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1 Introduction

A consistent mechanism to provide mass to gauge bosons was proposed in 1964 by Brout,
Englert and Higgs [1-3], based on the concept of spontaneous symmetry breaking. Once
the mechanism is realised in terms of scalar fields, besides the massless Goldstone boson
eaten by the massive gauge bosons, the spectrum typically contains massive degrees of
freedom [3]: in the case of the Standard Model (SM), this sector consists of a single neutral
state, aka the Higgs boson. Its discovery in 2012 by ATLAS [4] and CMS [5] at the Large
Hadron Collider (LHC), coming 50 years after its theoretical proposal, can be considered
the crowning of a long-standing physics program.

The outstanding experimental results have obtained a precise determination of the
mass of the new resonance [6], however the measurement of its couplings, which is the
ultimate test of the SM predictions, has been achieved with limited accuracy [7, 8]. While
the central values seem to suggest that the SM hypothesis is correct, the precision attained
is only at the level of 10% in the best channels (WW and ZZ). This precision is a far
cry from the one attained in other observables of the electroweak sector, where precisions
at the level of 0.1% are common [9, 10]. From the experimental data, therefore, there is



still ample space for extensions of the Higgs sector of the theory, and one may still expect
new particles to be present at mass scales not far from the TeV scale. This expectation is
also corroborated by theoretical considerations, mainly based on the stability of the Higgs
mass, and of the electroweak scale, under quantum corrections — the infamous hierarchy
problem. Furthermore, the SM fails to provide a candidate of Dark Matter, and to explain
Baryogenesis (the generation of matter-antimatter asymmetry in the Universe).

Extensions of the Higgs sector of the SM are often required in models of New Physics
addressing the hierarchy problem. One very attractive possibility is to replace the ele-
mentary scalar at the origin of the symmetry breaking in the SM with a confining sector
which spontaneously breaks the symmetry via confinement. Such a physical effect does
occur in nature in Quantum Chromodynamics (QCD), the confining sector describing nu-
clear strong interactions. Early attempts were made in the late 70’s by scaling up QCD
dynamics [11] to energies apt to generate the electroweak scale (old school Technicolor),
however such theories did not have a light Higgs boson and typically induced too large
corrections to electroweak precision measurements [12]. One way to introduce a Higgs-like
boson is to extend the global symmetry of the model so that a light scalar can be left in
the spectrum as a pseudo-Nambu-Goldstone boson (pNGB) [13, 14]. This idea received
new life in the early 90’s when, following the conjecture of a duality between warped extra
dimensions and 4-dimensional conformal theories, a pNGB Higgs was associated with a
gauge field in extra dimensions (holographic Higgs) [15]. The first concrete and feasible
model was proposed in [16, 17], based on the minimal coset SO(5)/SO(4) that provides just
a SM-like Higgs with custodial symmetry. A lot of work has been dedicated to this class of
models (for recent reviews, see [18] and [19]), however most of the work has been dedicated
to the minimal scenario and formulated in an effective field theory context. Furthermore,
following the holographic Higgs construction, the model building efforts have been relying
on the presence of fermionic bound states (top partners) which couple linearly to the SM
fermions (the top) in an attempt to give the top mass without incurring in large flavour
violating effects.

In this paper we will take a different approach to the problem: instead of relying on an
effective Lagrangian (possibly completed by a conformal theory) or extra dimensions, we
will define an Ultra-Violet (UV) completion based on a simple confining gauge group with
fundamental fermions. Relying on a Fundamental Composite Dynamics (FCD) allows us to
draw a precise relation between the components of the underlying model and the composite
states present in the spectrum of the effective theory. Furthermore, one can study the
relation between the limit in which the Higgs appears as a pNGB, and a Technicolor-like
limit of the theory [20]. The minimal FCD model, based on a gauged SU(2)pcp confining
dynamics with 4 Weyl fermions in the fundamental representation [21, 22], enjoys a global
symmetry SU(4) broken to Sp(4). The symmetry breaking pattern has been confirmed
on the Lattice [23]. The phenomenology of the scalar sector, which contains an extra
singlet, has been recently studied in [24]. This example shows that an extended Higgs
sector is typically predicted in composite models with an underlying FCD. We are thus
interested in exploring less minimal possibilities, with a two-fold purpose. On one hand,
the pNGB scalars are the lightest particles one would naturally expect in this class of



models, thus it is of paramount importance to establish the capability of the LHC to
discover them or probe their existence. On the other hand, larger symmetry groups can
enjoy unbroken discrete symmetries that may protect some of the pNGBs, thus providing
a natural composite Dark Matter candidate. This possibility has been studied in the
literature in the SU(4)/Sp(4) case in the effective field theory context [25, 26], however
only having a UV completion allows us to determine the stability of the pNGB. In fact,
Wess-Zumino-Witten anomaly terms [27, 28|, generated by the fermionic components of
the composite scalar, may induce prompt decays into a pair of gauge bosons: this indeed
occurs in the minimal case [20, 22, 29].

We focus here on the case of a global symmetry SU(4)xSU(4) broken to the diagonal
SU(4), which can be obtained from a FCD based on the confining gauge group SU(N)grcp
with 4 Dirac fermions in the fundamental representation. The fermion multiplicity 4 is the
minimal one required in order to have a Higgs-like state among the pNGBs and custodial
symmetry,! as SO(4)CSU(4). This same symmetry breaking pattern has been used in the
construction of a Little Higgs (as the isomorphic SO(6)xSO(6)) in [30]. A nice feature of
this model is that it contains two electroweak doublets in the pNGB spectrum, thus giving
rise to a 2 Higgs Doublet Model (2HDM): a first general analysis of composite 2HDMs can
be found in [31], where the authors focus on symmetries with the minimal cosets, while
other cases have been considered in [32]. Contrary to supersymmetry or standard 2HDMs,
where both doublets can acquire a vacuum expectation value independently on their cou-
plings, in composite scenarios the structure of the vacuum depends on the couplings to
the fermions (in particular, the top). This fact derives from the loop induced potential for
the Higgs, which is generated by explicit breaking terms of the global symmetry, like the
Yukawa couplings. We will study in detail the vacuum alignment mechanism, using the UV
completion as a guiding line. In our model, the fermion masses come directly from four-
fermion interactions bilinear in the elementary fields: we will pragmatically assume that
the physics responsible for generating such interactions does not induce too large flavour
changing neutral currents. This is a non trivial assumption [33], however the eventual
solution to the flavour puzzle should not affect the Higgs potential and low energy pNGB
Lagrangian. In modern incarnations of composite pNGB Higgs models, the flavour puz-
zle is partially addressed by the mechanism of partial compositeness [34], inspired by the
flavour protection in models on warped extra dimensions [35, 36]. Partial compositeness,
however, requires the presence of light coloured fermionic bound states in the low energy
spectrum, and obtaining such states in a FCD model can be quite challenging [37]. First
attempts to build underlying models with partial compositeness for the top can be found
in ref.s [38, 39]. Furthermore, in the 4-dimensional model, an explanation of the origin of
the mixing terms, which are typically related to four-fermion interactions, is missing.

One of the main advantages of FCD formulations of composite Higgs model is that
it allows for Lattice simulation to study the spectrum and behaviour of the dynamical
model: the case of SU(3)pcp with 4 flavour in the fundamental representation has been
studied and shown to condense [40-43], as expected. Furthermore, perturbative arguments

!Note that SU(3)xSU(3) would also contain a Higgs-like state, but without custodial symmetry.



indicate that the model is outside of the conformal window, thus expected to condense, for
any value of the FCD colours N [44].

The paper is organised as follows: in section 2, after presenting the general set up
of the model, we discuss in detail the alignment of the vacuum and constraints from the
Higgs couplings and electroweak precision measurements. Then in section 3 we discuss the
conditions allowing for the presence of a Dark Matter candidate. In section 4 we discuss
the spectrum of heavier states, before the concluding remarks.

2 The model: SU(IN) with 4 Dirac flavours in the fundamental

The model is based on a strongly interacting SU(N)pcp group with 4 Dirac fermions
¥; in the fundamental representation. The electroweak (EW) symmetry is embedded by
assigning electroweak quantum numbers to the fundamental fermions (techni-fermions), as
detailed in table 1. The custodial symmetry SO(4) ~ SU(2)r,x SU(2)p is realised by 13 4
forming a doublet of SU(2)p (with the hypercharge associated to the diagonal generator of
SU(2)R, as usual). As the couplings are vector-like, no gauge anomalies are introduced, so
that the model is consistent. The global symmetry of the strong sector is SU(4)1x SU(4)2 %
U(1)Tp. The non-anomalous U(1)rp corresponds to the techni-baryon (TB) number, which
is conserved in this model. The Lagrangian, to be added to the SM one, is

Lrcp = iy Dy — Mgy (2.1)

The mass Mg is invariant under the SM custodial symmetry:

Mg = (nSU ni:;) ) (2.2)

i.e., the masses of 13 and 14 are chosen to be equal to preserve SU(2)r. The covariant
derivative contains both the FCD gauge interactions, and the EW gauge interactions, which
are embedded in the diagonal SU(4)p as:

- 1{o0 . 1{00
Ti_z(oz())’ Tﬁ_z(oa)' (2:3)
7

Note that the hypercharge is given by Y = TI%.
The FCD dynamics leads to condensation in the infrared: it is convenient to analyse

_ [ X
() "

where x (the left-handed chirality) transforms as a 4 of SU(4); and 1 (the right-handed
chirality) as a 4 of SU(4)2. The condensate transforms as

the model by using Weyl fermions

(nx) = (4,4)3U(4), xSU(4)s (2.5)
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Table 1. Quantum numbers of the fundamental fermion under the confining FCD group SU(N),
and the electroweak group SU(2)rx U(1)y. The values refer to the left-handed component of the
Dirac fermion.

and it breaks SU(4); x SU(4)2 — SU(4)p. The condensate has no TB charge. This breaking
entails 15 Goldstone Bosons, transforming as the adjoint of the unbroken SU(4)p. We can
first align the vacuum along the direction that does not break the EW symmetry, i.e.

