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1 Introduction

Supersymmetry multiplets in ten-dimensional spacetime not only underpin the five critical
string theories (and their respective low-energy supergravity limits) but also encode the
intricate structure of extended supersymmetry in many interesting quantum field theories in
lower dimensions. For example, the Yang-Mills supermultiplet in ten dimensions elegantly
captures the structure of extended supersymmetry and R-symmetry for gauge couplings
in lower dimensions. Of course, in dimensions greater than four, even supersymmetric
quantum field theories are not expected to be renormalisable without some kind of non-
perturbative UV completion (indeed, this is precisely what string theory aims to provide).
Without this completion, they should merely be regarded as low-energy effective field
theories.



In addition to the more familiar (gauged) type I, (Romans!) type IIA and type IIB
Poincaré gravity supermultiplets [1-8] associated with critical string theory, there is also a
conformal gravity supermultiplet in ten dimensions [9]. This conformal gravity supermulti-
plet can be gauged and the coupling described in [9] to a Yang-Mills supermultiplet in ten
dimensions is reminiscent of the analogous Chapline-Manton [1] coupling for type I super-
gravity. Unlike the Poincaré supergravity theories in ten dimensions though, this conformal
supergravity theory is manifestly off-shell and must be supplemented with some differential
constraints in order to render it local. As a supergravity theory, it is therefore somewhat
exotic but admits a consistent truncation to type I supergravity and reduces correctly to
known extended conformal supergravity theories in both four and five dimensions. There is
also a little conceptual deviation from the unextended conformal gravity supermultiplets in
lower dimensions which result from gauging one of the conformal superalgebras on Nahm’s
list [10]. Of course, this is not surprising since there are no conformal superalgebras of the
conventional type above dimension six.? There do exist more general notions of a confor-
mal superalgebra where the conformal algebra is contained in a less obvious manner. In
particular, it was shown in [12] that the Lie superalgebra osp(1|32) can be thought of as
a conformal superalgebra for R%! with respect to a particular s0(10,2) < 0sp(1/32). Alas,
it remains unclear though whether conformal supergravity in ten dimensions is somehow
related to gauging this osp(1|32).

There is a vast literature on the classification of supersymmetric solutions of super-
gravity theories in diverse dimensions: that is to say, backgrounds which preserve some
amount of rigid supersymmetry and solve the supergravity field equations. Indeed, at least
for Poincaré supergravities, it is often the case that the preservation of a sufficient amount
of rigid supersymmetry will guarantee that all of the supergravity field equations are sat-
isfied. This typically comes from the so-called integrability conditions which result from
iterating the ‘Killing spinor’ equations imposed by the preservation of supersymmetry.

In recent years, there has been mounting interest in the somewhat broader task of
classifying supersymmetric backgrounds of conformal and Poincaré supergravity theories
(which need not necessarily solve the field equations, only the integrability conditions).
This is motivated primarily by a renewed curiosity in the general structure of quantum
field theories with rigid supersymmetry in curved space [13-93], for which supersymmetric
localisation has substantiated many important exact results and novel holographic appli-
cations [18, 20, 28, 31, 34, 47, 52, 53, 55, 57, 67, 78, 85, 87, 88]. The general strategy for
obtaining non-trivial background geometries which support rigid supersymmetry builds
on the pioneering work of Festuccia and Seiberg in four dimensions [15]. Given a rigid
supermultiplet in flat space, it is often possible to promote it to a local supermultiplet
in curved space via an appropriate supergravity coupling. For example, such a coupling

!This epithet is added when the zero-form RR flux in the type IIA gravity supermultiplet is non-zero.

*By this we mean that there exists no real Lie superalgebra obeying the axioms of [10] whose even part
is of the form so(s + 1,t + 1) @ R, for any real Lie algebra R, if s +¢ > 6. Similarly, but with different
hypotheses, for n > 6, the maximal transitive prolongation of the Z-graded complex Lie superalgebra
h=bh_1®bh_2, with h_1 a (not necessary irreducible) spinor module of 50, (C) and h_o = C", the vector
representation, has no pieces in positive degree [11].



can be induced holographically in a superconformal field theory in flat space that is dual
to a string theory in an asymptotically anti-de Sitter background. A judicious choice of
decoupling limit (in which the Planck mass becomes infinite) typically ensures that the
dynamics of the gravity supermultiplet are effectively frozen out, leaving only the fixed
bosonic supergravity fields as data encoding the geometry of the rigidly supersymmetric
curved background.

The aim of this paper is to explore various aspects of bosonic supersymmetric back-
grounds of conformal supergravity in ten dimensions and elucidate the structure of the
rigid Yang-Mills supermultiplet on these backgrounds. In particular, we will classify the
maximally supersymmetric conformal supergravity backgrounds, compute their associated
conformal symmetry superalgebras and show how they are related to each other via certain
algebraic limits. We will also show how to ascribe to any conformal supergravity back-
ground a conformal Killing superalgebra that is generated by its Killing spinors. Paying
close attention to the non-trivial Weyl symmetry which acts within this class of conformal
supergravity backgrounds, we will see how to recover the subclass of type I supergravity
backgrounds and how certain Weyl-transformed versions of the half-BPS string and five-
brane backgrounds of type I supergravity recover, in the near-horizon limit, the maximally
supersymmetric conformal supergravity backgrounds of Freund-Rubin type. We will then
describe the rigid supersymmetry transformations and invariant lagrangian for the Yang-
Mills supermultiplet on any bosonic supersymmetric conformal supergravity background.
This will be done both on-shell and in the partially off-shell formalism of [94-96]. We
conclude with a curious observation that several highly supersymmetric conformal super-
gravity backgrounds in ten dimensions can be embedded in solutions of eleven-dimensional
Poincaré supergravity which preserve twice as much supersymmetry.

This paper is organised as follows. In section 2 we discuss supersymmetric backgrounds
of ten-dimensional conformal supergravity. In sections 2.1 and 2.2 we discuss the confor-
mal gravity supermultiplet, the Killing spinor equation and its integrability condition. In
section 2.3 we define the notion of a conformal symmetry superalgebra and show that
every supersymmetric conformal supergravity background admits a conformal Killing su-
peralgebra, which we define to be the ideal of a conformal symmetry superalgebra that is
generated by the Killing spinors of the background. In section 2.4 we classify those con-
formal supergravity backgrounds preserving maximal supersymmetry. The results mimic
those of eleven-dimensional supergravity: besides the (conformally) flat background, we
have a pair of Freund-Rubin families and their plane-wave limit. In sections 2.4.1, 2.4.2
and 2.4.3 we work out the conformal symmetry superalgebras of these backgrounds and
show in section 2.4.4 that the Killing superalgebra of the plane-wave limit arises as an
Inénii-Wigner contraction of the Killing superalgebra of the Freund-Rubin backgrounds.
In section 2.4.5 we comment on the maximal superalgebra of the maximally supersymmetric
backgrounds, showing that it is isomorphic to 0sp(1|16) for the Freund-Rubin backgrounds
and non-existent for their plane-wave limit. In section 2.5 we discuss some of the half-
BPS backgrounds of conformal supergravity and show how the Freund-Rubin maximally
supersymmetric backgrounds arise as near-horizon geometries. In section 3 we introduce
the on-shell Yang-Mills supermultiplet and write down a supersymmetric lagrangian on



any supersymmetric conformal supergravity background. We then describe a partially off-
shell formulation of supersymmetric Yang-Mills theory on any such background. Finally,
in section 4 we explore a possible relation between ten-dimensional conformal supergravity
and eleven-dimensional Poincaré supergravity suggested by the resemblance between their
maximally supersymmetric backgrounds and some of the half-BPS backgrounds of both
theories. Appendix A contains our Clifford algebra conventions.

2 Conformal supergravity backgrounds

2.1 Conformal gravity supermultiplet

The off-shell conformal gravity supermultiplet in ten dimensions was constructed in [9]. The
bosonic sector contains a metric g, a six-form gauge potential C), ¢ and an auxiliary
scalar ¢. The fermionic sector contains a gravitino 1, and an auxiliary spinor x. Both
Y, and x are Majorana-Weyl spinor-valued, with opposite chiralities.®> The bosonic fields
9w and C, ., contribute 44+4-84 off-shell degrees of freedom, matching the 8x16 off-
shell degrees of freedom from the fermionic field 1),,. The fields (guv, Cp,...ug, @, Y, X) are
assigned Weyl weights (2, 0,w, %, —%)

The supersymmetry variations for this theory can be found in equation (3.34) of [9]
and must be supplemented with the constraint defined in their equation (3.35). Their ‘Q’
and ‘S’ supersymmetry parameters are described by a pair of Majorana-Weyl spinors e
and n with opposite chiralities: for definiteness, we shall take € to have positive chirality,
i.e., I'e = e. A bosonic supersymmetric background of this theory follows by solving the
equations obtained by setting to zero the combined ‘Q’ and ‘S’ supersymmetry variation
of ¢, and x, evaluated at 1, = 0 and x = 0.

On a ten-dimensional lorentzian manifold (M, g) equipped with Levi-Civita connection
V, the equations which follow from this procedure are

Ve + iqbﬁ/w(FuK +2KT,)e =T,
. ) (2.1)

= 41 = 6/w _

5.0 (Vo)e+ 58" " Ke=n,

where K = dC'. The constraint in equation (3.36) of [9] follows as an integrability condition
from (2.1). Notice that the second equation in (2.1), derived from the supersymmetry
variation of y, is simply a definition of 7 in terms of the other background data. Substituting
this definition into the first equation in (2.1) thus yields the defining condition for a bosonic
supersymmetric background.

