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1 Introduction

Holography has evolved into an indispensable tool to study the dynamics of strongly cou-
pled quantum field theories. In addition, this duality can be used to learn new lessons
about the structure of black holes. For a long time, an important outstanding question in
black hole physics has been to account microscopically for the entropy of asymptotically

AdS black holes in more than three dimensions.!

While this problem still remains open
for black holes in five or more dimensions, recently there has been a rapid progress in un-
derstanding the microstate counting for supersymmetric black holes in AdS, [1-6]. These
developments were triggered by employing the tools of supersymmetric localization (see [7]
for a recent review) to define and compute a suitable partition function, called “topologi-
cally twisted index” [8-10], which can be used to count the microstates of these black holes.

The basic idea of the recent work is to engineer a black hole in M-theory? which is
asymptotic to an AdSy x M~ solution, where M7 is a Sasaki-Einstein manifold. The horizon
of such four-dimensional black holes is a compact Riemann surface, 34. This gravitational
background in turn is holographically dual to a three-dimensional N' = 2 SCFT of the
ABJM type [15-17] placed on R x ¥y with a partial topological twist. For such twisted
three-dimensional SCFTs the supersymmetric partition function was studied in [8-10] and
it reduces to a matrix model due to supersymmetric localization. In the planar limit of a
large number, N, of coincident M2-branes, one can solve this matrix model and obtain the
free energy of the twisted SCFT to leading order in N.? This in turn reproduces the entropy
of the black hole. This procedure is best studied for black holes in eleven-dimensional
supergravity compactified on S” [1, 2], i.e. for the ABJM theory at k = 1,2, but it can also
be generalized to other manifolds M7 [3, 4, 6]. The black holes in AdS, can also be viewed as
holographic duals of RG flows across dimensions in the spirit of Maldacena-Nunez [21-23].

In this work we will follow a slightly different approach. Our starting point is the well-
known observation that the ABJM theory admits a mass deformation that preserves N’ = 2
supersymmetry and leads to an interacting SCFT in the IR [24] (see also [25]). We refer to
this SCFT as mABJM. Although this theory is strongly coupled, some information about its

'Here we are focusing on black holes and do not discuss higher-dimensional black branes.

2See also [6, 11-14] for an extension of these results to asymptotically AdS, black holes in massive TIA
string theory.

3See [18-20] for recent attempts to account for subleading corrections in N.



physics can be obtained using symmetries and supersymmetric localization. For example,
the partition function of the theory on S% was computed in [26] (see, in particular, section
5). In addition, mABJM has a holographic dual which was constructed in four-dimensional
gauged-supergravity by Warner (W) in [27, 28] (see also [29, 30]) and uplifted to eleven
dimensions in [31]. The situation here is akin to the well-known N = 1 Leigh-Strassler
fixed point arising from a supersymmetric mass-deformation of four-dimensional N/ = 4
SYM [32]. The gravity dual of this four-dimensional N’ =1 SCFT was studied in [33, 34]

There are two main objectives that we have in mind. On one hand, we are interested
in studying the topologically twisted index of [8-10] for the mABJM N = 2 SCFT. On the
other hand we want to construct new four-dimensional supersymmetric black holes that
are asymptotic to the AdSy; Warner vacuum [27, 28] (or alternatively the CPW solution
of eleven-dimensional supergravity [31]) and have a near-horizon AdSs region. The large
N limit of the topologically twisted index should then reproduce the Bekenstein-Hawking
entropy of these black holes. It is worth emphasizing that the CPW AdSy solution in eleven-
dimensional supergravity is not of the usual Freund-Rubin type and thus the class of black
holes that we study is different from the ones explored recently in the literature [1-4, 6].

The calculation of the topologically twisted index in the planar limit proceeds similarly
as in [1-4, 6]. However, there are several subtle points related to the electric charge
parameters of the index, which we emphasize and clarify along the way.

The construction of the new black hole solutions is more involved. We start with
the maximal SO(8) gauged supergravity in four-dimensions [35], which is a consistent
truncation to the lowest-lying KK modes of the eleven-dimensional supergravity on S* [36,
37]. The three-dimensional mABJM SCFT of interest is dual to the N' =2 AdS, vacuum
discovered by Warner [27, 28]. It has the usual U(1), R-symmetry along with an SU(3) .
flavor symmetry which is manifested on the supergravity side by the presence of a massless
SU(3) x U(1) gauge field in the AdS; Warner vacuum. The supersymmetric black hole
solutions of interest are similar to the ones found in [38-40]. In particular, they have
non-vanishing gauge fields lying in the Cartan subalgebra of SU(3) x U(1). This allows
us to simplify the construction by focusing on an U(1)3—invariant consistent truncation of
the maximal supergravity. In addition to the metric and three Abelian gauge fields, the
bosonic sector of that truncation contains also eight real scalars. By analyzing the BPS
equations and the equations of motion, we construct a plethora of magnetic and dyonic
supersymmetric black holes in this truncated theory.

The U(1)*-invariant truncation can be embedded into a larger U(1)*-invariant trun-
cation of the four-dimensional N' = 8 supergravity. The advantage of doing that is that
the resulting theory is a fully-fledged four-dimensional N' = 2 gauged supergravity coupled
to three vector multiplets and one hypermultiplet. The ten real scalars in this truncation
parametrize the coset

3
SU(1,1)} SU(2,1) )

My x My = { U(1) % SU(2) x U(1)

Recasting our black hole solutions in the A/ = 2 language offers some additional insights
and allows us to use the existing results on black holes in four-dimensional N' = 2 gauged
supergravity, see [41-46] for a non-exhaustive list of references.
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Figure 1. Magnetically charged AdS, black holes: formal relations between the free energy, Fgs,
the twisted topological index, Zj;, and the black hole entropy, Sgy. The operations along the
arrows are: MD — mass deformation, TT — topological twist, CE — constrained extremization.

We note that our current set-up is very similar to the one in [47], where a partial
topological twist of the Leigh-Strassler theory [32] placed on R? x Y4 led to a holographic
RG flow from the four-dimensional N' =1 SCFT to a two-dimensional (0,2) SCFT. The
holographic dual to this setup is a family of black string solutions with an AdSsz near-
horizon region which are asymptotic to the AdSs fixed point of the five-dimensional N' = 8
gauged supergravity found in [48].

1.1 Synopsis

Since the paper is rather long and technical, let us highlight some of the main results first.
We begin in section 2 with a discussion of the field theory side of the duality, specifically
the mABJM theory that is obtained from the ABJM theory by a mass deformation (MD),
formally captured by a constraint on the R-charge,* A;. The main object of interest is
the topologically twisted index, which is a partition function on R x ¥, that depends
on electric charges and magnetic fluxes as well as complex fugacities for the continuous
global symmetries of the theory. The calculation of this observable in mABJM proceeds
in several steps and has been schematically summarized in figures 1 and 2. It parallels a
similar calculation in ABJM [1, 2], see the right and left columns in the figures, respectively.

First we compute the “magnetic index,” Zps(n; A), which depends on the magnetic
topological twist parameters n,/; and the real fugacities A,/;. We use the observation
in [3] that the index, Zj/(n; A), is directly related by a topological twist (TT) to the
supersymmetric partition function, Fgs, of the CFT on S3, where the fugacities, A, /iy are

“The ABJM theory has a global symmetry group of rank 4 and thus the magnetic fluxes, R-charges and
fugacities are labelled by a = 1,2, 3,4. The mass deformation in mABJM reduces the rank of the symmetry
group to 3 and the parameters are labelled by ¢ = 2, 3, 4.
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Figure 2. Dyonic AdS; black holes. Formal relations between the topological twisted index,
Tur, the dyonic twisted index, Zp, and the black hole entropy, Spp. The operations along arrows
are: MD — mass defomration, LT — Legendre transform, CER — constrained extremization with
reality conditions.

identified with the R-charges on S3. The topologically twisted index, Zys(n), which is a
function of the magnetic fluxes, n, /;, only, is then obtained from Zys(n; A) by extremization
(CE) with respect to the fugacities, A, /;, subject to an algebraic constraint (with the
corresponding real Lagrange multiplier, \) that is imposed by supersymmetry [1]. We
show that the end result for the magnetic index, ZUABM (1) in the mABJM theory is
the same irrespective of whether one first applies the mass deformation to the ABJM
twisted index, ZpP™ (n,; A,), to obtain the corresponding twisted index, ZHABM (n;; A;),
which is then extremized with respect to its fugacities, or, equivalently, one extremizes
I]/\*/[BJM(na; A,) while imposing simultaneously two constraints on the fugacities: the one
for the mass deformation and the one for the topological twist. The resulting extremized
index, IJ\H}ABJM(W), is shown in section 5.1.2 to match the entropy of the new family of
magnetic black holes that we construct in section 5.1.1.

In general, the topologically twisted index is dyonic, it depends on both electric charges,
0o/, and magnetic fluxes, n,/;, as well as complex fugacities, u,/;. To include these extra
parameters we follow the approach in [2] which is summarized in figure 2. We start with
Ty (n; A), analytically continue it from real fugacities, A, /;, to complex fugacities, uq s,
and introduce the electric charges, q,/;, by a Legendre transformation (LT). This yields
the dyonic index, Zp(n, q; u), which is then extremized (CER) with respect to constrained
fugacities, uq ;-

This calculation is more subtle than for the purely magnetic index in figure 1. The
reason is that there should be a linear relation between the electric charges to ensure



supersymmetry, however, it is not entirely clear how to find it. It was proposed in [2] that
to reproduce correctly the entropy of a macroscopic black hole, the imaginary part of the
dyonic index, Zp(n, q), should vanish. This provides exactly one additional constraint that
serves as the expected relation between the electric charges.

It is straightforward to implement this procedure in the ABJM theory, see [2] and sec-
tion 2.4.1, as summarized by the left column in figure 2. In mABJM there is a further sub-
tlety at which step of the calculation one should impose the massive deformation that elimi-
nates one of the global U(1) symmetries. One possibility, see section 2.4.2, is to perform the
mass deformation first. This leaves three U(1) global symmetries the corresponding electric
charges, q;, magnetic fluxes, n;, and fugacities, u;. Then the extremization with respect to
those fugacities together with the reality constraint yields an unambiguous result for the

dyonic twisted index, ZHABIM(

n;,q;), that matches the entropy of the new dyonic black
holes constructed in section 3.3. The other possibility, suggested by the corresponding cal-
culation of the magnetic index, is to extremize the ABJM dyonic index, I%B“Uw(na7 Qo Ua),
while imposing two constraints on the fugacities using two complex Lagrange multipliers,
A1 and Ao, see the diagonal arrow in figure 2. Indeed, in section 2.4.3 we find the extrem-
ized dyonic index and the magnetic fluxes are the same as above. However, unlike before,
this extremization does not yield a unique result for the electric charges because of a shift
symmetry that involves the imaginary parts of the Lagrange multipliers. In sections 2.4.3
and 4.2.3 we show that this symmetry can be fixed consistently in two ways: (i) one can set
the electric charge q; to zero, thus reducing the calculation to the one in the mABJM theory
above, and (ii) set the imaginary parts of both Lagrange multipliers to zero, which gives a
consistent match with the dyonic black holes in the dual supergravity with four vector fields.

Throughout the paper we work with a consistent truncation of the maximal SO(8)
gauged supergravity, which is discussed in section 3 and appendices B and C. We use the
truncation to construct supersymmetric AdSs x ¥4 solutions which should be thought of as
the near-horizon geometry of a class of dyonic black holes asymptotic to the AdSy Warner
vacuum. In section 4, we show explicitly that the Bekenstein-Hawking entropy of these
black holes is the same as the topologically twisted index. In section 5, we study the
magnetically charged black holes in more detail. We conclude in section 6 with a short
discussion and some open questions for future work. In appendix A we summarize our
notation and conventions. In appendix B we also show how to formulate our truncation in
the canonical language of four-dimensional N' = 2 gauged supergravity. In appendix C we
present some details on the derivation of the near-horizon BPS equations used in section 3.
Finally, in appendix D we show how these BPS equations can be written in a form similar
to the “attractor mechanism” equations discussed in [41, 42].

2 Field theory

2.1 ABJM and a mass deformation

Here we offer a short summary on the ABJM SCFT [15] and a particular supersymmetric
mass deformation studied in [24] (see also [25, 26]). The ABJM theory is a double Chern-
Simons theory with gauge group U(N) x U(N) and equal and opposite levels for the two



gauge groups (k, —k). This theory describes the low-energy dynamics of N coincident M2-
branes probing a C*/Z;, singularity in M-theory. The dual holographic description at large
N is in terms of an AdS, x S7/7Z;, solution in M-theory. For k > 2 the theory has only
N = 6 supersymmetry which gets enhanced to N’ = 8 for kK = 1,2. In the following we
will focus on k& = 1 where there is no orbifold singularity and the gravitational solution
is well-described by eleven-dimensional supergravity.> For k = 1 the theory has an SO(8)
R-symmetry which, however, is not manifest at the level of the ABJM Lagrangian.

The ABJM theory can be succinctly described using the N = 2 superspace formalism.
In addition to the two vector multiplets, there are four chiral multiplets denoted by A, and
Be, a,c¢ = 1,2, transforming in the (N, N) and (N, N) representation of U(N), x U(N)_,,
respectively, with the superpotential

W~ Tr (e“bGCdAchAde> . (2.1)

The R-charges of these chiral superfields,® R[A,] = A4, and R[B.] = Ap,., must satisfy
the constraint

Ap, + A4, +Ap +Ap, =2, (2.2)

so that the total R-charge of the superpotential (2.1) is equal to 2.

In this formulation only an U(1), x SU(2) x SU(2) x U(1), subgroup of the global
symmetry is manifest. It is enhanced to SU(4) x U(1), when the Lagrangian is written
in components, see for example [26]. The U(1), global symmetry has a topological nature
characteristic of three-dimensional QFTs and is generated by the current #3Tr(F + F),
where F and F are the field strengths of the two U(N) gauge fields and x3 is the Hodge star
in three dimensions. Due to this topological current there are gauge invariant monopole
operators, 79 in the theory, which turn on ¢ units of flux for the topological current
through an S? surrounding the insertion point. When k = 1 the operator 7 transforms
in the (N, N) and the operator T transforms in the (N, N) representation of the gauge
group. This is ultimately responsible for the enhancement of the supersymmetry to N' =8
and of the R-symmetry to SO(8). In the dual holographic description for k = 1, given
by the AdS; x S7 solution of M-theory, the SO(8) p is realized as the isometry group of
S7. The metric of S7 can be written as a circle fibration over CP3, then the SU(4) R is the
isometry group of CP3 and U(1) p is realized as the isometry of the fibre.

The S? free energy of the ABJM SCFT can be computed using supersymmetric local-
ization and is given by the following function of the R-charges:”

4v/2
Fos = =3 EN3/2 /AL Aa,Ap Ap, . (2.3)

SWe expect that most of our results should hold for more general values of k.

5As usual, the R-charge of an N' = 2 chiral supermultiplet is defined as the R-charge of its lowest
component which is a complex scalar.

