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1 Introduction

Finite volume matrix elements of local operators play an important role in several applica-
tions of integrable quantum field theories. Namely, they are fundamental building blocks
of the form factor perturbation theory [1] and their determination is indispensable for
the computation of the string field theory vertex [2] and of the heavy-heavy-light 3-point
functions [3] in the planar AdSs/CFT, correspondence.

In the past decade a remarkable progress has been made in the computation of finite
volume form factors in integrable quantum field theories [4-11]. Most of the methods use
the infinite volume form factors [12] as a starting point and the finite volume form factors
are to be determined in the form of a systematic large volume series. As a first step the
large volume corrections, that decay with a power of the volume were determined [4, 5] and
not much later a method was proposed [6] for computing some special type exponential
in volume corrections. These investigations shed light on the fact that the computation



of diagonal matrix elements is a much simpler task than that of the non-diagonal ones.
Recently, in [13] it has been shown, that the leading term in the large volume series repre-
sentation of the diagonal form-factors in [5, 15] can be derived from the formulas for the
non-diagonal form-factors of [4], by taking the diagonal limit appropriately.

Though the structure of exponentially small in volume corrections for the non-diagonal
matrix elements is still unknown, inspired by [14] for the diagonal matrix elements, a nice
series representation was proposed in [10, 11]. However the proposal is valid only to purely
elastic scattering theories and its extension to non-diagonally scattering theories is still
unknown in general.

Recently, in the Massive Thirring (sine-Gordon) model a similar series representation
was proposed to describe the finite volume diagonal form factors of the theory [17]. The
conjecture was based on the computation of the diagonal solitonic (fermionic) matrix ele-
ments of the U(1) current from the light-cone lattice regularization [20] of the theory.

The purpose of this paper is two-fold. On the one hand we would like to demonstrate
that the light-cone lattice approach admits an appropriate framework for computing the
finite volume form factors of the Massive Thirring (sine-Gordon) model and on the other
hand we would like to give further justification for the validity of the LeClair-Mussardo
type series representation conjectured in [17].

To do so we compute the diagonal form factors of the composite operator YW from
the light-cone lattice approach. There are several advantages of the choice of this operator.
First of all, this operator is proportional to the trace of the stress-energy tensor. Thus the
results of reference [18] imply, that up to a constant factor these expectation values can be
computed simply from the non-linear integral equations (NLIE) governing the finite volume
spectrum of the model [22]-[31]. This makes possible to check the results coming from the
lattice computations against a result coming from a completely different method. Second of
all, the operator UV is still simple enough not to mix with other operators under renormal-
ization. Nevertheless, contrary to the case of the U(1)-current [17], in this case an infinite
renormalization constant arises in accordance with field theoretical computations [19].

In the present paper, using the framework of Quantum Inverse Scattering Method [34]—
[61], we compute such special spin-spin 2-point functions on the lattice, in which the spin
operators are located at neighboring sites of the lattice. A straightforward computation
shows, that the discretized version of the continuum operator ¥ corresponds to the lattice
operator: oo, 11 to, a:{ 1 1- We compute the expectation values of these operators be-
tween those Bethe eigenstates which correspond to the pure fermion (soliton) states in the
continuum theory. Then we show, that in the continuum limit these fermionic expectation
values (as expected) are proportional to the fermionic diagonal matrix elements of the trace
of the stress-energy tensor. Latter can be computed purely [18] from the NLIE description
of the sandwiching states. Our method, by nature accounts for the lattice artifacts, as well.

Our results also show, that in the continuum limit, when the lattice constant tends to
zero, the leading order divergence arising in the fermionic expectation values of UV is of
the same form as that expected from the renormalization group analysis of the Massive
Thirring (sine-Gordon) model. Finally, we also checked that the all order conjecture [17]
for the systematic large volume series representation of the diagonal fermionic (solitonic)
form-factors of the Massive Thirring (sine-Gordon) model is also valid for this operator.



The outline of the paper is as follows: in section 2. we recall the most important proper-
ties of the Massive Thirring and sine-Gordon models and their light-cone lattice regulariza-
tions. This section contains the pure NLIE computation of the fermionic (solitonic) expec-
tation values of the trace of the stress-energy tensor. In section 3. we summarize the Quan-
tum Inverse Scattering Method framework and the lattice part of the computation of the
special spin-spin 2-point functions of interest. The continuum limit procedure is described
in section 4. In section 5. we rephrase our results in the form of a systematic large volume
series and check the validity of the conjecture of [17]. Our summary and outlook closes the
body of the paper in section 6. The paper contains three appendices, as well. In appendix A
we rewrite the sums entering the lattice formulas for the two-point functions into integral
expressions. In appendix B we describe how to compute the lattice cutoff tend to zero limit
within these integral expressions. Finally, appendix C contains the large argument series
representations of the convolution integrals being necessary for the computations.

2 Light-cone lattice approach to the massive-Thirring and sine-Gordon
models

The Massive Thirring (MT) model is defined by the Lagrangian:
Lot = T(imd” — mo)¥ — %%V\HJ%\D, (2.1)

where mg and g denotes the bare mass and the coupling constant of the theory, respectively.
As usual, v,s stand for the y-matrices. They satisfy the algebraic relations: {v*,~"} = 2n*”
with n*¥ = diag(1,—1). Throughout the paper we use the chiral representation for the
fermions as follows:

(v o (01 (o1 s o [-10
‘If—<¢R>, 7_<10>’ 7—(_10>, V=1 = 77—(0 1)- (2.2)

It is well known [32], that this fermion model can be mapped to the sine-Gordon (SG)
model: 1
Lsa = 50,20"® + g (cos (B) — 1), 0 < f? < 8, (2.3)

provided the coupling constants of the two theories are related by the formula:

4
1+ L =22

=5 (2.4)

A more detailed investigation of this equivalence [33] pointed out, that the two models are
identical only in the even topological charge sector of their Hilbert-spaces and they differ
in the odd topological charge sector.

The operator we study in this paper is the fermion bilinear W in the MT model. To
be more precise, here ¥ means the bare (unrenormalized) fermion bilinear of the model.
According to the equivalence [32] it is proportional to the potential of the sine-Gordon
model [19]:

AIRES % cos(SP), (2.5)



with a being a cutoff in coordinate space. The perturbing operator cos(S®) of the SG
model is related to the trace of the stress-energy tensor O as follows:!

2

Or = 4rag (1 - §7T> cos(B ®). (2.6)

From (2.5) and (2.6) the fermion bilinear can be expressed in terms of the trace of the
stress-energy tensor as follows:

B Or
T 4nZ(1- B2/87) aag

VA (2.7)
Due to renormalization effects o scales with the coordinate space cutoff a as ag ~
a~P*/47 [19], thus

IV ~ P71 9. (2.8)

The minimal length a can be thought of as a lattice constant, as well. From (2.8) it can
be seen that the matrix elements of W are divergent in the attractive regime (5% < 47)
and the operator valued coefficient of the leading order divergence in a is proportional to
the trace of the stress-energy tensor.? In this paper we show that our light-cone lattice
computations account for the scaling behavior (2.8) and up to a constant factor, allow one
to compute the diagonal matrix elements of Or.

2.1 The light-cone lattice regularization

The light-cone lattice regularization scheme [20] admits an appropriate lattice approach to
the even topological charge sector of the MT model. In this description the space-time is
discretized along the light-cone directions: x4 = x +¢ with an even number of lattice sites
in the spatial direction. The sites of the light-cone lattice correspond to the discretized
points of space-time. The left- and right-mover fermion fields live on the left- and right-
oriented edges of the lattice. In this manner a left- and a right-mover fermion field can
be associated to each site of the lattice (See figure 1). Lattice Fermi operators satisfy the
discretized version of the usual anti-commutation relations:

{dJA,na 7wDB,m} =0, {wA,na ¢§7m} =daB (5717717 A7 B=R,L, 1<mn<N. (29)

As figure 1 indicates, the chirality of the Fermi operators is related to the parity of the
lattice-site index. Namely, left-mover fields live on the odd- and right-mover fields live on
the even-edges of the lattice, respectively:

Yen = Yon, Yonp=1vam-1, 1<n<

% (2.10)

'In this sine-Gordon — Massive Thirring correspondence, the components of the stress energy tensors
of the two models are mapped onto each other.

2The trace of the stress-energy tensor is a conserved quantity in the continuum quantum field theory,
this is why it is not subjected to multiplicative renormalization. Consequently, its matrix elements are finite
in the continuum limit.



Figure 1. The pictorial representation of the light-cone lattice.

For later purposes it is worth to rewrite the lattice Fermi operators in terms of the spin-
operators of the lattice. This can be achieved by a Jordan-Wigner transformation:

n—1 n—1
w: :O—TJ’L_ o7, Yy =0y Ha—fa (211)
1 =1
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The dynamics of the regularized model is given by light-cone evaluation operators: Uy,

where o (0% £ 1 0Y) with 0®¥%% being the Pauli-matrices.

and Ug. They are given by transfer matrices of an inhomogeneous 6-vertex model [20]:
Up =30 =T(6l6),  Uf=e 30 =T(60), (2.12)

where 7T is the trace of the monodromy matrix over the auxiliary space Vg ~ C2,

— —

TOE) = ToTOE),  |TONE, TV = 0. (213)

The monodromy matrix is given by the R-matrix of the 6-vertex model in the usual way [40],

T(ME) = Ror(A — &) Roa(A — &) ... Ron(A — &) = (gg\\; ZB)E:\\D . (2.14)
[0]

0 0 0
sinh(\) sinh(—iv) 0
sinh(A—iy) sinh(A—iv)
sinh(—i7) sinh(\) 0 )
sinh(A—iv) sinh(A—iv)
0 0 1

R(\) = (2.15)

o O O =

such that &,s denote the inhomogeneities of the model. The entries of the 2 X 2 monodromy
matrix act on the quantum space of the model H = ®£\L1 V; with V; ~ C? and they play
crucial role in the algebraic Bethe-Ansatz solution of the model. In (2.12) H, P and a
denote the Hamiltonian, the momentum and the lattice constant of the model, respectively.



In order to get a massive interacting quantum field theory as the continuum limit of this
lattice model, the inhomogeneities of the vertex-model must be chosen as follows [20]:
Y

gn:/)n_z§a

pn = (=1)"po, n=1,...,N, (2.16)
such that the parameter pg must be tuned with the lattice constant a, or equivalently with
the number of lattice sites N according to the formula as follows:

2N

4 Y
nMa = ; ln m, (217)

2

1

po = p
where M denotes the physical mass of fermions (solitons) of the MT (SG) model, L stands
for the finite volume and N is the number® of lattice sites of the 6-vertex model.

The parameters of the regularized lattice model are the inhomogeneities, the number
of lattice sites and the anisotropy parameter «. In (2.16) and (2.17) we described how to
choose the inhomogeneities to obtain a massive interacting integrable quantum field theory
in the continuum limit. The infinite volume solution of the model* shows [21] that this
massive continuum quantum field theory is nothing but the MT or SG model, provided
the following relation holds between the anisotropy parameter of the vertex model and the
coupling constants of the Lagrangians (2.1) and (2.3):

2
1
A :2(1—1). (2.18)
v 1+ % T
For later purpose it is worth to introduce a new parameterization for the anisotropy pa-
rameter: )
2
'y:L, with 0 <p < oo, then: ﬁ7:7p. (2.19)
p+1 4 p+1

We note, that the regimes 0 < p < 1 and 1 < p correspond to the attractive and repulsive
regimes of the quantum field theory, respectively.

The definition (2.12) embeds the light-cone evolution operators of our model into the
hierarchy of mutually commuting set of transfer matrices of the 6-vertex model. This
implies that the Hamiltonian and the momentum of the model can be diagonalized via the
Algebraic Bethe Ansatz method [34].

2.2 Algebraic Bethe Ansatz

In the framework of algebraic Bethe Ansatz, the eigenvectors of the transfer matrix (2.13)
are constructed by successive application of creation operators on the bare vacuum of the
model. The bare vacuum or reference state |0) is the completely ferromagnetic state with
all spins up. The role of creation operators are played by the 12-matrix element of the

3In this convention, in the light-cone lattice the number of lattice sites in spatial direction is % See
figure 1.

