
conceptual breakthrough, this duality has become an important and versatile tool in the
study of the possible states of matter (for reviews see [2-5]).

There are basically two types of approaches to implement the holographic idea. In the
so-called bottom-up approach, in order to model a d-dimensional QFT, one considers a
gravity system in d+ 1 dimensions. This is somehow the minimal version of the correspon-
dence and has been very successful in describing many interesting phenomena with models
that evade the rigid constraints of string theory. On the contrary, the top-down models
use the full machinery of string theory. They employ ten-dimensional gravity solutions
of the corresponding equations of motion of type II supergravity. These ten-dimensional
solutions are typically more difficult to obtain. However, the extra internal directions en-
code precious information which is lost in many phenomenological bottom-up approaches.
Moreover, knowing the brane configuration which gives rise to the supergravity background
allows to determine its field theory dual. Actually, one can engineer such holographic duals
from the corresponding brane setup.

In this paper we will employ string theory techniques to find gravity duals of systems
composed by multiple parallel (2 4 1)-dimensional layers in a (3 + 1)-dimensional ambient
theory (see figure 1). The ambient 4d theory will be N' = 4 super Yang-Mills theory
with gauge group SU(N,), which is realized in a stack of coincident N, color branes. The
multiple layers are obtained by adding parallel D5-branes sharing two spatial directions
with the stack of color branes, according to the array:

0123456789
(Ne) D3: x X X X _ _ _ ___ (1.1)
(Nf) D5: x x X - X X X _ __

The field theory corresponding to the array (1.1) is well-known [6-9]. It consists of a super-
symmetric theory with matter hypermultiplets (flavors) living on the (2 + 1)-dimensional
defect and coupled to the ambient N' = 4 theory. To construct a multilayer structure of the
type shown in figure 1 we consider a continuous distribution of D5-branes along the third
direction in (1.1). In the absence of D5-branes, the geometry generated by the D3-branes
is AdSs; x S°>. We want to obtain a supergravity solution which includes the backreac-
tion of the flavor D5-branes. This backreaction can be obtained by using the techniques
developed to study unquenched holographic flavor (see [10] for a review and references).
In some cases the solutions found with these techniques are analytic and preserve some
amount of supersymmetry. In this approach the D5-branes of the array (1.1) are smeared
both in the cartesian direction orthogonal to the defect and on the internal directions. The
dual gravity background can be obtained by solving the supergravity equations of motion
with D5-brane sources. These backgrounds are dual to anisotropic systems, since there is
a distinct field theory direction, the direction orthogonal to the defect. Let us also com-
ment on the novelty of our approach. There are several previous holographic works which



.

Figure 1. Our system has a bulk (3 + 1)-dimensional theory together with multiple (2 + 1)-
dimensional layers. The direction of the coordinate x> is perpendicular to the layers.

provide anisotropy, see, e.g., [11-22]. The main difference between our model and other
anisotropic models in the literature is that in our case the anisotropy is produced by the
presence of dynamical objects (the D5-branes of the multiple layers) and not by fluxes or
fields depending anisotropically on the coordinates.

The D3- and D5-branes of the array (1.1) can be separated in the directions 789 trans-
verse to both types of branes. When this separation is zero the mass of the hypermultiplets
living on the defect vanishes, i.e. we have massless flavors. This D3-D5 massless flavor case
was considered in [23], where an analytic supersymmetric solution was found that displays
a Lifshitz-like anisotropic scaling invariance. The non-zero temperature generalization of
the scaling solution was found and studied in [24]. In this paper, we study the massive
flavor case of the D3-D5 intersection (1.1). The solutions we present here preserve the
same supersymmetry as the massless flavor case, but do not possess the scaling invariance
of the latter.

The gravity duals of theories with massive flavors are running solutions which naturally
represent a renormalization group flow. This flow is generated by changing the quark mass
(see [25] for an example of these massive flavored backgrounds in the ABJM theory).
When the mass of the quarks is very large, the flavors decouple and we expect to recover
the unflavored solution (AdSs x S® in our case). On the other hand, when the flavors are
massless we obtain the anisotropic scaling solution of [23]. For a finite non-vanishing value
of the quark mass we expect to get a background interpolating between these two solutions:
unflavored in the IR and massless flavored in the UV. Once we have the background at
our disposal we can study the effects of the flow on different observables. In general, we
expect to obtain the results corresponding to the isotropic AdSs x S° solution in the IR
and to be able to tune the amount of anisotropy by changing some of the parameters of our
solutions. In our analysis of several observables we will find that, indeed, the UV behavior
is determined by the scaling solution of [23], whereas the long distance IR behavior depends
on a free parameter of our geometry.

The rest of this paper is organized as follows. In section 2 we present our ansatz for
the metric, for the dilaton, and for the forms. All functions of the model depend on a
master function, which in turn satisfies a second order differential equation. This equation
follows from supersymmetry analysis detailed in appendix A. A crucial ingredient entering
the equations is the so-called profile function, which encodes the distribution of sources



along the holographic coordinate. To determine this function for D5-brane sources one
needs to analyze in detail the embeddings of the D5-branes and their kappa symmetry.
This analysis is deferred to appendix B.

In section 3 we tackle the problem of integrating the master equation. This task
requires the redefinition of some of the functions and a change of variables. In its final
form our solution depends on a constant parameter which characterizes the IR deformation
of the metric. In section 4 we begin our study of the observables in our background. In
this section we study the Wilson loops and the potentials for quark-antiquark pairs, when
these particles are in the same layer or separated in the direction orthogonal to the layers.
In section 5 we do a similar analysis for the entanglement entropy of slabs.

In section 6 we explore our supergravity solution with a probe D5-brane with a world-
volume gauge field dual to a chemical potential. We analyze the zero temperature ther-
modynamics of the probe and, in particular, the UV-IR flow of the speed of sound. This
is not the only interesting configuration of probe branes with non-zero worldvolume gauge
field. An interested reader is invited to appendix D where we consider D5-branes with
worldvolume flux along the internal directions. This internal flux induces a bending of
the probe brane along the direction z3 in the array (1.1), which can be interpreted as a
recombination of the flavor D5-branes and the color D3-branes, realizing the Higgs branch
of the theory [26, 27]. Finally, in section 7 we summarize our results and discuss some
research lines for the future.

2 Supergravity ansatz

In this section we review the supergravity setup of [23], corresponding to the array (1.1) of
D3- and D5-branes. More details are given in appendix A. The D3-branes are color branes
which generate an AdSs x S space, whereas the flavor D5-branes create a codimension one
defect in the (3 + 1)-dimensional gauge theory and, when the backreaction is included, the
original AdS5 x S® metric gets deformed. The D5-branes are homogeneously distributed in
the internal space in such a way that some amount of supersymmetry is preserved. When
the S space is represented as a U(1) bundle over CP?, the deformation of the five-sphere
depends on a single radial function, which measures the relative squashing between the fiber
and the base of the deformed S°. Choosing a convenient radial coordinate ¢ (with boundary
corresponding to ¢ = o0), the ten-dimensional Einstein frame metric takes the form:

dsty = h2 [ = (d2°)? + (dz')? + (dz?)* + e 2% (dz?)?]
3 (27 AP + (P st + ¢ (dr + 4)7] (2.1)

where ¢ is the dilaton of type IIB supergravity, h is the warp factor, and f is the squashing
function. These functions are assumed to depend only on (. Moreover, A is a one-form on
CP? which implements the non-trivial U(1) bundle. The Minkowski directions z! and z?

are parallel to the defect, whereas x>

is orthogonal to it.
Besides the metric and the dilaton, the type IIB supergravity solution contains a RR

five-form Fy5 and a RR three-form F3. The former is self-dual and given by the standard



ansatz in terms of the dilaton ¢ and warp factor h:
Fs=0(e?h™ ') (1+%)d*z AdC. (2.2)

Clearly, d F5 = 0, since the D3-branes have been replaced by a flux in the supergravity
solution. On the contrary, the D5-branes are dynamical and are governed by the standard
DBI+WZ action which, in particular, contains the term:

Ny
Swz=T5 > » Ce , (2.3)
6

where 1/T5 = (27)° g,/ and Cg is the six-form potential for F; = —e? * F3 (the hat over
Cs denotes its pullback to the D5-brane worldvolume Mg). Therefore, Swyz contributes to
the equation of motion of Cg or, equivalently, to the Bianchi identity of F3. Indeed, let us

write the six-dimensional integral in (2.3) as a ten-dimensional integral:

Z é(; = / =NCq, (2.4)
Maio

where = is a four-form with support on the worldvolume of the D5’s and with legs along
the directions orthogonal to Mg, which is just the RR D5-brane charge distribution. The
equation of motion for Cjg is:

dF3 = 2r3,T5 2, (2.5)

where 2 k2, = (27)7 g2a’*. In the smearing approach = does not contain Dirac d-function
singularities. Its form can be obtained once the ansatz of F3 compatible with supersym-
metry is fixed. This has been done in [23], a result which we now review.

The CP? manifold is a Kéhler-Einstein space endowed with a Kihler two-form J =
dA/2, which can be canonically written as J = e! Ae? +e3Aet, where el,. .., e* are vielbein
one-forms of CP?, whose explicit coordinate expression can be found in appendix A. Let

us introduce the complex two-form Qs as:

Qg = e (! +ie?) A (e® + iet). (2.6)
Then, Fj is given by:
F3 = Qs p(C)dz® Nm Qs (2.7)

where @y is a constant and p(() is an arbitrary function of the holographic coordinate .
By computing the exterior derivative of F3 we get its modified Bianchi identity:

dFy = —Q; [3p(¢) dz® ARe Qo A (d7 + A) + 1/ (¢) da® A d¢ ATm Q] . (2.8)

Comparing (2.8) and (2.5) we can extract the D5-brane charge distribution = which, in
what follows, we will refer to as the smearing form. Clearly, = does not depend on the x>
coordinate, although it contains dz? in its expression. This means that we are continuously
distributing our D5-branes along x3, giving rise to a system of multiple (24 1)-dimensional
parallel layers. Moreover, the function p(¢) introduces a profile of the charge distribution



in the holographic coordinate. Notice that the D3- and D5-branes in the array (1.1) can
be separated in the 789 directions. In principle, we could have an arbitrary distribution
of D5-branes in these transverse coordinates, which is reflected in the fact that the profile
function p(() is arbitrary. However, for a stack of flavor D5-branes with the same quark
mass the function p(¢) has a well-defined form (see appendix B) and Q is related to the
density of smeared branes along the direction 2. As shown in appendix B, if we distribute
Ny Db5-branes along a distance L3 in the third cartesian direction, then Qf = %
(see (B.59)).

The preservation of two supercharges for our ansatz imposes a system of first-order dif-
ferential equations in the radial variable. These BPS equations are reviewed in appendix A,
where it is shown that they can be reduced to a single second-order differential equation

for a master function W (). This equation is:

>+6d7W__6pr(C). (2.9)

i(CLW
ac VW

dg\" d¢

From W we can reconstruct the full solution. The squashing function f(() is given by:

2
2l — LVVC[W 7 (2.10)
6W +( ra
while the dilaton is:
1 dW
¢ = S/, 2.11
e W+ 6° dc ( )

A nice way of measuring the deformation of the metric (2.1) with respect to the AdSs x S°
geometry is obtained by considering a squashing factor, which we define as follows

q= Y (2.12)

It is clear from our ansatz (2.1) that ¢ represents the relative size of the U(1) fiber with
respect to the CPP2 base. In terms of the master function W, ¢ is given by:

qz——iﬁi——. (2.13)

6W + ¢ 4F

Once f and ¢ are known, the warp factor h can be obtained by integrating the following
first-order differential equation:
dh e/

ac e

Q.
oh=we

(2.14)

where Q. is related to the number N, of D3-branes as Q. = 16 7gsa/? N.. In what follows
we will study several solutions of the master equation (2.9).