) = (ﬁ ]?) , (26)

which is aligned with the SU(4)p preserving techni-fermion mass (my = mp). The 15
pNGBs transform under the custodial symmetry SU(2)7,x SU(2)r as

155y ), = (2,2) +(2,2) + (3,1) + (1,3) + (1,1); (2.7)

the model therefore contains two doublets that may play the role of the Brout-Englert-Higgs
doublet field. The pion matrix can now be parametrised as:

1<UiAi+s/\@ —idy )

== .
i@l oNi—s/V2

5 (2.8)

with
. Ay V2A* . No 2N+
O'Z'Al = 5 O'Z'NZ = 5 (29)
V2AT —A V2N~ —Np

being the two triplets of SU(2), and SU(2) g respectively, s the singlet, and @y containing
the two bi-doublets H »:

We can already note a special feature of this model: the two Higgs doublets appear as
a complex bi-doublet of the custodial symmetry, and this fact will have important conse-
quences for the vacuum structure. The pion matrix is then embedded in

U=, (2.11)

where f is the decay constant, that sets the scale of the condensation. The pion matrix U
transforms linearly under the stability group SU(4)p as U — Qp - U - Q}r), where (p is a
generic SU(4) matrix.



The vacuum where the EW symmetry is broken can be though of as being generated
by a vacuum expectation value (VEV) for the two doublets:

(D) = \%eiﬁ 1 (2.12)

where v = \/v% +v§ and tang = f}—f, v12 being the VEVs of the two doublets. Note
that the VEV in eq. (2.12) is the most general one that preserves the custodial symmetry:
any other choice would contribute to the p parameter at tree level. This effect is more
properly described as a misalignment of the vacuum generated by a symmetry of the

broken generators. In this case, we have:

Q0,8) = .
—e #Pgin?  cos g

0 iBgip ¢
( COS 5 e'” sin 5
2

) . T, =0-Q=0(20,8), (2.13)

with v = 2v/2f6, and 3, the properly aligned vacuum. As the symmetry breaking pattern
is unaltered, the pion matrix contains the same number of Goldstone bosons, which, in the
new vacuum, can be parametrised as the linearly transforming matrix

X =Q(6,8) U-Q(6,8). (2.14)
At leading order, the chiral Lagrangian is given by the kinetic term for X:
Lcoowz = fATr[(D,X)TDFY). (2.15)

This term contains mass terms for the W and Z

miy =202 f%sin20, m% = C(::Z%VQW (2.16)
so that
2V/2f sinf = vgy = 246 GeV . (2.17)
The Goldstone Bosons eaten by the massive W and Z are
7t = cosf3 HljE + sin 8 H;E , o= \/§Im[cosﬁ HY +sin g HY, (2.18)
and, following the usual notation in 2HDMs, we define the physical scalars as:
H* = —sinf Hi +cos g HY, Ag =V2Im[—sin 8 H) + cos 3 HY,
hi = V2Re[cos B HY 4 sin 8 HY], hy = V2Re[—sin 8 HY +cos 3 HY].  (2.19)

The only field with linear couplings to the gauge bosons is h1, which thus can play the role
of the Higgs boson. Its couplings are given by
Qm%,v

IWWhy = cos? Owgzzn, = V2¢? fsin@cos = —W cosf = g‘S,VMWh cosf. (2.20)
UsMm



The couplings of two scalars to gauge bosons are reported in the appendix A: we note here
that none of the couplings depend on . In fact, the parameter 5 can be rotated away
from the vacuum by using the transformation

B(10 —iB/2
_Zg (o _1>] _ (e 0 ewm) (2.21)

S1(B=0)=Qs- 5 - Q. (2.22)

Q13 = Exp

so that

As the gauge interactions (and the techni-fermion mass) are left invariant under this trans-
formation, the Lagrangian in eq. (2.15) is independent on [, once the pion fields are
properly re-labeled as in eq. (2.19). The transformation in eq. (2.21) is generated by a
U(1) symmetry which is unbroken in the EW-preserving vacuum: under such symmetry,
the complex bi-doublet @ is charged, while the triplets and singlet are neutral.

The transformation of the pion matrix under CP can be obtained by the composition
of the scalars in terms of fundamental fermions:

CP(T)=3*(-7); CP(4,)=(-1)""AT, CP(")=—(-1)""zr,  (2.23)

where the gauge vector, and space-time co-ordinates, are CP-transformed in the standard
way. From the above definition, it is clear that 8 is a CP-odd parameter, i.e. it violates
CP invariance. Thus, one can define the CP properties of the pNGBs only in the case
B = 0. As usual when writing an effective Lagrangian for Goldstone bosons, it is possible
to define an intrinsic parity of the pion, dubbed Goldstone parity (GP), which acts on the
pion matrix as:

GP(2) = Pgp - 2 (=) - Plp, (2.24)

while the gauge vectors and co-ordinates are CP-transformed, and

Pop = (‘72 0 ) . (2.25)
0 —o9

As Pgp - Q1 (0, 8) - Pép = Q(0, B), it is clear that this time [ is a GP-even parameter. The
transformation under GP, and CP for 8 = 0, of the pNGBs are summarised in table 2: we
see that under CP, it is the singlet s, the triplets, and hy that transform as pseudo-scalar
fields. On the other hand, under GP, which is compatible with a non-zero value of 3, it is
s and Ag to be odd, like in more traditional 2HDM models.

2.1 Vacuum alignment part 1: top Yukawa couplings fix 3

The alignment of the condensate in the flavour space is determined by the explicit symmetry
breaking terms: in the minimal model, they are the mass of the techni-fermions Mg, the
gauge couplings and the terms giving mass to the SM fermions. The last two generate a
potential via loops. As the mass and gauge interactions are invariant under the symmetry



hi hy Ay s Ay Ny | HF AT N=*
CPB=0|+ - + - - - - = -
GP + + - - 4+ + |+ + +

Table 2. Parities under CP (for 5 = 0) and GP of the pNGBs: for the charged states, it is left
understood that they transform in their complex conjugates (anti-particles).

in eq. (2.21), only the top loops may be sensitive to the value of 8. We will therefore
concentrate first on the effect of the top mass on the vacuum alignment, and discuss the
alignment in the full potential in the next section.

We will assume here that the top Yukawa couplings are generated via 4-fermion op-
erators connecting the elementary quarks to the techni-fermions, which are bilinear in the
elementary fields. This situation is well known to potentially suffer from large flavour
changing neutral currents, once the full flavour structures of the SM are included [45]:
however, as we will comment in more details below, we propose this structure as a guide-
line to understand the properties of the vacuum alignment as the results of our analysis are
fairly independent on the specific origin of the top Yukawas. The possibility of generating
the top mass via partial compositeness will be considered in detail in a future work (see
also [46]). The couplings are generated by an unspecified physics at a scale A; 2 4n f, and
in most generality 4 terms can be written down:

1 (1= 14490
E47Fermi = _P(q%tR) |:1/)3 <yt1 i + vy 7 >¢U,a
t

2 277
1_
2

+(i0’2)a6¢5 (gts T 27 >¢4} +h.c. (2.26)

_ b
-

~ . ij -1 —=~°
(aitr) [<y”PW +yt3(w2>aﬁP§> wz‘Ty%

_ - ij — 14~5
+ (yt2P1,a + yt4(wz)a6P2’8> i 27 %’] + h.c. (2.27)

where a and 8 are indices in the gauged SU(2)r, and ¢ (j) are indices in SU(4). We recall
that 3 4 for a doublet of the custodial SU(2)r (see table 1). The four couplings 1.4 are,
in principle, independent and they are distinguished by the chirality of the techni-quarks.
In the second line, we have embedded the couplings in the full flavour SU(4); xSU(4), space
by use of spurion matrices P; and P, which transform as a doublet and an anti-doublet of
SU(2) 1, defined as:

P =

)

P} = (2.28)

O O O o O+~ O O
O O O o O o o o
O O O o O o o o
SO OO = OO oo
O O O o O o o o
o O O o O+~ O O
O O O o O o o o
o O O O O O O



The above Lagrangian contains 4 independent complex couplings, the pre-Yukawas gy,
however not all the phases are physical. This fact can be easily understood in terms of
the 4-fermion interactions in eq. (2.26). After fixing the techni-fermion mass terms real,
2 phases can be reabsorbed in an arbitrary phase redefinition of the fermion fields: the
relative phase between the SU(2);, and SU(2)r doublets and the relative phase between
the two SM fields. The former can be embedded in SU(4) and identified with the following

transformations:
Qs = ( 0 eiﬂ/2> , (2.29)

which coincides with the SU(4) transformation in eq. (2.21) that allows to remove § from
the vacuum structure, thus suggesting that 8 may be an unphysical parameter unless the
loop-induced potential generates spontaneously a non-vanishing value at the minimum.
The phase redefinition of the SM fields is the usual one that allows to write a real mass
for the top. The phase structure of the pre-Yukawa couplings is crucial as it determines
the alignment of the vacuum: we will therefore use the 2 arbitrary phases to align the
vacuum to its simplest form. Operatively, minimising the potential allows to determine (8
as a function of the phases in the pre-Yukawas; then we can fix the pre-Yukawa phases,
or equivalently apply the phase transformation in eq. (2.21), to set 8 = 0 in the vacuum,
without loss of generality. This means that vacua with non-vanishing 8 are physically
equivalent to the vacuum with g = 0.