4The infinite volume solution consists of two steps. First, the N — oo limit is taken with a kept finite.
Equation (2.17) implies that this means that the inhomogeneity po is also kept finite. Then the a — 0 limit
is taken by tuning po in the large N result according to (2.17).



monodromy matrix (2.14): Ti2(A) = B(A) which decreases the S, quantum number of a
state by 1. A state constructed in this manner:

N

X) =M1, A2, o, Am) = B(A1) B(A2) ... B(Am) [0), SZ|X>:(2—m> X),  (220)

is an is an eigenvector of the transfer matrix, provided the spectral parameters in the
arguments of the creation operators satisfy the Bethe equations:

= -1, a=1,...,m. (2.21)

In the Algebraic Bethe Ansatz approach the solutions of the Bethe equations play central
role, since all physical quantities can be expressed in terms of these roots. The eigenvalue
of the transfer matrix (2.13) on a Bethe-eigenvector (2.20) is given by the formula:

m

ﬁ sinh(p — A\g +47) n ﬂ sinh(p — 51 H sinh(pu — A\g — i)
sinh(p — Ag) sinh(p — & — sinh(p — )\k) '

— i=1 —

(2.22)

For the cases, when the number of Bethe-roots is large, it is more convenient to reformulate
the Bethe-equations (2.21) in their logarithmic form. The central object of this formulation
is the so-called counting-function. For the choice of inhomogeneities (2.16) it is defined by
the formula [27]:

Zx(A) = g

(@1(A = po) + 1A+ po)) = D> da(A = M), (2:23)
k=1

where ¢,,(\) is an odd function on the whole complex plane with all discontinuities running
parallel to the real axis. In its fundamental domain |Im \| < v, it is given by the analytic
formula:

sinh(igv — \)

v(A) = —i log ———=—, ) »(0) =0, Im A : 2.24
o) = —idog G T 0<n GO0 I <n (20
The counting-function allows one to reformulate the Bethe-equations (2.21) in the form as

follows:

) =27 L, LeZ+ %‘5 S=m (mod2), a=1,...,m.  (2.25)
In this formulation, depending on the value of §, an integer or half-integer quantum number
I, can be assigned to each Bethe-root. When one considers states formed by only real
Bethe-roots, then all these quantum numbers are different® and they characterize the state
uniquely.

The true vacuum corresponding to the ground state of the quantum field theory, is the
S, = 0, anti-ferromagnetic vacuum with § = 0. This state is formed by real Bethe-roots
such that the quantum numbers of the Bethe-roots fill completely the whole allowed range

5Due to the appropriate choice of branch cuts for ¢, (N).



[Z\(—00) /27, Zx(00) /27| . The excitations above this sea of real roots are characterized
by complex Bethe-roots and holes. In this paper we will consider only hole excitations,
since they correspond to fermion or soliton excitations of the continuum quantum field
theory [26-31]. The holes are such special real solutions of (2.25), which are not Bethe-
roots.% Holes can be interpreted as missing Bethe-roots and the quantum numbers of the
missing Bethe-roots can be assigned to them:

140
Z\(hy) = 27 I, IkEZ-i-%, k=1,....,mg, (2.26)

where hj denotes the positions of the holes and their number is denoted by mg.

2.3 NLIE for the finite volume spectrum

When one has to deal with a large number of Bethe-roots, it is worth to rephrase the Bethe-
equations (2.21) or equivalently (2.25) in a form of a set of nonlinear-integral equations
(NLIE) [22]-[30].

Here we present the equations only for the pure hole sector of the theory [26] and here
we will use the rapidity convention for the equations. This means a simple rescaling of the
spectral parameter: 6 = g)\.

In the pure hole sector, the counting-function in rapidity variable Zy(0) = Zx(16)
satisfy the nonlinear-integral equations as follows:

my

Zn(0) = g {arctan [sinh(6 — ©)] + arctan [sinh(6 + O)]} + Z x(0 — Hy,)
k=1
o o (2.27)
av o CRY7 A av ol o
+ / o GO —0 —in) Ly’ (0" +1in) / - GO — 0 +in) Ly (0 —in),

where x(#) is the soliton-soliton scattering phase and G(6) denotes its derivative;

[ sin(wf)  sinh({2=lm)
x(0) = 2/dw w  2cosh(%?) sinh(252)’ (2.28)
0

N (

p—1) 7I'0J)

d , sinh(
9) = 9) = d —iwb 2
G(0) dHX( ) / we 2 cosh(%?) sinh(E25<)’

(2.29)

—00

0 < n < min(pm, ) is an arbitrary positive contour-integral parameter, © = In % is the
inhomogeneity parameter of the vertex-model and Hy = %hk denote the positions of the
holes in the rapidity convention. They are subjected to the quantization equations:

1+0
ZN(Hk) =2m I, Iy, GZ—F%, k=1,....,mg. (2.30)

The nonlinearity of the equations is encoded into the form of Lg\j,[) (0), which takes the form:

LY ) = (1 +(—1)0 e* ZN(")) . (2.31)

SNamely, they do not enter in the definition of Zx () in (2.23).



The number of holes is not independent of the S, quantum number of the state. The
connection between these two quantum numbers is given by the counting-equation” [27]:

1 S,
=25,-2|= 2.32
S MNJ, (2:32)
where here [...] stands for integer part. This equation immediately implies that on a lattice

with even number of sites, only states with even number of holes can exist.

The main advantage of formulating the spectral problem in terms of the counting
function is that it has a well-defined continuum limit. If one keeps the hole quantum
numbers fixed, it is just the N' — oo limit of the lattice counting-function [23-25]:

2(0) = Jim Zy(0),  Le(0) = Jim L(0) =In (14 (-1)7eH 7). (2.33)

The continuum counting-function satisfy the nonlinear-integral equations as follows [26]—
[30]:

/
Z(0) —Ksmh@—i—z (0 — Hg) + /39(3(0 0" —in) Ly(0' +in)

(2.34)
-/degw 0 +in) L_(0/ —in),

211
-0

where ¢ = M L with L being the volume and M is the fermion (soliton) mass. The holes
formally satisfy exactly the same quantization equations as in the lattice model:

5
Z(Hy) = 27 Ii, @ez+4§a 5e{0,1), k=1,...,mnu. (2.35)

The energy and momentum of the pure hole states in the continuum theory read as:

o
S M . . .
E=M ; cosh Hy, — m;a/dﬁ sinh(0 +ian) Lo(6 +ian), (2.36)
P = MZsth——Z /dﬁcosh&—i—zom) Lo(6+ian). (2.37)

The counting-equation (2.32) also changes non-trivially in the continuum limit [17, 27]:
my = Q, (2.38)

where @ is the U(1) (topological) charge of the continuum model.
The NLIE (2.34) can be solved iteratively in the large volume limit. From this solution
it follows, that the nonlinear terms L4 (6 +1in) are exponentially small in the volume. As a

"Here we present the equations without the presence of special objects. For a more detailed description
see for example [27, 31].



consequence in (2.36) and (2.37) the integral terms can be dropped in the infinite volume
limit and one ends up with the energy and momentum formulas of my pieces of fermions
(solitons) with rapidities {H;};j—=1..m,. This implies that the holes in the sea of real roots
describe the fermions (solitons) of the MT (SG) model. This is why in the sequel we will
refer to holes as fermions or solitons.

Finally, we note that the actual value® of the quantum number ¢ is important from
the point of view of the continuum theory. Its value can make difference between fermions
(6 = 1) of the MT model and the solitons (6 = 0) of the SG model in the odd U(1) charge
sector of the theory [28]-[30]. In the even charge sector only the § = 0 value is physical
and there is no difference between MT fermions and SG solitons [28]-[30].

From the discussion above it follows that only the even charge sector of the MT and
SG models can be regularized by the twistless 6-vertex model. The description of the odd
charge sector requires a twisted vertex-model with a twist angle w = 7 [63]. However, in
this paper we restrict ourselves to the twistless case.

2.4 Expectation values of the trace of the stress-energy tensor

In this subsection using the NLIE description of the finite volume spectrum given by (2.34)
and (2.36), we compute the fermionic (solitonic) expectation values of the trace of the
stress-energy tensor Op. The finite temperature 1-point functions, which correspond to
the finite volume vacuum expectation value, has been previously computed and discussed
in [70] and [64].

It has been shown in [18] that the diagonal matrix elements of ©7 can be computed
from the volume dependence of the energy of the sandwiching state by the following for-
mula:

(Or) = (6F) + 21 M (M + dE(E)) . (2.39)
l ar
In the sequel we compute (O7) when the sandwiching state is an mpy-fermion state de-
scribed by the equations (2.34) and (2.36).

As a starting point, it is worth to compute the infinite volume or in other words the
bulk expectation value: (©7°). Using Zamolodchikov’s argument [18], it can be expressed
in terms of the eigenstate independent bulk energy of the model by the formula:

By (4 dEpuk (¢
(05 = 27 M buk(£) | dEpuik(6) ) (2.40)
4 dl
In the MT (SG) model the bulk energy term is of the form [25]:
oMl pT
Epax(f) = I tan (7> . (2.41)
Inserting (2.41) into (2.40) one obtains:
oo\ __ 2 m
(O = —7M tan( . ) . (2.42)

80n the lattice the actual value of § can be influenced by the parity of %

~10 -



As a next step we express the non-bulk part of (O7) in (2.39) in terms of the solution
of the NLIE (2.34). To do so, it is worth to introduce some useful notations. Let F.(0)
denote the nonlinear combinations as follows:

(_1)5 eﬂ:z’Z(G)
1+ (71)6 eTiZ(0)"

Fi(0) = (2.43)

Then the derivative of Ly (6) with respect to any parameter P is given by the formula:

dLs(0)  dZ(0)
P T ap

Fi(0). (2.44)

In practice P can denote one of the parameters of the NLIE equations (2.34). Namely,
it can be the dimensionless volume ¢, the spectral parameter 8 or one of the positions of
the holes H;. The second term in the right hand side of (2.39) consists of two terms. The

first term ~ %

can be expressed in terms of dZd(eg) and of F1(6), while the second term
~ %y) turns out to be the functional of dzd(f) and of F(0).

Integrating the right hand side of (2.36) by parts, % can be rephrased as follows:

E my
7= % Z cosh(Hy,) X(d +— Z / cosh(0 +ian) Gy +ian) Fu(0 +ian),
k=1 a==+
(2.45)
where G4(0) = Z'(9), X]id) = %‘fggzg = 1. Differentiating (2.34) with respect to #, one can
show, that they satisfy the set of linear integral equations as follows:
T d@l / . / . / .
—Z %G(H—H —ian)Gy(0 +ian) Fo(0' +ian) =
S 2.46
zfcosh(0)+ZG(9—Hj)Xj(d), (2.46)
j=1
@ _ Ga(Hj) .
X = =1,... .
¥ Z/(Hj) Y j ) I mH

Taking the derivative of (2.36) and (2.34) with respect to ¢, leads the following expression

dE(¢
for —dé) :
dE(0) A ) OOdQ . . . .
T -M ; sinh(Hy) X, ' — M ; /277 sinh(0 +ian) Gy +ian) Fa(0+ian),
(2.47)
where Gy(0) = di—(f), Xlge) = % = —H(¢). They are solutions of the set of linear

- 11 -



integral equations as follows:’

Gi0) - Y. [ GO0 —ianGuld + iam) Ful +icn) =
a==%

my
= sinh(0) + Y G(0 - H;) X\, (2.48)
j=1
0 _ Ge(H;) .
J _Z/(Hj)v Jj=1...,my.

Plugging (2.45) and (2.47) into (2.39) we obtain our final formula for the fermionic (soli-
tonic) expectation values of the trace of the stress-energy tensor:

myg (d)
X
(Or) = (0F) +21M? Y { cosh(Hy) ~k— —sinh(Hy) xM } + (2.49)
k=1
2 Ji o Ga(0+ian) , , :
+M Z db cosh(@—l—wm)#—Slnh(9+wm)gg(9+zan) Fal0+ian).
a==£

Representation (2.49) for (©7) should be used as follows. First one has to solve the NLIE
equations (2.34) for the sandwiching fermion (soliton) state. Then the linear integral
equations (2.46) and (2.48) should be solved. Finally, inserting these solutions into (2.49)
gives the required expectation value. Though, this representation for (O7) might seem
strange for the first sight, but in the later sections it will turn out, that it fits very well for
the structure of the lattice results.

In the rest of the paper our main goal is to reproduce the formula (2.49) from the
light-cone lattice computation of the multi-fermion (soliton) expectation values of UW.

2.5 The lattice counterpart of ¥¥

We close this section with a short discussion about the lattice counterpart of the operator
UV in the MT model. A simple Jordan-Wigner transformation (2.11) shows, that certain

bilinears of the lattice Fermi operators are simple expressions of the lattice spin operators:

Ut hng1 = 075 074,

N _ L (2.50)

¢n+1wn =0pn Opnt1s

where oF are the usual spin creation and annihilation operators corresponding to the

nth site of the lattice, while v, and ;" are the lattice Fermi operators defined by (2.9)
and (2.10).

Using the representation (2.2) for 4°, the following identification can be made for the

unrenormalized bare operators on the lattice:

_ 1 1
_ gt + + + _
V()| = VEE@)VL@)] oy + V@) VR(E)| Ly = —VRaVLn+ UL VRn =
1. 1. 1, 1
= a%nd’?nﬂ + a¢2n+1¢2" = 5720 %2nt1 + 2720 P2n+ 1 (2.51)
9The X,gz) = —H},(¢) equation can be derived by taking the derivative of the hole quantization equa-

tion (2.35) with respect to .
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where the term é is introduced to account for the correct bare dimension of the continuum
Fermi field.
A similar computation shows that the pseudo-scalar combination of the Fermi operators

correspond to the antisymmetric combination of the spin operators:

- 1 1 1 1
5 _ _
\Ilfy \Il(x)‘x:na — awg_nw%ﬂ‘l - awg_n-&-ll/@n = 50-2n U;_n—i-l - gag_n Oon+1- (252)

Thus (2.51) and (2.52) implies, that the determination of the expectation values of the
bare scalar- and pseudo-scalar fermion bilinears is equivalent to computing the two-point
functions of neighboring spin operators. This task is completed in the rest of the paper via
the QISM [34]-[61].

