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1 Introduction

Irregular conformal block (ICB) is closely related with Argyres-Douglas type (AD) of N=2
super conformal gauge theory in four dimensions [1]. AD type has the non-trivial infrared
fixed point on the Coulomb branch and does not allow marginal deformation. Therefore,
AD type of gauge theory is considered as a special class of super conformal gauge theory.

According to AGT [2], the Nekrasov partition function [3-5] of the gauge theory is
equivalent to the conformal block of Liouville vertex operators in two dimensions. This
connection is understood using the twisted compactification of the six dimensional N =
(2,0) theory on a punctured Riemann surface [6-8]. In this context, the Seiberg-Witten
curve of the four-dimensional theory is identified with the spectral curve of Hitchin system
on the Riemann surface with regular punctures. The Hitchin system has simple poles and
the residues are associated with the mass parameter of the gauge theory [9, 10]. On the



other hand, the AD type theory is characterized in terms of irregular punctures, poles of
higher order [11, 12]. Therefore, the irregular puncture is the key point to understand AD
type theory.

It is noted that irregular punctures appear when the regular conformal block has the
colliding limit [13, 14]. The colliding limit is a fusion of vertex operators so that multiple
moments of Liouville charges of the vertex operators are present. It is like the collection of
charges distributed over a small region whose collection is viewed as an idealized system of
total charge, dipole, quadrupole and multi-poles. As a consequence, the irregular punctures
maintain the conformal symmetry but change the conformal state. Note that a regular
puncture on the Riemann surface appears due to a primary field, which indicates the
primary state, eigen-state of Virasoro generator Lg. Similarly, the irregular puncture of
order (n + 1) indicates an irregular state of rank n, which is a simultaneous eigen-state of
positive Virasoro generators L with n < k < 2n. This irregular state is called a Gaiotto
state [15] or a Whittaker state [16]. Rank 0 state corresponds to the regular state.

According to AGT, the conformal block provides the partition function of gauge theory.
In the same way, the partition function of AD type gauge theory is given by ICB. To find
ICB, we will use the property of the Penner-type random matrix model. The Penner-type
matrix model is originally introduced to study the topological structure of the punctured
Riemann surface [17]. It turns out that the Liouville conformal block is conveniently
represented as the Penner-type matrix model, which is an equivalent way of writing of the
Selberg integrals [18, 19].

There are a few merits in using the matrix model. The Penner-type matrix model is
easy to apply the colliding limit which results in the irregular matrix model (IMM). From
IMM one may obtain ICB by properly normalizing the partition function and compensating
U(1) factor [20]. In addition, the random matrix model provides the loop equation, Ward-
identity representing the conformal symmetry. The loop equation allows one to investigate
the detailed structure of the spectral curve corresponding to the Hitchin system. It turns
out that the spectral curve contains flow equations corresponding to the conformal and W
symmetry and fixes [CB and therefore, the partition function of AD type gauge theory
according to AGT. It is remarkable that one may find ICB using only the conformal and
W symmetry of the theory. This paper is mainly devoted to elaborating on the relation
between ICB and spectral curve through flow equations.

This paper is organized as follows. In section 2, we consider the case with su(2)
gauge group which has the Virasoro symmetry. We confine ourselves to the classical /NS
(Nekrasov-Shatashivili) limit [21] to present the main features of the system. NS limit
is a limit where one of the deformation parameters €12 of the guage theory goes to zero
and the other (called €) remains to be finite. In the Liouville theory sense, the classical
limit is achieved by taking the limit ¢ = hQ finite where the scale parameter A goes to
zero but the background charge @ goes to infinite. One may resort to the classical/NS
limit to get simplified spectral curve which still possesses the irregular punctures and the
Virasoro symmetry. This spectral curve reduces to the second order differential equation
of a polynomial of a finite degree N, size of the random matrix. In addition, we do not
have the cut structure on the Riemann surface which usually appears at the large N limit.



However, the concept of the filling fraction (identified with the Coulomb branch parameter
in the gauge theory) still remains and plays an important role in ICB. We present the
explicit form of the flow equations from the spectral curve and use the flow equations to
find the the irregular partition function and ICB. An explicit form of the irregular partition
function and ICB are given for lower rank cases.

In section 3 we extend the idea to the case with su(3) gauge group, which has the
Virasoro and W3 symmetry. IMM of Ay is presented, which is obtained from the Toda
field theory and its colliding limit. The spectral curve is obtained and flow equations are
found by identifying the Virasoro and W3 symmetry generator. Using a similar method,
we construct partition function of IMM and ICB. In section 4, we briefly summarize the
relation between gauge theories and the matrix model approach. Section 5 is the conclusion
and outlook. In the appendix, one can find the derivation of the loop equations of As model
(appendix A), representation of W3 currents (appendix B), and perturbative method to
find the moments for the flow equation (appendix C).

2 Irregular conformal block with Virasoso symmetry

2.1 Irregular matrix model and spectral curve

The irregular matrix model with Virasoro symmetry is given as the  deformed random
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whose potential has the form

n

V(z) =cologz — Z (%) + i (C—eg ZZ) . (2.2)

k=1 /=1

The deformed parameter 3 is related with the Liouville screening charge b = iy/3. In
addition, a small expansion parameter ¢ is introduced in the partition function, which is
equivalent to the Liouville scaling parameter i = —2ig; /3/g = —2b/h. It is noted that
the parameter ¢, in the potential is the one denoted as ¢ in [22]. We simplify the notation
by deleting hat and therefore, ¢ stands for old hcy.

The partition function (2.1) is obtained from the colliding limit of regular (m+mn+ 2)-
point conformal block. As a result, the potential parameter ¢ is related with the Liouville
charge o, and the vertex operator position z, as ¢ = Zle har(zr)k with £ > 0 and
coo=—> hiovg(24) ¢ with £ > 0. One may regard the partition function as the irregular
correlation of two irregular vertex operators of rank m and n, considering the rank-n
irregular operator as Ic(n)(z) = e2®() with ®(2) = Y-} cxOkp/k! where Oy stands for k-
th derivative of the Liouville field. In this sense, the rank-0 irregular operator reduces to the
regular vertex operator V,(z) = e22¢(2)  In addition, the two -point irregular correlation
is viewed as the inner product of irregular states of rank m and n. Indeed, the two-point
correlation is identified with the inner product if one takes care of the proper normalization



of the state and U(1) factor which arises at the colliding limit [20]. Multi-point irregular
conformal block is also constructed in a straight-forward way.

The partition function has the conformal symmetry and the symmetric property is
encoded in the loop equation,

AW (2)2 + 4V (2)W (2) 4+ 2eW'(2) = f(2). (2.3)

Here W (z) is the resolvent, W (z) = g\/ﬁ<zl ﬁ> where the bracket (---) denotes the
expectation value with respect to the matrix model. f(z) = 4g/3 <Z[ M> The

Z—A1
loop equation (2.3) is given at the classical/NS limit. Note that the classical/NS limit
is obtained when A — 0 and b — oo so that ¢ = hb is finite and multi-point resolvent
contribution vanishes [23]. Therefore, we ignore the two-point resolvent in the original
loop equation.

From the Liouville field theory point of view, the large b limit is the same as the one
with the small b limit because of the duality b — 1/b is present in of the Liouville theory.!
Therefore, the same finite ¢ = hAQ) is obtained either at the NS limit or at the classical
limit (b — 0) of the Liouville theory. It is also noted that the same duality also appears
in the corresponding gauge theory. The Q deformation parameters €; and ey are identified
as € = hb and €2 = hi/b according to to AGT conjecture and ¢ = €; + e2. The b — 1/b
duality corresponds to €; — €5 duality. If one of the deformation parameter vanishes while
the other remains finite, the limit is called Nekrasov-Shatashivili (NS) limit, which is the
same as the classical limit of the Liouville theory or the matrix model.

The loop equation (2.3) can be put in a more informative form if one uses z = 2W+V",

2+ ex’ +6(2) =0, (2.4)

which can be regarded as a spectral curve with z the (complex) spectral parameter. The
analytic structure of the spectral curve is specified by &3(2) = —V'? 4+ €V” — f which has
a pole of order 2n and a zero of order 2m on the Riemann surface:

2n A n—1 d
k a
o(2)= ) J ) Sat2’ (2:5)
k=—2m a=—m

where f = Z;L;im Zfig is used. The spectral curve indicates that one may view the mode

of &(z) as the conserved quantity appearing in the integrable theories [9, 10]. Indeed, if
one ignores f(z) (putting d, = 0), £2(2) is given in terms of A which is a constant:

A =e(k+1)cg — Z CrCs - (2.6)
r4+s=~k

The new feature in the loop equation (2.4) is that f(z) has the special role in finding
the partition function [22]. This role is closely related with the Virasoro symmetry. Note

!Note that before taking the classical /NS limit the parameter ¢ in the loop equation is hQ = 2g(v/B —
1/4/B) where Q = b+ 1/b is the background charge of the Liouville theory. Thus, the original € is invariant
under the b — 1/b duality.



that &2(z) is identified with the expectation value of the energy momentum tensor (Virasoro
current)

&) = (T(2) = 3 7 (2.7
kEZ
Comparing the two, one notes that Ay is the eigenvalue of the Virasoro mode Lj for
n <k <2nand —2m < k < —m. The positive mode L; with n < k < 2n applies on the
ket so that the ket is the simultaneous eigenstate of Ly (n < k < 2n). The negative mode
applies on the bra since L}; = L_j, and therefore, the bra is the simultaneous eigenstate of
Lk (—2m S k S —m).

However, the extra mode A, +d, ( —m < a < n — 1) present in {,3(z) is not a simple
constant due to d, and therefore, not an eigenvalue. Instead, the mode represents the
expectation value of L,. It is noted that d, is directly related to the partition function or
free energy Fip,.,) = —h?log Z(min) 124]:

Va(Flmin)) it0<k<n-1
dq = va(F(mm)) + 2eN¢y if —m<a<0 (2.8)
2eNc_p, if a=-m,

where v, is given as derivative with respect to the parameters c;’s:

Y 650 s(cSJraa%S) Hfo<k<n-1

(2.9)
Zs<0 (_8) (Cs—i-aaiCS) if —m<a<0.

Vg =

In fact, v, in (2.9) is the representation of Virasoro mode L, on the parameter space and
dg is the vector flow v, of the partition function. It is, however, noted that v, behaves
differently, depending on the sign of a. When a > 0, v, acts on the parameter space
{c1,-++, ¢y} of the right state and satisfies the commutation relation [vg, ve] = —(k—£€)vg1p.
On the other hand, v, with a < 0 acts on the parameter space {¢_y,, - ,c_1} of the left
state and satisfies the commutation relation [vg, vs] = (k — £)vg4s.

The appearance of left /right representation of Lj brings an unpleasant feature. Sup-
pose we evaluate Z(g,) whose parameter space is {ci}. The vector flow dy of vy can
determine the partition function using (2.8). In fact, the partition function is easily ob-
tained if one scales \; — ¢ A7 in (2.1). This shows that the flow equation (2.8) contains
the information of the parameter scaling. On the other hand, suppose one evaluates Z(1.q)
whose parameter space is {c_;}. The partition function is found if one scales A\; — Ar/c_;.
However, there is no v_; representation in (2.8) when m = 1 and we cannot fix the parti-
tion function using the flow equation. This unpleasant feature does not raise any problem
in evaluating Z,.,y (m # 0) if one scales A} — A7'/c_,, first. (See more details in
subsection 2.2.)