In the effective Lagrangian the Yukawa couplings can be written in the form:?

Lyuc = —f (@7tr) |Tr[Pra(yn S + yXh)] + (iag)agTY[Pf(yth + yt4ZT)]} + h.c.(2.30)

where 14; are related to the 4-fermion couplings ¥ via form factors of the dynamics.
While the above expression is related directly to the 4-fermion interactions in eq. (2.26),
its validity is more general. In fact, independently on its origins, the Yukawa couplings
connect a SM fermion bilinear which transforms like the quantum numbers of the Higgs
doublet to the strong dynamics. The projectors Pj o in eq. (2.30) pick all the components
of the pion matrix that transform like the Higgs doublets, thus they parametrise the most
general structure of the Yukawa couplings. In partial compositeness scenarios, the above
interactions can thus be though of as effective mass terms obtained after integrating out
the heavier top partners. Once expanding ¥, this term will generate a mass for the top,
and couplings of the pNGBs to the top and bottom quarks. To study the effect on the
vacuum, we will assume that it acquires the simplest possible form, i.e. eq. (2.14) with
B = 0. It is convenient to define combinations of the Yukawa couplings as follows:

Y — Y2 — (U3 — Yra) Y — Y2+ (U3 — Yra)
}/% — ) YD - )
2v/2 2v/2
Yy = Y1 + Y2 + (Y3 + Yra) ’ Yy = Y1 + Y2 — (Y3 + Yea) (2.31)

2v/2 2v/2 '

— 5 — 5
2Note that in terms of Dirac fermions, ¥;; = 1; I_T“’wi and Z;rj =1 H; Yj.




Expanding eq. (2.30) to linear order in the pNGB fields, we obtain:

Y, _
Lyvuk = — |:Y;tUSM +Yicos0 hi +iYp ho +YpcosO Ay + 172 sin (NO + AQ) (tLtR)
- {—i\@YD cos H™ +iYpsing (N~ + A7)| (bptr) + h.c. (2.32)

The above expansion clearly shows how to interpret the various couplings: Y; corresponds
to the effective top Yukawa coupling with m; = Y;vsm, Yp is the coupling of the second
doublet to the top, Y7 is the coupling of the two triplets.?

A loop of tops will generate a potential term for the pNGBs, in the form

2
Vi = —f2C T [Pra(yn S + y2ED)] + (i02)asTr[PY (y3S + y1aXT)] (2.33)

with the appropriate SU(2); contractions left understood, and with C; being a positive
coefficient depending on the dynamics. Expanding around the g = 0 vacuum up to linear
order in the pNGB fields, we obtain:

Vi = —fiCy <8|y;f|2 sin 0 + 2v/2|Y;|? sin(20)]}1 — i 2V2(YRY; — YpYy) s,ina]}2

No+ Ag
/

The first term, which only depends on 6, provides a potential that dynamically fixes the

+V2(YRY: + YpYy) sin(20)1;1:) —i2(Y3Y; — YY) sin? @ +.. > . (2.34)

value of the alignment angle. Its form, sin? @, reminds a mass term for the “field” respon-
sible for the breaking of the EW symmetry: this form is very general, as it can also be
obtained if the top mass is generated via partial compositeness. The presence of tadpoles
for the neutral pNGBs implies that the chosen vacuum is not consistent: the tadpole for
hq will be fixed once the proper minimum value for # is chosen, in fact the top contribution
alone generates a minimum for § = 7/2 (corresponding to the Technicolor limit) for which
the tadpole vanishes. For the other pNGBs, the tadpoles need to vanish as they are only
generated by top loops. The tadpole of ho is correlated to the value of 8 on the vacuum:
it is proportional to the Im(Y}Yg), and it can be shown that the phases of Y; and Yp are
directly related to the 2 arbitrary phases of the 4 Yukawa couplings. In other words, one
can always choose Y; and Yp to be real by properly fixing the phase of the fundamental
techni-fermion fields. Then, the minimisation condition of the potential will fix 8 in the
vacuum and the vanishing of the tadpole proves that 8 = 0 is the correct value at the
minimum. A general analysis of this condition can be found in appendix B. This analysis
finally proves that £ in the vacuum is an unphysical parameter, and in the following we
will always work in the vacuum with g = 0.

The tadpoles of Ay and of the triplets are physically relevant as their presence would
force the vacuum to a direction that breaks custodial symmetry. Experimental constraints,
especially from electroweak precision measurements, would require their values to be small.

3The SU(2). and SU(2)r triplets share the same coupling due to custodial symmetry, as they form a
6-plet of SO(4).
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In the following we will limit ourselves to a vacuum that is exactly custodial invariant, thus
eliminating the two tadpoles imposes non-trivial conditions on the 4 Yukawa couplings.
Using the arbitrary overall phase to render Y; real and positive, the vanishing of the tadpoles
can be obtained by imposing

Re(Yp) =0, Im(Yr) =0, (2.35)

where, as we already discussed, Im(Yp) can be set to zero without loss of generality.

It is instructive to analyse the two conditions in two simple scenarios: one where
the 4-fermion interactions are generated by a spin-1 mediator, d la Extended Technicolor
(ETC) [33], and one where the mediator is a heavy scalar with custodial invariant couplings,
d la Bosonic Technicolor (BTC) [47, 48]. In the case where the top Yukawa is generated via
partial compositeness, the explicit form of the couplings will depend on the representation
under the global symmetry of the fermionic bound states that couple to the top.

“ETC” Yukawas: spin-1 mediator. As a spin-1 gauge boson only couples to vector
currents, the only pre-Yukawas that can be generated after Fierzing are g1 and ¢3: in this
case, there are only two phases which are both unphysical, so that we can choose all the
pre-Yukawas real. Furthermore

Y%:Yb:ytl_yt?; Yp = V. :yt1+yt3

22 2V/2

and, as the doublet and triplet Yukawas are equal, the vanishing of the tadpole for Ay is

(2.36)

enough to ensure the vanishing of the triplet tadpoles. Custodial invariance in the vacuum
can therefore be recovered if the two pre-Yukawas are related:

ya=—yn, = Yi=Yo="L  y,-vr=o0. (2.37)

Nok
“BTC” Yukawas: scalar mediator. In this case we imagine that the 4-fermion in-
teractions are generated by a heavy scalar field transforming as a real bi-doublet of the
custodial SU(2)rx SU(2)g, which has Yukawa couplings with both techni-fermions and
the elementary quarks. Only the couplings to the techni-fermions need to be custodial
invariant, while the SM quarks couple with the SU(2) doublet component with the correct
hypercharge. This leads to a peculiar structure in the Yukawa couplings:

Yt4a = y;ef%% y Y3 = ?J2<2€72i4YO ) (2.38)

i.e. pair of couplings are one the complex conjugate of the other up to an overall arbitrary
phase (7). Choosing the overall phase equal to zero, the physical Yukawa couplings are
given by

— I - I
y, — Relyn yt2)7 v, — mn—ye) . Re(yntyn) m(yi;;ytz).

V2 NN T

The fact that Yp is always imaginary, while Y; and Y are real, immediately explains why
the tadpole for Ay and the triplets are identically vanishing: this is a direct consequence
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of the custodial invariance of the couplings of the scalar mediator to the techni-fermions.
Finally, Yp = 0 by choosing the relative phase of the techni-fermions, which thus cancels
the relative phase between ;1 and y;9. This model can therefore be described in terms
of 3 physical parameters: the top Yukawa Y; (fixed by the top mass value), Y and the
imaginary parameter Yj.

2.2 Vacuum alignment part 2: fixing 8 and the pNGB masses

A potential for the light scalars, which also determines the alignment of the vacuum in the
SU(4)1xSU(4)2 space, is generated by the explicit breaking of the global symmetry. In the
minimal case, there are only 3 sources of breaking, necessary to have a viable model: the
mass of the techni-fermions Mg, the partial gauging of the global symmetry (i.e. the SM
gauge couplings), and the top Yukawas. At leading order, therefore, we can expect 3 main
contributions to the potential.

The first comes from the techni-fermion mass terms:

Vinass = _Cmngr[MQ . E] + h.c.
= —4C f3(my +mp) cos 0 + V2C,, f2(my +mp)sinfhy + ...  (2.39)

One loop of EW gauge bosons contributes:

Viauge = —Cy f* <g22Tr[T}f ST S 4 P[RS TR 2*])

2
f3 392 + g/
4v2

The two coefficients Cy, and Cj are form factors generated by the dynamics. These first

cos 02 + Cy

3 2 12
¢, f4% sin(20) by + ... (2.40)

two contributions are independent on the parameter 5 in the vacuum Y. As we have
demonstrated in the previous section, its value is not physical, as it can always redefined
away as a phase of the techni-fermion spinors, thus in the following we will work in the
simplest vacuum with 8 = 0. The one loop of tops is given in eq. (2.33): after imposing
the minimal conditions in eq. (2.35) to ensure the vanishing of the tadpoles for the triplets
and the second doublet,

Viep = —Cif* (81@2 sin? 6 4 2v/2Y}? sin(20)}}1 + .. ) . (2.41)

The total potential for 0 reads:

2 12
V(0) = —8C, 1Y sin® 0 — Cy 1 20197 o567 — 4C, f3(mu + mp)cosh,  (2.42)

which is minimised for

cosO| i, = Crn(my + mp) (2.43)

min 24 12
2 39%24+9"% Cy
4G (1- 2855 G )
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which is the same as one obtains in the minimal case SU(4)/Sp(4) [20, 22, 49]. A comment
is in order: in this work we tune the value of the mass of the techni-quarks to destabilise
the vacuum away from the TC limit, which is preferred by the top loop alone. This is an al-
ternative method to the one usually employed in the recent composite Higgs literature [18],
where the contribution of light top partners is used to reduce the top loop contribution [50]
and the stability of the minimum is guaranteed by the effect of subleading contributions
of order Yt4 sin*#. Therefore, in the case where the top Yukawas are generated via par-
tial compositeness, the top partners are not required to be light and the top mass and
contribution to the potential are generated by integrating out the heavy fermionic states.