We note that beyond the computation of 2-point functions (oFo T 1) the 2-point func-
tion (e, en+1) with e, = (1, —0Z) can also be computed with the techniques presented in
this paper. This latter 2-point function contains a combination a 4-fermion term, as well:
enent1 = (U, — %)(@b; 1 ¥nt1 — %) A usual argument based on the bare dimensions
of the operators implies that this operator has a nontrivial mixing under renormalization.
This means that the correct implementation of the renormalization process requires the
computation of the expectation values of further operators. This investigation is left for
future work.

3 Computation of lattice correlators

The strategy of computing the fermionic (solitonic) expectation values of the operators
UW¥ and U~°V¥ consists of three main steps. First, one has to compute the expectation
values of the lattice operators affai 1 In pure hole states. The second step is to consider
the symmetric (2.51) and anti-symmetric (2.52) combinations of these expectation values
in order to describe the diagonal form-factors of the operators UW and W~°W, respectively.
Finally, one has to take the continuum limit of the lattice results by sending the number
of lattice sites N to infinity such that the inhomogeneity parameter pg is tuned according
to (2.17). In [17] the efficiency of this method has been demonstrated via the computation
of the solitonic (fermionic) expectation values the U(1) current of the model. In this section
we describe in detail the lattice part of the computations.

Consider a vector of the Hilbert-space obtained by successive actions of creation oper-
ators on the bare vacuum:

1X) = B(\) B(A2) ... B(An) [0). (3.1)

Such a state is called Bethe-state if the numbers A; are arbitrary and it is called Bethe-
eigenstate if the set {\;};—1,. m is equal to the set of roots of the Bethe equations (2.21).
The corresponding “bra” vector can be defined by acting from the right with the annihila-
tion operators on the “bra” bare vacuum:

(Xl = (0] C(Am) ... C(X2) C(\). (32)
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The determination of the diagonal form-factors of UW and U~°W¥ requires the compu-
tation of the following two special 2-point functions:

Noor )

, 3.3
(XIX) &2

<U$U;F+1>/\

where here |X) denotes a Bethe-cigenstate.

The determination of these 2-point functions can be achieved in a purely algebraic
way [39, 40] within the framework of the QISM [34], such that only the Yang-Baxter
algebra relations and the expression of local spin operators in terms of the elements of the
monodromy matrix (2.14) of the model are used [39].

The core of the algebraic computations is the relation between the local spin operators
and the elements of the Yang-Baxter algebra [39]:

n—1 N
E’?Lb = H (A+D)(&) Tap(én) H (A+ D)(&), a,b=1,2, (3.4)
i=1 i=n+1

where the operator FE, is given in terms of local spin operators as follows:

E2 =0t EZ=_(1,—0}). (3.5)

n

1
BY =t o). BP0,

The formulas (3.4) and (3.5) imply the following representation for the 2-point correla-
tors (3.3) of our interest:

iy Now oY) 1 ABE) CElN) g
7 )y (XI) T5(6nl) T (€ns11€) (XIX) - B9
O AV ! NCE) BE)N) 50
i Tnr1)a (XIX) T5(€nl€) T5(€nr1l€) (XIX) L

where here \X> denotes a Bgthe—eigenstate, ’TX(/\\E) denotes the eigenvalue of the transfer
matrix (2.13) on the state |\) and &, is the inhomogeneity parameter belonging to the nth
site of the vertex-model.

To compute (3.6) and (3.7), we need to know, how an operator B(&,) with &, being
an inhomogeneity of the vertex model, acts on a “bra”’-vector (3.2). This is given by the
formula [40]:

M
o [JcowB Zf“’) Aalén)
k=1

; ; y (3.8)
x4 1 Q) 0] TT COw) + 32157 s Mg 0] T COwC )
k;:éclz b#a kl;:“l’b
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f(l)

Here the functions fM , frs and fS\Q/[) are of the form:

M
I] sinh(Ag — A — i)

©) 1 k=1
M ()\a|§) = ] — 7
r(Ag) sinh(A\, — &) 1]\—4[ sinh(Aq — Ap)
i
(1) _ sinh(Ag — &) ¥ sinh(); — & — i)
M (Aal§) = sinh(Aq — € —i7) 31;[1 smh]()\j I (3.9)
M
) [1 sinh(A; — Ay — i)
@) (Nas Mpl6) = =
Far (Aa; Aol€) sinh(Aq — Ap — i7) sinh(§ — Ap) 1]\_/[[ sinh(\; — \p) |
s
where N
") = H sinh(A — & — Z’Y)' (3.10)

sinh(A — &)

From its definition it follows that its inverse becomes zero at the positions of the inhomo-
geneities of the lattice model:

1
r(&)
We note that in general, in (3.8) and (3.9), Agxs can take any complex value and they do not

need to be solutions of the Bethe-equations (2.21). On the other hand it follows from (3.10)
and (2.21) that if \gs are solutions of (2.21), then r(\) satisfies the identity:

=0, j=1,...,N. (3.11)

s

r(Ak) = 1. (3.12)
k

Il
—_

Straightforward application of (3.8) to (3.6) and (3.7) lead to the following formulas:

T ! i, © (au ) 10 () B En )XY 313
(0 ont1) Tx(fﬂ)ﬁ(fw){zf [€n) Fin (Xal€n) st (3.13)

m —>(a,b) -
+Zf£r(z)()\a|£ Z Aa7>\b|€n < (§f7§n+1)|)\>}’
a=1 b=1

- (AIA)
b#a
oF o = = S i ale § Ol EPEnne)N) | (54
o = e T (5n+1|£{ el = Qe ) (A1) (3.14)
Z (i (fn)|/\> (@) (B (Ens1)IX)
+ fm+1 )‘ |£”+1 |:f'm+l( a|€n+1) <A‘>\> frn+1( a,§n|€n+l) <>\|)\> :| }7

where in fng +12) defined in (3.9) with A\,;,+1 = &,, and we introduced the following notation

for the states entering the scalar products in (3.13) and (3.14):

e |X) denotes a Bethe-cigenstate (3.1) characterized by m Bethe-roots.
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o |ii®(£)) denotes a Bethe-state, the difference of which from |X) is that a single g — &
replacement should be done in (3.1).

o |7@b) (&, €)Y denotes a Bethe-state, which differs from |X) by the A, — € and A, — &/
replacements in (3.1).

We note that in (3.13) and (3.14), we exploited that fg\i[) (€nl&n) = 0 for any values of M
and of n,n’ € {1,...,N}.

Formulas in (3.13) and (3.14) imply, that in order to carry out the computation of the
necessary special 2-point functions, one needs to know the scalar product of a Bethe-state
and a Bethe-eigenstate. This is given by Slavnov’s determinant formula [59]. Let |i) an
arbitrary Bethe-state in the sense of (3.1) and |X) be a Bethe-eigenstate. Then their scalar
product can be determined with the help of the formula [59]:

S | det H (| X)
X = (X7 = R - : 3.15
(A = Al ll:[l r() ] sinh(ug — pg) sinh(Aj — Ag) (3.15)
= i>k
where H(ji|X) is an m x m matrix with entries:
: . [T sinh(A — pp — i) sinh(Ax — pip +17)
Hop(1T) = AT ) 21 o
ab sinh(Aq — ) ) sinh(Aq — 1y — i) sinh(Aq — pp +17)

(3.16)

An important special case of (3.15), when the scalar product of two identical Bethe-
eigenstates are considered. This is given by the Gaudin formula [35-37]:

H H sinh()\j — A — i'y)
NN = =i - det B(X 1
< | > H sinh()\k - )\j) Sinh(/\j — )\k) € ( )7 (3 7)
J>k

where <I>(X) is the Gaudin-matrix, which is related to the counting-function (2.23) by the
formula:

Dop(N) = —i 0 Zn(Ma|X), ab=1,...,m. (3.18)
N

Using the actual form of the counting function (2.23), from (3.18) one obtains the following

—

form for the matrix elements of ®(\):
Dop(N) = —i Zi(Na) Oy — 21 i K(Ag — Ny|7), a,b=1,...m, (3.19)

where ) in(2+)
sin(2~y
KAly) = — . 2
(Ah) 27 sinh(A — i) sinh(\ + i) (3:20)

As it can be seen from (3.13) and (3.14), during the computation of the special 2-point

functions considered in this work, such scalar products arise, in which the components of
the vector [i take values either from the set of Bethe-roots {\j}j=1 .m or from the set of

~16 —



inhomogeneities {}x=1,. N of the model. In these cases the matrix elements of H (,EIX)
remarkably simplify:

m

Hap (V)] ,, o, = (=)™ [ sinhAe =X =i7) @ae(X),  ab,e=1,...,m. (3.21)
Jj=1
: (=1)™ sinh(—i~) [] sinh(& —A; +i7)
Hap (| X = =L b=1 =1,...,N
(g oo A Nise. Sinh(Ag — &) sinh(hg — & —in) 0 oot T e

(3.22)

These simplifications allow!'® one to compute a typical scalar product arising in the com-
putation of diagonal form factors:

~(a1,...,a v K m . . K .
</’L( b K)(gala'--ygaf()|>\> — detY H H Slnh(éak — )\J +Z’}/) H Slnh(Aak B ACLJ')

)\ Sinh(éak - gaj)

= ; ; X
(XIX) paleste sinh(Ag, — Aj —i7)

k>j

K m .
y H sinh(Ag, — Aj)

Sinh(fak - é.aj)’ K S m’ (323)

where ((@1-95) (€&, . .., €4, )| denotes a state, which is obtained from (X| = (A1, ... A
by replacing K pieces of \; to certain inhomogeneities of the lattice model:

Aa, = Eaps ar € {1,...,m}, ar € {1,...,N}, 1<k<K<m, (3.24)

such that both sets {ax} and {ay} contain distinct numbers. In (3.23) Y denotes a K x K
matrix with entries as follows:

Vij =r(a;) Xa,(ay), 45 €{1,..., K}, (3.25)

where the m-component vector X3(&) is the solution of a set of linear equations:
m
Zq)ab()‘) Xb(f) = Va(é)a a=1,...,m, (326)

with
—sinh(—i~y)

- sinh(\, — &) sinh(A\, — & —i7)’
In subsection 4.1 of [17] it has been shown, that the discrete linear problem (3.26) can be

Va(€) aec{l,...,m}. (3.27)

transformed into a set of linear integral equations. Latter formulation proves to be very
convenient, when the continuum limit is taken. For the paper to be self-contained, we
recall the derivation of the transformation of (3.26) into linear integral equations.

The actual forms (3.19) of the Gaudin-matrix and the source vector (3.27) suggest, the
following Ansatz for the m-component solution vector X, (§) of the linear equations (3.26):

Xa(&) = X(Nl6),  a=1,...,m, (3.28)

9The main technical steps of the computations are the same as those given in sections 4. of [40] and of [17].
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where X (A[€) is supposed to be a meromorphic function in A on the complex plane, such
that it is analytic in a small neighborhood of the real axis. Thus our task is the de-
termine the functional form of X (A|€). Then using (3.28), (3.19) and (3.20) the linear

equations (3.26) take the form:

i Z(A) X(Aal€) =271 Y Ka=Xoly) Xul€) =270 K (\a = p(O)]5), a=1,...,m,
b=1

(3.29)
where p(§) = £ +i3. In our computations & takes value from the set of inhomogeneities
of the vertex-model. The actual choice for the inhomogeneities given by (2.16) and (2.17)
imply that we can restrict our investigations to the case, when p(§) € R. Thus, in the
sequel we will assume p(&) to be real.

To transform (3.29) into integral equations one needs to use the lemma as follows [25,
27]:

Lemma. Let {\;}j=1 . m solutions of the Bethe-equations (2.21) and let f(\) a meromor-
phic function, which is continuous and bounded on the real axis. Denote pF) its pole located
the closest to the real azis. Then for |Imu| < |Imp\D| the following equation holds:

IN(TEPYED SYETSED SRV DR E-FTEPVEACY
j=1 j=1 j=1 e

(3.30)

—Z/d/\f,u A—ian) Z\(A+ian) FVA+ian),
a==+_"

where hj and c; denote the positions of holes and complex Bethe-roots, respectively and
]:i’\)()\) is given by

(_1)5 o1 Zx(N)
- 1+ (_1)6 eTi Zx(N)’

(3.31)
1 is a small positive contour-integral parameter which should satisfy the inequalities:
0<n< mm{|]mp)\\} \Imp +n| < |[Imp\)], (3.32)

where p)jf denotes those complex poles of fi)‘)()\), which are located the closest to the real
aTis.

