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1 Introduction

Characterizing the theories dual to Vasiliev’s higher-spin gauge theories in anti de-Sitter

space [3–5] under the AdS/CFT correspondence [6–8] has been a topic of active research for

over ten years, starting from the conjecture of Klebanov and Polyakov that Vasiliev’s theory

in four dimensions is dual to the critical O(N) vector model in three dimensions [9, 10].

Under general principles of AdS/CFT, we expect that the conformal field theory duals to

Vasiliev’s theories (when given appropriate boundary conditions) should also have higher-

spin symmetry, so it is natural to try to classify all higher-spin conformal field theories.
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In the case of CFT’s in three dimensions, this task has already been accomplished by

Maldacena and Zhiboedov [1], who showed that unitary conformal field theories with a

unique stress tensor and a higher-spin current are essentially free in three dimensions.

This can be viewed as an analogue of the Coleman-Mandula theorem [11, 12], which states

that the maximum spacetime symmetry of theories with a nontrivial S-matrix is the super-

Poincare group, along with any internal symmetries whose charges are Lorentz-invariant

quantum numbers (i.e. are scalars with respect to the spacetime symmetry group).

In this paper, we will prove an analogue of the Coleman-Mandula theorem for generic

conformal field theories in all dimensions greater than three. We will show that in any

conformal field theory that (a) satisfies the unitary bound for operator dimensions, (b)

satisfies the cluster decomposition axiom, (c) contains a symmetric conserved current of

spin larger than 2, and (d) has a unique stress tensor in d > 3 dimensions, all correlation

functions of symmetric currents of the theory are equal to the correlation functions of one

of the following three theories — either the theory of n free bosons (for some integer n), a

theory of n free fermions, or a theory of n free d−2
2 -forms.

Note that in odd dimensions, the free d−2
2 -form does not exist, and the status of our

result is somewhat complicated. We do not show that there exists any solution to the

conformal Ward identities that corresponds to this possibility in odd dimensions, although

we do show that if one exists, it is unique. For every odd dimension d ≥ 7, we know that an

infinite tower of higher-spin currents must be present [13]. In d = 5, the unitarity forbids

finite tower case, so only infinite tower is possible. Assuming that the solution exists and

there are an infinite number of higher spin currents, we show that the correlation functions

of the conserved currents of the theory may be understood as the analytic continuation

of the correlation functions of the currents of the even-dimensional free d−2
2 -form theory

to odd dimensions. Then, even under all these assumptions, we do not show that there

exists any conformal field theory that realizes this solution. That is, it is possible that this

structure may have no good microscopic interpretation for other reasons. For example, in

odd dimensions it could be possible that some correlation function of some operator is not

consistent with the operator product expansion in the sense that it cannot be decomposed in

a sum over conformal blocks with non-negative coefficients (i.e. consistent with unitarity1).

Such questions are not explored in this work.

The paper by Boulanger, Ponomarev, Skvortsov, and Taronna [13] strongly indicates

that all the algebras of higher-spin charges that are consistent with conformal symmetry

are not only Lie algebras but associative. Hence, they are all reproduced by the universal

enveloping construction of [14] with the conclusion that any such algebra must contain a

symmetric higher-spin current. This implies that our result should be true even after relax-

ing our assumption that the higher-spin current is symmetric. The argument is structured

as follows:

In section 2, we will present the main technical tool of the paper: we will define a par-

ticular limit of three-point functions of symmetric conserved currents called lightcone

1There is an example of this phenomenon. If one considers a theory of N scalar fields φi and computes

the four-point function of the operator φ2 =
∑

i
φiφi, it turns out that N should be greater then 1, otherwise

the theory is nonunitary.
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limits. We will show that such correlation functions behave essentially like correla-

tion functions of a free theory in these limits, enabling us to translate complicated

Ward identities of the full theory into simpler ones involving only free field correla-

tors. We will also compute the Fourier transformation of these correlation functions;

this will ultimately allow us to simplify certain Ward identities into easily-analyzed

polynomial equations.

The rest of the paper will then carry out proof of our main statement. The steps are

as follows:

In section 3, we will solve the Ward identity arising from the action of the charge Qs

arising from a spin s current js on the correlator 〈j2j2js〉 in the lightcone limit, where

j2 is the stress tensor. We will show that the only possible solution is given by the

free-field solution. This implies the existence of infinitely many conserved currents of

arbitrarily high spin,2 thereby giving rise to infinitely many charge conservation laws

which powerfully constrain the theory.

In section 4, we will construct certain quasi-bilocal fields which roughly behave like prod-

ucts of free fields in the lightcone limit, yet are defined for any CFT. We will establish

that all the higher-spin charges (whose existence was proven in the previous step) act

on these quasi-bilocals in a particularly simple way.

In section 5, we will translate the action of the higher-spin charges on the quasi-bilocals

into constraints on correlation functions of the quasi-bilocals. We will then show that

these constraints are so powerful that they totally fix every correlation function of

the quasi-bilocals to agree with the corresponding correlation function of a particular

biprimary operator in free field theory on the lightcone.

In section 6, we show how the quasi-bilocal correlation functions can be used to prove

that the three-point function of the stress tensor must be equal to the three-point

function of either the free boson, the free fermion, or the free d−2
2 -form, even away

from the lightcone limit. This is then used to recursively constrain every correlation

function of the CFT to be equal to the corresponding correlation function in the free

theory, finishing the proof.

This strategy is similar to the argument in the three-dimensional case given in [1]. There

are two main differences between the three-dimensional case and the higher-dimensional

cases that we must account for: first, the Lorentz group in d > 3 admits asymmetric

representations, but the three-dimensional Lorentz group does not. By asymmetric, we

2The fact that the existence of a higher-spin current implies the existence of infinitely many other

higher-spin currents has been proven before in the four-dimensional case [15] under the additional

assumptions that the theory flows to a theory with a well defined S-matrix in the infrared, that the

correlation function 〈j2j2js〉 6= 0, and that the scattering amplitudes of the theory have a certain scaling

behavior. This statement was also proven for d 6= 4, 5 in [13] by classifying all the higher-spin algebras

in all dimensions other than 4 and 5. We give a proof for the sake of completeness, and also because our

techniques differ from those two papers.
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mean that a current Jµ1...µn is not invariant with respect to interchange of its indices. For

example, in in the standard (j1, j2) classification of representations of the four-dimensional

Lorentz group induced from the isomorphism of Lie algebras so(3, 1)C ∼= sl(2,C)⊕ sl(2,C),

these are the representations with j1 6= j2. The existence of these representations means

that many more structures are possible in d > 3 dimensions than in three dimensions (the

asymmetric structures), and so many more coefficients have to be constrained in order to

solve the Ward identities. We restrict our attention to Ward identities arising from the

action of a symmetric charge to correlation functions of only symmetric currents; we will

then show that asymmetric structures cannot appear in these Ward identities, making the

exact solution of the identities possible.

Second, the space of possible correlation functions consistent with conformal symmetry

is larger in d > 3 dimensions than in three dimensions. For example, consider the three-

point function of the stress tensor 〈j2j2j2〉. It has long been known (see, e.g. [16–19]) that

this correlation function factorizes into three structures in d > 3 dimensions, as opposed

to only two structures in three dimensions (ignoring a parity-violating structure which

is eliminated in three dimensions by the higher-spin symmetry). These three structures

correspond to the correlation functions that appear in the theories of free bosons, free

fermions, and free d−2
2 -forms. We will show that even though more structures are possible

in four dimensions and higher, the Ward identities we need can still be solved.

We note that our work is related to a paper by Stanev [20], in which the four, five, and

six-point correlation functions of the stress tensor were constrained in CFT’s with a higher

spin current in four dimensions. It was also shown that the pole structure of the general

n-point function of the stress tensor coincides with that of a free field theory. Though this

paper reaches the same conclusions, we do not make the rationality assumption [21] of that

paper.

By investigating the Jacobi identity for the charges of the conformal algebra combined

with at least one HS charge it was proved in [13] that in d > 5 there is a unique HS algebra

that such charges can form. This algebra corresponds to the free boson and contains HS

charges of all (at least even) spins. One of the assumptions was that only HS charges

built out of the symmetric HS currents can contribute to the Lie bracket. In the present

paper we relax this assumption, which results in two more solutions: free fermion and the
d−2
2 -form field.

Finally, while this paper was being prepared, the paper [22] appeared in which they

showed that unitary “Cauchy conformal fields”, which are fields that satisfy a certain first-

order differential equation, are free in the sense that their correlation functions factorize on

the 2-point function. Their result may be understood as establishing a similar result that

applies even to certain fields which are not symmetric traceless, which we say nothing about.

2 Definition of the lightcone limits

The fundamental technical tool we need to extend into four dimensions and higher is the

lightcone limit. In order to constrain the correlation functions of the theory to be equal to

free field correlators, we will show that the three-point function of the 〈j2j2j2〉must be equal

– 4 –
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to 〈j2j2j2〉 for a free boson, a free fermion, or a free d−2
2 -form field - it cannot be some linear

combination of these three structures. To this end, it will be helpful to split up the Ward

identities of the theory into three different identities, each of which involves only one of the

three structures separately. To do this, we will need to somehow project all the three-point

functions of the theory into these three sectors. The lightcone limits accomplish this task.

Before defining the lightcone limits, we will set up some notation. As in [1], we are

writing the flat space metric ds2 = dx+dx− + d~y2 and contracting each current with

lightline polarization vectors whose only nonzero component is in the minus direction:

js ≡ Jµ1...µsǫ
µ1 . . . ǫµs = J−−···−. We will also denote ∂1 ≡ ∂/∂x−1 and similarly for ∂2 and

∂3. Thus, in all expressions where indices are suppressed, those indices are taken to be

minus indices. There are two things we will establish:

1. We need to define an appropriate limit for each of the three cases, which, when

applied to a three-point function of conserved currents 〈js1js2js3〉, yields an expression

proportional to an appropriate correlator of the free field theory. For example, in the

bosonic case where all the currents are symmetric, we would like the lightcone limit

to give us ∂s1
1 ∂s2

2 〈φφ∗js3〉free.

2. Second, we need to explicitly compute the free field correlator which we obtain from

the lightcone limits. In the bosonic case where all currents are symmetric, this would

mean that we need to compute the three-point function 〈φφ∗js3〉 in the free theory.

For the first task, we claim that the desired lightcone limits are:

〈js1js2bjs3〉 ≡ lim
|y12|→0

|y12|
d−2 lim

x+
12→0

〈js1js2js3〉 ∝ ∂s1
1 ∂s2

2 〈φφ∗js3〉free (2.1)

〈js1js2f js3〉 ≡ lim
|y12|→0

|y12|
d lim
x+
12→0

1

x+12
〈js1js2js3〉 ∝ ∂s1−1

1 ∂s2−1
2 〈ψγ−ψ̄js3〉free (2.2)

〈js1js2 tjs3〉 ≡ lim
|y12|→0

|y12|
d+2 lim

x+
12→0

1

(x+12)
2
〈js1js2js3〉∝∂s1−2

1 ∂s2−2
2 〈F−{α}F−{α}js3〉free (2.3)

Here, the subscript b, f, and t denote the bosonic, fermionic, and tensor lightcone limits.

