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1 Introduction

Higher-dimensional Yang-Mills theory naturally appears in superstring theories [1, 2], for
example as part of the low-energy limit in the presence of D-branes and as a sub-sector
of heterotic supergravity. Moreover, the massless spectrum of closed strings contains an



NS-NS 2-form, called B-field, whose coupling to the gauge field leads to Yang-Mills theory
with torsion. The torsion 3-form H appearing in the Yang-Mills equations is given by the
field strength of the B-field plus o'-corrections.

In string/M-theory compactifications (for reviews we refer for example to [1-5] and ref-
erences therein), the higher-dimensional space-time is assumed to be a (possibly warped)
product of a lower-dimensional external part and a compact internal Riemannian mani-
fold, denoted M. The most interesting choices for phenomenology seem to be d = 6, 7
or 8, where d = dim M. Of particular interest are furthermore solutions that preserve
some amount of supersymmetry. The condition of supersymmetry preservation leads to
first-order differential equations in the fields, known as BPS equations. In the gauge sec-
tor, the condition is a higher-dimensional generalization of four-dimensional Yang-Mills
anti-self-duality and the corresponding solutions are called higher-dimensional Yang-Mills
instantons. In the gravity sector, the BPS equations place stringent restrictions on the
geometry of M. In the simplest examples, the metric on M has special holonomy, or
equivalently one says that M carries an integrable G-structure. However, in the presence
of flux, M must be a G-structure manifold, where G is a subgroup of SO(d) and the G-
structure is typically non-integrable. Prominent examples are SU(3)-structures in d = 6,
Ga-structures in d = 7 and Spin(7)-structures in d = 8.

Henceforth, we denote by (M, ¢g) a Riemannian manifold of dimension d > 4, with G-
structure, G C SO(d). Such a manifold always possesses a G-invariant globally well-defined
4-form Qnq. In addition, let £ — M be a vector bundle over M with connection A. The
curvature of this connection is denoted by F = dA + AA A € T(A?T*M ® End(E)).

There are several a priori different ways to define an instanton condition for F' (see
for example [6]). In this paper, an instanton is taken to be a solution of the generalized
anti-self-duality equation [7, 8],

x F'=—F AN*xQu , (1.1)

where * is the Hodge star operator with respect to the metric g. The Yang-Mills equation
with torsion,

d« F+[A*F|p+ FAxH =0, (1.2)

follows from the instanton equation (1.1) by applying the gauge covariant derivative D :=
d + [A4,]x» and using the Bianchi identity. The torsion 3-form H is related to Q¢ via
xH := d* Qar. Eq. (1.2) reduces to the standard Yang-Mills equation without torsion,
if Qaq is co-closed. It is important to note that eq. (1.2) is the equation of motion for
the action

S = /M tr (F/\ xF + (—l)dF/\F/\*QM) : (1.3)

Numerous solutions of egs. (1.1) and (1.2) have been constructed, for example, in [9-16].
These constructions share some common features. Namely, M is taken to be a (possibly)
warped product of R with G/H, which is a (d — 1)-dimensional compact coset space. To-
gether with some simplifying assumptions regarding the gauge field A, egs. (1.1) and (1.2)
reduce to a system of gradient flow equations for a set of scalar fields that only depend on



the R-direction. In some cases, the flow equations are supplemented by constraints, which
can be algebraic or first-order differential equations. For eq. (1.2), the flow is second-
order and determined by the gradient of a quartic potential, whereas for eq. (1.1), the
flow is first-order and determined by the gradient of a cubic superpotential. For this set-
up, both numerical and analytical solutions have been found in various dimensions and
for different kinds of G-structures [9-16]. In this paper, we consider the instanton equa-
tion and the Yang-Mills equation with torsion on cylinders R x G/H, where G/H is a
compact seven-dimensional coset space with Ga-structure and the cylinder has an induced
Spin(7)-structure.

The paper is organized as follows. In the next section, we set up our conventions on
cylinders of the general form R x G/H. The specialization to G/H being seven-dimensional
with Ge-structure is the subject of section 3. After reviewing the key properties of Ga-
structures in seven dimensions and Spin(7)-structures in eight dimensions, we compute the
instanton and Yang-Mills equations. We discuss some simple solutions common to all such
coset spaces. However, exploring the full space of solutions requires explicit knowledge
of the coset space in question. We thus study the instanton and Yang-Mills equations
on a case-by-case basis for three explicit Ga-structure coset spaces, namely the Berger
space SO(5)/SO(3)max, the squashed 7-sphere Sp(2) x Sp(1)/Sp(1)?, and the Aloff-Wallach
spaces SU(3)/U(1);. In section 4, we consider a related set-up, where now G/H is a
compact seven-dimensional coset space with SU(3)-structure. This section begins with
a brief review of SU(3)-structures in seven dimensions. We then construct solutions on
four explicit examples of such coset spaces, namely SO(5)/SO(3)a+p, NPT = (SU(3) x
U(1))/(U(1) x U(1)), MPI" = (SU(3) x SU(2) x U(1))/(SU(2) x U(1) x U(1)) and QP?" =
(SU(2) x SU(2) x SU(2))/(U(1) x U(1)). We conclude in section 5 with a summary of the
main results and a discussion of possible future directions. Throughout the main text, we
frequently need the structure constants of the coset spaces. For reference and to make our
presentation self-contained, we thus include in appendix A a list of the structure constants
of all the coset spaces appearing in this paper.

2 Instantons and Yang-Mills equation with torsion on R X G/H

We shall now briefly review the specialization to the case M = R x G/H, following [9].
Throughout this paper, G/H is assumed to be a compact coset space. That is, G denotes
a compact connected Lie group and H a closed subgroup, such that G/H is a compact
reductive homogeneous space.

The metric g on the cylinder Z(G/H) := R x G/H with a coordinate 7 on R can be
written as

gzéuye"@e”:dT®dT+gc;/H:d7®dT—|—(5abea®eb, (2.1)

where {e#} = {e" = dr,e?} is a local orthonormal basis of T*(R x G/H). Note that Greek
and lower case Latin indices label the coordinates of Rx G/H and G/H, respectively. That
is, u = (0,a) =0,1,...,(d — 1). The connection A and curvature F' can also be expanded



in the basis of 1-forms according to
1
A= Ape® + Age?, and F = Fyae® + iFabeab, (2.2)

where eft-Hn .= eFLA- . . Aetn and we will choose temporal gauge, that is Ag = 0, throughout
this paper.

Since G/ H is assumed to be a coset space, the Lie algebra g of G can be decomposed as
g = h®m. Here, m is the orthogonal complement of the Lie algebra h of H in g. The gen-
erators {Ia}a—1,. dimg Spanning g can be divided into two sets {/;}i—dimm-+1,....dim m+dim b
and {I,}s=1,. dimm- The latter are generators of h and m, respectively. They satisfy the
following commutation relations,

1, I}) = f51, [1i, L) = fi I, and (I, ) = foIi + fle - (2.3)

The generators are normalized such that the usual Killing-Cartan metric on g can be
written as

(9a)ab = 2foafit + Foald = Oabs  (9a)is = [lifb; + Fiufty =01, and (gg)ia =0. (2.4)

Throughout this paper, we use the adjoint representation, (I A)g = ng, for the generators
of g. The Killing-Cartan metric can also be succinctly expressed as (gg)ap = —tr(falp) =
—fSpfEe = dap by virtue of (2.4).
Making use of the above coset space construction, we choose a G-invariant ansatz for
the gauge connection A [11],
A=el +e"X,, (2.5)

with X, = X[, and {e'} being left-invariant 1-forms on G/H dual to {I;}. The ¢’ can
be expressed as linear combinations of the 1-forms {e?} via e’ = ele?, with real functions
e’ For the precise definitions of e* and e’ we refer to [9-11], and for a more pedagogical
introduction to [17]. For the calculations carried out in this paper, it suffices to keep in
mind that the 1-forms {4} = {e?, '} are always well-defined on a contractible open subset
U of G/H, and moreover that they obey the Maurer-Cartan equations,

1

L 1 L »
de® = —fe” — 3 fiee”, de’ = = foe” — S fire™ (2:6)

In order to ensure the G-invariance of the ansatz (2.5), the matrices X, need to satisfy

[, Xo] = f2.X0. (2.7)
In component notation, this condition reads Xg fy = z‘bale- The curvature F' of the
connection (2.5) becomes
) 1, .
F=dA+ANA= X" — 5 (fidi + f X0 — [Xp, X)) €, (2.8)

where the dot denotes the derivative with respect to 7.