The validity of formula (3.30) in p can be extended to the whole complex plane by an
appropriate analytical continuation method [27].

Then one has to apply (3.30) to the discrete sum arising in (3.29). From the actual
form of (3.30) one can recognize, that under the integrations a factor Z3(\) always arises.
To eliminate this factor from the equations, it is worth to formulate the integral form of
the discrete set of equations (3.29) in terms of the function:

G(A[) = Z3(A) X(Alg). (3.33)
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In the language of this function, the discrete set of linear equations (3.29) take the form of
a set of linear integral equations as follows:

GO + [ AN K= X1y GV~
> /d/\’K()\—)\’ —iany) G\ +ian|&) FNN +ian) = (3.34)
a=+_"
=2 K (A= p(©)3) + > KO ki) X(hle),
=

where as a consequence of (3.33) the “discrete degrees of freedom” satisfy the equations:

ol
Z5\(hj)’

X (h;€) g=1,....,mpg. (3.35)
To be more precise (3.29) and (3.30) implies that (3.34) holds only at the positions
{Aa}a=1..m- For the pure hole states of our interest all Bethe-roots are real, A, € R, and we
need the functional form of G(\|€) or equivalently of X (A|£) to solve (3.29). It follows that
if (3.34) is fulfilled everywhere in an appropriate neighborhood of the real axis, then it will
be satisfied at the discrete points {Ag}a=1..m, as well. Thus, we require G(A|£) to be the
solution of the set of linear integral equations (3.34). Finally acting!! on (3.34) with the
inverse of the integral operator!? 1+ K, one obtains the final form [17] of the linear integral
equations satisfied by G(A|€), when only pure hole excitations above the anti-ferromagnetic

vacuum are considered:

GO~ 3 [ AN GAA =X —iam) GV + iane) V(N +ian) =
a=%

N (3.36)
= So(A€) + > 2m Ga(A — hy) X (hyl9),
j=1
with .
So(Ae) = —Z . pE)=¢+ileR, (3.37)

7 cosh (Z(A - p(€))) 2

where h ;s denote the positions of the holes, 7 is a small positive contour-integral parameter,
and Gx(\) is related to the kernel of NLIE equations (2.29) by:

T
p+1

(V) = - G(”A), with = (3.38)

T2y \»

" This action is necessary in order for the final equations to have well defined continuum limit.
12T be more precise the kernel of the integral operator in “lambda” space is given by §(A—X)+K(A—X|v)
with §(A\) being the Dirac-delta function.
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Now, we can return to the computation of the 2-point functions of our interest. In-
serting (2.22) and (3.23) into (3.13) and (3.14), after some simplification one ends up with
the formulas as follows:

(o0 0:-5-1))\ =—

" sinh(Ag —&ni1) T sinh(Ag —&pp1)sinh( Ny —&np1)
X (Aalén : :
; sinh(Ag — &, —17) (Aalé H)t;l sinh(Ag — A\p—17) %

X (Xal&n) X (Apl&n+1) = X (Aalénr1) X (Ao]€n)
Sinh(&n - fn—i—l) ’

< + - >)\_ Sinh(gn_fn-&-l_i'}’)i Sinho\a_gn_i’)/) X(>\a|£n)

Tn Ont1 sinh(&n —&nt1) — Sinh()\a —&nt1—17)

+ i sinh(Aq —&n —i7) SlnhO‘b_gn‘i'Z'Y) X (Nal&n) X (Aol€n+1) = X (Aal&nt1) X (No[€n)

(3.39)

= sinh(A\g — A\p —i7) sinh(&, —&nt1)
h m
e S Xl (.40

Slnh gn §n+1

In (3.39) and (3.40) we preserved the determinant structure implied by (3.23). Nevertheless
for future computations it is better to shift the anti-symmetrization to the coefficient of
the quadratic expression of X. Then the quadratic in X parts of (3.39) and (3.40) can be
written as follows:

_ uad
(o o )8 = G gnﬂ Z F(Aas Aol€nr1) X (Nalén) X (Nplnt1),  (341)

o on)d™ = Site @H bZ Fhas Aolén) X (Nal&n) X (o [&nt1), (3.42)

where f(A, M'|€) is an antisymmetric function given by the formula:

sinh(2(A — &)) — sinh(2(\ — &)) — sinh(2(\ — )\’))‘

FA, X[€) = cos(v) cosh(20r — M) — cos(27)

(3.43)

In (3.41) and (3.42) the coefficient function f has better large A and A" asymptotics, than

the coefficients of the quadratic terms of (3.39) and (3.40). This property proves to be very

useful, when the discrete sums in (3.39) and (3.40) are transformed into integral expressions.
The typical sums arising in (3.39), (3.40), (3.41) and (3.42) are of the form:

Z F(Xa) X (Aal8), (3.44)

SO = 32 FOhud) X8 X, (3.45)

a,b=1

where in (3.45) f(\,)) is meant to be an antisymmetric function. Formulas (3.44)
and (3.45) are not appropriate to take the continuum limit, this is why it is worth to
transform these sums into integral expressions with the help of lemma (3.30). The trans-
formation procedure together with the integral representations of (3.44) and (3.45) can
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be found in appendix A. The final integral representations for (3.44) and (3.45) are given
by (A.5) and (A.9) together with the related definitions.

To describe the scalar and pseudo-scalar fermion bilinears, it is worth to introduce the
lattice operators O;rn and O,,, with the definitions:

+ _ - 4 + -
03, = 03, 02541 £ 02, 095041 (3.46)

According to (2.51) and (2.52) they correspond to the lattice counterparts of the bare
fermion bilinears WW and WAV, respectively. Using the formulas (3.39), (3.40), (3.41),
(3.42), (3.44) and (3.45) the following formal representation can be given for the expectation
values of OQin :

£y (1) sinh(—iv) o) sinh(2pg — i) $(1)
<%m—4amm>immwznmgnzmmm)[ﬂ@)@ﬂ)
1 .
+ME&Q)[H](€+,§—), E+ Zipo—i%,
where the functions fi, fo, f3 and fi are of the form:
fr(d) =1, (3.48)
_ sinh(A —pg —i 4)
20 = sinh(\ + po — i g)’ (3.49)
_ sinh(A+po +1 3)
fs(A) = Sh(A—po—3)" (3.50)
, cosh(2pg) [sinh(2X + i) — sinh(2)X 4 i )] — sinh(2(A — X))
F+ (A X) = 2eos(y) cosh(2(A — X)) — cos(27)  (3:51)
£ N = 2cos(y) sinh(2p0) cosh(2\ + i) — cosh(2\ + i) (3.52)

cosh(2(A — \)) — cos(27)
and we exploited the concrete inhomogeneity structure of the model, namely that &, =
po —i3% and anq1 = —po — i %, with pg given by (2.17).

Using the integral representations (A.5) and (A.9) for Ef\l)[f](f) and Z [f]({ &,
respectively, the formula (3.47) can be rephrased as follows:

(0305 = OF + 0% + OF + 0% + 0F; + 0%, (3.53)

where

OF = —Jlfsl(e) + sinh(—i ) sinh(2pg — i)

Jolfil(§-) F Jolf2](€+),  (3.54)

‘sinh(2po) sinh(2p0).
0% = sxlilie-) + T sy (e = O =) gy
Ex[fe)(€+,€-)
| SxlfelEn &) (3.55)
sinh(2pg)
0 = ~Solfalle-) + T sy i(e ) IR iz
Tg[fe](6+,€-)
sinh(2pg) (350)
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-2
» e
Og = ggsgﬁ](gi)g : (3:59)

such that the functionals Jy, Sx, Sg, X0, Xx, 2g, Xx¢g, Lxx and Xgg, are given by the
formulas (A.8), (A.6), (A.7), (A.10), (A.11), (A.12), (A.13), (A.14), (A.15), respectively.

The lower index of the terms in the right hand side of (3.53) carry information about
how these terms depend on the dynamical variables X (A\[€) and G(A|€). Namely:

° (’)a—L stands for the “bulk” term, which is independent of X and G,

Of( linear in X and independent of G,

Og is linear in G and independent of X,

Oig is linear in both G and X,

Of( y 1s quadratic in X and independent of G, and finally

° Ogg is quadratic in G and independent of X.

Formula (3.53) together with (3.54)—(3.59) and the integral representations (A.6)—
(A.21) given in appendix A constitutes our final result for the lattice expectation values
of the scalar and pseudo-scalar fermion bilinears. To get the expectation values of these
operators in the continuum theory, the lattice formula (3.53) should be evaluated in the
continuum limit. This will be discussed in the next section.

4 Continuum limit

In this section the expectation value formulas (3.53) are evaluated at the continuum limit.
This task reduces to the evaluation of the sums and integrals entering (3.53) in the large
po limit.'*> The pg dependence of these terms is determined by the py dependence of
the functions fi, fo, f3, f+ given in (3.48)—(3.52), and the pg dependence of X (h;|&+) and
G(A\&x). Latter is governed by the linear integral equation (3.36). First, it is worth to
discuss the continuum limit of the variables X (h;|{+) and G(A|&+). They are solutions of
the set of equations (3.35)—(3.37). The continuum limit means, that one has to take the
number of lattice sites IV to infinity, such that the inhomogeneity parameter pg is tuned
with IV according to the formula (2.17). This means, that in the continuum limit procedure
po also tends to infinity, but logarithmically in N or a.

131n the rest of the paper, the terms “large po limit” and “large N limit” will be equivalently used for
the continuum limit procedure.
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In this limit the counting-function Z)(\) (2.23)and its nonlinear combinations
]:j(:/\)(/\) (3.31) tend to their (finite) continuum counterparts:

ZN(A) = Zre(N) =2 <Z)\) ;

FI0) - 7R = 72 (1),

where Z(0) is solution of the continuum NLIE (2.34) and F4 () is given by (2.43). This
implies that in the leading order in 4 computations Z(A) and ]:g‘)()\) can be replaced by

(4.1)

their continuum counterparts given by (4.1).
Then equation (3.36) implies, that the large N limit of G(A|€+) is governed by the
large po expansion of So(A|&x) :

So(Nés) = 27” e P TNV ST (4.2)

According to (2.17) e ~ % ~ a. Since apart from Sy, all terms in the equations (3.35)—
(3.37) are proportional to G(A|€) and X (h;|€), (4.2) implies that:

GAEs) ~ % +0 <]$2) ~a+0(a?),
(4.3)

X (A[g+) ~ % +0 (;2) ~ a+ O(a?).

With the help of (4.2) and (4.3), one can immediately give a rough estimate for the large
N magnitude of the different terms arising in the right hand side of (3.53). This is implied
by their Sy, X, and G content:

1 1

+ -1 + —2(1
OONSONNNe(+p)po (QXXNXXNNzN6 (1+4p)po
1 1
+ —(1+ + —2(1+
(’)XNXNNN(; (1+p)po OXQNXQNWNG (1+p)po (4'4)
1 1
+ —(1+ + —2(1+
OgNgNNNe ( p)PO Oggwggr\/mf\le ( p)PO‘

This rough estimate implies, that in the continuum limit the terms in (3.53) being quadratic
or multilinear in G and X, (i.e. Of( X,Ogg,Of(g) become negligible with respect to the
constant (OF) and linear terms ((’)5, (’)i) Thus only the constant and purely linear terms
determine the leading order behavior of (O3 )y in the large!® N limit.

Though we would like to emphasize, that (4.4) is only a rough and not the exact
estimate for the large N behavior for the quantities entering the r.h.s. of (3.53). Its purpose
is to give a fast intuitive argument, why the multilinear and quadratic in X and G terms
become negligible in the continuum limit.

The rough estimate (4.4) was derived by neglecting the py dependence of the functions
f1, f2, f3, f+ given by (3.48)—(3.52). For presentational purposes we anticipate the exact

1By large N limit, we mean the continuum limit procedure, which means that we consider the N — co
limit, such that at the same time po is also tuned with N according to the formula (2.17).
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result. The careful computations presented in the rest of this section and in appendix B
show, that the exact leading order large N or equivalently py behavior of the sums and
integrals entering (3.53) is given by the formula:

03: ~ OA:)E ~ Oé: ~~Y 67(1+p)p0 ~ e(lfp)po ~ e*2pP07

1
+ + + —2(1 2
Ofg ~ Ofg ~ Oxy ~ e 2000 2~ (4.5)

This formula also implies that multilinear and quadratic in X and G terms are negligible
in the continuum limit. This statement is shown in appendix B.1. By comparing (4.5)
and (4.4) it can also be seen that the rough estimate came from a simplified train of
thoughts is exact at the p = 1 free fermion point.