φ is a free boson, ψ is a free fermion, and F is the field tensor for a free d−2
2 -form field;

the repeated {α} indices indicate Einstein summation over all other indices. For example,

in four dimensions, the “tensor” structure is just the ordinary free Maxwell field. For

conciseness, we will often refer to the free d−2
2 -form field as simply the “tensor field” or the

“tensor structure”. Again, we emphasize that in odd dimensions, the free d−2
2 -form field

does not exist. In odd dimensions, our claim is that the only possible structure with the

scaling behavior captured by the tensor lightcone limit is the one which coincides with the

naive analytic continuation of the correlation functions of the free d−2
2 form field to odd d.

The justification for the first two equations comes from the generating functions ob-

tained in [18, 19]; in those references, the three-point functions for correlation functions of

conserved currents with y12 and x+12 dependence of those types was uniquely characterized,

and so taking the limit of those expressions as indicated gives us the claimed result. In

the tensor case, [19] did not find a unique structure, but rather, a one-parameter family of
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possible structures. Nevertheless, all possible structures actually coincide in the lightcone

limit, as is proven in appendix B.

We note that parity-violating structures cannot appear after taking these lightcone

limits. This is because the all-minus component of every parity violating structure allowed

by conformal invariance in d > 3 dimensions is identically zero. To see this, observe that all

parity-violating structures for three-point functions consistent with conformal symmetry

must have exactly one ǫµ1µ2...µd
tensor contracted with polarization vectors and differences

in coordinates. Only two of these differences are independent of each other, and all po-

larization vectors in the all-minus components are set to be equal. Thus, there are only

three unique objects that can be contracted with the ǫ tensor, but we need d unique ob-

jects to obtain a nonzero contraction. Thus, all parity-violating structures have all-minus

components equal to zero.

Later in our argument, we will need expressions for the Fourier transformation of the

lightcone-limit three point function of two free fields and a spin s current with respect to

the variables x−1 and x−2 in the theories of a free boson, a free fermion, and a free d−2
2 -form

field. The computation for each of the three cases is straightforward and is given explicitly

in appendix A. The results are as follows:

F b
s ≡ 〈φφ∗js〉 ∝ (p+2 )

s
2F1

(

2−
d

2
− s,−s,

d

2
− 1, p+1 /p

+
2

)

(2.4)

F f
s ≡ 〈ψγ−ψ̄js〉 ∝ (p+2 )

s−1
2F1

(

1−
d

2
− s,−s,

d

2
, p+1 /p

+
2

)

(2.5)

F b
s ≡ 〈F−{α}F−{α}js〉 ∝ (p+2 )

s−2
2F1

(

−
d

2
− s,−s,

d

2
+ 1, p+1 /p

+
2

)

(2.6)

Here, 2F1 is the hypergeometric function, and the proportionality sign in each formula

indicates that we have omitted an overall nonsingular function which we are not interested

in. That they are indeed nonsingular is also proven in appendix A.

Before continuing, we emphasize that the three lightcone limits we have defined do not

cover all possible lightcone behaviors which can be realized in a conformal field theory. We

define only these three limits because one crucial step in our proof is to constrain the three-

point function of the stress tensor 〈j2j2j2〉, which has only these three scaling behaviors.

Furthermore, though we have discussed only symmetric currents, one could hope that

similar expressions could be generated for asymmetric currents — that is, lightcone limits

of correlation functions of asymmetric currents are generated by one of the three free field

theories discussed here. Unfortunately, running the same argument in [19] fails in the

case of asymmetric currents in multiple ways. Consider the current 〈j2jsj̄s〉, where js is

some asymmetric current and j̄s is its conjugate. To determine how such a correlator

could behave the lightcone limit, one could write out all the allowed conformally invariant

structures consistent with the spin of the fields, and seeing how each one behaves in the

lightcone limits. Unlike the symmetric cases, one finds that in the lightcone limit many

independent structures exist, and these structures behave differently depending on which

pair of coordinates we take the lightcone limit. To put it another way, for a symmetric

– 6 –
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current s, one has the decomposition:

〈j2jsjs〉 =
∑

j∈{b,f,t}

〈j2jsjs〉j (2.7)

where the superscript j denotes the result after taking corresponding lightcone limit in any

of the three pairs of coordinates (all of which yield the same result), and the corresponding

structures can be understood as arising from some free theory. In the case of asymmetric

js, this instead becomes a triple sum

〈j2jsj̄s〉 =
∑

j,k,l∈{b,f,t}

〈j2jsj̄s〉(j,k,l) (2.8)

where each sum corresponds to taking a lightcone limit in each of the three different pairs

of coordinates, and we do not know how to interpret the independent structures in terms of

a free field theory. This tells us that for asymmetric currents, the lightcone limit no longer

achieves its original goal of helping us split up the Ward identities into three identities

which can be analyzed independently; each independent structure could affect multiple

different Ward identities. Again, we emphasize that this does not exclude the possibility

of a different lightcone limit reducing the correlators of asymmetric currents to those of

some other free theory. It simply means that our techniques are not sufficient to constrain

correlation functions involving asymmetric currents, so we will restrict our attention to

correlation functions that involve only symmetric currents.

3 Charge conservation identities

We will now use the results of the previous section to prove that every CFT with a higher-

spin current contains infinitely many higher-spin currents of arbitrarily high (even) spin.

We note that this result was proven in a different way in [13] for all dimensions other than

d = 4 and d = 5, wherein they showed that there is a unique higher-spin algebra in d 6= 4, 5

and showed that there are infinitely many higher-spin currents. The discussion below is a

different proof of this statement based on analysis of the constraints that conservation of

the higher-spin charge imposes, and the techniques we develop here will be used later. As

before, we treat the bosonic, fermionic, and tensor cases separately.

Before beginning, we will tabulate a few results about commutation relations that we

will use freely throughout from this section onwards. Their proofs are identical to those

in [1], and are therefore omitted:

1. If a current j′ appears (possibly with some number of derivatives) in the commutator

[Qs, j], then j appears in [Qs, j
′].

2. Three-point functions of a current with odd spin with two identical currents of even

spin are zero: 〈jsjsjs′〉 = 0 if s is even and s′ is odd.

– 7 –
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3. The commutator of a symmetric current with a charge built from another symmetric

current contains only symmetric currents and their derivatives:

[Qs, js′ ] =
s′+s−1∑

s′′=max[s′−s+1,0]

αs,s′,s′′∂
s′+s−1−s′′js′′ (3.1)

The proof of this statement requires an additional step since one needs to exclude

asymmetric currents contracted with invariant symbols like the ǫ tensor. For exam-

ple, consider what structures could appear in [Q2, j2] in four dimensions. In SU(2)

indices, this object has three dotted and three undotted spinor indices, so one could

imagine that a structure like ǫabj
abcdeċḋė could appear in [Q2, j2]. However, [Q2, j2]

has conformal dimension 5, and the unitarity bound constrains the current j, which

transforms in the (5/2, 3/2) representation, to have conformal dimension at least

d − 2 + s = 6, which is impossible. The proof for a general commutator [Qs, js′ ]

follows in an identical manner.

4. [Qs, j2] contains ∂js. This was actually proven for all dimensions in appendix A of [1].

Item 1 then implies that [Qs, js] contains ∂
2s−3j2.

In these statements, we are implicitly ignoring the possibility of parity violating structures.

For example, the three-point function 〈221〉, which is related to the U(1) gravitational

anomaly, may not be zero in a parity violating theory. As mentioned in section 2, however,

the all-minus components of every parity-violating structure consistent with conformal

symmetry is identically zero, so they will not appear in any of our identities here.

Let’s start with the bosonic case. Consider the charge conservation identity arising

from the action of Qs on 〈22bs〉:

0 = 〈[Qs, 2]2bs〉+ 〈2[Qs, 2]bs〉+ 〈22b[Qs, s]〉 (3.2)

If s is symmetric, we may use the general commutation relation (3.1) and the lightcone

limit (2.1) to expand this equation out in terms of free field correlators:

0 = ∂2
1∂

2
2



γ(∂s−1
1 + (−1)s∂s−1

2 )〈φφ∗s〉
free

+
∑

2≤k<2s−1 even

α̃k∂
2s−1−k
3 〈φφ∗k〉

free



 (3.3)

Note that the sum over k is restricted to even currents since 〈22k〉 = 0 for odd k. In

addition, the fact that the coefficient in front of the ∂s−1
2 term is constrained to be (−1)s

times the coefficient for the ∂s−1
1 term arises from the symmetry of 〈φ(x1)φ

∗(x2)js(x3)〉

under interchange of x1 and x2.

Now, we apply our Fourier space expressions for the three-point functions given in

section 2. In the Fourier transformed variables, derivatives along the minus direction turn

into multiplication by the momenta in the plus direction. After “cancelling out” the overall

derivatives, which just yields an overall factor of (p+1 )
2(p+2 )

2, the relevant equation is:

0 = γ((p+1 )
s−1 + (−1)s(p+2 )

s−1)Fs(p
+
1 , p

+
2 ) +

∑

2≤k<2s−1 even

α̃k(p
+
1 + p+2 )

2s−1−kFk(p
+
1 , p

+
2 )

(3.4)

– 8 –



J
H
E
P
0
3
(
2
0
1
6
)
0
4
4

The solution of (3.4) is not easy to obtain by direct calculation. We can make two helpful

observations, however. First, not all coefficients can be zero. This is because we know 2

appears in [Qs, s], so at least α̃2 is not zero. Second, we know that the free boson exists

(there is a CFT with higher spin symmetry), and therefore, the coefficients one obtains from

that theory would exactly solve this equation. We will show that this solution is unique.

Suppose we have two sets of coefficients (γ, {α̃k}) and (γ′, {β̃k}) that solve this equa-

tion. First, suppose γ 6= 0 and γ′ 6= 0. Then, we can normalize the coefficients so that

γ = γ′ are equal for the two solutions. Then, subtract the two solutions from each other so

that the γ terms vanish. If we evaluate the result at some arbitrary nonzero value of p+2 ,

we may absorb all overall p+2 factors into the coefficients and re-express the equation as a

polynomial identity in a single variable z ≡ p+1 /p
+
2 :

0 =
∑

2≤k<2s−1 even

δ̃k(1 + z)2s−1−k
2F1

(

2−
d

2
− k,−k,

d

2
− 1,−z

)

(3.5)

Then, the entire right hand side is divisible by 1+ z since s is even, so we may divide both

sides by 1 + z. Setting z = −1, since 2F1(a, a, 1, 1) 6= 0 for all negative half-integers a,

we conclude that δ̃2s−2 = 0. Then, the entire right hand side is proportional to (1 + z)2,

so we may divide it out. Then, setting z = −1 again, we find δ̃2s−4 = 0. Repeating this

procedure, we conclude that all coefficients are zero, and therefore, that the two solutions

are identical. On the other hand, suppose one of the solutions has γ = 0. Then, the same

argument establishes that all the coefficients α̃k are zero. As noted earlier, however, the

trivial solution is disallowed. Therefore, the solution is unique and coincide with one for

free boson. Thus, we have infinitely many even conserved currents, as desired.

In the fermionic case, precisely the same analysis works. The action of Qs on 〈22fs〉

for symmetric s leads to

0 = ∂2
1∂

2
2

(

γ(∂s−2
1 + (−1)s−1∂s−2

2 )〈ψψ̄s〉+
∑

2≤k<2s−2 even

α̃k∂2s−2−k
3 〈ψψ̄k〉

)

, (3.6)

Then, converting this expression to form factors and running the same analysis from the

bosonic case verbatim establishes that the unique solution to this equation is the one arising

in the theory of a free fermion.