"See [49] where a discussion on Fgs for the ABJM theory as a function of A, can be found, as well
as [50] for a derivation of the N/ scaling of Fgs for the ABJM theory. Note also that we define the free
energy as Fgs = —log Zgs, where Zgs is the supersymmetric partition function of the theory on S3.



Using F-maximization [51, 52] while satisfying the second relation in (2.2), one finds the
values of the R-charges at the superconformal point,

1

Aypy =Ap, =Ap =Ap, = 9 (2.4)
so that the free energy on S® for ABJM reads
FAPIM — \/?TN?’/? : (2.5)

Note that the values of Ay, , and Ap,, in (2.4) can also be obtained as a condition
for enhanced supersymmetry of the SCFT. When the ABJM theory is placed on S2, for
values of Ay, , and Ap,, that obey (2.2), but not (2.4), the theory preserves N' = 2
supersymmetry but is not conformal, see [49] for a discussion.
The ABJM superpotential (2.1) can be deformed by a mass term that preserves N' = 2
supersymmetry
AW ~ Te(TWA))? . (2.6)

Adding this deformation triggers an RG flow from the ABJM theory in the UV to an
interacting N' = 2 SCFT in the IR. This was studied in [24] (see also [25, 26]) from a
field theory perspective. The holographic description of this mABJM SCFT is given by
the Warner vacuum of four-dimensional maximal SO(8) gauged supergravity [27, 28] (see
also [53]) which was uplifted to eleven-dimensional supergravity in [31]. There have been
several consistency checks of this proposed duality including a match between the spectrum
of protected operators [25] (see also [53] for earlier work) as well as the free-energy to leading
order in N [26]. It is worth pointing out that, while the ABJM theory is parity invariant, the
N =2 SCFT obtained by the mass deformation in (2.6) breaks parity. In the supergravity
description this breaking of parity is manifested by the fact that one of the four-dimensional
N = 8 supergravity pseudoscalars has a non-vanishing value at the Warner vacuum.

The mABJM SCFT has the following symmetries: the four chiral superfields of the
ABJM theory, ordered as (A1, Aa, By, By), transform in the 4; of SU(4), x U(1), (see,
e.g., [49] for a summary). The superpotential (2.6) breaks SU(4), to SU(3), and only
commutant of SU(3) inside of SU(4) and the U(1),
is preserved. We will call that linear combination U(l)\;;iv since it is the superconformal

a linear combination of the U(1),
R-symmetry of the mABJM conformal fixed point, which in turn is dual to the Warner
vacuum in supergravity. The SU(3) , symmetry does not act on the supercharges and thus
deserves the name flavor symmetry. The linear combination of U(1), and U(1), orthogonal
to U(l)\g is broken by the quadratic superpotential (2.6) and corresponds to the massive
U(1),, vector field in the supergravity discussion below.
The superpotential deformation (2.6) modifies the R-charge assignments in the theory.®
In particular, the value of the R-charge for A; is set to unity. Combining this with (2.2)
one finds
Ag =1, Ap, +Ap, +Ap,=1. (2.7)

80ne can always choose a gauge in which the monopole operators have vanishing R-charge, see for
example [26] for a discussion on this.



The S® free energy for general values of the three R-charges can be computed by local-
ization [26]. The final result can be obtained by formally setting A4, = 1 in (2.3) and
reads

421
Fgo = — N3\ /A ,Ap Ap, . (2.8)

Applying F-extremization to (2.8) and enforcing the constraint in (2.7), we find that at

the mABJM fixed point
1
Ay, = Ap, :ABQ:§. (2.9)
This is compatible with the SU(3)  flavor symmetry of the model and leads to the following

S3 free energy of the mABJM SCFT:

FgéABJM _ 4v/2m
9v/3

Thus one finds that the UV (ABJM) and IR (mABJM) SCFTs have the following relation
between their S partition functions

N3/2. (2.10)

pmaBIM _ 4 pamiv (2.11)

As expected this is compatible with the F-theorem, namely F &BJM > F g}SABJM [26, 54].

2.2 The topologically twisted index

A three-dimensional N' = 2 SCFT can be placed on the manifold R x X4, where ¥ is a
closed Riemann surface of genus g,° while preserving at least two supercharges by employing
the topological twist of Witten [55]. The procedure amounts to turning on a background
gauge field for the U(1) R-symmetry of the SCFT with a finely tuned magnitude so as
to cancel the curvature of the Riemann surface. In addition, one is free to turn on any
appropriately quantized flux for the background gauge fields that couple to the continuous
flavor symmetry currents in the CFT. This procedure can be applied to both the ABJM
and the mABJM theories discussed above.

An interesting supersymmetric observable which captures non-trivial information
about a topologically twisted three-dimensional N = 2 SCFT on R x X is the topologically
twisted index

I(ni;Ai) = log ZRng(Ai,ni), (2.12)

defined in [8-10]. This is a supersymmetric partition function that depends on the theory
at hand, the genus, g, of the Riemann surface, the magnetic fluxes, n;, for the background
magnetic fields as well as the fugacities, A;, for those global symmetries. We use the same
notation for the fugacities and the R-charges in (2.2) since they obey formally the same con-
straint [3]. The general form of this partition function is quite complicated, but it simplifies
dramatically in an appropriate large N limit which will be the focus of our discussion.
The large N limit of the twisted index was first studied in [1] for g = 0. Here we use
mostly the results of [3], combined with the ones in section 6 of [9], which are applicable

9See, appendix A for our conventions.



for the large N limit of the so called non-chiral quiver gauge theories that include both the
ABJM and mABJM theories. The resulting formula for the twisted index can be expressed

in terms of the partition function on S3 and the background magnetic fluxes n;,'°

oA tEr]) e

TG
I(ni; Ai) = (g —1) <FS3(A1‘) + [(9

i=1
where rg is the rank of the continuous global symmetry group. For the ABJM theory,
rG = 4 since the global symmetry is SO(8). For the mABJM theory, the global symmetry
is SU(3) p x U(l)\l}%v and thus r¢ = 3. As argued in [1], the topologically twisted index can
be found by extremizing (2.13) with respect to A;, subject to the constraint (2.2) for ABJM
and (2.7) for mABJM. This means that to use the formula in (2.13) one should first fix the
background fields (the genus, g, and the magnetic fluxes, n;), then solve the constrained
extremization problem to find the extremal values A;(n) that are finally plugged back
into (2.13) to obtain the topologically twisted index as a function of the background fields.

2.2.1 The ABJM twisted index

Let us illustrate this procedure in some detail for the ABJM theory. We begin by turning
on background magnetic fields along the four Cartan generators, T, of the SO(8) global
symmetry,

F=F9T,,  F%=n.voly,, a=1...4. (2.14)

To preserve supersymmetry we have to impose the following relation between the magnetic
fluxes:

nmtne+ng+ng=2g—1), (2.15)

which implements the topological twist. In addition, we must ensure the proper flux
quantization for the magnetic fields piercing the Riemann surfaces. In our conventions this
amounts to n, € Z.

The general formula for the topologically twisted index in (2.13), after using the explicit
expression for the free energy on S® in (2.3), is

ﬂﬂ n no ns ny
Tar(na: Ay) = ~—— N2 /A1AAA, [ -2 + -2 + 2+ 2. 2.1
M (Mo Ag) 3 1A2A3Ay A1+A2+A3+A4 (2.16)

One should extremize it as a function of A, subject to the constraint in (2.2). To this end
we introduce the Lagrange multiplier, A\, and extremize

I(I‘la; Aa’)\) = IM(na; Aa) + W}\(Al + AQ + Ag + A4 — 2) . (217)

This yields the system of equations

0Ty
0A,

+aA=0, a=1,....4, (2.18)

10We use the shorthand notation Aaj,a, = A2 and Ap, B, = A3 4.



which can be solved for the magnetic charges

3A Zg Ua,BAaA,B

o= C2VRN32 AAAGAL (219)
where
ol R
Plugging this back into (2.16) and using (2.2), we find
T(Na; Ag|A) = =27\ . (2.21)

Imposing the topological twist condition (2.15) on the magnetic fluxes (2.19), we solve
for the Lagrange multiplier,

2V2N3/2 \JATASASA,

A=-2(g—-1 . 2.22
8- 208 %apBallp (222
Then (2.19) can be rewritten as
25 0apRalp
n, =2(g— )= 2.23
Sy (223)
and the topologically twisted index as a function of extremal fugacities, A, = A is
821 VA1AA3A
T(na(A); Ay) = — 1)N3/2 : 2.24
(na(8); 8) = P (g ~ PN (224

To find the final expression for the topologically twisted index as a function of the
magnetic fluxes, n,, one has to solve the algebraic equations in (2.23) for A,(n) and plug
the result in (2.24) to obtain, Zys(n,). Clearly, given the nonlinearity of (2.23), this is in
general a complicated algebraic problem that one would rather avoid. So, instead we will
work with the implicit formulae above for the magnetic fluxes and the twisted topological
index as functions of the extremal fugacities.

There is a special topological twist, the so-called universal twist [6, 23, 56], for which
one can perform the algebraic calculations above explicitly. This twist is characterized by
having background magnetic fields that extend only along the unique N = 2 supercon-
formal R-symmetry of the ABJM theory. In our conventions this amounts to setting'!
np =ng =ng =ng = (g—1)/2. Solving (2.23) for these values of the background fluxes one
finds A, = 1/2 which in turn leads to the following simple expression for the topologically
twisted index

TABIM _ (g — )\fWNsn = 1)F§313JM

univ

, (2.25)

where we have used (2.5). Note that only for g > 1 one finds a positive topologically
twisted index at leading order in V.

1 Note that due to the quantization condition n, € Z, the universal twist is well defined only on Riemann
surfaces for which g is odd.

~10 -



2.2.2 The mABJM twisted index

Now we apply the same procedure to the mABJM theory obtained by a mass deformation
of the ABJM superpotential in (2.6). As we discussed in section 2.1, this breaks the
global SO(8) symmetry to SU(3)» x U(1)} . In terms of the SO(8) Cartan generators, T,
a=1,...,4, the Cartan subalgebra of the new global symmetry group is spanned by

1 1
TW=(h-T), T —(h+T-2T),  TW=_(BN+T+T3+Ty), (226)

1
2V/3
where the first two are Cartan generators of SU(3)p and the third one is the generator
of the new R-symmetry, U(l)\g. If we start with a general SO(8) magnetic field (2.14),
the symmetry breaking along the RG-flow restricts it to the Cartan subalgebra of the new
global symmetry, which is enforced by the condition

n™ =q; —ny — ng—ng =0, (2.27)
while the topological twist along the new R-symmetry generators gives
n(f) = %(3111 +ng+nz4ny)=2(g—1). (2.28)
It is illuminating to rewrite the two constraints as
n=g-—1, npgt+ng+n=g—1, (2.29)

which is analogous to the condition (2.7) on the R-charges. Using (2.8) and (2.13) we then
find the following expression for the topologically twisted index

2 n n n
I(I‘LZ’;AI'>:QN3/2\/A2A3A4 g—1—|-72+73+74 s (230)
3 Ay Az Ay
which must be extremized as a function of Ay 3 4 satisfying the constraint (2.7). Introducing
a Lagrange multiplier and extremizing as above, we obtain the following relations between
the extremal values A; = A" and the magnetic fluxes:

[ Az + Ay
—(g—-1A —1],
me = (- 1A | AoAsz + AsAy+ AgAy |
[ Ao+ Ay ]
—(g— DA —1], 2.31
ms = (0 DA | A AL AAy + Asds (2:31)
[ Ay + As |
= — DA — 1.
= (01 | AoAs + AzAg + AyAy |

Finding the twisted index as a function of ng 34 again amounts to solving the algebraic
equations in (2.31) for A; and plugging the result in (2.30) which is difficult. Hence, we
proceed as previously and express the final result in terms of the extremal values A; = A,

2\/571’ 3 1
(A):AL) — —1)N32/AyA5A —1]. 2.32
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We have obtained (2.30) for mABJM from (2.13) for ABJM by imposing the con-
straints (2.7) and (2.29) on A; and ny, respectively. However, implementing those con-
straints does not commute with the extremization of the topologically twisted index. In-
deed, (2.32) differs from the result one would have obtained by evaluating the topologically
twisted index for ABJM in (2.24) with n; and A; set to their mABJM values. If one wants
to start with the ABJM index (2.16), the correct procedure is to extremize it with both
constraints in (2.7).

2.3 Explicit examples

It is instructive to discuss two examples in which we can solve the algebraic equations
in (2.31) and obtain the twisted index in a compact form as an explicit function of the
magnetic fluxes.

Our first example is the universal twist which amounts to turning on the magnetic flux

only along the R-symmetry generator in (2.26). This leads to the following values for ng 3 412

1
n2:n3:n4:§(g—1). (2.33)

Plugging this in (2.31) one finds the solution Ay = Az = Ay = 1/3. As expected on
general grounds, see [6, 23], the topologically twisted index is then

42
TmABIM _ (g 1) \[”Ni’»/? = (g — 1) FABIM (2.34)

univ

9v3

where for the second equality we used (2.10).
The second example is more involved. We impose the following relation between the

magnetic fluxes:
np=n3=(g—1)n. (2.35)

The remaining magnetic fluxes are then fixed by (2.29). Solving the equations in (2.31)
with these restrictions leads to the following four branches of solutions for As 3:

Branch 1.: A2:1—“i¢(12+n)(1—3n)7 Ay=1TnF (12—1-11)(1—311)7
l-nt/(1+n)(n-1/3)

Branch 24: Ay = A3 = 5 .

(2.36)

Note that Ay is fixed uniquely by the linear relation in (2.7) once a choice of a branch of
solutions in (2.36) has been made. The corresponding twisted index reads:

3v/3n(1—n)
2
5 (1—2u)(1+3n21(1—3n) (1+n) (n—1

Branch 11: Z(n)= (g— 1)1;1511‘;)AB‘H\/[7

w
~—

) (g_ 1)F$ABJM,

Branch 24: Z(n)=
2\/5\/(1—211)(1—3112?(1—311) (1+n) (n—3))

2Due to the quantization condition n; € Z, we find that the universal twist for the mABJM theory is
well defined only on Riemann surfaces for which g is a multiple of 4.
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where once again we have expressed the result in terms of the mABJM free energy on
53 see (2.10). Interestingly, we find that the two branches of solutions 11 have the same
twisted index.

The extremized values A; play the role of R-charges in the one-dimensional quantum
mechanical system arising at low energies after the twisted compactification on ;. We
thus have to impose that A; are real. In addition the twisted index is expected to reproduce
the entropy of the black hole that describes this twisted compactification holographically.
For that reason we also have to find Z > 0. Imposing these two constraints in the expres-
sion (2.3) restricts the value of the magnetic flux for Branch 14 to the range 0 < n < 1/3
and for Branch 24 to 1/3 < n < 1/2. At the special value n = 1/3, the R-charges reduce to
A; = 1/3 and one should recover the universal twist. Indeed, when evaluated at n = 1/3,
the twisted index (2.3) reduces to the universal relation (2.34) for all branches. In addition
we find that the Riemann surface has to be hyperbolic, i.e. g > 1.