Now, our goal is to compute the leading order in N term of (Ozin> » in the continuum
limit. To carry out this purpose, it is worth to formulate the problem in terms of the
finite parts of the leading order in N terms of G(A|¢+) and X (h;|£4). These finite parts are
defined by the following large N (or equivalently pg) expansions of G(A|£+) and X (hj]&+) -

Ge) =~ i g +0 (1),
46
2M ~Zpy (&) 1 : o
X(hj|£i):—7€ Rl AXV‘7 +0 m ; .]:]-7"'va-

From (3.36), (3.35) and (4.1) it follows, that the finite parts Gi+ and X](i) satisfy the
equations:

ASIOVEDY /dA’GA(A—X—mn)g&)(x+mn)fa§3(A’+mn):
a==

(4.7)
i mg () (3.
— APy e n)x®, x@ =TIy
J=1 Z)\,c(hj)

We note, that everywhere in (4.7) the finite continuum limit of the counting-function arises.

Now, we are in the position to determine the leading order term of the expectation
value <02in> A in the large N limit. As (4.5) implies, only the first three terms from the
r.h.s. of (3.53) will contribute at leading order. Namely, (O3 )\ = OF + O% + (’)g +
“next to leading order terms”.

The term (93E is independent of the positions of the holes. This means that this
contribution is independent of the matrix element of the operator. This is why we will
call it the bulk term: (O3 )5 = OF. Formula (3.54) implies, that this bulk term can be
represented as follows:

(O3 = ~lfel(e-) + m

sinh(2pg —i7)
W jo[fQ](§+) +

Jolf1](€-)

ol fe](+:&-)
sinh(2pg)

where Jp and X are given by (A.8) and (A.10), respectively.
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On the other hand, with the help of (3.55), (3.56), (A.6)—(A.8), (A.11), (A.12), (A.16)
and (A.18), (A.19) the sum Ox + Og can be written as follows:

0% +0% =[O (hy) X (hyle) +C) (hy) X (sl )] + (4.9)
j=1

+;E / %F&A)(/\Han) [Q(Aﬂany@)cf)(AHa)+g()\+mm€_>c(_i)@+m) ,

where
e =7 Tl () + oy UUEIONE) ~ sl fslNE )], (4.0)
OO N) =—Tal AN S Tal A sl )Tl € )

(4.11)

with Jg, Js and Jgg given in (A.8), (A.18) and (A.19), respectively. We are interested
in the leading order large N expression for (’)§ + OF, this is why from (4.6) the leading
order expressions of X (h;|¢+) and of G(A|{+) can be replaced into (4.9). Similarly, the
.7-"0([\)()\) — fg‘g (A) replacement can also be done at leading order. As a result one obtains:

2 i _
0t +0%= —7” e~ (14p)eo { 3 [c(f)(hj) XM 4P () x| ’] + (4.12)
j=1

TdA
+3° /QWfgg(ﬂmn){g(ﬂ(xﬂan)c(f)(Hm)w(>(A+mn)c(_i’(x+m)}}+...,
a=+"*

where the dots stand for subleading terms in the large N limit.

The careful evaluation of the functionals (4.8), (4.10) and (4.11) in the large po limit,
which is presented in appendix B, leads to the following large pg asymptotics for the bulk
term and for Cj([i)()\) :

o { T I T
CE ) P27 K4 (Mpo) + -, (4.14)
) 2= K- (Npo) + ..., (4.15)
where
K (Mpo) = 5;;17 FITON (10 4 O(e20), (4.16)

and the dots stand for terms tending to zero, when py — oo and p < 1.
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Putting the results (4.8), (4.13), (4.12), (4.14) together, one obtains the following
leading order result for <O§En> ) in the attractive regime:

<0§z>F<o§;>‘;““*+,y e~ (PHp {ZK (hjlpo) X! iZ’C+h|Po) Py (4a7)

7=1

+Z / dAJ:(A) (A\+ian) [g(’)()\+z’an)lC_(/\+z’a)ig(ﬂ()\—i—ian)lar()\—kia)} }

Here as a consequence of (4.5), the contributions coming from Of( X Of(g and Ogg were
neglected.

It turns out, the leading order expression (4.17) for (O), can be rephrased in terms
of the variables gd(e),X}d) of (2.46) and Gy(6), XJ(-Z) of (2.48). The reason for this is that

GH)()\) and XJ(-i) of (4.7) can be simply expressed in terms of G4(0), ](d) and G4(0), XJ(.d).

Consider the following linear combinations of G(*)()\) and X; (),

Gu) = 5 [0 (20) +.60) (20)] . X0 =57 (x4 x0), -
Ge(0) = %[Q(” (20)-g (Z0)]. X :;: (x - xO) ‘

As a consequence of the linearity of (4.7), it can be shown that the new variables

Ga(0),Ge(0), X j(d),X j@) satisfy the linear integral equations as follows:

; T do
Ga(0) — > 5 GO~ 0 —ian)Gy(0 +ian) Fal0 +ian) = (4.19)
a:ifoo
myg 5
_ \ () () _ Ga(H;) _
Ecosh(ﬁ)—i—; GO —-H) X", X = I j=1,....,mg.
5 del / / .
Gi(o)— 3" /2G<e 0 —ianGud +ian) Fald +ian) = (4.20)
a=% 50
myg 5
o G (0 _ Ge(H;) _
_smh(9)+j; G0 —Hy) X", X, = i) ji=1,....,mu,

where Z(0) and Hj are the counting function and the positions of the holes in rapidity
convention. They are solutions of the equations (2.34) and (2.35).

Comparing (4.19) and (4.20) to (2.46) and (2.48) one can recognize that

J
_ -0 _ O

Ge(0) = Ge(0), T A j=1,...,mg.

I
>

( .
g =1,....mp,
! (4.21)

>



Using (4.21) and substituting the inverse relation of (4.18) into (4.17) together with a
change of integrating variables from A to € one ends up with the final result:

2(p+1)e2pro 1 pw A X\ . ()

S W S /D [ 2r : k.

(O3,)x= Sy 5 tan( 5 >—|— ; cosh(Hy) i sinh(Hy) X" p +
(4.22)

+y /d&[cosh(Q—Han)W—sinh(&—i—z’an)%(@—kian)]Fa(0+ian)+... :

N 2(p+1)e2pro [ A x (@
(Ogp)r= (psir):y { Z <smh(Hk) z cosh(Hk)Xg) + (4.23)
k=1

+Z /d@[sinh(ﬁ—l—ian)w—cosh(ﬁ—i—iom)Q@(0+ian)]fa(0+ian)—|—... ,

where dots mean next to leading order terms in the N tends to infinity limit of the attractive
regime. Comparing (2.49) and (4.22) one can easily recognize the proportionality of (O3 )
and (©7):

2(p+1)e?P (Or)

+ —
(OF )y = p— oz T (4.24)

According to (2.51) the expectation value for the bare fermion bilinear is given by:

1-p
o Lo Mp+1) [ 4\ (Or)
(Tw) = . <02n))\ = S sinny Ma M2 +..., (4.25)

where we exploited the relation (2.17) between the lattice constant a and the inhomogeneity
parameter pg. Using the relation between p and 8 in (2.19), one can see that (¥W) is
proportional to the expectation value of the stress energy tensor, and it scales as b /Am=1

as it is expected from (2.8) obtained via purely field theoretical considerations.

5 Large volume expansion
In this section we rephrase the leading order terms in the large N expansions of (4.22)

and (4.23) in the form of a systematic large volume series. To get rid of the unnecessary
constants, we consider the following quantities:

Z /de [cosh O+ian 20T _ G0+ ian GO+ian)| Fa@+ian)+

]
mH X(d) y
+3° cosh(Hk)%—sinh(Hk)X]i) , (5.1)
k=1
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Z /d@ [Slnh(G—i-zan)g(eJrln)—cosh(&—l—zan)gg(H—i—zan) Fal@+ian)+

a==%" ¢
H X(d)
Z{smh Hy) T—COSh(Hk)X(Z) (5.2)
k=1

where Gg(6), X@ and G,(#), X are defined by the equations (2.46) and (2.48) respec-
tively. From (2.49) and (4.22) it can be seen that OT is simply related to the fermionic
expectation value of the trace of the stress-energy tensor:

(©r) - (6F)

+ _
o" = 2m M?2

(5.3)
On the other hand O~ is proportional to the fermionic expectation value of the renormalized
pseudo-scalar fermion bilinear (U+®W). Here we do not care about the actual value of the
proportionality factor, since it will turn out, that this expectation value is zero between
multi-fermion states.

The process of the evaluation of (5.1) and (5.2) in the large volume limit is very similar
to the method used for computing the diagonal matrix elements of the trace of the stress-
energy tensor in purely elastic scattering theories [11]. The reason for this is that formally
the NLIE equations (2.34) are very similar to the Thermodynamic Bethe Ansatz (TBA)
equations of a purely diagonally scattering theory of two types of particles. This analogy,
the actual form of the large volume series of the U(1) current of the theory [17] together
with the all order large volume series conjectures for the diagonal form factors of purely
elastic scattering theories [10, 11, 14-16], led to the following large volume series conjecture

for the diagonal multi-fermion (soliton) expectation values of local operators in the MT
(SG) models [17]:

Conjecture. For any local operator O(x) in the MT (SG) model the expectation value in

an n-fermion (soliton) state with rapidities { Hy, Ha, ..., Hy} can be written as:
(Hy.o Ho O Hy, o Hy) = ot
1y---y4dn xz 1y+--,4dn _,O(Hl,,Hn)
o (5.4)
x> DO{H}) p({H-Y{H}),
{HU{H-}

where p(ﬁ ) is the determinant of the exact Gaudin-matriz:

. d

p(Hy,...,H,) = det®(H),  &p(H)= I Z(Hp|H),  jk=1,...,mg, (5.5)

the sum in (5.4) runs for all bipartite partitions of the rapidities of the sandwiching state:
{Hi,...,Hy,} = {Hy} U{H_}, such that

p({H L Y{H_} = detd, (), (5.6)
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with & (H) being the sub-matriz of ®(H) corresponding to the subset {H,}. The quantity
DO({H}) in (5.4) is called the dressed form-factor [11] and it is given by an infinite sum
i terms of the connected diagonal form-factors of the theory:

n++n7d(9 ny+n_
DO({H, ... H, Z 3 ——/ [T 5 117 @i [T 70w
+=0n_=0 o0 i=ny+1

><FCO(H1,H2,...,Hn,01+in,... ,6n+—|—in,0n++1—’i’l’],. . -a0n++n_ —’L"I’]),
(5.7)

where FC denotes the connected diagonal form factors of O(x) in pure fermion (soliton)
states, 0 < n < man(pm, ) is a small contour deformation parameter and F+(0) are the
nonlinear expressions of the counting function given by (2.43).

We note that the structure (5.4) is the same for the purely elastic scattering theories
and for the MT (SG) model. The difference arises in the concrete form of the exact Gaudin-
matrix'® and in the actual form of the dressed form factors. However up to exponentially
small in volume corrections the formulas of purely elastic scattering theories are also appro-
priate to describe the multi-fermion (soliton) expectation values of local operators [9, 17].

So far, conjecture (5.4)—(5.7) has been checked against the diagonal fermionic (soli-
tonic) form factors of the U(1) current of the theory [17] and now by rephrasing O as a
large volume series, we will show that this conjecture remains valid in the case of the trace
of the stress energy tensor, too. Thus, our purpose is to bring OF into the form of (5.4)
and check whether the coefficients of p({H_}|{H.}) agrees with D ({H}) given by (5.7).

In [11], starting from the Thermodynamic Bethe Ansatz (TBA) equations, the analog
formulas of (5.4)—(5.7) were derived for the diagonal matrix elements of the trace of the
stress energy tensor in purely elastic scattering theories. The computation we present
below is an appropriate adaptation of the derivation given in section 3 of ref. [11].