Nevertheless, this unpleasant feature can be avoided if one takes into account of the
conformal invariance of the partition function. Note that conformal transformation \; —
1/Ar changes the parameter space {c_y,, -+ ,c_1,¢1,- -+, ¢y co} into its dual space



{C_py+ v ,C-1,C1,"++ ,Cm;Co} where ¢ = —c_p, (k # 0) and ¢y = coo. Here ¢ is determined
by the neutrality condition
€0+ oo + Ne=c€. (2.10)

The neutrality condition is hidden in the matrix model but is manifest in the Liouville
conformal block. The conformal block is evaluated using the perturbation with the insertion
of N screening operators and the neutrality condition is required ), aq + Nb = @ so
that the conformal block is non-vanishing. At the colliding limit, the neutrality condition
reduces to ¢y + oo + Nhb = hQ where ¢ = )" ha, is the total Liouville charge (scaled
by h) at the origin and ¢, is the charge at infinity. If one has the classical /NS limit, one
has the neutrality condition (2.10).

Using this conformal symmetry, we have two left representations instead of one left and
one right representations: one is the original representation v, with a > 0 which applies
to original parameter space {c1,- - ,¢,} with parameters {c_,,, -+ ,c_1;¢p} intact. The
other is ¥, with a > 0 which applies to the dual parameter space {¢_p,---,¢_1} with
{¢1, -+ ,Cn; ¢} intact. Here the barred representation 9, is defined in the same form as
in (2.9) but with {c;} replaced with {¢;} and commutes with v,; [vg, Us) = 0. The barred
partition function is the same as the original one because of the conformal invariance of the
partition function. Therefore, one may find the partition function from the flow equation
presented in the spectral curve and the existence of the partition function is guaranteed
due to the consistency condition of d, and its dual dg:

Va(dp) — vp(da) = —(a = b)dap
Cza) = _<a - b)Jaer

Ve (dp) — vp(dg) = 0. (2.11)
It is simple to note that if one replaces d, with Ay, then A also satisfies the consistency
condition (2.11).

If one uses the flow equation to construct the partition function, the major step is to
find the values of d, and d, directly from the analytic property of the spectral curve (2.4).
In the usual large N approach [25, 26], one expands the spectral curve in powers of i
keeping AN = O(1) and assuming x is O(1). In this case, hQ) is the sub-dominant order
of 1 [22] and the spectral curve is given as © = £/ at the leading order. The solution
results in (m+n) square-root branch cuts and provides the double covering of the Riemann
surface [18, 27]. The contour integral of = over a certain cut becomes an elliptic integral
and is identified with the filling fraction. In this way, one can find dj in terms of the
filling fraction and the parameters cx’s. Once dj is known, the free energy is constructed
according to (2.8) and (2.9). This procedure is very interesting from the gauge theory point
of view. Since the filling fraction is identified with the Coulomb branch parameter of the
gauge theory according to AGT and the spectral curve is the Seiberg-Witten curve of the
Hitchin system, Seiberg-Witten curve determines the partition function of the Argyres-
Douglas gauge theory with the parameters {cx} which can be rewritten in terms of masses
and Coulomb branch expectation value of the gauge theory.



At the classical /NS limit, the procedure does not change much. Still, there appear
important modifications. There are no branch cuts in the spectral curve: only N-number
of simple poles are present. This fact can be seen as follows. Let us consider an expecta-

N
P(z) = <H(Z — )\I)> =Y Pat =]](z - 2) (2.12)
A=0 «

I

tion value

which is a polynomial of degree N with Py = 1. z,’s are N-zeros of the polynomial. We
assume all zeros are distinct. Note that P(z) is related with the resolvent W (z) at the

log <Jf((;))> - z/: 47 W(2'). (2.13)

0

classical /NS limit since

Here we use the fact the multi-point resolvent contribution vanishes at the classical /NS
limit [23, 28]. Taking the derivative of (2.13), one has 2W (z) = eP’(z)/P(z) which can be
put as

Yoo
2W(2) =€) : (2.14)

Therefore, only N-simple poles appear in the spectral curve, which substitute the cuts
present at the large N expansion.

The monic polynomial P(z) has the central role in finding d,. Explicitly, the spectral
curve (2.4) reduces to the second order differential equation of P(z): from (2.3) one has

2P"(2) +2eV'(2)P'(2) = f(2)P(2). (2.15)

One may expand the differential equation in power series of z and find finite number of
algebraic relations of Py’s and d,’s since P(z) is the polynomial of degree N. Therefore,
one can find dg,’s using the algebraic relations only. It should be noted that the solution
is not unique. The solution depends on how the zeros of the polynomial P(z) distribute
around the stationary point of the potential. Therefore, the filling fraction may be applied
to the distribution of the zeros even though there are no branch cuts on the Riemann
surface. With the filling fraction one may fix the relevant solution of (2.15). We provide
some explicit examples in the next two subsections.

2.2 Partition function Zg,y,)

In this section we first consider the case where the potential is given as logarithmic and
inverse polynomials only: ¢ = 0 when k < 0. The partition function with this potential is
regarded as two point correlation between one regular and one irregular vertex operator.
In this case, dg is simply obtained if one uses large z expansion of the loop equation:

dy = 2ecoN + N(N —1). (2.16)

However, other values of dj are not easy to find.
Suppose one evaluates the simplest partition function, rank n = 1. In this case,
do is enough to find the partition function if one uses the flow equation (2.8). Z(y,;) =



cl_do/ th\/‘(O;l) where /\/(0;1) is the normalization independent of ¢;. The same result is
obtained if one rescales A; in the partition function (2.1). In addition, one can find P(z)
explicitly since the mode expansion gives a recursive relation: Ps = £411P44+1 where
Ear1 = 2(A+1)ec1/(dy — 2ecoA — 2A(A —1)). Here Pyy1 =0 and &y 1 = 0 are used for
notational simplicity and Py = 1. The recursion relation shows that for 0 < A < N

N
Pi= ] &- (2.17)
a=A+1
Suppose N = 1, one has P(z) = z — 2z and Py = & = c¢1/cog = —z1. The zero z;

corresponds to the stationary point of the potential V. When N > 1, the solution P4
provides the information of N zeros around the stationary point since P4 is written as
the the polynomial of N-zeros in a permutation invariant form: Py = ) {as} Zar """ Zan_a
where the index sum is ordered.

If the rank is greater than one, the solutions P4 and dj are more complicated. To get
the idea on this solution, let us consider the rank two with NV = 1. In this case we need dj
and dy. dyp is trivially given: dy = 2ecg. On the other hand, one has dy = 2ecy — dg Py and
dy is fixed by a quadratic equation:

d? — 2ecydy + 2ecady = 0. (2.18)

One has two solutions: d{t = €cy (1 + M) where 7 = 4cacp/c?. Note that two solutions
shows that P, ~ ¢ /co and PJ’ ~ c9/c1, each of which lies near one of two stationary
points of the potential. This two different solutions are due to the fact that zeros of the
polynomial (or the poles of the resolvent) distribute around two different stationary points
of the potential. One may classify the solutions in terms of the filling fraction. Therefore,
if one integrates the flow equation (2.8), one has the different free energy depending on the

1 [M1FV1-—
= €cp <log cy — / de) . (2.19)

filling fraction,

:F
Fo) 3 .

For general N, one can easily convince that Py_1 has N + 1 solutions. The solutions
correspond to the zero distribution of P(z) so that N = Nj + Ny where N; zeros at one
stationary point and Ny at the other. However, it is not easy to find the exact form of d,
when N is large and one may resort to perturbative expansion. One way to find the solution
is using the power series of € with € small. Note that W (z) = O(e) and f(z) = O(1) while
V(z) = O(1) from the definition. In this case, we may apply the e expansion to the loop
equation (2.3) directly. Denoting W (2) = >, o, FW® (2) and f(z) = 3,5, ¥ fF)(2), one
has the leading order contribution - -

f(l)

2w (z) = R

(2.20)

This shows that the poles of the resolvent is located closely to the stationary points of the
potential at the leading order. This is consistent with the expectation that zeros of the



polynomial P(z) are accumulated around the stationary points. Denoting Ny, for the filling
fraction around the stationary point & of the potential, one obtains the identity

f(l)
A, 2V

E = dz (2.21)
where A is the contour encircling & only. Since the number of stationary point is the
same as the number of d,, one can fix d, at O(e'). At the second order of the loop equation,
one has the identity

) Dy oy — )y r(1)

:7{ a1 ,—(f ,)2+( f,g)f . (2.22)
Ay 2V 4(V7) 8(V")

Here the identity assumes that the contour Ay encircles all the poles of the resolvent

corresponding to the fractional number Nj. In this way, one finds d, order by order in ¢

and therefore, the partition function.

For the case rank 2 we have djy:
di = — 2eco(N261 + N1&2)

2818 N (N 1)(26—£2) — N (V1 — 1) —262) — 2N N (6 +62)] + O(E)

CESE
(2.23)

where £1, & are two stationary points satisfying coz? +c12 4+ co = co(z — 1) (2 — &). Using
the flow equations dy = vy (F(o;z)) and d; = vy (F(Ozg)), we get the free energy F{g.2). The
partition function is given up to O(e?),

2 2
—-5c0(N14Na2)— 5 3 (N1 (N1—1)+Na(N2—1)) , o € (N1(N1—1)4+N2(Na—1)—4N1 N)
Z(0;2) =y h I (Cl — 46062) 4n?
2
3 S5 (N1 (N1—1)+N2(N2—1))

€

—-5co(N1—N2)—

" c1+ /¢ —4deoea | "
C1 — \/C% — 40062

X e—ﬁ%%(\/C%—46002(N2—N1)+Cl(N1+N2)>

(2.24)
(N+n—1)!

N!l(n—1)!
as the zero distribution with N = 37" | N; with N; zeros around each stationary point of

For the rank n with N zeros, one has solutions. One may view this solutions

the potential. Considering this zero distribution, one may expect that the solutions can be
obtained perturbatively using parameter ratio set {£-, €2, ... 21 Each ratio stands for
0’ C1 Cn—1-_

each stationary point. The same conclusion also holds for Z(,.q) = Z(q,y) if one works with

the barred notations.