3 Seven-dimensional coset spaces with Ga-structure

In this section, we study the instanton equation and the Yang-Mills equation with torsion
on cylinders over compact seven-dimensional coset spaces G/H admitting a Ga-structure.
Before considering Yang-Mills theory in this set-up, we begin by reviewing some important
facts about Ga-structures in seven dimensions and Spin(7)-structures in eight dimensions.

3.1 Gs-structures in seven dimensions

The Ga-structure on a compact seven-dimensional coset space G/H is defined by a 3-form
P. The 4-form dual to P is denoted @ := %7 P. In a suitably chosen basis, the canonical
forms (P, Q) are given by the standard expressions [18, 19],

P = 6’123 + 6145 _ 6167 246 257 347

e —e —e —1-6356

Q = 1247 _ 2345 | 4567 | 2367 _ (1357 _ 1346 _ 1256 (3.1)
These forms and their respective components satisfy the following useful relations
PocaPoca = 6 0ap , (3:2)
QacdeQbede = 24 0ab , (3.3)
Pape Pede = —Qabed + 0acObd — GadSbe 5 (3.4)
PAQ="Te" T =7Vol(G/H). (3.5)

Note that in our conventions, the orientations of the seven-dimensional coset space G/H
and of the cylinder R x G/H are chosen such that 5572)34567 = +1 and 5((3)234567 = +1,
respectively. Consequently, the Hodge star operator * on the cylinder is in our conventions
related to the Hodge star operator *7 on the coset space via

* wz(]) = _(*7%(37)) Adr, *(dr A w](;)) = *7%(,7) . (3.6)
(7)

Here, wp ' is a p-form with legs only in the coset space directions.

G9-structures can be distinguished and classified by means of the intrinsic torsion.
This is analogous to the case of six-dimensional SU(3)-structures, reviewed for example
n [3]. In the present case, it holds that

Tabc € Al ® (92 @ g2L) ’ (37)

where T, are the components of the torsion tensor, A! is the space of 1-forms and s0(7) =
g2 D gQL. The go piece drops when acting on Ga-invariant forms. The corresponding
torsion is called intrinsic torsion, denoted T°. It can be decomposed into irreducible G
representations [19-22] according to

TOCeN Ry =TRT7T=10T0143 27. 38)

O L T2 T3

The tensors 7, are p-forms (p € {0,1,2,3}), and they correspond to the four torsion classes
appearing in the exterior derivatives of the structure forms,
dP =190Q + 371 AP + %773,

(3.9)
dQ=411ANQ+ 7 AP.



Important examples of types of Ga-structures, some of which will occur later, are listed in
the following table (where TCs = torsion classes):

Type TCs | Properties
parallel 0 dP=0,dQ =0
nearly parallel T0 dP =71Q,dQ =0
almost parallel Ty dP=0,dQ =1 AP
balanced T3 dP = x773,dQ =0
locally conformal T0PT | dP=19Q+31m AP,dQ =411 NQ
cocalibrated (or semi-parallel) | 70 @ 73 | dP = 179 Q + #7713, dQ =0

For a given Gy-structure on G/H, one may ask whether continuous G-invariant defor-
mations exist. This is possible provided g and P obey G-invariance conditions given by
(see for example [23] section 6.1)

fiw9ne=0,  and (3.10)
fifaPrga =0, (3.11)

respectively.

3.2 Spin(7)-structures in eight dimensions

The Ga-structure on G/H can be lifted to a Spin(7)-structure on the cylinder Z(G/H).
The 4-form ¥ defining the Spin(7)-structure is constructed from P and @ as

UV=PAdr—Q. (3.12)
It is self-dual, *¥ = ¥, and satisfies
d¥ =PAdTAB7T)—QA (4T —10dT) — T2 AP+ (%773) AdT. (3.13)

In general, Spin(7)-structures in eight dimensions can be classified analogously to
seven-dimensional Ga-structures described above. Here, the torsion tensor satisfies

T’ € A @ (50(7) @ s0(7)1), (3.14)

where 50(8) = spin(7) @ spin(7) and spin(7) ~ so(7). The s0(7) piece drops when acting
on Spin(7)-invariant forms. The corresponding intrinsic torsion can be decomposed into
irreducible SO(7) representations [24] according to

T e Al@so(7)t =827 =8®48.
Ws Wis

Thus, there are two torsion classes Ws, Wyg and four different types of Spin(7)-structures

(3.15)

in eight dimensions. They are listed in the following table (where TCs = torsion classes):

Type TCs Properties
parallel 0 d¥ =0
locally conformal Ws dv + %@ AU =0
balanced Was 0=0
— Ws @& Wys | no relation




In the above table, we have used the Lee-form O, generally defined as [25]
O = x ((xd¥) A W) . (3.16)

It is interesting to ask how the properties of the Ga-structure on G/H lift to the
Spin(7)-structure on the cylinder Z(G/H). First, we compute O,

©=20+T771dr, with 0 = —127, (3.17)

where 6 is the seven-dimensional Lee-form, generally defined as 6 := %7 ((x7dP) A P), and
we have used that 73 AP = 0, 73 A @ = 0 (see for example [26] eq. (2.21)). Thus, the
Spin(7)-structure is balanced, if and only if 79 = 0 and 7 = 0. In other words, the intrinsic
torsion of the Ga-structure has components' 7 @ 73, which includes the special cases of
almost parallel (that is, 7o only) and balanced (that is, 73 only) Ga-structures.

On the other hand, the Spin(7)-structure on Z(G/H) is locally conformal, if and only
if 79 = 0 and 73 = 0, which corresponds to a locally conformal Ga-structure on G/H. This
includes the special case of a nearly parallel Go-structure, which plays an important role
in the present work. In this case (and after setting 79 = 4, without loss of generality), the
Spin(7)-structure equation becomes d¥ = 4dr A @, which can be re-written as

1
AV +-©@AT =0, with ©=28dr, (3.18)

implying that ¥ then indeed defines a locally conformal Spin(7)-structure [27].

Before closing this subsection, we mention that the cone over a nearly parallel Ga-
structure manifold and the cylinder over a G9 manifold (that is, a manifold with par-
allel Ga-structure) are examples of Spin(7) manifolds (that is, manifolds with parallel
Spin(7)-structure).

3.3 Spin(7)-instantons

For the special case of a Spin(7)-structure in eight dimensions, the instanton equation (1.1)

with Q¢ = ¥ becomes
1

F;U/ = _i‘lluupanU . (319)
This is equivalent to the statement that F' € spin(7). Further specializing to the case
where the eight-dimensional manifold is a cylinder over a Ga-structure manifold and us-
ing eq. (3.12), leads to
1 1
Foo = 5 PacF™, and  Fop = 5 (Pape P ca + Qabea) P (3.20)

In our case, the second equation is identically satisfied by means of the identity (3.4). The
remaining equation, Fp, = %Pach be_ can be rewritten on Z(G/H) as

) 1 )
Xa + §Pabc (fchZ + flschd - [XbﬂXC]> = 07 (321)

after inserting (2.8).

To our knowledge, there is no name assigned in the literature to this particular combination of Ga-
structure torsion classes.



Expressed in components, X, = X gIb, eq. (3.21) reads as follows,

X0+ %Pa"’d( XD XEXIf) =0, and R (flo- X{XEfi) =0, (3.22)
The decomposition into two equations is due to the fact that F' has a part valued in m,
a part valued in h and both need to satisfy (3.21) separately. The first equation in (3.22)
comes from the m-part of F' and is a first-order ordinary differential equation. The second
equation in (3.22), coming from the h-part of F, yields a set of purely algebraic conditions
known as quiver relations [28]. The origin of the latter can be traced back to the reduced
ansatz for X, which was taken to be m-valued only, X, = Xg[b. For the full g-valued
X, = X I+ X! I;, the algebraic conditions instead become first-order differential equations
in the extra components X_.

In general, to proceed further, we require explicit knowledge of the groups G and H.
This can be seen for example from eq. (2.7), which involves the structure constants. We will
thus study the instanton equation in section 3.5 on a case-by-case basis on cylinders over
explicit seven-dimensional coset spaces G/H that admit a nearly parallel Ga-structure.