The first step of the computation is to rewrite G4(6), X @ and G;() X in terms of the
solutions of some “elementary” linear problems. For any function f, let f#(9) = f(6+in),
then by definition an “elementary” solution indexed by A satisfy the linear equations as
follows:

(0% de/ / (0%
G5 O) =Y [ Tovas®@-0)GD @ FNEO) = 1), a=x ()
B=%_"
where the symmetric kernel 1,5(f) is given by:
Yap(0) =GO +i(a—B)n),  « =4+, (5.9)

and f4(0) is the source term specifying G :‘ (). An “elementary” solution with unshifted
argument satisfies the equations as follows:

Z/Wwaae 0 ian) GOV FIO) = 1a0),  a=% (510

151n general, the Gaudin-matrix is the derivative of the exact Bethe-equations with respect to the particle
rapidities.
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In our problem the index A can take values from the set J = {s,¢,1,2,...,mg}, such that
the source functions f4(#) in (5.8) take the form:

fs(0) = sinh(0), f.(0) = cosh(d), f;(0) =—-G(6— Hj), j=1,...,mg. (5.11)

From the defining linear equations (5.8) it can be shown, that the “elementary” solutions
satisfy the following identities:

[ d0 ol o o] o Td0 o el )
> [ niedere-Y [ sedere.  apes
a=E o a==£_"

(5.12)
> % £590)G7N0) Fie\9) = falHy) — Ga(Hy), j=1,...,mum, Aer
a==£_"

(5.13)

With the help of the linear equations (2.46), (2.48) and (5.8) with (5.11), the pairs of
quantities G4(0), X @ and Gy(6), X can be expressed in terms of the elementary solutions

as follows:
Ga(6) = £G.(0 Zg] ox\P =, k=1,...,mg, (5.14)
YA YA < 2 e
gew):gs(e)—zgj(e))f;), X =3 NH)G(H)), k=1,...,my, (5.15)
: =~

where @y (H) is the exact Gaudin-matrix defined by the formula:

- d

by (H) = aH, Z(HelH) = Z'(Hp) i + G (Hy), G k=1,...,mp. (5.16)

Using the formulas (5.12)—(5.16), @kj (H) and OF can be expressed in terms of the elemen-
tary solutions of (5.8) as follows:

(i)kj( ) (69’6 Hk Z gk/ Hk ) 5kj —|—Q’j(Hk), g, k=1,...,my, (5.17)

k=1
o=y [ O Fio6) [ £6) GE(6) ~ £(0) G 0)] (5.18)
a:ifoo
+2igc =S G Gy,
j:l 7,k=1
_ d9
0= =3 [ S FRO) [ 106l 6) - o) 6kle)] (5.19)
a:i_
- EZQS( Z G (Hy,) & 1(H) Go(H)).
Jj=1 j,k=1

To bring (5.18) and (5.19) into the form of (5.4) one needs to use two theorems.
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Theorem 1. The inverse of the Gaudin-matriz can be expressed in terms of its principal
minors and sequences of its matriz elements [11, 62] by the formula as follows:
é;lzi%, i i=1,...,mu, (5.20)
J det ®

with C;j being the co-factor matrix with entries:

detgp({i})? =7,
Cij = { mu? ntl & A X s . 5.21
)L T U i R g det bl o) i (5:21)

where {a} = {1,2,...,mu}\ {i,j} and ®({ZT}) denotes the matriz obtained by omitting
from ® the rows and columns indexed by the set {T}.

Theorem 2. The determinant of the Gaudin-matriz can be expressed in terms of its prin-
cipal minors and sequences of its matriz elements [11] by the formula:

mHl

det® = £ Go(H;) det®({i}) + Y > (—1)"Pja, Payas -
= (5.22)

Do, 1o LGe(Hy, ) det®({i,an,. .., an}).
Theorems 1 and 2 allow one to rewrite the double and single sums respectively in (5.18)

and (5.19) into a more convenient form. Using (5.22), the single sums of (5.18) and (5.19)
can be represented as:

g1 ZmH det ({i})

;KQA( ) i=1 GalHe) Get 1) det ® * (5.23)
* gA( ZZ n+1ga1 i)gOQ( ) g]( Oén)det(b({z’lzl’ O[]-A’ - ,O[n})’
L n=0{a} et &

i#£]

with A € {s,c}. The double sums of (5.18) and (5.19) can be represented in a very similar

form:

myg A . my d t& .

Z Ga(H;) tI)i—jl(H) Gp(H;) = Z Ga(H;) G (H;) 67({2})4_ 520
wi=1 i=1 det ¢

. o - ..

det @ L an

+3 G ()G (H) S S (1™ Go (H) Gy (Ha) - G5 (Ha,) e ({Z,(Ji,ejg el })7

i n=0 {a}

i#]

with A, B € {s,c}. It is convenient to determine first the large volume series expansion of
the first terms in the right hand sides of (5.18) and (5.19). They are called the vacuum
contributions [10, 11] since they correspond to the {H;} = () case. These terms can be
rephrased as an infinite series similar to that of LeClair and Mussardo [14-16]. To get this
series representation, first one has to construct the all order large volume solution of (5.8)
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for A = s,c. This can be obtained by a simple iterative solution of the equations. Then one
has to insert these large volume series into (5.18), (5.19). At the end of this process one gets
a bulky sum of terms, such that a lot of terms are identical under certain permutations of the
integrating variables. Taking into account these permutational symmetries by appropriate
symmetry factors, one ends up with the formula for the vacuum contributions as follows:

SIS S sy b} GUS ST | g
0| - — / S Fe 05 +in F_(6i —in
ny=0n_=0 niln_| I =1 2 i=ny+1 (5.25)

+ . . ) )
><F,?++nﬂc(01+z NyevosOn +i1, 00, 41—197, ... Opy 4 —1i7),

where the “connected” diagonal form factors of OF are given by the definitions:

Fg: (91, 92, ce ,Hn) = Z (COSh(@U(l)) COSh(@U(n)) - sinh(&a(l)) sinh(@o(n)))
O'ESTL

n—1
x 1] G0s) = Oos11)): (5.26)
j=1

Fno’c_ (91, 92, c. ,Qn) = Z (COSh(QU(l)) sinh(@U(n)) — sinh(QU(l)) COSh(@U(n)))
o€Sn

n—1
X H G(@U(j) — 90(j+1))a (5.27)
j=1

where o denotes the elements of the symmetric group 5,,. From the permutation symmetry
of the summand in (5.27), it follows that F,?; (01,02, ...,0,) =0, and consequently: O_‘vac:
0. The next step is to determine'® the large volume series representations for the 2nd and
3rd terms in (5.18) and (5.19). First one has to rewrite them with the help of the right
hand sides of (5.23) and (5.24) taken at appropriate values of the indexes A and B. Then
the all order large volume series representation of the solution of (5.8) must be inserted
into the result. Finally, the careful bookkeeping of terms being identical under certain
permutations of the variables leads to the final formula:

1

OF =
p(Hl, ‘e ;HmH)

S DO({HLY) p({H-Y{H.Y), (5.28)

{H YU(H_}

where the so-called dressed form factors take the form:

ot 00 00 1 O°n++n_d9' ny ny+n_
DY ({Hy,...,Hn}) = Zo Zomr!n_!/ 1_[1 27T1_Ilf+(6i+i77) Hlf—(é’i—in)
ny=0n_= oo = = i=n4+

+ . . . .
x F?’Lo+n++n,,c(H17 Ha,...,Hp,01+in,. .., 9n+ +m, 0n++1_z .- 70n++n, —1 77)
(5.29)

Now we can discuss the results. First we discuss the case of O~. (5.29) and (5.27) implies
that O~ = 0 exactly. Taking into account the connection between O~ and the fermionic

16The necessary computations are almost literally the same as those presented in section 3. of ref. [11].
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expectation values of the pseudo-scalar fermion bilinear:

- 1 p—1
(T7T) = ~ (0 )s ~ arsT O ...
a

011617

can conclude that the fermionic expectation values of W~4°¥ are zero.

Next we discuss the result obtained for O". According to (5.3), O is proportional to
the fermionic (solitonic) expectation values of ©7. This operator belongs to a conserved
current, this is why its connected diagonal form-factors between pure fermion (soliton)
states can be determined by using the arguments of references [14] and [15]. The actual

computations lead to the following simple result:
FOT(01,0s,...,0,) = 2t M2 EO] (61,02, .., 0y). (5.30)

Then, (5.30) together with (5.3), (5.28) and (5.29) imply that the conjecture (5.4) of ref. [17]
is valid for the diagonal fermionic (solitonic) matrix elements of the trace of the stress-
energy tensor, too.

6 Summary, outlook and discussion

In this paper, using the light-cone lattice regularization, we computed the finite volume ex-
pectation values of the composite operators ¥ and U~°¥ between multi-fermion (soliton)
states in the Massive Thirring (sine-Gordon) model. In the light-cone regularized picture,
these expectation values are related to such 2-point functions of the lattice spin operators,
in which the operators are located at neighboring sites of the lattice. The operator UW is
a particularly interesting operator, since it is proportional to the trace of the stress-energy
tensor. Thus, its continuum finite volume expectation values can be computed [18] also
from the set of non-linear integral equations (NLIE) governing the finite volume spectrum
of the theory. The final result, which was obtained after a lengthy computation of the
spin-spin 2-point functions of neighboring operators, reproduced the pure NLIE result.

In general the finite volume matrix elements of local operators are computed via their
large volume series. Thinking in this framework, previously in [17], an all order large
volume series representation similar to that of [10, 11, 14] was conjectured for the finite
volume diagonal matrix elements of local operators between multi-fermion (soliton) states.
To check the conjecture of [17] we rephrased the diagonal multi-fermion (soliton) matrix
elements of the trace of the stress-energy tensor as a large volume series. The form of the
series was conform to the conjecture of [17].

Nevertheless, one has to note that, so far the large volume series conjecture of [17] for
the finite volume diagonal matrix elements of local operators between pure fermion (soliton)
states, has been checked in cases when the local operator belongs to a conserved quantity
of the theory. This is why it would be interesting to test the conjecture for such operators,
which do not belong to the conserved quantities of the model. The results of [7, 8] indicate
that the truncated conformal space approach could be an appropriate method for such
investigations.

"Here dots stand for terms tending to zero when a — 0 in the attractive 0 < p < 1 regime of the model.
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Beyond the results of [17] and the present paper, several questions are still open.
The light-cone lattice approach gives access to all eigenstates of the Hamiltonian. Thus,
diagonal matrix elements between non-pure fermion or soliton states can also be computed
in this framework. It would be interesting to see, how the large volume series representation
of [17] should be modified in that case. Finally, a much more difficult but still open problem
is the determination of non-diagonal finite volume form factors.

Beyond our approach, there is another approach to the form-factors of the SG model
in cylindrical geometry [65-71]. We close the paper with some discussion concerning the
comparison of our method with that of the series of papers [65-71]. In [65-71] the hidden
Grassmannian structure of the XXZ model was exploited to determine the finite tem-
perature 1-point functions [70] and ratios of infinite volume form-factors [71] of the local
operators of the SG theory. In this approach the compactified direction is time and the
compactification length corresponds to the inverse temperature. The 1-point functions and
the form-factors are computed as the continuum limit of appropriate partition functions of
the 6-vertex model.

Our approach is more conventional. We consider the inhomogeneous 6-vertex model
as a lattice regularization of the MT (SG) model and the operators we consider is the set
of composite operators of Fermi fields and their derivatives.'® In our case the compactified
direction is space which makes easy to consider matrix elements of operators between
excited states of the model. The Fermi fields are expressed in terms of local spin operators
and the form-factors are given by such correlation functions of the spins, in which the spins
are located at neighboring positions on the lattice. The correlators are evaluated by usual
Algebraic Bethe Ansatz methods [39]-[43].
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A Integral representation of some typical sums

In this appendix we summarize the integral representations of the typical sums (3.44), (3.45)
arising in the computation of the expectation values (3.6) and (3.7). For the sake of
completeness we recall them in this appendix, too:

m

SO = 32 Fa) X(Al6), (A1)
a=1
SO = 3 Fhas M) X(Aalé) X (A€, (A.2)
a,b=1

180r equivalently their bosonized counterparts in the SG model.
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In order to be able to transform these sums into integral expressions, we require that in each
of its arguments f should not have worse than constant asymptotics at infinity. In (A.2)
we also require for f to be an antisymmetric function of its arguments.

First, let us consider the single sum (A.1). The straightforward application of (3.30)
to (A.1) gives the integral representation as follows:

SUIAE) = =D F(hy) X (hyle) + / ATV (A3)
j=1 %

-3 [ R atian g0t iang FOO+ ian)
a==%

However the form (A.3) is still not appropriate for our purposes, since it has no well
defined continuum limit in the cases of our interest, when £ = £4. If one tries to take
the continuum limit in (A.3), it becomes immediately obvious that the first integral term
in (A.3) will diverge in the continuum limit. The reason is as follows. On the one hand,

as a consequence of (4.6) and (4.7), it follows that in the continuum limit G(A|{4) ~ e=5A

at large A. On the other hand, as it was mentioned in section 3, the concrete functions!'®

f(A) for which we should apply (A.3) have constant asymptotics at infinity. Thus, the
oo

integrand in [ 9 f(X\) G(A€) in the r.h.s. of (A.3) blows up exponentially at infinity in
—00

the continuum limit, which implies that the integral itself diverges.

However on the lattice each term of (A.3) is well defined and convergent, because as

a consequence of (3.36) and (3.37) on the lattice G(A\|€) decays exponentially at large A.