2.1 Unflavored solution

Let us consider the master equation in the case in which there are no flavor brane sources.
It turns out that the general solution of (2.9) can be analytically found in this case. Indeed,
when @ = 0 the master equation (2.9) can be trivially integrated once as:

d
Ciw + 6 W = constant . (2.15)

dg
A further integration gives:

W=C <1_2Z> : (2.16)

where C and b are constants. Plugging this expression of W into the right-hand-side
of (2.11) one readily verifies that the dilaton is constant and given by:

e ?=C. (2.17)

Moreover, the function f and the squashing function ¢ are given by:

and the warp factor h can be obtained by integrating (2.14). This solution coincides with
the general unflavored one found in [23]. For b = 0 this geometry is just AdS5 x S°. When
b # 0 the solution approaches AdSs x S? in the UV. If we take b to be real and positive,
then the minimal value of ¢ is ¢ = b and the metric has a blown-up CP? cycle at ¢ = b. It
was argued in [28] that this b # 0 background is dual to the superconformal N = 4 field
theory deformed by the VEV of a dimension 6 operator.

2.2 Massless flavored solution

Let us now consider the massless flavor case with @y # 0 and p = 1. In this case it is
possible to find a special solution of (2.9):

W =AC". (2.19)

Indeed, by plugging this ansatz into the master equation we readily get that the exponent

« is given by:
2
=——. 2.20
o= (2:20)

Similarly, we can obtain the value of the constant A. The final formula for W is:

9 2
W= (V2Qp)S¢Ts. (2.21)
Using this expression in (2.10) and (2.11) we arrive at the following values of f and ¢:
2r _ 9 2 —¢ 2,2
ed =3¢, e =(vV2Qy)* (3. (2.22)
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Figure 2. On the left we depict a localized embedding of a D5-brane with a separation (, from
the stack of color D3-branes. On the right, several D5-branes with different orientations and the
same distance (, generate a cavity ¢ < (, which does not contain flavor sources.

It is straightforward to verify that this solution coincides with the one found in [23] for
massless flavors.! The warp factor for this solution is:

R4
h= i (2.23)
where R is the same as in [23],
_ 4
4
- Q.. 2.24
r=21q (2:24)

Since the profile function p is constant, this solution represents massless smeared flavors
extending all the way down to ¢ = 0. As shown in [23], the background corresponding to
the master function (2.21) is invariant under a set of anisotropic scale transformations in
which the 23 coordinate transforms with an anomalous scaling dimension. Moreover, the

squashing factor (2.12) ¢ is constant and equal to 2= ~ 1.06, see (2.22). The purpose of

2v2
this paper is to find solutions corresponding to massive flavors, which should interpolate
between the unflavored solution of subsection 2.1 at the IR and the scaling solution studied

in this subsection at the UV. We start to discuss these solutions in the next subsection.

2.3 Massive flavors

In the holographic approach the mass of the fundamentals is related to the distance between
the color and flavor branes (in our case D3’s and D5’s, respectively). When these two
sets of branes are separated, the fundamentals are massive and there is an IR region of
the geometry which is not occupied by the flavor brane and, as a consequence, the D5-
brane charge density vanishes there. In the smearing setup we have many D5-branes with
different orientations in the internal space which, if they correspond to flavors with the same
mass, should have the same separation from the D3-branes. As illustrated in figure 2, the
sourceless region has a ¢ coordinate less or equal to some value (g4, a region we will call

!The relation between ¢ and the radial variable r used in [23] and in the ansatz (A.1) is ¢ = 23—\/5 r.



cavity in the following. The profile function p({) vanishes inside the cavity and should
approach the value appropriate for massless flavors, i.e., p — 1 as ( — oo. To determine
the explicit form of the function p(¢) one has to specify the set of source D5-branes of our
smeared distribution. This is done in detail in appendix B. The final result for the profile

o=l (@] [+

Notice that p(¢) is continuous at ( = (; and asymptotically p(( — oo) = 1. The mas-

function is:

(¢ —¢q)- (2.25)

ter function W for the profile (2.25) must be obtained numerically. However, we can
expand (2.9) in a series expansion about any radial coordinate (. Let us start in the neigh-
borhood of { = co. Indeed, the profile function (2.25) can be expanded in powers of %" as:

3c4 1(6 9 CS 10

Plugging this expansion into the master equation (2.9) and integrating order by order, we
get the following solution for the master function W (():

% 4 6 8 10
W:9[ﬁQf] (1—14"+1C‘1+35Cq+0<q>>. (2.27)

8 ¢ 6 C* " 6(¢6 " 2304 ¢® (10

The asymptotic UV expansions of the different functions of the background are easily
obtained from (2.27). We have collected these expansions in appendix A.

Another useful expansion is the neighborhood where the sources set in, i.e., at the
edge of the cavity. We have hence perturbatively solved the master equation for ¢ > ¢,
and ¢ — (4 small; details are relegated in appendix A.

Recall that inside the cavity, i.e. for ¢ < (4, we have the analytic solution for the master
function. This solution was written in (2.16) and depends on two parameters C' and b. We
want to extend this solution for ¢ > (, and determine the values of C' and b for which the
function W behaves as in (2.27) for ¢ — oo. This matching has to be done numerically,
for which we implemented the shooting technique accompanied with a convenient change
of variables. We will discuss this in the next section.

3 Integration of the master equation

Let us introduce a new holographic variable z, related to ¢ as follows:

C—b
G

Clearly, for our interpolating solutions z > 0. In this new variable the cavity (i.e. the

(3.1)

8
Il

region without flavor branes) corresponds to 0 < x < x4, where x4 is the edge of the cavity

given by:
b
Tg=1——. 3.2
q Cq ( )



Notice that =, depends on the ratio between the deformation parameter b in the source-
less region and the location of the boundary of this unflavored region in the { variable.
Moreover, as b < (,, we have that:

g <1. (3.3)

Let us write the background in terms of the new variables. It is convenient to absorb
the constant C' appearing in the master function (2.16) inside the cavity. Accordingly, we
define W as:

. W
W=—. 3.4
- (34)
In the region without flavor sources this function is given by:
7 (1 —zg)°
Wiz)y=1—- ———m—— 0 <z < a. 3.5
<I’) (:1; + 1— fL'q)G ’ ST xq ( )

This function vanishes at the origin x = 0 and W and its derivative take the following
values at the edge of the cavity:

dW

W($:$q):1_(1_33q)6, T o
T=xq

=6(1—x,)°. (3.6)
Notice that, for z, = 1, i.e. in the case in which the cavity is largest, W(x) = 1 inside
the cavity and the solution becomes (isotropic) AdS in this region. This implies that z,
measures the amount of anisotropy of our solution.

The profile function in terms of the x variable is:

VT —Tg /T —Tqg+2
2(x+1—x4)3

p(x) = 0(x — z4) [1 +2(zx+1-— xq)Q} . (3.7)

Moreover, the master equation for W becomes:

d

T (x+1—x)

= ) 3.8
dx dx C2 ¢ VW (38)

This equation is solved analytically by (3.5) inside the cavity, where 0 < z < z,. For x > z,

dW] ¢V __6Qs pla)

we can solve (3.8) numerically by imposing the initial conditions (3.6) and by requiring
that as x — oo it asymptotically behaves as the massless flavored solution,

5, (z — 00). (3.9)

2
L9 | V2 °
W= - \/;Qf x
8 C§ Cq

Notice that (3.8) depends on two parameters z, and C 3 (q/Qy. In order to have a solution

with the asymptotic behavior (3.9) these two parameters must satisfy a relation, which can
be determined numerically. This relation is

Co = —3 Z(xq), (3.10)



Z(xq)
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1.36]
1.34]
1.32}
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0.0 0.2 0.4 0.6 0.8 10 74

Figure 3. Plot of the function Z(z,) = C3 Cq/ @y, obtained by the shooting method of the master
equation (3.8). This function has as asymptotics Z(z, = 0) ~ 1.38 and Z(z, = 1) ~ 1.26. Notice
that Z(z,) is almost constant in the interval 0.5 <z, < 1.

where the function Z(z,) is determinend numerically for 0 < z, < 1. Our results for this
function have been plotted in figure 3. We observe that Z(x,) is a decreasing function of
x4 and, for given values of )y and the constant C, (; reaches its maximum at z, = 0.
Notice also that x4 gives the size of the cavity in the x variable. This size should be related
to the quark mass m,. In our holographic setup m, can be determined by evaluating the
Nambu-Goto action of a fundamental string extended along the holographic direction, from
the origin of the space to the tip of the flavor brane. In the ( variable we have:

1 ¢
mg /b ' d¢ e’ v/ —detga, (3.11)

21 o/

¢ . . . . .
where the e2 factor is due to the fact that we are working in the Einstein frame. By using
the metric ansatz (2.1), as well as (2.10) and (2.11), we obtain m, in terms of an integral
involving the master function W:

(3.12)

My

1 /Cq ac 1 /Cq dc
2ra Jy, VW 2/ VC /1_%‘6“
Putting o/ =1 from now on and writing the result in terms of z,, we get:

T (2
o= -2 <xq—1>*/;é()6)+F(—;,;;2;<1—wq>6>]. 3.1

Z(zq)

In figure 4 we plot C? mq/Qy as a function of x4 We observe in this plot that m,
grows with z, and that my = 0 for x; = 0, i.e. when the cavity has zero size. Moreover,
we can increase the quark mass by decreasing C' (C' — 0 corresponds to my — oo for
xq # 0). The precise relation between m, and the constant C' depends on the value of .
For z, ~ 0,1 one can expand the right-hand side of (3.13) and find:

2
mg =~ 27?52 \/QZ(O) VZg, (2q—0), my = 27?52 Z(1), (xg—1). (3.14)

~10 -
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Figure 4. Quark mass m,, rescaled by C?/Qy, as a function of z,.

All the functions of the background can be written in terms of Z and W. For example,
the squashing factor q is:

VW

(3.15)
\/W+ 1+x6 Tq dW
whereas f, g, and the dilaton ¢ are:
e9 = g?’: Z2(£L'q) (1+x— mq)2
Q7 (1+z—z)2W Q7
2f _ *f 72 q = 72 1 _ 2 2
€ 03 ( )W+1+w6rq% C3 ( )( +x xQ)q(‘T)
o 1+z—x, dW W

= (W ——A | =C—— 3.16

c + 6 dx ] *(z)’ (3.16)

where, in the second step, we have written these functions in terms of ¢(x).

In figure 5 we plot the function W for different values of xq. We notice that, as
rg — 1, W is almost constant and equal to 1 in the interior of the cavity, where it is given
by (3.5). Moreover, outside the cavity, i.e. for z > x, it rapidly approaches the asymptotic
expression (2.27), which can be rewritten in terms of = and z, as:

Wi

W= V2 L ! +1 !
8 | Z(zg) (x+1—1y) 6(x+1—xzg)* 6(x+1—x4)0
35 1
e ] 1
* 2304 (x4+1—124)8 + > (3:.17)

The UV expansion of f, ¢, h, and ¢ in the x variable can be obtained from (A.18)—(A.21)
by substituting ( = (;(z + 1 — z).

11 -



2 4 6 8

Figure 5. Plot of W versus the holographic variable z for different values of z, in the range
0.1 <24 <0.9. The continuous bottom dark red (top dark blue) curve corresponds to zqg = 0.1
(xq =0.9). The continuous curves between them correspond to z, = i/10 for i = 2,...,8 (bottom-
up). The dashed curves are the leading terms in the UV expansion (3.17) for x, = 0.1 (red) and
zq = 0.9 (blue).

The comparison of the numerical values for © > x4, and those given by (3.17) shows
that the agreement with the UV expansion is better if z, is small, since in this case the
background is closer to the massless scaling solutions (for x4, = 0 there is no cavity). On
the other hand, for x, close to one the flavor effects are smaller in the IR, since W is almost
constant and equal to one inside the cavity. Indeed, from (3.2) we get that x4, ~ 1 implies
that the IR deformation parameter b is small. This is consistent with the fact that, for a
given value of C, the quark mass is maximal in this case (see figure 4).

Let us now write the metric in the = variable. First of all, we define the rescaled warp
factor and cartesian coordinates as:

4
=2 e Y o1y, P-Ys @y
C Oz C2

Then, in terms of these hatted variables, we have:

. W2
ds2, =2 [—(dﬁ:o)Q + (d&h)? + (d2*)? + o (d§:3)2]
. dx)?
+ Z2(zg) b3 [( q"’“z) + (142 — )2 (dsaﬂ + 2 (dr + A)Q)} . (3.19)

We have only one free parameter, x,, corresponding to a family of geometries. Actually,
in our unquenched flavored background one would expect the geometry to depend on two
quantities, the amount of flavors and their mass. We have rescaled out the quark mass with
the definition of the hatted quantities in (3.18) and therefore z, will serve us to parametrize
the amount of flavors.