On the other hand, there exists a specialized ansatz, which has already been considered
in [9] and which can be solved explicitly without the need to specify G/H, provided some
additional assumptions are imposed. The idea is to trivially solve eq. (2.7) by reducing
the number of degrees of freedom to just a single real scalar field ¢(7). The G-invariance
condition (2.7) is obviously satisfied upon setting

X, =ol,. (3.23)

Consequently, the gauge connection A and the corresponding curvature F' are given by
4 . 1 .
A=el+ ¢el,, F=¢el, — 3 (1= Q1 f L + o1 — @IS 1.) . (3.24)

Inserting (3.23) into (3.22) yields
. 1 .
S = S0 - DR, ad 0= (6~ DR (325

Now, we assume? that the structure constants with all indices lowered, fapc := dcpf EB,
are totally anti-symmetric, flapc) = fapc, and that they can be used to construct a well-
defined Ga-structure on G/H. That is, we set Py = 0 fupe for some o € R\ {0}. The
second equation in (3.25) is then identically satisfied by virtue of (2.4).
In addition, we assume that the structure constants satisfy the following two equivalent
relations
1

> facifoei = S1-a)iw & > facatoed = @dap (3.26)

c,i c,d
for some o € R, where (2.4) has been taken into account. This assumption is valid for the
coset spaces considered in sections 3.5.1 and 3.5.2, for example. Compatibility with (3.2)

2(Cases meeting these assumptions are presented in sections 3.5.1 and 3.5.2. On the other hand, coun-
terexamples where some of these assumptions do not hold will be encountered in sections 3.5.3 and 4.



implies o = 6/02. Note that the Killing-Cartan metric is assumed to be dap in this
subsection. Otherwise it must be reinstated in all expressions where indices of structure
constants are manipulated.

The instanton equation (3.22) reduces in the above set-up to a first-order ordinary
differential equation for the single function ¢(7),

. Qo
o="To(0-1). (327)
It has two static solutions, ¢ = 0, 1, and the well-known interpolating kink solution [9]
1 ao
6(r) = 5 (1 — tanh [T(T - TO)D . (3.28)

Here, 19 € R is an arbitrary integration constant fixing the position of the instanton in the
7 direction.

3.4 Yang-Mills equation with torsion

We now turn to the Yang-Mills equation with torsion, (1.2), on a cylinder over a compact
seven-dimensional coset space G/H admitting a Ge-structure. It is clear that the instanton
solutions discussed in the previous section also solve (1.2). Our aim in this section is to
analyze whether there are additional analytical solutions.

To start, it is useful to write out (1.2) in components (for a more detailed derivation
see [16, 17]),

loa 1 1 g g
O — FP <2Tp”0 - wgg> + B <2Tpg — pr,)

1 1
— FPY (ZTgp - ng) + [Alu Fuy] B iHVﬂUFpU =0. (329)

Here, w, are the components of the affine spin connection w*, = wh,e” on Z(G/H) with
torsion TH = %T#pe’jp = de# + w¥, A e”, and H,,, are the components of the 3-form
H = J;H,,,e"" defined in section 1. For the cylinder (product) metric (2.1), one finds

Given the coset space construction, it is natural to relate the components of the torsion
tensor of the affine spin connection on G/H to the structure constants [9],

Ty = K fpe » (3.31)
parameterized by k € R. The affine spin connection on G/H becomes
co1
wh = fie' + 5(/@ + 1) f3ec. (3.32)

Moreover, in this section we set?

K
Tie = £fsc = — P, Hy, = —T5.. (3.33)

3This set-up agrees with the definition for H given in section 1, where we demanded compatibility
between the instanton equation (1.1) and the Yang-Mills equation with torsion (1.2). Indeed, inserting
Qm =Y =PAdr—Q into H=—xd x Qum, using (3.6), (3.9) and 71 = 72 = 73 = 0, one finds H = —7oP
in the nearly parallel G2 case. Comparing with (3.33), we thus see that in this case, & is related to the G2

torsion class 79 via kK = o 79.



Note that x drops out of the combination (%Tga — wZU) and contractions thereof. Instead,
it enters in the Yang-Mills equation (3.29) only via the choice (3.33). In sections 3.5.3 and 4,
we will encounter examples where P,p. € fape. In such a situation we still use (3.31)—(3.32)
but Hy Ty and hence x does not enter in the Yang-Mills equation.

Throughout this paper, w, T and H never acquire components along the 7-direction.
Under this assumption, we find that the ¥ = 0 component of (3.29) reduces to the Gauss-

law constraint on the matrices X, [11],

> [Xa, Xa] =0, (3.34)
a
after inserting (2.5). This is a consequence of the gauge fixing Ap = 0 and becomes non-
trivial when X 3 is non-diagonal. Carrying over the assumptions on the structure constants
from section 3.3 and using (3.30)—(3.32), we find that the remaining v = a component
of (3.29) reduces to a second-order equation given by

Xa = <;(facd - Hacd)fbcd - facifbci) Xy

1 1
- 5(3fabc - Habc)[Xba Xc] - [Xb> [Xb, Xa]] - §Habcfibcli y (335)

where repeated indices are to be summed over. If P,  fup holds, we may assume, in
addition, (3.33) and obtain [11]

Ko = (500 1) ot = Foi i) Xo = 5004 3) el X0 X = X0, X .1 (330

Note that in obtaining (3.35) and (3.36) from (3.29), we used the fact that the terms involv-
ing the functions e’ vanish by virtue of the Jacobi identity (for details on this calculation,
we refer to [9, 17]). We also remark that the choice kK = 1 corresponds to the canonical
connection introduced in [6]. With (3.26), x = 6 and a = 1/5 (i.e. 0 = 30), one finds
that (3.36) is the 7-derivative of the instanton equation (3.21).

Beyond this point, we again need explicit knowledge of the groups G and H, as in
the case of the instanton equation. We will study the Yang-Mills equation with torsion
in more detail later. For now, we will follow the same idea as in section 3.3 and consider
the single-field ansatz (3.24). This special case has already been studied in [9] and can be
solved explicitly. We find a point particle equation of motion of the form

(ﬁ+2)a_1> |

P (3.37)

6= 30+ aoo-1) (o=

after inserting the single-field ansatz (3.24) into (3.36) and assuming that (3.26) holds.
Different choices of the parameters («, k) correspond to different types of solutions
of (3.37). This has been analyzed in detail in [9]. For example, the choice a = 0 leads to

§= 300" 1), (339)

which can be integrated to qﬁ = i%(l — ¢?). The solutions, ¢ = + tanh 5, are known as

the ¢* kink (+) and anti-kink (—), respectively. Here, 79 € R is an arbitrary integration
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constant fixing the position of the kink/anti-kink in the 7 direction. On the other hand,
for the choice (o, k) = (3/5,1) we find

. 4 1
p=co0—-1)|o—5). (3.39)
5 2
This can be integrated to ¢ = :I:%qﬁ@b —1). Hence, in this case we recover the tanh-kink-

type instanton solutions presented in section 3.3.

3.5 Explicit coset space constructions

To proceed further, we will now consider cylinders over explicit seven-dimensional coset
spaces G/H admitting a nearly parallel Ga-structure. Only a few such examples are
known [29-31]. They comprise the Berger space SO(5)/SO(3)max, the squashed 7-sphere
Sp(2) x Sp(1)/Sp(1)?, and the Aloff-Wallach spaces SU(3)/U(1)x,, for a co-prime pair of
integers (k,1). We remark that SO(5)/SO(3)max is locally equivalent to Sp(2)/Sp(1) [32].

3.5.1 Cylinders over the Berger space SO(5)/SO(3)max

For the coset space* SO(5)/SO(3)max, we use the conventions of [29], but with the gener-
ators and structure constants rescaled as I4 — %l A, ng — % ng. This normalization
is necessary in order for (2.4) to hold. For reference, the rescaled structure constants used
in this subsection can be found in full detail in appendix A.1.

We observe that the structure constants with all indices lowered, fapc := dcpf EB, are
totally anti-symmetric, flapc) = fapc, and that fgp defines a nearly parallel Go-structure
on SO(5)/SO(3)max- We set Puye = v/30fape to ensure the correct normalization such that
eqs. (3.2)-(3.5) are satisfied. In the terminology of section 3.3, that means ¢ = +/30.
Moreover, we note that this coset space satisfies (3.26) with a = 1/5.

Instanton and Yang-Mills equations. In order to study the instanton and Yang-Mills
equations, we first need to solve the G-invariance condition (2.7), where now G = SO(5).
We find X, = ¢(7)I, and hence this case has already been covered by the general analyses
in sections 3.3 and 3.4. In particular, the instanton equation yields, besides constant
solutions, the standard tanh-kink-type solutions (3.28) with (o, o) = (1/5,/30).