This means, that in order to be able to define the continuum limit, further transformations

of (A.3) are required. By exploiting (3.36) one can make the following replacement into

the first integral term of (A.3):

GAIE) = =) / AN Gh(A =N —ian) G\ +ian€) FVN +ian)+
e (A.4)
+S0(Al) + > 2w Ga(X — hy) X;(8),

J=1

Making the replacement (A.4) into the first integral term of (A.3), one ends up with the
formula as follows for Eg\l)[ f1(€) :

W) = RolF1(E) + Sx[F1(€) + Sgl1(6), (A.5)

19We just recall, that in our actual computations f can be fi, f2, or f3 given by the formulas (3.48)—(3.50).
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where Jp[f](€), Sx[f](§) and Sg[f](§) are functionals of f and are of the form:

SxIA€) = S X(hl€) TalfI(hy) (A6)
j=1
e A L | |
Solf©) = Y [ o FOO+iam GO +ianle) Tlfih+ian,  (A)
a==%
[ dx
HIAE = [ 5 1) SN TalfIN) = (Fx G — ). (A8)

Here x denotes convolution with conventions given by (B.3). In this final representation
each term has a well defined continuum limit.2°

Similar, but more tedious computations lead to the following formula for Z [ 11, 8.
It is composed of six terms:

+ Xgglf1(€.€) + Exglf1(€ &)

The lower index of each term on the right hand side of (A.9) refers to the internal structure

(A.9)

of the expression as it becomes clear from their explicit form:

/ /d”so NIE) F(V. ) So(AE), (A.10)
ZX 319 Fx [f1(hs1€") = >~ X (hyl¢') Fx[£1(R1€), (A.11)
7j=1

68 = Z/gifé%wam {90\ +ianle) Fx[fI(A +ianl¢)
a==+

— G\ +ianle) Fx[flx+ian|é)}, (A.12)

Exglf1(&, Z/d)\ FNN+ian) ZFxx [f](hj, A\ +ian) x
7j=1

X{X hile) G+ ian|§) — X (hl€) G +ian|e)}, (A.13)
Sxx[f1&€) = D> X(hil€') Fxx[£](hys hie) X (hi[€), (A.14)

=1 k=1
Seolfl€.€) = Y / WFO O+ ian) FOW 11 6m) x

a,f==%_"

xG(A +ZO<77|€) G+ Bnl€) Fxx[fIA+ian X +iBn), (A.15)

20Tn the terms containing Sp(A|€) the continuum limit can be taken after evaluating the integral, because
the naive expansion (4.2) of So(A|§) under the integral leads to incorrect results. The careful computations

can be found in appendix B.
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where the two functions Fx and Fxx, which are functionals of f, take the form:

Ex[fIAE) = Js[fIAE) = JsalFI(AE), (A.16)
Fxx[fIAN) = fF(N,A) + JalfI(AX) = JalfI(N, A) = JealfIAX), (ALT)

with the “elementary” functionals:

o0

TSN =[5 So(X1e) SO, (A18)
sl = [ [avsiovie) 1) 600 -, (A19)
Ja[fIAN) = 70(1)\/,(;,\()\ =AM FNN), (A.20)
JCGUKAVY):‘7;X’]ZA”GM)——Xﬂf(YQAW)GﬂA”——X) (A.21)

Once again, we note, that at the derivation of (A.5) and (A.9), it was important to
bring the sums into a sum of such integral expressions which contain G(\) only in the
combination G(\) ,7-"0([)‘)()\). The reason for the preference of such a form is, that in the
continuum limit, this combination is integrable along the lines A +i7n with A € R and with
1 being a small positive contour deformation parameter. This convenient form could be
derived by eliminating the single G(\) terms with the help of (3.36).

B Large po expansions

In this appendix we summarize, how one can obtain the coefficient functions
K+ (Apo) (4.16) and the bulk term (4.13) of (4.17) via the computation of the large pg (2.17)
limit of the functionals (4.8), (4.10) and (4.11). The key point of the computations is that
one should work in Fourier space. This is why as a first step we fix our conventions for the
Fourier-transformations. The Fourier-transform of a function f is given by:

ﬂm:/mﬂWﬂ@. (B.1)
The inverse transformation reads as:
Oodw —iwT f
fo) = [ e o). (B.2)
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The Fourier-transform of the convolution of two functions f and g is given by the product

of individual Fourier-transforms:2!
(Fr9)@) = [dyfe-now).  Frow) =Fw)gw. B3)

Formulas (4.8), (4.10) and (4.11) imply that in order to derive the formu-
las (4.14), (4.16) and (4.13), the following functionals should be computed in the large
po limit:

o Jolfl(A) of (A.8) taken at the functions fi, fo,and f3 given by (3.48), (3.49)
and (3.50).

o Jo[f1)(§-), Jolf2](&+), and Jo[fs](£-) defined by (A.8) with &+ = £po — i3
o Fx[f+](A|&x) of (A.16) with fi given by (3.51) and (3.52).

o Yo[f+](€-,&1) of (A.10).

The strategy of the large pg evaluation of the above listed functionals is as follows.
One can write them in a very special form, namely as a linear combination of convolutions,
such that pg appears in the argument of the convolutions. This means, that the large pg
expansion of the functionals of our interest is equivalent to determine the large argument
series expansion of the convolutions appearing in them. It is worth to represent these
convolutions in Fourier-space, since by using the property (B.3) they can be written as
a single Fourier-integral. The large argument series expansion of these Fourier-integral
expressions can be computed by using the residue theorem. Thus the positions of the poles
of the integrand will determine the large argument decay of the convolutions of our interest.

To complete the concrete large pg computations, first one has to define some functions,
which constitute the elementary building blocks of the calculations:

1 ~ 1
F() = 2 cosh(%)\)’ Fe(w)= 2cosh(Fw)’ (B.4)
FEN) = 2 E(N), in casep>1: FF(w)=F.(wF2i), (B.5)
B 1 ) T sinh(§ (7 —2v))
9 = cosh(2\) — cos(27)’ g(w)= sin(2y)  sinh(fw) ' (B.6)
20 — s 2cot(2y)sinh(§ (7 —27v)) wcosh(§(m—27))
9w 25sin?(27) { sinh(fw) sinh(Fw) }’ (B.7)
e(gfa)w
ga(N) = m’ Jo(w)=— wm, ae(0,m), (B.8)
v = cosh(sgi?(—i)\czs@v)’ @’(w) - sin;lrérw)COSh (%(W_Q’YD ’ (B.9)
7 sinh(Z« (1 -2
() = [ Eengyw), o) =y B Ty (B0

—00

21Provided they exist.
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Gf()\) = GV, in casep>1: éf\c(w)zé,\(w:FZi), (B.11)

xr(A) = //\d)\'FC(X) = %arctan [tanh (2)] , XF(w)=1iF(w)t(w), (B.12)
0
A

X(A):/dXGA(X), K@) = iCr(w)e(w), with t(w):;(wiw+w_lm>, (B.13)
0

where the +i 0 prescription in t(w) ensures the correct treatment of the 1/w singularity of
the Fourier integral representations of (B.12) and (B.13).

Let us start with the computation of the bulk (4.8) or in other words the global constant
in rapidity term. The representation of the building blocks of (4.8) as linear combinations
of convolutions read as:

FLANE) = =3, (B.14)
Jolf2](€+) = —sinh(2p0) (942 * XF)(2p0) — % cosh(2po), (B.15)

Jolf3)(§-) = sinh(2po + i) (gy/2 * XF)(—2p0) — % cosh(2pg +i7), (B.16)
Solfe) € €) = 5" [cosh(20) T o) — 1(po)]. (B.17)

Solf_)(64,6-) = %7 cosh(2po) siny To(po), (B.18)

where T4 (po) and I(pg) are given by:

I(po) = 47> (Fex ' xxF)(2p0), (B.19)
Talpo) = cosaTo(pg) =4~> cosa [62’00 (F7*g*E.)(2pg) —e 2P0 (Ffxg*F.)(2po)] . (B.20)

The large argument expansions of appendix C lead to the following leading order large pg
expressions for these building blocks in the attractive regime:

e_i% 1+p _92 )
T _ — PPO 1L O Py, B.21
ilien) = = e (=2m) (B.21)
FUNE) = == om0, (B.22)
2
2
Solf+](€4,¢-) = %cos"y [cot’y cot;—l] e21=P)Po L O(2), (B.23)

1 2 1
[ o — ]eﬂl—mpu()(e—?ﬂ()). (B.24)

s
— |—co
sin~y 2v  cosvy

Dolf-J(€46-) = gsiny+isin(2y) -

Finally, inserting (B.21), (B.22), (B.23) and (B.24) into (4.8) one ends up with the final
result given by (4.13).

Now, we can continue with the computation of the coefficient functions CE()\) given
in (4.10) and (4.11). These functions can also be represented as appropriate linear com-
binations of some convolutions. Such convolution type representations of the elementary
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building blocks of Cf()\) are given by the following formulas:

TalhlN) = p*;f (B.25)
Jalf2)(\) = 2cosh(2po) x(00) + sinh(2p0) (g /2% X) (A+ po) — fa(Alpo), (B.26)
Jalfs](A) = 2cosh(2pg+i7) x(00)—sinh(2p0 +7) (g2 % X) (A = po) = f3(A|po), (B.27)
JslF)(Ngx) = cosy cosh(2po) {7 [N (gx F) (AT po) — =20 (g2 F)(AF po) | (B.28)

)
= e [T (gx F) AT po) — €T (g F ) (AT po) | b —2c087 (15 xm) AF o),
Jsalf+](Mgx) = cosycosh(2p0) {7 [eN(Gxgx F)(AF po) — 2 (Ggx F) (A po)|
e [6_2)‘(G+*g*FC)()\$po)—63F2p0(G* g*FC—)(Aq:pO)] }
—2cos (G *x9"* xr) (AF po)- (B.29)
Ts[F-J(Agx) = cos sinh(2p0) {7 [N (g5 o) (AT po) — 520 (gx FF) (A po)| -

e [P (gx F) AT po) — T (g F)AF )] | (B:30)
Jsclf-)(A&s) = cossinh(2p0) {7 [N (Gxgx F)AF po) =20 (G x g F ) (AT po)|
+e—i7[ TNGFrgx ) (A F po) =T (Grgh F )(A$00)H- (B.31)

The large argument expansions presented in appendix C lead to the following leading order
large po forms for the functionals (B.25)-(B.31):

e 14
— _o(1=p)po,—(1+p)A =il L+ TP —2p0
Jalf2](N) e e e ' FSin( ) + O(e~2r0), (B.32)
Talfs](\) = —ell=Prog(HpA givtity _1tp O(e2m) (B.33)
2sin(E7) ’

J A ,

M = Foosy eI 4 O, (B.34)
JSG.[JE(W =+t 27T [tan ;r2 — cot 7} £(1+p)A (1=P)po T Cosyei(”""”)
S1n Lo ¥ vy

+0(e?7), (B.35)
W = —cosy eEPMI) L O(e70), (B.36)

Isalf-JAEx) _ siq ™ tanﬁ — cotry| eEIHPA 1= _ gy 2+
sinh(2pp) 2 2y

+0(e™?), (B.37)

Finally inserting these leading order expressions into (4.10) and (4.11), one ends up
with (4.14) with K1 (A|po) given by (4.16).

B.1 The large N magnitude of the terms (’)XX, (’)Xg, and (’)écg

At the derivation of (4.17) we omitted the contributions of the terms (’)§ X O)i(g and O(i’:g
from (3.53). The reason for this was that, according to the anticipated result (4.5), these
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terms are next to leading order ones with respect to (’)gt, Of(, and Oé in the continuum
limit. In this subsection we present the proof of the second line of (4.5). Namely, we show
, that the multilinear or quadratic in G and X terms are indeed of order ﬁ in the large N
limit and so they are really negligible with respect to the constant and purely linear terms.

Formulas (3.57), (3.58) and (3.59) together with (A.13)—(A.15) imply the following
representations for O§ X (’))i(g, and (’)gg :

d\
o)i(gzsmhépoz/ FOO+ian) Y Fxxlfal(hy A+ iam
j=1
X AX(hle) GO +iamlés) = X(hyler) G +ianle )}, (B.38)
1 myg myg
OXx = Gniapn) 2o 2 X(hsl6-) Pxx[Fel (hy, ) X (Pl (B.39)
7j=1 k=1
+ _ N (N Ny o
Ogg = sinh QPOL;i Zo 271'}—0‘ ()\—i-zozn)]: (X3 Bm)x
x G\ +iané-)g (X+2/3n\£+)Fxx[fi](A+ian7A’+iBn), (B.40)

where according to (A.17), (A.20) and (A.21):
Fax[fJ0N) = f2(X0) + / NG\ = X) FV', )
(B.41)

o /d)\//G)\ ()\/ o )\// )\// / )\// / )\///G )\//) f(>\//, A///) G)\ ()\/// o )\/) .

—0o0

The function Gx(A) is given by (B.10) and f+(\, ') is defined in (3.51) and (3.52). To
make apparent the pg dependence of fi, we rephrase them as follows:

£+ N) = cosh(2po) £V (LX) + FP (L), (B.42)
Fo(\N) = sinh(2po) FO (NN, (B.43)
with
(1) N [sinh(2A + i 7y) — sinh(2\ + i )]
Fe W A) = Zeos(y) cosh(2(A — X)) —cos(2y) ' (B44)
2) N sinh(2(A — X))
FE A X)) = —2cos(y) cosh(2(A — X)) — cos(2y)’ (B.45)
f&l)()\, ) = 2cos(7) cosh(2\ + i) — cosh(2\ + i) (B.46)

cosh(2(A — X)) — cos(27)

The point in the representations (B.42) and (B.43) is that the py dependence is lifted as a
prefactor, and the coefficient functions fil) and ff) are pg independent.