2.4 Dyonic generalization

So far we have limited ourselves to turning on a background metric and magnetic fluxes
on the Riemann surface Y. There are, however, more background parameters that can be
turned on while preserving the supersymmetry of the topologically twisted index [2, 8, 9].
In the context of holography, these additional parameters correspond to electric charges
that can be in general non-vanishing in the dual supersymmetric AdS4 black holes, see [2]
and references therein.

A generalization of the topologically twisted index to include electric charges has been
proposed in [2]. The new “dyonic” index is defined as a Legendre transform of the “mag-
netic” index discussed in the previous sections and is explicitly given by

ra
Tp(ni, gz i) = Tag(nisug) — im0y wids (2.37)
i=1

where n; and q; are the background magnetic fluxes and electric charges, respectively, while
u; are complex fugacities replacing the real fugacities A;. The magnetic index, Zys(n;; u;),
as a function of the complex wu; is defined by an analytic continuation. As usual, the
magnetic fluxes, n;, satisfy the topological twist condition that preserves supersymmetry,
such as (2.15) or (2.29). However, it is a priori not known how to impose the corresponding
supersymmetry constraint on the electric charges q;.

It was argued in [2] that in order to obtain the leading saddle point approximation to
the dyonic topologically twisted index in the limit of large N, one must first fix the values
of the electric and magnetic charges (q;,n;) and then extremize Zp(n;, q;; u;) with respect
to the complex variables u;, subject to the same constraints as the corresponding A;. The
entropy of the dual dyonic black hole, Sgr(q, n), should then be identified with the real part
of the dyonic index at this extremum. Furthermore, it was conjectured in [2] that when
the index scales with N such that there is a classical dual AdS4 black hole with a regular
horizon, i.e. N3/2 for the ABJM and mABJM SCFTs, the supersymmetry constraint on
the electric charges is equivalent to Zp(n;, q;; u;) being real after the extremization.
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In the following subsections we will illustrate this procedure in detail for the two
theories of interest and obtain explicit formulae for the twisted index that can be compared
directly with the entropy of the dual black holes.

2.4.1 The ABJM dyonic twisted index
We start by specializing (2.37) to the ABJM theory. Using (2.16),

Vor . n n n n -
Ip(Na, da; ta) = 3 N3/2\ furuguzug u% + u% + u—z + u—i —ir g Uala, (2.38)
a=1

where the magnetic fluxes satisfy the supersymmetric twist condition (2.15) while the
complex fugacities are constrained by, cf. (2.2),

Uy +us +us +ug =2. (2.39)

The extremization equations now read

I8Y
Oug

—imqe+7TA=0, a=1,...,4, (2.40)

where A = p+1iv is a complex Lagrange multiplier. Solving (2.40) for the electric charges,
Ja, and substituting the result back into (2.38), one finds that the extremized index is
simply given by

Ip(ta, Ga; Ua) = =27 (Ng, o ) . (2.41)

(6%
Ua —qext
a

Hence, by imposing the reality condition on the extremal index, we conclude that A\ must
be real.

Next, we go back to (2.40) and decompose the equations into their real and imaginary
parts. This yields eight real equations that are linear in the magnetic fluxes, n,, and

the electric charges, q,, but highly nonlinear with respect to the complex fugacities, .

ext

Hence, just as before, determining the extremal fugacities, u$

, as functions of n, and g,
is a daunting task. Instead, we solve the linear system (2.40) for the magnetic fluxes and
electric charges.

To present the result in a compact form, it is convenient to set

Uq = Ny el 0o € (—m,7), (2.42)
and '
AV ULU2U3U4 = A1A2A3A4 65(914-02—&-93—&-94) s (2.43)

which fixes the analytic continuation we are working with.'®> Let us define the following
linear combinations of the phases:

N 1
Qag = 90( - 95 s Qaﬂ = §€a1375675 y (244)

13The restriction used in [2] to avoid the square-root sign ambiguity in (2.41) is 0 < Reua < 2.

— 14 —



and ]
Vo = 5(4% — 01 —0y— 05— 04). (2.45)

The solution to the linear system (2.40) can be simplified using the constraint (2.39).
This yields

32 I A,
a = — Y TAN =1,...,4, 2.4
" TN O wmz” peoslop, @ (240

and

_H [5(19 +—ZJQ5A551H (Vo —1—195)] a=1,...,4, (2.47)
@ =1

C(¥) = cos ¥y + cos g + cos U3 + cosVy ,

(2.48)
S(¥) = sinv + sindy + sin s + sindy ,

and o,p is defined in (2.20). We can now use the topological twist condition (2.15) to
determine the Lagrange multiplier A = p and the twisted index as a function of extremal
fugacities,

VATAA3AY

2\f7r
ZB%M (), Ga(w)s ) = ZNYa = 1) O0) =R T
o, « « afB

(2.49)

Finally, one can use (2.41) to eliminate p from (2.46) and (2.47), to obtain a complete
solution to the extremization problem.

It should be clear that the reality of the index provided the “missing equation” needed
to determine the Lagrange multiplier and hence the electric charges. Somewhere within
the solution (2.47) there is a hidden supersymmetric twist condition one should impose
ab initio on the electric charges. Identifying this condition more clearly within the field
theory remains a puzzle. We will return to this issue in section 4.1 when we discuss the
corresponding supergravity calculation.

It is straightforward to check that in the pure magnetic limit, 8, — 0, the electric
charges (2.47) vanish, while the magnetic fluxes (2.46) and the extremized index (2.49)
reduce to (2.23) and (2.24), respectively.

2.4.2 The mABJM dyonic twisted index

The extremization of the twisted dyonic index for mABJM proceeds similarly as for the
ABJM index above. We start with

Vor Sn) o
ID(nZ-,qi;ui) = 7N3/2\/UQU3U4 g— 1+ZJ —1ﬂ2uiqi, (2.50)
3 = i i=2
that follows from (2.38) and (2.29), the constraint

ug +us+ug =1, (2.51)
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and the corresponding Lagrange multiplier A = p +iv. The extremization equations have
the same form as in (2.40). Using them to simplify (2.50) yields the following relation
between the extremized index and the Lagrange multiplier,

2
Ip(ni, qiiu;) = g\@wN?’/Q(l — g)Vugugug — 2 A +im(ugqe + u3qs +ugqs),  (2.52)

where u; = u$**. The more complicated form of this equation in comparison with (2.41)

is due to the fact that unlike the ABJM index (2.41), the mABJM index (2.50) is not
a homogenous function of w;. Still, the reality of the extremal index (2.52) provides an
additional equation that leads to a unique solution for the magnetic fluxes, n;, the electric
charges, q;, and the index as functions of the fugacities.

It is convenient to use the polar parametrization (2.42) and the following linear com-

binations of the phases:'*
* 1 *
(97;]' = 92 — 093' y 91 = §€ijk0jk y Hij = Eijkek s (253)
and
T, — 392 - 92 - 93 - 04 . (254)
Let!'®
S 1
C(r) = ;COS 5(71 +60;) + cos 5(02 + 03+ 64),
= (2.55)
L1 1
S(r) = iz;sin 5(7'1 + 6;) — sin 5(92 + 603+ 064).
Then

n; = (1—g)A,; cos ] + V2 1 = 2A-—Z4:A~(cos0*+cos€*c059*) (2.56)
LTINS O VA [T T TR R
and
2 VA3 AsA 1
qi:\gN?’/Q(l—g)23451112(7'1—02‘)
. . . 2.57)
A;(sinf; +sint;) — > . Assin(m — 0;; (
L )= 5, Apsin(r )

Aj(cos 0; + cos 07)

Substituting (2.56) into the topological twist condition (2.29), we can evaluate the real
part of the Lagrange multiplier, u, and from the reality of the extremized index (2.52), the
imaginary part v. A tedious algebra yields the following result for the extremized index:

m V2n
THAPM (ni(w), gi(u); i) = _T(g — N20(7)V/AgAgAy
y 1+32 Ajcostf — 37 ; AiAjlcos 0 + cos(0; — 0;)] (2.58)
S A2sin? 0F — Dicj AiAj[2cos b + cos(6) — 07) + cos(0; — 6;)]

which has been further simplified using the constraint (2.51).

1411 this section, the indices 4, j, ... run over the set 2,3, 4. In particular, es34 = 1, etc.

5C(1) = C(9)]s;=0 and S(1) = S(9)|e;=o0.
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2.4.3 The mass deformed twisted dyonic ABJM index

At the end of section 2.2.2, we have observed that the extremized mABJM twisted in-
dex (2.32) could be obtained by starting with the ABJM index (2.16) and extremizing it
under two constraints (2.7). This is equivalent to using the ABJM constraint (2.2) together
with the first constraint in (2.7), where the latter formally imposes the mass deformation
from ABJM to mABJM. In this section we discuss this extremization in more detail for
the dyonic index, which is also more subtle.

We start with

4
2m n n n n
Ip (N Gas Ual Ar) = \g N2 Jurugusiy (ui + 242 4) —i7 ) Uada

+ A (up — 1) + wAa(ug +ug +ug — 1),

where the first line is the ABJM index (2.38) and the second line are the constraints with
the corresponding Lagrange multipliers, A\, = u, +iv,, » = 1,2. In addition we impose
two conditions (2.29) on the magnetic fluxes.

The same calculation as previously shows that the extremized index is
Ip(Mas da;i ualAr) = =7 (A1 + A2) (2.60)
and hence the reality condition sets,
vi+uvy=0. (2.61)

The subtlety, which does not arise in any of the previous examples, is that the extrem-
ization does not lead to a unique solution for the electric charges. This comes about from
the flat direction in (2.59). If we shift the electric charges by dq, and the imaginary parts
of the Lagrange multipliers by dv; and dve, respectively, then (2.59) and (2.61) remain
invariant provided

(5q1 = —5q2 = —5q3 = —5q4 =0 = —0vy. (2.62)

Differentiating (2.61) with respect to u, and solving the imaginary parts of the result-
ing equations for the electric charges we find

4
2 1 : 1 1 *
G =v1— 35 o) ;:2 [Sln 0 cos 3 (15 — 6;) —sin 5 (15 — 0;) cos 0;

ZA sm —0:),

1 1 1
q; = Vo — 2,LL1TT)K S1n 5(7-@ — 9@)
1

- MZC(T)

(2.63)

1
[S( ) —4sin - (7‘1—1—0 A ZA Sln 0; + 7+ 0i5) |
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where the various angles are the same as in section 2.4.2, see (2.53) and (2.54). Substitut-
ing (2.63) into the real part of the extremization equations we solve for the magnetic fluxes,

3v2 1 1 1

_ Ajcost? ),
N3/2C(0NA2A3A4<“ L 2; o )
L_3V2 1 A,
" TON3/2C(0) VAL A,

n =

(2.64)

4
— prcosb; + pa(24; — ZAj cos 9;})} .
=2

Those depend only on the real parts of the Lagrange multipliers, 1 and po, which in turn
are determined using (2.29),

V2 po2 CO) e -
Ml—?(g 1)N DA, 0) A2A3A4<;Al (A; + cos b)) —2;AA cos 0} >

o= V2 (12 f&)m(HZCOw;Ai), (2.65)

i=2
where

4
D(A,0) =) sin® 67A7 — Y " AjA; [2cos 6] + cos (6} — 65) + cos ;5] - (2.66)

j=2 1<j

In the formulae above, we have implemented explicitly the constraint u$** = 1. One
can check that as functions of the extremal fugacities, u**, i = 2,3,4, subject to the
constraint (2.51), the magnetic fluxes, ng, n3, ny, in (2.64) reproduce exactly the magnetic
fluxes (2.56) in mABJM in section 2.4.2. Similarly, the extremized twisted index (2.60),
that depends only on the real parts of the Lagrange multipliers, is the same as the dy-
onic twisted index (2.58). In fact, the present calculation yields (2.58) without using the
constraint (2.51) to simplify intermediate expressions, which is much simpler.

The electric charges (2.63) remain undetermined due the shift symmetry (2.62). One
way to fix it, is to compare the four electric charges, ¢4, in (2.63) with the electric charges,
i, in (2.57), where we have introduced the “tilde” to avoid any confusion. By direct
calculation, one can check that q; = q; for that value of vy = —ws for which q; = 0,
precisely the result one would expect.

To summarize, we have shown that the extremization of the ABJM index with two
constraints reproduces exactly the mABJM extremized dyonic twisted index and the cor-
responding magnetic fluxes and electric charges provided, in addition to (2.29), we also
impose the condition

q =0, (2.67)

on the electric charges. However, one also has the option to fix the shift symmetry dif-
ferently, which then results in four, typically non-vanishing, electric charges. As we will
see in section 4.2, this freedom will be crucial for matching our field theory results with
supergravity calculations.
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3 Supergravity

We expect that the holographic dual description of the twisted compactification of the
mABJM SCFT on X, discussed in the previous section is provided by asymptotically AdSy
supersymmetric black holes. In this section we study these black hole solutions within the
maximal SO(8) gauged supergravity theory of de Wit and Nicolai [35], which is a consistent
truncation of eleven-dimensional supergravity compactified on S7 [36, 37]. In particular,
this means that our solutions can be uplifted to M-theory.

3.1 The truncation

The four-dimensional N' = 8 supergravity has many bosonic fields, but to construct the
black hole solutions of interest it is sufficient to work within a subsector of the theory that
is invariant under the symmetry of the dual topologically twisted mABJM theory.

The topological twist breaks the SU(3), symmetry of the mABJM SCFT, and the
corresponding AdS; Warner vacuum, to the Cartan subgroup U(1)2. Tt is natural to
impose this U(l)z—invariance on the N/ = 8 supergravity, which then yields a consistent
truncation to a four-dimensional N/ = 2 supergravity coupled to three vector multiplets
and one hypermultiplet. The bosonic fields of the resulting theory are the metric, the
graviphoton gauge field along with three U(1) gauge fields in the vector multiplets. The
ten real scalars in the truncation parametrize the manifold (1.1) and combine into three
complex scalars, z;, ¢ = 1,2, 3, in the vector multiplets and two complex scalars, (; and (o,
in the hypermultiplet. The details of the truncation and the geometric data of the resulting
N = 2 supergravity are presented in appendix B.16

The recasting of our truncation into the canonical formalism of N = 2 gauged super-
gravity lets us draw on some standard identities (see, e.g., [58]) and may prove useful for a
general analysis of black hole solutions using the results of [40-42, 45]. However, given the
simplicity of the truncation, we also opt for a more direct approach whenever possible.

In particular, we observe that the topological twists in section 2.2 have additional
invariance, namely U(l)\g. Imposing this symmetry on our supergravity theory at the
level of the bosonic fields amounts to truncating half of the hypermultiplet by setting
(1 = 0. The remaining complex scalar, (2, in the hypermultiplet will be denoted by z = (s.

The four Abelian gauge fields, A7, o = 0,1,2,3, are related to the standard Cartan
gauge fields in SO(8) by

P I TR g Cy sy Ly
(3.1)

DN — DN
N =N =

A56:7(A0—A1—A2+A3), A78: (A0+A1+A2+A3).