Before moving on to the next coset space, we remark that it is not possible to con-
sistently deform the Ga-structure on SO(5)/SO(3)max away from being nearly parallel.
Indeed, after solving eq. (3.10) for this example, the only remaining admissible deforma-
tion parameter is an overall volume rescaling, which does not affect the nature of the
Gp-structure.

3.5.2 Cylinders over the squashed 7-sphere Sp(2) x Sp(1)/Sp(1)?

For the coset space Sp(2) x Sp(1)/Sp(1)2, we adopt the conventions of [33]. We rescale the
generators and structure constants according to
CcpcCCc

: fhc  (nosum over A,B,C). (3.40)
A

Iy — caly (no sum over A), fho —

4This is the unique maximal embedding of SO(3) into SO(5) taking the adjoint 10 of SO(5) to a 3@ 7
of SO(3). The group SO(5) has in fact two commuting SO(3) subgroups. In section 4.2.1 we will encounter
another embedding of the two commuting SO(3) subgroups into SO(5).
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In order for (2.4) to hold, we need to choose ¢, = +3 f, . = i\lf, c = i%. Here,

we have subdivided the indices 4,7, ... according to i = (i,7) = ({8,9,10},{11,12,13}),
corresponding to the first and second summand in b = sp(1) B sp(1), respectively. The full
set of rescaled structure constants is stated explicitly in appendix A.2, for reference.

Also for this coset space, the structure constants with all indices lowered, fapc :=
dcp fEB, are totally anti-symmetric, fiapc) = fapc, and fape defines a nearly parallel Go-
structure. We fix P,y = v/30 fape to ensure the correct normalization such that eqgs. (3.2)-
(3.5) are satisfied. In the terminology of section 3.3, that means o = v/30. The rescaled
structure constants satisfy (3.26) with o = 1/5.

The G-invariance condition (2.7), where now G = Sp(2) x Sp(1), is solved by

Xg = (7)52, and Xg = ¢2(7)5§u (3.41)

where ¢1, ¢o are two real-valued scalar fields and the seven-dimensional indices a, b, . .. are
subdivided according to a = (a,a) = ({1,2,3,4},{5,6,7}). The full expressions for the
gauge connection A and the corresponding curvature F' can consequently be expressed as

A=eT + ¢rel; + poel;
F= ¢51€0&I‘ + ol — (¢1 — §2) L, + (61— o) eI
(¢>1 — ) e+ 5 (¢>2 — D)™+ (6162 — 1) fipe™;
+ 5d>1(¢1 — 1) fe T + f¢2(¢2 —1)f5e I
50}~ oS5+ (63— o) e

+ b1(d — 1) F5e L + a1 — 1) f5e L.

(3.42)

Instanton equation. We now insert fﬁc, Py and X? into the instanton equation (3.22).
The quiver relations reduce to the quadratic constraint

¢1 = 03 . (3.43)

With ¢ = £¢9 = £¢, the first equation in (3.22) again yields the standard tanh-kink-type
equation (3.27) and solution (3.28) with (a, o) = (1/5,/30).

It is possible to deform the nearly parallel Ga-structure on Sp(2) x Sp(1)/Sp(1)?
an Sp(2) x Sp(1)-invariant fashion. Solving eq. (3.10), we find the deformed quantities
ey and P,

Ja/m = Ridze" @ e’ + R3oge” @e’, and Py, = RiRoPy;., Py.= R3Py;

abé

(3.44)

with two real deformation parameters Ri, Ry. The deformed Ga-structure satisfies (3.2)—
(3.4), after replacing P — P, Q — Q, dap — (Ja/#)ab- The expressions for the exterior
derivatives of the deformed Ga-structure forms are given by

dP = 7oQ + #7735,  dQ =0, (3.45)

- 12 —



with Q = %7P and

V25R? + R3 . 5V2R3
0= —(—~— 7~ T3 = —— —5
9 R%RQ ’ 9 R%

(R? — R%)e™7. (3.46)
The symbol %7 denotes the seven-dimensional Hodge star operator with respect to the
deformed metric g/ . In the general classification of Ga-structures, this is called a cocali-
brated (or semi-parallel) Ga-structure (see section 3.1). For the special case Ry = Rs = R,
this reduces to the original nearly parallel Go-structure,

_2vV2

%O‘RIZRQER 3R’ 7:3‘]%1:32;3 =0, (347)

up to an irrelevant volume rescaling. This bears a striking resemblance to the analogous
case in one dimension lower, namely the deformed nearly Kéahler structure on the six-
dimensional coset space Sp(2)/SU(2) x U(1) considered, for example, in [34, 35].

In the deformed case, the quiver relations imply

Ri¢} — R305 = R — R} (348)
On the other hand, the differential equation in (3.22) turns into
V2
RiRa1(¢2 — 1),

V2
3
N (3.49)

¢

do = ~5= R (2RI(6% — 62) + R3(03 — 62)) -
By differentiating eq. (3.48) and inserting eq. (3.49), we arrive at
BRIGT (92 — 1) — Ragh(d2 — 1) = 2RIR302(7 — ¢2). (3.50)

After inserting eq. (3.48) into eq. (3.50), we immediately learn that non-constant solutions
only exist for
Ri=Ry =R, (3.51)

which corresponds to the original (that is, undeformed) nearly parallel G case.
Yang-Mills equation. To compute the second-order equations of motion for ¢; and ¢,
we start with (3.29) and insert (3.42). We follow the philosophy of section 3.4 and choose

the same torsion (3.31), affine spin connection (3.32) and 3-form H (3.33). Restricting to
the undeformed nearly parallel G5 case, we then find two differential equations,

_ = _ .52
$1 =501+ 10¢1¢>2 10 192 + 10 é1, (3.52)
= — — — 2 .
b2 15¢2 + 15¢1¢2 30 (207 + ¢3) + 10 P2, (3.53)
and one algebraic equation,
(67 — 93)(r +3 —2¢2) = 0. (3.54)

As a non-trivial consistency check, we remark that the same set of equations can also be
obtained by inserting (3.41) into eq. (2.27) of ref. [11].
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Eq. (3.54) has two branches of solutions, first ¢2 = (k + 3)/2 and second ¢; = £ =
+¢. In the first case, eq. (3.53) implies k € {—1,—3,—6} and eq. (3.52) turns into,

1= %9251 (67 —cx) (3.55)

with ¢, 1= (k? + 2k + 21)/20. This can be integrated to b1 = :t% (c,i — gzﬁf), with solutions
61(7) = +/er tanh [\/QE(T - TO)} | (3.56)

For the choice x = —1, we have c_; = 1 and we recover the ¢* kink/anti-kink solution of
section 3.4 (see (3.38)). For the other two choices, we have c_3 = 6/5, c_¢ = 9/4 and the
solutions are rescaled ¢* kinks/anti-kinks.

The second branch of solutions of eq. (3.54) corresponds to ¢1 = ¢ = Lo
Egs. (3.52)-(3.53) then become

b=20(6-1) (¢— ”g?’). (3.57)

For the choice k = 6, we can integrate the equation to recover the standard tanh-kink-
type instanton equation (3.27) and solution (3.28) with (a, o) = (1/5,+/30). Another case
which can also be solved analytically is k = 15. Eq. (3.57) can then be integrated to

b =+4/ %qb(d) — 2), which is solved by

¢(7) =1 F tanh [ %(T — 7'0)] . (3.58)

3.5.3 Cylinders over Aloff-Wallach spaces SU(3)/U(1)g,
It is possible to define a U(1) subgroup of SU(3) given by matrices of the form

exp(i(k +1)p) 0 0
0 exp(—ikyp) 0 , (3.59)
0 0 exp(—ilp)

where 0 < ¢ < 27. The integers k, [ parameterize the embedding of U(1) into SU(3) and
as a mnemonic we write U(1);;. For relatively prime integers k and [, the coset spaces
SU(3)/U(1)x, are simply connected manifolds known as Aloff-Wallach spaces.