Expanding the potential at higher order allows to compute the masses of the pNGBs:
general formulas for the mass terms can be found in appendix C. Using the above minimum
condition to eliminate C), in favour of #, the mass of the Higgs-like state hy, which does
not mix with other pNGBs, is given by

. 32 +4°\ C C
mil = f?sin? 6 <2C'th2 - Cg% = Ztmfop - Tg(2m%/v +m%). (2.44)
The other state that does not mix to other pNGBs is the pseudo-scalar singlet s, whose
mass is given by
2
m
m? =11 (2.45)

S sin?60°

Interestingly, the masses are the same as the ones obtained in the minimal SU(4)/Sp(4)
case, however the coefficients C; and C,, which depend on the underlying FCD, will differ.

The spectrum of the other states is more complicated due to non-trivial mixings,
generated by the top and gauge loop corrections. To have an approximate feeling of the
behaviour, we can limit ourselves to the “ETC” Yukawa case, where Yy = Y; and Yp = 0:
in this case, Ay decouples from the other neutral scalars, and its mass is

2 2 42 9 —-g° 2 2 mjy 2 42
my, = 2C Y f —i—Cng sin me—i—(’)(g g ). (2.46)

The remaining 3 charged and neutral states mix with each other: neglecting the smaller
gauge corrections, the mass matrices, in the bases {ha, Ag, No} and {H*, A* N*}, are

given by
in 0 in 0
Ll
M? =20, Y2 f? :l:% 14 0cosf 0 , (2.47)
Si%? 0 1—0dcosf

where the + (—) is for the neutral (charged) masses. The parameter § encodes the explicit
violation of SU(4)p in the techni-fermion mass, and it is defined as:

my —mMmp

5= (2.48)

mU+mD'
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Figure 1. Mass splitting of the pNGBs as a function of 0 (f) for Cy =1 and ¢ = 0 (left), 6 = 0.2
(right). In solid black, the singlet s, in solid blue Ay, in red the charged states and in dashed blue
the neutral pseudo-scalars.

The mass eigenstates, which are equal for the two matrices, up to gauge corrections, are

1 — /sin26 + 62 cos2 6
miys =2CY72f* x {1 (2.49)
14 V/sin26 + 62 cos2 6

We see, therefore, that all the additional states have a mass of order my, /sinf ~ f. The
degeneracies among such states are thus removed by gauge corrections. A numerical study
of the spectrum is shown in figure 1, where we plot the ratio between the pNGB masses
and the scale f as a function of 6, in the case of “ETC” Yukawas. In the numerical
examples, we use my, miop and my, = 125 GeV as inputs to fix the values of Y;, C; and
the relation between f and #. The figure shows that, besides the singlet s whose mass is
simply proportional to f, the scalars split into 3 near-degenerate groups: this is mainly due
to the fact that the mixing between the triplets and the second doublet are proportional
to sinf. The 3 groups can therefore be identified with the SU(2) g triplet NV (lighter states,
one neutral and one charged), the second doublet (group of 2 neutral and one charged) and
the SU(2), triplet A (heavier states, one neutral and one charged). For 6 ~ 0, the splitting
is due to gauge loops, while the top Yukawa induces further splitting proportional to sin 6,
as it can be seen in eq. (2.49): this explains the linear behaviour of the mass eigenstates
for increasing 6. The effect of § is to split the masses of the two triplets: for positive d, N
is pushed lighter while A is heavier, as it can be seen in the right panel of figure 1. This
can be understood from the definition of § in eq. (2.48), as 6 > 0 implies that the mass of
1y is larger than the mass of ¥ p.

2.3 Bounds from the Higgs couplings and EWPTs

Like any other model of strong dynamics, our mode suffers from corrections to electroweak
precision tests (EWPTs), that can be conveniently expressed in terms of the S and T
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parameters [12]. These two parameters are sufficient to characterise precision constraints in
this model: in fact, assuming that flavour physics is well reproduced by the UV completion
generating the four fermion operators, non-universal corrections to the gauge couplings (like
the Zbb coupling) are avoided. Furthermore, large contributions to LEP2 observables [51,
52] can be assumed small because axial/vector resonances should appear at a sufficiently
high energy (see discussion in section 4).

To estimate the impact on S and T', we will follow the same procedure as in [24]: we
divide the corrections in 3 contributions

AS = ASHiges + ASpneB + ASFeD , (2.50)

and similarly for 7', where the first term, ASHiggs comes from the modification of the Higgs
couplings and is Log-sensitive to the cut-off of the effective field theory Apcp ~ 4xf, the
second, AS,nap contains the loop corrections from the additional light pPNGBs, and finally
ASrcp contains the UV contribution of the strong dynamics. It should be noted, however,
that the 3 contributions are not really independent, as both the Higgs-like state and the
other pNGBs are part of the fundamental dynamics [53]. In fact, the scheme we use is to
separate out the contribution of the light degrees of freedom from the heavy ones: thus,
ASrcp encodes, schematically, loops of the heavier bound states, like the axial/vectors in
vector meson dominance. The contribution of the Higgs can be estimated by rescaling the
scalar loop and subtracting the contribution of the SM Higgs

1- % Apco 3(1-x%) . Apcp
ASHiggs = 6 In my AThiggs = 8w cos2 Oy mp,

, (2.51)

where my, = 125 GeV is the measured Higgs mass, and xy = cos 6 is the ratio of the coupling
of the Higgs-like state h; to SM gauge boson over the SM prediction. This contribution
is common to most composite Higgs models [54]. Note also that the cut-off Apcp is close
in value to the masses of the spin-1 states, so that it marks the separation of the low
energy contribution of the light scalars from the contribution of the heavier resonances.
The second terms are generated by loops of the additional pNGBs: the second doublet and
the triplets. In the limit where all the masses are degenerate, we find

sin® 6 sin® 6 m%{:t - mio In Arcp

ATyne =
4m P 87 sin? Oy mi, MpNGB

~0, (2.52)

ASpNGB = —

where the T' parameter is proportional to the mass splitting between the charged Higgs and
the CP-odd neutral one in the doublet, and is therefore small (smaller than the contribution
of the Higgs). The last contribution can be approximate by the contribution of loops of
techni-fermions (thus diagrammatically close to the contribution of the spin-1 resonances),
and reads [12, 55]

.2
sin HN,
3

where N is the number of FCD colours, and 1" vanishes as the dynamics is approximately

ASrcp = ATycp ~ 0, (2.53)

custodial invariant by construction. Note that the result for S and T are nothing but a
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Figure 2. Upper bound on sinf from EWPTs on S and T as a function of the number of FCD
colours N. For comparison, we show the upper bounds derived from the Higgs coupling measure-
ments at CMS (red) and ATLAS (blue), where the lines correspond to 1o (dotted), 20 (dashed)
and 30 (solid).

rough estimate due to the intrinsic non-perturbativity of the model we are studying, and
one would have to rely on Lattice results for a more precise calculation (once the proper
identification of contribution has been done [53]). In the present work, we use the results
from the electroweak fit in ref. [56].

A more recent measurement that poses relevant constraints on the value of 6 followed
the discovery of the Higgs boson with the determination of its couplings to SM particles [7,
8]. The simplest way to analyse the Higgs couplings is to parametrise the ratio of the
couplings on the SM prediction, and compare this to the experimental results. We will use
the parametrisation proposed in [57], where the contribution of loops has been separated
out from the modification of tree-level couplings. In our model, 4 parameters are relevant:

3tan? 6

ky =cosfl, Ky =cost, Ky = =g > Kgg = 0. (2.54)

The first two contain the tree level modification to the couplings to massive gauge bosons,
WW and ZZ which are equal due to the custodial invariance, and the modification to
fermions, which are also assumed to be universal and equal to the one for the top. The last
two contain the loop contributions of new states to the couplings to photons and gluons:
the coupling to photon is corrected by the contribution of loops of the charged component
of the second doublet and the triplets. For the calculation, we used the masses in the
simplified case as in eq. (2.49). For the fitting procedure, we follow ref.s [58, 59].

The numerical results are shown in figure 2. In black, we show the upper bound on
sinf as a function of the number of FCD colours N: the plot shows a mild dependence
on the number of colours, while the constraints is set around sinf < 0.2. To be more

~16 —



specific, for N = 3 we find sinf < 0.22, while for N = 4, we obtain sinf < 0.21. In the
same figure we also show the constraints from the Higgs coupling measurements, which are
independent on the number of FCD colours. The constraints are the same as we found in
the minimal case [24], except for the contribution of the charged pNGBs to the di-photon
decays: numerically we find that at 30 CMS imposes a bound sin 6 < 0.64, while ATLAS
requires sin# < 0.57. We do not attempt to combine the two experiments, as this would
require a thoroughly understanding of the systematic uncertainties. The bounds from the
Higgs measurements are milder that the constraint from EWPTs, however the improvement
in the measurements at LHC Run-II will certainly increase their relevance.