16 A four-dimensional A = 2 supergravity with the same mater content was recently used in [13, 14, 57]
to construct asymptotically AdSs black holes which admit uplifts to massive type ITA supergravity. The
supergravity theory we study here differs from the one in [13, 14, 57] by the type of gauging performed on
the vector multiplets.
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The bosonic Lagrangian for the truncated fields comprises of the usual Einstein-Hilbert
term, kinetic terms for the scalars, a Maxwell term and a scalar potential'”

1

The details of the derivation can be found in appendix B and here we present only the final
result.
The scalar kinetic term is given by

3

_ auzial‘gi [(%z — igALm) z] [3#5 + igALm) 5]
Fiin = ; (1—z2)? (1—|22)2 ; (3.3)
where
m) — A0 1 2 3
A = A0 — AL — A% - A3, (3.4)

The scalars parametrize the coset manifold

SU(1,1)]®  SU(1,1)

= . 3.5
=T <o 39

From (3.3) we read-off the diagonal metrics,

51'3' 1
%% = T oD 22 = TNy 3.6
A e P A A (P 30
that come from the K&hler potentials,

Ky =—log[(1—[z1)(1 = [2)(1 = |=/")],  Ku = —log(1 - |2, (3.7)

respectively.

The contribution from the complex scalar fields to the Lagrangian, Lyrax, for the gauge
fields is quite complicated. To write it in a compact form it is convenient to use the standard
scalar tensors from the N = 2 formalism [58] as summarized in appendix B. To this end
we introduce the holomorphic sections, X<,

X0 = 2\1/5 (1 —21)(1 —22)(1 — 23), X! = 2\1@ (1 —21)(1+ 22)(1 + 23),
(3.8)
X?= 2\1/5 (I42)(1—2)1+2),  X3= 2\1/5 (14 20)(1+ 2)(1 — 25),

and the prepotential

= —2iVX0XIX2X3. (3.9)

The Maxwell Lagrangian is then'®

1 _
Latax = 5 (ZapFs FA1 — RagFg, FO), (3.10)

"The four dimensional metric, g,., has signature (— 4 4++) and e = /— det g,....
8The dual field strength is Fp, = %nw)‘”Ff‘a, where 10123 = e.
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where R,p and Z,g are the real and imaginary parts of Nys = Rag +1Zap,

— . (ImF,,) (TmFjg5) X7 X?° O*F
=Fop+2 Fog= ——n.
Nog =Fos + 21— poxs 0 108 = gxegxs

(3.11)

The potential for the scalars is

i=1

22| SE T
s (M=) [+ HaPlaallal = o )+ )+ 20
i=1 '

- (1 + |Zl‘2)(22 - 22)('23 - 23) — (1 + |22|2)(Zl — 21)(23 — 23)
— (1 + [z (21 = 21)(22 — 22) | - (3.12)
Let us define the N/ =1 “holomorphic” superpotential,

K&

V=1_ EE (I—z1)(1 = 22)(1 — z3) + W(leﬂz% —-1). (3.13)
Then .
P =gef v [g79 VYV Y 4 497 0.V0:V - 3VV] (3.14)
where
Ve,V =0V + (0, Kv)V, (3.15)

is a covariant derivative.

There are two supersymmetric AdS, solutions in this truncation corresponding to the
critical points of the potential (3.12) and the superpotential (3.13).1° The first one is the
SO(8)-invariant vacuum at

2z =0, z2=0, P, =—6, (3.16)

where P, is the value of the potential at the critical point, which uplifts to the AdS, x S7
solutions of the eleven dimensional supergravity. This solution is dual to the conformal
vacuum of the ABJM theory.

The second supersymmetric AdS, solution was found by Warner [27] and is dual to
the mABJM theory. In our parametrization of the potential, it is at

_9v3

z=+— H=2=23=V3—-2, P, = 5

7

It has an N' = 2 supersymmetry and is invariant under the SU(3) x U(l)y{v subgroup of
SO(8).

(3.17)

9Tn the sense that v,V =0,V=0.
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The scale of AdSy is set by P,. Hence we have

1

) 3 B ? for SO(S) 5

Lias, = 2P 2 for W (3.18)
3v/3¢2 '

This four-dimensional background uplifts to the CPW solution [31] of the eleven-

dimensional supergravity. A more detailed discussion of these (and other) AdS,; vacua
in this truncation as well as the spectrum of scalar excitations around them can be found
in [59].

A crucial fact that motivates much of the discussion in this paper is that there exists
a supersymmetric gravitational domain wall solution which connects the two AdS4 vacua
described above [29, 60]. This domain wall is the holographic dual realization of the RG
flow described in section 2.1, which connects the ABJM SCFT to the mABJM SCFT.

There are two further consistent truncations of the supergravity model described above
that are of interest for our discussion. The first one is the STU-model obtained by setting
the hyperscalar, z, to zero and retaining the three complex scalars, z;, and the four Abelian
gauge fields, A%*. For a discussion of this model in the present context, see for example [1].

The second truncation is to the SU(3) x U(1)g-invariant sector originally studied in [27]
and recently discussed in [59]. It is obtained by setting

21 = 2p = 23 = —ZOHEW z = SV, (3.19)

The superscript BHPW refers to the scalars in [59], where one also has to set (PHFW = 0.
In addition, one must impose A' = A% = A3, which leaves only two Abelian fields in the
truncation.

3.2 The BH Ansatz

Our goal is to study supersymmetric black hole solutions in the supergravity model pre-
sented above that are dual descriptions of the partial topological twists of the mABJM
SCFT discussed in section 2. These solutions should interpolate between one of the two
supersymmetric AdSy vacua, the SO(8)-invariant vacuum in (3.16) or the SU(3) x U(1)-
invariant vacuum (3.17) and a near horizon region with the metric of the form AdS, x ¥,
where Y; is a Riemann surface. As in other known examples of black holes solutions in
AdSy (see, e.g., [40-42]), we need to turn on both scalar fields with nontrivial profiles, as
well as non-vanishing gauge fields carrying the dyonic charges of the black hole at asymp-
totic infinity. In the presence of both the magnetic and electric charges, this turns out to
be a difficult problem in general.

Fortunately, the entropy of these black holes can be determined by a much simpler set-
up, namely by studying the solutions in the near horizon region only. This is what we will do
in the remainder of this section. We will return to the more difficult problem of constructing
full black hole solutions in section 5, where we present both analytic and numerical solutions
for magnetically charged black holes, but with vanishing electric charges.

- 29 —



To construct the near horizon AdS, x ¥4 solutions of interest, we take the scalar fields,
z; and z, to be constant and the metric of the form,

ds? = e2f°dsid82 + GQhOdS%g , (3.20)

where the unit radius metric on AdSs is

1
dsiqs, = ﬁ(—dﬁ + dr?), (3.21)

and fo and hg are real constants. Given the results of the analysis in [61], we expect that
without a loss of generality we can use a constant curvature metric on Xy given in (A.1).
The gauge field fluxes, F'* = dA®, and their (local) potentials, A%, are

F® = eqvolags, + mavols, , A% = eqwads, + Ma ws, a=0,...,3. (3.22)

One can now plug this Ansatz into the supersymmetry variations and the equations of
motion of maximal N = 8 gauged supergravity and derive a system of algebraic equations
between the metric constants, the scalar fields and the magnetic and electric charges. This
is a straightforward but tedious calculation summarized in appendix C. There we also show
that the black holes we construct preserve 2 real supercharges which are enhanced to 4 in
the near horizon AdSs; region.

3.3 Dyonic BH near horizon BPS equations

The truncation of the equations of motion and the supersymmetry variations of N' = 8
d = 4 gauged supergravity discussed in appendix C yields four types of algebraic equations
for the supersymmetric near horizon dyonic black holes:2’

(i) Four real equations for the electric and magnetic parameters, e, and mg:

€o = 0, (3.23)

eg—e1—eg—e3 =0, (3.24)
K

= —— 3.25

mo 29 ) ( )

(3.26)

mg—ml—mg—mgz(),
where k = 1, 0 or —1 is the normalized curvature of the Riemann surface.

(ii) Four complex equations for the scalar dressed components, ®,, of the fluxes:

Oy =297, (3.27)
@12—29(1— ’Zi‘g)Dzima izla"'vga (328)

where, cf. (3.13),
N = eKV/2V, (3.29)

20See, the following equations in appendix C: (i) (C.7), (C.19) and (C.25); (ii) (C.15) and (C.20);
(iii) (C.24); (iv) (C.18). We set £ = —1.
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The fluxes ®,, are defined by

Sap®s = e 2Mom, +ie e, (3.30)
where
1
Spo = — L%,
‘/51 (3.31)
Sei = ——=(1— |z D,, L~

V2
Here L® = eXv/2X® are the symplectic sections, cf. (B.16). The Kahler covariant
derivative in (3.28) and (3.31) is defined as?!

1
D., = 0: + 50- Ky (3.32)

Note that D, L* = f,,“, see (B.18).

(iii) One complex equation for the metric constant, fy, and the phase A,
e oA — \2igam. (3.33)
(iv) A complex cubic constraint for the scalars, z;,
C=rz1zm23+ 2129+ 2923 + 2321 —21 — 29— 23— 1 =0. (3.34)

Note that
C=v2 (X"-Xx'-Xx*- X%, (3.35)

where X @ are the holomorphic sections (3.8).

An indirect check of the consistency of these equations with the ones obtained for
general dyonic black holes using the formalism of N = 2 gauged supergravity [41, 42, 44]
is to rewrite them as “attractor equations.” This is briefly summarized in appendix D.

Our task here is to solve the equations (i)-(iv) so that we can compare directly the

black hole entropy

_ Area :7T|g—1|62h0 (3.36)
acy  ayy

with the twisted topological index (2.58). The strategy is to solve for the metric parameters,

SBH

the magnetic and electric parameters, and the hyperscalar in terms of the three scalars, z;,
which then will be mapped onto the fugacities, wu;, of the mABJM theory.
We start by acting with the matrix S,z on (3.27) and (3.28). Using (3.30), this yields

3
e 2hom, +ie e, = —/2g [Law - ¢#% D, L°D.W|. (3.37)
=1

HNote that D,, = e 5V/29, fv/2 = Kv/2y7, e=KV/2 see (3.15).
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The next step is to project these equations onto the real and imaginary part and then
use (3.23)-(3.26).

To this end, first note that 20 given in (3.29) can be rewritten entirely in terms of the
symplectic sections, L%,

V2

1—|[z?

W =—-2v2L° + (L° — L' - 1? - L?), (3.38)
where the second term is proportional to the cubic constraint (3.35),

W=—-2v2L° + 6, e=2¢, (3.39)

1—|zf?
We can use this to simplify the first term in the square bracket in (3.37).
Next, we have the “useful relation” [62]

3
_ . 1 _
> g*%D, LD, LF = -5 (7 hHP —LoLP, (3.40)
i=1
where Z,g is real, the imaginary part of NV,s in (3.11). Using those identities in (3.37), we
find

e 2oe, = —4ig (L°L* — L°L?) | (3.41)
and
6_2h0ma — 49 (ZOLCM + LOZQ)
_ g _ _ _ _ (3.42)
+ 29(1- 1)0a _ - ’2‘2 [(I 1)0a _ (I 1)1a _ (I 1)2a . (I 1)3a] )

The solution (3.41) is consistent with the equations (3.23) and (3.24) for the electric
parameters. Indeed, the first one is satisfied manifestly, while the left hand side in the
second one is proportional to the cubic constraint (3.35). Substituting (3.42) for a = 0
in (3.25), we solve for e =20 and then similarly (3.26) for |z|. Finally, from (3.41) and (3.42)
we obtain an explicit solution for all electric parameters and magnetic fluxes.

This shows that the equations (3.23)—(3.33) have a unique solution for all the dyonic
black hole parameters in terms of the scalars, z;, that are constrained by (3.34). The
problem is that the expressions such as (3.42) are quite difficult to use because of the
complicated form of the inverse matrix, Z~!.

To obtain simpler explicit expressions for =20 and |z|, we go back to (3.37). Taking
a linear combination of these equations such that the left hand side vanishes using (3.24)
and (3.26) and observing that the first terms on the right hand side sum up to the con-
straint, we are left with

3 3

_ 1 _

2\/5 E gzizz‘ DziﬁDziLO _ 1_7’2‘2 E :gzizi DZZ_@DZl_Qﬁ =0. (3.43)
i=1 =1

Note that by the “useful relation,” the first term above is real. Let us introduce the
shorthand notation (-, -) for the scalar product defined by the sums. Then we have

1 D&, DL

Y )

1—z| (DB, D®&)

. (3.44)
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One can verify explicitly that
(DLY, DL®) = 3|L°2. (3.45)

This allows to further simplify the solution for e=2"0 that follow from (3.42) with @ = 0
after using (3.44). The result is

D&, DL%?
—2hy _ 2 2L02—‘< 5 y
Finally, one can evaluate the scalar products above explicitly and use
D.®|,_, =ev/?0,.C. (3.47)
Let us define
3 _ 3 3
==Y (1-|z *9,.C r=>Y (1-]z%%0.,c) =[] —-2z). (3.48
E:: |2i[%) —, % ;( |2i)" |9=C17 g( zi) . (3.48)
Then we find o
e 20 = 8¢ k | LO)? <2 - }‘) : (3.49)
and?? .
; — E (3.50)
1—]z2 T’ '
and, from (3.33) and (3.39),
e fo=—4iget L0, (3.51)

This completes the solution for the AdSs x ¥4 near horizon black holes in our model.

3.3.1 Comments

The result of our analysis above is an explicit solution for the metric parameters and the
hypermultiplet given in (3.49)—(3.51) as functions of the constrained vector multiplets’
scalars. The solutions for the magnetic fluxes and the electric parameters can then be
read-off from (3.37) or more directly from (3.41) and (3.42). It should be noted that in this
near horizon solution the hypermultiplet scalar appears only through its absolute value |z|.
It is well known that the STU black holes with electric charges can exist only for
nontrivial axions, that is complex scalar fields, z;. The same is true in our model. Indeed,
if we set z; = Z; to be real, the electric parameters given by (3.41) automatically vanish.
The regularity of a solution requires that the left hand sides in (3.49) and (3.51) be
strictly positive and, since |z| < 1, the left hand side in (3.50) be greater than 1. This

220ne can verify explicitly that

3 3 3
ODE-TME=48C+» (1—|al)Co5TI+4) C0:C—6 Y C0=0:,C —cc

i—1 i=1 i,j=1

Hence I1 = is real for C = € = 0 as expected from the discussion above.
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fixes the phase A and the supersymmetric projectors (C.23), and excludes the possibility of
black hole solutions with toroidal (x = 0) horizons. Then we are left with two conditions

=12
m<2—‘}‘>>0, k= =1, (3.52)
n=
—— -1 . .
T >0 (3.53)

It is easy to check numerically that both for spherical (k = 1) and hyperbolic (k = —1) hori-
zons, there exist constrained scalars, z;, for which both inequalities are satisfied. Once more
something interesting happens in the purely magnetic limit. One can check that for real
z;’s the ratio of the left hand sides in (3.52) and (3.53) is constant and equal to —2. Hence

— 2k >0 for 2 = Z;, (3.54)

which excludes spherical horizons for purely magnetic black holes. We show in section 5
that the hyperbolic near horizon solutions with only magnetic fluxes indeed give rise to
bona fide black holes with AdS4 asymptotics.