2.3 Partition function Z,,.,) and ICB

If one considers the case rank (m;n), the potential contains finite Laurent series. One may
evaluate the flow equations by finding d,’s. The special feature of the partition function



Z(mm) 1s that one may evaluate ICB of irregular vertex of rank m and n. In this case,
ICB is identified with the inner product (I™|I(™) of two irregular states of rank m and
n. The relation of ICB with Z,,.,) is given in [20].

eC(m:n) Z(m,n) (CO§ {CZ})
Zom) (co; {er}) Z0:m) (Co; {k}))

Z(myn) is divided by Z .,y and Zg,y,) to give the proper normalization. The extra factor

FU™M (e} {and) = (2.25)

eSmin) comes when m vertex operators are put at infinity and n operators at the origin.
Explicit result is given as h?((n,) = —Zrknin(m’n) 2(cgc—g)/k. Therefore, it is obvious
that ICB is exponentiated and the exponent should be inversely proportional to A2 [29],
considering the /i dependence of the free energies and ((,,.y,)-

For example, ICB F (1) i obtained directly using the relation (2.25). Z,1)(co; c1) can
be easily obtained from the flow equation vg (F(o;l)) = dp and its dual Z .1 (co; ¢1):

eN(eN+2c h2  —(eNg(eN co)—e2Ng) /h?
(0 1)z(0 1y = ( e (eN+2co)—€*N)/ 770( 0(eNo+2¢o) 0)/ (226)

where 19 = cic_1. To evaluate Z(1 .1), we first obtain c_; dependence by rescaling A\; —
2~ ~

Arfe1r Zagy = C(EN(eNHCO) N/ Z(1;1y- Z(1:1) is the partition function with the po-

tential V(z ) = cologz + z — no/z, which is to be evaluated from the flow equation using

do = v (—hg log 2(1;1) . We use the € expansion to obtain the parameter dependence of dj:

gNo( —1)&2 — ANoNoo&1&2 + Noo(Noo )52
(&1 — &2)?

do = —2€(No&1+ Nooba) + O(e’) (2.27)

where & and & are stationary points of ‘7(7;) The flow equation shows that

2 (N2, —Noo—NZ+Nop)
Z(l.l) _ Cé(EN(EN+260)—€2N) o —onZ (N2 No+N2Z —Noo) [ co + \/c§ — 4ng T
7 o — V€ 0 —4no

—(2ecoNoo ) /2
X <60 /G- 4770) <c0 +/6 - 4770)

2
% (C% 7477 ) 452 (N —No—N, +Noo+4N0Noo) g(NofNoo)\/Cgfﬁlﬁo’

—(2600N0)/h2

(2.28)

up to O(e?). From the result, one can obtain ]:(Al;l). We provide ]:(AM) in powers of 79 and e:

Fat = [1 o™ L5 o )} +e [Q(NO_NOOMO O L

h2 R4 o h2 3 Rt
5[ 2(NZ — No — 2NoNwo) 1m0 h2 (TNg(Ng — 1) 4+ Noo(Noo — 1) — 16 NgNoo)
— € 02 ﬁ —+ 204
0 0

2 (No(3Np — 2) + N2 — 6NoNuo) }

2
=0

Zﬁi +0(n )} +O(e)

(2.29)
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One may also evaluate ICB directly using the perturbative approach of IMM as noted
in [20]. This is because the relation (2.25) shows that one needs Z,,.,) with proper normal-
ization and compensates by the U(1) factor. For the perturbative approach one may divide
the potential matrix with N eigenvalues into the one with Ny eigenvalues and the other
with Noo so that N = Ny + No. The normalization Z(q,,) is obtained if one uses Vg.,)
instead of V{;,.,y with Ny eigenvalues in Z(,,.,,). Therefore, one may consider the potential
Vimn) with No eigenvalues composed of V{q.,) and the rest so that V., is treated as the
reference potential V{; and the rest as the perturbative one AVjy:

No n No n

o Cl N C_y ¢

Vo=> <c0 log Ar — ) W) . A=) (Z g)\1> . (2.30)
I=1 k=1 I=1 \¢=1

Likewise, the potential V,,.,) with N eigenvalues composed of V(,,.) as the reference

potential V, and the perturbation AV,, The partition function may be rewritten using
the conformal transformation Ay — 1/ so that one can use the dual form

Noo mo Neo / n _
Ve =) (50 log 1y — > ;;;) ;A=) (Z Ckku?) . (2.31)
J=1 =1 ""J J=1 \k=1

Once the normalization is done, the cross term [] I, s = Arp 7)?% remains from the
Vandermonde determinant. Therefore, the perturbative approach is to evaluate the ex-
pectation value <H1,J(1 —Arpg)?P exp (%(AVO()\I) + AVOO(MJ))>> where (---), refers
to the expectation value with respect to the reference potential. %ractically, one may
evaluate the expectation values from the loop equations of the partition functions Z .,
and Z(.,) by using the large z expansion of the resolvents. However, this perturbative
approach needs additional identities for multi-point resolvent correlations even at the clas-
sical /NS limit [22, 35]. We have .F(AM) at the classical/NS limit from the result obtained
in [20]:

+O(ng) -
(2.32)

Fu o [hla (3220 = 1) (367 — 4A6) (302, — 4AL,)
A 2h2A 16R2A3 16R2AZ(4A + 3€2)

where A = (co+eNg)(e—(co+eNp)), 1 = 2c1(e—co) and by = —c?. 1 and £_5 are its duals.
It is noted that A and ¢}, correspond to the modes appearing in £2(z) and can be represented
as the expectation values between regular and irregular state: A = (A|Lo|IM)/(A[IM)
where (A[IW) is Zgqy. Ly = (A|Lyp[ IV (AT, 0oy = (IW|L_i|A)/(TW]A) for
k=1,2 and (IM|A) is Z(0;1)~ This identification clearly shows that .F(Al;l) satisfies the
dual symmetry observed in section 2.1.

The result (2.32) is given in power of 79 = cic_;; each squared bracket in (2.32)
corresponds to each order of 7y. One can easily check that the squared bracket term is
consistent with the one appeared in [37] if one uses the series expansion in 1/h? at each
order of % and ignores higher order than 1/h%¢. This shows that Fa in powers of 1/h?
should be considered as the formal series. This fact is already suggested by Zamolodchikov
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and Zamolodchikov [38] for the regular conformal block and investigated fully in [29] for
the irregular conformal block: at the classical/NS limit, the (ir)-regular conformal block
should behave as Fa — exp(—F/h?) where the free energy F is finite as A — 0.

3 Irregular conformal block with W3 symmetry

3.1 Irregular matrix model and loop equation

The irregular matrix model with W3 symmetry can be derived from Toda field theories at
the colliding limit [30, 36]. The simplest matrix model is obtained from As Toda theory.
The As irregular matrix model is two matrix model with potential V; and Va:

Z i) /Hdeldy] QﬂA( )2BA(x7y)fBe§[ZfVlVl(wz)JrZJ 1 (yj)]7 (3.1)

i=17=1

where A(z) =[],
B is the deformed parameter and conveniently put /8 = —ib as in the Virasoro case.

(zi — zg) and A(z,y) = [[; ;(z: — y;) are Vandermonde determinants.

When § = 1, the model reduces to hermitian two-matrix model and the powers of the
Vandermonde determinant correspond to the A Dynkin index. The potential with rank
(m;n) has the explicit form

b N
Vi(z) = bologz — ) :f;+§: Z
k=1 k=1
m k
a_rz
Va(z) = aplog z — g e k—l—E l]; (3.2)

e
Il

1

To obtain the matrix model we work with the primary operator V,(z,) = e%#(za)

where Toda field ¢ has the orthogonal components ¢ = ¢ (171/76_2) + o (1’\_/%’0) and satisfy
the free field correlation ¢;(z, 2)p;(w,w) ~ —d;;log|z — w|>. The conformal block with
n+m+2 primary operators are considered with N screening operators of the type e?€1#(:)
and M of type e?®1'?(@)  Here €; and & are two root vectors of As. The conformal block
is non-vanishing if the neutrality condition holds [39]:

Goo + Y da+bNE +bMeE, = 2Q7, (3.3)

a

where @ = b+ 1/b is the background charge and p'= €] + & is the Weyl vector.

The correlation between screening operators provides the Vandermonde determinant
with powers related to the Dynkin index of the two roots. The potential is obtained if
one has the colliding limit of the colliding limit of the primary operators. If the Toda

momentum of the primary operator is presented as @, = (1, 1; +Ba(1,-1,0) and n+1
operators are fused to the origin and m + 1 operators at infinity, one has the potentials

in (3.2) with the parameters: by = 3" hB.zF (k=10,1,--- ,n)and b_ = — > I_ hB,zk
(k=1,---,m). Similarly, ay = (\f@ —b)/2 and ¢ = Y7 hagzt (k=0,1,--- ,n) and
ck:—z Lohagzt (k=1,---,m).

— 12 —



The duality transform z; — 1/x; and y; — 1/y; induces the dual potential

Vi(2) = bolo Z—ZEL—F boist
1 = 0g log kzk L )
k>0 k>0
- ok
= _ ag a_rz
VQ(z):aglogz—Zm—i—Z o (3.4)
k>0 k>0
where @, = —a_y, and by, = —b_j, when k # 0. ¢ = coo and Gy = a are fixed by the

neutrality condition by + boo + €(N — M/2) = € and ag + aoo + (M — N/2) = €.

The loop equation at the classical/NS limit is summarized as the following. (More
details can be found in appendix A). One is the quadratic equation related with the Virasoro
symmetry:

X2+ X7 - X1 Xo+e(X]+ X)) +&=0, (3.5)
where X; and Xs are one-point resolvents (R; and Rp) shifted by potential whose in-
tegration variable is x; and y;, respectively: X7 = 2 (R1 + % (2V] + Vzl)) and Xy = 2(Ry
+3 (V] +2V3)). &(2) is the energy momentum tensor (Virasoro current) expectation value
(I |T(2)|1n)

(I | 1)

where F' = f1 + f3 is defined in the appendix and has the mode expansion f;(z) + fa(z) =

n—1

4
&2(2) = —2¢(VI' + V) — g(Vf2 + VP +VIVy) — F = (3.6)

dy/2"+2. Therefore, &(z) has the mode expansion

k=—m
2n n—1
Ak dp.
@)=Y T D e (3.7)
k=—2m k=—m
Here A;, is a constant
4
A =2e(k+1)(ax +bx) — 5 > (arag + bybs + arby) . (3.8)

r4s=k

Since T'(2) = >, Li/2**2, Ay (n < k < 2n) is the eigenvalues of Ly, of the irregular state
|I,), consistent with the definition of the irregular state of rank n. The mode dj has an
important role since it is related with the partition function as in the Virasoro case. When
0<k<n-—1,one has

0 0
dk = Vg (F(m,n)) s V = Z S <b8+k8b8 + (15+]<;8as> . (39)
s>0
One may find its dual form if one replaces by(ax) and k # 0 with by, and @y, respectively.
The other loop equation is cubic. One may put the cubic equation conveniently into
two separate equations when combined with the previous quadratic one.

2 €
X3 X +3eX X! + X =+ "¢ — —¢] 3.10
T+ &EX +3eX1 X + e X +3\/§§3 2£2a ( )
2 €
X3 Xo+3eXo Xh + X = ———_¢5 — —¢] 3.11
5+ &Xo + 3e X0 X5, + €2 X, 3\/353 2527 (3.11)
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where &3 is given in terms of the coefficients of the potential:

3n B 2n—1 e
k k
b= Y Doy 312
k=—3m k=—2m

By is a constant

_ 4 Z ( (bybsby — arasar) + 3(brbsa; — a?“asbt))

' _3\/3 r+s+t=k
- \fe 3 (2(k: 4 2)(brbs — arag) + (7 — 8)(bras — arbs))
r+s=k
\f € (k+1)(k +2)(bx — ax) , (3.13)

which comes from the terms

4
<3\/§(2V{3 F3VRVY) + V3e@VI VY + VIV + V/”> - (1 o 2) . (3.14)
It turns out that £3(z) is the expectation of the W5 current W (z)

I |W (2)|1, %
£3(2) = <<‘Im’(13>|> = ik-f?? )

(3.15)
k

and By (2n < k < 3n) is the W}, eigenvalue of the ket (right state). When —3n < k < —2n,
By, is the —W_, eigenvalue of the bra (left state) since W,I = —W_j, (this anti-hermiticity
comes from our normalization. See appendix B.).