2.4 The bottom mass, and flavour alignment

The bottom mass can be generated in a similar way as the top one, by adding 4-fermion
interactions or appropriate mixing with fermionic bound states that, in the low energy
effective theory, generate terms similar to eq. (2.30):

Ly = = (@50R) [ Tr{Pota(n + 0230 = (i02)ap TP 3% + yoa)] | + h.£2.55)

where the projectors are defined in terms of the top ones as Py o, = (Ps')" and Pg = (P1a)'.
After defining the combination of pre-Yukawas

Yt — Y2 — (Y3 — Yba) Y1 — Y2 + (Ub3 — Yba)
YE) = ) YE)D - ’
2v/2 22
_ Y1+ Yoo + (3 + Yea) Yo+ Yoz — (U3 + Yoa)

Y , Y} , 2.56
i i o e (2:50)
expanding eq. (2.55) to linear order in the pNGB fields yields, for g = 0,
Y, _
Lyukp = — |:YZ,USM+YI, cos h1+1iYyp ho—Yyp cosb Ao—i% sin® (No+2Ao)| (brbr)
- [z'\fzyz,D cosf HY + iVyrsin (NT + Aﬂ} (fzbg) + h.c. (2.57)

which is very similar to eq. (2.32), up to the signs of the couplings of Ay, Ny, Ag and H +,
The contribution to the potential of the pNGBs also resembles the top one in eq. (2.34),
up to signs:

h h
V, = —fiC, <8|Yb\2 sin 0 + 2v/2|V;|? sin(29)71 — i 2V2(YpY, — YipYy) sin@72

X o A . N e . 9 No+A
—V2Y Y, + YipY; )sm(29)70 +i2(Y,5Y, — YY) sin? 9% +. ) .

(2.58)

We expect the coefficient C} generated by the dynamics to be the same as for the top, as
the structure of the operator under the FCD is the same. Remarkably, the two terms with
different sign are the tadpoles for Ay and for the triplets, which would violate custodial
symmetry. This fact becomes clear when looking at eq.s 2.30 and 2.55: assembling tp and
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br into an SU(2)g doublet would in fact require that y,; = yp; for @ = 1,...4, thus any
violation of custodial invariance should be proportional to the difference of pre-Yukawas.
In fact, the tadpole for Ay is proportional to

(YBYi + YDY7) — (VipYi + YipYy) = Re(6YD)(Y: + Y5) + 6YjRe(Yp + Yip) , (2.59)

where 0Yp = Yp — Y,p and 0Y; = Y; — Y, and we have assumed real Y; and Y;. A similar
analysis can be done for the triplet tadpole. As it is not possible to set all pre-Yukawa
differences to zero (we know that Y; # Y3), the only way to ensure a custodial invariant
vacuum is to have Re(Yp) = Re(Ysp) = 0 and Im(Y7) = Im(Yyr) = 0: these conditions
are automatically ensured in the case of “BTC” interactions.

The custodial invariant ho tadpole, on the other hand, is connected to the presence
of 8 in the vacuum. As we already discussed, 8 in the vacuum can be removed by the
transformation in eq. (2.21), which corresponds to the redefinition of an unphysical phase in
the techni-fermion fields. The procedure to follow, therefore, is the following: we minimise
the potential by ensuring the vanishing of the ho tadpole, thus determining 3 as a function
of the phases in the top and bottom Yukawas; we then use {15 to set § = 0 on the vacuum,
and at the same time changing the phases of the top and bottom Yukawas (Yp and Y;p),
without however loss of generality as we are simply fixing an unphysical phase in the FCD.
This reasoning shows that one can always work in the § = 0 vacuum, and think of the
vanishing of the ho tadpole as of the fixing of an arbitrary phase. It is interesting that in
the “BTC” case, the phases of Yp and Y,p are aligned, so that one can make both real
with the same phase redefinition.

The masses for the light generations, and flavour mixing, can also be added to the
model by promoting the pre-Yukawas y;; and yp; to matrices in the SM flavour space. In
the most general set up, the model will however suffer from large flavour changing neutral
currents (FCNCs) generated by the couplings of the second doublet and the triplets. This
problem can be avoided if the combinations of Yukawas Y;, Yp and Y7 (and similarly for the
down-type quarks) can be simultaneously aligned. The FCNC-free scenario would therefore
correspond to pre-Yukawa couplings which are all proportional to the same flavour matrix:

v = Ny, b = My (2.60)

where the pre-Yukawas y; parametrise universal couplings of the mediators to the techni-
fermions, while the A\ matrices contain all the information about the quark masses and
flavour mixing. This scenario corresponds to a minimal flavour violation setting, and it
naturally arises in “BTC” frameworks. Another possibility is to ensure the vanishing of all
the triplet and doublet couplings, so that there is a single flavour violating matrix for each
type of SM quark, thus ensuring a minimal flavour violating scenario.

These considerations are general and independent on the precise origin of the Yukawas.
However there are additional flavour violating contributions that depend on the details of
the UV theory, like for instance potentially large 4-fermion interactions among SM fermions
that may be generated at the same scale as the one in eq. (2.26), as one may expect in
the case of 4-fermion interactions. While we leave the construction of a UV completion
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for flavour to future work, we can comment on the possibility to remove or alleviate the
flavour issue in the various cases.

“ETC” j-fermion interactions: this case suffers from 2 main issues, i.e. the absence
of hierarchies in the masses and the low flavour scale [45]. The latter comes directly
from the fact that the four fermion interactions are suppressed by a mass scale and,
even assuming some conformal dynamics inducing large anomalous dimensions for the
fermion bi-linear operator [60], such scale cannot be pushed arbitrarily high [61, 62].
The former issue is due to the fact that the pre-Yukawas are not hierarchical as they
are associated to gauge couplings. However, one can envision a scenario where the
hierarchies are associated to different flavour scales: at low scale, only a mass for
the top (and bottom) are generated. Additional 4-fermion interactions giving rise to
the light quark masses can be generated by a second ETC sector at a higher scale.
The FCNCs generated by the low energy scale on the third generation will thus be
transmitted to the light quarks via small flavour mixing terms. For the other FCNCs
generated at the higher scale, it may be sufficient to have a mild anomalous dimension
for the techni-fermion condensate to push the flavour violating scale to sufficiently
high scales.

- “BTC” 4-fermion interactions: in this case, the 4-fermion interactions are generated
by a scalar mediator transforming like the Higgs doublet [47, 48]. Thus, it is natural to
generate the flavour structure via a single matrix per fermion type, like in the SM, thus
naturally suppressing all the FCNCs. The naturalness of the mass of the elementary
scalar may be addressed by supersymmetry [63, 64], without the phenomenological
shortcomings of the MSSM. Alternatively, the UV theory may be an asymptotically
safe gauge-Yukawa theory [65, 66]. See also [67, 68] for recent models studying the
interplay of a composite and elementary Higgs.

- Partial compositeness: the absence of 4-fermion interactions bilinear in the SM
fermions is sufficient to open the possibility that direct FCNCs are not generated
at the same scale. Furthermore, the 4-fermion interactions generating the linear mix-
ings, may have large anomalous dimensions that allow to generate large flavour scales
and hierarchies in the flavour matrices. This scenario is thus designed to soften the
flavour issues [69-71]. Our analysis of the vacuum stability is also valid in this case,
as the effective Yukawas would be generated after integrating out the fermionic res-
onances. We would like to remark that the fermionic bound states that mix with
the SM fermions can be heavy, i.e. they may appear at the natural scale of the other
resonances ~ 47 f.

Another possibility would be to generate the top (and bottom) masses via partial com-
positeness, while the light quarks are generated by 4-fermion interactions, thus potentially
suppressing FCNCs [72] (see also [73]). It should also be stressed that having defined an
underlying theory, the origin of the flavour structures, which are associated to 4-fermion
interactions in all cases, can be explicitly tested. This includes the origin of the linear
mixings needed in the partial compositeness scenario: in the model under consideration,
the top partners can be generated by the same strong dynamics, as proposed in [46], and
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the mixing terms (inducing pre-Yukawas) would be generated by 4-fermion interactions
where only one of the fermions is neutral under the underlying strong interactions.

3 Discrete symmetries and dark matter candidates

Besides the Higgs-like scalar h; and the eaten Goldstone bosons, the model contains 11
additional pNGBs: the chiral Lagrangian one can write down respecting the symmetry
breaking patters is invariant under a parity changing sign to all pNGBs, thus they only
appear in bilinear couplings. This property is however violated by the explicit symmetry
breaking terms: we have seen this in the loop-induced potential, which generates mixing
between scalars, and the couplings to the top quarks. In order to understand if any of
the additional pNGB may be stable, it is useful to think in terms of multiplets of the
electroweak symmetry, as different states within a multiplet are always connected by gauge
interactions. Thus, in the limit § = 0, the model contains a second doublet Hs, a SU(2)[,
triplet A, a SU(2) g triplet N (consisting on a charged and a neutral singlet), and a singlet
s. To identify a Dark Matter candidate we need to establish both the mixing patterns
among the multiplets, and their direct couplings to SM states.
The mass mixing structures we found in appendix C can be summarised as follows:

- gauge interactions mix the two triplets, A and IV;

- top Yukawa couplings mix the doublet with the triplets, with a coupling proportional
to Yo;

- top Yukawa couplings mix the two triplets with coupling proportional to Yp.