Ideally one would like to know for which values of the electric and magnetic parameters,
eo and my, there are regular near-horizon black hole solutions. This entails finding an
explicit solution for the scalars z;, z, and the metric parameters, fy and hg, in terms of
eq and my. We were not able to analyze explicitly this complicated algebraic problem for
the general dyonic solutions above. However, in section 5.1.1 we show how to answer this
question for the purely magnetic black holes.

3.3.2 STU black holes

It is straightforward to extract from the supersymmetry variation in appendix C the STU-
limit of our model and reproduce the black holes studied in [1, 2, 40]. The resulting BPS
equations can be summarized as follows:

(i) The four equations (3.23)—(3.26) are replaced by two equations defining the topolog-
ical twist

eg+er+e+e3=0 (3.55)
K
mg—l—ml—I—mg—i—mg:—g. (3.56)

(ii) Equations (3.27)—(3.28) remain the same, except that

WY =9y =-V2L°+ L'+ L*+ L), (3.57)
(iii) Equation (3.33) is the same, but with 35TV,
(iv) There is no constraint, which was due to the hypermultiplet scalar.

The equations in (ii) give rise to the analogue of (3.37). By taking the sum of those
four equations one finds that (3.55) is identically satisfied. Then from (3.55) one finds

€—2h0 _ _gZR(‘QHSTU‘Z _ <DQHSTU,DQHSTU>) ) (3.58)
Substituting (3.33) and (3.58) in (3.37) one finds eq, ..., ms.
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4 The duality

Our goal now is to test directly the conjecture that the topologically twisted dy-
onic/magnetic indices in section 2.2 match the entropy of the near horizon black hole
solutions above. We also compare directly the magnetic fluxes and electric charges on both
sides of the duality.

The translation between the gravitational and field theory quantities of interest is
provided by the free energy, Fqs, on both sides of the duality. On the gravity side, the free
energy of pure AdSs with S® as an asymptotic boundary can be computed from an on-shell
action which diverges unless properly regulated. With the correct counterterms described
in [63], one finds
Fgs = wLi‘f‘*

26\

(4.1)

where G%) is the four-dimensional Newton constant and Lagg, is the radius of AdS,. This
supergravity result agrees with the free energy of the ABJM SCFT and the mABJM SCFT
to leading order in N given in (2.5) and (2.10), respectively. Indeed, it was shown in [26]
that the ratios of these free energies and the radii of the corresponding AdS, vacua given
in (3.18) are universal,

(4.2)
L%st4 3

Using these results and (A.3), we arrive at the following string of equalities:

A -1 F 42
SBH = rea _ 71"9 ‘ €2h0 — 2|g _ 1|7S3€2h0 — ﬁ |g _ 1|92 N3/2 thO . (43)

e CRNeIC) Lias, 3

where “Area” is the area of the black hole horizon.

We have parametrized the field strengths (3.22) in terms of “bare” magnetic fluxes,
me, and the electric parameters, e,. Those are related to the actual magnetic and electric
charges of the AdS4 black holes by (see, e.g., [2])

1 1 0L Max
= e T L e s (44

where Lyax is the Maxwell action (3.10). Starting with the Ansatz (3.22) and evaluating
the integrals using (A.3), we find (cf. [44]),

Mg = Mg, Qo = *62(h0_f0)za565 + Rapmg . (4.5)

These are those magnetic fluxes and electric charges that should be matched with their
field theory counterparts in section 2.

4.1 The ABJM SCFT and STU supergravity

The equality between the twisted dyonic index in ABJM SCFT and the entropy of the
corresponding AdS, black holes in STU supergravity was first shown in [2] by mapping
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the extremization problem for the index (2.38) onto the BPS equations rewritten in the
form of the “attractor equations” in [41, 42] (see also [64] for a recent development). Given
the explicit form for the extremized index derived in section 2.4.1 and the entropy given
by (4.3) and (3.58), we can now verify that equality directly.

Following [2], let us consider the map between the complex fugacities, uq, in sec-
tion 2.4.1 and the scalar fields, z;, at the black hole horizon given by

2Xa—1

ua(z):X0+X1+X2+X3’ a=1,...,4, (4.6)

which automatically solves the constraint (2.49). Setting
Ay = |uql, 0o = Arg(uq), (4.7)

we find that indeed
P M (ng (u), 4a(u), ua) = Spi (2i) - (4.8)

The twisted index on the left hand side is evaluated using (2.49), which corresponds to the
analytic continuation defined by (2.43).

By comparing the magnetic fluxes (2.46) and the electric charges (2.47) with the ones
obtained from (3.37) using (3.55) and (3.56) in STU supergravity, we find that

ng =2¢|g— 1| ma—1, (4.9)
and 3
24/2

Go = ——glg— 1N g1, (4.10)

3
where a = 1,...,4. The relations (4.9) and (4.10) agree with the ones proposed in [2].
This confirms the BHZ conjecture for the ABJM SCFT and the STU black holes.

We have verified (4.8)—(4.10) by evaluating both sides numerically for a large number
of randomly chosen values of the near horizon scalars, z;. The result is that the extremized
index, the magnetic fluxes and electric charges for the particular branch for the square-
root in (2.38) defined by (2.43) agree with the entropy, the fluxes and the charges on the
supergravity side in the entire domain of the scalars, |z;| < 1. This includes values of z; for
which the supergravity solution may not be regular, such as when the entropy is negative.

4.2 The mABJM SCFT and W supergravity

We have seen in sections 2.4.2 and 2.4.3 that the extremized dyonic twisted index in the
mABJM SCFT theory could be obtained in two ways. On the one hand, one can work
entirely within the mABJM theory, which yields the extremized index (2.58), the magnetic
fluxes (2.56) and the electric charges (2.57) corresponding to three gauge fields for the
unbroken U(1)? global symmetry. On the other hand, one can start with the ABJM SCFT
and extremize the dyonic twisted index while imposing two constraints on the fugacities,
where the second constraint comes from the mass deformation from ABJM to mABJM.
This leads to the same result for the extremized index as in (2.58). However, now there
are four magnetic fluxes (2.64) and four electric charges (2.63) corresponding to the U(1)4
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global symmetry in ABJM. The mass deformation fixes one of the magnetic fluxes, which
together with the topological twist condition, can be used to determine the real parts of the
two Lagrange multipliers to find the full agreement between the remaining three magnetic
fluxes in both calculations. However, there remains an ambiguity in the solution for the
electric charges due to the shift symmetry (2.62). In this section we will compare the field
theory results with the supergravity calculations in section 3.3 and, in particular, clarify
the ambiguity of the electric charges found in section 2.4.3.

4.2.1 The dyonic twisted index and the entropy

To obtain the mapping between the fugacities us, us, u4 in mABJM and the near horizon
scalars, z1, 29, 23, in our supergravity model, we note that the cubic constraint (3.34) is
equivalent to u; = 1 in (4.6). Then wug, us, us automatically satisfy (2.51). One can also
arrive at this mapping by the following change of variables. Observe that the Mobius

transformation,
1=z -
Z — Zi = 1+z: , Rez; > 1, (4.11)
turns the cubic constraint (3.34) into
C=Z%i3— 5 — 5 —23=0, (4.12)

which can be rewritten in the following suggestive form,

1 1 1
+—+

P — — =1. (4.13)
2223 2123 2122
Hence, it is natural to define
Ui = ~Zi~_1~ ) i = 27 3747 (414)
212223

which reproduces (4.6) modulo the constraint (3.34).
Using the substitution (4.14), we find that the extremized twisted index in
mABJM (2.58) and the entropy given by (4.3) and (3.49) are the same,

P (ng(u)s qi(u)iw)) = Spu(z) - for  C(z) =0, (4.15)
in the entire domain of the scalars, |z;| < 1, where the cubic contraint (3.34) is satisfied.

4.2.2 Duality for the magnetic fluxes and electric charges

An initial puzzle when comparing the magnetic fluxes and the electric charges in mABJM
with the ones in the dual (W-) supergravity is that the latter appears to have four vector
fields, while there are only three fluxes and three charges in (2.56) and (2.57), respectively.
The resolution is that at the W-critical point, which is the gravity dual for mABJM, one
of the vector fields,

Am) = A0 — AV A2 A3 (4.16)
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becomes massive and must be set to zero. This leaves us with three vector fields, A', A2
and A3 and the corresponding three magnetic fluxes, n;, and three electric charges, g;,
in (4.4) to compare.

Using the map (4.14) between the constrained scalars, z;, and the fugacities, u;, we find
the same relation (4.9) between the magnetic fluxes (2.56) in mABJM and their gravity
duals,

n¢:2g\g—1|ni,1, i:2,3,4. (417)

The comparison of the electric charges is more subtle. We must first impose the massive
condition (4.16) in the Maxwell Lagrangian to find the scalar matrices Z;; and R;; for the
vector fields, A?,

Zij =ZLij +Zoo + Zio + Zoj,  Rij = Rij + Roo + Rio + Roj (4.18)

and then calculate the electric charges, §;, using (4.5). Comparing with the field theory
charges in (2.57), which we denote by q;, we find

. 2V2 i .

qizTg|g—1|N3/2qi,1, i=2,3,4, (4.19)
which is the same as (4.10). As before, the comparison is carried out by a numerical sub-
stitution and both (4.17) and (4.19) hold for all scalars, z;, satisfying the cubic constraint.

4.2.3 More on electric charges

We have argued in section 2.4.3 that the dyonic twisted index and the magnetic fluxes in
mABJM could be obtained unambiguously by performing simultaneously the mass defor-
mation and the topological twist in ABJM. However, the resulting electric charges were
determined only up to the 1-parameter shift symmetry (2.62). One way to fix that sym-
metry was to set one of the charges to zero, see (2.67), to obtain a complete agreement
with the purely mABJM charges.

Another possibility, which we will discuss now, is to compare the four electric
charges (2.63) with the four electric charges in our supergravity model that are present
before imposing the massive constraint (4.16) on the vector fields. With all four vector
fields present, the corresponding charges, qq, are given by (4.5). By a direct substitution,
we find that

2V/2 )
q—v = Tg\g—lleqo,
(4.20)

2¢/2
Qi+V1=\?)fg|g—1|N3/2q7;1, i=2,3,4.

Hence for v; = 0 we find the same relation between the charges as in (4.10). Given (2.61),
which followed from the reality of the extremized twisted index (2.59), we see that a com-
plete match between mass-deformed, topologically twisted ABJM theory and our super-
gravity model requires that both Lagrange multipliers, A; and Az , in (2.59) be real. Once
again, the agreement between the field theory and the dual supergravity charges holds for
all allowed values of the near horizon scalars.
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5 Magnetic black holes

So far we have constructed a large family of supersymmetric AdSy x ¥ solutions which
can be interpreted as near horizon limits of supersymmetric dyonic black holes in our
gauged supergravity model. In addition, we have shown that the entropy associated with
these near-horizon backgrounds is the same as the large N limit of the dyonic topologically
twisted index of the mABJM SCFT. Now we try to be more explicit and focus on a class
of supersymmetric solutions of our model that do not have electric charges. This allows for
a much more explicit analysis of the BPS equations. In particular, in addition to the near-
horizon solutions discussed above, we are able to find fully-fledged black hole backgrounds.

To this end we modify the Ansatz employed in section 3.2 by setting the electric charge
parameters, eq, in (3.22) to zero. It is consistent then to take the four complex scalars z; 23
and z to have constant phases. As discussed around (3.54), the BPS equations impose then
that the Riemann surface is hyperbolic, so we set kK = —1 in this section.

We find it convenient to use the following reparametrization of the complex scalar
fields, cf. (B.7) and (B.8),

z =tanhye'¥, z =tanh \je'¥, i=1,2,3, (5.1)

where x, A; > 0, 27 > 1, ¢; > 0 are real valued fields.
Since we are interested in solutions that can be asymptotic to the SU(3) x U(1) invariant
vacuum, we choose the following phases in (B.7), cf. (3.17),

P =

T
9 )

The metric for the black hole solutions of interest takes the following form

Pl =2 =pP3=T. (5.2)

ds? = 2 (—dt? + dr?) + th(r)dszzg , (5.3)

with the same metric on the Riemann surface as in (3.20). The four real scalars are in
general functions of the radial variable, x(r) and A;(r).

With this Ansatz at hand, one can analyze the supersymmetric variations (C.1)
and (C.2) of the N' = 8 gauged supergravity and find BPS equations for the metric func-
tions and the scalars. To write these equations in a compact form, we find it convenient to
introduce the following positive variables:3

z; = e, i=1,2,3, (5.4)
as well as the “real superpotential” (see (3.13), (3.29), and (5.2))

2T1T2T3 sinh2(x) — coshQ(X)(xlexg + x1 + 22 + x3)
W = Wy — o 69

Then the potential in (3.12) can be written as

1 (OW\2 1 oW\ 3,
r=a(5) (o) >0

=1

23Notice that for real z; we have x; = 3; where Z; are defined in (4.11).
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and the BPS equations are given by

d g ¢ F—2h dh g ¢ F—2h
Y S A T, L S (5.7)
dx _ _ 9 W dhi g yOWV  yon OH '
dr V2 ox dr V2 O\; o\’
where
H= —— (mo + mi1xox3 + Mox1x3 + mg.%'lxg) . (5.8)

2\/2.%'1.1‘21‘3

In addition to the equations in (5.7), one has to impose the constraints (3.25) and (3.26)
on the magnetic fluxes.

Our goal is to find supersymmetric black hole solutions with regular horizons to the
BPS equations (5.7), (3.25), (3.26) and to analyze their entropy.

5.1 AdSz X X4 solutions

We begin with a classification of the possible AdSy x ¥ solutions, which should correspond
to the near-horizon limits of the supersymmetric black holes of interest. To this end, we take
the familiar Ansatz (3.20) for the metric and real, constant scalar fields, z; and x. For that
radial dependence of the metric functions and the scalars, the BPS equations reduce to a set
of algebraic equations, which can be solved following the procedure outlined in section 3.3.

Just as before, for solutions with nonzero?? y, the scalars must obey the cubic con-
straint (3.34), which now takes the form

T1+ T+ 3 = T1T2T3 . (5.9)

This is the same as the constraint (4.12) for real z;, cf. (5.4).
Using (3.37), the magnetic fluxes can be expressed in terms of the scalars as follows:

mo Ty T3
my = 1+ =4+ =,
T1x2 + X173 + T2x3 T3 T2

mo = o (1 + i + ml) ) (5.10)
r1x2 + 123 + Tox3 T T3

mo T Z2
mg = I+—+—,
T1x2 + X1T3 + T2x3 T2 T

where my satisfies (3.25). The other constraint (3.26) on the magnetic fluxes is then
automatically satisfied modulo the cubic constraint (5.9).