2.2 Supersymmetric backgrounds

Let us now define a more convenient set of background fields to work with:

q)::élngﬁ and  H:=4¢%"+K (2.2)
w

30ur spinor conventions are contained in appendix A.



and write G = d®. The three-form H obeys d(e 2®xH) = 0 since K is a closed seven-form.
In terms of this data, the defining condition (2.1) for a bosonic supersymmetric background
(M, g,G, H) of conformal supergravity in ten dimensions becomes

1 1
ﬂI‘MHe + ~HT e . (2.3)

1
Vye=-TI',Ge+ 3

6

Under a Weyl transformation g, Q2gW, for some positive function €2, it follows
that I', = QI',, and € — v Qe. The condition (2.3) is therefore preserved under any such
transformation provided H +— Q?H and ® — ® + 3In). Consequently, performing this

transformation with = e~ %/3

allows one to fix G = 0 in equation (2.3) with H coclosed:
_ L

1
= o TuHe+ gHTye  and  dxH =0. (2.4)

\Y
s 8

The condition (2.3) implies that the ‘Dirac current’ one-form ¢, = €I',e and the self-
dual five-form (. p0r = €' por€ Obey

1 1 1
v,ugl/ = gg,ulng + g (ijpgp + 2G[l},£y] + ]QCNVpJTHpJT> ’ (25)
and
VTC,LU/pO'T = QC,uzzpo‘rGT - 4H[uup£a] : (26)

Taking the (uv) symmetric part of (2.5) implies Z¢g = —20¢g with
S V,.EH = 13 o (2.7)
7T T T T3 '

which shows that ¢ is a conformal Killing vector. Furthermore, acting with V7 on (2.6)
and using closure of e 2®xH and G together with (2.5) and (2.6) on the right hand side
implies

ZeH = —20¢H . (2.8)

If H is closed then solutions of (2.3) with Ge = £ He describe bosonic supersymmetric
backgrounds of type I supergravity in ten dimensions. In that case, (2.3) reduces to Ve =
%H uwplPe, € is a Killing vector and ¢ H is closed. Clearly any such background is a special
case of (2.3) and so one can always perform a Weyl transformation to obtain a solution
of (2.4). However, if the original background had G # 0 then the new supersymmetric
background of conformal supergravity solving (2.4) will no longer be a supersymmetric
background of type I supergravity since the required Weyl transformation does not preserve
the defining conditions dH = 0 and Ge = %H €.



Evaluating [V, V,]e implies the integrability condition

1

1 2
— (R,LLI/,DO' - *V[MHy]po- - 6

4 1
1 3 H,upozHlla'a_gH,u,VpGO'> I'"7¢ + — 18 (24HO‘B'YHO[B’Y — GaGa> F;Ufl’e

- = (V[#Gp—l-G[#Gp— ﬂﬂp BH[H s _ fGaH[up )F} e—l-%(Hp Go)T v po€

1
(HwaHBWS + GH[/L “xH Vlpoapys T 645uvaﬁ75 ¢H906H9¢6> P/

108

1 1 14 OLB’Y

72 VuHapy + HuapGy + 3 3 HopyGy — Huo"Hpgyp | T e

1 1

—0 (v Hogy + HuasGy + 5 Hapy Gy H,,apH/gw> r,*e=0, (2.9)

for every € solving (2.3). The geometric meaning of this equation is the following. Equa-
tion (2.3) defines a connection & on the spinor bundle by declaring that a spinor € is
Z-parallel if and only if it satisfies equation (2.3). Then equation (2.9) is simply the
statement that Z-parallel spinors are invariant under the holonomy algebra of & and, in
particular, are annihilated by the curvature of Z.

2.3 Conformal symmetry superalgebras

Let (M,g,G, H) be a bosonic supersymmetric background of conformal supergravity in
ten dimensions. Let €(M,g) denote the Lie algebra of conformal Killing vectors on the
ten-dimensional lorentzian manifold (M, g). The Lie subalgebra of homothetic conformal
Killing vectors will be written $(M, g) < €(M, g) which contains as an ideal the Lie algebra
of Killing vectors R(M, g) < H(M, g).

Now let us ascribe to (M, g, G, H) a Zy-graded vector space s = s5 @ 61, with even part
s5 C €(M,g) and odd part s = ker Z spanned by solutions € of (2.3). We would like to
equip s with the structure of a Lie superalgebra. The first step is to define a bracket on s,
i.e., a skewsymmetric (in the graded sense) bilinear map [—, —] : § X § — s such that

50, 50] C 50 » [s9,51] C 51, and  [s1,57] C 5p . (2.10)

Any such bracket on § must obey the Jacobi identity in order to define a Lie superalgebra.
Each graded component of the Jacobi identity is of type [000], [001], [011] or [111]. The
first three graded components can be conceptualised as follows. The [000] part says that
s5 must be a Lie algebra with respect to [sg, 55], whence s5 < €(M, g). The [001] part says
that [sg, 57] must define a representation of s5 on s7. The [011] part says that the symmetric
bilinear map defined by [s7,67] must be equivariant with respect to the sg-action defined
by [sg,51]. Finally, the [111] part, being symmetric trilinear in its entries, is equivalent via
polarisation to the condition

[[e, €], e] =0, (2.11)

for all € € s7. If 5 is a Lie superalgebra, notice that there exists a (possibly trivial) ideal
g := [57,51) <55 and indeed € := [s1,57] @ 57 < s is a Lie superalgebra ideal.



The Kosmann-Schwarzbach Lie derivative
. 1 1
Lx :Vx-FZ(VMXV)P“V—l-gU)(ﬂ, (2.12)

along any X € €(M,g) (i.e., Lxg = —20xg), defines a natural conformally equivariant
action of €(M, g) on spinors. It is therefore tempting to define

(X, e] = ZLxe, (2.13)

for all X € s5 and € € s7. However, for any € € s7, one finds that Pxe € s1 (ie.,
solving (2.3)) only if
.4V ax + Bx)e+3BxTue =0, (2.14)

where ax = Gx + 30x and x = ZxH + 20xH, for all X € s5. Under a Weyl transfor-
mation (g, G, H) — (2%g,G+3d(In ), Q?H) of the background, for any X € sg, it follows
that ay — ax and Bx — Q2Bx. This implies that the condition (2.14) is Weyl-invariant.
If (2.14) is satisfied, the bracket (2.13) solves the [001] Jacobi.

Now recall from above (2.7) that any e € s7 has Dirac current {& € €(M,g). More-
over, (2.7) and (2.8) are precisely the conditions a¢, = 0 and B¢, = 0 which, if & € 55 <
€(M, g), would ensure that (2.14) is satisfied. With this in mind, let us now define the
[s1,57] bracket such that

€, €] = &, (2.15)

for all € € s7. Being symmetric bilinear in its entries, the general [s1, 57] bracket follows via
the polarisation 3(&cye — & — &) = [e, €], for any €, € € s7. Given (2.14), it is straightfor-
ward to check that the symmetric bilinear map defined by (2.15) is indeed equivariant with
respect to the sg-action defined by (2.13), whence solving the [011] Jacobi. Furthermore,
it follows using (2.5) that

(€] = Ze=0, (2.16)

for all € € s7, so the final [111] Jacobi is satisfied identically.

In summary, we have shown that the brackets defined by (2.13) and (2.15) equip s
with the structure of Lie superalgebra provided the condition (2.14) is satisfied. Any such
Lie superalgebra s with s5 < €(M,g) maximal will be referred to as the conformal sym-
metry superalgebra of (M, g,G, H). By construction, a conformal symmetry superalgebra
s must have [s7,87] <55 < €(M,g). The si-generated ideal ¢ = [s7,87] ® s7 of a con-
formal symmetry superalgebra s will be referred to as the conformal Killing superalgebra
of (M,g,G,H). Tt follows that every bosonic supersymmetric background of conformal
supergravity in ten dimensions admits a conformal Killing superalgebra because (2.14) is
identically satisfied (as a consequence of (2.7) and (2.8)) for all conformal Killing vectors in
[s1,57]. Of course, because the construction is manifestly Weyl-equivariant, strictly speak-
ing a conformal symmetry superalgebra is ascribed to a conformal class of supersymmetric
conformal supergravity backgrounds.

We will not attempt to obtain the general solution of (2.14) though it will be useful
to describe what happens for conformal supergravity backgrounds which preserve more
than half the maximal amount of supersymmetry. A simple algebraic proof was given



in ([97], section 3.3) that any bosonic supersymmetric background of type I supergravity
in ten dimensions which preserves more than half the maximal amount of supersymmetry is
necessarily locally homogeneous. The same logic implies that any bosonic supersymmetric
background of conformal supergravity in ten dimensions which preserves more than half
the maximal amount of supersymmetry is necessarily locally conformally homogeneous.
In both cases, the trick is to show that, for any given x € M, the values at x of all
(conformal) Killing vectors £ obtained by ‘squaring’ supersymmetry parameters € span
the tangent space T, M (i.e., the evaluation at = of the squaring map € — & is surjective).
Acting with €['* on (2.14) implies

Leax =0, (2.17)

for all € € s7 and X € s5. Therefore, in this case, the condition (2.17) says that ayx must
be (locally) constant, for all X € s5. The condition (2.14) then just says that, for any
vector field Y, the two-form tySx must annihilate €, for all X € s and ¢ € s7. This
means that the element 1y Sy € spin(9,1) C C¢(9,1) annihilates a linear subspace of Asrg’l)
of dimension > 8 and hence by ([98], appendix B) (see also [99], table 2) it must vanish.

Thus, we have shown that demanding (2.14) for all € € s7 with dims7 > 8 implies
dax =0 and Bx =0, (2.18)

for all X € s5, which then trivially implies (2.14), showing that they are equivalent.