- 12 —
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Figure 6. The squashing function ¢(z) for z, = 0.005 (black), z, = 0.5 (blue) and z, = 0.9
(brown). As z — 0 the squashing factor goes to zero for all the values of x,, except for the case
x4 = 1. In that particular case ¢(z) remains finite and equal to one inside the cavity.

It is interesting to write down the relation between the hatted and unhatted cartesian
1

coordinates in terms of the quark mass m,. Taking into account that C' ~ mg 2, we get
for the longitudinal (2! 22) and transverse (23) directions:

1

T ~mg ), Bl ~mg . (3.20)

Therefore, for fixed distances z and z,, taking mgy — 0 is equivalent to considering the
UV &), 2, — Oregion in the hatted variables, whereas taking large m, amounts to zooming
in the IR region of large z and x .

For fixed quark mass, x4 is the parameter that controls the flavor effects in the IR. To
illustrate how the flavor branes deform the metric as we move in the holographic direction,
we have plotted in figure 6 the squashing function ¢(x) for different values of z4. For z, ~ 1
the function ¢(x) is nearly constant and equal to one in the sourceless region = < z, and
grows monotonically for z > x4, until it reaches its asymptotic UV value ¢ = 3/ 2V2. Tt
follows from these results and those represented in figure 5 that the geometry becomes
more and more isotropic inside the cavity as we increase the parameter x,.

In the following sections we will study our gravity dual by computing several observ-
ables with the purpose of exploring their change as we move from the UV to the IR as we
vary the size of the cavity z,.

4 Wilson loops

In holography, the potential energy between a “quark” and an “antiquark” is obtained
from the solution of the equation of motion of a fundamental string hanging from the UV
boundary [29, 30]. These equations are derived from the Nambu-Goto action:

1
S=_— /deaeg v —detga, (4.1)

:27r
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where g is the induced metric on the worldsheet of the string. We will calculate the ¢g
potential in two cases. First we will consider the intralayer case, in which the quark and
the antiquark are in the same layer and have the same value of the coordinate z3. After
this we will consider the interlayer configuration, where the quarks are separated in the

anisotropic direction.

4.1 Intralayer potential

We take (t,#1) as worldvolume coordinates of a fundamental string and we will consider an
ansatz with = x(#!) with the other cartesian coordinates being constant. The induced
metric on the two-dimensional worldsheet is:

ds2 = —h~2 (d20)% + h~2 (1 + qu (x')2> (dih)?, (4.2)

where the prime denotes derivative with respect to #! and we have denoted Z, = Z(z,).
The Nambu-Goto action of the string is:

§ — /dx et V=g :/d:@lL, (4.3)

where T' = [ di° and the Lagrangian density L is:

~

1_|_ZQ h > (a7)2. (4.4)

t\.’)\»—A

1 h
27T\/> \/>

As L does not depend explicitly on the holographic coordinate x, one has the following

first integral:
, OL
? — L = constant, (4.5)
from which we get:
1 @

\/hW \/14—Z2£2 :n’)2_ VigWo

(4.6)

where qq, fzo, and Wy are the values of the functions q, iL, and W, respectively, at the
turning point x = xg. From this relation we obtain 2’ as:

¢ [hoWog?
Z, f thO ’

=+

which can be straightforwardly integrated to give:

) =+7, /x: @ o : (4.8)

fto Wg @) _ 1
h(z) W () 43
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The (hatted) quark-antiquark distance at the boundary is:

) oo \/h(x
dy =22, / ) el . (4.9)
zo Q(x) ho Wo ¢2(z) _1
h(z) W (z) o

Let us now calculate the on-shell action of the fundamental string. Plugging the
solution into the action, we get:
dx

_ aghW
q% ho Wo

Son-shell _

Z, /xmax
T 77\/5 To \/W

(4.10)
1

As usual, this on-shell action is divergent and must be regulated. We do it by subtracting
the action of two straight fundamental strings stretched from the origin = 0 to © = Tpax:

¢
Séig_;sheu o Son—shell Zq Fmax ez Son—shell Zq Tmax g
: = = -2 r— = - — —_—. (4.11)
T T 2 Jo q T ™/ C Jo VI
The quark-antiquark potential is then given by:
V- = ngshell — & S:)(r%sshell (412)
i T c: T
where we have used the relation between 7" and 7'
T = Q—f T. (4.13)
C2
More explicitly:
Z * d 1 *o
V= 21 i 1 (4.14)

dx
T C? zo \/W 1— @ hW 0 \/W
4% ho Wo

We have numerically evaluated the potential Vz as a function of cf”. The results are
presented in figure 7 for different values of ;. We notice that all curves become coincident

. . 3
for small d). As d ~ mq d) (see eq. (3.20)), one expects to recover the massless scaling

. 4
solution in the UV domain d| — 0. Indeed, we prove below that Vg ~ d|| % in the UV region

of small CZH. This behavior matches the one obtained numerically, as shown in figure 7. As
we move towards the IR by decreasing the turning point coordinate x¢ and increasing d|, we
obtain that there is a maximal value of d (corresponding to a minimal value zg"" < x4 of
the turning point coordinate). For zg < z{"" the dominant configuration is a disconnected
one, in which the two ends of the string go straight from the boundary to the origin. This
behavior has been obtained previously in backgrounds dual to unquenched flavors [31-34]
(in other types of backgrounds, see also [35-39]). Indeed, dynamical quarks produce string
breaking and a maximal length due to pair creation. In our case this breaking is not
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Figure 7. We depict the gq intralayer potential (4.14) versus dj o< mg d) for x, = 0.1 (red),
xzq = 0.5 (blue), and x4 = 0.9 (brown). The dashed curve is the UV limit (4.18). Notice that the
maximal separation for gg increases with x,.

produced in the scaling solution with m, = 0. Moreover, the critical distance at which the
string breaks grows with z,, as is also evident in figure 7, and becomes very large when
xq ~ 1. This is easy to understand since the breaking occurs when the string penetrates
deeply in the cavity, whose size is maximal when z, ~ 1, and the integrals (4.9) and (4.14)
get their main contribution from the sourceless region inside the cavity. For large enough
values of a?H the dominant configuration is the disconnected one with zero energy, which
means that the external quarks are completely screened by dynamical quarks popping
out from the vacuum. A recent interesting work [22], in a seemingly unrelated context
of holographic QCD, parallels our findings. The authors of [22] demonstrated that large
amounts of anisotropy will completely screen the interactions between quarks and anti-
quarks, while in the absence of anisotropy the model would otherwise be confining.

4.1.1 UV limit

Let us now evaluate the potential in the UV limit in which d| is small (large xo) and
our embedding is close to the boundary. In this limit we can use that, at leading order
in the UV, the squashing function ¢ is constant and that W ~ 275 and h ~ 24 (see
egs. (3.17), (A.20), and (A.21)). We will use these values to calculate the integrals for d\l

and Vyzin (4.9) and (4.14). At leading order we get the following relation between dj and zo:

i 8V2 VO, F(%) 1

~ T —. 4.15
Similarly, we approximate the potential V5 by the following integral:
4 7
2V2 7§ 4 & 3 3
Vg =~ \[1 4 ?f xg / dz 23 = -1 - (4.16)
3.260 C 1 4

14
\Vzs —1

~16 —



Performing the integral, we get:

~Jjot

4
ZEQ T
qug_Qé\l/Zw qCQf F<< )) '

[SIRTS

(4.17)

e

By using the relation (4.15) we can eliminate xg in favor of the ¢g distance C?H. After some
calculation we get:

3 1 5 s
g () () e
14

which coincides with the result found in [24] for the massless scaling background. In figure 7
we show that the potential (4.18) does indeed coincide with the numerical results in the
UV domain ‘ill — 0 for all values of the parameter z,.

4.2 Interlayer potential

We now consider a Wilson loop that extends in the z3 direction with z! and x? constant,
which corresponds to two fundamentals located at different layers. Accordingly, we take
(t,2%) as worldvolume coordinates and consider an ansatz in which x = 2(2%). The two-
dimensional induced metric is now:

21

~

h o ~
ds3 = —h3 (d2°)2 + — [W? + 22 he? (+/)?] (di)?, (4.19)
q
where the prime now denotes derivative with respect to #2. The Nambu-Goto action is:

ok s o

with

M\H

1
W2+ zZ? h 4.21
= f V P (). (121)
The first integral derived from L is:
= ) =
ALl _ YWo (4.22)

q \/E \/1 i nggjh (Z/)Q qo V ho

where again qo, ﬁo, and W, are the values of the functions q, ﬁ, and W, respectively, at
the turning point x = zg. Then:
W fho@ W
o = 0% T g (4.23)
Zq ZyqVi Vb Wo
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Figure 8. On the left we plot the gg interlayer potential (4.27) versus d o mé d, for z, =0.1
(red), 4 = 0.5 (blue), and z; = 0.9 (brown). The dashed curve is the UV potential (4.31). On
the right we compare the intralayer and interlayer potentials for =, = 0.1 (red), z, = 0.5 (blue),
and x4 = 0.9 (brown). The continuous (dashed) curves correspond to the intralayer (interlayer)
potentials.

Integrating this equation we get:

~

z q(xZ)\/ h(x 7
B(x) = +7, / ) - ) _ @ . (4.24)
o W(z) ho @@ W(z) 1
h(z) g% () Wo
Therefore, the quark-antiquark distance along the direction transverse to the layers is:
. o q(z)\/h(z d
szzzq/ (&) y Az) & . (4.25)
x0 W(.T) Aho qg W(IZ} . 1
h(z) ¢*(z) Wo

The unregulated on-shell action for this case is:

Son—shell _ Zq /Imax dx
A O N

a ho W

(4.26)

Proceeding as in the intralayer case to regulate this action, we arrive at the following
quark-antiquark potential:

 ZqQy > dx 1 1 0 dx

q— — — - - — .
O Ve Vi | ] @i o VI
qgh()W

The numerical results for the interlayer potential have been plotted in figure 8. They
1

(4.27)

Ve

are qualitatively similar to the intralayer case of figure 7. In the UV region d ocmg dy —0,
the potential decays as Vg~ dIA‘, in agreement with our analytic calculation of section 4.2.1.
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In this case there is also a maximal length which increases with x,. We have also com-
pared the intralayer and interlayer potentials for the same value of x,. These potentials
are plotted together on the right panel of figure 8, where we notice that they have very
different behavior in the UV but they become very similar in the IR (cf. also [22]). This IR
similarity increases as x4 approaches its maximal value z, = 1, which is consistent with the
fact that for large values of x, the isotropic unflavored limit is rapidly attained in the IR.

4.2.1 UV limit

Let us consider the UV limit in which d 1 is small and we have the following approximate
relation between d | and xq:

d 826\/@\/‘

1
- - (4.28)
VIS gz (%) o
In this limit the potential can be approximated as:
5
2 Z : 4 & 3 3
Vag = v2 Qf / dz 23 i -1 -- (4.29)
3260 C? 1 e | 4

The integral can be computed analytically and yields the following result for the potential:

s 3
Vg~ _2(13\1/% Z;C?f Eé;’o)) 2. (4.30)

In terms of d; we get:

2 12 % [(T(32
Vg~ b (“ﬂ ez (1) (431

a~ ~ 32 .52 ’
3% -5 1
dy r (ﬁ>
which is equivalent to the result obtained in [24] for the massless background. As illustrated
in figure 8, the potential (4.31) nicely matches the numerical results.

5 Entanglement entropy

The entanglement entropy of a region and its complement is a good measure of the quantum
correlations of the system. In holography the entanglement entropy is obtained by min-
imizing an area functional for an eight-dimensional surface embedded in ten-dimensional
spacetime [40, 41]. Let A be a spatial region in the gauge theory. The holographic entan-
glement entropy between A and its complement is:

Sy = / d3¢ \/det g, (5.1)
4G10

where ¥ is the eight-dimensional spatial surface whose boundary is A and minimizes Sy,

G1o is the ten-dimensional Newton constant (G1p = 8% in our units) and gg is the induced
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metric on ¥ in the Einstein frame. In this section we will apply this prescription when
A is a slab of infinite extent in the two cartesian directions and having a finite width in
the remaining cartesian coordinate. Clearly, there are two cases to study, namely parallel
and transverse slabs, which we analyze separately. We note that again we find striking
similarity with the results in [22].