One can show that it is always possible to choose an orthonormal coframe {e®} on
U C SU(3)/U(1)x,; together with a connection one-form e® defined as the dual of the
generator Ig (a rescaled version of (3.59)) of the group U(1)y,, such that the coset space
metric gg g = Oap €* ® e® is Einstein for a connection with a torsion 3-form P given by

P o— o135 _ o245 _ 146 _ 236 | 127 | 347 | 567 (3.60)

Furthermore, the holonomy group of this connection is contained in G9 and the 3-form P
defines a Go-structure on SU(3)/U(1)g,;. Here, we adopt the conventions® of [12]. Note

"When comparing expressions in this subsection and in appendix A.3 with those in [12], it should be
kept in mind that we adjusted some notation in order to fit seamlessly into this paper. In particular, our
P, {e}, {14}, fAc and Chac correspond to 1, {4}, {Ia}, fAc and Chc in [12], respectively.
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that in this subsection, the orientation is flipped compared to the rest of the paper. Hence,
5572)34567 =—land PANQ = —7Vol(G/H) (cf. (3.5)), where Q) := 7 P.

With the structure constants as defined in appendix A.3, we find that Py, & fape, €ven
though the structure constants with all indices lowered, fapc := (g9q)cnfg, are totally
anti-symmetric, flapc) = fapc. We also note that generically (3.26) does not hold in this
case. The Killing-Cartan metric is given by

(90)a8 = —fSpfEc = 12¢2 (641081 + 042052) + 123 (64303 + 6440B4)
A8(K2 — Kl + 12)

+12¢3 (845035 + 6.46056) + da7dB7

A2
16(k? + kL + 12 16+/3(1% — k?
( AZ2 )5A85Bs + A(Qlﬂ)67(AéB)8 ; (3.61)

and it is used to raise, lower and contract Lie algebra indices. Here, A2 := 2(k? + [?) and
(1, C2, (3, p are four real parameters corresponding to the metric deformations allowed
by (3.10). They can be incorporated as rescalings of the generators {14} and 1-forms {e?}
as explained in [12]. (Note that for k = £, there are four additional metric deformations,
which will, however, not be considered in this paper.)

For the exterior derivatives of the structure forms, we find

dP =19Q + %773, and d@ =0, (3.62)
where
1= (GG + GG+ EE)/(0GG),
73 = (GG " + G Ga)C1 = 3¢ GagaleT + 2uATHGE — G (k + D]e'™
+ (GG + ¢ Cs)C — 3Gy Gale™ + 2uATH[CPk — G (k + 1]
+ (GG + ¢ )G — 3G1GaCs 1™ + 20 AT Gk + GGl
In general, P thus defines a cocalibrated (or semi-parallel) Ga-structure on SU(3)/U(1).

(3.63)

However, for all (k, 1), it is possible to find an appropriate set of parameters (1, (2, (3, 1 € R
such that 73 = 0 (see [36]). This justifies why we include SU(3)/U(1)g, in the list of
examples of coset spaces with nearly parallel Ga-structure. We emphasize however that
most of the analysis carried out in this subsection not only applies to the special locus of
parameter space where P defines a nearly parallel Go-structure, but also to the general
case where 13 # 0.

We will solve the G-invariance condition (2.7), where now G = SU(3), in a slightly
more general fashion as compared to the rest of this paper. Namely, we allow X, to also
contain a piece valued in the Lie algebra h = u(1). That is, X, = XPIp = X°I, + X! I,.
Usually, we set X! = 0, but in this subsection we consider X! # 0, thereby ensuring
full compatibility with [12]. We then find from the G-invariance condition (2.7) eight 7-
dependent scalar degrees of freedom, arranged into three complex fields ¢* (o = 1,2,3)
and two real fields x* (i = 7,8). The only non-vanishing components of X are

X{ = X3 =Re(¢"), X3 = X} = Re(¢?), X? = X§ =Re(¢%),
Xi=-X3=Im(¢"), Xj=-Xi=Im(¢%), X5S=-X;=-Im(¢%), (3.64)
XT=x", X8 =48,
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where Re(z) := (24 2)/2 and Im(z) := (2 — 2)/(2i) for any z € C. We use the notation (-)
and (-)* interchangeably to denote complex conjugation. Due to the complex nature of the
fields ¢, it is beneficial to distinguish between upper and lower field indices in this subsec-
tion. This distinction is not necessary for the other coset spaces considered in this paper.

The structure of (3.64) suggests to consider a complexified version of the Lie algebra
g = su(3), namely su(3) ® C. As a basis for this Lie algebra, we take

1 ) 1 . 1 .
Jl = 5(11 - 1[2) 5 J2 = 5(]3 - 1[4) y Jg = 5(*]5 - 1I6) y

1 1 1
Ji = 5(11 + iIQ) y JQ = 5([3 + iI4) R Jg = 5(—[5 + iIG) R (3‘65)
J7 = —117, Jg = —i[g.

We denote the first set of three complex generators by {Ju}a=123, the second set of
three complex generators by {Ja};-133, the third set of two generators by {J;}i=7s and
the whole set by {J4}. Note that, contrary to the rest of the paper, now the index
i runs not only over the b-directions (here, i = 8), but also includes the value i = 7.
The complex generators satisfy commutation relations of the form [Jy4, Jp] = CSBJC.
The explicit expressions for the structure constants C’éc in the complex basis are listed
in appendix A.3, for completeness. Our real basis {I4} is chosen such that J5; = —Jh
and J! = JT = JF = Ji.
The dynamical matrix X,(7) can be expanded in the complex basis as

1 1 1
Yii=o(Xi—iXy), Vo= o(Xz—iXy), Yai=o(-X5-iXg), Ya= ~Y], and X7.
(3.66)
After solving the G-invariance condition (2.7), we find
Yo =0%J0, Ya=0%s, Xr=ix"Jr+ix Js, (no sum over «, @), (3.67)

which is the complex version of (3.64). Here, we introduced the notation ¢* := (¢)*
denote the complex conjugated field.

Instanton equation. This case has already been analyzed in [12]. For completeness,
we briefly review the key results relevant to the present paper. From the instanton equa-
tion (3.22), one obtains a set of coupled first-order ordinary differential equations,

¢! = (203 + Cl — X"Cl — x*Chy)e" — 20330°6°
0 = (205, + €y = X"Co = X*Cp)e” = 265,607,
¢° = (205)2 033 + X7C§3 + XSC§3)¢3 QC§§¢ ¢, (3.68)

X7 =207\T — 20T |¢' 2 — 205,62 ? + 2CT5 6%,
X =2C% +207x" - 20519 |* - 205|687 + 20510°

The set of equations (3.68) can be succinctly expressed by means of a superpotential
W, schematically

g W ow

vl = 2K (3.69)

o =K 3
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where K4PB is the inverse of K45 := — tr(JaJg), which is the Killing-Cartan metric in the
complex basis. The superpotential W is a cubic function of the scalar fields {¢%, x*},

W = G055+ Ch)lo' + G203 + CH)IE + GCE; - Ch)lo°
— 2010203(0' %0 + 8'0°¢°) — ((FCLIS'|* + GCHI0°)* — (3O 6% )X
1 o
— C®Kgix' — §C7Kiszxj . (3.70)

Eq. (3.68) is a complicated system of coupled, non-linear first-order ordinary differential
equations and finding the general solution is a considerable task. Nonetheless, a particularly
simple yet important special solution is readily found:

pl=¢"=¢*=x"=0,
Sy [TE e et 2o, (3.71)
208 T + ¢ if C"=0.

Here, ¢1, ¢ € R are constants of integration. For C7 # 0, ¢; = 0, this solution is stationary
and corresponds to the abelian (rescaled, if C® # 0) canonical connection on a line bundle
over SU(3)/U(1)x,;. The same is also true for C7 = C® = 0 with the rescaled canonical
connection corresponding to the case co # 0. This is arguably the simplest example of a
G instanton on SU(3)/U(1),.

Another special case, which allows a more thorough analysis, is the choice k =1 =1. In
addition, we fix (¥ = (3 = 2¢3 = 2a?, u = 1/a?, where a € R is a residual free parameter.©
The instanton equation then becomes

_ow
.

ow
961’

20201 — _ 9 _ oW

2026 a2¢3 (3.72)

with superpotential

a7 W = 22— )16 + [67]%) + 2(2 + a)[¢°* — 4(¢'¢%¢° + ¢ $%¢°)
+2a(|¢" P+]6%) — |62 P)xT — 2v3Ba(|6!? — |92 )x® — a((x7)2+(x®)?). (3.73)

When searching for the critical points of W, one may use its symmetries to argue that it
suffices to consider the case ¢® € R, ¢! > 0 and ¢? > 0, without loss of generality.