In the tensor case, the argument again passes through exactly as before, except for two

subtleties: first, unlike in the bosonic and fermionic case, we do not have unique expressions

for the three-point functions of currents with the tensor-type coordinate dependence, so this

only demonstrates that the free-field solution is an admissible solution, but not necessarily

the unique solution. Nevertheless, in the lightcone limit, all possible structures for three-

point functions coincide with the free-field answer.3 This was proven in appendix B.

Second, there may not exist a solution to the Ward identities in odd dimensions,

because the free d−2
2 -form does not exist in odd dimensions. However, if any solution

exists, our argument shows that it is unique. In d ≥ 7, it is known that there is a unique

3Actually, we proved that correlators of the form 〈22s〉 have a unique tensor structure even away from

the lightcone limit. The proof, however, is very technical, and it is given in appendix C.
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higher-spin algebra containing the tower of higher-spin currents described in the bosonic

case [13]. In d = 5, our technique shows that if there is a solution for the Ward identity

in the tensor lightcone limit, then it is unique. We do not prove, however, that there

is an infinite tower of higher spin currents or that there is exactly one current of every

spin. Finite dimensional representations would be inconsistent with unitarity. We do not

explore this question further in this work. Henceforth, we assume that our theory does

indeed contain the infinite tower of higher-spin currents necessary for our analysis.

4 Quasi-bilocal fields: basic properties

In this section, we will define a set of quasi-bilocal operators, one for each of the three

lightcone limits, and characterize the charge conservation identities arising from the action

of the higher-spin currents. As we will explain in section 5, these charge conservation

identities will turn out to be so constraining that the correlation functions of the quasi-

bilocal operators are totally fixed. This will then enable us to recursively generate all the

correlation functions of the theory and prove that the three-point function of the stress

tensor can exhibit only one of the three possible structures allowed by conformal symmetry.

As in the three-dimensional case, we define the quasi-bilocal operators on the lightcone as

operator product expansions of the stress tensor with derivatives “integrated out”:

22b = ∂2
1∂

2
2B(x1, x2) (4.1)

22f = ∂1∂2F−(x1, x2) (4.2)

22t = V−−(x1, x2) (4.3)

The motivation behind these definitions can be understood by appealing to what these

expressions look like in free field theory. There, they will be given by simple products of

free fields:

B(x1, x2) ∼: φ(x1)φ
∗(x2) : + : φ(x2)φ

∗(x1) : (4.4)

F−(x1, x2) ∼: ψ̄(x1)γ−ψ(x2) : − : ψ̄(x2)γ−ψ(x1) : (4.5)

V−− ∼: F−{α}(x1)F−{α}(x2) : (4.6)

It is clear from the basic properties of our lightcone limits that when they are inserted into

correlation functions with another conserved current js, they will be proportional to an

appropriate free field correlator. Since 〈22s〉 = 0 for odd s, only the correlation functions

with even s will be nonzero:

〈B(x1, x2)js〉 ∝ 〈φ(x1)φ
∗(x2)js(x3)〉free (4.7)

〈F−(x1, x2)js〉 ∝ 〈ψ(x1)γ−ψ̄(x2)js(x3)〉free (4.8)

〈V−−(x1, x2)js〉 ∝ 〈F−{α}(x1)F−{α}(x2)js(x3)〉free (4.9)

Of course, away from the lightcone, things will not be so simple: we have not even defined

the quasi-bilocal operators there, and their behavior there is the reason why they are not

true bilocals. In fact, even on the lightcone, these expressions are not fully conformally
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invariant: the contractions of indices performed in equations (4.8) and (4.9) are only in-

variant under the action of the collinear subgroup of the conformal group defined by the

line connecting x1 and x2. For now, however, the lightcone properties enumerated above

are enough to establish the commutator of Qs with the bilocals. As usual, we begin with

the bosonic case: assume that 〈22b2〉 6= 0. Our goal is to show that

[Qs, B(x1, x2)] = (∂s−1
1 + ∂s−1

2 )B(x1, x2). (4.10)

This can be shown using the same arguments as [1]. To begin, notice that the action of Qs

commutes with the lightcone limit. Thus,

〈[Qs, B]jk〉 = 〈[Qs, j2]j2jk〉+ 〈j2[Q, j2]jk〉 = −〈j2j2[Qs, jk]〉 = 〈[Qs, j2j2]jk〉 (4.11)

This immediately leads to:

[Qs, B(x1, x2)] = (∂s−1
1 + ∂s−1

2 )B̃(x1, x2) + (∂s−1
1 − ∂s−1

2 )B′(x1, x2), (4.12)

Here, B̃ is built from even currents, while B′ is built from odd currents. This makes the

whole expression symmetric. We would like to show that B′ = 0. Therefore, suppose other-

wise so that some current js′ has nontrivial overlap with B′. Then, the charge conservation

identity 0 = 〈[Qs′ , B
′j2]〉 yields

0 = 〈
[
Qs′ , B

′(x1, x2)
]
j2〉+ 〈B′(x1, x2) [Qs′ , j2]〉, (4.13)

⇒ 0 = γ
(

∂s′−1
1 − ∂s′−1

2

)

〈φφ̄j2〉+
s′+1∑

k=0

α̃k∂
s′+1−k〈φφ̄jk〉. (4.14)

Using the same techniques as the previous section, we obtain

0 = γ((p+1 )
s′−1 − (p+2 )

s′−1)F2(p
+
1 , p

+
2 ) +

s′+1∑

k=0

α̃k(p
+
1 + p+2 )

s′+1−kFk(p
+
1 , p

+
2 ). (4.15)

In this sum, α̃s′ 6= 0 because js′ ⊂ [Qs′ , 2]. Therefore, we can use the same procedure

as before to show that all α̃k are nonzero if they are nonzero for the free field theory. In

particular, since α̃1 is not zero for the complex free boson, the overlap between j1 and B′

is not zero. Now, let’s consider

0 = 〈[Qs, Bj1]〉 =
(
∂s−1
1 − ∂s−1

2

)
〈B′j1〉+ 〈B [Qs, j1]〉, (4.16)

where Qs is a charge corresponding to any even higher-spin current appearing in the oper-

ator product expansion of j2j2b. We have shown the first term is not zero. We will prove

that the second term must be equal to zero to get a contradiction. Specifically, we will

show that there are no even currents in [Qs, j1]. Since B is proportional to 22, and since

〈22s〉 = 0 for all odd s, this yields the desired conclusion.

Consider the action of Qs on 〈221〉. We obtain the now-familiar form:

0 = γ((p+1 )
s−1 − (p+2 )

s−1)F1(p
+
1 , p

+
2 ) +

s∑

k=0

α̃k(p
+
1 + p+2 )

s−kFk(p
+
1 , p

+
2 ) (4.17)
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We want to show that αk = 0 for even k. Recall the definition of Fk:

Fk = (p+2 )
k
2F1

(

2−
d

2
− k,−k,

d

2
− 1,−

p+1
p+2

)

(4.18)

=
k∑

i=0

cki (p
+
1 )

i(p+2 )
s−i (4.19)

The hypergeometric coefficients cki have the property that cki = (−1)kckk−i. Now, we col-

lect terms in equation (4.17) proportional to (p+1 )
s and (p+2 )

s — each sum must vanish

separately for the entire polynomial to vanish. We obtain

γ +
∑

0≤k≤s odd

αkuk +
∑

0≤k≤s even

αkvk = 0 (4.20)

−γ −
∑

0≤k≤s odd

αkuk +
∑

0≤k≤s even

αkvk = 0 (4.21)

Here, uk and vk are sums of products of coefficients of the hypergeometric function and the

binomial expansion of (p+1 +p+2 )
s−k; we do not care about their properties except that, with

the signs indicated above, they are strictly positive, as can be verified by direct calculation.

By adding and subtracting these equations, we obtain two separate equations that must

be satisfied by the odd and even coefficients separately

γ +
∑

0≤k≤s odd

αkuk = 0 (4.22)

∑

0≤k≤s even

αkvk = 0 (4.23)

Exactly analogously, we may do the same procedure to every other pair of monomials

(p + 1+)a(p+2 )
s−a and (p+1 )

s−a(p+2 )
a to turn the constraints for the two monomials into

constraints for the even and odd coefficients (where we’re considering γ as an odd coef-

ficient) separately. Hence, by multiplying each term by the monomial from which it was

computed and then resumming, we find that the original identity (4.17) actually splits into

two separate identities that must be satisfied. For the even terms, this identity is:

0 =
∑

0≤k≤s even

αk(p
+
1 + p+2 )

s−k(p+2 )
k
2F1

(

2−
d

2
− k,−k,

d

2
− 1,−

p+1
p+2

)

(4.24)

Then, we may again use the argument from section 3 to conclude that all αk = 0 for even

k, which is what we wanted. Thus, B′ = 0.

Now we would like to show that B = B̃. First of all we will show that B̃ is nonzero.

Consider the charge conservation identity

0 = 〈[Qs, Bj2]〉 =
(
∂s−1
1 + ∂s−1

2

)
〈B̃2〉+ 〈B, [Qs, 2]〉 (4.25)

Since [Qs, j2] ⊃ ∂js, and since 〈Bs〉 6= 0, the second term in that identity is nonzero, and so

B̃ must be nonzero. Now we can normalize the currents in such a way that j2 has the same
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overlap with B̃ and B. After normalization, we know that B− B̃ does not contain any spin

2 current because the stress tensor is unique, by hypothesis. Now, we will show that B− B̃

is zero by contradiction. Suppose B − B̃ is nonzero. Then, there is a current js whose

overlap with B− B̃ is nonzero. Then, the charge conservation identity for the case s > 2 is

0 = 〈
[

Qs,
(

B − B̃
)

j2

]

〉, (4.26)

0 = γ
((

p+1
)s−1

+
(
p+2

)s−1
)

F2(p
+
1 , p

+
2 ) +

s+1∑

k=0

α̃k(p
+
1 + p+2 )

s+1−kFk

(
p+1 , p

+
2

)
, (4.27)

where we assume that α̃s 6= 0. Then, we can again run the same analysis as section 3 to

conclude that since α̃s 6= 0, we must have α̃2 6= 0 — that is, j2 has nonzero overlap with

B − B̃, which is a contradiction. It means that B − B̃ has no overlap with any currents

js for s > 2. The only possibility is to overlap only with spin zero currents. Suppose that

there is a current j′0 that overlaps with B − B̃, where the prime distinguishes it from a

spin 0 current j0 that could appear in B. We first show that 〈j0j
′
0〉 = 0. Consider the

charge conservation identity the action Q4 on 〈(B − B̃)j0〉. The action of the charge is

[Q4, 0] = ∂3j0+∂j2+ . . . , where the . . . represent terms that cannot overlap with 22 (from

which B is constructed) or the even currents that appear in B̃. By hypothesis, B − B̃

has no overlap with j2, so the identity simplifies to 〈j0j
′
0〉 = 0. Then, since j′0 is nonzero,

it should have nontrivial overlap with some Qs. Now, recall the fact that if a current

j′ appears (possibly with some number of derivatives) in the commutator of [Qs, j], then

j appears in [Qs, j
′]. Thus, there should be a current current of spin s′′ < s such that

[Qs, js′′ ] = j′0 + . . . . The action Qs on 〈
(

B − B̃
)

js′′〉 is

〈
[

Qs,
(

B − B̃
)

js′′
]

〉 = ∂3
3〈
(

B − B̃
)

j′0〉+ ∂〈
(

B − B̃
)

j2〉, (4.28)

Here, we have used that the action of Qs on B and B̃ is identical because B′ = 0. Then,

since the second term is zero, thus the first term is equal to zero as well. Thus, B − B̃ has

no overlap with any currents and is equal to zero, as desired.