We see already that the singlet s does not mix with the others states. While gauge inter-
actions cannot be turned off, the Yukawa couplings involved in the mixing may be zero
depending on their origin, and we will be particularly interested in Y{, which generates
mixing between the doublet and the triplets.

Regarding possible decay channels, there are two terms in the lowest order effective
Lagrangian that generate couplings of a single pNGB to SM states: one is due to the
couplings to the tops, and another to the Wess-Zumino-Witten (WZW) [27, 28] anomaly.
We have already seen in the previous section that, in a custodial preserving vacuum, only
the triplets are allowed direct couplings to tops via a combination of Yukawas Yr. The
WZW term, on the other hand, is generated by a triangle loop of techni-fermions and
it contains potential couplings of the pNGBs to EW gauge bosons. The pNGBs can be
associated to the following current

= gyrareot- +7

(3.1)

where Q = Q(6,0) in eq. (2.13). Followmg the results in ref.s [28, 74], the result of the
triangle anomaly can be expressed as

Twzw ~ {al Tr [T“Tb(QHQT + QTHQ)}

tap T [T“(QHQTbQT af + ot TbQQ)] } vevt, (3.2)
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where a1 2 are numerical coefficients and T%? are now the gauged generators of the global
symmetry SU(4)? associated to the gauge bosons Vi b. the first term of the above expression
can be understood as a triangle anomaly of the current J5, while the second term derives
from a box diagram. As a result, we can extract the following couplings:

Lwzw ~ k cosfs (g*W,, WH — g'QBW,B”“’) , (3.3)

where k is a numerical factor. This result shows that s cannot play the role of Dark Matter.
Interestingly, the WZW anomaly only involves the singlet s, and its couplings are similar
to the ones in the minimal SU(4)/Sp(4) case [22, 24]: in particular, no coupling to two
photons is generated.

The only pNGBs that may play the role of Dark Matter are therefore the triplets and
the second doublet. Their mixing and decays are ruled by the top Yukawa couplings, as
discussed above: Y induces a mass mixing between the doublet and the triplets, Y7 induces
decays of the triplets directly to tops. The situation can be summarised as follows:

DM candidates Yr=0 Yr#0
Yo =0 Hy and A-N Hy
Yo #0 mixed no DM

This analysis, based on the lowest order Lagrangian, is not conclusive as additional mix-
ing/decays may be generated by higher order terms in the Lagrangian: we thus need to
identify a symmetry that protects the DM candidate.

As the techni-fermions are vector-like with respect to the FCD gauge and the SM
ones, the strong sector will be invariant under P and C separately, which act on the pNGB
matrix and gauge bosons as

P(E) =3, P(A4)=—(-1)"4,, COE) =", CA4,)=-A]. (34
The vacuum, however, is not invariant under C nor P: it is invariant under CP only for

B = 0. We identified 2 symmetries that act as parities on the pNGB fields:

- A: parity P combined with an SU(4) transformation, acting as

1
S PPl A= — (1) 4, with Py = <0 01> : (3.5)

Under this symmetry, IT — —PAHPT, thus s and the triplets A and N are odd. The
top Yukawas break the symmetry unless the following relation between the couplings
is imposed:*

Y2 = —Yr1, Y4 = —Yi3, = Yr=Yy=0. (3.6)

This symmetry, however, is broken in the present model: besides the gauge interac-
tions of the SM fermions, that violate P, the WZW term is allowed by this symmetry
as it couples odd scalars to a P-odd combination of vector bosons. In principle, a
WZW term is allowed for both the singlet and the triplets.

4This relations are only possible for “BTC” pre-Yukawas, but not for “ETC” ones.
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- B: a second symmetry we identified acts as charge conjugation plus a global SU(4):

S — PpYTPL, A, — —PgATPL=A,, with Pp= <‘BQ 0 ) .37
— 09
The vacuum X;, however is only invariant if 5 = 0. The pNGBs transform as
I — PBHTP;, thus we find that the triplets A and N and the second doublet Ho
are odd. In this case, the gauge interactions of the SM are also invariant. A condition
is nevertheless needed on the top pre-Yukawas:

Y3 = —Yt1, Y4 = —Ys2, = Yp=Yr=0. (3.8)

Note that, as the dynamics respects this symmetry, a WZW term for the triplets is
forbidden in general. Also, a model invariant under this symmetry has automatically
a custodial invariant vacuum.

From the above analysis we can conclude that the only viable Dark Matter candidates
are the second doublet and the triplets, in models where the symmetry B is preserved (i.e.
Yr = Yp = 0). Note that this condition can be satisfied by BTC Yukawa couplings, with
Y2 = —Y;;. Furthermore, for an imaginary Y, one needs to identify the symmetry “GP” to
the ordinary CP. We also checked that the full WZW term is invariant under the symmetry
B, so that no violation is present at any order in the pNGB field expansion.

4 Spectrum of resonances, and lattice results

Insofar we have focused on the physics of the light scalar degrees of freedom of the theory,
i.e. the pNGBs, however the model also contains massive composite states of other spins.
We are particularly interested in Baryonic bound states, as they carry TB number and are
therefore stable and potential candidates for (asymmetric) Dark Matter. The properties
of such states depend crucially on the number of FCD colours in SU(N)pcp, as the bound
state will be made of N techni-fermions: if N is odd, the bound state will be a fermion,
while for even N it will be a boson. We will focus here, for concreteness, on the smallest
numbers of FCD colours, i.e. N =3 and N = 4.

For N = 3, the baryons are made of 3 techni-fermions, thus they belong to the following
representations of the flavour group SU(4):

4@4@4:@@2xBj@m:zl@zxzo@zo”. (4.1)

It should be recalled here that the FCD colour indices are fully anti-symmetric, thus the
wave function in terms of the flavour indices, spin and orbital momentum should be overall
symmetric. To identify the ground state, i.e. states that have zero orbital momentum, it is
useful to include the spin indices into the flavour ones: each techni-fermion is thus doubled
into two states with spin up and spin down respectively, and the global symmetry is thus
extended to SU(8). The ground state, which has no orbital momentum, must therefore
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be fully symmetric in the SU(8) space, and it thus belongs to the 3-index symmetric
representation 120gy ). Under spin and SU(4), it decomposes into:

120gy(s) = spin-1/2 x 20 & spin-3/2 x 20" (4.2)

The other states in the decomposition in eq. (4.1) must therefore carry some orbital mo-
mentum, and they belong to heavier excited states. The spin-1/2 bound states decompose
under the custodial SU(2);,xSU(2)g as:

20=(3,2)+(2,3)+(2,1)+ (2,1) + (1,2) + (1,2). (4.3)

All the states in this multiplet have semi-integer electric charge, +1/2 and +3/2: in order
to avoid the strong bounds on stable non-integer charge states [75], we can partly charge the
TB number, so that the ordinary hypercharge is generated by T}% + T'B, without affecting
the properties of the Higgs-like states and of the pNGBs, which do not carry TB number.
Notice that this partial gauging does not break a global TB, which remains a conserved
number. Assigning gauged TB equal to +1/2 or —1/2, all the stable spin-1/2 states will
have integer charges, with the neutral components that may play the role of Dark Matter.

In the case N = 4, the baryons are made of 4 techni-fermions and are therefore bosons.
They decompose under SU(4) as:

4@4@4@4:@@3xﬁj@3xﬂﬂ@2xﬁﬂ@m
=133x1503x45®2x 20 ®35. (4.4)

To identify the ground state, we follow the same procedure as above: the 4-index symmetric
representation of SU(8) is a 330gy(s), which decomposes as

330gy(s) = spin-0 x 20" @ spin-1 x 45 @ spin-2 x 35. (4.5)

The lowest spin scalar baryons, thus, belong to a 20’ rep of SU(4), which decomposes under
the custodial symmetry as

20" =(3,3)+(2,2) + (2,2) + (1,1) + (1,1). (4.6)

In this case, all the states have integer charges and the multiplet contains neutral states
which are candidates for Dark Matter.

The model also contains spin-1 resonances, common to any model of compositeness.
Like in QCD, the lightest resonances consist on a set of vector (CP-even) states and a set
of axial (CP-odd) states, associated respectively to the fermionic currents:

Pl = (), at = (Wy0) (4.7)

where v are the techni-fermion Dirac spinors. Both vector and axial mesons transform as
the adjoint of the unbroken SU(4) group, thus they transform under the SU(2)x SU(2)r
subgroup like the pNGBs:

pty a' =1(2,2)+(2,2)+ (3,1) + (1,3) + (1,1). (4.8)
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The phenomenology of the triplets is similar to the one of vector resonances in minimal
models [76, 77]: as they have the same quantum numbers of the SM gauge bosons, they will
mix with them in the effective Lagrangian, and thus acquire a direct coupling to the SM
fermions. They will therefore be produced at the LHC in Drell-Yan, and decay either into
a pair of fermions or into a pair of gauge bosons. On the other hand, the properties of the
doublets can be quite novel: due to their quantum numbers, they cannot couple directly
to the SM fermions. Their only couplings may therefore involve the additional pNGBs
present in the model. We postpone a detailed study of their couplings to a further study.
In cases where the model has a Dark Matter candidate, as detailed in section 3, some of the
spin-1 resonances may be odd under the same parity stabilising the Dark Matter pNGB
candidate. We verified that, under the parity B in eq. (3.7), one of the doublets and the
singlet vectors, together with the other doublet and the triplets of the axial states, are odd
and therefore can only decay into a stable pNGB.