Now consider the Weyl transformation defined above (2.4), which can be used to elim-
inate G. This maps a supersymmetric conformal supergravity background (M, g, G, H)
with supersymmetry parameter € to another supersymmetric conformal supergravity back-
ground (M, § = Q%¢g,G = 0, H = Q*H) with supersymmetry parameter é = v/Qe, where
Q = e~ ®/3. If the conditions (2.18) are satisfied then

2 -
Lxg = —gan and LxH =0, (2.19)

for all X € s5. The first condition in (2.19) implies that every conformal Killing vector X
with respect to ¢ is homothetic with respect to g (since ax is constant), i.e., €(M,g) =
(M, g). Moreover, since g, = 0 for all € € s1, every conformal Killing vector in [s7, 1]
is a Killing vector with respect to §g. In this case, (M,g) being (locally) conformally
homogeneous implies that (M, g) is (locally) homogeneous.

2.4 Maximally supersymmetric backgrounds

Maximally supersymmetric backgrounds are such that the connection & defined by equa-
tion (2.3) is flat. Hence one can determine the maximally supersymmetric backgrounds of
conformal supergravity in ten dimensions by solving the flatness equation which results by
abstracting € from equation (2.9) and solving the resulting equation for endomorphisms of
the spinor bundle.

For maximally supersymmetric backgrounds of type I supergravity, the condition Ge =
%H e implies G = 0, H = 0 and (2.9) then implies that the Riemann tensor must also vanish.
The only maximally supersymmetric background of type I supergravity in ten dimensions
is therefore locally isometric to Minkowski space, which is Theorem 4 in [100].



For maximally supersymmetric backgrounds of conformal supergravity, the flatness
equation derived from (2.9) implies

quVpO' =0 » Huu[pHUozm =0 ) and H/u/pGO' =0. (220)

The last equation gives rise to two branches of solutions: those with H = 0 and those
with H # 0 and hence G = 0. If H = 0 then (2.20) are trivially satisfied and the flatness
equation from (2.9) is equivalent to

2 1 2 1 2 .
Rywpo = ~390ln <VV]GU+ gGV} GU) T390 (VV]GP+ 3GV]GP> +§gp[ug,,}gGaG - (2:21)

The condition (2.21) just says that the Riemann tensor of the Weyl transformed metric
e 2%/3¢ is zero. In other words, g is conformally flat.
On the other hand, if H # 0, then the third condition in (2.20) implies that G = 0
and the flatness equation derived from (2.9) is equivalent to
R :1<3H H o+ 9yt Hoas — Gt ™ Hos — = HYPVH, )
wpo = 3o p- Hpoa T Jplpttv) - Hoap = Jolutle] ™ HpaB = 39puIvle apy )
(2.22)
together with the first two conditions in (2.20). The first of those conditions says that H is
parallel with respect to the Levi-Civita connection V and, by equation (2.22), so is the Rie-
mann tensor of g. In other words, the background must be locally isometric to a lorentzian
symmetric space. Now we shall classify maximally supersymmetric backgrounds of confor-
mal supergravity with G = 0, making use of several key techniques developed in [100].
The second condition in (2.20), written in a more invariant way, is

txtyH ANH =0, (2.23)

for all vector fields X, Y. This is none other than the family of Pliicker quadrics for H (see,
e.g., [101], Chapter 1), which is equivalent to H being decomposable; that is, H = a AS A7,
for one-forms «, 5,7v. Any background of interest is therefore locally isometric to a ten-
dimensional lorentzian symmetric space M equipped with a parallel decomposable three-
form H. These conditions are quite restrictive and solutions are distinguished according
to whether the constant |H|? := %H wpHM P is positive, negative or zero. The geometric
meaning of this constant has to do with the metric nature of the tangent 3-planes which H
defines: they can be either euclidean, lorentzian or degenerate, according to whether | H|? is
positive, negative or zero, respectively. From (2.22), it follows that the constant scalar cur-
vature of g is R = —1|H|?. The maximally supersymmetric backgrounds are summarised
below (with the scalar curvature of each AdS and S factor denoted in parenthesis).

o If R >0, M = AdSs (—3R) x ST (LR) with H = v/2R volags,.
o If R <0, M = AdS7 (R) x S3 (—3R) with H = v/—2R volgs.

o If R = 0, M = CWy(A) with A = —£ diag(4,4,1,1,1,1,1,1) and H = pda~ A
dz! A dz2.



The background CWig(A) denotes a ten-dimensional Cahen-Wallach lorentzian sym-
metric space with metric

8 8
= 2dzTdz™ + < > Aw x“z‘b) (dz7)” 4+ (da®)?, (2.24)

a,b=1 a=1

in terms of local coordinates (z*, ). For a general constant symmetric matrix A = (Agp),
it follows that ¢ is conformally flat only if A is proportional to the identity matrix. Clearly
this is not the case for the particular A which defines the maximally supersymmetric back-
ground in the third item above (unless p = 0, in which case CWio(0) = R%!). Moreover,
the maximally supersymmetric backgrounds with R # 0 in the first two items above are
not conformally flat since, in each case, the constant sectional curvatures of the AdS and
S factors are not equal and opposite (e.g., see (1.167) in [102]).

It follows from ([103], section 4) that the Freund-Rubin backgrounds AdSs x S” and
AdS7 x 83 found above have two distinct plane-wave (or Penrose-Giiven) limits up to local
isometry. If the geodetic vector of the null geodesic along which we take the limit is tangent
to the anti-de Sitter space, then the limit is flat, whereas if the geodetic vector has a nonzero
component tangent to the sphere, the limit is isometric to the Cahen-Wallach background
we found above. Indeed, the ratio (= 4, in this case) between the two eigenvalues of the
symmetric matrix A defining the Cahen-Wallach metric is the square of the ratio (= 2, in
this case) of the radii of curvature of the 3- and 7-dimensional factors in the Freund-Rubin
geometry. This gives another proof that the Freund-Rubin backgrounds are not conformally
flat, since conformal flatness is a hereditary property under the plane-wave limit ([103],
section 3.2), but the CWio(A) geometry above is not conformally flat for u # 0.

2.4.1 Conformal symmetry superalgebras

Let us now investigate how the construction of conformal symmetry superalgebras in sec-
tion 2.3 plays out for the maximally supersymmetric conformal supergravity backgrounds
we have just classified.

For the maximally supersymmetric background with H = 0, (M, §) is locally isometric
to R, The supersymmetry condition (2.4) implies s7 = Af’l) on R%!. Surjectivity of
the squaring map then implies [s7,57] = R%!. For any € € Af’l), Pxe € Af’l) only if the
conformal Killing vector X does not involve a special conformal transformation in €(R%!) =
50(10,2). This is just as expected from (2.18), so that the associated conformal factor ox
is constant. Thus, we must take s5 = H(R*!) < €(R%!), which consists of the obvious
Poincaré transformations generated by £(R%!) 2 50(9,1) x R%! plus dilatation generated
by a proper homothetic conformal Killing vector #. The Lie superalgebra obtained by
restricting to &(R*!)<1$(R%!) is isomorphic to the Poincaré superalgebra in ten dimensions.
The conformal symmetry superalgebra s merely appends 6 to this Poincaré superalgebra,
with the additional bracket [0, e] = Je, for all € € Af’l) (which implies [0, &] = &).

For all three maximally supersymmetric backgrounds with H # 0, G = 0 so
C(M,g) = H(M,g) because ax = 3ox is constant, for all X € €(M,g). Given any

X,Y € H(M, g) with ox # 0, then Y — %X € R(M,g). Hence, either $H(M, g) = R(M, g)

,10,



or dim($H(M,g)/R(M,g)) = 1. For the two maximally supersymmetric backgrounds
with constant scalar curvature R # 0, a quick calculation reveals that the scalar norm-
squared of the Weyl tensor W of g is ||VV||2 = 3—76R2. Recall that the Weyl tensor obeys
LxW = =20xW, for all X € €(M,g), so Lx|W|* = 40x|W|?. Hence, because in this
case |W|? is a non-zero constant, it follows that $(M, g) = R(M, g). The third maximally
supersymmetric background with R = 0 does admit a proper homothetic conformal Killing
vector so dim($H(M, g)/R(M,g)) = 1.

2.4.2 5(AdS3 x S7) and s(AdS; x S3)

The preceding discussion has established that the only conformal Killing vectors for these
two geometries are Killing vectors. Moreover, it is not difficult to prove that all such Killing
vectors correspond to Killing vectors on the individual AdS and S factors.

The supersymmetry condition (2.4) reduces to a pair of Killing spinor equations on the
individual AdS and S factors. In our conventions, a spinor ¢ on a lorentzian/riemannian
spin manifold M is Killing if, for any vector field X on M, it obeys Vxv = £5 X1, for
some real/imaginary constant k. In the case at hand, the Killing constants are given by
KAdSs = 1Kgs = %\/m and Kags, = ikgr = %\/m

Both AdS,, and S™ can be described via the canonical quadric embedding in (an
open subset of) R~ 12 and R"*! respectively. Conversely, the flat metrics on both R™~1:2
and R™*! can be written as (lorentzian and riemannian) cone metrics whose bases form
the respective AdS,, and S™ geometries. This cone construction is particularly useful in
describing Killing vectors and Killing spinors on these geometries (see [104] for a review
in a similar context). Every Killing vector on the base lifts to a constant two-form on the
cone and vice versa. Thus R(AdS,,) = so(m — 1,2) (2 A2R™ 12 as a vector space) and
R(S™) 2 so(n+1) (=2 A2R™! as a vector space). Every Killing spinor on the base lifts to a
constant spinor on the cone and vice versa. More precisely, if both m and n are odd, there is
a bijection between Killing spinors on the base and constant chiral spinors on the cone. The
Kosmann-Schwarzbach Lie derivative of a Killing spinor along a Killing vector on the base
lifts to the obvious Clifford action of a constant two-form on a constant spinor on the cone.