In the fermionic case, we can run almost the same argument as in the bosonic case,

except there is no discussion of a possible j0, since there is no conserved spin zero current in

the free fermion theory. We obtain the action of the charge on the fermionic quasi-bilocal is

[Qs, F−(x1, x2)] = (∂s−1
1 + ∂s−1

2 )F−(x1, x2). (4.29)

In the tensor case, we again can repeat the argument to obtain

[Qs, V−−(x1, x2)] = (∂s−1
1 + ∂s−1

2 )V−−(x1, x2) (4.30)

In this case, there is neither a conserved spin 0 or spin 1 current in the free tensor theory.

The argument works the same way, however, if we consider j3 instead of j1 in the steps of

the argument that require it.
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5 Quasi-bilocal fields: correlation functions

In this section, we will discuss how to precisely define the quasi-bilocal operators in a way

that makes their symmetries manifest. In particular, each of the three bilocals will be bi-

primary operators in some sense. This will allow us to argue that the correlation functions

of the bilocals should agree with an appropriate corresponding free-field result. We will

then explore what this implies for the full theory in section 6.

5.1 Symmetries of the quasi-bilocal operators

Let us first consider the case of the bosonic bilocal operator B(x1, x2). Recall that, on

the lightcone, the bilocals should imitate products of the appropriate free fields. In the

bosonic free-field theory, the operator product expansion of φ(x1)φ
∗(x2) is composed of all

of the even-spin currents of the theory with appropriate numbers of derivatives and factors

of (x1 − x2) so that the expression has the correct conformal dimension. More explicitly,

we may write:

φ(x1)φ
∗(x2) =

∑

even s≥0

bfrees (x1, x2) (5.1)

bfrees (x1, x2) =
∑

(k,l)|s+l−k=0

cskl(x1 − x2)
k∂ljs

(
x1 + x2

2

)

(5.2)

All the coefficients cskl may be computed exactly in the free theory just by Taylor expansion.

We have shown that all the currents js exist in our theory for all even s. So we may define

an analogous quantity in our theory as follows:

B(x1, x2) =
∑

even s≥0

bs(x1, x2) (5.3)

bs(x1, x2) =
∑

(k,l)|s+l−k=0

c′skl(x1 − x2)
k∂ljs

(
x1 + x2

2

)

(5.4)

Here, the c′ are some other coefficients which are to be determined by demanding that this

definition of B coincide with the definition given on the lightcone in the previous section,

i.e. that ∂2
1∂

2
2B(x1, x2) = 22b. We claim that this can be accomplished by choosing the c′

coefficients such that 〈B(x1, x2)js〉 ∝ 〈φ(x1)φ
∗(x2)js〉free. To see that there exists such a

choice of c′ which can achieve this condition, we explicitly compare 〈Bjs〉 and 〈φφ∗js〉free
term by term using (5.2) and (5.4). Each term in both of these correlation functions has

the structure (x1 − x2)
k∂l〈js′js〉 with coefficient cs′kl and c′s′kl, respectively. Two-point

functions of primary operators in CFT’s are determined up to a constant, so each term is

identical up to a possible scaling, which can be eliminated by choosing the c′ coefficient

appropriately. Then, by applying ∂2
1∂

2
2 to both sides of 〈B(x1, x2)js〉 ∝ 〈φ(x1)φ

∗(x2)js〉free,

we find that our definition coincides on the lightcone, as desired. This construction works

the same way for the fermionic and tensor quasi-bilocals with analogous results, except

that the quasi-bilocals in those cases carry the appropriate spin structure.

Since the conformal transformation properties of a conserved current js is theory-

independent in the sense that it is completely fixed by its spin and conformal dimension, it

– 14 –



J
H
E
P
0
3
(
2
0
1
6
)
0
4
4

is manifest from this definition that the bosonic quasi-bilocal B(x1, x2) has the same trans-

formation properties under the full conformal group as a product of free bosons. That is, it

is a scalar bi-primary field with a conformal dimension of 1 with respect to each argument.

On the other hand, consider the fermonic and tensor quasi-bilocals F− and V−−. The

same line of reasoning tells us that they will transform like products of free fields contracted

in a particular way: F− will transform like : ψγ−ψ̄ : does in the free fermionic theory, and

V−− will transform like : F−{α}F
{α}
− : does in the theory of a free d−2

2 -form.4 These con-

tractions, however, are not preserved by the full conformal group — the special conformal

transformations orthogonal to the — direction will ruin the structure of the Lorentz con-

traction. Thus, even in the free theory, these objects are not preserved by the full conformal

group. They are only preserved by the so-called collinear conformal group generated by

K−, P+, J+−, and D, where K,P, J, and D are the generators of special conformal trans-

formations, translations, boosts, and dilatations, respectively. It is clear from the structure

of the conformal algebra that the commutation relations of this subset of conformal gen-

erators closes, so it forms a proper sub-algebra. Thus, what we are allowed to conclude is

that F− and V−− are bi-primary operators with respect to this collinear subgroup, not the

conformal group. Nevertheless, this will still be enough symmetry for our purposes.

The key fact which is still true for this more restricted set of symmetries is that

under K−, the special conformal transformation in the — direction, the n-point function

of fermionic and tensor quasi bi-primaries should scale separately in each variable. That

is, under K−, if x → x′ and gµν(x) → Ω2(x)gµν(x), we have

〈F−(x
′
1, x

′
2), · · · , F−(x

′
2n−1, x

′
2n)〉

= Ω(x1)
d/2−1 . . .Ω(x2n)

d/2−1〈F−(x1, x2), · · · , F−(x2n−1, x2n)〉 (5.5)

and

〈V−−(x
′
1, x

′
2), · · · , V−−(x

′
2n−1, x

′
2n)〉

= Ω(x1)
d/2−1 . . .Ω(xn)

d/2−1〈V−−(x1, x2), · · · , V−−(x2n−1, x2n)〉 (5.6)

The proof of these two statements is given in appendix D.

5.2 Correlation functions of the bosonic quasi-bilocal

Now we will discuss the structure of the n-point functions of the quasi-bilocals. Again,

let’s begin with the bosonic case. We wish to constrain 〈B(x1, x2) . . . B(x2n−1, x2n)〉. We

established that B(x1, x2) has the transformation properties of a product of two free fields

under the full conformal group — i.e. it is a bi-primary field with dimension d−2
2 in each

variable. That means that the n-point function can only depend on distances between

4Technically, the argument given above for the symmetries of the bosonic quasi-bilocal only works

for even dimensions in the tensorial case since the free d−2
2

-form exists only in even dimensions, so the

matching procedure can’t be carried out naively in odd dimensions. On the other hand, it is evident from

the definition (4.3) that it has at least the collinear conformal symmetry since there are no derivatives to

be “integrated out”.
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coordinates dij and have conformal dimension d−2
2 with respect to each variable. Since x1

and x2 are lightlike separated, d12 cannot appear, and similarly for every pair of arguments

of the same bilocal. There is also a permutation symmetry: B is symmetric in its two

arguments, and the n point function must be symmetric under interchange of any pair

of the identical B’s. Finally, there is the higher-spin symmetry. In the bosonic case, the

charge conservation identity (4.10) imposes the simple relation

2n∑

i=1

∂s−1
i 〈B(x1, x2) . . . B(x2n−1x2n)〉, for all even s (5.7)

As shown in appendix E of [1], this fixes the x− dependence of the n-point function to have

the particular form:

∑

σ∈S2n

gσ

(

x−σ(1) − x−σ(2), x
−
σ(3) − x−σ(4), . . . , x

−
σ(2n−1) − x−σ(2n)

)

(5.8)

where S2n is the set of permutations of 2n elements. The point is that the x−i dependence

of the n-point function is constrained such that, for each gσ, x−i can only appear in a

difference with one and only one other coordinate. This is a very strong constraint. The

conformal symmetry tells us that each gσ in the above series can be written as a product

of a dimensionful function of distances with the correct dimension in each variable times a

smooth, dimensionless function of conformal cross-ratios. The constraint on the functional

form of gσ, however, forbids all such functions except the trivial function 1, because each

cross ratio separately violates the constraint.

Putting it all together, we conclude that the n-point function has to be proportional

to a sum of terms with equal coefficients, each of which is a product
∏

d
−(d−2)
ij , where the

product has n terms corresponding to some partition of the 2n points into pairs where no

pair contains two arguments of the same bilocal. For example, the two-point function is:

〈B(x1, x2)B(x3, x4)〉 = Ñb

(

1

dd−2
13 dd−2

24

+
1

dd−2
14 dd−2

23

)

, (5.9)

where Ñb is a constant of proportionality. One immediately notes that the expressions

one obtains this way for all n-point functions of the quasi-bilocals are proportional to the

n-point function of : φ(x1)φ(x2) : in a theory of free bosons.

5.3 Correlation functions of the fermionic and tensor quasi-bilocal

In the fermionic and tensor cases, we claim that the correlation functions of the quasi-

bilocals still coincide with the correlation functions of the corresponding free field theories,

despite the fact that the fermionic and tensor quasi-bilocals have less symmetry than the

bosonic quasi-bilocal. The argument, however, is somewhat more complicated due to the

reduced amount of symmetry. The proof is essentially the same for both the fermionic

and tensor cases, so we will only present the argument for the tensor case. Our general

strategy will be to compare the constraints that one obtains from the definition of V−−

as the lightcone limit 22t with the constraints one obtains from the symmetries of V−− as
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established by its definition away from the lightcone given at the beginning of this section.

In the bosonic case, we only used the latter, but in the fermionic case and tensor case, we

will need the former as well.

First, we consider what the 2n-point function of T−− is away from the lightcone. We

know from the definition of V−− = 22t that if we take n lightcone limits of this 2n point

function in each pair of adjacent arguments (x1, x2), (x3, x4), . . . (x2n−1, x2n), we will obtain

the n point function of V−−(x1, x2). It may be the case that the definition of V−− given

earlier as a sum of currents and descendants (with appropriate derivatives and powers of

x) will yield a different result away from the lightcone, but nevertheless, it must agree with

the 2n-point function of T−− in the lightcone limit.

Generically, the 2n point function of T−− with arguments in arbitrary locations can

be decomposed as a polynomial in some basis of conformally invariant structures. One

convenient basis is the {Hij , Vi} space defined in [23]. In this basis, we may write

〈T−−(x1) · · ·T−−(x2n)〉 =
〈〈T−−(x1) · · ·T−−(x2n)〉〉

dd−2
12 dd−2

23 . . . dd−2
2n−1,2nd

d−2
2n,1

(5.10)

where

〈〈T−−(x1) · · ·T−−(x2n)〉〉 =
∑

i

fi({uj})

(
∏

k<l

H
h
(k,l)
i

kl

)(
∏

k<l<m

V
v
(k,lm)
i

k,lm

)

(5.11)

where fi({uj}) is an arbitrary function of cross-ratios {uj}, the hkl and vi coefficients

satisfy
∑

l,m|k<l<m

v
(k,lm)
i +

∑

n|k<n

h
(k,n)
i = 2 for all i, k (5.12)

and the conformal invariants are

Vk,lm =
x+kl
d2kl

+
x+km
d2km

(5.13)

Hkl =
−2(x+kl)

2

d4kl
(5.14)

Note that this decomposition omits structures which contain the epsilon tensor, which all

vanish in our formalism because we contract all free indices with the same polarization

vector in the — direction.