Lattice results [40-43] are very useful in the study of the vector resonances due to the
relative ease in extracting their masses from data. In [78], it is reported that the mass of
the vectors in the case SU(3)rcp, in units of the pNGB decay constant is

M M
L=134+1, (” ~8>; (4.9)
QCD

Fr Fr
where we show, for comparison, the ration in QCD (with 3 flavours). Rescaling the value
of the mass to the EW scale, I = 246 GeV, we find a mass M, ~ 3.2TeV in the TC
limit (i.e. sin@ = 1).5 In the pNGB Higgs limit, the mass should be multiplied by a factor
1/sin@, thus for sin# < 0.22 one obtains M, > 14 TeV. These preliminary results on the
vector masses, therefore, indicate that they are expected to be very heavy and beyond

the reach of the LHC Run-II. They may however be accessible to a higher energy proton
collider, like the proposed 100 TeV colliders.

5 Conclusions and outlook

Compositeness as a paradigm to explain the origin of the Higgs boson, discovered at the
LHC, is still one of most appealing extensions of the Standard Model. In this work, we
pursued compositeness by defining a fundamental composite dynamics (FCD) based on
a simple confining gauge group plus fermionic matter. This approach has the advantage
of guiding the building of the low energy chiral Lagrangian, and it can be simulated on
the Lattice in order to have non-perturbative predictions of the spectrum. The need for
numerical prediction is in fact essential for studying the viability of such models vis a vis
the results at the LHC.

The minimal model of FCD has a global symmetry breaking pattern SU(4)/Sp(4).
Here we focus on a less minimal case based on the symmetry breaking SU(4)xSU(4)/SU(4),
which is the smallest symmetry of this kind that enjoys custodial symmetry. The under-
lying dynamics is provided by a gauged SU(N)pcp with 4 Dirac techni-fermions in the

5The precise relation between Fr and the decay constant in our notation is Fr = 2\/§f = vgm/ sin 6.
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fundamental representation. This theory is known to condense. We construct the effective
Lagrangian for the 15 pseudo-Nambu-Goldstone bosons, which transform, in the limit of
unbroken symmetry, as 2 bi-doublets, one SU(2), and one SU(2)g triplet (a 6 of the cus-
todial SO(4)) and one singlet. The model has therefore two potential Higgs doublets: the
alignment of the EW symmetry breaking vacuum along the two doublets, however, depends
on the structure of the interactions generating the top mass. We found that, adding only
a mass for the top, the vacuum is aligned with one of the two doublets, thus effectively
generating a composite inert 2HDM. Interestingly, the custodial invariant direction on the
second doublet corresponds to a phase in the vacuum, which can be associated with a
global U(1) subgroup of the SU(2)? symmetry. One can therefore use this symmetry to
always set the second doublet vacuum to zero, without affecting the physical properties
of the model. This U(1) corresponds in the FCD to an unphysical phase redefinition of
the techni-fermion fields. We also determine the conditions on the Yukawa couplings that
ensure a custodial invariant vacuum.

The model suffers from contributions to electroweak precision observables, mainly
the S parameter: we show that such contributions can be under control when the an-
gle parametrising the alignment along the EW breaking direction is small. We found that
values sin @ < 0.2 are still allowed. The measurements of the Higgs couplings also pose a
constraint on the angle, which is however milder at present, sinf < 0.57 = 0.64. These
constraints are very similar to the ones obtained in the minimal model, thus showing that
less minimal cases are equally likely to be realised.

The most interesting feature of non-minimal cases is that the additional pNGBs may
be stable due to residual unbroken parities. Under certain conditions on the Yukawa
couplings, we identified a symmetry that protects the second doublet and the two triplets.
This symmetry is exact, and it is preserved by all the explicit breaking we add and by the
entire Wess-Zumino-Witten term: the Dark Matter candidate is therefore a component
of the second inert doublets, which mixes with the two triplets. Finally, we studied the
spectrum of the heavier composite states: spin-1 vector and axial resonances and spin-1,/2
(or spin-0) techni-baryons. The latter are stable due to a conserved techni-baryon number,
and may thus play the role of an asymmetric Dark Matter. However, the masses of such
states are expected to lie in the O(10) TeV range, thus they may only be explored directly
at a 100 TeV collider.

The model we explored here is very similar to QCD with 4 flavours. In fact, the case
SU(3) has already been studied on the lattice and confirmed to condense. It would be very
interesting to further study this model on the Lattice to calculate the masses of the bound
states, in particular the vectors and techni-baryon. The spectrum can be a precious guide
in defining the search strategies at the LHC and at a future 100 TeV collider, and also allow
us to study in detail the relic abundance of the stable techni-baryons.

The SM flavour physics of this model may be very interesting, as each Yukawa coupling
is generated by 4 operators (typically four-fermion interactions or operators generated
after integrating out the top partners in the partial compositeness scenario). However, the
only way to reliably study flavour physics is by defining a UV completion that generates
the needed four-fermion interactions. Another possibility that we plan to explore is to
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extend the model in order to have techni-baryons that may mix linearly with the top
quark (top partners).
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A Couplings to gauge bosons

In the gauge basis, defining

<P1a>¢2 = 01(0up2) — (Ousp1) 2, (A1)

the couplings of a single gauge boson to the pPNGBs can be written as:

La = igsy AP (H*aﬁ)H+ +NTO Nt + A*?MN) , (A.2)
Ly = %ZN (caw B0, H* +ico AoDuha + (caw — cg) N0, N*

+(cow + ¢o) Afg;jAJr) ; (A-3)
Lw = %W“’_ (ce h2$H+ - iAoajHJr - 233/2 NO?AENJF
_203/2 AOEAJ“) + h.c. (A.4)

where cyy = cos Oy, sy = sin Oy, co = cos 20y and cy = cosb.
The couplings of 2 gauge bosons with 2 charged scalars can be written as:

Lant = g°syy A, AM (HTH™ + NTN™ +ATAT) (A.5)
2
S

Laz+ = gc W A#Z“ (CQW H+H_—|—(Czw—09) N+N_+(ng+09) A+A_) , (A.6)
w
2

Lrzs = 8‘32 2,2 (2cky HYH™ + (3¢2 — deaweg + caw) NTN-
w

+(3cg + dcoywcg + C4w) ATA™ — S%(A+N_ + N+A_)) , (A?)

2

Lwwe = % W, <c§ HYH™ — 252509 NYN™ 426 g A+A—) : (A.8)
2

Lwwrs = T WHIW (s HYPHT = 2(cy A = 5, N*)?) b (A.9)
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The quadrilinear couplings with neutral scalars are:

2 1
Lzz70 = Si zZrz, (Cze hi + cg h3 + cog Af — 553 (No — Ao)? — 53 52) , (A.10)
W

Lwwo = & "y (ca 13+ 3 W+ A3 + 530(1 — 3cy) N3
+63 (1 + 3cg) A2 — 53 NoAo — 53 52) . (A.11)

Finally, for the charged currents:

2

Lywa = 2 ;W AW, (Ce Hthy —i HY Ag — 233/2 NtN, — 203/2 A+A0> +h.c., (A.12)
e

»CWZ = E Z'U‘W (—C@S%VHJth — Z(C%}V - Cg) H+AO - 53/2(C2W - C@) N+NO

1
—cga(caw + cg) AT A + 533 (NTAg + A+N0)) +he. (A.13)

B Most general vacuum structure

B.1 Custodial invariant vacua

To better understand the conditions leading to the vanishing of the tadpoles in E. 2.34, it
is useful to parametrise the phases of the 4 Yukawa couplings as follows:

’Yo+/30+<,00+50) —i(y0+Bo—wo—00)
)

\yﬂ]e Y2 = ’yt2|€

Y3 = |Z/t3’€ i(Yo—Bo+po— 50) Yps = |yt4|e—i(70—50—500+50); (B.l)

where ¢y and dy are physical phases, 5y can be rotated away with an SU(4) rotation in
eq. (2.21) and ~g is the overall unphysical phase. The vanishing of the tadpole for ho,
Y3Y, = YpY/, can be always guaranteed by a proper choice of the unphysical phase [p:

1
Bo = =00 + garg | (] = [yrele® @) (lysa] — [ale* =) mod 7/2.  (B.2)

This analysis proves that the parameter 5 in the vacuum is never physical, and can always
be reabsorbed by a phase redefinition of the techni-fermions.