The moment ey induces the flow equation. When n < k < 2n — 1, e applies to the
right state

0
€k = Uk (F(m,n)) > He = Z \/gt ((aras + 2arbs)87at -
k=r+4s—t;
t>0

0
(brbs + 2arbs)abt) . (3.16)

Its dual form applies to the left state.

It is worth to note that if one defines ¥;(z) = exp ( 7 Xa( ) with ¢ = 1,2. Then,
the loop equations (3.10) and (3.11) can be rewrltten as a thlrd order differential equation
of W;(2):

3
< §3+568+U()> i(2) =0, (3.17)

where Ui (z) = +3%/§§3 — 563 and Uz (z) = _3%/353 — 5&-

3.2 Spectral curve and partition function

As shown in section 2, the symmetry present in the spectral curve will be used to find
the partition function Z,.,). The loop equations (3.5), (3.10) and (3.11) are our starting
point. Our first step is to introduce two monic polynomials of z with degree N and M:

P(z) = (T (2 —2)) = T2 (2 = ta) and Q(2) = (T1}(z =) ) = [TALs(= — wa). At
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the classical /NS limit, one has the resolvents as rational functions: 2R;(z) = eP’(z)/P(z)
and 2Rs(2) = €Q'(2)/Q(z). We rewrite the quadratic equation (3.5) and cubic equations
in (3.10) and (3.11) in terms of the polynomials P and (). The quadratic equation reduces
to the second order differential equation:

E(P'Q — P'Q + PQ") +2e(V{P'Q + V;PQ') = FPQ. (3.18)

The cubic equations reduces to the third order differential equation:

P 4 2] £ V)P e (W +15) + 20 = F) P' = GiP (3.19)
Q" +26*(V] +2V3)Q" + e (4V3 (V] + V3) +2eVy' — F) Q' = G2Q.. (3.20)
where
ol e (k+2)d
k
G| = Z zk+3{ 3\[%—1—72(1 (2bs —HLS} §ZW’ (3.21)
k=—2m r+s==k k=—m
ol € i, (k+2)d
B k

Our next step is to find the mode d, (0 < a <n—1)and e, (n <k <2n—1) and
their duals if necessary. As noted in section 2, it is not easy to find the exact form of d,
and and e;. We provide some examples of the partition function using the e expansion
method. Note that R1 , Ro and F' are O(e) whereas V; and V5 are O(1). Therefore,
denoting R; = Y ;-1 R, (k) kP =3, o1 FRek and G; = =>4 G (k)ek, we have Rgl) and
Rgl) at the leading order of the loop equations (3.19) and (3.20):

G
WV +V3)

1
iV

(1 _
2Ry —
4V1 (Vi +V3)’

2Rl = (3.23)
The stationary point of the potentials, V{ = 0, Vj = 0 and V] + VJ = 0 provide the pole
structure of the resolvents (zeros of the polynomials P and (). This is the reminiscence
of the cut structure on the Riemann sheet which appears at large N limit. Let us denote
the number of poles of the resolvent Ry by N and Rs by M} so that N = Ziil Ny and
M = Ziil M. There are equal number of stationary points for V4 and Vs. Therefore, we

have identities from the filling fractions. When 1 < k < n, we have

Ggl) Ggl)
de—21 N de— 2 _3p 3.24
7{ Wi v T 7{ VA E A (3.24)

where the contours A and By encircle the stationary points of Vi and Vb, respectively.
When n+ 1 < k < 2n, we have

e GV
dz——1 = N, dz ——2 = M, 3.25
?{ Wi+ vy F fi Ty T E (3.25)

where Cj, encircles the stationary point of Vi + V5. It turns out that N, = M, since R1 — Rs
has no poles inside Cj. These identities provide 3n-independent equations which solve d,
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and e in terms of the filling fraction at the lowest order in €. One obtains the non-trivial
contribution from the next order

S G (P —2unat) 20w + )Gy
LT W (Vi V) 16(V/ (V] + V3))? (3.26)
eV + el e+ + 6 ev +)(GHh)?
8(V))3 (V] + Vy)? 8(V))2(V/ + Vy)? 320V{(V] + V3)?

RéQ) is obtained if V; and V5 are exchanged and Ggi) — Ggi).

3.3 Partition function Z (g,

The irregular partition function Z.,) has the potential with logarithmic and inverse pow-
ers only:

— by — ax
Vl(z):bOIng_kZ_lkzk’ Vg(z):aologz—;ka. (3.27)

This partition function is the two-point correlation of one regular vertex at infinity and
one irregular vertex at origin and is therefore, considered as the inner product between a
regular state and an irregular state.

The partition function is the function of 2n-variables, {b1, - ,b,} and {ai, - ,an}
and d, (0 <a<n-—1)ande, (n <a<2n—1) provide 2n-flow equations. In this case, dy
is simple to find: do = 2¢(bgN + agM) + €2(N(N — 1) + M (M — 1) — NM) if one uses the
large 2z expansion of the quadratic loop equation. Other quantities need more elaborate
evaluation.

Let us consider the partition function Z.;), the rank 1 case. We need e;. Using the
results (3.24), (3.24) and (3.26), one finds e;:

e1=2v/3€[(a1 + 2b1)(aoM + boN) + 3bo(ag + bo) (N — N1)&1 + 3bo(ao + bo) N1&s]

N%+ 2Ny (N1 + M + 1) = N(ANy + M + 1)) & + Ni(Ny — 1))

2| 3ao&3 ((
+V3e &1 -8

300 (N4 Ny (N1 +3) = N (2N, 43)) €14 N1 (N1 = 1)€3) + (a1 +2b1)dS |+ O(eY) |

(3.28)

where déQ) = N(N —1)+ M(M — 1) — NM is the e?-order coefficient of dy. In addition,
& = —Z—(l) and &3 = —% are stationary points of V; and Vj + Vb, respectively. Using the
flow equations dy = vy (F(Ozl)) and e; = (F(O;l)), one can find the free energy and the
partition function up to O(€?)

Z(O;l):al—(QeaoM1+62M1(Ml—l))/h2bl—(25boN1+62aoN1(N1—1))/ﬁ2(a1+b1)—(2eN2(a0+b0)+62N2(N2—3))/h2

2 _ 2
> (aobl _ albo) €?(N1No+No+My No—MNy)/k )

(3.29)
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3.4 Partition function Z(,,,,) and ICB

As in the Virasoro case, Z(,,.,) is equivalent to the two-point correlation of irregular vertex
operators. One can evaluate the irregular conformal block (ICB) using the relation with
the partition function [36]

eC(m;n) Z(m,ﬂ) (CLO, bﬂ, {a€7 be})

(m;n)
F a—p,b_p :ag, br}) = — )
A (e, bo ik, b)) Z(03n) (@0, bos {ak, bk }) Z(0,m) (@0, bos {a, br }))

(3.30)

This time the extra factor e¢tmn) is the generalization of the Virasoro case: hQC(mm) =
_ Zgﬁn(m’n) %(QCLka,k +apb_p + bra_p + Qbkb,k).

We find the partition function Z(;.) using the € expansion. By rescaling x; — x; Ja_1
and y; — y;/a—_1, one obtains a_; dependence and has the partition function with three
parameters, 19 = aja—_1, t1 = by/a; and t_1 = b_j/a_;. Then, the partition function
is to be evaluated from three flow equations: do = vo(F(1,1)), €1 = p1(F(1.1)) and e_1 =
p—1(F.1y) + v¢y where v¢; is a constant (see appendix A). We use notations for the
filling fractions as My = M; + Ms, N9y = Ny + Ny (M2 = N3) and My, = M_y + M_,,
Noo = N_1+N_o5 (M_5 = N_3) with M = M+ My, N = Ng+ Ns. We have up to O(e'),

do = 2¢(agMo + boNo) + O(no) , (3.31)
e1 = 2v/3¢[ap (Moay + (2Mo — 3Ny + 3N1)by)
+ bo ((No — 3Ny)ar — Noby) | + O(no), (3.32)
e_1 — %y = —2V3e[ag (Mooa—_1 + (2Ms — 3N + 3N_1)b_1)
+bo (Noo = 3N_1)a—1 — Neob—1) | + O(1m0) (3.33)

and the partition function

Z(l;l) _ a;(2eaoM1)/h2a,g2eaooM71)/h2b;(ero]\H)/hQb:gzebooNil)/hz

x (ay + [)1)*26(ao+bo)/h2 (a1 + b_1)72€(aoo+boo)/52

2eno
h2apbo(ag + bo)

+ (Ny—N_o) L1+t +t_ 1)+ (N +No— N_; — N—z)tlt—l)} + 0(778)] -
(3.34)

x exp[ {b%(Ml — M_1) +ag(Ny — N_1)tat 1 + agbo (My — M4

This provides ICB

(1;1) 4no 2 2no
=11 — —5(24t; +1t_q1 + 24t_ O
FA 3h2( +t1+to1+20t9) + (770)} +€[h2aobg(a0+bo)

+aj(N1 — N_y)tit—1 + agbo (My — M_y + (No — N_o)(1 +t1 +t_1)

{b(z)(Ml - M_,)

+ (Nl + Ny — N_1 — N_Q)tlt_l)} -+ O(T}%):| + 0(62) .
(3.35)
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One may use the perturbative method to find ICB using IMM with the relation (3.30).
One may put the reference potentials V() and its perturbations AV for Ny and My

variables:
No n b My m a
VOany) =Y (bologar =Y 5 |+ (aologys — > —= |,
I=1 k=1 kxy J=1 =1 kyj
3.36)

No n b My n a_y (

AV(O) — ot ¢ “—£ ¢

o =2 ) s\

For the rest variables, N, and M, variables, one has the reference potential V(%) (1r,vr)
and perturbation AV (%) (ux, vr) which can be put into the similar form V© AV ©) with
dual variables if one uses the dual transformation ux — 1/pux and vy, — 1/vp. After this,
one has ICB in the following form

F by s apbd) = e (TTO = @) TTO = wvn) TIA = wrvn) ™
I.K J,L I,L

VB )
% H(l _ yJMK)QﬁeT(AV(O)(fEI’yJ)+AV( )(MK,VL))>0

)

J K
(3.37)

where the bracket denotes the expectation value with respect to the reference potentials,
V(© and V(). One may obtain the expectation values using the large z expansion of the
resolvents in the loop equations (3.10) and (3.11) of the reference partition functions.