To determine the magnitude of (’)X x> Oxgv and (’)ég, first one has to compute the
large N magnitudes of each building blocks of the formulas (B.38), (B.39) and (B.40).
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In all the three quantities the functional Fy x[f+](A, ') given by (B.41) arises. Now
we show , that it is of order e??0 at large pg. Formulas (B.44), (B.45) and ((B.46)) for
the functions f(l), ff), imply that these functions have constant asymptotics at infinity
in each of their variables. On the other hand (B.10) implies that G5 (\) is pp independent
and has the large \ asymptotics:

2
Ga(\) ~e Ml with:  ag =1+ Min <p, 1+ ) ., 0<p, (B.47)
b

with p being the coupling constant defined by (2.19). These large A and A asymptotics
ensure, that all integrals will converge in (B.41). Furthermore, if one uses the representa-
tions (B.42) and (B.43) in (B.41), then it becomes obvious that the py dependence is only
given by the trivial factors cosh(2pg) or sinh(2pg) of (B.42) and (B.43), respectively, such
that these factors can be lifted in front of the convergent pg independent integrals. This
implies, that Fx x[f+] ~ €20 in the large pg limit.

The next common building block in (B.38), (B.39) and (B.40) is a trivial pg dependent
prefactor: m which is of order =279, when py — cc.

Formulas (B.38), (B.39) and (B.40) are multilinear in G(A[{+) and X (A|{+). Their
large N magnitudes can be read off from (4.3) and they both turn to be of order % in the
large N limit.

The amount of information provided so far is enough to give the large N estimate

for Of( + given by (B.39). Multiplying the magnitudes of the building blocks immediately
.
To prove that Of{g and (’)gg are also of order

leads to the large N estimate: O%X ~

1
N27

of ]-"i’\)()\ +1in), too. This function is defined in (3.31) and due to (4.1) it becomes of order
one in the large N limit. This is why, at leading order its continuum counterpart ]-'j([)‘i()\ +
in) can be substituted into the formulas (B.38) and (B.40). Equation (2.34) implies, that
at large A this function decays as: fj([)‘g()\ +tin) ~ et sinh FOAEM) pig extremely rapid

one should deal with the large NV limit

decay at infinity ensures the convergence of all integrals entering the expressions occurring
in (B.38) and (B.40). This implies that, the large N magnitudes of (’);g and (’)gg are given
by the product of the magnitudes of the basic building blocks determined above.
For completeness we summarize below the magnitudes of the important building blocks
of (’)}X, (’))i(g, and (’)gg together with the relation between py and N given by (2.17):
Lt L BRIV ~ FaOLX) ~

sinh(2po) (B.48)

GA€x) ~ e PP X (A[gy) ~ e (P,

We emphasize, that these py dependences are not entangled with the A\ dependence of the
quantities they belong to, thus they can be lifted in front of py independent convergent
sums and integrals entering the formulas (B.38), (B.39) and (B.40) after replacing (B.41)
with the representations (B.42) and (B.43) into them. This implies that the magnitude of
the individual building blocks listed in (B.48) determine that large N magnitudes of O} X
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O?{g and Ogg

1 1
* ~ e 2(4P)p0 o~
Oy ~ S0 X X Fxx|fs] ~e e
1 1
+ ~ e 2(4P)p0 o~
Oxg ~ NI X G Fxx|ft] ~e Nz (B.49)
1 —2(1+p)po 1
Ogg 51nh(2 0) GG Fxxlfe]~e N2’

One can see from (B.49) that each expression is of order N2 ~ a? in the large N limit,
consequently they are negligible in the continuum limit

C Large argument series representations

In this appendix we list the large argument expansions of the convolutions being nec-
essary for the explicit computations presented in appendix B. As it was mentioned in
appendix B, the series representations listed below, can be obtained by evaluating the
Fourier-representations of the convolutions with the help of the residue theorem. The con-
stituent functions of the relevant convolutions together with their Fourier-transforms are
listed in (B.4)—-(B.13). The definitions of the necessary convolutions together with their
large argument expansion read as follows:

(Grxgx FH)(\) V=™ Z {U(i) F2L+k)A 4 Uéfc) CFUH2RIA | U?E,jltc) AFH2R) I

(C.1)
+ Uii) TS )‘}, with:

Ul(z) = csc(2y)sin(2y(k+1))sec(y(k+2)),

m(—1)"*csc?(y)sec(y) tan (WQ%:H) )

(+)
Us g o 7
U mesc? () sec(y) sin® <(”—27)(—223+27rk+7r)) cse ((71'—’7)(—22’1/-0-27rk+7r)> sec (w(y—i-g;rk—&-w))
. 4y :
: T\TT— 7.‘.2 - .

) _ 7(—1)"*csc(27) sin? (%W) csc ( 7511421)) soc ( 775114:/1)> o <7+ 7(k+1))
4k ) |
US,) = asc(2y) sin(2y(k+1)) sec(vk), s

71'(—1)’c csc?(v) sec(v) tan (M)

U(_) = — 27

2.k o ,
U mesc?(7y) sec(y) sin” <(”*27)(2;7+2”k+ﬂ)) csc ((nw)@gznkﬂ)) coc ( %W )

3k = |

T(T— 71‘2 . -

i Tl (D) o () o e (1220
e 4 — 4y .
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(Gakgx F) A_&OOZ{ e F2(1+k)A _|_Z(ﬁ:) F(1+2k) T /\+Z( ) o PF(1H2k) T

(C.3)
+ Zii) F20+k0) 755 } ) with:
Zf,;) csc(2y)sin(2vy(k+1)) sec(vk),
_1\—k 2 w(y+2mk+m)
e m(—1)""csc?(y) sec(y) cot (727 )
2,k 47 y
: 7T2 7T2 s s ™
) m(—1)"*csc? () sec(7y) sin? <% - 27) sec (% - 7) sec (%)
ZS,kJ - 47 )
. (T — 7T2 T Us
) _ 7(—1)"Fcsc(v) sec(y) sin? <(5%)7(k+1)) cse < 7&4’;1)) sec ( 'Yﬂ(ﬁ:l)) sec (7(%’/‘30
4.k 47— 4y ’
ka) csc(2y)sin(2y(k+1))sec(y(k+2)),
7(—1)Fesc?(y) sec(y) tan (%)
Z(—) _ Y
2.k 4’7
s s 7T2
o) m(—1)F csc?(7y) sec(y) sin (27+M> sec (%) (7+ %)
Zg,k - 47 )
) 7(—1)* csc(2y) sin? (ﬂ(”fz)v(kﬂ)) cse (”iglffyl)) sec (M#ﬁffl)) sec (7—1— %ﬁ)
4.k 2(71,_7) )
(G +gr ) "2 S [V FUI+IN 4y (TIN5
=i ’ | (C.4)
+ Vﬁ;) 62>‘¢2(1+k)ﬂ%v)‘} , with:

Vi) = esc(y) sec(y) sin(y(k + 1)),

7(—1)"* esc?(7y) sec(7y) sin (WQ(?;H) - 27) sec (7#(227’?1) _ 7)

+
Vi) = - |
+) m(—1)7% csc?(v) sec(y) sin (27 + ”2%7’;“)) csc (%W)
Vak 7 7
5
L T Fese(y) sec(s) sin (a2l g (=2t
" A(m — ) sin (ZED cos (T s (2trh))
- . T sec
Vl(’k) = csc(y) sec(y) sin(y(k + 1)) — k0 - _(;)’
m(=1)F esc?(7) sec(y) sin (2’7 + (2k+1)> sec (,y + M)
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7.‘.2 7T2
) 7(—1)* esc?(y) sec(v) sin (% - 27) sec (%)
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o m(=D)Fese(y)sec(y) sin (HE2UEL ) gin (20D ) )
V= -
4k 4(m — ) sin <7r2(k—:1)> cos (%:1)) cos (%_i)—v))
(G5 *g* Fu)( )\%:I:oo Z{ eT20+R)A | J(i) FOF2R)TA 4 Jéj;) o~ AF(1420) T
(C.5)
+ Jik) 6—2)\3F2(1+k)ﬁ>\}’ with:
‘]1(;) = csc(y) sec(y) sin(y(k + 1)) — ko 72Tse_c(;37
) 7(—1)"F cse?(y) sec(v) sin (27 + M) sec (’Y i ﬁ(;j];—f—l))
J2,k = = ™ :
by (DR ese(9) see(y)sin (FEE — 29) sec (L)
J3,k = ™
(+) W(_l)_k csc(2) sin (%{YU@W — 2’7) sin (W*ﬁ%)’y(km)
J - )
4k 2(m — ) sin (%ﬂ) cos (%ﬁﬂ) cos (%ﬁ)
‘]1(;3) = csc(7y) sec() sin(vk),
. w2 2
) 7(—1)* esc?(7) sec(y) sin (% _ 27) sec (% B 7)
Jox = :
b 47
=) 7(—1)* esc?(7) sec(y) sin (27 + ”2(227’;‘“)) sec (79(2271?1))
J3,k == ™ :
(-) W(_l)k csc(y) sec(y) sin (W) sin (%’ffﬂk))
J N fry
T e =) s (P58 con (S on (550
(G w5 xm) () Y E Z { (2>\ Iﬁ [Ei)) GFER-DIN [2(32) (T2 e

I A

with:

i _ C)p+ 1)
1.,k — T )

1) = L(-DMp+ 1D)Beos(r(1 — 26)p) — 1) eseln(1 — 2k)p),

1 . [ 27k(p—1) wkp k
Ié:"];) = 1(—1)k S1n <p—|—1> CSC (ZH—l SGC2 ﬁ y
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. 2rk(p—1) wkp+mk 2 ( 7k
Iéz) _ (p + 1) sec(mk) sin (727 ) cse ( 5 ) sec ( o ) |
s 4p
o) _ G p+1)?
Lk — - ,
_ 1
1) = =S (=1 (p+ D(Beos(rm(2(k + 1) + 1)p) — 1) ese(m(2(k + 1) + 1)p).

Ié;c) = _i(—l)ksin (W) cse (pﬂf]z) sec? <p7f1> )

(=) _
I3y = 2
(g% Fo)(A) " E Z { eFARFDA 4 i) *‘2’”1)?} . with:  (C.7)
qY = csc(y) sec(y) sin(vk
1k ) sec(y) sin(vk),
H{Y = _w’
’ Y
Hf;) = csc(y) sec(y) sin(vk),
i) - _TED esey)
’ Y
(g*F+ >\—>:|:<>o Z{ 6;2 (k+1)X Kéﬂ;) €2A¢(2k+1)§A} ’ with: (C.8)

KS,;) = csc(27) sin(2vk) sec(y + k),
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Ky, = :
2,k ~
Kﬂ) = csc(27) sin(2vk) sec(y — k),
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(972 X)) F2x(00) + - el P4 o) LTI L LD T (i)

k=1
egi) = —26”’“, egj) = —ef_)k,
in2(2k—1) 5
Nk T w2 (2k—1)
6(+) _ _277( 1)Fe 2y sec( om ) 6(7) B e(ﬂ
2,k ~ ; 2k — €2k
vk
) _ e (w v) o) )
3.k T—~ 3, 3,k
Then
(fax G)(A) = 2cosh(2p0) x(00) + sinh(2p0) (g2 * X) (A + po),
F2(Alpo) = €72 + sinh(2pg) Y el}) e HAre0), (C.11)
k=1
(f3 x G)(A) = 2cosh(2pg + i) x(00) — sinh(2po + 17) (g2 * X) (A — po),
o
f3(A|po) = e 2P0~ — sinh(2p9 + ) Z egﬁg 2k A=po), (C.12)
k=1
For ae € (0,m) :
1 > 2 =
(9o XF)(£200) = F5 + Y afe’ 7 (FHI0L NTpreTe, (C.13)
k=0 k=1
im(m—2a)(2k—3)
r(—Dke™ " 3 sec 7r(7+7r2(2k—3))
. y L NESI
a,(f) _ - ( )7 i = _(a](:r)) :
B](:-) _ —ezmksec(’yk), 6}; — _([;](:_))*7

where here * denotes complex conjugation. Finally, we close this appendix with the large
po series representation of I(pg) and To(pp) given by (B.19) and (B.20), respectively.

o0 o0
. . . o
I(po) =7+ E I e thro 4 §: {(Iz,k + I3, po)e 7 (H%)po} ; (C.14)
k=0 k=0

IAl’k = —272 (tanQ(’yk) — 1) ,

. 22k +1

Iy =27 <7r csc? <7T(+)> — 2'y> ,
k) 2,)/

72 (2k + 1)>

f3 r = 8w cot <
b 2’y

[e]
27 27
76(,00) = 6_2p0 to + E {th €2p0_7(1+2k) po + t27]<; 6_2p0_7(1+2k) po

k=0
+tgpe 2 (EF2 00 } (C.15)
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with:

to = 272 sec(7),

=y (22D ).

2
to, = —2my <sec(’y) + csc(y) cot <(22kiy+1)>> ,
tar = 277 [2sec(y) — sec(y(k + 1)) sec(y(k +2))] .
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