The vanishing of the tadpoles for Ag and for the triplets, on the other hand, requires
physical restrictions on the Yukawa couplings, which can be written in the form:

2i(¢0+00) 2i(p0—0d0)

[yl = [yeele = |lvis| = lynale

1
do = —Po + 518 [(Iyﬂ! + |yeale® P02 ) |y | + |ys|e? P~ %))] mod 7/2, (B.3)

where [y has already been fixed to cancel the ho tadpole.
The same procedure can be applied when other Yukawa couplings are added, like the
bottom one.
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B.2 Non-custodial invariant vacua

The most general vacuum can be build by rotating the EW preserving vacuum along all
directions that preserve the electromagnetic U(1), and are non trivial in the EW space: this
is equivalent to giving a vacuum expectation value to the two doublets and the two triplets:

1 (o0 1 0 by iy _ O
<H1>:\/§<vl)7 <H2>:\@<vz+iv3>’ <UiA>_<UIN>_\@3' (B4)

We assume that both triplets gets the same VEV| as they belong to a sextet of the custodial
SO(4). A misalignment along the singlet s is not interesting, as it does not touch the
gauge interactions nor the Yukawa couplings.® The most general vacuum can therefore be

written as
1 ) ] 1
Seen = €4, with A= —— e 93 (i Fiv) Ltvs 03 g
2v2f \ —(v1 —ivg) 1T — w3 03 vy 03
The vacuum can be expressed in terms of the following angles:
vy V9 V2
T = —— s tan = s tan = y B.6
T, B1 —— B2 — (B.6)
and
2 2 _ 2 2 92 1 t —2
6, V(1 +v3)% 4 v3 o= (v1 —v3)? + v3 . with Ox = + an_2 B1 B
2V/2f 2V/2f 62  1+tan=2f,
The result reads
e’ cos 0 eP1+7) sin g, 0
0 e~ cosf_ 0 ' (P2=7) gin §_
Egen = i(—B1+7T) o ir . (BS)
—e sin 04 0 e cos 64 0
0 e(=B2=7) gin g _ 0 e " cosf_
The limit of custodial vacuum can be reached by setting 7 = 0, ;. = 6_ = 0, and

B1 = P2 = B.7 It can also be shown that the above vacuum is equivalent to one constructed
starting from the custodial invariant one, to which a rotation along the imaginary part of
the second doublet and along the neutral triplets is applied.

The masses of the W and Z are now given by:

m¥; = 292 f?(1 — cos(27) cosfy cosh_), (B.9)
m% = (¢* + ¢*) f2(sin? 04 +sin6_), (B.10)

while the Weinberg angle has the same value as in the SM, cos? 0y = ¢2/(¢2 + ¢’*). The
tree level correction to the p parameter is thus given by

po1— mé, 1 (cos@y — cosf_)? +4sin?7 cosf, cosf_ ' (B.A1)
m% cos? Oy sin? 6, + sin%6_

SIn fact, it corresponds to a phase redefinition of the techni-fermion fields that changes the phase of the
masses.

"Note that for v2 = 0, the two phases 81 and B2 vanish, however 64 /0_ is not determined and they
should be considered as independent free parameters.
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To have a quantitative idea of the constraints coming from p, which is close to 1 up to
~ 1073, it is useful to expand for small breaking of the custodial symmetry:
(9+ — 97>2 7'2

— 1~ 2
p 2 + tanZ6’

(B.12)

thus the constraint on 6, — 6_ is of the order of few times 10~2, while the contribution of
the triplet is enhanced by a small 6 and is thus stronger.

We notice that, in the vacuum in eq. (B.8), the triplets and the real component of the
second doublet enter like phases, respectively 7 and the 31 o pair. It is therefore instructive
to investigate the relation with the Yukawa phases. We can re-write the general vacuum as

Egen:UT'E, U

gen
(B.13)
with
cos 04 0 ePrsin g, 0
0 cosf_ 0 P2 sin f_
S ‘ ) B.14
gen —e " Pising, 0 cos B 0 ( )
0 —e P2 5inp_ 0 cosf_

The vacuum Y., contains the contribution of the two doublets, while the matrix U,

generated by the triplets, is given by

efg:i 0
Uq— = < .7'-0'3) . (B15)
0 e

From the general top Yukawa coupling in eq. (2.30), it is the coupling of the tops that

determines the tadpole for the triplets in the loop induced potential: such coupling can be
written as

_f(ELtR){TT[PLl(ylteiTE,gen + yQte_iTEgen)]
+ioy 2 Tr[P3(ysie ™ Shen + yare S|} + hc. (B.16)

gen

where we have replaced the pPNGB matrix with the new vacuum gy, and explicitly written
down the contribution of the phase induced by the triplets. Then, we can re-write the
Yukawa couplings as

yéQ = the—iT — ‘yw‘e—i(’YO-i-,Bo—(po_((SO_T)) 7
—i(vo—Bo—po+(80—T))

(B.17)

’ . . 50—
ytl — yt1€7'T — |yt1‘e l(’YOJ’_BO"F(pO"F( 0 T)) ,

/o —iT __ —i(vo—Bo+wo—(60—T r T
Yy = Yrze T = |yl 0 Poteo=(00=m) ot — el = |yule

The above equations show therefore that the vacuum along the triplet direction corresponds
to a redefinition of the phase dy in the 4 Yukawa couplings: as such a phase is physical
(i.e., it cannot be removed by a phase redefinition of the techni-fermion fields), it is g — 7
that contains the physical effect of the triplet vacuum. This analysis also confirms that
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the tadpole for the triplet can be eliminated by appropriately fixing the value of dg, as
in eq. (B.1).

The two phases generated by the second doublet vacuum, §; and B3, can be rotated
away by two rotations Qg in eq. (2.21) and ©,:

cos 64 0 sindy 0
0 cosf_ 0 sinf_
O - Q3) - Tgen - (O, - Q)T = U, - .U, (B.18
(©p - €23) - Bgen - (O - ) —sind, 0 cosfs 0 ( )
0 —sinf_ 0 cosf_

with ¢ = 8 1;’3 2. 6= 8 1J2“8 2. O, corresponds to a local phase transformation generated by
the generator of the Hypercharge:

122 O2x2
O, = cie 0 ) (B.19)
02x2 R

So the kinetic terms are independent on the phases f; and (2, and thus the mass of VV#i
and Z, in eq. (B.9). As ©,, is only a global hypercharge U(1)y transformation, ¢ = @
is an unphysical phase. We already know that 23 is simply a redefinition of techni-fermion
unphysical phase, which can transfer the phase g = w from the vacuum to the fermion

_ BitB2
2

Yukawa couplings. So we can always use this freedom to set in vacuum to be

zero which is equivalent to set both /31 2 be zero and also means we can always set vy = 0.

C Mass matrices for the pions
The pNGBs in the theory receive mass contributions from the 3 terms in the potential:
M2 = AM3 + AME + AMZ, (C.1)

respectively coming from the techni-fermion mass, the gauge loops and top loops.
The contribution of the TQ mass-induced potential, eq. (2.39), gives diagonal and
gauge invariant masses to the pNGB multiplets

Cm(mU + mD)f

AMP = AMp, = AM? = 5 co (C.2)
Cn(my +mp)f

AM3 = ( U2 ) (co+9), (C.3)

AME = Cm(mU; mo)f (5. (C.4)

where the subscript Hs, A and N indicate the common mass of the second doublet, and
the two triplets respectively, and we have defined

my —mMmp

5= (C.5)

mU+mD'
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Loops of gauge bosons in eq. (2.40), on the other hand, give different mass contribution
to the components of the multiplets, as the vacuum is not gauge invariant. Notably, the
masses are diagonal in the gauge-basis, except for a mixing between the two triplets:

AME = 098f2(3gz + 9o, (C.6)
AM}?Q = C“;fQ(?)f —|—g’2)c§, (C.7)
AM/%O = AM;%Q + ngf2 (92 — g/2> sg, (C.8)
AMZ. = AME + ngf i (92 + g’2) 52, (C.9)

AM? = —C%fz(&f +9%)s; (C.10)

and the triplet masses, expressed as 2x2 matrices in the A—N basis:

C f2 2 0 1 792 +g/2 92 _ g/2
AM3 = 29 gg? | 92 —= 2 C.11
Ao—No ) { g 0 2 2\ g2 g,z 742 +g’2 sgrs ( )

C 2 1— 2 2
AM3: ye = AM3,_y, + af g’2<( o) s > (C.12)

The above formulas explicitly show that in the limit # — 0, the multiplets receive a common
mass, while in the triplet N only the charged components receives a correction from the
hypercharge gauge boson.

The contribution of top loops to the pNGB masses (and potential) is in eq. (2.33). After
imposing the conditions on the pre-Yukawas that ensure a custodial invariant vacuum, i.e.
Re(Yp) = 0 and Im(Yr) = 0, and using the arbitrary phase redefinitions to fix Y; real and
B =0 (i.e., Im(Yp) = 0), the mass matrices depend on 4 independent parameters: the top
Yukawa Y;, Yr and the complex parameter Yy. Contrary to the other contributions, the
top loops generate mixing among all the neutral pNGBs (expect the Higgs-like state hq),
and the charged ones. The mass correction to hj is given by:

AM} = =20 f*Ycop . (C.13)
The singlet s is also left unmixed:
AM? =20, f2YV?2s5 . (C.14)

The contribution to the neutral masses, in the basis {Ag, ho, Ao, No}, and writing Yy =
Y& 4 iY{ is given by:

Y2 s 0 s iYy s20 5 YAYY s
AM2 = 20,12 ’ Y2 s Y s YT s C.1
0=2C vy dvivRsy (VE-lv) 2 1y s - (G18)
2\/§t0320\/§t039(t Y1) s 2 i1 59
1 1 1 1
2—\/§YtYOI 520 EYZYE)R S —§YT2 sz (Y;f2 — §YT2) sz

~ 31—



It is interesting to notice that in the case of real pre-Yukawas, YOI =0, Ag decouples from
the other neutral scalars, due to the different CP properties of the fields: in fact, Ag is
CP-even in this limit. On the other hand, for a purely imaginary Yj, i.e. YOR =0, it is ho
that decouples: in this limit therefore, one can redefine the CP properties of the pNGBs
so that hg is CP even and Ay CP-odd. In the charged sector, in the basis {H*, AT N*},
we have

Y? 55 YVt + Y co) s Y2 5Vi(YT — Y co) s
AMZE =20 % | —5Vi(V =i ep) s (Y2 - 1v2) 2 —1y2 &2
F5Ye (Y + Y o) s —1v2 s} (Y2 —3YP) s2
(C.16)
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