5.1 Parallel slab

First we consider the case in which A is an infinite slab with a finite width parallel to the
layers, namely:

d RO | 52 A3

A= —§§1‘ §§,—oo<1:,x < 400y . (5.2)

We will parameterize ¥ by a function z = 2(2'). The eight-dimensional induced metric on
> is:

~ ~

(di?)? + Ez} (d@?’)?]

o h o
dst=h"2 |1+ 225 (x’)2] (di)? + bz
q q

+hE 22 (14 2 —2,)’ (dsaﬂ +q®(dr + A)Q) : (5.3)

1

where the prime now denotes derivative with respect to Z'. If we integrate over all the

coordinates except x, we get:

hz W

1+22:2( N2, (5.4)

D=

Sy
Lols 32 7T3

/d:c (1+z—2,)°

The first integral derived from S is:

INETN ~Ll .
hz 1 — 5 h@
W (1+«x qu) _ o Wo (1+ 24 —xq)5, (5.5)
q 1+Zq2q% (x/)z qo

where the subscript nought denotes that the corresponding quantity is evaluated at the

minimal value xy of . From this last equation we get:
(1 — 1)10 hW2 2
o T T o _1, (5.6)
Z \f 1 + xo — x4)10 p, W2
which can be integrated to give ] I:

. *© Vh d
i =22, / \qf - . (5.7)
zo

(1+4z—24)10 AlALVA[f2qg 1
(I4+mo—2)'0 ho W ¢2

The entanglement entropy for this configuration is given by the divergent integral:

da . (5.8)

S| _ % /“”maxﬁW (1+a— )

T 3 2 P
LoLs 167 Jy, q | (two—aq)l® ho W g2
(It+z—zg)% [2 a
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Figure 9. Plot of the entanglement entropy for a parallel slab as a function of its rescaled width.
The continuous lines are the results of the numerical integration of (5.11) and (5.7) for z, = 0.1
(red), x4 = 0.5 (blue) and x4 = 0.9 (brown). The dashed curve is the UV result (5.15).

We will regularize S| by subtracting the entropy of a configuration that we call the flat
surface in the following. To conform with the homology constraint, the surface is not
disconnected, but it is connected at the bottom xz = 0. The full flat surface consists of three
constant pieces: two straight &' = ) /2 ones and a horizontal one x = const. = 0, each
individually being solutions to the equation of motion. It turns out that the contribution
of the horizontal surface to the area integral vanishes. The entropy for the flat embedding
is thus

Slfliat B Z(? /’meax EW
0

=2 — (1 —x,)° dx. 5.9

q

Thus, we define the finite entanglement entropy as:

Slf‘inite SH o Sﬂat

i _ (5.10)
LoLs LoLs
After some calculations, we get:
Sﬁnite Zﬁ 00 iLW 1
i q3 / —2(1+x—xq)5 1-— - dx
LyLs 167 v 4 | _ (ko)1 ho W g2
(1+z—zq)t0 }fLWQq(Q]
20 bW
+/ — (l+z—xg)’dx |. (5.11)
o 4

The numerical results for S| versus i|| are presented in figure 9 for several values of
the parameter ;. In this plot we notice that S| becomes positive when [ is large enough.
According to our regularization procedure (5.10) this means that the disconnected surface
is dominant with respect to the connected one when ZAH > Zﬁ, where fﬁ is a critical length
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which grows with x,. On the contrary, for small Z|| the entropy behaves as S| ~ lAr’, with
a coefficient independent of x,. As pointed out in [24], this universal behavior is the one
corresponding to an effective D2-brane and can be obtained analytically, as we show in the
next subsection. A similar behavior of the EE has previously been obtained in backgrounds
dual to confining theories and unquenched flavors, see [42—44].

5.1.1 UV limit

When f|| is small, the minimal value zg of x is large and we can use the expansion of the
functions of the background valid for large x. At leading order, we get:

w%F()@l

I ~ 8v2 VZQC / ~ : (5.12)
3V15 v 321/ (2/m0) 5 WIS T(4) Za o
Similarly, the regulated entanglement entropy for the parallel slab is:
Sﬁnite Z% 1|3 7
I 2 ?C g |~ / dz 23 L -1 , (5.13)
LoLs 15-23 73 4 2134 1
which can be integrated analytically with the result:
Sﬁnite Z% T (§> 4
[ q Qe Py (5.14)

Lals  5.2% a3 F(%)

If we eliminate xy and write the entanglement entropy in terms of [“, we get:

7
finite % 5 3
T oy 2 3 = — °() (5.15)
QcLy Ly b 45 .55 1% F(%)

which is the same result as in [24] and, as shown in figure 9, matches perfectly the numerical
results when [, | is small.

5.2 Transverse slab

We now consider a slab with finite width in the direction of 3. The region A in this case is:

] [
A:{—oo<§:1,922<+oo,—; < 3 g;} (5.16)
and the induced metric on ¥ becomes:
A1 N “ ~_1 W2 BQQ A~
dsi = h™2 [(dacl)2 + (dx2)2] +h7r— |1+ Zr = 5 (w’)zl (dz?)?
q w
+h? Zg (1+ 2z —x,)* (dsépg + % (dr + A)?), (5.17)
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where now = = z(#3). The transverse entropy functional is:

N

S, VA h

N f,2 32 7T3

/d:v (142 —a,)°

q

Now the first integral is:

~1 ~Ll o

hzW 1 —x,)° hé W

W _Ute-o) _ho © (1+ 20— 39)°,
\/1+Z§’;52 ()2 D

from which it follows that:

, (14 z—x4)t0 hW2 2

x:
Z, q\[\/ (1+z0 — 24)10 h0W2

Therefore, the transverse length [, is:

—1.

o dx

xo W (14+z—124)10 hW2q0 -1
(1+x0 xq 10 h(] W2

Zl:2z

The entropy functional evaluated on the minimal surface for this configuration is:

Tmax 5
(142 —xg)
3 dzx ,
L1L2 1677 (14+a0—24)10 ho W2 q2
(1+z—x4)10 hW2gq 2

whose divergent part is:

Sjl_iv Zg Tmax s
i = 16713/0 h(1+z—x4)°de.

We define Sﬁnite as
Sinite SJ_ o Siw
IiLy Iyl

After some calculations one can demonstrate that:

1474 h ¢2
2 2
\/1—|—Zq 2 (x)2.

Sﬁnite Zg oo 5 1
— = — h(1 — 1-—

Tre—a)® hive g

To
—I—/ h(l 4z —2,)°da
0
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0 \/1 _ (I4mo—xq)t0 ho Wg q?

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)
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Figure 10. On the left we depict the entropy of a transverse slab as a function of [, . The dashed

curve is the UV result (5.29). On the right we compare 5 ”z” 7 and 5 Sii = as functions of their
c 2 L3 c 1 L2
corresponding rescaled width. In both panels curves with the same color correspond to the same

value of x4: red for z, = 0.1, blue for z, = 0.5, and brown for z, = 0.9.

In figure 10 we plot S| as a function of [, obtained by the numerical computation of
the integrals in (5.25) and (5.21). For small [, the curves for different values of x, coincide
and behave as S| ~ 516. This behavior is found analytically in the next subsection. For
large [ 1 the dominant configuration is the disconnected one and S| becomes positive. We
have also compared in figure 10 the parallel and transverse entanglement entropies. In
the UV the difference is significant, but at larger distances the two entanglement entropies
become very similar. This similarity is more and more pronounced as x4, — 1.

5.2.1 UV limit

We now evaluate the entropy in the limit in which zq is very large and [, is very small. Using
the UV expansion at leading order of the different functions of the background, we get:

; _8-20 Q. 8- 26 F(%) VQe 1

e dx
LR 1 / = VT =, (5.26)
A N S R Y7
whereas Snite ig:
Sﬁnite 72 1 00 z
L~ _68Q3C 2 2—/ dzz | 2 , (5.27)
4
Ly Lo Q0 1 /Z% 1
which, after performing the integral becomes:
‘ 4
Sﬁnlte Z2 F(*)
1 ZaQe T\T) s (5.28)

Ly Lo - 120 73 F(ﬁ)

Eliminating o in favor of [, we reproduce the result of [24]:

Sﬁfme”—w<@>6’ %2(16)4\/7? F<%) 7- (5.29)

Qcﬁliﬁw ZJ_ T5
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5.3 Flow of mutual information

The mutual information of two entangling regions A and As is a measure of the information
shared by these two domains and is defined as:

I(Ay, Ay) = S(A1) + S(Az) — S(A1 U As). (5.30)

We will analyze the evolution with the intrinsic scale of the background of I(A;, A3) when
Ay and A, are two slabs of equal length [ parallel to each other which are separated by a
distance s. In holography there are two possible surfaces contributing to the entanglement
entropy of two slabs [45, 46]. One of these configurations, which has zero mutual infor-
mation, dominates when the slab separation is large. Below some critical separation the
second configuration is dominant and I(Aj, A2) becomes positive. In reduced units, the
critical separation § for two strips of length [ is determined by the vanishing of the mutual
information:

25(1) = S(20 + 5) + S(3). (5.31)

Let us analyze (5.31) for our background in the UV region, where both [ and § are small
and the entanglement entropy has the scaling behavior written in (5.15) ((5.29)) for parallel
(transverse) slabs. The resulting equation takes the form:

1o
2+5)" (5)°

=2, (5.32)

(a = 6) for parallel (transverse) slabs. The solution of (5.32) in these two

)~ 0.663, ) ~o0s01. (5.33)
1) UL

Let us next study the critical point in the long distance IR region, where we expect to

where a = %

cases is:

approach the conformal isotropic behavior of AdSs x S®. In this last case the critical
separation is also determined by (5.32) with a = 2 and, thus:

<S> = V3-1~0.732. (5.34)
! AdS5xS5
Interestingly, viewed as an inverse it equals the metallic mean [ /8= 0p=ig=1 J2 = 32“ [47,

48]. Outside the UV region the critical §/ [ depends on I. We have numerically verified that
this flow behaves as expected. For parallel (transverse) slabs §/I grows (decreases) from
its UV value (5.33) as [ is increased and it actually becomes very close to the conformal
isotropic value (5.34) for large [ and x4 close to one (see [48] for another recent example
of a holographic flow of mutual information). We note that for very large distances Z, the
dominant phase is that for flat embeddings and the full phase diagram resembles that of [46].
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6 Thermodynamics of a massless probe brane

In this section we test our background with a probe D5-brane, embedded as in the ar-
ray (1.1), in which we switch on a worldvolume gauge field A = Agdz® dual to a chemical
potential p. Our goal is to study the zero-temperature thermodynamics of the probe and
its evolution as we move from the UV to the IR. For simplicity we will consider massless
embeddings in which the probe reaches the IR end of the space. These type of embeddings
have been analyzed in detail in appendix C, where we check that the equations of motion
of the probe are satisfied if the worldvolume gauge potential Aj satisfies (C.21). In this
section we will work directly in the radial coordinate (, for which the Lagrangian density

. B 2 HANN 2
f=etfp—=_ \/W[\/l_w(c%o) —1], (6.1)

where £ is the Lagrangian density (C.19). In (6.1) 7 is the constant defined in (C.20) and
we have written £ in terms of the master function W. The chemical potential is just the

takes the form:

value of Ag at the UV boundary. In our variables:

_g [Tde 1
u=d | I JE G (62)

where d is the integration constant of (C.21) which, as we check below, is proportional to
the charge density. The grand potential 2 is given by minus the on-shell action, which in

our case is finite and there is no need of regularizing it. This is due to the cancelation of
the divergences between the DBI and WZ terms. Removing the Minkowski volume factor,

Q:N'/Oodg ¢ ¢y (6.3)
b VIV | /d2 + ¢! ’

where N/ = 167> The charge density p can be written as:

we get:

3v/3
o %
p=—5-=—5". (6.4)
ou e

From (6.2) and (6.3) we can compute the derivatives with respect to d that are needed to
calculate p:

@_ oo C4 1
3=, G

o0 o0 ¢t 1
—=-Nd | d : 6.5
ad /b ‘ VW (d2 4 ¢4)3 (6.5)