Ideally, one would like to invert (5.10) to find the scalar fields in terms of the magnetic
fluxes, that should be thought of as the physical parameters specifying a solution. However,
the inversion is tedious and not very insightful, so we choose to write our solutions as above
in terms of the scalar fields.

24 As discussed above, setting x = 0 reduces our supergravity model to the STU model and thus the
supersymmetric black hole solutions with x = 0 reduce to the ones discussed in [1].
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Figure 3. The range of magnetic fluxes giving rise to regular AdS,; x ¥ solutions.

Using (5.10), we can solve for fy, hg and the scalar, x, in terms of the scalars, x;:

2ho 1 1 ( 1 1 1 )
€ =53 r1axo2xr3 — — — — — — s
2g° 172 + T2T3 + 371 r1 T2 T3

x% + x% + x%
r1To + 123 + To2T3 ’
1

av 23311‘2:1,‘3 ’

where x; are constrained by (5.9). These equations can also be obtained directly
from (3.49), (3.50), and (3.51) by restricting the complex scalars, z;, as in (5.1) and (5.2).

csch?y = 1+ (5.11)

efo —

5.1.1 AdS; solution space

Although we have solved the algebraic BPS equations, we still need to analyze for what
range of the magnetic fluxes, m,, we have a regular well-defined horizon. By that we mean
a solution for which the scalars y and \;, as well as fy and hg, are real.

The magnetic fluxes, my, and the scalar fields, z;, are related by (5.10). The scalar
fields must be positive, z; > 0, and are constrained by (5.9). For k = —1, we have mg > 0
(see (3.25)) and thus the constraint (3.26), combined with the positivity of x;, leads to the
following region in the m; 2 3 magnetic flux space:

myg
mi + mg +m3 =mg, —>0. (5.12)

mo
This region is the triangle shown in figure 3. As noted above, the relation between the
magnetic fluxes in (5.12) combined with (5.10) ensures that the constraint (5.9) is satisfied.
We have checked numerically that for every value of the magnetic fluxes inside the region
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specified by (5.12), there is a corresponding regular AdSy x ¥ solution, that is the scalars
z; and y, and the metric functions e/ and e are real and positive. For the magnetic
fluxes at the boundary of the triangle (both the edges and the vertices) in figure 3, one has
to analyze the regularity of the solution with more care since the relations (5.10) become
singular. By solving the algebraic BPS equations directly, we find that there are no regular
AdSy x ¥y solutions for these “boundary” values of mg.

It is instructive to compare the region of the allowed magnetic fluxes in figure 3 with
the region in which the STU model regular magnetic black holes discussed in [1] exist.
Using the results in section 3.3.2 and the positivity of the scalars, x;, one can show that
for the purely magnetic STU model black holes with hyperbolic horizons, i.e. kK = —1, the
magnetic fluxes must obey the inequality

(mo + m1 — mg —mgz)(mo — mq + mg —ms)(mo —m; —mg +ms3) <0. (5.13)

When evaluated on the surface mg = m; + mgy + mg relevant for our discussion, (5.13)
reduces to the constraint mimamg < 0. Given (5.12) and (3.25), we thus conclude that the
magnetic STU model black holes have magnetic fluxes that lie outside the orange region
in figure 3.

5.1.2 Black hole entropy

For general magnetic fluxes, it is a non-trivial exercise to write the entropy as a function
of the magnetic fluxes since one has to invert the algebraic equations (5.10). Therefore
we adopt a different strategy. The key observation is that one can use the relation (4.17)
between the field theory and supergravity magnetic fluxes to show that the extremized
values of the R-charges, A;, given in (2.31), are related to the scalars, z;, obtained by
solving (5.10), by

T

Ajyr =

(5.14)

$1x2$3'

This relation is the same as (4.14) evaluated for real scalars and fugacities. Thus we can
use (4.3) and (5.11) to express the entropy of the black hole in terms of the scalars, ;.
Then the relation (5.14) allows us to compare the entropy to the topologically twisted
index for the mABJM SCFT as written in (2.32). Implementing this procedure leads to
the following expression for the entropy of a general magnetic black hole in our model:

3v3 1 ( 11

1
————— — —1)Fg: 5.15
2 T1w9 + T2w3 + T3 TS T1 T2 933> (s Mo ( )

SBH =

where we used (2.10), (3.18), and (4.3). Now, we can compare (5.15) to the twisted index of
the mABJM SCFT in (2.32). Indeed, using the relation (5.14), we find that the black hole
entropy is equal to the topologically twisted index for all magnetic black hole solutions.

In section 2.3, we computed explicitly the twisted index of the mABJM SCFT for a
particular choice of magnetic fluxes. Let us now describe the supergravity dual to this
setup. To this end we set

mi =mo =mgn. (5.16)
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The remaining charges my and mg are then fixed in terms of the constant n by (3.25)
and (3.26). Thus, for a given choice of ¥, we are left with a one-parameter family of AdS,
solutions. The positivity constraints (5.12) imply that in order to have a regular horizon
we should have 0 < n < 1/2. Combining (5.16) with (5.10) implies that the scalar fields
should obey

T2 T3 _ ;1 T3 (5.17)
T3 T T3 T1
This equation has two solutions:
Branch 1: 129 = :):%, Branch 2: x1 = 22. (5.18)

Solving (5.10) for x; in terms of n breaks each of the branches in two more branches?
which we denote by the subscript +. For Branch 11 we find

_ I—n=£/(1+n)(1—3n) _I—nF /(1 +n)(1—3n) 1
and for Branch 24 we find
1 2
T] = X9 = r3=—7. (5.20)

N e

The scalar, x, as well as the metric constants, fo and hg, for each of the four branches
can be determined by plugging the expressions for z; above in (5.11). Finally we have to
impose that for each of the branches y is real and z;, €2/ and €20 are positive. This
restricts the range of the flux parameter, n, as follows

1 1 1
Branch 14: 0<n< 3 Branch 24: 3 <n< 3 (5.21)

Note that for each value of n, there are two corresponding near-horizon solutions. Thus
fixing n does not specify a unique black hole solution — one should additionally provide
the scalar and metric functions profiles. In the IR this amounts to selecting a 4+ branch,
while in the UV one should specify the falloff conditions on the scalar fields. In section 5.3
we construct numerically the full black hole solution for Branch 14 and one can do the
same for the other branches.

Having inverted (5.10), we are ready to compute the entropy for this class of near-
horizon backgrounds. To do this we combine (5.11), (5.19), (5.20), (4.1), and (4.3) to find

3v3n(1 —n)

Branch 14: Spg = 5 (g—1)Fgs, (5.22)
Branch 2. § 3 (172n)(1+3ngi(173n) (1+n)(n—%)) o DF
ranch 24: Spg = g— S35
2ﬂ\/(1—2n)(1—3n2¢(1—3n) (1+n)(n—§))

(5.23)

25The z; must be positive so we discard solutions where the x; take negative values.
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Comparing these supergravity results to the field theory computation (2.3) we find that
the black hole entropy and the twisted index agree perfectly.

One might wonder why did we venture into such an explicit analysis of this particular
class of magnetic black hole horizons when we have already shown in section 4.2 that the
topologically twisted index matches the black hole entropy for a more general class of dyonic
black holes. The key point we want to stress here is that the supersymmetric black holes
are parametrized by their electric and magnetic charges and one has to carefully study the
allowed values of these charges for which a regular black hole horizon exists. Unfortunately,
the algebraic equations that determine the supersymmetric AdSs solutions are complicated
and do not allow for an analytic solution of this problem. The example studied in this
section reveals explicitly the somewhat involved branch structure of the space of regular
black holes parametrized by the electric and magnetic charges. The successful comparison
between the topologically twisted index and the black hole entropy in section 4.2 was
somewhat implicit and did not allow for such an insight.

5.2 The universal solution

There is a special type of solution to the BPS equations (5.7) for which the scalars do
not flow as a function of the radial coordinate. This is the supergravity dual to the
universal solution described in section 2.2, which arises from a topological twist purely
along the superconformal R-symmetry. This black hole solution was discussed in [38, 39]
in the context of minimal four-dimensional gauged supergravity and its universality was
emphasized recently in [6, 23, 56].26 The near-horizon limit of this solution is part of the
class of solutions described in section 5.1 — specifically it is obtained by setting x; = v/3
and n = 1/3 in (5.16). Since the scalar fields do not flow, we set them at their Warner
AdS, vacuum values (3.17). Note that this is consistent with the BPS equations in (5.7).
Using (3.25), (3.26), and (5.16) with n = 1/3 leads to the following magnetic fluxes

moy = 3m1 = 377’L2 = 3TTL3 = —i . (5.24)
29
For these values of the scalar fields and charges, we find that W and H take on the following
constant values:

W, =-=3% 9, = (5.25)

K

V233/4g
To find the metric functions it is useful to trade the radial coordinate r in (5.3) for a new
coordinate 7’ implicitly defined by

eHdr? = e Y dr' . (5.26)

In the new radial variable, the BPS equations (5.7) for the metric functions read

d dh
Y 9 oty oty = I e fwg ety (5.27)

dr' /2 dr' 2

#63ee also [65] for a recent discussion of this universal solution.
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One can check that

J = \% e ST W e fhy (5.28)

is a constant of motion for the system (5.27),

a7 _

S = (5.29)
Moreover, using (5.27), J can be written as
del

Combining (5.29) and (5.30), we find that e = ¢;7’ + cg, where ¢; and cg are integration
constants. Plugging this into the BPS equation for h, (5.27), and solving for f gives

1
f_ 9 h —h 1
e _c1<\@we +He ) (5.31)

Finally, using those results in the metric, we find

2 -2
P HLAdS 2 1% HLAdS4 2 27.2
ds? = — < + 4> dt”? + ( + > dp? + pds? 5.32

Lags, 2p Lags, 2p P, (5.32)

where Lags, is the scale of the Warner AdSs vacuum defined in (3.18), p = 17’ + ¢ and
t'=t/c.

For k = 0, i.e. g = 1, the gauge field vanishes and the solution is simply AdS4 in
Poincaré coordinates. For kK = 41, i.e. g = 0, the metric has a naked singularity at p = 0.
For k = —1, we find a hyperbolic black hole with a regular horizon at py = Lags,/ V2.
The metric is normalized such that in the UV, i.e. p — o0, it approaches AdS; with a
hyperbolic boundary and radius Lags,. In the IR, i.e. p — pg, the metric approaches

L2
ds? = A <d52Ad52 + 2ds%g) . (5.33)

This near-horizon solution is part of the larger class of AdSy x ¥ solutions described
in section 5.1. The entropy for the hyperbolic black hole (5.32) can thus be obtained
from (5.22) by setting n = 1/3. Then one finds

S = (g — 1)F§:1’>ABJM7 (5.34)

, the free energy for the AdS; Warner vacuum with S3 as asymptotic bound-

where F' g}),ABJ M

ary, is given in (4.1). Thus we find an exact match between the universal results: (5.34)
from supergravity and (2.34) from field theory.
5.3 Numerical black hole solutions

In this section we present a numerical analysis of the BPS equations (5.7). We will do so for
the choice of magnetic fluxes m; = mg = mgn discussed in section 5.1.2 and furthermore
restrict to a scalar field profile that corresponds to Branch 14 in (5.19). There is no
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obstruction for repeating the same analysis for general choices of magnetic fluxes and

branches.

We find it useful to define p = f + h and use it as the new radial variable. Taking the
sum of the BPS equations for f and h in (5.7) allows us to write

(5.35)

The BPS equations in terms of p reduce to the following system of five first order non-linear

ODEs for the functions h(p),

x(p) and A;(p):

dh 1 o—2h
2 < e ) |
195% 1 8W
A - 77 5.36
Op 2W 0x ' (5.36)
O\ 1 ow _op OH
= 2e"2h 22 )
op 290 (g o, TV axi>
Once these equations are solved, the function f(p) can be found using the identity f =

p— h(p).

In order to perform the numerical analysis, it is most convenient to specify the bound-
ary conditions in the IR at the AdSs x g horizon. This is where we choose to restrict
ourselves to Branch 14 by taking the following IR boundary conditions:

1 1—n+/(1+n)(1-3n) 1 =
w1 IR _ -~
A= 2 log < 2n3/2 ’ A3 = 2 tog Vi)’ (537
l1—-n—+/(1+n)(1-
A= ;1 og < ) \/;n?,/zn)( 3“)> ’ X' = arctanhy/n, (5.38)
1 V(L —n)
IR _ A
JR 210g< " > ’ (5.39)

where we used (5.4), (5.19) (with £ — +) and (5.11). We note that in the radial coordinate
p the IR AdS, region is at p — —oo and the UV AdSy is at p — co. We use a numerical
implementation in Mathematica by starting with these initial conditions in the IR and
numerically integrating towards the UV. To move away from the near-horizon solution we
perturb the scalar fields slightly from their IR values. However, arbitrary perturbations
will generally result in singular solutions.

To find the allowed perturbations that produce regular asymptotically AdS, solutions

let us define the fields ¢,, as

>\i = )\iR + d))\i , X = XIR + ¢X ’ h = hIR + ¢h ’ (540)

and expand the BPS equation to first order in ¢,. This produces the following set of linear
equations

96,
Op

= nm¢ma m,n c {)\17)\2;>\37X7 h}a (541)
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Figure 4. Figenvalues, A,,, of M,,,, as a function of n.

where M, is a matrix that depends on the IR values of the scalar and metric fields.
Negative eigenvalues of the matrix M,,, correspond to directions in field space which lead
to singular solutions. Therefore we have to choose the deformation in (5.40) in the direction
along the positive eigenvalues. The matrix M,,, always has two negative and three positive
eigenvalues in the allowed range of n, i.e. 0 < n < 1/3, as shown in figure 4. Note that
two eigenvalues degenerate at n = /5 — 2. Since this is an irrational number it cannot
correspond to a properly quantized magnetic flux and we do not discuss it further. This
leads us to set up the initial conditions as (5.40) with

on = eyl + e el (5.42)

where €(1), €(2), €(3), are small parameters, i.e. ¢q) < 1 for a = 1,2,3, and go%l), goff), gog’),

are orthonormal eigenvectors corresponding to the three positive eigenvalues.

Figures 5 and 6 showcase the numerical analysis for n = 1/4, |e(,)| ~ 1074, the IR
value of the radial coordinate pjg = —10 and the UV value at around pyy = 28. The
Warner point is numerically unstable, but by finely tuning €(,), one can get very close
to the Warner fixed point as indicated in figure 6 and figure 5. Figure 5 shows that the
scalar fields take on the Warner values (3.17) and stay there longer as we tune more finely
towards the Warner AdS, vacuum. Eventually however, the flow will always move back to
the SO(8) AdS, vacuum which is numerically stable. As visible from figure 6, the solutions
shown in figure 5 lie very close to the Warner fixed point. Rather than keeping n fixed and
taking different initial conditions, we can also vary n to produce figure 7.