The cleanest way to discuss the explicit structure of s(AdSs x S7) and s(AdS; x S3)
is as particular real forms of the same complex Lie superalgebra s€. The even part of s® is

55 = 504(C) @ s05(C). The odd part of s© is & = Af’c) ® Af’c), where Af’m =~ C2 and

ASLS’C) = (8 denote the chiral spinor representations of the respective s04(C) and sog(C)

factors in 56‘3. Let (—, —) denote the unique (up to scale) so4(C)-invariant skewsymmetric
complex bilinear form on Agf"(t) and let (—, —) denote the unique (up to scale) sog(C)-

invariant symmetric complex bilinear form on Af’c).
Now fix a basis (Lap = —Lpa, My = —Myy) for 5%:, where A, B = 1,2,3,4 and
I,J=1,...,8 The brackets for s are as follows

[Lap,Lcp|l = —6acLpp +dpcLap +0apLpc —dpLac,
(Mg, Mg = =01k My, + 05k M, + 01 Mk — 05, Mik

1
[LaB, ¥ ® @] = §7AB¢ ®
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M 50 57 type 5
AdSs x S7 | 50(2,2) @50(8) | APY @ A® | R | shh(R) @ osp(8[2)
AdS7 x S8 | 50(6,2) @ s0(4) | AP @AY | H | osp(6,2]1) @ sp(1)

Table 1. Data for admissible real forms of s© 2 sp, (C) @ 05pg|1(C).

1
Mry, v ® @] = 5"‘? RYIIP,

1
[ ® @0 @] = (PN, ) Lag — S ¥ )My (225)
for all ¢,¢' € AYY and ¢, ¢ € ABY | wh Cl(4) and
; ¥ 0,9 € AT, where {ya} generate C{(4) and {77} generate
CL(8). It is a straightforward exercise to check that (2.25) obey the graded Jacobi identities;
although the [111] component requires use of the following identities,

YP(yap, =) = —40(, -) (2.26)

and
Y o(vrre, —) = =8p(p, —) + 8(¢, )1, (2.27)

which hold for all » € A" and ¢ € AP,

As a vector space, 504(C) = N2C* = /\3@469/\2_(134, in terms of the vector spaces AZ.C* of
(anti)self-dual two-forms on C* which span each sp;(C) factor in s04(C) = sp,(C) ®sp,(C).
Let ¢ € A*C* with €1934 = 1 and let ¥ = —~1934 define the chirality matrix for C£(4). It
follows that yapy = %aABCDVCD, so any ¢ € ASf’C) defines a self-dual two-form (1), yap1)).
This implies that the bracket defined by (2.25) of the sp;(C) < s04(C) spanned by A% C*
€ is zero. The action of the other sp;(C) < s04(C) (spanned
by AZ2C*) on Af’c) just corresponds to the defining representation A® of this sp,(C).
Excluding the decoupled sp;(C) factor from s leaves a simple complex Lie superalgebra
that is isomorphic to ospg|;(C) (a.k.a. D(4,1) in the Kac classification [105]), with even
part s0s(C) & sp, (C) and odd part AT © AC. Thus, € 2 sp, (C) & ospg), (C).

The real forms of all complex classical Lie superalgebras in [105] were classified in [106].

with every other element in s

Up to isomorphism, the real forms of a given complex classical Lie superalgebra are uniquely
determined by the real forms of the complex reductive Lie algebra which constitutes its
even part. The even part of s® is 5%: = 504(C) @ s0g(C) which admits many non-isomorphic
real forms. However, of these real forms, only s0(2,2) @ so0(8) and s0(6,2) @ so(4) are
isomorphic to the Lie algebra of isometries of AdS3 x S7 and AdS7 x S3, respectively. It
is then straightforward to deduce the associated real forms which describe their conformal
symmetry superalgebras s. The pertinent data is summarised in table 1.

We have opted for the more common physics notation to write the real form osp(8|2)
rather than its perhaps more logical alias 0spg|;(R). The notation is that Af’q) denotes
the positive-chirality spinor representation of so(p,q) when p + ¢ is even. As vector
spaces, A(f’” =~ R2, Af) =~ RS, Afz) ~ H* and A(f =~ H. Given a pair of quater-

nionic representations Wy and W5, which we think of as complex representations equipped
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with invariant quaternionic structures J; and .o, their tensor product J; ® Jo defines
a real structure on W7 ® Wsy, where the tensor product is over C. This means that
Wy @ Wy =2 C ®g [W1 @ Wa], where [W; ® Wh] is a real representation which can be
identified with the subspace of real elements (i.e., fixed points of the real structure) in
Wy ©Wa. Note that s0(2,2) 2 sly(R) @ sly(R) with AP = A@R, in terms of the defining
representation A of sly(R), while so(4) = sp(1) ® sp(1) with Agfl) =~ A'®R, in terms of the
defining representation A’ of sp(1), where we use R for the trivial real representation.

2.4.3 5(CWip(A))
To describe the conformal Killing vectors of the Cahen-Wallach geometry (2.24) with A =
—g—; diag(4,4,1,1,1,1,1,1), it is convenient to partition the indices a,b,..., which take
values in {1,...,8}, into o, §,... € {1,2} and i, 7,... € {3,...,8}.

A basis of Killing vectors for this geometry is given by

=04 /é
C=0_ g = ; sin (%ZE_) 9; — x* cos (%3}_) on ( )
2.28
_ ol 2
=20, -0 o = COS B anr'uxasm 0
) ) b 3 3 3 +
pi:cos< )8—}— xsm( x_)8+.
6" 6 6
Their non-vanishing Lie brackets are as follows
[Ca QQ] = Pa
[C Q‘] = p; [Ja Ch] = [QZapj] l]g
MQ [J7 Q2] - [Q()up,ﬂ] — 5Ozﬂ§ (2 29)
[C’po‘] - _jqa [J, pl] = [ ijs Qk] _6’quj + 6]k‘]z
2
L [J,p2] = p1 [Mij, pr] = —0ikpj + 6kpi
[Capl] = 36%
in addition to
[MZ], Mkl] = _5iijl + 5jk:Mil + 5ilek — 5leik . (2.30)

The Killing vectors (&, g, p) are generic for plane wave geometries and we see from (2.29)
that they form a 17-dimensional Lie subalgebra isomorphic to the Heisenberg algebra
heisg(R). The Killing vectors (J, M) span the Lie subalgebra so(2) @ s0(6) < s0(8) which
stabilises A.

In total, notice that dim 8(CWig(A)) = 34 = dim 8(AdS3 x S7) = dim K(AdS7 x S3).
However, CTW7(A) admits an additional homothetic conformal Killing vector

0 =210 + 2“0, (2.31)
normalised such that oy = —1. Its non-vanishing Lie brackets with K(CWio(A)) are

[€,0] =2¢, [@a:0] =qa  and  [pe,0] = pa - (2.32)
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Thus we have obtained s5(CWjo(A)), defined with respect to the basis (£, q,p, ¢, J, M,0) €
$H(CWip(A)), subject to Lie brackets (2.29) and (2.32).

The general solution of (2.4) on CWip(A) yields a supersymmetry parameter of
the form

1 1 .
€ = exp (%QFI) Ny + 3 <F_ + % (zafa — 21’T,~> I> exp (%xfI) n_, (2.33)

in terms of I = I'12 and any pair of constant spinors 7y € Af Y with Iine =0. Ttis
perhaps worth noting that a spinor of the form (2.33) on CWjo(A) cannot be parallel with
respect to the Levi-Civita connection V unless it is identically zero because any V-parallel
spinor ¥ on CWig(A) is necessarily constant with I';¢ = 0.

Now let us adopt the shorthand notation € = ¥(n4,n_) for any supersymmetry pa-
rameter of the form (2.33). Substituting (2.28), (2.31) and (2.33) into the Kosmann-
Schwarzbach Lie derivative (2.12) yields the following non-vanishing even-odd brackets for
s(CWio(4))

S %\I} (In+’ ;,In> [0, ¥ (14, n-)] = —¥(n4,0)
[, ¥ (14, n-)] = %\If(Im,In,) [Mij, @ (04, n-)] = %‘I’(Fz‘jm,ﬂjn_)
1 (2.34)
(90, T (14,m-)] = —%\p(ran_,o) (45, W4, 1-)] = =5 ¥(Tin-, 0)
[pas ¥(n4,m-)] = %‘I’(FQIT}_,O) pi, Y(nt,m-)] = —%\I/(FiIn_,()) ,

Notice, in particular, that £ acts trivially on the Killing spinors.
Finally, substituting (2.33) into the squaring map € — & gives the odd-odd bracket
(5 L H K ij
el = @ Lni )6 — 5@ Ton-) (¢ + 5T ) = 5 (1 T-T¥In-) My (2.35)
- %(mF—F“I 1-)4o + %(mF—FiI n-)ai — (7 D-Tn-)pa — (1, L-T"n-)p;

Thus we have obtained s(CWig(A)) and it is a simple matter to confirm that the
brackets defined by equations (2.29), (2.30), (2.32), (2.34) and (2.35) indeed obey the
Jacobi identities. For any X € H(CWio(A)), ax = 3ox is obviously constant and one can
check that Bx = 0, as expected from (2.18), because the three-form H = pdz~ Adz! Ada?
obeys XxH = —20xH.

2.4.4 Contractions

As we have seen, the Cahen-Wallach background is the plane-wave limit of the Freund-
Rubin backgrounds. Therefore we might expect, based on what happens in ten- and
eleven-dimensional Poincaré supergravities [103, 107], that s(CWi(A)) is a contraction
(in the sense of Inénii-Wigner) of §(AdSs x S7) and 5(AdS; x S3). Indeed, it was precisely
that observation in [108] which led to the identification of the maximally supersymmetric
plane-wave solutions of eleven-dimensional and IIB supergravities as plane-wave limits of
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the corresponding Freund-Rubin solutions in [109]. We will give the details only for the
AdSs x 87 Freund-Rubin background, and leave the similar calculation for AdSy x S to
the imagination.