As an example, we consider the case o = £2. In this case, SU(3)/U(1)1,; admits a
cocalibrated (or semi-parallel) Ga-structure. In other words, P satisfies (3.62) with 79 # 0
and 73 # 0. The two signs correspond to the choice of orientation. For e = 42, the critical
points of W are listed in the following table:

ot 9% | 3 | X7 | x® | Eigenvalues of Hessian | W
0ololo]olo (+,—,—,0,0) 0
11|11 10 (+,+,—,—,—) 16

®The free parameter « introduced here should not be confused with the constant o used in (3.26).
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Figure 1. Numerical kink solution on R x SU(3)/U(1);; for o = —2 flowing from W = —16 at
T=—-0c0to W=0asT — co. ¢> and ¢> are zero everywhere and thus their plot coincides with
the 7-axis. (Plot adapted from [12].)

On the other hand, for « = —2, the table of critical points of W is given by:

P! @? @3 X’ X8 Figenvalues of Hessian W

0 0 0 0 0 (= ——,—,0) 0
1/v2 0 0 |1/2| —V3/2 (+,—-,—,—,—) ~16

0 1/v2 0 |1/2| V3/2 (+,— == -) ~16

et c_ +2/3 | 1/6 | —V/35/6 (+,+,———) —496/27
(9c )™ | er | £2/3[1/6| /35/6 (+,+,—-—-) —496/27
2v/2/3 | 2v/2/3 | £2/3 | 4/3 0 (+,+,——,—) —1280/27

1 1 +1 | 1 0 (+,+,+,——) —48

where ¢y = /11 4 +/105/6. There is a kink solution for o = —2 flowing from W = —16
at 7= —oo to W =0 as 7 — oo. The numerical solution for this case is shown in figure 1.
The shape of these curves resembles that of a hyperbolic tangent type kink. The maximal
deviation of a fitted hyperbolic tangent from the numerical solution is of the order of 2%.

Yang-Mills equation. The second-order equations of motion for {¢®, x*} can be worked
out from (3.29), taking over the ansétze (3.31)—(3.32) for T" and w from section 3.4. For H
we choose

H=-XAxd*xQn =)\ *7dP, (3.74)

with Qv = ¥ = PAdr — @ and A € R being some new free parameter. This ansatz
for H differs from (3.33) and is a consequence of Py, ¢ fape. This is a precursor of the
situation encountered in section 4, where the appropriate choice of H will be discussed and
motivated further.

We now insert (3.31)—(3.32), (3.74) together with (2.5), (2.8) and (3.64) into (3.29).
First, we obtain the Gauss-law constraint (3.34), which now becomes,

Ch($16" — 61601 + GUP*P® — 626%) + Gk + D)(°F — ¢36°) =

GG - 6'6") — GH*E — 6°67) + G - k) ($6* — 6°6") =

: (3.75)
. (3.76)

o O
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Taking suitable linear combinations yields

RS G
¢z ¢2

In addition, we obtain three complex and two real second-order equations expressible

(BPF° — 6790%) = —2L (10" — ¢'") = —22(3%¢% — ¢%67). (3.77)

as a gradient system of the form,
a3 OV
998’

. OV
¥ = 2K (3.78)

for some potential V' defined below. These are the Euler-Lagrange equations derived from
the action (1.3), with the replacement Qaq — AQaq. Indeed, the action S in this case
turns into

S = —24Vol(G/H) / gdr. (3.79)

The energy density £ =T + V comprises the kinetic energy 7' = K, a[;q'ﬁo‘q;ﬁg — %Kij)'(ij(j and
the potential V' given by

V=W+Vi+Va+V3+Vy, (3.80)
Vo == [(C11)° + (C35)* + (C33)* + 2M(Cr; O — CF;C53 — CsC3)] Kss
7 8 7 ~8 7 8 ;
Vi=-2 [01710?1 + C3508, + CL;C5 + 2M(CCy) — O C - 05203%)} Ksix',
Va=+ [2622(%(1 +A) +4GGRGACH + ¢ ((072)2 — 20k (C8 4+ AC; — Acgg))] 612
+ 230+ 2) +4GG6ACE + G ((C5)? - 205,(0CH + % - ACy) ) | 107
+ 230+ 1) - 46 G6ACE + G ((Ch)? + 2050 +AC5; - C)) | 19°
= [(CT1)? +(C35)% + (C33)? + 2MC1C55 — C1035 — CC3) | Kijx'X?
Vs = —2(1+ N)(CG + CIG + GG (016767 + 67 6°6°)
+ [22CI(Ch = Oy = ACH + ACT, +2ACK) o'
+2GCHX (Cy = ATy = Cp + ACiy = 20C5) |67
12303 (O35 + ACT; + ACL; — CLz + 20C3y) 6% | |
Vi=2G16"[* +2G1¢°" + 2G5 10°1* + 220" P07 + 2GEG310'1P10°) + 2G5 G310 |
+ | GH(CTX + Cerx ™10 P + G(Coax™ + O ®)?10? P + GG (Crax + Cx ™)1 | -
A full analysis of this large system of equations, for generic k, I, (1, (2, (3, p and A, is
beyond the scope of the present paper. However, we shall now discuss some special cases,
where simplifications occur and thus analytical methods apply.

First, we study the case A = 1. For this value of A, it is possible to write V as the
square of the superpotential W defined in (3.70),

V = KW, W; — KWW, (3.81)
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where W, = OW/0¢*, W5 = OW/ 0¢P and W; = OW/Ox!. The gradient of V thus becomes

Vo = KPY(WosWi + Was Ws) — 2K TW o, W5

, , (3.82)
Vi = K9 (Wi W5 + WigWa) — 2K7" W, W, .

From this and (3.81) we learn that critical points of the superpotential are both zeros and
critical points of the potential. We are interested in solutions with finite total energy,

o0

/5017— /(T+V)dr<oo (3.83)

—00

Such solutions necessarily interpolate between zero-potential critical points. For A = 1,
they are critical points of the superpotential, and the second-order equations of mo-
tion (3.78) can be integrated to the first-order instanton equations (3.69). Hence, we
have reduced this case to the construction of instanton solutions discussed in [12] and
reviewed above.”

Second, we consider the single-field reduction ¢! = ¢?> = ¢> = x7 = 0. The only
remaining degree of freedom is x® and the Gauss-law constraint (3.77) is trivially satisfied.

The equations of motion (3.78) collapse to a single linear equation,

=A%+ B, (3.84)
CLCS + 07 08 + 2A(c§102; C§103; c;;c3;>] The solution reads

B VAT —VAT
—Z +ce +coe if A#0,
XS(T){ A (3.85)

B Br2teat+oe if A=0.

Here, c1, co € R are constants of integration. For A = 1, the coefficients A and B factorize,
A =4(C")2, B=407C8, and (3.84) can be integrated to

8 = £2(C"\® 4 C%). (3.86)

This corresponds to the instanton case, whose solution was given in (3.71). We remark that
the only finite-energy solution is x® = const., which corresponds to the abelian (rescaled,
if C® # 0) canonical connection on a line bundle over SU(3)/U(1)x,. This requires either
C"=C8=00rC"#0, ¢; =0.

Our last example is the choice k = [ = 1, together with (¥ = (3 = 2¢2 = 202, u = 1/a?,
a=-2X=3/2 ¢*=¢>=x%=0, x" =11/4 and ¢' real. This solves the Gauss-law
constraint (3.77), and the equations of motion (3.78) reduce to

o' = A¢' (") - B), (3.87)

"This result fits well into the general analysis recently carried out in [37], where it was carefully examined

under which circumstances the first-order system gb = VW is equivalent to the second-order system (;5 =VV
with V = ||[VIV||?/2.
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where A = 32 and B = 25/32. This equation is a rescaled version of (3.55). It can be
integrated to ¢! = :l:\/g (B — (¢')?), with solutions

¢*(7) = £V Btanh [, / A7B(T - TO)] , (3.88)

describing rescaled ¢* kinks (+) and anti-kinks (—), respectively.

4 Seven-dimensional coset spaces with SU(3)-structure

Another class of coset spaces well-suited for the methods developed in this paper are seven-
dimensional coset spaces admitting an SU(3)-structure. This scenario is the subject of the
present section.

4.1 SU(3)-structure in seven dimensions

SU(3)-structure is often studied on siz-dimensional manifolds (see for example [3] for a
review). Important examples are Calabi-Yau three-folds, which have vanishing intrinsic
torsion and thus SU(3) holonomy.