For the sake of brevity of the presentation here we focused on a detailed analysis of the
numerical solutions that asymptote to the 1 branch. However, we have also found similar
numerical solutions for the 1_ and 24 branches discussed in section 5.1.2. In fact, the
solutions for the 1_ branch are identical to the ones for the 14 branch upon an interchange
of the scalar fields A1 and As.

It is clear from figure 6 that for a fixed AdSs x Xj near horizon geometry there is
a one real parameter family of black hole solutions that asymptote to the SO(8) AdS4
vacuum of the four-dimensional supergravity. Only a single member of that family of
solutions, illustrated by the red curve in figure 6, asymptotes to the Warner AdSy vacuum.
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Figure 5. Examples of scalar profiles for n = 1/4 fine tuned to approach the Warner AdS, fixed
point. The dashed lines correspond to the fixed point values for the scalars given in (3.17).
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Figure 6. Examples of scalar profiles for n = 1/4 projected onto the x, A; plane. The parameters
correspond to those of figure 5.
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Figure 7. Examples of scalar profiles for various values of n ranging from n = % to 35
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projected onto the x, A\; plane. The dashed line corresponds to X' (AR) using (5.37) and (5.38).
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This may be viewed as a violation of black hole uniqueness and is a feature absent in the
known asymptotically black holes solutions of four-dimensional N" = 2 gauged supergravity
without hypermultiplets. We believe that the violation of black hole uniqueness is due to
the presence of the hypermultiplet scalar field that has a non-trivial profile in the black
hole solution and is charged under the U(1),, gauge field.

A different perspective on this continuous family of solutions is offered by the dual
holographic QFT. The SO(8) AdS, vacuum is dual to the ABJM SCFT. In the field theory
setup discussed in section 2 we are deforming this SCFT in two ways. We turn on the
superpotential mass term (2.6) and in addition we perform the partial topological twist
described in section 2.2. These two deformations are relevant and are thus associated with
dimensionful parameters, namely the mass, m, and the length scale, £5, of the Riemann
surface, 29.27 Therefore we should expect a one-parameter family of RG flows emerging
from the ABJM SCFT in the UV labelled by the dimensionless parameter mfs;. The one-
parameter family of supersymmetric black holes we have constructed is the holographic
dual realization of this family of RG flows. A very similar picture was presented in [47] for
a deformation of the four-dimensional N/ = 4 SYM, which is a combination of a superpo-
tential mass term and a partial topological twist.

6 Conclusions

In this paper we studied the topologically twisted index of the mABJM SCFT which can
be thought of as an interacting IR fixed point arising from the ABJM theory deformed by
an N = 2 preserving mass term. We exploited the gravitational dual of the mABJM SCFT
to construct static supersymmetric black hole solutions of the maximal four-dimensional
SO(8) N = 8 gauged supergravity. In addition, we showed explicitly that the planar limit of
the topologically twisted index is equal to the entropy of these black holes to leading order
in N. Our results can be viewed as an extension of the results and conjectures in [1, 2] which
employed the topologically twisted index of the ABJM theory to account for the entropy
of supersymmetric asymptotically AdS,4 black holes in the STU model of four-dimensional
N = 2 gauged supergravity. A distinct feature of our new supergravity solutions is that
they can be viewed as solutions to a particular four-dimensional A" = 2 gauged supergravity
coupled to three vector multiplets and one hyper multiplet. Thus our solutions constitute
rare examples of supersymmetric asymptotically AdSy black holes with non-trivial profiles
for hyper multiplet scalars. Our work opens several interesting avenues to explore.

We have provided an exhaustive classification of the supersymmetric dyonic AdSs solu-
tions in our supergravity model. However we have discussed fully-fledged black holes only
when the electric charges vanish. Given that we have numerous dyonic AdSs backgrounds
with entropy that matches exactly the topologically twisted index of the dual SCFT, it is
natural to expect that one can construct full black hole solutions that interpolate between
the AdS4 Warner vacuum and these near-horizon AdSs geometries. Due to the complexity
of the BPS equations in our supergravity model, it is likely that such black hole solutions
can only be constructed numerically.

2"We have fixed £x throughout this paper by normalizing the curvature of £, to .
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In our analysis we focused on static solutions of the BPS equations. It is known that
there are also rotating supersymmetric black holes asymptotic to AdSy (see, e.g., [40]). It
is natural to conjecture that our supergravity truncation also contains similar solutions and
it would be very interesting to construct them explicitly and to understand their entropy
microscopically.

Finally, it should be possible to construct non-supersymmetric black hole solutions in
our supergravity theory. A large class of such solutions was found in [66, 67] in the STU
model. One might hope that similar methods can be applied to our truncation, although
the presence of hypermultiplet scalars may complicate the construction.

It would be interesting to uplift our black hole solutions to M-theory by combining the
uplifts of the STU-model [68, 69] with the uplift of the Warner critical point [31]. Such
M-theory backgrounds may further elucidate the structure of supersymmetric wrapped M2-
branes and potentially allow for constructing generalizations of our solutions. A particular
generalization may proceed as follows. It was pointed out in [31] that the CPW AdSy
vacuum of eleven-dimensional supergravity can be generalized by changing the topology of
the internal squashed S7. The SU(3) invariance of the Warner AdS; vacuum is realized in
eleven dimensions by an explicit CP? submanifold of S”. Tt was observed in [31] that one
can substitute this four-manifold with any other Kéhler-Einstein four-manifold My while
still preserving N' = 2 supersymmetry. If this manifold has at least one U(1) isometry some
of our black hole solutions can probably be generalized. We expect that M, = CP! x CP!
should be the simplest generalization to study.?® The universal flow solution discussed in
section 5.2 should be easy to find for any My.

Finally, we would like to point out that our consistent truncation of the four-
dimensional N/ = 8 gauged supergravity may find other applications in the context of
holography. One potentially fruitful avenue for further study is to look for Euclidean so-
lutions that are asymptotic to the Warner AdSs vacuum with an S® boundary and have
non-trivial scalar profiles. These backgrounds should be generalizations of the solutions
discussed in [49] and can be viewed as a holographic analog of the F-maximization proce-
dure applied to the mABJM SCFT. More precisely, these putative supergravity solutions
should describe massive deformations of the mABJM N = 2 SCFT on S? that break con-
formal invariance but preserve supersymmetry. It would be interesting to construct these
backgrounds explicitly.
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A Conventions

Throughout this paper we consider smooth Riemann surfaces Yy of genus g. We put a
constant curvature metric on ¥4 of the form

2

T+aZt+g2 970
ds%g = H(z, y)2 (de + dy2) ) H(z,y)= V27 forg=1, (A.1)
1
- forg>1.
Yy
The volume form
volg, = H%dx Ady, (A.2)
integrates to:
2lg—1 forg#1,
/ Volgg =271y, Ny = ‘ ‘ (A.3)
4 1 forg=1.

The normalized curvature of X, is denoted by x = 1,0 and —1 for g =0, g =1, and g > 1,
respectively. We also use the following locally defined potential, ws, , for the volume form:

2(zdy — ydx)
————~ fi =0
wy, = { m(zdy —ydx) forg=1, dws, = voly, . (A4)
dx
— forg>1,
Yy
The AdSs metric is )
ds}as, = ﬁ(—dﬂ +dr?), (A.5)
with the volume form and the potential given by
dt Ndr dt
VOlAd82 = T, WAdS, = 7 (Aﬁ)

To conform with the prevailing custom, we use different index conventions in the field
theory and the supergravity sections of the paper. In section 2, the indices labelling the
R-charges and fugacities are o, 3 = 1,...,4 and i, j = 2, 3,4, while in sections 3 and 5 the
range of the same indices now labelling the dual scalar fields and the vector potentials is
a,=0,...,3and 7,7 = 1,2,3. In other words,

QFT _ (SUGRA | |

o jQFT = jSUGRA | (A7)

and so on.

_ 44 —



B The U(1)%-invariant truncation

In this appendix we present a U(1)%-invariant truncation of the de Wit-Nicolai N' = 8
gauged supergravity in four dimensions [35], where U(1)? is the Cartan subgroup of the
standard SU(3) € SO(6) € SO(8). On the one side, this truncation can be viewed as a gen-
eralization of the SU(3)-invariant truncation originally studied in [27] and recently, in more
detail, in [59]. On the other side, it generalizes the U(1)*-invariant truncation, where U(1)*
is the Cartan subgroup of SO(8), to the STU-model [68, 70, 71]. The resulting theory is a
matter coupled N' = 2 gauged supergravity specified by the geometric data that naturally
arise from the two simpler truncations. To determine those data, we use the same method as
in appendix B of [59], that is we compare judiciously chosen terms in supersymmetry varia-
tions and in the action of the truncated N' = 8 theory with those in N' = 2 supergravity. We
work here with the original formulation of gauged N' = 2 supergravity as given in [58, 72].

Let Tho, T34, Ts and Trg denote the four standard Cartan generators of SO(8), where
T;; is the generator of rotation in the (ij)-plane with charge one. Then the two symmetry

generators are
1

V3

under which the 8 gravitini, wui, and the corresponding supersymmetries, €', of the full

1
§(T12 —Tyy), (Thg + T34 — 2T56) , (B.1)

theory transform with the charges

v () () ()
(1) (1) (-2) w0 o

The two invariant gravitini and supersymmetries are, respectively, the chiral ¢"® and €

(B.2)

and their complex conjugates 75 and e7,g of opposite chirality.

The unbroken gauge symmetry is given by the commutant of the generators (B.1) in
SO(8). Clearly, it is the Cartan subgroup, U(1)?*, of SO(8). The corresponding gauge fields,
AY_ are the same as in the STU-model and consist of the graviphoton and three gauge
fields in vector multiplets. We find it convenient to work in the same symplectic frame as
in [71], which is specified by the following canonical gauge fields, A% o« =0,...,3,

A12:%(A0—|—A1—A2—A3), A34:%(A0—A1—|—A2—A3),
(B.3)
A56:%(A0_A1_A2+A3), A78:%(A0+A1—|—A2+A3).

In the symmetric gauge, the scalar 56-bein of the N/ = 8 supergravity is given by

V — 'U/Z-jIJ ’UinL = exp 0 ¢Z]kl e E7(7)/SU(8) ’ (B4)
,UklIJ uk‘lKL ¢’L]k‘l 0

where .
ijkl = ﬂ@jklmnpq(bmnpqu oM = (¢ijm)* (B.5)
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are completely antisymmetric complex self-dual scalar fields. We find that the U(1)2-
invariant nonvanishing ¢;;x;’s are given by

1 . 1 . 1 .
P1278 = —5 et 3478 = —3 Ay e'?? P5678 = —3 Az e,

1 . 1 . 1 .
¢1234=—§>\3€ 1S ¢1256:_§>\2@ ez ¢3456:_§)\16 e

1 . .
1357 = —Pra67 = —P2367 = —P2as7 = — (X1 cos Y1 +1ix2sinya),
4 (B.6)

1 . .
01367 = Q1457 = 2357 = —P2467 = —Z(Xl siny —1xacosa),
1 . .
1368 = Q1458 = 2358 = —P2468 = _Z(Xl cos 1 —ixasinys),
1 . .
1358 = —P1468 = —P2368 = —P2458 = *Z(Xl sin1 +1x2 cos ),

where the five complex fields,

o )\7; tanh ’)\z| ei%

o = SN e 2 1,9.3, (B.7)
| il

and
— XT’ ta'nh V X% + X% eiwr r = 1 2 (BS)
VXi+x3

parametrize the special Kahler manifold, My, of three vector multiplets and the quater-

Gr

nionic Kahler manifold, M, of the universal hypermultiplet, respectively. The two Kéahler
manifolds are

_[su@,n]? SU(2,1)
My x M = [ (1) } “SU@) x U(1)’ (B9)
with the standard metrics
_ dz1dzy dzodZzo dz3dzs
e A T Py P P R R P (B.10)
e dGrdes + dCodly (Gl + o) (GrCa + GadCa)
e = aG1acy + agadGa 1061 + G2aG2)(G1dG1 + G2aG2
96,9595 = TGP a-ae-lepz 0 B
and the corresponding Kéahler potentials
Ky = —log [(1 - [z1)(1 — |22/ (1 - |25/2)] (B.12)
Ky = —log(1—[G1|* = ¢2]?) - (B.13)

Note that My is invariant under, U(1)*, and is the scalar manifold of the STU-model. In

turn, by construction, My is invariant under the symmetries (B.1) and in fact under the

full SU(3). It is thus the same as the hypermultiplet in the SU(3)-invariant truncation [59].
As expected, there are eight invariant chiral spin-1/2 fields:

X127 , X128 , X347 ’ X348 , X567 , X568 ’ (B14)

(185 = 146 _ 236 _ 245 (246 136 _ 145 235 (B.15)
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and their complex conjugates. By examining the supersymmetry variations of the scalar
fields,?’ one can check that (B.14) belong to the three vector multiplets, while (B.15) to
the hypermultiplet.

Similarly, from the supersymmetry variations of the vector fields (B.3) into spin-3/2
fields, we read off the symplectic sections

LY =efvi2xe 4 =0,...,3, (B.16)

where the holomorphic sections, X, are explicitly given by

X0 = 2\15 (1—21)(1 — 29)(1 — 23), X' = 21¢§ (1 —21) (14 22)(1 + 23) ,
(B.17)
X? = 2\1@ (14 21)(1 — 22)(1 + 23),, X% = 2\1/5 (L4 21) (14 22)(1 — 23),,

and Ky is the Kéahler potential (B.12). The specific normalization in (B.17) is fixed by
imposing identities of the special Kahler geometry and by matching terms in the N/ = 8
and N = 2 actions.

As a consistency check we verify that the vectors f,,®, that follow from the supersym-
metry variations of the vector fields into spin-1/2 fields, are indeed given by

a a 1 a
ij = DZ]L = <8ZJ + 282‘7KV> L~ (B18)

where the derivative on the right hand side is the usual Kéahler covariant derivative.
The prepotential in the STU-model as a function of the holomorphic sections (B.17) is

F=-2iVX0XTX2X3 (B.19)

It is determined by solving

oF

1
F= XFo,  Fa= oo,

(B.20)
and requiring that F' be homogenous of degree two as a function of X“’s. The overall
normalization can be verified by the matching of Maxwell actions (see, (B.25) below), in
which the coupling of the scalars, z;, to the gauge fields is given by the second derivatives
of the prepotential,

O*F
0Xa9Xh "
One should note that a priori the prepotential (B.19) and its derivatives (B.20) and (B.21)
have a sign ambiguity, in particular when evaluated as functions of the scalars, z;. That

Foaﬁ = (B21)

ambiguity is removed by setting
VXOXY1Tx2Y3 — 1 2 2 2 B
XOX1X2X 8(1 2)(1—25)(1 — 23), (B.22)

which follows from the corresponding N’ = 8 expressions.