We would like to understand the properties of this decomposition under the tensor

lightcone limit (2.3). First, note that the universal dimensionful factor of distances that is

factored out of 〈〈T . . . T 〉〉 in (5.10) is conventional. In principle, one could choose it to be

something different and compensate by appropriate redefinitions of fi. We have chosen it

as shown in order to simplify the structure of this function under the lightcone limit. More

precisely, the distances corresponding to pairs of points that become lightlike separated

d12, d34, . . . , d2n−1,2n vanish in the lightcone limit, so they cannot explicitly appear in

the correlation function, and we have chosen the universal factor so that this property is

manifest. To see this, note that when we take the lightcone limit (2.3) of this general
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structure, the part of this universal factor corresponding to the distances between points

that become lightlike separated — i.e. d−d+2
12 d−d+2

34 . . . d−d+2
2n−1,2n - becomes d412d

4
34 . . . d

4
2n−1,2n.

This residual factor is exactly cancelled out by the V and H terms corresponding to the x+

factors stripped away in (2.3). To see this, recall that the light-cone limits of correlation

functions are well-defined and non-divergent,5 so any structure consistent with conformal

symmetry needs to appear with enough V ’s and H’s with appropriate indices to cancel out

the factors of (x+12)
−2, (x+34)

−2, . . . , (x+2n−1,2n)
−2 that appear in the lightcone limit. As noted

earlier, these factors of V ’s and H’s come with exactly two powers each of d212, . . . , d
2
2n−1,2n,

which is exactly what is needed to cancel out the residual term.

Thus, after the lightcone limit, the most general structure that can appear in the

n-point function of V−− is:

〈V−−(x1, x2) . . . V−−(x2n−1, x2n)〉 = 〈T−−(x1)T−−(x2)t · · ·T−−(x2n−1)T−−(x2n)t〉 (5.15)

=
∑

i

fi({uj})

dd−2
23 . . . dd−2

2n,1

∏

k,l

(
x+kl
d2kl

)ckl

(5.16)

where the product over k and l is understood to be restricted to pairs (k, l) not correspond-

ing to xk, xl lightlike separated, and
∑

ckl = 2n.

We can determine which terms of this form are consistent with the symmetries of V−−.

Consider the n-point correlation function of V−−. Its transformation properties under

Lorentz transformations and dilatations tell us that we must have 2n + indices in the

numerator of the correlation function, and that the overall scaling dimension of the n-point

function should be 2n × d/2 = dn. Then, as mentioned before, since V−− is a bi-primary

under the collinear conformal group, the n-point function should scale appropriately in

each variable separately after acting with K− according to (5.6). In order to satisfy this

constraint, for each independent structure appearing in the correlation function and each

index i, we must have 2 factors of x+ij in the numerator (not necessarily the same j for

each of the 2 factors) and d + 2 powers of dik in the denominator for some k (again,

not necessarily the same k for each of the d + 2 factors). Once we have picked such a

denominator, there is still some ambiguity since conformally invariant functions fi can still

appear after imposing this constraint (since they are fixed by K−), and such functions can

change the denominator. What is tightly constrained here is the numerator — i.e. the

spin structure. “Imbalanced” structures with that would otherwise be allowed by Lorentz

symmetry, scaling symmetry, and permutation symmetry cannot appear. For example,

for the two-point function 〈V−−V−−〉 in four dimensions, structures such as
(x+

13)
4

d1213
+

(x+
24)

4

d1224
do not satisfy (5.6). Note that the numerators which are allowed by this constraint are

precisely the ones that appear in free-field correlation functions (i.e. the ones arising from

Wick contractions of free fields) and no others.

Now, let’s impose the higher-spin constraint, which stipulates that the correlation

function must be a sum of terms gσ which have the functional form given by (5.8). Since

5As we remarked before, this is only true a priori if we subtract off the bosonic and fermionic pieces,

but we will show in section 6 that if any one of the three lightcone limits are nonzero, it follows that the

other two are zero, so this subtraction procedure is not actually necessary.
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that constraint only involves the dependence in the x− direction, it does not constrain the

numerator, which involves only terms involving the x+i variables. However, it does restrict

the denominator to only have each index i involved in a power dik for one specific k since dik
does depend nontrivially on x−ik. That is, the denominator is built out of terms like dd+2

ik .

This constrains the fi powerfully. Since each cross ratio separately violates the higher spin

constraint, the only fi that can appear are the ones whose product with a denominator

satisfying the higher-spin constraint is another denominator satisfying that constraint.

That is, once we have picked a denominator, the fi can only be very specific kinds of rational

functions. We can still generate terms that don’t appear in the free-field result, however,

because the spin structure in the numerator doesn’t have to match the index structure of

the denominator. For example, the following structure could in principle appear in the

four-point function of V−−, but obviously this structure is not generated in the free theory:

(x+14)
2(x+27)

2(x+36)
2(x+58)

2

(d13d24d57d68)d+2
(5.17)

This structure has a numerator which is consistent with free field theory but a denominator

that does not match the result one would obtain from the free field propagator. Another

possibility is to write a structure where the numerator corresponds to the connected part

of the free-field correlator — i.e. the two factors of x+ij appear with different j for some i.

x+13x
+
32x

+
28x

+
86x

+
67x

+
75x

+
54x

+
41

(d13d24d57d68)d+2
(5.18)

Purely on symmetry considerations, these terms are consistent with the general struc-

ture (5.16). Indeed, one can set (5.17) and (5.18) equal to (5.16) to explicitly solve for the

function fi({uj}) that generates it, and one can check that this fi is indeed conformally

invariant, as required. These structures are inconsistent, however, with cluster decompo-

sition. To see this, we examine the tensor analogue of (5.4):

V−−(x1, x2) =
∑

even s≥2

vs−−(x1, x2) (5.19)

vs−−(x1, x2) =
∑

k,l

ckl(x1 − x2)
k∂ljs

(
x1 + x2

2

)

(5.20)

Comparing the conformal dimension of the left and right hand side yields the constraint

that s+ l− k = 2. Hence, by setting x1 = x2, we extract the k = 0 piece, forcing l = 0 and

s = 2 (since s = 1 is not realized in the tensor sector). That is, V−−(x, x) = T−−(x). By

performing this projection on each factor of V−− in the correlation function (i.e. setting

x1 = x2, x3 = x4, etc.), we obtain an expression for the n-point function of T−−, which we

know must satisfy cluster decomposition since T is a local operator. Then, by taking the

points to be separated very far apart from each other, we obtain constraints on how the

structures must simplify. For example, we know that if we take x1 and x3 to be very far

from all the other points, we must have that

〈T−−(x1)T−−(x3) . . . T−−(x2n−1)〉=⇒〈T−−(x1)T−−(x3)〉〈T−−(x5) . . . T−−(x2n−1)〉 (5.21)
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This factorization property is not satisfied by the structure (5.17), for example. Indeed,

the only way to satisfy all such constraints arising from cluster decomposition is to have

all powers of x+ij appear with the corresponding factor of dd−2
ij in the denominator, modulo

trivial equalities such as x+13 = x+14 (which arise since points which are taken to be — sepa-

rated in the lightcone limit have the same difference in the + direction). If it appears with

the wrong dij factor in the denominator (again, modulo the trivial relabelings of the spin

structure), it cannot satisfy the cluster decomposition identity arising from taking the two

points appearing in that factor to be very far from all the other points. The spin structure

required by the factorization will simply not be present.

Hence, the only allowed terms are the ones that are built from free-field propagators

(x+ij)
2/dd+2

ij . Permutation symmetry implies that the coefficients of all the structures that

can appear are the same up to disconnected terms which are fixed, as before, by cluster

decomposition. This implies that the n-point function of bilocals V−− are exactly the same

as the n-point function of stress tensors in free field theory up to a possible overall constant.

Clearly, this entire argument works for the fermionic case as well with only minor

modifications - the projection procedure that isolates the contribution from the stress

tensor is slightly more complicated since it appears at first order, not zeroth order, in

x12 in the fermionic analogue of (5.20), and the correlation function is permutation anti-

symmetric instead of symmetric because fermions anticommute. All other steps are the

same, and we conclude that in the fermionic case, the n-point functions of bilocals are also

given by the free field result. For example, the two-point functions of fermionic and tensor

quasi-bilocals are given by

〈F−(x1, x2)F−(x3, x4)〉 = Ñf

(
x+13x

+
24

dd13d
d
24

−
x+14x

+
23

dd14d
d
23

)

(5.22)

〈V−−(x1, x2)V−−(x3, x4)〉 = Ñt

(

(x+13)
2(x+24)

2

dd+2
13 dd+2

24

+
(x+14)

2(x+23)
2

dd+2
14 dd+2

23

)

(5.23)

where Ñf and Ñt are overall constants that we will presently analyze.

5.4 Normalization of the quasi-bilocal correlation functions

Now, let’s fix the the overall constants Ñb, Ñf , and Ñt in front of each n-point function. We

claim that they all are fixed by the normalization of the two-point function of the bilocals.

This can be seen by considering how one can obtain the n-point function of quasi-bilocals

from the n− 1 point function. We know the n-point function of some quasi-bilocal A is:

〈A . . .A〉
︸ ︷︷ ︸

n copies of A

= Ñng(dij) (5.24)

where g is some known function which agrees with the result for the n-point function of the

corresponding free theory bilocal. Each bilocal contains the stress tensor j2 in its OPE, so

we can consider acting on both sides with the projector P which isolates the contribution

of j2 from the first bilocal. We have already seen, for example, that for the tensor bilocal,

this projector just sets x1 = x2. Then, we can integrate over the coordinate x1. This
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yields the action of the dilatation operator on the n − 1 point function, whose eigenvalue

will be some multiple of the conformal dimension of the appropriate free field. So by this

procedure, we can fix the coefficient in front of the n-point function in terms of the n− 1

point function. So by recursion, all the coefficients of the correlation functions are fixed by

the coefficient Ñ appearing in front of the two-point function.

6 Constraining all the correlation functions

We have shown now that the n-point functions of all the quasi-bilocal fields exactly coincide

with the corresponding free-field result for a theory of N free fields of appropriate spin for

some N (which we will show later must be an integer). Now, we will explain how to use

these facts to constrain all the other correlation functions of the theory. We will start by

proving that the three point function 〈222〉 must be either equal to the result for a free

boson, a free fermion, or a free d−2
2 form. That is, if we write the most general possible form:

〈222〉 = cb〈222〉free boson + cf 〈222〉free fermion + ct〈222〉free tensor, (6.1)

then the result will be consistent with higher-spin symmetry only if (cb, cf , ct) ∝ (1, 0, 0)

or (0, 1, 0) or (0, 0, 1).

We first show that if 〈22b2〉 6= 0 then 〈22f2〉 = 0 = 〈22t2〉. Consider the action of Q4

on 〈22b2〉. By exactly the same analysis as the charge conservation identities of section 3,

we obtain exactly the same expression as equation (3.3), except the summation starts from

j = 0. Thus, the existence of the spin 4 current implies the existence of a spin 0 current

with 〈22b0〉 6= 0. The action of charge Q4 on j0 is

[Q4, j0] = ∂3j0 + ∂j2 + no overlap with 22b (6.2)

Now consider the charge conservation identities arising from the action of Q4 on 〈22f0〉

and 〈22t0〉. Since 〈22f0〉 = 0 = 〈22t0〉, we conclude 〈22f2〉 = 0 = 〈22t2〉, as desired.