We find ]-'(Al;l) as the simplest example. Up to the first order of a; and by (also their
duals @; and by), we have

FAY =14 % 2¢ ({wr) ) + (ya) (vr) — € ((r) vi) + (ya) ()

_ 4 _ _
+ 2¢ (b1 (x1) + a1 (ys)+b1 (pr)+a1 <VL>)+§(2GIC_L1 +a1by+b1a1+2b101)
(3.38)

Here we omitted summation symbols inside the expectation value bracket for simplicity.
Each expectation values can be read off from the order of z=* of the loop equations (3.10)
and (3.11) for the reference partition function Z(,;). Finally, we obtain ICB at the first
order of a1 and b

(1;1) -1 1

F — S8Aw_
A 9h2 (4w8+A2(4A—362))[ e

; (3.39)
+ 12(,«}()(00_1@1 + wlﬁ_l) — §A£_1£1 <4A — 362):| ,

where A = —3(a®+aB+5%)+2¢(a+ ) with a = ag+e(Mo—No/2), B = bo+e(No—Mo/2),

0y = —%(ao(2a1 +b1) + bo(ar +2b1)) + 4e(ar + by) and its dual £_; are the constant modes
of &(z). As in the Virasoro case, we may identify the expectation values of the Virasoro
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generators: {; = w, 0 = IDILIA) apg A = B e (AT is Z031)

~(AIW) (IW]A) (A1)
and (IM]A) is Z(p:1)- In addition, wy, is the mode appearing in {3(z). The constant mode
wo = ﬁ(a —B)(4a+25 — 3€)(2ac+ 40 — 3e) is identified as % and the other modes

. (1) ..
are expectation values: w; = QW) B — e1 and w_q is its dual. We check that the

(A1)
€ expansion of the above ]-"(Al;l) in (3.39) is in complete agreement with (3.35). It is also
noted that ICB is manifestly dual invariant.
ICB of (3.39), obtained from the perturbation of the irregular matrix model is conve-
nient to find the irregular state in terms of descendants. The irregular state of the rank 1
has the form

1) 1

(A1) Oh (w§ + A% (A = 550))

9 c—2
— A(A - LA
<3wow1+2 ( " >€1> 1|4A)

where ¢ = 2 4 24€? is the central charge and --- refers to the higher descendant. The

(2Aw1 — 3w0€1)W_1 ’A)

(3.40)

irregular state (3.40) has no semi-degenerate condition at the first level in contrast to the
state constructed in [30, 41, 42] where L_; is related to W_; descendant. Instead, the
coefficient w; is not a simple constant and is given in terms of the flow equation with
respect to the proper normalization Zg.1). This feature also appeared in Virasoro irregular
state with rank 2 and higher [20]. However, here in Toda irregular state, the non-trivial
feature appears even for the rank 1 and at the first descendant level.

4 Relation with gauge theories

The Nekrasov partition function for N' = 2 is given as the product of the perturbative part
and instanton part:

quu(tfa (_i, m; 5) = ZperturbZinst = ZtreeZHoopZinst . (4'1)

According to AGT, the Nekrasov partition function of U(N) gauge theory with Ny = 2N
is related with the correlation function of Toda field theory. Explicitly, the correlation
function on a sphere with n + 3 punctures corresponds to a linear quiver n of SU(N) gauge
groups:

(Va(00) Vo1 (1) Vi—a(q1) - - - Valqr - - - gn—3)V1(0)) 0</|qu11(75,”%; o) (4.2)

Especially the instanton part of Nekrasov partition function Zi,g corresponds to the con-
formal blocks Fa in the CFT side; Zinst = Fa. One may try to prove this conjecture by
evaluating the conformal block directly [19, 31, 32, 43].

One may equally check the AGT conjecture by comparing the Seiberg-Witten curve
of the gauge theory with the corresponding spectral curve from CFT side. Seiberg-Witten
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curve of SU(NV) gauge theory with Ny = 2N is given in [44-46],

N B
P DY e e 43)

T with 7 the gauge coupling constant

where Pyi(z) is a 2k polynomial in z and ¢ = €™
T =0/m+ 8mi/g%.
On the other hand, from the matrix model with A,,_; quiver one may have the spectral

curve of the type

n
2t = (1) p(z) a7, (4.4)
k=2

where ¢y (2) is the expectation value of the conformal current with dimension k. This was
obtained from the the expectation value of the Miura transform of det(x — ihdyp(z)) = 0
with Toda field ¢ in the matrix model context. Even though this spectral curve holds at
€ — 0 limit (Note that this limit corresponds to the large N limit where N is the number of
the eigenvalues of the matrix), one may identify parameters between two theories so that
the pole structure of the curves matches each other as done in [44]. One may have more
accurate spectral curve if one uses the loop equation of the matrix model.

This conjecture still works for irregular conformal blocks. Gaiotto [15] obtained the
irregular singularity for the simplest example of W, and identify the result with the asymp-
totically free theories of SU(2) gauge theory with Ny < 4. Explicitly, SU(2) gauge theory
with Ny = 4 reduces to SU(2) pure Yang-Mills theory if the masses p; of hyper-multiplets
are to infinity p1,...,u44 — oo and ¢ — 0, while keeping ql_[z}:1 pur = A*. Then the
Seiberg-Witten curve is given as 22 = ¢5(2) where

ST

P2 = 3T a2t (4.5)

which contains the strongest irregular singularity with odd power on the Riemann sphere. u
parameterizes the Coulomb branch. This irregular singularity of odd power is not properly
represented in terms of matrix model as yet unless one considers the special limit from the
even power singularity case so that the highest even power term vanishes.
For Ny = 2, one may have the SW curve with the irregular singularity with degree 4
A% 2mA 2u 2mA
pr=—F+—35+ 5+

24 23 22 z

+ A? (4.6)

€

where quapy = 4A%, m = puy — S and m = p3 — §. In this case ¢y is & in (2.5) with
n = m = 1, and the Nekrasov instanton partition function is checked to be the same as the
partition function Z(;,;) of the irregular matrix model of the rank (1;1) [47, 48]. In addition,
Z(1;1) corresponds to the inner product of two irregular states whose eigenvalues of Ly and
Ly are given from ¢o; A? and 2mA for the ket (irregular module) and A? and 2/mA for the
bra, respectively. The Coulomb branch parameter u is related to dg and is fixed by the
filling fraction of the matrix model, the contour integral of the resolvent, which is identified
with the contour integral of the Seiberg-Witten one-form zdz. In addition, from the fixed
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dp the partition function is obtained from the corresponding Virasoro flow equation as seen
in section 2. Considering this result, one may naturally assume that the AGT conjecture
works for the colliding limit as well with higher ranks (m;n). For the special case (0;n),
one has the irregular singularity of type Da,, considered in [12, 37] which is associated with
a regular puncture of degree 2 and an irregular puncture of degree 2n + 2 on the sphere.
Specifically, Z(,1) corresponds to Dy and Z .9y corresponds to Dy.

One may extend the analysis to the case with Wy symmetry. For Ws, one has the SW
curve with the cubic equation. One can have the same spectral curve from the Penner-type
matrix model with the multi-log potential

Vi(z) = > mylog(gr —2), Va(z) =Y ringlog(qr — 2), (4.7)
k=1 k=1

which corresponds to the linear quiver p — 2 SU(3) gauge theories [46]. For instance,
n [44], the potential (4.7) for p = 3 was considered, which corresponds to SU(3) gauge
theory with six massive flavors. The relation between six mass parameters and parameters
in the potential was made by using the residue relation of the one-form zdz.

At the colliding limit, we used the potential (3.2) and obtained the two cubic equa-
tions (3.10) and (3.11). In fact, the two cubic equations reduce to one in the large N
limit (e — 0),

x3—|—§—2x— 3

:0’
4 12V/3

where x = 2X; or —2X5. Note that the spectral curve (4.8) has the same form even before

(4.8)

the colliding limit, where the explicit form of &, &3 is different. At the colliding limit, &
and &3 have irregular singularities which indicate positive modes of the Virasoro and Wjs
currents as we have shown in (3.6) and (3.15). In addition, the spectral curve provides
further information about the gauge theory with the same SW curve. For example, if one
considers the potential (3.27) of the rank (0;n), then the spectral curve (at € — 0 limit) is
identified with the SW curve of the type IV Argyres-Douglas theory [49]:

v v v v
$3+< 1, U2 +--~—|—i3"+ 2n2+1>x
z z

22n+2 22n+1
1 w u1l U3p—2 | U3n—1
+ <Z3n+3 tEantmat ot T ) =0 (4.9)

where the dominant singular part in &3 is normalized as 1. Comparing this SW curve
with the explicit expression & in (3.7) and &3 in (3.12), one notes that (2n + 1) pa-
rameters (vi,- -+ ,Upt1 and w,uy, - ,u,—1) are fixed by the (2n + 2) parameters of the
potential (3.27) with the proper normalization. The mass parameters voy,+1 and us,—1 are
determined by the additional constants dy and eg.

Finally, the Coulomb branch parameters v,42,--- ,v2, and uy,--- ,us,—2 are related
with the contour integral of the SW one-form in the gauge theory side. From the matrix
model side, the Coulomb branch parameters are given in terms of d; (i = 1,--- ,n—1) and
ej (j=1,---,2n—1) and can be fixed by (3n — 2) independent filling fractions which is
related with the cut structure of the spectral curve. Once the Coulomb branch parameter
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are known, one can find the partition function since the values dj and ey, are directly related
with the flow equations, which are the strong merit of the matrix model approach.

5 Conclusion and outlook

We develop a new mechanism to evaluate the irregular conformal block using the Virasoro
and W symmetry. We use the loop equation of the irregular matrix model which encodes
all the details of the conformal symmetry. At the classical/NS limit, the loop equation
does not contain the multi-point resolvent terms and reduces to the simple spectral curve
which contains the first derivative of the resolvent. The special feature of the spectral curve
is that it contains not only constants of motion but also flow equations corresponding to
the conformal symmetry. The flow equations are defined on the parameter space of the
potential of the irregular matrix model, and its generators represent the Virasoro and W
symmetry. We present the details of the flow equations and how to obtain the partition
function and irregular conformal block. The irregular conformal block is related with
the partition function of the Argyres-Douglas theory according to AGT conjecture, if one
uses the parameter relations between these two theories whose details can be found, for
example, in [30].

It is noted that the spectral curve and flow equation are not restricted to the irregular
conformal block. The method can be applied to the regular conformal block at the classi-
cal /NS limit. Using the similar flow equation, one can find the partition function [22, 40].
Even though the partition function is simply obtained, the relation of the positions of the
primary operators is not. For example, 5-point Liouville conformal block with one degen-
erate operator reduces to Painlevé VI as presented in [50]. It seems to be worthwhile to
investigate the connection between the positions of the multi-point regular conformal block.

Nekrasov partition function and its counter part, regular conformal block are rep-
resented in terms of Young diagrams [3, 4, 43]. Irregular conformal block should also
be represented in the same way, which is not well understood yet. On the other hand,
conformal symmetry is reinstated in the degenerate double affine Hecke algebra(DDAHA)
and Nekrasov partition function was studied in terms of DDAHA [51]. In the same way,
the irregular conformal block can be better understood using DDAHA. There was a few
attempts to investigate this connection [33, 34] and it should be worth finding DDAHA
representation of the irregular conformal block.

Finally, the mixture of bulk and micro Coulomb charges in two dimensions is an
interesting system whose interaction is represented in terms of the logarithmic potential.
If the system is fine-tuned so that the system shows the conformal symmetry, then the
matrix model should play the role. In addition, if the bulk charges are localized so that
they are idealized in terms of finite number of multi-poles, then the free energy of the
irregular matrix model can be useful.
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A Loop equation of A, irregular matrix model

The Aj irregular matrix model (3.1) has the Virasoro and W3 symmetry which is repre-
sented in terms of loop equations [36, 52-54]. We put the multi-point resolvent as

g 2-s [ NKy 1 Nics 1
Re.. . 2 =8 = s - )
K1; ,Ks(Zl Zs) /8 <\/B) <Z 21 — )‘i1;K1 Z Zg — )‘is;Ks>
ts= connected

i1=1 1
A1)
where denoting ;1 = 75, Aj2 = yj. One obtains the quadratic loop equation if one
performs the conformal transformation of the integration variables x; — x; + ¢/(x; — 2)
and y; — y; + ¢/(y; — 2) which provides the Virasoro symmetry:

R1(2)? 4+ Ra(2)? — Ri1(2)Ra(2) + V{(2)R1(2) + V3 (2)Ra(2)

2 ; s
219 (B2 R) = (Ru(212) — Raa(es2) + Raale 2)) = DELEAE),

4
(A.2)

where f1(z) == 4gv/B M <7V(xl)> and fo(2) == 49BN <%J(y])> Here
(--+) denotes the expectation value with respect to the As matrix model.