The contraction is easiest to describe in the following basis. Let s5 = s0(2,2)@s0(8) be
the even part of 5(AdS3 x S7). We will choose a basis (P, L,,,) for 50(2,2) and (P, Myny)
for s0(8), where u,v =0,1,2 and m,n = 3,...,9. The Lie brackets are given by

[P/L7PI/] :4Lw/ [vapn] :_an (2 36)
[Lyws Ppl = —npp Py + mup Py [Minn, Pyl = —0mp P + np P
and
[Lyws Lpo) = =nupLve + MupLye + Mo Lvp — MvoLyp (2.37)

[an7 Mp ] = _5mpan + 5anmq + 6qunp - 5onmp )
where n = diag(—1,+1,+1). Let ¥ : Af’l) — 57 be a vector space isomorphism. The
even-odd brackets of the conformal symmetry superalgebra of AdS3 x S” are given by

Lo, U(e)] = (;rwg> and My, U(e)] = W <;an5> , (2.38)
P, U(e)] = U(T,ve) and Py, U(e)] = —%\IJ(le/s) , (2.39)

)

in terms of the C/(9,1) gamma matrices and where ¢ € Af’l and v = I'gj2. Finally, the

odd-odd brackets are given by

[U(e), U(e)] = (ET¥e)P, + (E1™e) Py — (ET™ve) L + %(EFm”VE)an L (2.40)

We now decompose ¢ = ¢4 +e_, with €4 € kerI'y, and expand the above Lie bracket as
follows, where the indices a, 8 € {1,2} and 4,5 € {3,...,8}:

[W(), W(e)] = (502 )(Pr — Lio) — 3 (&:TVIT )My

1 .
+ (E-Tye-)(P- +2Li2) + 5(E-TVIT e ) My (2.41)
+ 26, T% )P, + 24T )P, + 4( T%Ie_) Loy — 2(; T I ) My;

where we have defined P, = %(Pg + Py) and P_ = Py — P.

Let us now define a real Zs-graded vector space £ = Ej @ Ej, where Ej is spanned
by the symbols (', (", J', Mj;, pt,, 4 P, 4;) for o, 8 =1,2 and i,j = 3,...,8 and Ej is the
)

isomorphic image of ¥’ : Af’l — FE7. We will define a family T; : £ — s of even Zs-graded

linear maps by extending the following maps linearly:

T (¢) = %tQ (Py + Py) Y.(p,) = %tPa
n_FPip _ n_ Hip
Yi(J') = Lo Ti(q),) = tLoa
Tt(Min) = Mzg Tt(qg) = tMy;
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and where, for ¢ € A(f’l),

AMU(e), ife€kerl
W) = | ) e elerly (2.43)
AV(e), ifeeckerl'_,

with A2 = %. (We tacitly assume p > 0, but in fact the factor p is inessential and can
always be taken to be 1, if nonzero.) It is clear by inspection that T; defines a vector space
isomorphism for any ¢ # 0. For definiteness, let us take t > 0. We may define a family of
Lie brackets [—, —]; on E by transporting the Lie bracket on s via Yy:

[xvy]t = T;I[Tt(x)v Tt(y)] ) (2'44)

for z,y € E. By construction, for every ¢t > 0, (E,[—, —];) and (s, [—, —]) are isomorphic
Lie superalgebras. If the limit ¢ — 0 exists, then (E,[—, —]g) defines a Lie superalgebra,
which is then a contraction of (s,[—,—]). One checks that for the map Y, defined in
equations (2.42) and (2.43), the limit ¢ — 0 of the [—, —]; bracket does exist and that the
resulting bracket is precisely the one defined by equations (2.29), (2.30), (2.34) (without the
0 bracket) and (2.35), once we remove the primes from the symbols, and identify ny = e
and - =T4e_.

Let us illustrate this with some examples. Firstly, let us consider the bracket [g;, p}],
which is given by

g7, 5] = Tim 7 [Te(g)), To(p))]

R [

— }g% Tt [tMgl-, GtPj]
= lim %t%;laijpg (2.45)
s P (B 3P

= 0;;¢,

which agrees with equation (2.29). Next we consider the bracket [pl, V'(e_)], for e_ €

/
(e %

kerI'_, given by

[Pl @' (2-)] = Tim X [Te(pg), Yo (W'(e-))]

— lm Y-
_%E%Tt |:6tPa,)\\IJ(€_):|

(2.46)
= lim @T*tqj(r ve_)
t>0 6 ¢ o
- %\If’(ralme_),
which shows that - = I';e_ for agreement with equation (2.34). Next, we consider the
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bracket [¥/(e4), ¥'(e4)], where e4 € ker '}, whose contraction is

[W'(e4), '(e4)] = Tom X7 1[0 (24), To(W(e2)]
= X lim 2T W (es), W(es )

t—0

i T, (EToe) (P Lio) = JEIIIT My ) (2a7)
= %lim ((5+r_5+) (25/ - t2J’) - ;(8+FijIF_5+)t2M{j>
= (E+T_ey)¢,
and [¥/(c_), ¥'(e_)], given by
[V'(e-), W'(e-)] = lim (W (e2)), To(W' ()]
= N 1im X7 [U(e ), ()

B et Lo i
=" lim Y, 1 ((5_F+5_)(P_ +2L12) + i(E_F ]IF+E_)Mij> (2.48)

t—0
= % im (T Oy or) 4+ L i ey
= ¢ m | (E-Tte-) ;C + +5(E- +E-)Mj;

— (F_T4e ) (c’ + %J’) + %(E_FijIF+e_)M{j ,
which agree with the first line of equation (2.35), again using n— = T'je_.

Finally, we should remark that the infinitesimal homothety 6 of the Cahen-Wallach
background is not inherited from the Freund-Rubin backgrounds via the plane-wave limit,
hence we are not obtaining the full conformal symmetry superalgebra as a contraction. Of
course, this is not unexpected.

2.4.5 Maximal superalgebras

In [110] the notion of the mazimal superalgebra of a supergravity background was intro-
duced, generalising to non-flat backgrounds the M-algebra of [111]. Given a supergravity
background with Killing superalgebra ¢ = 5 @ ¢, the maximal superalgebra (should it
exist) is defined to be Lie superalgebra m = mg @ my, satisfying the following properties

1. m; = ¢ and £ is a Lie subalgebra of mg;
2. the odd-odd bracket is an isomorphism ®?m; = mg; and

3. the projection ®?mg — €5 coincides with the odd-odd bracket of £ and the restriction
to €5 of the bracket mg ® m; — my is the €-bracket.

In other words, writing mg = €; @ 35, then the m-brackets [t5,€5], [¢5, mi] and the £5-
component of [mg, m;| are, respectively, the [€5,€5], [€5, 7] and [£f, €7] brackets of £, and
only the brackets involving 35 are genuinely new.

As reviewed in [110], it follows from ([112], appendix A) that any Lie superalgebra
satisfying (2) — in particular, the maximal superalgebra of a background — is uniquely
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determined by some w € (/\Qm%)mO - (/\%%)EO. Indeed, by (2) above, if @, is a basis for
my, Zap = [Qq, Qp) is a basis for mg and the Lie brackets in this basis are given by

[Zaba Qc] - wach + wcha
{Zabv ch] = WacZbd + WheZad + WadLbe + WhdLac s

(2.49)

where wyp 1= w(Qq, Q) and where the second equation follows from the first, using the Ja-
cobi identity and the definition of Z,;. In this section we explore the maximal superalgebras
of the maximally supersymmetric backgrounds.

First of all, we show that the Cahen-Wallach background does not admit a maximal
superalgebra. The proof is virtually identical to the one for the Cahen-Wallach vacua of
eleven-dimensional and type IIB Poincaré supergravities in [110]. As explained in ([110],
section 3), for any maximal superalgebra m, €5 acts trivially on the radical {3% of the skew-
symmetric bilinear form w characterising m. Now, inspecting equation (2.34) we see that
¢ = 0— acts semisimply on £ with nonzero eigenvalues, so that P? = 0. Therefore w, having
trivial radical, must be symplectic and hence, from equation (2.49), it follows that m must
have trivial centre. But now notice that £ = 04 acts trivially on mj and hence it is central
in m, thus contradicting the existence of a maximal superalgebra for the Cahen-Wallach
background.

Next we discuss the two maximally supersymmetric Freund-Rubin backgrounds
AdS7 x 83 and AdS3 x S7. Here it is convenient to again think of their Killing super-
algebras as different real forms of the same complex Lie superalgebra. At the same time
we must make a distinction between the symmetry superalgebra s¢ and the Killing super-
algebra, which is the ideal € of s® generated by E% For the Freund-Rubin backgrounds,
s® is strictly larger, containing a simple ideal isomorphic to sly(C), which acts trivially on
the Killing spinors.

In this case, we have Eg =~ 5l5(C) @ s03(C) and t& =~ AC® Af’c) as an E%—module,
where A® is the defining representation of slo(C) and the tensor product is over C. There
is precisely one invariant skew-symmetric bilinear form (up to scale) on E%:: it is the product

of the sly(C)-invariant complex symplectic structure (—, —) on A® and the sog(C)-invariant
complex orthogonal structure (—, —) on Af’c). It is clearly nondegenerate, hence complex

symplectic. Therefore if ¢ admits a maximal superalgebra, it has to be the complexification
05p(1]16)€ of 0sp(1]16). On the other hand, it is shown in [106] that osp(1]16) is the unique
real form of 0sp(1]16)C, so if ‘maximisation’ were to commute with complexification, we
would conclude that the maximal superalgebras of the Freund-Rubin backgrounds would be
isomorphic to 0sp(1|16). We do not have such a result at our disposal and it is unlikely that
such a general result actually exists since not every Lie superalgebra can be ‘maximised’,
as illustrated by the Killing superalgebra of the Cahen-Wallach backgrounds. This means
we need to work harder.