Clearly, one has:

o ou
i -Nd 3 (6.6)

and we get that, indeed, p is related to d as expected:

p=Nd. (6.7)
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The energy density € is given by:
e=Q +pup. (6.8)

Plugging the values of Q and p into (6.8), we get:

_ < dC @z
e_N/b N ’/HC‘* 1]. (6.9)

Therefore:

Oe d¢ 1
o _Nd / —Nu, 6.10
ad b VIV (d2 + ¢4)2 (6.10)
as expected. Taking into account that p = —€2, the speed of sound us can be obtained as:
o0
5y 1 90
2 ad
uy = -2 = ——— — 6.11
ge Np od (6.11)

Thus, we get the following expression of u?2:

24 %4 € ! 6.12
h M/b C\/W(d2+g4)%' (6.12)

More explicitly, plugging into (6.12) the expression (6.2) of y, we obtain that u? is given
by the following ratio of two integrals over the holographic coordinate:
[ dc ¢!
2 _ 10 YW @qh3

us = foo dC 1 . (613)

bYW Veic

In the unflavored (W =1, b = 0) and massless flavored (W o ¢ _%, b = 0) cases we get the
following d-independent results:

1
u?(unflavored) = 2 u?(massless flavored) = 3 (6.14)

The unflavored result u? = 1/2 is the one expected for a conformal worldvolume theory in
2 + 1 dimensions. In general, one should get a value depending on d, which interpolates
between these two values. In order to facilitate the numerical calculations, let us rewrite
these results in « coordinate. Recall that ( and x are related as:

gzggfzq(xﬂ—xq). (6.15)

It turns out that @y and C' can be scaled out from our formulas. First of all, we define the
rescaled density and chemical potential as:

e C?
d= —5d, L= ——u. (6.16)
Qf f
Then, we have:
N * d 1
=iz, [ - (6.17)
0 \/W[d2+Z§(SL‘+17$q)4]§
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where W was defined in (3.4). Moreover, 2 and € can be recast as:

. 00 +1-— 2 Z2
a=Nz [ A Lo | LA
o vVW \/d2+Z§(m+1f:cq)4
~ ® dx d2 1
e:NZz/ — (41— x,)? \/1+—1 : (6.18)
T/, VIV 1 Zf} (x+1—x4)*
where N is defined as: ,
N = C—JS”N. (6.19)
The speed of sound can either be written as:
d [* d 1—x,)?
=7y~ = — e+ 1- ) T (6.20)
Jo VW [d? 4+ ZE(x+ 1 — 39)*]?
or if we define the integrals I; and I as:
/ (z+1— )
3
1/ [d2 + Z4 (x + 1 — z0)4]2
1
I :/ - =, (6.21)
0 \/W(x) [d2 + Z2 (x+ 1 — x4)]2
then ug is obtained from the ratio between I; and Is:
I
4 11
u =72, + L (6.22)

Recall that we can relate the quark mass of the background m, to the constant C, namely

C ~ /Qy/\/Mg. Using this relation we get that d~d/(\/Q fmq) Therefore, the UV
limit mg — 0 corresponds to taking d — . Accordingly, we should recover in this large
d limit the massless flavored result of (6.14):

X 2
u?(d — o0) — 3 (UV limit). (6.23)

The UV limit written above can also be analytically verified. Indeed, let us introduce a
new integration variable y, related to x as:

N[ S

_Q

r=x—1+—y = 2(y). (6.24)

The minimal value of y, corresponding to = 0, is y = y,, where:

Yg = Z,. (6.25)

Qs |
[SIE
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It is now straightforward to write I; and Iy as:

I 1 /°° ytdy
1= 1 —
Z3d% Jya W (2(y)) (1+y1)?
1 [ee]
I = (6.26)

dy
Z,d* / VW) (1 +y1)3

When d — oo the lower limit of the integrals becomes y, = 0. Moreover, the argument of
the function W is large and one can use its UV asymptotic expression:

_2
. 9[v2 dz 1% 9[v2]® .
Wz(y)) = g | mq—1+—qy 8[62% Y5, (d— o). (6.27)
Then for large d:
L ys L T(EIr(G)
L~ ——— d 3 3
Zq5d2 0 (1+y*)>2 ngz 47
1
1 o0 3 1 (i
Zgdz2 1+yt)2  Zyd: 6/

d — 0). (6.29)

Let us now explore the small d limit. By taking d=0in (6.21) we see that the integrals
I, and I, are proportional (I(d = 0) = Z3 Ir(d = 0)). Therefore, we get:

wAd=0)=1. (6.30)

This result is not the one we naively expect since d—0 corresponds to m, — oo and,
as the quarks are not dynamical in this large mass limit, it would seem that we should get
the conformal result 2 = 1/2 in this IR limit, at least when z, is close to one. In order to
clarify the situation, let us take d = 0 in the integrals (6.21) and examine the behavior of
the integrand near x = 0. For z, # 1 we get:

* dx 1 > 1 1 1 1
=il dw[ml_mqﬁﬁ Mu_%)sf*o(“)]’
(6.31)

where we have used (3.5) to obtain the behavior of the integrand near x = 0. This z, # 1

integral is convergent and the two integrals I; and Io are well defined. On the contrary,
for x; = 1 we have W =1 inside the cavity and the integrand is divergent when d=0
and thus we cannot take directly d =0 in the integrals. Actually, in the calculation of s,
the limits d — 0 and zq — 1 do not commute. By taking x, — 1 first we indeed get the
conformal result u? = 1/2 independently of the value of d.
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Figure 11. Speed of sound as a function of the density d for xq = 0.005 (black,top), z, = 0.5
(blue,second from top), z, = 0.9 (brown,third from top), and z, = 0.995 (orange,bottom).

The numerical values of u2 obtained from (6.22) as a function of d for different values
of #, have been plotted in figure 11. In this plot we notice that the UV asymptotic
result (6.29) is satisfied for all values of =, and for z; ~ 1 there is a minimum at low d, in
which u? approaches the conformal value u? = 1/2. This is consistent with the behavior
found in the analysis of other observables: the UV behavior is independent of x, and given
by the scaling solution, whereas the IR is controlled by x,. By taking x, close to one, the
long distance behavior of our system becomes more isotropic.

7 Summary and conclusions

The goal of this paper has been the construction of a gravity dual to a system containing
multiple (2 4 1)-dimensional layers in a (3 + 1)-dimensional ambient theory. In order
to deal with this problem we adopted a top-down holographic approach and used brane
engineering to generate the corresponding gravity dual. We considered the setup (1.1), in
which D3- and D5-branes intersect along 24 1 dimensions and a codimension-one defect is
created along the worldvolume of the D3-branes. Moreover, the D5-branes are distributed
homogeneously along the gauge theory directions orthogonal to the defect, giving rise in this
way to a multilayer system. To find the corresponding supergravity solution, we regarded
the D5-branes as flavor branes and used the techniques developed to find the backgrounds
dual to unquenched smeared flavor.

The background found is supersymmetric and solves the supergravity equations of mo-
tion with D5-brane sources. It is given in terms of the master function W, which can be
obtained by solving the master equation (2.9). This master equation contains the pro-
file function which can, in principle, be arbitrarily chosen and depends on the particular
distribution of the D5-brane charge along the holographic coordinate. The solutions cor-
responding to a constant profile function p were obtained in [23]. In the flavor language,
the solutions of [23] are dual to models with massless flavors living on the defect (the
corresponding black hole was constructed and analyzed in [24]). The corresponding field
theories display anisotropy in the third direction which, by construction, is produced by
the multiple (2 4 1)-dimensional layers.
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Here we generalized the scaling solution found in [23] to the case in which the quarks
are massive and there is a region in the bulk, which we called the cavity, in which the flavor
sources vanish. The size x4 of this cavity provides us with a parameter which determines
the long distance behavior of the model. Indeed, as we tuned z, to its maximal value
xzq = 1, the IR behavior of several observables we analyzed approaches the one of the
un-layered theory, whereas the short distance behavior is independent of z, and given by
the scaling solution. Thus, as x; — 1 the theory in the IR becomes more isotropic and
effectively retains its (3 + 1)-dimensional character.

We studied the running anisotropic behavior described above in several quantities, but
it is clear that we have not exhausted the list of observables to analyze. Let us mention
some possible extensions of our work. In section 6 we explored our background with probe
D5-branes with a worldvolume gauge field dual to a chemical potential. For simplicity we
considered embeddings of the probe with trivial embedding function y, corresponding to
massless flavors. The more general case of massive embeddings can be readily obtained by
considering a general function x(r). It would be interesting to see how the quantum phase
transition studied in [49-51] between Minkowski and black hole embeddings is modified by
the backreaction as has been seen in other (2 + 1)-dimensional systems [52].

It is clearly an interesting task to find the condensed matter system for which our
holographic model could offer a framework for concrete calculations. Each layer effectively
mimics graphene, when some of the D5-branes blow up into D7’-branes [53-62], so the
full multilayer system could perhaps be understood as a (gapped) holographic graphite.
More study is needed to make this identification precise. Nevertheless, some of the recent
multilayered systems are known to have strong coupling dynamics [63], so in an ideal
scenario, we would love to engineer the holographic geometry to mimic the physics in these
settings. This is, however, a highly non-linear task which requires novel ideas.

Fortunately, we have a rather straightforward avenue ahead of us to find a killer ap-
plication. In [64] it was demonstrated that the original D3-brane background (the dual
to N =4 SYM theory), supplemented with flavor D7-brane probes (introducing quenched
quark matter) at finite chemical potential, provides a realistic equation of state for cold
and dense quark matter. This realization paved the road for further investigations [65-68].

How much then can holography help in understanding the deep cores of neutron stars
where deconfined quark matter could reside? In the current context we would like to ask the
following question. Black holes are known to forget about their past and are characterized
by a handful of parameters (mass, rotation, charges). Neutron stars, on the other hand,
seem to depend on a variety of parameters through their complicated internal composition.
Surprisingly, however, certain (dimensionless) macroscopic properties (tidal deformability,
quadrupole moment, moment of inertia) were found to obey universal relations to quite
high degree of accuracy [69] independent of the underlying equation of state.? A recent
interesting paper [71] drew attention to the resemblance of the neutron star universal
relations and the no-hair relations of black holes. In order to formally study the limit of

2If there is a strong first order phase transition close to the surface then the universal relations are known
to be violated up to 20% [67, 70].
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strong gravity and the black hole formation, the equation of state has to be anisotropic
due to Buchdahl bound [71]. We believe that the rather theoretical construction laid out
in this paper (smeared D5-brane providing the necessary anisotropy) is a key step towards
this direction and we hope to report progress on this front in the near future.
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A Detalils of the background

The form of the ten-dimensional metric in Einstein frame has been written in (2.1). In this
appendix we give further details and an explicit coordinate representation. Let y be an
angular coordinate taking values in the range 0 < y < 7 and let w* (i = 1,2, 3) be a set of
left-invariant SU(2) one-forms satisfying dw’ = 3 €¥w/ A w”. Then, we can write ds%; as:

dsiy=h"7 [~ (dz°)?+(dz" )2+ (dz?)?+e 2 (da®)?] +h? |dr®

2g X ,
+€T (dx2+00s2 %((W1)2+(w2)2)+cos2§sin2 g(w3)2> +e2f <dr+2 cos? >2<w3>

)

(A1)

where the fiber 7 takes values in the range 0 < 7 < 27. Notice that we are using in (A.1) a
radial variable r which is different from the one in (2.1) (see below for the relation between
r and (). The one-form A in (2.1) is given by:

1
A== cos? Xub. (A.2)
2 2
The one-forms w’ can be represented in terms of three angles (6, p, 1)) as:

w! = cos ) db + sin sin b dyp
w? = sint df — cos 1 sin 6 dyp
w? = dip + cosfdyp, (A.3)

where 0 < 0 <7, 0 < ¢ < 27, and 0 < 9 < 47m. The coordinate representation of the
canonical vielbein basis of CP? is:

elzlcos <K> wh, 62:1cos (X) w?,
2 2 2 2
1 1
e = 5 cos (g) sin (g) w?, et = 5 dx . (A.4)
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By plugging these expressions into (2.6) and (2.7) we get the value of the RR three-form Fj
written in (2.7), where we already used the new radial variable ¢ defined in (A.10) below.