W3 symmetry is given in terms of cubic loop equation [36]

0——R%R2+R1R§—Vf<R%+V1’R1 J:E)—i-VZ(RQ-FVQRQ—T)-F 492
QS VIR, VIR + RuRY — R Ry + 2(RoRy— RyRL) + V' Ry — V'R, 4 1112
1 ol — Vil 1129 1R+ 2(R2 Ry 11)+221+4
h2Q2 /! /! hQ ! !
-+ 3 (R2 — Rl) + Z [VlRl;l — Vsz;Q + R1;1R2 — R2;2R1 — 2R1;2(R2 — Rl)]
BQT ., P B Iz
vy R AT Y N Y p 5 [N - -
ET; [ Ry + lim <8ZR1,2(272) 8231,2(237«*))] + 16 B2z — Rui)
(A.3)

VI(z)=V{(x; V. P
where g1(z) := 4983, ; <%> and g2(z) := 498, ; <Tm> This is
obtained after varying the integration variables x; — x; + Z] 1m
vi+ X ey

At the classical/NS limit (A — 0, b — oo while hb = € finite), each multi-point

resolvent is finite but due to the factor A, the multi-point resolvent terms drop out and the

and y; —

loop equations are given in the simple form:

X7+ X3 — X1 X0 +26(X] + Xb) = —&, (A.4)
2
€ € 2
XX, — X1 X2 + 5 [(2X1 + X2) X — (X1 + 2X2) X3] + E(X{’ - X)) = ﬁgg , (A5)
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where X1/2 = Ry + (2V{ + V3)/3, X2/2 = Ry + (V] 4+ 2V5)/3 and

b=~ 2V +V§) — 5 (WP + VIVE+ ()] — (fi+ ), (A.6)
4

& =22 (20 + 3072V - 3V/04)2 - 207)°)
FVBARVVY VAV - 2V - V) + e - v (A7)

+V3((h =20V + 2fi = f2)V3) +3V3(01 — g2) + ?’fe(f{ —f3),

& and &3 look complicated but can be written in a compact form if one uses the mode

expansion,
2 -1 3 2n—1
f - Ak < dk f - Mk < (&7 (A 8)
=3 ahe Yo 6= gh- Y gk @
2k+2 k427 3 k43 k437
k=—2m k=—m k=—3m k=—2m

where Aj and By, are constants (here we use the notation ¢, which is related with a, =

(V3 —be)/2 )

Ap =e(k +1) (b + \/gck) - Z (brbs + cres)
r4+s=k

By = Z (3crbs by — ¢ cscy) + ge Z (s +1)(V3eres — 2¢,bs — V/3b,bs)

r+s+t=k r+s=k

E(k+1)(k+2)(V3b — cx) .

dy is the mode of f1 + fo = Z;im Z‘,f% and induces the flow equation when —(m — 1) <
k<n-—1,
v,‘? (—h2 logZ(mm)) , 0<k<n-1
d = (A.9)

2¢(bp Ny, + cxNe) + uf (—h?log Ziminy) » —(m—1) <k < -1

0 s, 0 s,
vd = Z < " Db +CT85>’ uf = Z(—s)( " Db +CT83>

r—s=~k r—s=k
0<s s<0

where N, = N — M/2, N. = v/3M/2. On the other hand, d_,, is constant, d_,, =
2e(b_m Ny + c_mNy).
The mode e, is defined as

2n—1 e 3\/3
- Z Zkig =V3((fi —2f)V{ + (2f1 — f2)V3) +3V3(gq1 — g2) + Te(f{ — f2);

k=—2m
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and also induces the flow equation. When —(2m — 1) < k < 2n — 1, we have

( 1 b
T Zomm 12y, Z(mm) » n<k<2n-1
1 2.0 4,.0?
_m (h My T+ h M ) Z(m;Qn—k)‘{bk>ka>n}H0 s 0<k<n-1
er =
c 1 2.0 4,02
v — Zamthim) (h v + h vy )Z(2m+k;n) bt pom} 50 , —(m — 1) <k<-1
|k~ Zo 1V B —(2m—1) <k < —m.
(A.10)
where
0 t 0 0 0
= a rCs™ rOg—— — br s T
75 Z 5 3ccaCt GCbabt 3b80t
r+s—t=k
t>0
3 S 0 0 0
— 56 . 5 |:(1 + 7") <\/§Cracs - 2braics - \/gbrabs> (All)
"0
0 0 0
+(1 — S) <\/§C'racs — zcraibs - \/gb»,«abs>:| s
92 st o 0 o 0 o 0
= T\ oo —6b o = 3c oo ) A12
" r—s—zt—k; 4 <3C dcs Oy f Obs Ocy o 0bs Oby ( )
s,t>6 '
P (—t) 0 0 0
= rCs 7~ — br s brbsi
vy Z 5 (30 c Ber 6b,-c b, 3 ae,
r+s—t==k
t<0
(—s) 4 9 0 o
+e _Zk 5 6crNca—Cs 6b, N, >y 6b, N, 3 6¢, Ny %
50
3 (—s) 19} 0 0
s<0
0 0 0
+ (]- - 3) <\/§Crac — 2C7-87b — ﬁbr@b) :| s
52 st o 0 o 0 g 0
= T\ B3G5 — 6o =3 oo | A.14
ok T;:k 4 <3c dcs Oy Obs Ocy ¢ Abs Ob, ( )
s,t<0
vi=+e Yy - _ 2 2 _ _ 2
L =TE€ (3NC ¢rCs — 6Ny ¢.bs — 3N, brbs) + € (3Cch 6by Ny N, 3Cko)
r+s=k
3
~ L [(k +1) <\/§cch _ b, N, — \/ékab) n <\/§cch — 2N, — \/§ka,,)} .
(A.15)

Note that the € terms in uz vanished identically when k > n and same for 1/,‘3 when k < —m.
And e_s,, = v¢,,, is a constant.
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Note that we introduced the extended partition function in (A.10); Z(,;;2,—p) for 0 <
k <n—1and Zgp k) for —(m —1) <k < —1. This is because g; and gz can have the
expectation values (1/x), <1/y§> with —(2m + k) <r < -mand n <r <2n—k. To
represent these expectation values in terms of derivatives of the partition function, we need
to extend the parameter space up to bap—g, c2n—k when 0 <k <n—1, and up to b_ (2, 1)
and c_(gmk) When —(m — 1) < k < —1. After evaluation of the derivatives, we put the
parameters zero [36].

B Representation of W3 currents

& and &3 are the expectation values of the Virasoro and Ws current:
(I | T'(2)| 1) (I | W (2)|In)
(Im|Ln) {Im| L)

One can check that the modes of & and &3 in (A.8) are compatible with the Ws algebraic
commutation relation:

& = §3 = (B.1)

C
[Lps Lo = (P = ) Lptg + 15 (0" = P)Op (B.2)
[Lpa Wq} =(2p— Q)Wp-i-q ) (B.3)
2 [ 32 ¢ o 6,
~9 (22+5C) (W, Wol = o1 (0" = D)7 = pdp.—g + 55— (0 — D) Apa
1 1
-0 (04 a+DE+a+ 3~ F0+ 2 +D) Lo
(B.4)
where?

o0
1
Ay = Z c LyLy,_y —f—gxpr,

k=—00

B = (4 1)(E=1), @01 = 2+ 0(1—10),

and the central charge ¢ = 2 + 24¢€2.
Note that the negative generators L_j and W_j (k > 0) obtained in (A.9) and (A.10)
are left representation in the sense that negative generators should act on the bra (I,
However, to check the commutation relation (B.4) we need to find right representations
of negative generators acting on ket |I,). To find the right representation we follow the
trick used in [36]: use the transformation of the integration variables x; — z; + ¢/x] and
Yi — Yj + s/yjr to obtain two identities which can be used to find the relation for dj
(k< -1):
(h%,‘? + h4v,‘32) Z(min—k)

(m;n—k)
{bk>n:Ch>n}—0
2If one rescales W, as z% 22;'256 Wy, then the algebra reduces to the original Fateev and Zamolodchikov
convention [55]. Note that because of the factor i, the modes of W (z) are anti-hermitian: W, = —Wj.
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where

52 rs (0 0 0o 0 0
_ rs 1 B.
vk _(;_k 1 <8bT8bS+6cr 5e; ) + 3+ ab,,f”fac o) (BY

When k < —m, one realizes that d; vanishes identically and 11921 = 0 by definition.

[

Likewise, after the change of variables z; — z; + Z]\E aT and y; — y;j +

xz Yj
va ] @i £ TR one finds the right representation of the negative mode £ < —1 Ws current:
(B2 + 1 + 1 1) Z(mizn—t)
€L = — z : y (B7)
(m;2n—k) {bk>n,Cr>n =0
where
3 rst 0 0
== 2 < by Ob, Ob; ac Cs eT
—(r+s+t)=k " s T
3 rs(l—s) o 0 0 0 0
2 S Sl 3 B.8
e 2 T Ve ae e VP, 8b5) (B-8)
—(r+s)=k
3, 0 0
—e“k(k+1)(k+2 3 — .
+ g€k + 1) (k + )(xfabk (%k)
We have e _9,, = 0 and ,ugg =0 for k=-1,-2.
If we define the differential operator v, and pg by
o <k<2n-1
v?, 1<k<n-1 Her o neEeA
k = 9 92 y M = uk—I—,uk, —2<k<n-1 (Bg)
Uk+vk ,k§—2 9 52 93
w4+ k< -3,
then, the right representation of the Virasoro and Ws currents has the expression
0, 2n < k 0, 3n <k
A <k<2 M, 2n < k <
Ly = ks n<s<rKsin : Q = k> n<k<3n (BlO)

A+, 2m<k<n-—1 My + pge, —3m <k <2n-—1
Vk s k< —2m L s k< —3m.

where (I,|Lg|ln) = Lk (Im|ln) and (L, |Wi|ln) = Qi (In|In). One can check that the

right representation satisfies the commutation relations (B.4).