Now, assume that 〈22b2〉 = 0. It suffices to show that if 〈22t2〉 6= 0, then 〈22f2〉 = 0.

In this case, by hypothesis, the quasi-bilocal V−− is nonzero. The results of the previous

section tell us that the three point function of the tensor quasi-bilocal is proportional to:

〈V−−(x1, x2)V−−(x3, x4)V−−(x5, x6)〉 ∝

(
x+13

)2 (
x+25

)2 (
x+46

)2

d
d
2
+2

13 d
d
2
+2

25 d
d
2
+2

46

+ perm. (6.3)

and this precisely coincides with the three-point function of the free field operator

v−−(x1, x2) =: F−{α}(x1)F−{α}(x2) :

〈V−−(x1, x2)V−−(x3, x4)V−−(x5, x6)〉 ∝ 〈v−−(x1, x2)v−−(x3, x4)v−−(x5, x6)〉 (6.4)

Now, take x1 and x2 very close together and expand both sides of this equation in pow-

ers of (x1 − x2). The zeroth order term of v is clearly the normal ordered product

: F−α(
x1+x2

2 )F−α(
x1+x2

2 ) : — this is precisely the free field stress tensor. On the other

hand, we know from the previous section that the term in V−− which is zeroth order in
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(x1 − x2) — i.e. the term that arises from setting x1 = x2, is just the stress tensor of

the theory T−−. Repeating the same procedure for the pairs of coordinates (x3, x4) and

(x5, x6), we obtain the desired result:

〈222〉 = 〈222〉free tensor (6.5)

⇒ 〈22f2〉 = 〈22b2〉 = 0 (6.6)

as required. Therefore, since the stress-energy tensor is unique,

〈222〉b 6= 0 ⇒ 〈222〉f = 0, 〈222〉t = 0, j2j2b =
∞∑

k=0

[j2k] , j2j2f = 0, j2j2t = 0, (6.7)

〈222〉f 6= 0 ⇒ 〈222〉b = 0, 〈222〉t = 0, j2j2f =
∞∑

k=1

[j2k] , j2j2b = 0, j2j2t = 0, (6.8)

〈222〉t 6= 0 ⇒ 〈222〉b = 0, 〈222〉f = 0, j2j2t =
∞∑

k=1

[j2k] , j2j2b = 0, j2j2f = 0, (6.9)

where square brackets denotes currents and their descendants. This establishes the claim

that the three-point function of the stress tensor coincides with the answer for some free

theory.

At this point, we would like to stress that the factorization property we have proven

here holds only for conformal field theories that satisfy the unitarity bound for the dimen-

sions of operators. Clearly, all unitary CFT’s have this property, but it is possible to con-

ceive of non-unitary CFT’s which also satisfy it. Without the unitarity bound’s constraint

on operator dimesions, however, various operators we have not considered could appear in

all the charge conservation identities we have written. These operators make it possible

to construct theories where the three-point function of the stress tensor decomposes as a

nontrivial superpositions of the bosonic, fermionic, and tensor sectors. For example, we

show in appendix F that the free five-dimensional Maxwell field is a non-unitary conformal

field theory whose stress tensor decomposes into a superposition of all three sectors.

Returning to the main argument, we may now obtain all the other correlation functions,

we may expand equation (6.4) to higher orders in x1−x2, and use the correlation functions

obtained at lower orders to fix the ones that appear at higher orders. For example, at

second order in x1 − x2, we have:

v−− = (x1 − x2)
2

(

: ∂2F−α

(

x1 + x2
2

)

F−α

(
x1 + x2

2

)

:

+ : ∂F−α

(
x1 + x2

2

)

∂F−α

(
x1 + x2

2

)

:

)

, (6.10)

and V−− contains terms involving only the spin 2, 3, and 4 currents. Using our answers

for 〈222〉 and our knowledge that 〈223〉 = 0, we can then fix 〈224〉 to agree with the free

field theory. This procedure recursively fixes all the correlators in the free tensor sector.

The argument flows identically for the free bosonic and free fermionic sectors, except that
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the zeroth order term will not fix 〈222〉, but some lower-order current. For example, in

the bosonic theory, the zeroth order term will fix 〈000〉, and one will need to carry out the

power series expansion to higher orders in order to fix the correlators of the higher-spin

conserved currents.

Then, one could consider correlation functions that have indices set to values other

than minus. This works in exactly the same way, since the operator product expansion

of two currents with minus indices will contain currents with other indices. This has the

effect of doubling the number of bilocals required to build a correlation function, since we

need to take an extra OPE to fix the index structure. Thus, an n-point function with

non-minus indices can be fixed from 2n bilocals. Thus, we have fixed every correlation

function from currents at appear in successive OPE’s of two stress tensors, including those

of every higher-spin current.

The last thing we will argue is that the normalization of the correlation functions

matches the normalization for some free theory. For example, in the theory of N free

bosons, the two-point function of
∑N

i=1 : φiφ
∗
i : will have overall coefficient N . The same

is true for the fermionic and tensor cases. One might wonder if the overall coefficient Ñ of

the quasi-bilocal could be non-integer, which would imply that it could not coincide with

any theory of N free bosons. We will now argue that this is not possible. We start with

the bosonic case, which works similarly to the argument presented in [1]:

in a theory of N free bosons, consider the operator

Oq,free = δ
[i1,...,iq ]
[j1,...,jq ]

(φi1∂φi2 . . . ∂q−1φiq)(φj1∂φj2 . . . ∂q−1φjq) (6.11)

Here, δ is the totally antisymmetric delta function that arises from a partial contraction of

ǫ symbols:

δ
[i1,...,iq ]
[j1,...,jq ]

∝ ǫi1...,iq ,iq+1...iN ǫj1...,jq ,iq+1...iN (6.12)

We claim that in the full theory, there exists an operator Oq whose correlation functions

coincide with the correlation functions of Oq,free in the free theory. The proof of this is

given in appendix E.

Consider the norm of the state that Oq generates. This is computed by the two point

function 〈OqOq〉. It is obvious from the definition of Oq that it arises from the contraction

of q bilocal fields, so this correlator is a polynomial in N of order q. The antisymmetry of

the totally antisymmetric function in the definition of Oq,free enforces that the correlation

function vanishes at q > N . So we know all the roots of the polynomial, and hence the

correlation function is proportional to N(N−1) . . . (N−(q−1)). Now, consider an analytic

continuation of this correlator to non-integer Ñ . By taking q = ⌊N⌋+ 2, we find that this

product is negative, which is impossible for the norm of a state. Since the correlators of

Oq are forced to agree with the correlators of some operator in the full CFT, we conclude

that the normalization Ñ of the scalar quasi-bilocals must be an integer.

The same argument can be ran in the tensor case for an operator defined similarly:

Oq = δ
[i1,...,iq ]
[j1,...,jq ]

(F i1
−{α1}

∂F i2
−{α2}

. . . ∂q−1F
iq
−{αq}

)(F j1
−{α1}

∂F j2
−{α2}

. . . ∂q−1F
jq
−{αq}

) (6.13)

We again conclude that the normalization constant Ñ must be an integer.
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The construction in the fermionic case is somewhat simpler. We know j2 appears in

F−, and we can define an operator Oq = (j2)
q by extracting the term in the operator

product expansion of q copies of j2 whose correlation functions coincide with the free

fermion operator (j2)
q
free. In the theory of N free fermions, j2 =

∑

i(∂ψi)γ−ψ̄i−ψiγ−(∂ψ̄i),

where here i is the flavor index for the N fermions. By antisymmetry of the fermions, we

know that Oq will be zero if q ≥ N . Then, as in the bosonic case, we can consider the norm

of the state that Oq generates, which is computed by 〈OqOq〉, and the rest of the argument

runs as before. Thus, the normalization Ñ of the fermionic bilocals must be an integer.

It is worth noting the relationship between this result and one of the primary motiva-

tions for studying higher-spin CFT’s — holographic dualities involving Vasiliev gravity in

an anti-de Sitter space. As mentioned earlier, it has been conjectured that Vasiliev gravity

is conjectured to be dual to a theory of N free scalar fields in the O(N) singlet sector.

This implies a relationship between the vacuum energy of Vasiliev gravity at tree-level and

the free energy of a scalar field, namely, that FVasiliev/GN ∼ NFscalar, where GN is the

Newton constant. Our result implies that this normalization constant N , and therefore,

the Newton constant GN is quantized in the Vasiliev theory in any dimension.

It must be noted, however, that we cannot claim that this quantization can be seen

perturbatively in N . Recent work of Giombi and Klebanov [24] have shown that the one-

loop correction to the vacuum energy of minimally coupled type A Vasiliev gravity in anti-de

Sitter background does not vanish as expected. This was interpreted as a shift ofN → N−1

in the tree-level calculation of the vacuum free energy. Our result cannot predict such a

shift or any other 1/N corrections that appear in higher orders in perturbation theory. We

claim only that the exact result, after summing all loop corrections, must be quantized.

7 Discussion and conclusions

In this paper, we have shown that in a unitary conformal field theory in d > 3 dimensions

with a unique stress tensor and a symmetric conserved current of spin higher than 2, the

three-point function of the stress tensor must coincide with the three-point function of the

stress tensor in either a theory of free bosons, a theory of free fermions, or a theory of

free d−2
2 -forms. This implies that all the correlation functions of symmetric currents of the

theory coincide with the those in the corresponding free field theory.

Our technique was to use a set of appropriate lightcone limits to transform the data of

certain key Ward identities into simple polynomial equations. Even though we could not di-

rectly solve for the coefficients in these identities like in three dimensions, we were neverthe-

less able to show that the only solution these Ward identities admit is the one furnished by

the appropriate free field theory. This was the key step that allowed us to defined bilocal op-

erators which were used to show that the three-point function of the stress tensor must agree

with a free field theory. This in turn fixed all the other correlators of the theory to agree with

those in the same free field theory. These results can be understood as an extension of the

techniques and conclusions of [1] from three dimensions to all dimensions higher than three.

We stress that our classification into the bosonic, fermionic, and tensor free field theo-

ries depends somewhat sharply on our assumption that a unique stress tensor exists. Other

– 24 –



J
H
E
P
0
3
(
2
0
1
6
)
0
4
4

free field theories with higher spin symmetry exist in d > 3 dimensions, such as a theory of

free gravitons. This theory, however, does not have a stress tensor, and we make no state-

ment about how the correlation functions of such theories are constrained, and analogously

for theories with many stress tensors. On the other hand, we may consider the possibility

of multiple stress tensors. It was argued in [1] that the result holds if there are two stress

tensors {j2, ĵ2} instead of just one. The idea is that one can define a basis {J2, Ĵ2} of

vectors {j2, ĵ2} such that each vector generates action along itself. As a result correlation

function of n currents J2 and n currents Ĵ2 factorizes into product of correlation function

of n currents J2 and correlation function of n currents Ĵ2. So one can argue that in some

sense theories are dynamically decoupled. This argument carries over to our result totally

unchanged, and so our result also holds in the case of two stress tensors. In the case of

more then two stress tensors one have to find analogous basis. We do not comment on the

possibility of more than two stress tensors.

In [25], it was shown that for 3d conformal theories with slightly broken higher-spin

symmetry it is possible to constrain the three point functions in the leading order in large

parameter N . Similar analysis for D dimensional case is out of the scope of the present

paper. But we expect that similar conclusion should be valid.