Our solution preserves some amount of supersymmetry. Indeed, let us choose the
following vielbein basis for the ten-dimensional metric (A.1):

E* =1 dx* (n=0,1,2), BT = pa e™da?
1 A
Er:hidr, Ezzihiegcosgw’, (1=1,2),
1 1
E3:fhiegcoszsinzw3, E4:fh%egdx,
2 2 2 2
1
ES = hiel (dT + 3 cos? g w3> . (A.5)
Then, in this basis of one-forms, the Killing spinor of the background can be written as:
e=hsezln7 n, (A.6)

where 7 is a constant spinor satisfying some projection conditions. If we represent the
Killing spinors of type IIB supergravity as a Majorana-Weyl doublet, then 7 satisfies the
projections:
Lrpsaoin=m,
Pion=Tgan="Twsn=1io2n, (A7)
which means that our background preserves two supercharges. Actually, the different
functions of our ansatz must satisfy the following system of first-order BPS equations [23]:

¢ =Qsp(r)es %

gl = €f72.g
fr= 3e —2ef729 4 Qf]2?(7”) 6%7251
W= =Qee™ )~ Qup(r) e h, (A8)

where p(r) is the profile function of (2.7), the prime denotes derivative with respect to the
radial coordinate r and Q) and (). are related to the number of flavors Ny and colors N, as:

41 gs o/ Ny
Qf = s
9v3 L

where Ly = [ dx3. Let us now write the BPS system in terms of a new radial variable ,

dg — of9
= (A.10)

Then, the equations for ¢, g, and f take the form:

Qe = 16mgsa/ > N, (A.9)

related to r as:

d 3

d? = Qsp(¢)es I

dg  _

=

;ZLZ: _ 36g72f — 9279 + szg(oe%éfg . (All)
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In this new variable ¢, the BPS equation for g in (A.11) can be immediately integrated:
ed =, (A.12)

and we can rewrite the remaining BPS equations as:

dp _ Qsp(Q) ey

a <
df . oy 2 Qrp(Q) 3s g
i =3Ce (+ 50 e . (A.13)

Notice that our ansatz for the metric in the ¢ variable is precisely the one written in (2.1).
We now introduce the new master function W as:
o2~
W = o (A.14)
One can easily show that the BPS system (A.13) implies that W satisfies the following
first-order differential equation:

daw 6

— = (e -W). A.15
T e -w) (A19
Moreover, one can demonstrate that the equation for ¢ in (A.13) can be written as:
d
4o QrplQ) (A.16)
dg VW
One can combine these last two equations in the following second-order master equation
for W d [ AW\ _dW  6Q;p(C)
rp
il — )46 =L A7
i (S0 ) v = (8.17)

which coincides with (2.9). It is also straightforward to verify that the function f and the
dilaton ¢ are given in terms of W as in (2.10) and (2.11), respectively.

As mentioned in subsection 2.3 the master equation can be solved in powers of (;/¢
for large (. The result for W was written in (2.27). The function f is readily computed

using (2.10):
4 6 8 10
of =3 [11Cq+3<q+7cq+0<q>]. (A.18)

- ﬁ 16 ¢4 32 ¢6 1024 ¢8 c10
The dilaton in this expansion is:
2
: 4 6 8 10
) (ﬁQf> [ +24C4+48C6+4608§8+O co | | (A.19)

and the warp factor becomes:

8 [ 58
|15
01[1 1¢ 1¢ 35 CS]

+ (A.20)

il 24¢t 485 4608 (3
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where C} is a constant of integration. The squashing factor ¢ = e/ /¢ for this solution can

be obtained from (2.13) and takes the form:
10
+ 0 (&) : (A.21)

3 1¢ 3¢ 7 ¢
g=——= |1 - — 24 = 24y q
2v/2
We can also solve the master equation (2.9) perturbatively close to the cavity for ¢ > (.
In order to do that, let us substitute in the master equation an expansion of the form:

16 ¢4 " 32¢6 " 1024 ¢8
Wapprox _ C £ . . £ - %
PR — Cp 4 Oy 1) +) 8 1) . (A.22)
<q i—d Cq

Identifying the above approximate solution (A.22) and the analytic solution (2.16) at
the edge of the cavity ¢ = (, we get the following two constraints

bo b6
Co —C<1—6> , Oy =60 4. (A.23)
¢ G
The first non-vanishing coefficients are
7 122 Qs 28
Ba 5 €2 Bs 5o ¢, Be 3 25
3v2(109Cy + 6C
B, — v2(109 Co 2) Qf By = —21Cs. (A.24)

35 Co/? Go
The function f corresponding to (A.22) is:

ef 1 Cy ¢ > 1 ( 1C2>_1Qf (C )3
— 22 (2 . e T A .
) () (G- faalea) o\

G(1+5%
5 10\ (¢ 2
——— 14+ == - —1 A.25
4Co<+1000><Cq T (4.25)
and the dilaton can be expanded as:

-1 —2 3
&dm@+“@ +@O+“@ @(cqy_M%+@z

1\ 2Q; (¢ 39 10\ 72 Q% (¢ 3
XQ+6%)@<@‘Q*1%@+6%>@(g‘g*““

(A.26)
Finally, plugging these expansions into (2.14) we can solve for the warp factor h, which is
given by
3
1 2 1 G\ 2
pmo (1419) @ (€ ) Vaa (g 1y ta (e
6 CO Cq Cq 005 6 C'0 Cq Cq

5 1 Co 1C\ Qe (¢ 2
+2<1+5Co) <1+600>C;‘<Cq_1> o (A.27)

The integration constant C' is connected with the integration constant coming from solving
the warp factor differential equation inside the cavity.
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B Probe analysis and profile function

In this appendix we study the embeddings of a D5-brane probe which preserves the super-
symmetry of a background given by our ansatz. Once these embeddings are characterized
we will be able to obtain the corresponding profile function p(¢) which, in turn, is a neces-
sary ingredient to solve the BPS equations and determine completely the different functions
of the ansatz.

The supersymmetric embeddings we are looking for must satisfy the kappa symmetry

condition:

I'ye=*e, (B.1)

where € is a Killing spinor of the background. For a D5-brane without any worldvolume
gauge field, I';; is given by:
— 1 Q- Qg

FH = W € 01 Vaq-ap s (B2)
where gg is the determinant of the induced worldvolume metric, Yq,..aq is the antisym-
metrized product of induced Dirac matrices and we are representing the Killing spinors of
type IIB supergravity as a Majorana-Weyl doublet. We will take £¢* = (2%, 2!, 22, r,0,1) as
our set of worldvolume coordinates. In this case the kappa symmetry matrix takes the form:

1
\/_796 01 Va0 gl 22704 -

Recall that the Killing spinor of the background can be written as in (A.6) in terms of a

r, =

(B.3)

constant spinor 1 which satisfies the projections (A.7). We can cast the kappa symmetry
condition (B.1) as the following condition on 7:

T.n==4n, (B.4)
where f‘,{ is defined as the matrix:
= _3r 3r
I'.=e 2 1270, e2 127, (B.5)
We will consider an embedding in which 2 and ¢ are constant, while
x =x(r), T=7(¥). (B.6)
The induced y-matrices on the worldvolume for this embedding ansatz are:
_1
Yo = h™ 2 Tyu (b=0,1,2)
1
= hiT, + S hi et ' Ty

1 1
Yo = “hied COS% cospI'y + Qh% egcosg sinty 'y

\)

1 1
Yo = = ht e cos% sin % s+ hiel <2 cos? g + 7") Is, (B.7)

[\

— 36 —



where we have denoted p p
/ X . T
- =L B.8
X'= ik (B.8)
and the I'’s are constant ten-dimensional Dirac matrices. From these induced matrices we
can compute the antisymmetrized product 7,¢, and get an expression of the type:

3

h1ed
oy =" COS% |:Cl |ISER Y FSEE XY WIRE S WOLE Ne) WSEE R e PO LE el WILE o) WOLE N
(B.9)
where the different coefficients are given by
e X .. X ” el X X . "
€1 = — oS = sin = cos g = — cOS = sin = sin
T ’ *T 272 ’
e X . X oy e 0 X sing
c3 = — cos = sin = cos €4 = —— €os = sin = sin
3 4 2 2 X 4 4 9 2 X 5
1 1
c5 = el (2 c082>2<+7"> cos cg = e’ (2 cosz>2<+7"> siny ,
It9 /1 f+9 /1
07262 (2 cos2>2<+7'> cosy x', 08262 <2 cos2>2<+7"> siny x' . (B.10)
This expression can be rewritten as:
hied
e X _
Yooy = —5— 08 €02 [di Tig + d Tasg + da Tyis + dalass |, (BAAD)
where the coefficients d; are:
d— @ eos X s X g = o Xy X
= —cos= sin= = —cos< sin=
L= g ooy iy 2T Ry Y X
1 F+9 11
ds = ef <2 Cosz>2<—|—7"> , dy = 62 (2 cos2>2<+7"> X - (B.12)
In order to compute the form of I',;, we use that
3
Vo gl g2 =h™ 34T 01 2. (B.13)
We find
1 e9 cos § yr
I, = 2 V=g e o Dpogige [dl Friz+dalgi3 +d3 s + daTars (B.14)
Let us now calculate the matrix IN“H. As
{12, T3} = {12, Tai3} = {12, 15} = {T'12, 415} = 0, (B.15)
we have that
T,e2l2m — gmsTeTp, (B.16)

and, therefore:

1 e9 cos §

f,.g =5 ﬁ 67<w+37)r12 01140 21 42 |:d1 T'yis+dolTyis +ds s + da Tars) - (B17)
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We now study how the different terms of T',, act on 1. We begin by considering the action
of the first term on the right-hand-side of (B.17). First of all, we notice that, using the
ten-dimensional chirality condition satisfied by e and the projections (A.7), one can show
that 7 satisfies [23]:

Top2n=1d02T31n. (B.18)

Using (B.18) and the first projection in (A.7), we get:
010001 2 Tr1sn =01 Tu3 Tgpz n = G002 T34 (B.19)
Finally, the last projection in (A.7) allows us to write:
01001 2 ri3n=—n. (B.20)
Let us next consider the second term in fﬁ. We first use:
Pyz =—Trals (B.21)
from which it immediately follows that:
010024130 =Tyn. (B.22)
Similarly, since I';15 = —I's5 I';13, we get that the third term of (B.17) acts on 7 as:
01001 2 0r5m=T357. (B.23)
But, according to the last set of projections in (A.7), we have I'ssn = —I'yyn. Therefore:
01T 01205 =—-Tn. (B.24)
Finally, as I'415 = —I';4 ';15, we get:
o101 .2 Ta15n=—n. (B.25)

Thus, collecting all these results, we have:

1 e9 cos X
Py =5 ——=

—3g6

e” WSzl gy —dy + (dy — d3) Tra | 7. (B.26)

As T, should act as (plus or minus) the identity matrix on 7, we must have:

sin(¢ 4+ 37) =0, ds = ds . (B.27)
The first equation fixes that
Y+3r=nm, (B.28)
with n € Z. This implies that .
T = —3 (B.29)
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In order to have 7 having values within the range [0,27], we choose n = 4 in (B.28).
Therefore, the function 7 = 7(¢) is:

AT =9
==

T(1) (B.30)

and the values of 7 for the embedding range from 7 =0 to 7 = %’T. Moreover, the second
equation in (B.27) implies the following first-order equation for x:

2 x .
foog COS" 5 + 27

'=2 . B.31
X ° sin ¥ cos § ( )

By making use of (B.29), this equation can be written as:
X = gef*29 deosx 1 . (B.32)

3 sin

The induced metric on the D5-brane worldvolume for our ansatz is:

29 hl 29
dsi = h2 [— (d2°)? + (dz")® + (d2®)?] + h2 [1 + % (X/)Q] dr? + 2 cos? % (df)?
1
h2e* [ oX o X | 2f-2 2 X | 5.2 2
1 [sm 5 cos o e (cos 5t 27) } (dy)~, (B.33)

whose determinant is equal to:

€29 cos %

—J6 = 1

1 1
29 3 272
[1 + % (X’)Q] {sin2 g cos? % + 2% <0082 % + 27') ] . (B.34)

Let us compute this determinant for the embeddings satisfying the BPS equations obtained
by imposing kappa symmetry. First of all we notice that:

29 sin? X cos? X + €2/729 (cos? X + 27)2
(1 + e (X/)2> _ 2 2 — 2(X 2 ) ’ (B.35)
4 BPS sin” 5 cos® 5
from which it follows that:
N _ eI -2 X 92X 2f—2g 2X | os 2 B.36
_96|BPS_4sin§ sin” 3 cos §+6 cos 5—1— T . (B.36)
Moreover, one can easily verify that:
€9 cos &
_ 2
/_96} BPS = T (dl + d4)BPS . (B.37)
Plugging this result and the BPS equations (B.27) into (B.26), we get that:
L.n=—cos(y+3r)n=—n, (B.38)

which shows that our brane configuration preserves the same amount of SUSY as the
background.
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B.1 General integration of the BPS equation

Let us now integrate the BPS equation (B.32) for y. First of all we perform a change in
the holographic variable and write (B.32) in terms of the coordinate ¢ defined in (A.12).
Using (A.10) we get:

¢dx cosy— %

2 =——3 B.39
2 d¢ sin x ( )
This equation can be integrated as:
1 c\?2
= - =, B.40
Ccos X 3 + <C) ( )

where ¢ is an integration constant. By inspecting (B.40), it is clear that the coordinate
of the brane must be greater or equal than some minimal value. Let us denote by (, this
minimal value of (. Clearly, ¢, and the constant c are related as:

1
-+ ==1 B.41
3+@ : (B.41)
or, equivalently:?
2
= grgg. (B.43)

In terms of ¢, the embedding angle x is given by:

1+2<%)1. (B.44)

It follows from (B.44) that x vanishes at the tip of the brane ¢ = {; and grows as we move

1
cosy =3

towards the UV, until it reaches an asymptotic value x = x., with . given by:

1
o8 X = 3 - (B.45)
Notice that x = x. is a constant angle solution of the BPS equation (B.39). For this x = x.«
embedding, the tip of the brane is at (; = 0 (see (B.44)). Therefore, the brane reaches the

origin of the geometry, as it corresponds to having massless quarks.

B.2 The profile function

To determine the function p(r) for a set of branes ending at the same distance from the
origin, i.e. with the same mass, we compare the smeared and localized brane actions. Let
us start with the WZ term, for which the smeared distribution is:

S\s]]{]nzeared =1Ts Ce NZ, (B.46)

3We are implicitly assuming that ¢? is positive. If we take ¢ < 0 in (B.40) the minimal value ¢, of the
coordinate ( is achieved when cos yx = —1 and is given by Cg = —% ¢?. Thus, the embedding function in
this second branch can be written as:

cosx = % — % (%)2. (B.42)

For these embeddings x = 7 at the tip of the brane and decreases when we move towards the UV region
¢ — o0, reaching the value xy = x. asymptotically.
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where Cg is the RR six-form potential given by:
K s (B.47)

with K ) being the calibration six-form written in [23]. In terms of the one-forms E* of
our vielbein basis (A.5), K ) is given by:

IC(6) = Exo @t @ A Re(, (B.48)
where € is the following complex three-form:
Q=" (E' +iE%) A (B +iE*) A (E" +E°). (B.49)

In (B.46) Z is the smearing four-form for the massive case, dF3 = 2x3, =, which, according
to (2.8), is

2r50ThE = —Qy [Sp(r) dz® AReQy A (dr 4+ A) + p'(r) dz® A dr A Tm QQ:| . (B.50)

Therefore:
Symeared —ng/ e K Adz*A[3p(r)ARe QoA (dr+A)+p' (r) AdrAIm Qg] . (B.51)
K10 J Mo

Integrating in (B.51) over the angular variables and 2® for —% <3< %, we get:
Simeared /dxo dat da? dr £38sared | (B.52)
where the smeared WZ Lagrangian density is:

3QrL
£t = T 0 (3() 4T (). (B.53)
K10
We now compare (B.53) with the WZ action of a localized single D5-brane multiplied by
Ny. As all the flavor branes that form the set of our smeared distribution are identical,
these two quantities should be equal. The WZ term of the action of a D5-brane without
worldvolume gauge field is:

SWZ = T5 /C’G = /d6fﬁwz, (B.54)

where the hat denotes pullback to the worldvolume and Cg has been written in (B.47) in
terms of the calibration form of (B.48). Let us suppose that we take ¢® = (20, z', 22,7, 0,)
as worldvolume coordinates and consider an embedding of the type (B.6) with 2% and ¢
constant. Then, the pullback of Cg is:

[
e§+2g

Co = T cos% cos(37+) (QSinx—i—ef (1+cosx+47)x') >z AdrNdONdY, (B.55)
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where d®z = dz® A dz' A dz?. Let us next assume that 7(1) is given by (B.30) and let us
integrate the action over § and 1. The resulting Lagrangian density (to be integrated over
(2%, 2%, 2%, 7)) multiplied by Ny is:

2N; T 1
% e2+29 cosg [2 siny + e (cosx - 3> X,} ) (B.56)

Let us now compare the terms in (B.53) and (B.56) without ef. They are equal provided
the profile p(r) is given by:
k3 Ts Ny x(r)

p(r) = 6r QL3 cos = sin x(r) . (B.57)

When r — oo the angle x — X%, where x, is the value written in (B.45). Since

Xk o _ 4 .
cos sin y, = we have:
5 Xx 33’

_ 2k1,Ts Ny
9v3nr QfLs’

As argued on general grounds in section 2.3, we should have p(r — co) = 1, i.e. the profile

p(r — o) (B.58)

should approach the one corresponding to massless quarks in the far UV. This only occurs
when @y and Ny are related as:

_Amgsd Ny
9v3 L3~

This same conclusion can also be reached by comparing (B.53) for p = 1 and (B.56) for

Qr (B.59)

X = Xx- It follows that the function p(r) is related to the function x(r) for our fiducial

3v3  x(r)

p(r) = — cos

Moreover, by equating the terms proportional to ef in (B.53) and (B.56) we conclude that

embedding as:

sin x(r) . (B.60)

p(r) should satisfy the differential equation:

p(r) = = cos S (cos2 X_ > Y. (B.61)

By computing the derivative of the right-hand side of (B.60) one can easily show that
indeed p’ satisfies (B.61).

Let us now check the equality of the DBI terms in the smeared and microscopic ap-
proach. The smeared DBI action is:

SpRred = —T5 / e??Kg) ANE = / da da* da® dr L3757 (B.62)
Mio
where the smeared DBI Lagrangian density ,C%%‘}ared is:
3QfL
L:S]’)Hllﬁared _ _7T Szf 3 e%Jng [3])(7‘) 4 ef p/(r)} _ _E%{]nzeared ) (B63)
10
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Let us compare the action (B.62) to the DBI action of the fiducial brane multiplied by Ny,
which is equal to:

- N Ts [ d gl B.64
115 / EVI6| (B.64)
Taking into account (B.36), we get that (B.63) should be equal to:
20X 02X 4 2f—2G (e X £\2
sin“ & cos” 4 +e cos” & + 2
—n? Np Ty et 2 2 (cos”y +27)° (B.65)
sin ¥

2

By identifying the terms without ef in (B.63) and (B.65) we get exactly (B.60), whereas
the terms with e/ yield:

2
93 (cos2 53— %)
n

20—
e29 fp’(r): 5 " ,
2

(B.66)

which can be shown to be equivalent to (B.61) after using (B.32).
Let us finally obtain the explicit form of the profile in terms of the radial variable (.

p= 3\2/3 cos? % 1/ 1 — cos? % ) (B.67)
Using (B.44), we get:*
- (2) L ()
p(¢) [1 << ] L+ 3 C

Notice that p(¢) is continuous at ¢ = (g, as it should.

First of all, we write p as:

(¢ —¢g)- (B.69)

C Equations of motion of the probe

The DBI action, in Einstein frame, of a D5-brane with a worldvolume gauge field F' turned

on is:
Spp1 = —T5 /dﬁge? \/— det (96 e % F) = /d6§ Lo - (C.1)
We are interested in having a gauge potential A dual to a U(1) charge density. Therefore,
we take
A= Ao(T) dt, (02)
for which F' = dA is given by:
F = Aydr Ada. (C.3)

4For the second branch of embeddings with fiducial embedding function given by (B.42), the profile p(¢)
can be obtained by substituting (B.42) into (B.67), with the result:

p(C) = {1 - (Cgﬂ 142 (%)2 o —¢,). (B.68)
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Let us choose &% = (20,2, 2% r,0,1) as our set of worldvolume coordinates and let us
assume an embedding ansatz as in (B.6), i.e. with x = x(r) and 7 = 7(¢). The Lagrangian
density Lppr corresponding to the action (C.1) is:

T5 $+2‘g X 2 2 2 -\ 2 1\2 29 12
EDBI:—§62 cos 5 4/sin” x +e F=29 (1 + cosx +47)21/1 — e~ (A]) +T(X) :

(C4)
The WZ term of the action has been written in (B.54). Taking into account (B.55), we
can easily demonstrate that Lywy takes the form:
Ts

Lz = 6 5+ cos% cos(37 + v) (2sin x + el (14 cosx + 47) X') - (C.5)

Let us now analyze the equations of motion of x(r) and 7(¢) derived from the total
Lagrangian £ = Lppr+Lwyz. The equation of motion of x(r) derived from the total action is:

9 [8£DBI n aﬁwz} _OLppr _ 9Lwz _ (C.6)

or ox’ ox’ ox 195%

The derivatives with respect to x’ appearing in (C.6) are:

OLppr T %G o X V/sin? x + e2/=29 (1 + cos x + 47)2 N

o 3 2 lme (A +
OLwz _ Ts o494y X :
— 2L 1 47). .
o' 16 e? cos 3 cos(37 + ) (1 4 cos x + 47) (C.7)

Moreover, if we define the auxiliary functions

JpBi(x) = cos % \/sin2 X + e2f=29 (1 + cos x + 47)2

Jwz(6xX) = cosg (2sinX + e (1 + cosx + 47) X’) , (C.8)

the derivatives with respect to y we need in (C.6) are:

2
OLoet _ _T5 e3t2 \/1 — e ? (A% + % (X')? 7ajDBI(X)

dx 8 ox
OLwz _Ts o9 9Twz(x, X')
oy 16 e2 "9 cos(3T + ) Dy . (C.9)

Let us analyze the dependence on the angular variable 1 of the different terms in (C.6).
The only terms that depend on 1 in (C.6) are those that contain 7 and 37+1. By inspecting
how these terms enter into (C.7) and (C.9), one easily concludes that the equation of motion
of x can only be satisfied if 7 and 37 + ¢ are constant. This last condition implies that
7= —1/3, as in (B.29). Let us now look at the equation of motion for 7(%)):

0 l:aLDBI N 3ﬁwz] _ 9Lppr  9Lwz _ 0. (C.10)

% ot or or or
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Let us study the different terms in (C.10). When 7 is constant, we have

0 [0Lppr
—_ = A1
o [ ot ] (C.11)
Moreover 9 Tor T
9 |9EWZ| 25 B2 oo X g ; '
90 [ 57 } 3 €7 0 cos g sin(37 + ) 37+ 1) X, (C.12)
which vanishes if (B.29) holds. The DBI Lagrangian does not depend on 7, thus:
Lot _ . (C.13)
or

The remaining 7 derivative that we have to compute is:

oL 3T
WZ _ 255 542 cos% sin(37 + 1) (2sinx + el (1 + cos x + 47) X’) , (C.14)

or 16

which vanishes independent of x if sin(37 4 1) = 0, i.e. when 7 depends on 9 as in (B.28).
As in the supersymmetric solution, we will take n = 4 in this equation.

The conclusion of this analysis is that, for the type of ansatz we are considering, the
function (1) must be given by (B.30) in order to satisfy the equations of motion of the
probe D5-brane. We will now study these equations separately in two different cases.

C.1 The BPS solution

Let us consider now the BPS configuration in which 7(¢) is given by (B.30), Ap vanishes
and x(r) satisfies the first-order differential equation (B.32) dictated by kappa symmetry.
By using (B.35) to evaluate the different derivatives of (C.7), (C.9), and (C.14) one can
easily show that:

o
ox’

_oc

BPS 28

oL
’ o7

_oc

T or
BPS

=0, (C.15)
BPS

BPS

which implies the fullfilment of the equations of motion for the BPS configuration.