C Perturbation method to find flow equations in A, model

In this section, we apply another method to find flow equations, with no need to assume €
to be small. Instead, we will suppose hierarchy in the Toda momentum a; and by.
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C.1 Z(O;l)

Expanding in terms of z, to the highest power of (3.18), zN+M~2 shows that

dy=*(N(N —1) — NM + M(M — 1)) + 2¢[Nbo + Ma] , (C.1)
Expanding (3.19) in terms of z, for 2N 37% we have
0=ePy (N —k)(N—-k—-1)(N—k—2) (C.2)

2 Y " Py_jt(N = k+ 1) (N — k — 2)(2b; + ar)

t=—m

2n n—1
( Z Py _pie(N —k+ 1) A — Z Pyt (N — k +t)d;

t=—2m t=—m
4 2n n
+3 D Prok(N—k+1) | D (2bs+as)(2br—s + 1) )
t=—2m S=—m
2n—1 9 n—1 c n—1
Z PN gyt | — f€t+ Z ds(2b—s + a;_s) +3 Z Py _pi(t + 2)d;
t=—2m 3 s=—m t=—m

The next power zVTM=3 of (3.18) gives

PN_1{62 [M —2(N-1)] - 26b0} + QM_1{62 [N —2(M —1)] — 26a0}
= —2¢[Nby + May] , (C.3)

Then let’s turn back to eq. (3.19). For zN=3-F,

0= PN_k{ — [—3\2/560 + ng(Qbo + ag) — edo} + (N —k)(N—k—-1)(N -k —2)

+ 262(N — k)(N — k- 2)(2b0 + CL[)) + E(N — k}) [—do + 2€(b0 + ao) + 4(()(2) + aobo)] }

+ PN_,M{ - [ 750t do(2b1 +a1)] (C.4)

+ 262(N—]€—|—1)(N—k‘—2)(261 —|—a1) + 46(N—/€+1)[6(bl —|—a1) + (2b0b1 +a1b0+a0b1)]}

N PN_M{e(N k2 + albo]} |

where we have used the definition of Ay in (3.8). The corresponding equations of Qr—
can be obtained by setting Py_r — Qup—k, €x — —ei and by — ag, ap — by .
At each power of z, we have identities,

N-3 .

z ——eq + d0(2b0 + a()) — €d0:| = (C.5)

%
EN(N —1)(N —2) + 22N (N — 2)(2by + ag)

+ eN[—do + 2¢(by + ag) + 4(b3 + aobo)]
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2
3v3

-+ 262(N—1)(N—3)(2b0+a0) + E(N—l)[—do + 2e(b0+a0) + 4(bg—i—a0b0)]}

ANt 0= PN—l{ — [— €0 + ;do(Qbo + (L(]) — 6d0] + 63(N — 1)(N — 2)(N — 3)

+ { - [ 3\2/561 + §d0(2b1 + al)} (C.6)

+ 262N(N — 3)(2()1 + al) + 46N[6(bl + al) + (2b0b1 + ai1by + aobl)]} ,

SN=5 0= PNQ{ — |:—3\2/§€0 + §d0(2b0 + ao) — 6d0:| + GS(N — 2)(N — 3)(N — 4)
+ 26*(N —2)(N —4)(2bg+ao) + (N — 2)[—do + 2¢(bg + ag) + 4(bg + aobo)]}
+ PN—l{ - [—3\2/§€1 + §d0(2b1 + al):| (C.7)

+ 262(N—1)(N—4)(2b1—|—a1) + 46(N—1)[6(b1+a1) + (2b0b1+a1b0+a0b1)]}

+ {eN[4(b% + albl)]} )

To find e;, we use perturbation assuming |b1| < |a1| so that |Py_p| ~ |b1|*. Then at the
first order we have from the above equations (C.6) and (C.7):

A 3\2/§egl) = %doal — 26N (N — 1)a; — 4eNbgai = By (bo, ag)ay , (C.8)
N-5 _ p® 2 w2, C.9
z : 0= Nl{ |: 3\/361 +3oa1:| (C.9)

+ 262<N — 1)(N — 4)&1 + 46(N — 1)[604 + albo]} + {eN[4a1b1]} s
n _ Nby C.10
PN*l E(N — 1) + by ' ( ’ )

At the second order, we have
2 2
N-4, =pPW L2+ Zdo(2 —ed 3(N—1)(N—2)(N—3
2 0= Py, 3\/§€0+3d0( 0 +ag) —edo | + €°( )( )( )
+ 262(N—1)(N—3)(2b0—|—a0)+6(N—1)[—do—|—2€(b0+a0)+4(b(2)+a0b0)]}

2 4
+ {— |: 3\/>61 )+3dobl:| —|-462N(N—3)bl +46N[6b1+(2b0b1 +aobl)]} s
(C.ll)

Nb
! {46(1)04—&0)1)0

9 4 ] — +
(2) _ —doby —4eN (2bg+ag )by 4€2N(N 2)by g(]\[i —1)+b
+09

33 3
+262(bo+a0)—1—262(2N—3)(2b0—|—a0)—|—363(1\f—1)(N—2)—edo} (C.12)

= Bg(bo, ao)b1 .
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Up to O(by) we find e; = egl) + e§2). If one expands ey in terms of ¢, it reads

3\2/361 _ %6 (a1 + 2b1) (oM + boN) — 3hoN (a1 + by)] (C.13)
v ;(al—i—%l)(N(N—1)+M(M—1)—NM)—2N(N—1)(a1+b1)—2NM%b1
0
+O(e%).

This result is in perfect agreement with (3.28), expanding up to O(b1). In fact, the per-
turbative condition |b1| < |ai| is equivalent to choosing the filling fraction N3 = N, and
Ny =0.

In this way we can find that

e1 = egl) + 652) + e§3) +...+ egk+2) +... (C.14)

b b\ "
— Bl(bo, ao)a1 =+ Bg(bo, ag)b1 + Bg(bo, ao)blé + ...+ Bk+2(b0, ao)bl <(111) + ...

The flow equations for rank 1 case are
— R log 21 = dp, — P log Z1 = ey, (C.15)

where vy = blaibl + ala%l and p1 = v/3(a? + 2a1b1)8%1 —/3(2a1b; + b%)a%l. From the first
equation of (C.15) we find

h?log 2, = —dgloga; + H(t), (C.16)

where ¢ := b;/a; and H(t) is a homogeneous solution to vyg. Put H(t¢) into the second
equation of (C.15), we get

O0H(t) 1 e
3(t+ 1)t =—— —(1+4+2t)dp. C.17
(D75 = 2= (20 (©17)
From (C.14), it is clear that
2—1 = By (bo, ag) + Ba(bo, ao)t + Bs(bo, ao)t2 + ... (C.18)
1
Therefore, we have
1/ B; 1 /By — By + B3 > B3
H(t)=-|—F7=—do)logt— - | ——F—— +do ) log(t+1)+ —=t+..., (C.19
0= (G- )oge 3 (B=EEE ) ogoo+ 1)+ 2 (©19)
and partition function
Zo) = Nay ™/ 12y (o) 312 (y _ 1y~ (B0 ) /30 Bat/(3v3) (C.20)

where N is a function of ag, by and By, with k > 4.
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C.2 3(0;2)

We need dy, di, es and e3 to obtain the partition function. From the highest power zV+M—2

of the quadratic equation (3.16) we obtain the expression of dy for any rank n. Now for

N+M-3

rank 2 case, from the second highest power z we have

PN—l{ —d0+62[(N— 1)(N—2) — (N— 1)M+(M— 1)M] +26[(N— 1)b0+MCLo}}

+ QM_1{—d0—|—62 [(M—1)(M—2)—(M—1)N+(N—1)N]|+2¢[Nbo+ (M —1)ag] }

=d; — 26[Nb1 + Mal] , (C.Ql)
From the cubic equation (3.19), we have
N-3
z : —=eo + d 2bg + ag) — ed, C.22
[ 373 0(2bo + ao) 0] (C.22)

4
=EN(N-1)(N-2) + 262N(N—2)(2b0+a0)+eN(A0—d0)+§eN(2bo+ao)2 :

2 2
SN-4 Pn_1 [— ep + gdo(Qbo + ao) — 6d0:|

3V3
2 2 2 3
+ [—3\/361 + gdg(?bl + (11) + §d1(2()0 -+ ao) — 2€d1:|
=Py (N —1)(N —2)(N —3) (C.23)

+ 2€? <PN_1(N — 1)(IV = 3)(2bg + ap) + N(N — 3)(2by + al))
+ 6<PN1(N — 1)(A0 — do) + N(Al — d1)>

4
+ 36<PN_1(N — 1)(2b0 + a0)2 + 2N(2bo + a0)<2b1 + al)) ,

2 2
AN Pyn_o [— ey + *d0(2bo + a()) — €d0:|

3v3 3

2 2 2 3
+Py_1 |- e +fd 2b1 +a +fd 2bg + ap) — ~ed
Nl[ml o(201+ 1) + Sah 2o+ a0) — et

d 2b dq(2b
+[ 3\[62+ o 2+a2)+3 1( 1+a1)]

= Py _o(N —2)(N —3)(N —4) (C.24)

+ 2€ (PN_Q(N —2)(N — 4)(2by 4 ag) + Py_1(N — 1)(N — 4)(2b; + a1)
+ N(N — 4)(2by + a2)>

- G(PN_Q(N —2)(Ap — do) + Py_1(N = 1)(A1 — dy) + NA2>

- §6<PN_2(N — 2)(2bg + ag)? 4+ 2Py_1(N — 1)(2by + ao)(2b1 + a1)

N[2(2b0 + ao)(2b2 + (12) + (2b1 + a1)2]> ,
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2 2
———eg + =dy(2bg + ag) — ed
N 0(2bg + aop) 0}

+ Py_2 [—

2 2 2 3
—dy(2b —dy(2b — —ed
3\/?:61+30( 1+a1)+31( 0+ ap) 26 1}

2 2 2
do(2b dq1(2b
3\f62+30( 2+a2)+31( 1+a1)}

——e3 + d1 (2()2 + 0/2):|

+ Pn_1 [

" [ 3v3
= e3PN_3(N —3)(N —4)(N —5) (C.25)
+ 2¢2 (PNg(N —3)(N —5)(2by + ag) + Py_o(N — 2)(N — 5)(2b; + a1)
+ Py_1(N —1)(N —5)(2b + a2)>
+ 6<PN—3(N —3)(Ag —do) + Pn—2(N — 2)(A1 —di) + Pn—1(N — 1) Ay

+ 4N(2blbz + ai1by + agbl))

4
+ 36<PN_3(N — 3)(2b0 + a0)2 + 2PN_2(N — 2)(2b0 + a())(le + al)
+ PN_l(N — 1)[2(2()0 + ao)(QbQ =+ (Ig) =+ (2b1 + a1)2]> ,

2 2
AT Pn_y4 |:— ep + gdo(Qbo +ag) — €d0:|

3v3

+ Pyn_3 _ 3\2/§61 + gdo(Zbl +a1) + §d1(2b0 +ag) — 36d1:|
+ Pn_9 2 ——e9 + 2d0(2b2 + az) + 2d1(2l)1 + al):|
| 3V3 3 3
+Pn_1|— 2 es + gah(QbQ + a2)]
L 3v3 3
= Py _4(N — 4)(N - 5)(N —6) (C.26)

+2¢ (PN,4(N — 4)(N — 6)(2bg + a) + Pry_3(N — 3)(N — 6)(2bs + a1)
+ Py_o(N — 2)(N — 6)(2bs + CLQ))

+ e(PN_4(N — 4)(Ag — do) + Prn_3(N — 3)(A1 — d1) + Py_a(N — 2) A,
+ Py_1(N — 1)As + 4Nby(by + ag))

+ ée(PN_4(N — 4)(2by + ag)? + 2Py_3(N — 3)(2bo + a0)(2bs + a1)

3
—+ PN_Q(N — 2)[2(2()0 + a())(QbQ + a2) + (2b1 + a1)2]

2Py 1 (N — 1)(2by + a1)(2bs + a2)> .