Moreover, we have not computed correlation functions or commutators for asymmetric

currents and charges. In [14], it was shown that if one considers the possible algebras of

charges in theories that contain asymmetric currents in four dimensions, a one-parameter

family of algebras exists. This may suggest the existence of nontrivial higher-spin theories,

though our result indicates that at least the subalgebra generated by the symmetric currents

must agree with free field theory.

We also stress that the tensor structure is not well understood in all dimensions. In

even dimensions, it corresponds to the theory of a free d−2
2 -form field, which does not exist

in odd dimensions. In odd dimensions, the structure may not exist, and even it does, there

may not exist a conformal field theory which realizes it. Our argument only tells us that

if there is a solution of the conformal and higher-spin Ward identities corresponding to

this structure, then it is unique. If the structure exists, we only know for a fact that it

contains an infinite tower of higher-spin currents for d ≥ 7 and in this case, the theory,

if it exists, has the correlation functions we claimed. In d = 5, it is not known if all the

higher-spin currents must be present. Assuming they are present, our results also flow

through in d = 5. Even then, the tensor structure in odd dimensions could fail to have

a good microscopic interpretation for many other reasons. For example, the four-point

function of the stress tensor in this sector may not be consistent with the operator product

expansion in the sense that it may not be decomposable as a sum over conformal blocks

— i.e. it may be possible to continue all the correlation functions to odd dimensions, but

not the blocks. We have not explored this question.
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A Form factors as Fourier transforms of correlation functions

In this appendix, we will explicitly calculate the Fourier-transformed, lightcone-limit three-

point functions F b
s , F f

s , and F v
s cited in section 2. Let’s start with the bosonic case.

We want to compute the relevant Fourier transformation of the three-point function

〈φ(x1)φ
∗(x2)js(x3)〉. The explicit form of js(x3) is given in [26] as:

js =
s∑

k=0

ck∂
kφ∂s−kφ∗, ck =

(−1)k

2

(
s
k

)( s+d−4
k+ d

2
−2

)

(s+d−4
d
2
−2

) (A.1)

Wick’s theorem and translation invariance of the correlatiors yields that::

〈φ(x1)φ
∗(x2)js(x3)〉 =

∑

ci(∂
i
3〈φ(x1)φ

∗(x3)〉)(∂
s−i
3 〈φ(x3)φ

∗(x2)〉) (A.2)

=
∑

ci(∂
i
1〈φ(x1)φ

∗(x3)〉)(∂
s−i
2 〈φ(x3)φ

∗(x2)〉) (A.3)

Then, we may Fourier transform term by term with respect to x−1 and x−2 . Recalling that

the propagator of a scalar field is (x2)
2−d
2 and that in the lightcone limit, x+1 = x+2 and

~y1 = ~y2, we obtain:

∂s−i
1 ∂i

2〈φ(x1)φ
∗(x3)〉〈φ(x3)φ

∗(x2)〉

−→ is(p+1 )
s−i(p+2 )

i

∫

dx−1 dx
−
2 e

ip+1 x−

1 eip
+
2 x−

2
1

(
x+13x

−
13 + ~y213

) d−2
2

1
(
x+23x

−
23 + ~y223

) d−2
2

(A.4)

=
is(p+1 )

s−i(p+2 )
i

(x+13)
d−2

∫

dx−1 dx
−
2 e

ip+1 x−

1 eip
+
2 x−

2
1

(

x−13 +
~y213
x+
13

) d−2
2

1
(

x−23 +
~y213
x+
13

) d−2
2

(A.5)

=
is(p+1 )

s−i(p+2 )
i

(x+13)
d−2





∫

dx−1 e
ip+1 x−

1
1

(
x−1 − x̄

) d−2
2









∫

dx−2 e
ip+2 x−

2
1

(
x−2 − x̄

) d−2
2



 (A.6)

Here, we have defined x̄ = x−3 −
~y213
x+
13

. Depending on the parity of d, each integral has either

a pole of order d−2
2 at x̄ or a branch point at x̄. Our prescription for evaluating this integral

is as follows: first, we shift x−1 and x−2 by x̄ so that the singularity is at 0, and then we

will move move the singularity from 0 to sign(p)iǫ. Then, the integral can be evaluated by

Schwinger parameterization. For example, suppose p+1 and p+2 are positive. Following our

procedure, the x1 integral becomes:
∫ ∞

−∞
dx−1 e

ip+1 x−

1
1

(
x−1 − x̄

) d−2
2

= eip
+
1 x̄+p+1 ǫ

∫ ∞

−∞
dyeip

+
1 y 1

(y − iǫ)
d−2
2

(A.7)
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= eip
+
1 x̄+p+1 ǫ

∫ ∞

−∞
dy

∫ ∞

0
ds

i

Γ(d−2
2 )

eip
+
1 ys

d−4
2 e−is(y−iǫ) (A.8)

=
ieip

+
1 x̄+p+1 ǫ

Γ(d−2
2 )

∫ ∞

0
ds2πδ(s− p+1 )e

ip+1 ys
d−4
2 e−sǫ (A.9)

=
2πieip

+
1 x̄

Γ(d−2
2 )

(p+1 )
d−4
2 (A.10)

This function is indeed nonsingular, as required. The x2 integral has exactly the same form,

and so gives the same answer. Hence, we obtain that the Fourier transform of 〈φφ∗js〉 is

indeed proportional to
∑

ci(p
+
1 )

i(p+2 )
s−i, where the proportionality factor is a nonsingular

function. The, noting that the coefficients ci are the coefficients for the hypergeometric

function with appropriate arguments, we obtain the answer cited in the text:

F b
s ≡ 〈φφ∗js〉 ∝ (p+2 )

s
2F1

(

2−
d

2
− s,−s,

d

2
− 1, p+1 /p

+
2

)

(A.11)

The fermionic and tensor cases can be tackled in exactly the same way. There are only two

differences. First, the propagator in the free fermion and free tensor theories are (x2)
1−d
2

and (x2)
−d
2 , respectively, as compared with the free scalar propagator (x2)

2−d
2 . Second, the

coefficients in the expression for js are different, as can be checked from the expressions

in [27, 28] or in [26]. The end result is that the arguments of the hypergeometric function

are different in the way claimed in the text.

B Uniqueness of three-point functions in the tensor lightcone limit

Our goal in this section is to show that the free tensor solution for the lightcone limit of

three-point functions explained in section 2 is indeed unique, at least in the lightcone limit.

Note that Lorentz symmetry constrains the propagator of spin j field to be of the form

〈ψ−j(x)ψ̄−j(0)〉 ∝ (x+)2j . (B.1)

Generically, according to [19], the most generic conformally invariant expression one can

write down for a three-point function of symmetric conserved currents with tensor-type

coordinate dependence is:

〈js1js2js3〉 =
1

xd−2
12 xd−2

23 xd−2
13

∑

a,b,c

(

(Λ2
1αa,b,c + Λ2βa,b,c) (P12P21)

aQb
1

× (P23P32)
c (P13P31)

−a−b+s1Q−a−c+s2
2 Qa+b−c−s1+s3

3

)

(B.2)

where the αa,b,c and βa,b,c are free coefficients, and the Λi are defined as:

Λ1 = Q1Q2Q3 + [Q1P23P32 +Q2P13P31 +Q3P12P21] , (B.3)

Λ2 = 8P12P21P23P32P13P31. (B.4)
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Here, the P and Q invariants are defined as in [29] and [30]. However, for the choice of

polarization vector ǫµ = ǫ− there is a nontrivial relation:

Λ2

∣
∣
ǫµi =ǫ−

= −2Λ2
1

∣
∣
ǫµi =ǫ−

, Λ1

∣
∣
ǫµi =ǫ−

=
1

4

x+12x
+
23x

+
13

x212x
2
23x

2
13

(ǫ−)3. (B.5)

Therefore, in the case ǫµ = ǫ− the expression for this three-point function greatly simplifies.

Instead of having two sets of undetermined coefficients ca and da, one can combine the Λi’s

into a single prefactor α1Λ
2
1 + α2Λ2, where the αi are arbitrary and can be chosen to be

convenient; to produce exact agreement with the canonically normalized free-tensor theory,

we will choose α1 = 1 and α2 =
1

2(d−2) . Now, we take the lightcone limit, which corresponds

to the point where

P23P32 = 0, Q1 = −

(
P13P31

Q3
+

P12P21

Q2

)

(B.6)

in Pij , Qi space. Then, the three-point function reduces to

〈js1js2js3 t〉 =
Λ2
1 + Λ2/(2(d− 2))

xd−2
12 xd−2

23 xd−2
13

s1−2∑

a=0

ca (P12P21)
a (P13P31)

s1−2−aQs2−a
2 QS3−s1+a

3 , (B.7)

Now, the ca can be fixed demanding that all currents are conserved. The result is given by

the following recurrence relation, with c0 = 1:

c(a+ 1)

c(a)
=

(s1 − 2− a)(s1 +
d−4
2 − a)(s2 + a+ d−2

2 )

(a+ 1)(a+ d−2
2 + 2)(s1 + s3 +

d−4
2 − 2− a)

This solution exactly coincides with the free tensor solution, as required.

C Uniqueness of 〈s22〉 for s ≥ 4

Define

〈js1js2js3〉 =
〈〈js1js2js3〉〉

x12d−2x23d−2x13d−2
. (C.1)

Using the previous defined V and H conformal invariants, we can write the most general

expression for a conformally invariant correlation function as follows:

〈〈jsj2j2〉〉 = V s−4
1

[

a1H
2
1,2H

2
1,3+ a2

(
V1V2H1,2H

2
1,3 + V1V3H

2
1,2H1,3

)
+ a3V

2
1 H1,2H1,3H2,3+

+ a4
(
V 2
1 V

2
3 H

2
1,2 + V 2

1 V
2
2 H

2
1,3

)
+ a5V

2
1 V2V3H1,2H1,3+

+ a6
(
V 3
1 V2H1,3H2,3 + V 3

1 V3H1,2H2,3

)
+ a7

(
V 3
1 V2V

2
3 H1,2 + V 3

1 V
2
2 V3H1,3

)
+

+ a8V
4
1 H

2
2,3 + a9V

4
1 V2V3H2,3 + a10V

4
1 V

2
2 V

2
3

]

. (C.2)

The coefficients can be solved by imposing charge conservation. For example, in d = 4 we

obtain:

a1 = −
a7(s− 3)(s− 1)(s− 2)2

32(s+ 1)(s+ 4)
+

a4(s− 5)(s− 3)s(s− 2)

8(s+ 1)(s+ 4)
+

a5(s− 3)(s− 2)

8(s+ 4)
, (C.3)
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a2 = −
a4(s− 2)2

s+ 4
+

a7(s− 1)(s− 2)

4(s+ 4)
−

a5(s− 2)

2(s+ 4)
, (C.4)

a3 = −
8a4

(
s2 − 3s− 1

)

(s+ 1)(s+ 4)
+

a5(s− 8)

2(s+ 4)
+

a7(s− 1)(2s− 1)

(s+ 1)(s+ 4)
, (C.5)

a6 =
12a4(s− 2)

(s− 1)(s+ 4)
+

6a5
(s− 1)(s+ 4)

+
a7(s− 2)

2(s+ 4)
, (C.6)

a8 =
a7(s− 2)

(
s2 + 11s− 2

)

4s(s+ 1)(s+ 4)
−

6a4(s− 5)

(s+ 1)(s+ 4)
+

a5(s− 2)

s(s+ 4)
, (C.7)

a9 =
a7

(
s2 + 8s− 8

)

s(s+ 4)
−

24a4(s− 2)

(s− 1)(s+ 4)
+

4a5(s− 2)(s+ 2)

(s− 1)s(s+ 4)
, (C.8)

a10 =
a7

(
s2 + 8s+ 4

)

s(s+ 4)
−

24a4(s+ 1)

(s− 1)(s+ 4)
+

4a5(s+ 1)(s+ 2)

(s− 1)s(s+ 4)
. (C.9)

Therefore, 〈〈jsj2j2〉〉t depends only on three parameters. The bosonic light-cone limit of

this function is zero if

a5 =
a7(s− 2)(s− 1)

4(s+ 1)
−

a4(s− 5)s

s+ 1
. (C.10)

The fermionic light-cone limit of this function is also zero if

a4 =
a7
4
. (C.11)

Therefore, 〈〈s22〉〉t depends only on one parameter or in other words it is unique up to a

rescaling6

〈〈jsj2j2〉〉t∝V s−2
1

[

H2
12V

2
3 +(H23V1+V2 (H13+2V1V3))

2+H12 (H13+2V1V3) (H23+2V2V3)
]

,

(C.12)

In arbitrary dimension d > 3, the full expression is:

〈〈jsj2j2〉〉t = V s−2
1

[

(H23V1 +H13V2 +H12V3 + 2V2V3V1)
2 +

2

(d− 2)
H12H13H23

]

= V s−2
1

[

Λ2
1 +

1

2(d− 2)
Λ2

]

. (C.13)

This formula coincides with the expression that was proposed in [19], and we have proven

that this structure is unique.