C.2 The massless solution

Let us consider a massless embedding of the probe brane with non-zero chemical potential.
Therefore, we will try to solve the equations of motion with x constant. It is clear from the
first equation in (C.7) that 0Lpp1/0x’ vanishes if x’ is zero. Moreover, from the second
equation in (C.7) we conclude that dLwz /90X is zero if x = x«, where y. is the angle
defined in (B.45). Moreover, since

0JpBI _ 0Jwz,
ox  Ix=x« Ox  Ix=x-

=0, (C.16)
it follows that x = x4 solves the equations of motion of the probe. Let us next define 7, as:

1
T« = JoBi(X = X+) = 3 Jwz(X = Xx) - (C.17)
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It follows that: 4

e

It remains to satisfy the equation of motion for Ag. The Lagrangian density for the gauge

field is:
L= —Teb+% [\/1 —e? A2 — 1} , (C.19)

where the effective tension 7 is given by:

VA (C.18)

T T
=g =25 C.20
T 8‘7 63 ( )

Since Ay is a cyclic variable in the Lagrangian density (C.19), the equation of motion for
Ap can be integrated once, giving:

629_%146 _ 4
\/1—6*¢A62_ ’

where d is a constant proportional to the charge density. From this equation we get:

(C.21)

)
$d
A4 C.22
07 2+ ets ( )

The chemical potential p is just the value of Ay at the boundary, and is given by the

following integral:
oo

(C.23)

D Probes in the Higgs branch

We now study embeddings of a probe D5-brane in which the coordinate x> is not constant
but instead bends as the holographic coordinate changes. This bending can be interpreted
as a recombination between the D3- and D5-branes, realizing the Higgs branch of the dual
theory, see, e.g., [72]. In order to find this configuration let us consider the following set of
worldvolume coordinates £ = (2, 21, 22,7, 60,4) and the following embedding ansatz:

X =x(r), T=1(¢), 2’ = 2(r). (D.1)
In addition, the probe D5-brane will have a worldvolume flux, given by:
F=QdoNdy, (D.2)

with ) being a constant. We show below that, if certain BPS equations are satisfied, this
configuration preserves the supersymmetries of the background.
The induced metric for the ansatz (D.1) is:

29
ds = B3 [ = (d2®)? + (dz")? + (d2?)*] + h3 [1 + % ()24 h"te 2 (z')Q] dr?

1 1
h2 %9 9 X 9 h2 % 2 X 2 X 2f—2g 2 X 2 2
— - |4ip? 2 A - + 2 ) .
+ 1 Co8 9 (do)” + 1 sin 9 cos 5 +e (cos 9 T (di)

(D.3)
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The DBI action in Einstein frame is given by (C.1). In the present case the DBI
determinant is:

4g 2g
~det(ggte? F) = - [FR(x) +64h7 e 1970 Q7] [1 el C R T CO L

64
(D.4)
where Jppi(x) is the function of x defined in (C.8). The DBI Lagrangian density is:

T: 29
Lppr = —;5 2t \/J]%BI(X) +64h~te 4972 Q? \/1+ % (X')?+h~te 20(2)2. (D.5)
The WZ action now takes the form:
SWZ:T5/C'6+T5/C'4AFE/dﬁfﬁwz, (D.G)

where the WZ Lagrangian density is given by:

T
Lwz, = Tg €529 cos(37 + ¢) Fwz(x. x) + T5 Qe P ht 2, (D.7)

and Jwz(x, x’) has been defined in (C.8).
Let us now study the equations of motion for z(r). By inspecting Lppr and Lwz we

immediately conclude that they do not depend on z (only on 2’) and, therefore, z(r) is a
cyclic variable. Thus, the equation of motion for z(r) can be integrated once as:

OLpBI n 0Lwy,
0z 0z

= constant . (D.8)

We will consider the case in which the constant on the right-hand side of (D.8) is zero which,
as we will verify below, is the supersymmetric configuration. Therefore, we must have:

OLppr _ 0Lwz
— = . D.9
0z 0z' (D-9)
Moreover, the derivatives of Lpgr and Lz with respect to 2’ are:
_GEDBI _ E 67%+29 -1 \/j]%BI(X) + 64 h—1e49—¢ Q2 g
oz 8 \/1 N % (X')2 + h~1 e=26 (/)2
OLwz, _
5 = T5Qe Sn. (D.10)
Plugging these values into (D.9) and solving for 2/, we get:
§-2 2g
S=8Q - 1+ (v)2. D.11
@ JpBi(x) T (B-11)

A useful relation that can be derived from this last equation is:

e29 e29 \/j]%BI(X)+64h71 e 1m0 Q?
14— (v)24+h—1e—20 /2:\/1 Z ()2 . D.12
\/ T (X)*+h=l e () T () JpB1(x) (D-12)
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Let us now derive the equations of motion for the embedding function x(r). First of
all, we calculate the derivatives of the DBI Lagrangian density with respect to x’ and ¥,
which are given by:

GEDBI \/jDBI (x) +64h1 e~19-9 Q2 ,
ox’ N 32 629 / —1 p—2¢ (12 X
1+ €2 (/)2 4+ bl e=22 ()
2
OLom __Ts sy V1 HT (P41 (2 0Tom)
Y pBI)—p - (D13)
X \/jDBI X) + 64 h~ 1 g—4g— ¢Q2 X
Let us now use (D.12) to compute the square root of the right-hand-side of (D.13) involving
x'. We get:
OLpet _ T5 914y JoBI(X)
X' 52 1+ 42 (x)2

LB T5 649 €% dJpB1(X)
— _>9 1 - N2 YDA
8X 8 62 + 4 (X ) 8X 9

(D.14)

which are just the derivatives corresponding to the case Q = 2/ = 0 with Ag = 0 (see (C.7)
and (C.9)). As the derivatives of Lywyz with respect to x’ and y are the same as in the
Q = 2/ = 0 case, we immediately conclude that the equation of x is satisfied if 7(¢) and
x(r) fulfill (B.28) and (B.32) respectively. Thus, the addition of internal flux, related to
the bending of the brane in the 2% direction as in (D.11), does not modify the BPS solution
for x(r) and 7(%).

Let us now write an explicit equation for the bending function z(r). This equation can
be obtained by plugging into (D.11) the relation:®

e29 JpBI
1+ — ()2 =—"TF—. D.16
+ 4 () sin x cos § ( )
We get:
¢ 9
8Qe2779
sin x cos ¥

D.1 Kappa symmetry

In this subsection we will derive the first-order equations for 7(v), x(r), and z(r) from
the kappa symmetry condition of the probe. We begin by computing the induced Dirac

5 Another useful relation is

dJpsi(x) _ 1 sin y, cos X 0Jwz .

JbBI x 5 2 oy

(D.15)
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matrices for the ansatz (D.1):
_1
Vm“:h 10, (M:07172)

1
vy = hiT, + 5 hied'Ty+h ie 2T

1 1
Yo = §h% ed cosg cos@/}ﬂ—i—ih% egcosg siny I'y
1 1
%pzihieg cos%sin%l—‘zﬂ-hief (2 COS2>2<—I—7"> [s. (D.18)

The kappa symmetry matrix with Fp,, flux in our conventions is:

1 _¢ )
Iy = |:01 Va0zlz2r0y T € 2 F91/) (20-2) ’)/Gw 73:0113527"01/;} ) (Dlg)

\/— det (g6 + et F)

with Fpy, = Q. In the second term in (D.19) we need to compute

Y 060 b

Y vy = % g (ay)? (D.20)

with ¢% and g¥¥ being elements of the inverse induced metric (D.3). In order to calculate

the square of 7y, let us write this matrix as:

Yoy = Ae—TZJFm <B T3+ CF15> , (D21)
with A, B, and C being given by:
g g g
Aze—h%cosx, B:e—cosxsini, C:e—(cos2x+27">. (D.22)
2 2 2 2 2 2 2

As {F13, Flg} = {F15,F12} = 0, we can write:
(voy)® = A* (BT15 + CT15)2 =-A*(B* +(C?), (D.23)

where, in the last step, we have used that (I'13)2 = (I'15)? = —1 and that {T'13,T15} = 0.
Moreover, by inspecting (D.3) we can write g% and g¥¥ as:

9" = (g00) ' =h2 A2 g = (gyy) T = hTE (B2 O (D.24)

It follows that:

Y oy = —1. (D.25)

Thus, I'; can be written as the sum of two terms:

I,=TW 4173 (D.26)
where I‘,(.;l) and ng) are given by:
) = ! O1 Vol a2rgy
\/— det(ge + e~ % F)
re - ! (—i02) Yavrat - (D.27)

\/— det(gs + e~ % F)
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Let us now proceed as in appendix B and compute the antisymmetrized product 7,4, by
using (D.18). We get:

3
h1ed

Vroyp = cos % e12 |y T3 +do Tz +ds Tras+dalars +ds Tysps+de Fx315:| , (D.28)

where the coefficients dj, da, d3, and d4 are given by the same expression as in (B.12) and
the new coeflicients ds and dg are:

1 1
h™3 ed—® h™3el—¢
d5:7€cosgsinkz', dg—ie(

2 X ) /
= =42 . D.2
5 5 5 5 cos” = +27) z (D.29)

2

Let us next define the rotated kappa symmetry matrix T, as in (B.5). Then, the kappa
symmetry condition is the one written in (B.4). Moreover, we can write I',, = Y+ Fg),
with

[0 = 3T g3 Tz (D.30)

K K

The rotated matrix fE}) can be written as:

. 1 €9 cos X
F,(}) — 3 2 = e~ W37z o1 1'po 41 42 [dl T3+ daTy13
\/f det(gs + e 2 F)
+d3Tis +daTas + dsTysi3 + ds Fx315:| ; (D.31)

whereas f‘,(f) is given by:

Qe 5 h3
\/— det(ge + e~ % F)
(1)

Let us now calculate fﬁl

£

g
(—io‘z) [pop1,2 (Fr + % X/ T'y+ hié e ? 2 Fr3> . (D.32)

n. This calculation is similar to the one performed to derive (B.26).
In order to compute the additional terms, we need to use the projections:
010,12 Tps13n = 03137, 01012 T315m = —o3 Ty T1an . (D.33)

Using these results, we arrive at:

ed cos X

. 1 (ba3r
rn=3 2 @02y —dyt(dy—ds) Ty +d5 03 D13 —d 03T ral'1a ) .
\/f det(gs+e™ 2 F)
(D.34)
Next, we compute 1;,({2) 7. We need the projections:
(—iO’g) Fxoxlx%n N = —03 F13 n, (—’iUQ) F1011x24 N =03 Fr4 Flg n,
(_102) Fx0x1w2x3 n=-n, (D35)
and we obtain:
~ Q e~ 5 h3 ed 1
Fg)n = —o3I'13 + fX/ o343 —h™2 e_d’ 2 (D36)

\/— det(gs e % F) 2
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Apart from the two equations written in (B.27), we get two extra conditions by imposing
that I',; acts as the identity on 7. From the terms containing o3 T';3 in (D.34) and (D.36),
we have: o9 N .

5 cos g ds=Qe 2h™ 2. (D.37)

Moreover, the vanishing of the terms with o314 '13 yields:
cos g ds = Q e 5 h2 X - (D.38)

Taking into account the expression of ds in (D.29), it is straightforward to check that (D.37)
is equivalent to the bending equation (D.11). Moreover, (D.38) is equivalent to:

e

QX =

ff
c 5 cos% ((2052 g + 27") 2, (D.39)
and one can easily show that it is a consequence of the BPS equations for x and z. There-

fore, we can write:

1 ed
Fm‘ X

_3¢ . _
— - [2 cosg(dl—i—dzl)—i—Qe 2 h 12'} n‘BPS. (D.40)
\/— det(gs + €™ 2 F)

BPS

Let us now compute the terms containing the unit matrix in T, 1 when the BPS equations
are satisfied. We get:

eg
d d -
(d1 + d4) | gpg Ssim X cos? X JDBI
86, 4@2 h—l 6—29—¢
Qe 2 W12 |y =

in X 2 X
SHl2 COS 2

e29

\/ — det(gs + e % F)( (ngI +64h 1970 Q2) . (D.41)

BPS  8sin § cos? %
Using these results it is straightforward to verify that I, n = —1.
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