Perturbation holds if we require |b2/b1| < |b1| < 1, |ba] < |az|, and |bi| ~ |ai], so that
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|Pn_k| ~ |ba/b1|¥ is ensured. Then at the first order of the perturbation, we have: from
the quadratic equation:

do

SN+M-3 dgl)

E(N(N —1) — NM + M(M — 1)) + 2¢[Nby + Mao],  (C.27)
2¢[Nby + May] . (C.28)

From the equations (C.23) to (C.26):

_ [ 2 1 2 2 1 3 1
SN _—%eg ) 5d0(2br +ar) + gdg )(2bg + ag) — §ed(1 )]
8
= 262N(N—3)(251 —|—CL1)+EN(A1—dgl))—FgEN(Qbo—{—ao)(le +a1) , (C.29)
2 2 2
N-5 . _ M, 24 24D 9p C.30
z : _3\/362 +30a2+31(1+a1) (C.30)
4
=2¢N(N — 4)ag + eN Ay + §61\7[2(2190 +ag)ag + (2by +a1)?],
[ 2 2
N6 ——egl) + dgl)az} = 4eNaoby , (C.31)
L 3V3 3
N7 pl) —ie(l) + gd(l)ag (C.32)
N-1 3\/§ 3 3 1

8
= €<P](\,111(N — 1)A3 + 4Nb2a2> + gEPNfl(N — 1)(2b1 + al)ag .
Thus dy, di, e2 and ez are obtained.

C.3 Zua

We need dy, e—1 and e; to evaluate. From the power expansion of the quadratic equation,
we know

ANTMEL gy = 2¢[Nb_y + Ma_q], (C.33)
LNTM=2. dfl(PNfl + QMfl) + dy (0.34)
=e(N(N —1)— NM + M(M — 1)) + 2€¢[Nby + May]
+ 2€e[b_1 (N = 1)Pn—1 + NQu—1) + a—1 (M = 1)Qpn—1 + MPn_1)],
ANTM3 A (Py_g + Qu—2 + Py—1Qni—1) + do(Py—1+ Qni—1) (C.35)
- pN,l{e2 [(N=1)(N=2)—(N—1)M+(M—1)M] +26[(N71)b0+Ma0}}

—i—QM_l{e?[(M—l)(M—Q)—(M—l)N—i—(N—l)N] +2e[Nb0+(M—1)a0]}

+ 2€¢[b_1 (N = 2)Py—2 + NQun—2 + (N — 1)Py_1Qn—1)

+ a_1((M — 2)QM—2 + MPn_9 + (M — 1)QM_1PN_1)] ,
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From the cubic equation

4

N—-1 2

: d 2b_ _ = —eN(2b_ _ NA_ C.36
z { B\fe 2+ 1(20-1 +a 1)] 3¢ (2b_1+a-1)" +e¢ 25 ( )
N2 Py _2 e 2+gd 1(2b_1 +a_1)

' - 3v3 © 3 B
2 2 2 €
- _ —do(2b_ _ —d_1(2b — —d_
+[ 3\/36 1+30( 1+ a 1)+3 1(2bg + ao) 5 1}

=2N(N —1)(2b_1 +a_1)

4
-+ 36<2N(2b_1 + a_l)(2b0 + ag) + PN_l(N — 1)<2b_1 + a_1)2>

+ €<PN—1(N — 1A 9+ N(A_; — dl)) )

2
PARCE Pyn_o {—

3V3

2 2 2 €
Pyx_{|———=e_ —dp(2b_ _ —d_1(2b — —d_
+ N1|: 3\/56 1+30( 1ta 1)+3 1(2bo + ap) 5 1]

2 2 2
S Zdn(2 Zd (2 —
+ [ 3\/§€0+ 3d0( by + ag) + 3d 1(2b1 + aq) 6d0:|

= SN(N — 1)(N —2) (C.37)

+ 2¢2 (N(N — 2)(2bo + ag) + Py_1(N — 1)(N — 2)(2b_ + a,l))

2
e_o+ gd_1(2b_1 + a_l)]

4
+ gG(N(QbO + a0)2 + QPN_l(N — 1)(21)71 + a,l)(Zbo + ao)
+ Py_o(N — 2)(20_1 + a,l)Q)

+ e(PN_g(N — ) Ao+ Py_1(N — 1)(A_y —d_y) + N(Ag — do)> ,

SN-4. Pn_3 |:—3\2/§€_2 + ;d_l(ﬂ)_l + a_l)]
+ Pn_o I:—2e_1 + gdo(Qb_l +a_1)+ gd_l(Qbo + ao) — ed_l]
3V3 3 3 2
+Pn_1 [—280 + 2(10(21)0 + CL()) + gCl71(2bl + al) — 6d0:|
33 3 3
2 2
+ |:—3\/§€1 + §d0(2b1 + al):|
=Py 1 (N —1)(N —2)(N - 3) (C.38)

+2¢? (N(N —3)(201 + a1) + Py_1(N — 1)(N — 3)(2bg + ag)

+ Py_o(N — 2)(N — 3)(2b_y + a,l))

+ §e<2N(2bo +a0)(2b1 + a1) + Py_1(N — 1)(2bo + ag)?

2Py o(N — 2)(2b_1 + a_1)(2bo + ag) + Py—3(N — 3)(2b_; + a_1)2>
+ e(PN_g(N —3)A_s+ Py_o(N — 2)(A_y — d_y)

+ PN_l(N — 1)(A0 — do) +NA1) R
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2 2
N-5
i Py_y4|———=e_ —d_1(2b_ _
z N—4 3\/3624—3 1( 1+a1)]

2 2 2 €

Pn_s|— 1+ =do(20b_ _ fd, 2h, — —d_

+ n_3 3\f€ 1+30( 1+a-1)+ 1(2by + ao) 5 1]
[ 2 2

Pn_ do(2b d_1(2b —ed
+ Py 2_ 3\/§e0+3 o( o+a0)+3 1(2b1 + aq) 60]
Py 26—1—2d(2b+a)]

N—l_ 3[1 0 1 1

= Py _o(N —2)(N — 3)(N —4) (C.39)

+ 2¢* <PN1(N —1)(N —4)(2by +a1) + Py_o(N — 2)(N — 4)(2b + ao)
+ Py_3(N —3)(N —4)(2b_1 + a_l))

+ §e<2PN_1(N —1)(2by + a)(2b1 + a1) + Pn_2(N — 2)(2bg + ap)?
+2Py_3(N —3)(2b_1 +a_1)(2bg + ag) + Pn_4(N — 4)(2b_1 + a_1)2>
- e<PN_4(N —4)A g+ Px_3(N = 3)(A_ —d_y)

+ Py_a(N —2)(Ap — do) + Pn—1(N — 1)A1> + 4eN (b7 + arby),

The corresponding equations of (Qy;_; can be obtained by setting Py_r — Qpnr—k , €x —
—ep and by — ap. Again we can apply perturbation method.

To apply perturbation, we assume [bi| < |ai], |bib—1| < 1 and |aja—1| < 1 so that
|Pn_k| ~ |b1|* is ensured.? Then at the first order, we have from the quadratic equation:

SN+M-2 d) = E(N(N —1) = NM + M(M — 1)) + 2¢[Nbo + Mag],  (C.40)

From the cubic equation:

2 2 €
N-2 (1) (1)
: 2b_ _ —d_1(2 — —d_ 41
z [ 3[ e ]+ do(b1+a 1)+3d 1(2bo + ap) 2d 1} (C.41)

8
= 262]\7(]\7 —1)(2b_1 +a—1) + gEN(Qb,1 +a_1)(2bp + ap)+eN(A_1—d_1),

e = 43¢ [M (aga_y + agb_1 + boa_1) — N (bob_1 + agh_1 + bpa_1)]  (C.42)

5
+ /362 [a_l <M2 —9N? +2NM + 2N — 2M>

+b_q <2M2—N2—2NM—2M+;N>},

3Although under this condition @Qar—j cannot be found by perturbation, d; and e, can be totally fixed
by symmetry. Notice that dj is invariant under the transformation N — M and a; — b;, while ey is
anti-invariant when N — M and a; — b;. Thus the explicit dependence of Pn_j is enough to determine
dk and €L.
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_ 2 1 1

AR [ 33 (() )y d(() )(Qbo +ap) — ed(() )} (C.43)
4

:e3N(N—1)(N—2)+2€2N(N—2)(2b0+a0)+§eN(2b0+a0)2+eN(A0—do) :

2
PARCE { ; el 4 d( ) ] — 2¢N(N — 3)a;y + 462Nay + 4eNboa, (C.44)

\/>
el =ay (2x/§e[Ma0—2Nb0]+\/§8[—2N(N—1)—NM+M(M—1)}), (C.45)
_ 1 2 1, 2.0
AR PJ(Vzl [—meg ) ¢ gd(() )al] —4eNayby (C.46)

8
= P, (24— D = )1 + eV — (20 + aa)

4
+ G(N — 1) <4ea1 — §(2a0a1 + boa1)> > ,

(1) Nby
P =\ 4
N=1""3¢(N —1) + by (C.47)
Second order contribution is given as follows:
N2 @ — o PV 4 a1Q ], (C.48)
(2) _ Nblb_l Mala_l
do” =2 <36(N —1) + bo * 3¢(M —1)+ap/) (C.49)
4 2 2
ZN_2 : Pn_1 [36(2b_1 +(Z_1)2+6NA_2:|+|:—3\/§€(_2%+3d(()2) (2b_1 —|—a_1)]:O, (C.50)
(2) (2a_1 +b_1)N (a_1+2b_1)M
=2 AT U b — 1. .ol
*f( (N—1)+b01 T 3e(M — 1) +ap ™ (G5
N4, p() 2 el 4 240 O] I B R ¢ N )
PARSEE S { 35 d (2b + ag) — ed) } { 754 +3% bl}
=P (N = 1)(N - 2)(N — 3) (C.52)

+ 262 (N(N —3)2by + P (N — 1)(N — 3)(2bg + ao))
T ge <4N(2b0 +ag)by + P (N = 1)(2bp + a0)2>
+ e<P}V111(N —1)(Ag—do) + N [4651 - %(250 + ao)bl] > ,
el = 23, <e[2Ma0—3Na0—4Nbo]+62[—2N2+5N—NM+M(M—1)])
3V3 Nby

1 2€*[bo (3N — IN—2-M
T 3e(N —1) ‘H)o( €(ao+bo)bo + 2€[bo(3N —5) + ag( )

+2(N —1)(N—-3) = NM + M(M — 1)]). (C.53)
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From this consideration we have

do = dS") +dP +... = Dy + D1b_1b, + Daya_yay + higher order, (C.54)
e = egl) + e§2) + ... = Dsay + D4by + higher order, (C.55)

€1 = e(_? +e

@4 (C.56)

= Dsb_1 + Dga_1 + D7(2a_1 + b_l)blb_l + Ds(a_1 + 2b_1)a1a_1 + higher order,

where all Dy, are functions of by, ag, which can be read off from the above equations. We
compare these results with the e expansion (3.31)-(3.33) and find they agree with each
other, by calculating (3.31)—(3.33) further to order O(n3) with M = M; and N = Ny:

A M N
dél’l) = 25(()0]\7 + aOM) — 2¢ (aala_l + bblb—l> + 0(77(2]) ) (0'57)
0 0
el = 24/3¢ [ag (a1 + 2b1) M — bo(2a1 + by)N] (C.58)
2, ) M 2a1 + b)) N
93 ((aﬁﬂam_l B <a1+1)blb_1> L oMmR),
ao bO
e"Y = 4v3efag (a_1 M + b_y (M — N)) + b (a_1 (M — N) — b_1N)] (C.59)
0 0
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