D Transformation properties of bilocal operators under K
−

In this appendix, we will prove (5.5) and (5.6) by computing the action of a finite conformal

transformation on them. The same results can be proven using the infinitesimal transforma-

tions, e.g. by using equation (3) of [31] and supplying the correct representation matrices for

the Lie algebra of the Lorentz group. One can then check that the two computations agree

by expanding our results to first order in b (remembering that only b− is nonzero for K−).

6In [18] it was proven that there are only three structures for 〈〈22s〉〉 in d=4.
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D.1 Fermionic case

Consider a special conformal transformation

xµ → yµ =
xµ − bµx2

1− 2(b · x) + b2x2
(D.1)

Under K−, the parameter bµ = b−δµ−. We know that F− has the same transformation

properties as the contraction of free fields ψ̄γ−ψ on the lightcone. Since K− sends the

lightcone into the lightcone, V−− transforms the same way as ψ̄γ−ψ under K−. Using the

well-known expression for the finite conformal transformation of a Dirac spinor (e.g. [32])

ψ(y) =

∣
∣
∣
∣

∂y

∂x

∣
∣
∣
∣

∆−1/2

(1− bµxνγ
µγν)ψ(x) (D.2)

ψ̄(y) =

∣
∣
∣
∣

∂y

∂x

∣
∣
∣
∣

∆−1/2

ψ̄(x)(1− bµxνγ
νγµ) (D.3)

we may therefore compute:

F−(y1, y2) ∼ ψ̄(y1)γ
+ψ(y2) (D.4)

=

∣
∣
∣
∣

∂y1
∂x1

∣
∣
∣
∣

∆−1/2 ∣∣
∣
∣

∂y2
∂x2

∣
∣
∣
∣

∆−1/2

ψ̄(x1)(1− bµ(x1)νγ
νγµ)γ+(1− bµ(x2)νγ

µγν)ψ(x2) (D.5)

=

∣
∣
∣
∣

∂y1
∂x1

∣
∣
∣
∣

∆−1/2 ∣∣
∣
∣

∂y2
∂x2

∣
∣
∣
∣

∆−1/2

ψ̄(x1)

× [γ+−b+(x1)νγ
νγ+γ+−γ+b+(x2)νγ

+γν + b+(x1)νγ
νγ+γ+b+(x2)µγ

+γµ]ψ(x2) (D.6)

=

∣
∣
∣
∣

∂y1
∂x1

∣
∣
∣
∣

∆−1/2 ∣∣
∣
∣

∂y2
∂x2

∣
∣
∣
∣

∆−1/2

ψ̄(x1)γ
+ψ(x2) (D.7)

= Ωd/2−1(x1)Ω
d/2−1(x2)F−(x1, x2) (D.8)

The cancellations occur because γ+γ+ = η++ = 0. This is exactly equation (5.5).

D.2 Tensor case

We’ll start with the four-dimensional case for ease of notation and then at the end, we’ll

describe how one can generalize the computation to all dimensions. Consider a special

conformal transformation

xµ → yµ =
xµ − bµx2

1− 2(b · x) + b2x2
(D.9)

Under K−, the parameter bµ = b−δµ−. We know that V−− has the same transformation

properties as the contraction of free fields F−µF
µ
− on the lightcone. Since K− sends the

lightcone into the lightcone, V−− transforms the same way as F−µF
µ
− under K−. We

therefore compute:

V−−(y1, y2) =

∣
∣
∣
∣

∂y1
∂x1

∣
∣
∣
∣

−τF /d ∣∣
∣
∣

∂y2
∂x2

∣
∣
∣
∣

−τF /d ∂xµ1
∂y−1

∂xν1
∂yα1

∂xλ2
∂y−2

∂xρ2

∂yβ2
ηαβFµν(x1)Fλρ(x2) (D.10)
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= (1− b−x+1 )
τF (1− b−x+2 )

τF (1− b−x+1 )
2ηαβF−α(x1)F−β(x2) (D.11)

= (1− b−x+1 )(1− b−x+2 )V−−(x1, x2) (D.12)

= Ω(x1)Ω(x2)V−−(x1, x2) (D.13)

In the above manipulations, τF = ∆ − s = 0 is the twist of F , and in the second to last

line, we used that x+1 = x+2 (because the points x1 and x2 are — separated by hypothesis).

This immediately implies (5.6) in the four-dimensional case. In general dimensions, the

twist of F will not be 0, but rather ∆ − s = d/2 − s, and we will have a corresponding

number of extra factors of ∂x/∂y to contract with the additional indices of F . This will

make the exponent of the Ω factors equal to d
2 − 1 instead of 1.

E Proof that Oq exists

In this appendix, we will prove that an operator Oq whose correlation functions agree

with the corresponding free field operator Oq,free defined in (6.11) exists in the operator

spectrum of every conformal field theory with higher-spin symmetry. As usual, we will

consider the bosonic case, since the tensor case works almost in precisely the same way.

To prove our statement, we will show that in the free theory, for any q ≤ N

Aq,N (x1, x2, . . . , xq+1) ≡ 〈φ2φ2 . . . φ2

︸ ︷︷ ︸

q copies

Oq,free〉 6= 0 (E.1)

Here, φ2 =
∑

i φ
2
i , which is known to appear in the OPE of two stress tensors. Thus, if we

prove (E.1), then we would know that Oq,free appears in the operator product expansion

of 2q copies of the free field stress tensor j2. Then, just as knowing the OPE structure of

products of free field stress tensors allowed us to obtain conserved currents from products

of the quasi-bilocal fields, we can obtain Oq in the full theory by defining it to be the

operator appearing in the operator product expansion of 2q copies of j2 in the full theory

whose correlation functions coincide with the correlation functions of Oq,free in the free

theory. Thus, it suffices to prove (E.1).

First, note that we can immediately reduce to the q = N case. This follows from the

structure of the Wick contractions in Aq,N . To see this, note that every term in Oq,free

involves exactly q of the N bosons, each of which appears twice for a total of 2q fields.

Since φ2 is bilinear in the the fields, the product of q copies of φ2 will also contain 2q

fields. Hence, we will need all the φ2 fields to be contracted with the Oq,free fields in order

to obtain a nonzero answer. Thus, for each term in Oq,free, none of the N − q flavors not

appearing in that term will contribute, and so we can partition the terms in Aq,N according

to which of the q flavors appear. Since the correlation function is manifestly symmetric

under relabelings of the N φi fields, this implies that each group of terms in this partition

will equally contribute to the total correlation function an amount exactly equal to Aq,q.

Hence, Aq,N =
(
N
q

)
Aq,q, so it suffices to show Aq,q is nonzero.

Then, note that since Oq,free contains exactly two copies of each of the q φi fields,

each of the q factors of φ2 must contribute a different φi field for the contraction to be

nonzero. Since Oq,free is manifestly invariant under arbitrary relabelings of the φi fields,
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we may relabel each term so that the first copy of φ2 contributes φ2
1, the second copy of φ2

contributes φ2
2 and so on. That is, we have

Aq,q = q!〈φ2
1(x1)φ

2
2(x2) . . . φ

2
q(xq)Oq,free(xq+1)〉 (E.2)

The correlator on the right-hand side can be easily computed by direct evaluation

of the Wick contractions. To illustrate, consider the result given by the term in Oq,free

corresponding to setting the internal indices ik = jk = k for all k ∈ {1, 2, . . . , q}. The

contribution of this term is, up to a sign, given by:
q
∏

k=1

∂k−1
q+1x

2−d
k,q+1 (E.3)

This is a rational function whose numerator is an integer. All other terms in the correlation

function will be generated by permuting the powers of the partial derivatives that appear.

Hence, each term in the overall sum will depend differently only each xi, and the overall

sum cannot cancel because the numerators have no xi dependence. Thus, the correlation

we wanted to show is nonzero is indeed nonzero, completing the proof.

F The free Maxwell field in five dimensions

Consider the theory of a free Maxwell field in d dimensions. The Lagrangian is

L = −
1

4
(Fµν)

2 −
1

2ξ
(∂A)2 (F.1)

where ξ = d
d−4 . As was noted in [33], this theory is a conformal field theory with higher

spin symmetry, but it is non-unitary in dimension d > 4. We claim that this theory is an

example of a conformal, non-unitary theory where the three-point function of the stress

tensor does not coincide with one of the three free structures described in the body of the

paper. This can be checked by explicit calculation. The canonical stress energy tensor is

not trace-free, and it may be improved using the procedure of [34]. The result is

T−− = 4∂+A
ρ∂+Aρ + ∂ρA−∂ρA

− − 4∂+A
ρ∂ρA

− + 4
(d− 4)

d
A−∂+(∂A)+

+
1

(d− 2)

[

4a(∂A)∂+A
− + 4a A−∂+(∂A) + 4a∂+A

ρ∂ρA
− + 4aAρ∂ρ∂+A

−+

+ 16bAρ∂
2
+A

ρ + 16b∂+Aρ∂+A
ρ − 2aA−∂2A− − 2a∂ρA−∂ρA

−
]

−

− 2
(d− 4)

(d− 1)

[

∂+Aρ∂+A
ρ +Aρ∂

2
+A

ρ
]

, (F.2)

where a = 2 − d/2, b = d/4 − 1. Now, the three point function 〈T−−T−−T−−〉 can be

evaluated by Wick contraction, and the result can be decomposed as follows:

〈T−−T−−T−−〉 = cs〈T−−T−−T−−〉s + cf 〈T−−T−−T−−〉f + ct〈T−−T−−T−−〉t, (F.3)

where cs = 12125
576 , cf = −1000

9 , ct =
54179
576 . This demonstrates that unitarity is a necessary

assumption for our result; the three-point function of the stress tensor is not the same as

the result for an appropriate free field theory. It is a superposition of the three possible

structures.
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