We start by showing that the maximal superalgebra of €€ is indeed isomorphic to
05p(1]16)C, following the construction in [110], mutatis mutandis. First of all, let us de-
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compose the symmetric square of mqi: into irreducible representations of Eg:
o*mt = @2 (AC ® A(f’c))
= (QQAC ® @Mf"ﬁ)) @ (/\2AC ® /\%f”)
= (0?a%g (coafal?)) o (coA?al?) (2.50)
— 02AC g /\2AS§’C) o (QQAC @ ®3AS§,C)>
= 515(C) @ s0s(C) @ 35 ,

which defines 3%. Except for the 5%, this is precisely the odd-odd bracket of €. It follows

from the discussion in ([110], section 4.3) that the action of £; on #7, when viewed through

the lens of the cone construction, is via the Clifford action of the parallel 2-forms on the

cones of AdS, and S? to which the special Killing 1-forms in £g lift. Therefore we extend this

Clifford action to all of mg, which also lift as parallel forms to the cones. This complexifies

and gives the following construction of m®; although we prefer to use a different basis,
(D

which unfortunately obscures the embedding of Eg into myg.

If Y1 @ p1,92 ® g € mic, their symplectic inner product is given by

w(¥1 ® @1, P2 ® p2) = (1, v2) (p1,p2) - (2.51)

We define the following rank-1 endomorphisms of A® and Af’C):

Yripg := (ho, =) 1 and @15y = (2, —) @1, (2.52)

and we define the odd-odd bracket in m® via

[1h1 ® 1,12 @ @2] = Y11hy @ P1Py + o) ® Y2y (2.53)

By a judicious use of the Fierz identities, the rank-1 endomorphisms above can be expressed
in terms of the standard basis for the Clifford algebra in terms of exterior forms, and in

this way clarify the embedding Eg c m&, but we have no need to do that. The action of

0
mg on m% is given simply by the Clifford action, which is

[V10g @ P18y +12th) @ oy, Y3 ® 3] = (b2, ¥3) (92, 03) 1 @ @1+ (11, ¥3) (1, 93) Y2 ® P2

=w(12 ® p2,93 ® P3)P1 ® 1
+ w(P1 ® p1,93 @ 3)h2 @ P2, (2.54)

which agrees with the first equation in (2.49), showing that indeed m® = 0sp(1/16)C.

How about the maximal subalgebras of £(AdSs x S7) and €(S® x AdS7)? Let € be
one of these Killing superalgebras. It is a real form of £©, so in particular ¢ is the real
subspace of E“i: defined by a €-invariant conjugation. Now consider €7 as a real subspace
of m“i:. It generates a real subalgebra of m®, which satisfies property (2) of a maximal
subalgebra because the restriction to £ of the odd-odd bracket is an isomorphism onto its
image. This means that the brackets are of the form (2.49) with w being the restriction
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of the complex-symplectic form on m% to the real subspace 7. The other properties for
a maximal subalgebra are satisfied because €€ is the complexification of €. Therefore we
see that ¥ admits a maximal superalgebra, but to identify it we need to understand the
restriction of w to £7. It pays to be a little bit more general.

Let (E,w) be a complex symplectic vector space. Let g be a Lie algebra, whose
complexification g€ acts on E preserving w. Now suppose that ¢ is a g-invariant conjugation
on E and let ER be its fixed (real) subspace; that is, £ = ER®gC. Because ¢ is g-invariant,

R

g acts on E®. Now, w restricts to a real skewsymmetric bilinear form w® on ER. Since w is

gC-invariant, it is in particular also g-invariant and hence so is w®. Its radical, therefore, is
a g-submodule of E®. Now suppose that E¥ is irreducible as a g-module. Then the radical

R is a symplectic form, or it must be all of EF,

of w® must either be trivial, in which case w
in which case w® = 0.

Now let us apply this to our situation, with the role of (F,w) played by (P%,w). We
have that #7 is an irreducible module of 5, so that the restriction of w to #7 is either
symplectic or zero. But it cannot be zero, because otherwise £; would be central and in
particular, an abelian Lie algebra. Therefore we conclude that w restricts to a symplectic

form on €7 and hence £ generates a maximal superalgebra isomorphic to osp(1[16).

2.5 F1l-string and NS5-brane, Weyl transformations and near-horizon limits

Backgrounds which solve (2.3) for precisely eight linearly independent supersymmetry pa-
rameters € are called half-BPS. Two well-known half-BPS backgrounds in ten dimensions
are the Fl-string [113] and the NS5-brane [114]. They solve (2.3) with dH = 0 and
Ge = %H e and thus define half-BPS backgrounds of type I supergravity in ten dimensions.
To define them, it is convenient to write ggre.« and volge.e for the canonical flat metric and
volume form on RPY.

The Fl-string background has metric and three-form given by

g =e?®gri1 + ggs , H = volgi1 Ade??, (2.55)

2% is a harmonic function on R® so that d(e™2® x H) = 0. For example, thinking

where e~
. . . _ k
of R® as a cone over S” with radial coordinate r, one can take e 2® =1 + % for some

constant ks. The supersymmetry parameter is given by

®/

e =e??¢ volgi1 €9 = €q, (2.56)

where ¢ is a constant positive chirality Majorana-Weyl spinor on R

Now consider the Weyl transformation (with Q = ¢~®/3) of the Fl-string that defines
a solution of (2.4). This is a new half-BPS background of conformal (but not Poincaré)
supergravity in ten dimensions. Its ‘near-horizon’ limit is defined by taking the radial
coordinate r — 0, which recovers precisely the maximally supersymmetric AdSs x S7
background obtained in section 2.4 (identifying |ko|~1/3 = R/18).

The NS5-brane background has metric and three-form given by

g = grsa + Pgga , H = —kgade?® (2.57)
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where 22

is a harmonic function on R* so that dH = 0. For example, thinking of R* as
a cone over S% with radial coordinate r, one can take e?® =1 + “;—3‘ for some constant kg.

The supersymmetry parameter is given by
€=¢p, volga €9 = €g, (2.58)

where € is a constant positive chirality Majorana-Weyl spinor on R,

The near-horizon limit of the NS5-brane defines a metric on R>! x R, x S3 and is
therefore not conformally equivalent to the maximally supersymmetric AdS7 x S3 back-
ground obtained section 2.4. However, it is important to stress that any choice of function
e?® on R* for the NS5-brane defines a half-BPS background of conformal supergravity in
ten dimensions. Let us therefore not assume that e2® is harmonic on R* and perform

the Weyl transformation (with Q = e~®/3) to define a solution of (2.4). Now, for this
k/
Irg\
stant k§ (which is not harmonic on R?*), one recovers in the near-horizon limit precisely

new half-BPS background of conformal supergravity, taking e*® = 1 + for some con-

the maximally supersymmetric AdS7 x S% background obtained in section 2.4 (identifying
k28 = ~2R/9).

3 Yang-Mills supermultiplet

The on-shell Yang-Mills supermultiplet in ten dimensions contains a bosonic gauge field A,
and a fermionic Majorana-Weyl spinor A (we take A with positive chirality, i.e., TA = \).
Both fields are valued in a real Lie algebra g with invariant inner product (—, —).

The supersymmetry variations are

§A, =e,\

3.1
0N = —Fe, (3.1)

where € is a bosonic Majorana-Weyl spinor with positive chirality. The variations
in (3.1) are Weyl-invariant provided (A,,\,€) are assigned weights (O,—%,%). For a
bosonic supersymmetric conformal supergravity background, the supersymmetry parame-
ter € obeys (2.3).

Up to boundary terms, the lagrangian

1

1
L=e? (—(FW, FH)

— 1 — 1
(N, DX) + §(>" H\) + §H”VP(AM,8,,AP + S[ALA)) ),

3
(3.2)
is invariant under (3.1), for any e obeying (2.3). (This result was noted in [23] for the

1
4 2

subclass of bosonic supersymmetric backgrounds of type I supergravity in ten dimensions.)
The prefactor e 2® acts as an effective gauge coupling in (3.2). For generic backgrounds
with H # 0, notice that rigid supersymmetry necessitates both a mass term for A and a
Chern-Simons coupling for the gauge field. Closure of e 2® « H ensures that the Chern-
Simons coupling is gauge-invariant.
Squaring d, in (3.1) with e subject to (2.3) gives
62A, = —F,&" = LA, + DA

e 1 o1 B 1 (3.3)
5€>\_$§)\+2G5)\+[)\,A]+ €€ 25 DX — G 4H)\ ,
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where # = el'Me and A = —A¢. The Lie derivative #x along a conformal Killing vector
X is defined such that Zx A, = XV0,A, + (0,X")A, and Lx\A = VxA+ i(V,LX,,)F’“’)\.
The final term on the right hand side of 62X\ in (3.3) vanishes using the field equation
DX — G\ — %H)\ = 0 for A, derived from (3.2). Thus, on-shell, it follows that

62 = % +woe + 0 (3.4)

on any field in the Yang-Mills supermultiplet with Weyl weight w, where ¢ = —%V,ﬁ“ =
—%8549 is the parameter for a Weyl variation and §j denotes a gauge variation with pa-
rameter A = —Ag.