2For supersymmetry variations in the A/ = 8 theory, see (3.1)-(3.5) and section 5 in [35]. For the
supersymmetry variations in N = 2 supergravity, see, e.g., (4.18)-(4.25) in [58].
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The gauging in the N' = 2 supergravity is determined by the action of the gauge
symmetries on the scalar manifolds. As we have already noted above, there are just two
U(1)’s that act nontrivially on My, and hence the gauging is the same as in the SU(3)-
invariant truncation. By comparing (B.3) with (2.38) and (2.40) in [59], we find the Killing
vectors, K, corresponding to the gauge fields A% in (B.3),

Ky = 21(18@ + iCQ@CQ +c.c.,

. (B.23)
Ki=Ky,=K3= _1C28C2 + c.c..

The corresponding moment maps, P, = (P!, P2 P3) can be read-off from (B.39) and
(B.40) in [59] and become quite simple if one sets one of the hyperscalars to zero. In
particular, for (; = 0 and {» = 2z, we have

1
1—|z[*

1—2]z?

Pe=pP2_o p3— _-_“ll
[ ’ 0 1_|Z|2’

P} =P} =P} =— (B.24)
This completes the list of geometric data for the N = 2 supergravity that arises from this
truncation.

As a consistency check we verify explicitly that the A/ = 8 bosonic action reduces to

the canonical A/ = 2 action for the invariant fields. The latter reads

. 1 ] )
€ 1»Cj\f:Q = 5 R— gzizjauziauzj - ggic‘jvu@v“gj
| ’ (B.25)

+ 1 (ZapFo PO = Rag P, FP) — g2 P,

where

VuCi = auCz + QA;O:K&Q 5 (B-26)

is the covariant derivative of the scalar fields, R,3 and Z,g are, respectively, the real and
imaginary part of the matrix

—  (ImF,)(ImFzs) X7 X9 ,
Nos = Fas 211 (?;1); 5))?%(5 o Nag=Rap +iZas, (B.27)
ol
and3Y
P =494 Ko "Kg"L°LP + g*% f..°f: PP, - Ps —3L°L°P, - Pg. (B.28)

is the scalar potential.
For the vector fields with constant curvatures as in (3.22), the Maxwell equations
reduce to the following system of algebraic equations:

2~ |2 2y 12
) <1(i\+<1|r€21 ‘—)‘ZP)Q mot <1(i \cl\% |—)=§§}2>2
G2 (4 — |Gf?) + |Gf? (14 1G12)|¢

A—1GP =GP T A—1aP = [GP)?

with the same equations for the electric parameters, e.

(m1 —|—m2+m3) =0,
(B.29)

(m1+m2+m3):0,

39The “dot” denotes the summation over the vector index of the moment maps.
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C Derivation of the near horizon BPS equations

C.1 The general set-up

In this appendix we outline the main steps of the truncation of the fermion supersymme-
try variations in N/ = 8 gauged supergravity [35] to the U(1)2-invariant sector, and the
derivation of the BPS equations for the dyonic black holes used in section 3.3. The main
difference with the similar truncations discussed previously, such as the STU-model in [71]
or the SU(3) x U(1)V-invariant truncation in [29] or [31], is the presence of a nontrivial
electric field, which precludes futher truncation to real scalar fields. At the same time, we
simplify our calculation by restricting to the U( 1)3—invariant bosonic fields of the AdSy x X4
near horizon black hole Ansatz in section 3.2. Hence we use the metric (3.20) with con-
stants fo and hg, constant scalars, z; and z, i = 1,2, 3, and constant electric and magnetic
fluxes (3.22).

The spin-1/2 and spin-3/2 supersymmetry variations of the " = 8 theory are given by:

g g 3 g

OXT = — A + Dy — 29 Ayt (C.1)
. A R g

(W)ul = 2Du€z + Z\/iF;pU’YVp’VMGJ + \/igAlzjwuej ) (C.Q)

and their complex conjugates. We refer the reader to [35] for the definitions and explicit
formulae for the covariantized scalar kinetic tensor, A, kL and the scalar A-tensors, A;%
and A% which are constructed from the scalar 56-bein (B.4).

The gauge fields enter the variations (C.1) and (C.2) both through the “bare” potential,
A7 in the scalar kinetic tensor and the covariant derivative, as well as through®' F~%,
which are the anti-self-dual field strengths “dressed” with the scalar fields. They can be
expressed in terms of the field strengths, FI7, by solving the following system of equations:

1

P = (g o) T, P = (R i P, (€3)

The symmetry of the truncation guarantees that F'~% as an SO(8) tensor, has the same
structure as the vector potential, A/, in (B.3), with A® replaced with F~®. However, in
the absence of a closed form general solution to (C.3), one has to perform the calculation
explicitly. The result simplifies if we use the following linear combinations:

FO4F 14 F24+F 3= _% @ (€210 volaas, + 1€ voly, ) ,
FO94+F'-F?2_F3= f% D1 (€210 volpgs, +1e* voly, ), (C.4)
FO-F 14 F2_F3= _% D (20 volpas, +1e* voly,) |
FO_F !l _F2iF3= —% D3 (€210 volpas, + 1€ vol,) ,

that also arise in the supersymmetry variations below. Then the complex constants, ®,
are related to the electric and magnetic parameters, e, and m,, in (3.22) by

Sap®ps = e 2om, +ie 2oe, | (C.5)

31Note that the “bar” here does not mean complex conjugation.
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where

1
SOcO = 5\/§La7
. (C.6)
S, = _5\@(1_ |z D, L~ a=0,...,3, i=1,...,3.

The symplectic sections, L, have been defined in (B.16) and their Kéhler covariant deriva-
tive in (B.18).

Finally, it has been observed in [44] that the BPS equations for near horizon black
holes in N = 2 supergravity coupled to hypermultiplets must be supplemented by Maxwell
equations, which impose massive constraints on the electric and magnetic parameters. The
same holds in our model. Indeed, setting (; = 0 and (2 = z in (B.29) we find that, cf. (4.16),
m)

! =ey—e —ey—e3=0,

(C.7)

m(m)zmo—mlfmzfmzlz().

Implementing those constraints from the start simplifies the derivation of the BPS equations
considerably.

The spinor fields, x“* and ¢#i7 and the supersymmetry parameters, ¢, in (C.1)
and (C.2) are y5-chiral. Since we are using a real representation of the y-matrices, which
makes 7° to be pure imaginary, the complex conjugation, which lowers/raises the SU(8)

indices 14, j, k, . . ., changes the y°-chirality, for example
Y=, AYeg=—¢, =iy, (C8)
In particular, (C.8) implies
Pyl =iy, e =17 (C.9)

It follows from (B.2) that there are two U(1)%-invariant supersymmetry parameters, ¢’ and
3. In the following we set

d=...==0, (C.10)

and relabel €’ and €® as €' and €2, respectively.

The condition for a supersymmetric solution is that (C.1) and (C.2) vanish. Here, we
are interested in solutions for which the Killing spinors, €, of unbroken supersymmetries
are constant along the Riemann surface and the usual Killing spinors along AdSs. In the
coordinate system we are using, this means that €’ do not depend on t, z and y and satisfy

el = ——¢, i=1,2, (C.11)
along the radial coordinate, r. In addition to the spinors obeying (C.11) there are also the

“conformal Killing spinors” in AdSs dual to the S-type supercharges in the 1d supercon-
formal quantum mechanics.
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C.2 The spin-1/2 variations

After imposing (C.10) in (C.1), the only nonvanishing variations are for the U(1)2-invariant
fields in (B.14) and (B.15). Setting the variations of (B.14) to zero and using (C.9), yields

three pairs of equations of the form

el +2igFi"yeE =0,

C.12
;e —2igFi el =0, i=1,...,3, (C.12)
where
Kg/2 |Z|2 - 2 B
F1=e"° T |z|2(1_21)(1_22)(1_23)4_1—7’2‘2(21 —Z22’3) R (013)

with §o and §3 obtained by the other two cyclic permutations of z1, zo and z3. Equa-
tions (C.12) reduce to the projector

AOtel =igé?, AOte? = —igé€?, E=+1, (C.14)
and three BPS equations
O; = —269 i, i=1,...,3. (C.15)
Using the massive constraints (C.7), the variations of (B.15) simplify to

sz A, 27 =0
[1—|z|26 11—|z|26]

)

o ; (C.16)
ETE A ATE 2|
|y ) =
where
& = ef5/2[(1— 21)(1 — 22)(1 — 23) + 2(212223 — 1)] . (C.17)

Clearly, (C.16) vanish identically when we turn-off the hypermultiplet and thus are absent
in the STU-model. For a nontrivial hypermultiplet, z # 0, they imply the BPS equation

6 =0, (C.18)
which is a cubic constraint on the scalars, z;.

C.3 The spin-3/2 variations
We now turn to the spin-3/2 variations (C.2). Using (C.9), (C.14) and (C.7) in the varia-
tions v25¢, 8 + 4369, 8, we find

mo =K 259 , (C.19)

where k = £1 or 0 is the normalized curvature of X, see appendix A. The difference of

the two variations yields
Dy = 2990, (C.20)
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where

ki 2

Ky /2
MW =c¢ v/ 1 ‘2’2(1—,21)(1 —22)(1—Z3)+1_7‘Z‘2(212223— 1) . (0.21)

The variations, 51!)7?’8, along the radial directions, assuming (C.11), give

Vel =V2igtelWe,,

et = —V/2ige efoN e . (€22)
Taken together with their complex conjugates, they yield the projector
AOel = elhey A0 = —elhe) (C.23)
and the BPS equation
e o= V2igee (C.24)

where A is a constant.
Finally, using all the projectors as well as (C.20) and (C.24), the variations di;"® set

€y — 0. (025)
This concludes our truncation of the supersymmetry variations (C.1) and (C.2).

C.4 Summary and comments

We have shown that the truncation of the N/ = 8 supersymmetry variations and the
Maxwell equations resulted in:

(i) Four real equations (C.7), (C.19) and (C.25) for the electric and magnetic parameters

eq and mg.

(ii) Four complex equations (C.15) and (C.20) for the scalar dressed components, ®, of
the fluxes.

(iii) One complex equation (C.24) for the metric constant, fy, and the phase A.

(iv) A complex cubic constraint (C.18) for the scalars, z;.

Using the geometric data of the corresponding N = 2 supergravity derived in ap-
pendix B, we have verified that our BPS equations above agree, modulo differences in
conventions, with those derived for the near horizon black holes in general N' =2 d = 4
gauged supergravities coupled to hypermultiplets in [44]. In fact, a comparison with the
N = 2 formulae suggests some simplifications. In particular, we have

§i=—(-laP) D, =123, (C.26)

Those identities turn out useful for solving the BPS equations in section 3.3 using some
standard identities of the special Kdhler geometry [58, 62] and to rewrite them as attractor
equations in appendix D.

Finally, note that the equations above are invariant under [44]

(eavaHA)f) — (_eay_ma7A+7T7 _5) ’ (027)

so that we may set £ = —1 for convenience.
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D The attractor equations

In section 4, we obtained a match between the black hole entropy and topologically twisted
index by explicitly solving the BPS equations and extremization equations for the super-
gravity scalar fields and field theory fugacities, respectively. In this section we show an
alternative method to achieve a match between the twisted index and the black hole en-
tropy. In particular, we will solve a subset of the BPS equations for e?"0 as a function of
the scalar fields and the electric and magnetic charges and show that the remaining BPS
equations imply that e is extremized with respect to the scalar fields. This allows for a
comparison with the topologically twisted index and its extremization with respect to the
fugacities and Lagrange multipliers. This procedure is the same as the AdS4 black hole
attractor mechanism discussed in [2, 41-44, 73].32

It is crucial for our analysis to work with the electric charges, ¢, defined in (4.5).
As explained in sections 4.2.2 and 4.2.3, equation (4.4) leads to different electric charges
depending on whether the massive condition (4.16) is imposed in the Maxwell Lagrangian
before or after varying with respect to F'“. In this appendix we choose the latter and as a
consequence we will compare the resulting entropy with the field theory in section 2.4.3.

Using (3.40) and (3.31), we can write (3.30) as

o, = 4i€_2h0§5a (qg - Nﬁgmg) . (D.1)

Combining (D.1) with the identity

LPNos = M, = eKv/Q% , (D.2)

we can rewrite the BPS equation (3.27) as
Z=v2eM0 (L% — Mama) +1g20=0. (D.3)

With the use of the identity [58]

D (LaNaB) = (DZZ-LQ)NCMB J (D.4)
we can furthermore write (3.28) as
D, Z=0. (D.5)

Since only 20 depends explicitly on z, we can similarly write (3.34) as

= =0. (D.6)

Now, we note that the equations (D.3), (D.5) and (D.6) imply the following suggestive
set of equations

2ho _ /3 L%, — Myomyg, HeZho _ de2ho
g ’ 0z 0z

e =0, (D.7)

32G8cee also [74] for other supersymmetric AdSz x X, solutions in four-dimensional gauged supergravity
coupled to hypermultiplets.
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where 20 is a function of the electric charges, ¢, magnetic fluxes, mq, and the scalars, z;
and z. The BPS equations thus imply an extremization procedure for the metric coefficient
e?0 as a function of the scalar fields. Using (3.38) and implementing the relation (4.6)
between L% and u, to write

o 1 Eoy VI S s o8

9 2w — 2 (ug — ug — ugz — uy)

We are now in a position to see how our equation manipulations above pay off. Note

that it follows trivially from (4.6) that the u,’s satisfy S°4_, uq = 2. In addition the last

equation in (D.7) combined with (D.8) implements the massive constraint u1 = ug+ug+uq.
Implementing the massive constraint in (D.8) we can write

4

1 _
e2ho — % Z (\/'U,lUQ’U/g'UA Ma

67

L iuaqa_1> ) (D.9)

a=1

After identifying the field theory and supergravity charges as in (4.17) and (4.19) we observe
that the entropy (4.3) with e replaced by (D.9) takes the same functional form as the
twisted index (2.59). Equation (D.7) then implies that the entropy is extremized with
respect to the wu,, ensuring that the same extremization principle applies to both the
topologically twisted index and the black hole entropy.

We have not yet discussed the BPS constraints (3.23)—(3.26) on the charges. In su-
pergravity we start with four magnetic fluxes and four electric parameters which satisfy
the above four constraints. While the constraints act linearly on the electric parameters
eq, they act non-linearly on the electric charges q,. In field theory we start off with
four magnetic charges and four electric charges and implement the two constraints (2.27)
and (2.28) on the magnetic charges. The constraints (3.25) and (3.26) are equivalent to
the constraints (2.27) and (2.28). One more constraint is imposed on the electric charges
by imposing the index to be real. Indeed, the BPS constraints (3.23)-(3.26) are crucial to
ensure that €270 is real. However, there is no further constraint on the electric charges in
the field theory and there is in fact a shift symmetry which allows us to shift the electric
charges by a free parameter as in (2.62). The supergravity computation has thus fixed the
shift symmetry in a particular way. Explicit comparison shows that the shift symmetry is
fixed such that the Lagrange multipliers A1, Ao in section 2.4.3 are real, i.e. vy = 1o = 0.

In conclusion, both in supergravity and field theory we are evaluating the same expres-
sion subject to the same extremization equations. Imposing the Lagrange multipliers to be
real then ensures that also the constraints on the charges coincide. We can thus conclude
that the black hole entropy and the extremized topologically twisted index are equal.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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