In this section, we consider compact seven-dimensional coset spaces G/H with SU(3)-
structure. Following the useful references [38-40], we will review here some key proper-
ties of this slightly unusual set-up, in order to equip us with the necessary knowledge to
study the instanton equation and the Yang-Mills equation with torsion on (cylinders over)
these spaces.

Under the branching SO(7) — SU(4) — SU(3), the space of seven-dimensional 1-, 2-
and 3-forms, A', A2, A3, decomposes according to:

SO(7) | SU(3)

Al 7 19333

A2 21 |1228@3)®8

A3l 35 [3(1)®2B8@©3)260608

An SU(3)-structure in seven dimensions is thus characterized by an SU(3)-invariant real
1-form V, an SU(3)-invariant real 2-form J and an SU(3)-invariant complex 3-form Q =
O+ +iQ~. The three singlets in the decomposition of A® are the real (2%) and imaginary
(Q7) parts of 2, as well as V' A J, which is not independent.

The appearance of V is a crucial difference compared to six-dimensional SU(3)-
structures. The invariant 1-form (or rather, its dual vector field) does not define a Killing
direction, unless all torsion classes vanish, in which case the manifold has SU(3) holon-
omy and is hence a direct product of a Calabi-Yau three-fold with a circle. The 1-form V
does however provide a foliation of the seven-dimensional manifold by a six-dimensional
base-manifold, denoted Xg.

The forms (V, J, Q) satisfy seven-dimensional SU(3)-structure relations given by

J/\J/\J:%Q/\Q,

(4.1)
ONT =ViJ=V.0=0.
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Here, we introduced the symbol 1 to denote the interior product of differential forms on
G/H. It is defined as w_n := x7(x7wAn). It is possible to show that a number of additional
useful relations hold, namely

Viv=1,
JUJ% = =6y + VYV,
JadQ:I:dbc = :FQ:Fabc, (42)

QT = +QF AV,
1
*7(J/\V):§J/\J.
The intrinsic torsion 7 gbc decomposes as follows under SU(3),

ToceAMN @suB) =10323)2(122333))

i i (4.3)
=5(1)B5(3®3) ®2(6@6)DA(8).

From this we can read off the torsion classes. The five singlets are conveniently arranged
into one real and two complex O-forms, denoted R (real) and Wj, E (both complex),
respectively. The five 1-forms are denoted Vi 2, Wy and W, 5. The four 2-forms are arranged
into two real ones, denoted T1 2, and a complex one, denoted W5. Finally, there are two
3-forms, denoted W5 and S.

When arranged in such a way, the exterior derivatives of the forms (V,.J,€Q) can be
succinctly expressed in terms of these torsion classes [38-40],

AV =RJ+ViaQ+ViiQ+T1 +V AW, (4.4)
3i - ]
4T = (WM Q=W Q) + Ws+J AWy

1 _ _ _
+VA g(E"‘E)J"“/Q_IQ"“/Q_IQ"‘TQ , (4.5)

AQ=WIJAT+ I AWy + QAW +VA(EQ—4JAVa+85) . (4.6)

The numerical coefficients in these expressions are fixed by demanding compatibility with
the seven-dimensional SU(3)-structure relations (4.1). We remark that the torsion classes
have been arranged such that the subset {W;, ..., Ws} precisely equals the set of torsion
classes of a six-dimensional SU(3)-structure (see, for example, [3]). This can be understood
as the SU(3)-structure that fixes the geometry of the six-dimensional base-manifold Xg
corresponding to the foliation defined by V.

To make contact with the previous section, we note that SU(3) C G2 and thus
an SU(3)-structure automatically implies the existence of a Ga-structure on the seven-
dimensional manifold. Actually, an SU(3)-structure on a seven-dimensional manifold can
be used to define two independent Ga-structures via

PE=4Q  —JAV. (4.7)

The intersection of the two Ga-structures P* is precisely the SU(3)-structure. Henceforth,
we will mostly be working with the Go-forms P*, instead of the SU(3)-forms (V, J, Q). It
should be kept in mind though that the two formulations are equivalent.
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4.2 Explicit coset space constructions

To proceed further, we will now consider cylinders over explicit seven-dimensional coset
spaces G/H that admit an SU(3)-structure. Specifically, we shall examine four cases,
namely cylinders over SO(5)/SO(3) 445, over NP?" = (SU(3) x U(1))/(U(1) x U(1)), over
MPI™ = (SU(3) x SU(2) x U(1))/(SU(2) x U(1) x U(1)) and over QP?" = (SU(2) x SU(2) x
SU(2))/(U(1) x U(1)), where (p,q,r) is a triple of mutually co-prime integers.

4.2.1 Cylinders over SO(5)/SO(3)a+B

The coset space SO(5)/SO(3) has already been studied in section 3.5.1. However, as
mentioned there, the group SO(5) has two commuting SO(3) subgroups, denoted SO(3) 4
and SO(3)p. These subgroups may be embedded in various ways into SO(5) and when
quotiented out, this leads to different coset spaces. In this subsection we consider the
case where the group H appearing in the quotient G/H is a linear combination of the two
commuting SO(3)’s.

As a starting point, we use the conventions of [40] in order to define the coset space
SO(5)/SO(3) a+p. Although the structure constants are not written down explicitly, they
can be extracted straightforwardly from eq. (D.12) in [40]. We work with rescaled genera-
tors and structure constants, 14 — %I A, ng — % ng, to ensure the correct normaliza-
tion of (2.4). Our rescaled structure constants are listed in appendix A.4 for completeness.

The structure constants with all indices lowered, fapc := dcp ffB, are totally anti-
symmetric, flapc] = fapc, as before. However, we will now encounter a crucial difference
in comparison to the coset spaces studied in sections 3.5.1 and 3.5.2, namely that P,p. < fape
does not lead to a well-defined Ga-structure on SO(5)/SO(3)4a4+p5. This assertion can be
verified inter alia by computing the so-called associated metric (see for example [41-44]),

_ . 1
(gP)ab = Bab det(B) 1/9 y Wlth Bab - _mpaclczPbcgc4PC566C75(7)CIMC7 . (48)

For P,y & fape this metric is singular, that is det gp = 0.

To resolve this problem, recall that there is an SU(3)-structure on this coset space.
Hence, we may instead use (4.7) to define a Go-structure. On SO(5)/SO(3) 4+ and with
the correct normalization such that eqgs. (3.2)—(3.5) are satisfied, we then find

1
Pt =+—0" —V6f, with
NG f
O = 6123 _ 6127 + e136 _ 6167 o 6235 + 6257 _ 6356 + 6567, and (49)
1 1 ]
f= §fabceabc _ _%(6145 + o246 + 6347) )

The corresponding 4-form QF := x7 PT is explicitly given by

O* = i\}i (61234 Q1247 | 1346 1467 _ 2345 | 2457 _ 3456 | 64567)
i (61256 11357 62367) _ (4.10)
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Note that it is closed, dQ* = 0. The exterior derivative of P can be written as,
dP* = 10QF + #7715 (4.11)

with 70 = —/2/3 and 75" = £(—+/3/6)Q~. This shows that the SU(3)-structure induces
two cocalibrated (or semi-parallel) Ga-structures on SO(5)/SO(3) 4+ 5.

The induced Spin(7)-structure on the cylinder is fixed by ¥+ = PTAdT—QF, according
to (3.12). What kind of Spin(7)-structure does this define? We find © oc d7 # 0, dUT £ 0
and d¥* 4+ %@ AW*E £ 0. Therefore, this is a general Spin(7)-structure where both torsion
classes Wg and Wyg are turned on.

The G-invariance condition (2.7), where now G = SO(5), is solved by

Xi=X5=Xi=01(7), Xi=¢do(r),  XJ=X§=X]=0s(r),

(4.12)
X7 = X3 = X§ = ¢u(r), X5 = X§ = X7 = o5(7).

Hence, we need to deal with a priori five real 7-dependent scalar degrees of freedom.
The full expressions for the gauge connection A and the corresponding curvature F' can
be obtained straightforwardly from (2.5), (2.8) and are rather lengthy. We thus omit
them here.