A novel (partially) off-shell formulation of supersymmetric Yang-Mills theory on R%!
was obtained by Berkovits in [94] (see also [95, 96]). To match the 16 off-shell fermionic de-
grees of freedom of A, the 9 off-shell degrees of freedom of A, are supplemented by 7 bosonic
auxiliary scalar fields Y; (where i = 1,...,7). All fields are g-valued. The supersymmetry
parameter € is also supplemented by seven linearly independent bosonic Majorana-Weyl
spinors 0;, each with the same positive chirality as e. The index i corresponds to the vector
representation of the spin(7) factor in the isotropy algebra spin(7) x R® of e.

Now consider the following supersymmetry variations for the partially off-shell Yang-
Mills supermultiplet on a bosonic supersymmetric conformal supergravity background

A, =€l
(56)\ =—Fe+ Y;HZ

(3.5)
— 1
0.Y; = 0; <]D)\ —GA— 4H)\> .

Under the Weyl transformation g, QQQW, Hyp— QQHWP, D+ O +3In€) of the
background data that was described in section 2.1, the supersymmetry variations in (3.5)
are invariant provided we assign (A,,A,Y;) their canonical weights (0, —%, —2), with €
and 6; both having weight % (The Weyl transformation ¥ Q1727092 of the Dirac
operator in ten dimensions can be used to prove this for §.Y;.)

The supersymmetry parameters € and 6; are related such that

_ — 1
EFMGZ- =0, 01-1““93- = 52’j 5# and €€+ 0;0; = 55 . (36)

Squaring (3.5) subject to (3.6) gives precisely (3.4) on A, and A, without needing to
impose the field equation for A. Moreover,

02Y; = LY — 20¢Yi + [Vi, Al + T35V, (3.7)

where 1;; = g[iVHj] — i@iHQj corresponds to a spin(7) rotation.
Up to boundary terms, the lagrangian

—_

1 1 1 —
L= &% (= ) = SOLDN) + 505.¥) + ()

\V)

1 1
+ S H (Aw Oy + 5[4s, Ap])> , (3.8)
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is invariant under (3.5). It is also manifestly invariant under spin(7) rotations of the
auxiliary fields. Moreover, the integral of (3.8) is Weyl-invariant with respect to the afore-
mentioned transformation rules for fields and background data.

Of all the bosonic supersymmetric conformal supergravity backgrounds the Yang-Mills
supermultiplet above can be defined upon, the maximally supersymmetric AdSs x S7 and
AdS7 x S3 Freund-Rubin backgrounds classified in section 2.4 are perhaps the most com-
pelling. In particular, it would interesting to explore whether the Yang-Mills supermul-
tiplet on these conformal supergravity backgrounds admits a consistent truncation that
would recover one of the theories described in [13, 22, 24, 76, 92]. The relevant theories
in [13] (or [24]) would follow by dimensionally reducing the on-shell (or partially off-shell)
Yang-Mills supermultiplet on R?! to some lower dimension d equal to either 7 or 3, before
deforming the resulting supermultiplet in dimension d in such a way that it retains rigid
supersymmetry on a curved space admitting the maximum number of real or imaginary
Killing spinors, i.e., either AdSy or S%. The deformation involves introducing several non-
minimal couplings that do not seem to figure in (3.1) and (3.2), though this discrepancy
may be the result of a non-standard reduction along some subset of Killing vectors of
S10=d or AdS;o_q that is necessary for the conformal supergravity background instead of
along the obvious translations in R~ or R9=%! as in [13, 24]. We leave this question for
future work.

4 Lifting to eleven dimensions

It should not have gone unnoticed that the supersymmetric backgrounds of conformal su-
pergravity in ten dimensions that we have been discussing bear a striking resemblance to
supersymmetric backgrounds of Poincaré supergravity in eleven dimensions. For instance,
each maximally supersymmetric background obtained in section 2.4 has an obvious max-
imally supersymmetric counterpart in Theorem 1 of [100]. Moreover, the structure of the
half-BPS string and five-brane backgrounds obtained in section 2.5 is virtually identical to
that of the well-known half-BPS M2-brane and Mb5-brane solutions of Poincaré supergravity
in eleven dimensions.

This empirical evidence hints at an embedding of (at least some) supersymmetric back-
grounds of ten-dimensional conformal supergravity in supersymmetric solutions of eleven-
dimensional Poincaré supergravity. Of course, this would be distinct from the well-known
Kaluza-Klein reduction along a spacelike Killing vector for supergravity backgrounds in
eleven dimensions, yielding backgrounds of type ITA supergravity in ten dimensions. After
a brief synopsis of the defining conditions for bosonic supersymmetric backgrounds and
solutions of eleven-dimensional Poincaré supergravity, we shall spend the rest of this final
section investigating a few different types of embedding for some of the backgrounds of
ten-dimensional conformal supergravity that we have already encountered. This will be-
gin with a review of the Kaluza-Klein embedding of supersymmetric backgrounds of type
I supergravity. We will then describe a novel ‘equatorial’ embedding for the maximally
supersymmetric Freund-Rubin backgrounds of ten-dimensional conformal supergravity in
their eleven-dimensional counterparts. Finally, we will describe the embedding of the half-
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BPS string and five-brane backgrounds of ten-dimensional conformal supergravity and show
how to recover the maximally supersymmetric Freund-Rubin backgrounds via delocalisa-
tion and near-horizon limits.

4.1 Supersymmetric solutions in eleven dimensions

The bosonic fields of Poincaré supergravity in eleven dimensions consist of a metric ¢
and a closed four-form F'. Following the conventions of [100], a bosonic supersymmetric
background is given by a solution of
P 1o a0 1aa
VMEI—ﬂFMFE-FgFFMG, (4.1)
where € is a Majorana spinor in eleven dimensions. Any such background is called a
supersymmetric solution if it also obeys the field equations

. . . 1 . .
Ryun = —EFyapcFnP% — —— gynFapop FAPCP
. 1 :

d*F = ——FAF .

~ DN

Note that both (4.1) and (4.2) are invariant under the homothety (g, F) — (2§, &®F), for

any a € R*.

4.2 Kaluza-Klein embedding of supersymmetric type I backgrounds

It is well-known that any supersymmetric solution of type IIA supergravity in ten dimen-

sions can be uplifted to a supersymmetric solution of supergravity in eleven dimensions via

the ‘string-frame’ Kaluza-Klein ansatz. This recovers only the subset of supersymmetric

solutions of supergravity in eleven dimensions which admit a spacelike Killing vector £ with

fgﬁ = 0. At least locally, one can write £ = 0, in terms of the eleventh coordinate z.
Now consider the following special case of the aforementioned ansatz:

g _ e4<1>/3(dz)2 + 672<I>/3‘g

. (4.3)
F=dzNH,

in terms of a metric g, a function ® and a three-form H in ten dimensions. It follows
that #F = e 2®xH. Plugging (4.3) into the second field equation in (4.2) therefore gives
d(e™2®«H) = 0. Tt also follows that dH = 0 since F' is closed.

The ansatz (4.3) allows one to define an idempotent element I = e~2®/3T", which anti-
commutes with every fu (where p is any index M # z). If € = I€ then it can be identified

—/6

with a positive chirality Majorana-Weyl spinor e € in ten dimensions. Assuming this

to be the case then plugging (4.3) into (4.1) gives

1 1 1
Vye=-T',Ge+ T, He+ -HI' e
6 24 8 (4 4)
1 .
Ge = §He,

with 0,¢ = 0 and G = d®. The first condition in (4.4) is identified with (2.3) provided
d(e™2®xH) = 0. Since H is closed, the second condition in (4.4) then gives precisely the
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defining condition for a bosonic supersymmetric background of type I supergravity in ten
dimensions.

To summarise, we have shown that any bosonic supersymmetric background of type
I supergravity in ten dimensions can be embedded via (4.3) in a bosonic supersymmetric
background of Poincaré supergravity in eleven dimensions, obeying (4.1) for some é =
I¢ and the second field equation in (4.2). Of course, the projection condition in eleven
dimensions is because any background of type I supergravity in ten dimensions can preserve
no more than sixteen real supercharges (in contrast with the maximum of thirty two in

eleven dimensions).

4.3 Embedding of maximally supersymmetric Freund-Rubin backgrounds

Poincaré supergravity in eleven dimensions admits two well-known maximally supersym-
metric Freund-Rubin solutions. In terms of the scalar curvature R of g, they are of the form

o AdS;(8R) x ST(=7R) with F = v/ —6R volaqgg, (if R < 0).
o AdS7(=7R) x S*(8R) with F = V/6R volgs (if R > 0).

(The scalar curvature of each AdS and S factor is denoted in parenthesis.)

To make our description of the embedding as transparent as possible, let us adopt the
following notation. Let g, denote the ‘unit radius’ metric on either AdS,, or S™ (i.e., the
metric with constant scalar curvature —n(n — 1) for AdS,, or n(n — 1) for S™). Any metric
of the form x2g,, + A\2g,, will be assumed to be Lorentzian (i.e., AdS, x S™ or S™ x AdS,,).
Let vol,, denote the volume form with respect to g,. Let 1, denote a Killing spinor with
respect to g,, obeying V1, = :t%I‘“wn for AdS,, or V 4, = :E%Fﬂwn for S™. For AdS,
(or S™), 1y, lifts to a constant spinor on the flat cone C(AdS,) = R"~12 (or C'(S™) = R*H1).
We shall refer to v, as having unit Killing constant. Rescaling g,, by a factor of 2 rescales
the Killing constant by a factor of x1.

In terms of this notation, the data for the maximally supersymmetric Freund-Rubin
solutions of eleven-dimensional Poincaré supergravity is given by

§g=~#i%(g1+4g7) and  F =3i*voly, (4.5)

while the supersymmetry parameter € involves a tensor product of ¢4 (with Killing constant
#~1) and v7 (with Killing constant (24)~1). The constant

.| 3
K= 2R (4.6)

Observe that the factors of & above are precisely the same as for the homothety noted at
the end of section 4.1, hence we can and will fix £ = 1 via the action of a homothety with
a=#r"1

On the other hand, the data for the maximally supersymmetric Freund-Rubin back-
grounds of ten-dimensional conformal supergravity is given by

g = k*(g3 + 4g7) and H = 3r?vols, (4.7)
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while the supersymmetry parameter e involves a tensor product of 13 (with Killing constant
k1) and +; (with Killing constant (2x)~1). The constant

9
/{:z“m . (4.8)

Since G = 0 for this class of backgrounds, notice that the factors of k above are precisely
the same as for a (constant) Weyl transformation. Therefore we shall fix k = 1 via a Weyl
transformation with = 1.

To embed (4.7) (with k = 1) in (4.5) (with # = 1), it remains only to recognise the

canonical ‘equatorial’ embedding defined by
g1 =d2* + f(2)%g3, (4.9)
where f(2) is cosh(z) for AdS3 C AdSy or cos(z) for S3 C S, in terms of the ‘colatitude’
z. From (4.9), it follows that voly = f(2)3dz A vol3 and hence that at z = 0, we have
g=d2*+g¢g and F=dzAH. (4.10)

The embedding of the supersymmetry parameter € in € is prescribed by the embedding
of the unit Killing spinor 3 in 14 (the other Killing spinor 7 clearly just goes along for
the ride). Recall that 13 and 14 are completely specified by constant spinors on their
respective (flat) cones. By definition, in terms of a radial coordinate r, the relevant cone

metric go is either —dr? + r2g, for AdS,, or dr? + r2g, for S™. For AdSs C AdS,, it

n+1

follows that
9oy = —dr?4r2gy = —dr? 4+1r2d2? + (r cosh(z))?gs = dz? —dy? +y%g3 = dx2+gc4 , (4.11)

where x = rsinh(z) and y = rcosh(z). The embedding Af’m c AB2) of Killing spinors

(3:2)

here is therefore prescribed by restricting A to the = 0 hyperplane in C5 = R32.

Similarly, for S® c S4, it follows that
gcs = dr? +1r2g, = dr? + r2d2? + (rcos(2))?g3 = da? + dy? + yPg3 = da? + 9o, , (4.12)

where x = rsin(z) and y = rcos(z). Therefore the embedding Af) c A®) of Killing
spinors here is prescribed by restricting A(®) to the 2 = 0 hyperplane in Cs = R®.

4.4 Branes, delocalisation and near-horizon limits

Two well-known half-BPS solutions of supergravity in eleven dimensions are the M2-brane
and the M5-brane.
The M2-brane solution has metric and four-form given by

G=f"Pgrea + fPgrs  and  F = volgea Adf T, (4.13)

where f is a harmonic function on R® so that the second field equation in (4.2) is satisfied
(i.e., dxF' = 0 since ' A F =0 for (4.13)). The supersymmetry parameter is given by

eé=f"%,  with  volge.éy=é, (4.14)

where €y is a constant Majorana spinor on R,
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By identifying z with a spatial coordinate on R*>! and f = e 2%, one recognises

that (4.13) is of the form (4.3). With respect to these identifications, the data (g, H)
in (4.3) gives precisely the Fl-string background of type I supergravity in ten dimensions
in (2.55). The conformally related data (e~2%/3g,e=2®*/3H) in ten dimensions gives pre-
cisely the half-BPS background of conformal supergravity with maximally supersymmetric
AdS3 x S mnear-horizon limit. On the other hand, the near-horizon limit of (4.13) in

2

eleven dimensions with f = e 2% =1 + “:—2‘ gives the maximally supersymmetric solution

AdS4(8R) x ST(—7R) with F' = \/—6R volaqg, (after identifying |ko| /3 = —R/6).

The Mb5-brane solution has metric and four-form given by
G=f"ggsa + fPgps and *F = volgsa Adf 7!, (4.15)

where f is a harmonic function on R® so that dF = 0. The supersymmetry parameter is
given by

=2  with  volgsié = é, (4.16)

where again ¢y is a constant Majorana spinor on R

By identifying z with a coordinate on R® and f = e2>®

, one recognises that (4.15) is
of the form (4.3). However, 0, is a Killing vector only if f is harmonic on the subspace
R* C R® orthogonal to the z-direction. Making this assumption is known as ‘delocalisation’
along the z-direction. With respect to these identifications, the data (g, H) in (4.3) for
the delocalised M5-brane gives precisely the NS5-brane background of type I supergravity
in ten dimensions in (2.57). The near-horizon limit of the delocalised M5-brane (4.15) in
eleven dimensions with f = e?® = 1+|]:—S‘ defines a half-BPS background that is conformally
equivalent to R>! x H? x §3 (cf. R%! x Ry x S% in the near-horizon limit of the NS5-brane in
ten dimensions). On the other hand, without delocalisation, the near-horizon limit of (4.15)
with f =e?® =1+ “:% gives the maximally supersymmetric solution AdS7(—7R) X S4(8R)
with £ = V6R volga (after identifying the constant kj such that |kj|=2/3 = 2R/3). Of
course, without delocalisation, the ansatz (4.3) cannot be used to reduce to ten dimensions.
Even so, notice that the data (e*%/ 3g, e 223 ) in ten dimensions obtained by compar-
ing (4.3) with (4.15) without delocalisation gives precisely the half-BPS background of
conformal supergravity with maximally supersymmetric AdS7; x S® near-horizon limit.
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A Clifford algebra and spinors in ten dimensions

In ten dimensions and in lorentzian signature, the ‘mostly plus’ and ‘mostly minus’ inner
products result in isomorphic Clifford algebras. Indeed, as real associative algebras, the
Clifford algebra C£(9,1) = C/(1,9) = Matsa(R). We shall work with C¢(9,1) in this paper,
which is defined by the relation

T,0, + T, = +2n,,1, (A1)
where 7,,, = diag(—1,+1,...,+1) has mostly plus signature. In particular, (I'p)? = —1.
—_————

9
It follows from the above isomorphism that C/(9,1) has a unique irreducible module up to

equivalence: let’s call it A®D

. As a representation of the spin group Spin(9,1) C C¢(9,1),
AOD decomposes as a direct sum of two irreducible spinor representations A®1) =
Af’l) @A(_g’l), where the subspaces Af’l) c A®D correspond to the +1-eigenspaces of the
idempotent ‘chirality matrix’ I' = —I'¢I'y ...T'g, which is not central in C¢(9,1) but does

(9,1)

commute with Spin(9,1). In physics parlance, elements of A are known as Majorana

spinors and elements of A(f ) are known as (£ chirality) Majorana-Weyl spinors.

(9,1)

There exists on A a unique (up to an overall scale) symplectic form C, the so-called

charge conjugation matrix, which obeys

C(Tuth,x) = —C(,Tx) - (A.2)

It follows that C' is Spin(9, 1)-invariant and, in addition, that the chirality matrix I" is
(9,1) )

skew-symmetric. This means that A} are lagrangian subspaces, so C' pairs Af’l non-

(,9’1), thus providing an isomorphism A(f’l) = (A(,g’l))* of Spin(9,1)

degenerately with A
representations.

The Clifford algebra C/(9,1) inherits a filtration from the tensor algebra and the
associated graded algebra is the exterior algebra of R%!. A convenient (vector space)

isomorphism is provided by the skewsymmetric products of the gamma matrices:
1 g
T S DT, T (A.3)
€Sy,

for degree k > 0 elements (i.e., unit-weight skewsymmetrisation of k distinct degree-one
basis elements) and the identity element 1 for £ = 0. These form a basis for C¢(9,1).
Some useful identities which follow are

Ty, Lo = (—1)"(10 — 2k)Tp,

of ) (A.4)
Pl m Lo = (10 — (10 — 2k) )F/ﬂ---uk )
and
F,u,l...,ukr = Uk—lm&—pl...,ukl/k+1...l/1()ruk+l.”VIO s (A5)
k41
where o, = (—1)LTJ (i.e., 01 =09 = —1, 042 = —op) and 01,9 = +1.
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Now let us write ¥y = C(1, ), for any 1, x € AV, It follows that

Yl X = =0k XDy ¥ (A.6)

and

Vil i X =0, (A7)

for any 14, x+ € Af D, Furthermore, we have the Fierz identities

1 1 v Lo
d)i X+ = 372 <2(X¢F“¢i)ru - g(YiFH pwi)ryyp + E(Xiru pUTd}i)Fuupm') H¥

) ) . (A.8)
([ Y:F - E ((X:Fw:t)]l - E(Y:Frlwwﬂ:)r,uv + 4(X¢Fuupgwi)ruupo> II.,

where I+ = %(]l +TI'). The bilinear X, I',, 079+ defines a five-form that is self-dual if the
spinors have positive chirality and anti-self-dual if the spinors have negative chirality.
It follows from (A.6) and (A.7) that, if € € Af’l), all bilinears built from e vanish

identically except for &, = €l'ye and (,upor = €' por€, Which are nonzero for nonzero e.
The Fierz identity (A.8) for e reads

= 3712 (26 + O)TL_, (A.9)

and a useful subsidiary identity is
1
—T"eel', = (<ee - 25) r*+ 5”11) IT, . (A.10)

An unrelated source of + signs comes from choosing a Witt (or ‘lightcone’) basis for
R%!. We choose a somewhat asymmetrical definition:

1
Iy = 5(1“9 + Fo) and I' =Tg—-T%. (All)
It follows that T2 = 0 and that
F+F7 + F7F+ — 2]]_ . (A12)

This last identity means that we may decompose Af’l) into the direct sum of the two

subspaces ker 'y : Af’l) — A(_g’l), with %FiF:F the corresponding projectors.
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