Instanton equation. We have now collected all necessary information to compute the
system of equations for {¢1, ..., ¢5} following from the instanton equation (3.22). It turns
out that the form of the resulting equations is the same for both choices, P™ or P~. The
quiver relations yield

O+ 0% = 03 + 20304 + 20165 + ¢, (4.13)
O1 + 03 = 05 — 20304 — 20165 + &2, (4.14)

which is solved by (¢3, ¢5) = (£¢1, F¢4). This effectively reduces the number of degrees
of freedom to three, namely {¢1, ¢2, P4}
The first-order ordinary differential equations obtained from (3.22) are given by

¢1 = 1F ¢2) ,

1
%dn(
b4 = \}6@1 (1F¢2), (4.15)

<752=\/§(¢2¥¢%:F¢421),

where the reduction of the number of degrees of freedom, (@3, ¢5) = (£¢1, Fp4), has already
been taken into account. Albeit its apparent simplicity, (4.15) is still a coupled non-linear
system of first-order ordinary differential equations and hence finding the general solution
is out of reach with current methods. One may however readily list some special solutions.
Besides the trivial case ¢1 = ¢2 = ¢4 = 0, there are static solutions such as ¢; = ¢o = +1,
¢4 =0 and ¢ = ¢4 = j:l/\/§, ¢2 = +1. A simple non-static solution is ¢; = ¢4 = 0,
¢2(7) = cexp(y/3/27) with a constant of integration ¢ € R.
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Yang-Mills equation. We will now turn to the second-order equations of motion for
{b1,...,¢5}. Our starting point is the Yang-Mills equation in components (3.29). First,
we need to choose ansédtze for the torsion 7', affine spin connection w and 3-form H. For
T and w we take over the expressions from section 3.4, that is (3.30) and

) 1
Te = kfp., w = fie' + 5(/& + 1) f3e°, (4.16)

depending on the real parameter k € R.

The ansatz for H is more delicate, however. In most of section 3, we took H}! = —T;..
Since Hp, oc Ty o< fit o P%,, this choice ensured that we could recover the instanton
solutions, for which it is required that H o P (see footnote 3), as special cases of the
second-order equations of motion. Here, Py & fupe and hence this logic breaks down.
Nevertheless, we aim at keeping the property that the instanton solutions can be recovered
as special cases. We are thus led to setting

H:—*d*QM7/\. (417)

with M = Z(G/H) (in this subsection, G/H = SO(5)/SO(3)a+p) and Qax = AQm,
where A € R is some new free parameter. The instanton case is then contained as a
special case, namely A\ = 1. After inserting Qu = ¥* = P* Adr — QT into (4.17) and
using eqs. (4.9)—(4.11), we obtain®
H* = — A% dPT =)\ (i\f(}_ — Zf) : (4.18)
Note that, although allowed by (4.17), H* has no components with legs in the 7-direction.
This is a consequence of dQ* = 0.
We now insert the above ansétze (4.16), (4.18) together with (2.5), (2.8) and (4.12)
into (3.29). First, we obtain egs. (4.13)—(4.14) again, provided A # 0 and irrespective of the
choice Pt or P~. Hence, (¢3,¢5) = (£d1, Fd4), as in the case of the instanton equation.

Second, we obtain a system of differential equations. With the reduction of the number of
degrees of freedom taken into account, the system of differential equations becomes

o1 = %Qﬁ + éﬁf)l(fﬁg +3¢3) F QA; 3¢1¢>2 + 2)\6_ 1¢1 , (4.19)

b1 = %qﬁi + é¢4(¢% +3¢%) F QA(;F 3 bada + 2A6_ Lba, (4.20)
. 22+ 3 22+ 1

Gr= b+ F BB+ s, (421)
0= 1614 — 164 (4.22)

The sign ambiguity in eqgs. (4.19)—(4.21) is not related to the choice P* or P~, but rather a
consequence of the identification (¢3, ¢5) = (£¢d1, Fp4). Note that one may switch between

8An alternative way to compute H from (4.17) is to use *d * Qum.x = (1/3)V*(Qr,2)apcpe®P
and (4.16). This yields H* = —)\”T“fjb(Qi)“cdeede, which shows that our choice of H is very similar to
those considered in related works (for example, see [16] eq. (3.8)). As a side result, we learn that k =1 in
order to achieve compatibility with (4.18).
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the two sign choices by sending ¢o — —¢2. Since this does not lead to qualitatively new
solutions, we will henceforth ignore the sign choice and restrict to the upper sign, without
loss of generality.

Eq. (4.22) is a consequence of the Gauss-law constraint (3.34). It is solved by ¢4 = c ¢
for some ¢ € R (or ¢1 = 0, which is however equivalent to the case ¢ = 0, due to the symme-
try of egs. (4.19)—(4.22) under interchanging ¢; <> ¢4). The remaining eqs. (4.19)—(4.21)
form an a priori over-determined system of non-linear second-order ordinary differential
equations. We refrain from solving the most general case here. Instead, we shall now
examine the two obvious special choices ¢ =0 and ¢ = 1.

Upon setting ¢ = 0, that is ¢4 = 0, we are left with the following reduced system of
differential equations in the two remaining fields {¢1, QSQ}

- 1 1 22+ 3 1

¢1 = 5@25? + 6¢1¢% + — P19z + b1, (4.23)
N 22+ 3 2)\ 1

b = i — G+ s (4.24)

At this point, it is useful to note that eqs. (4.23)—(4.24) can also be obtained from the
action (1.3) by directly inserting the ansatz and computing the Euler-Lagrange equations.
Indeed, the action (1.3) can then be written as

S =-12Vol(G/H) E = —-12Vol(G/H) / Edr, (4.25)
with energy density” € given by
1. 1. 1 2\ 1 2/\+3 2)\—1—1 1—A
E=THV = 501+ o5+ g1 + I+ 30ids — —pida + %5 + (}1226),

plus a total derivative, which is omitted. Here, we used the fact that tr(I41p) = ng f gc =
—dAB, as explained below (2.4), to resolve the trace appearing in the action (1.3). We also
replaced Q@ by Qg in the action to ensure compatibility with (4.17).

Eqs. (4.23)—(4.24) can be re-written as a gradient system of the form,

P =0V, $r =6V, (4.27)

where 0y 1= 0/0¢q, @ = 1,2, and the potential V' is determined in (4.26). In order to
analyze this gradient system further, we study the critical points of V, that is field values
for which 9,V = 0 holds. We find seven distinct critical points and list them, together
with some important properties, in table 1.

Below we are interested in solutions with finite total energy,

o0

/SdT—/(T+V)dT<oo (4.28)

—0o0
Such solutions necessarily interpolate between zero-potential critical points. As an example,
consider the case ¢ = 1 and A = —1/2. Then, (4.24) becomes trivial, whereas (4.23)
reduces to (3.38), implying that ¢ is a ¢* kink or anti-kink. The solution in this case is a

9The appearance of the energy density rather than the Lagrangian in (4.25) is due to the fact that our
cylinder metric (2.1) has Euclidean signature.
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(1,02) | Vlait. pt. Ao (¢1,82)|n, | Eigenvalues of Hessian|y,
(+,4) if ¢ <A <cf,
(+1,1) 0 R (+1,1) (+,0) if A =cF,
(+, —) otherwise
+ 0
(ici‘rv 62—) Cg Cy (:l:17 1) (+? )
-3/2 | (x1,-1) (4, )
(£er,e3) c3 o (+1,1) (+,0)

Table 1. Critical points of the potential V' and some of their properties for G/H =
SO(5)/SO(3) a+p with ¢4 = 0. In the first two columns we list the values of the critical points and of
the potential at the corresponding critical point, respectively. In the right part of the table (columns
3-5), we demand that Veit. pt. < 0 and solve for A\. The resulting A\¢ is shown in column three.
Column four contains the values of the critical points with A = A\ inserted. In column five we sum-
marize the signs of the eigenvalues of the Hessian matrix, again with A = X\¢ inserted. This allows
us to draw further conclusions regarding the different types of critical points. Throughout the table,

we set ¢ = \/(1 + 20 (=11 + 20 £ /T3 +4XN(13 + \)) /24, c5 == (T + 6\ £ /T3 + 4\(13 + \)) /4,
= (827 4 1696\ 4 146422 + 448)\3 — 16A* + /73 + 52X + 4X2(73 + 198\ + 10812 + 8)3)) /2304
and ¢f := (1+/33)/4.

closed-form expression and interpolates between (¢1,¢2) = (—1,1) and (1,1) as 7 — +o0.
These two points in field space are indeed zero-potential critical points, and correspond
moreover to local minima of the potential, as can be read off from table 1. The total energy
in this case attains the value

o0
E= / (;q'b% + %(& - 1)2) dr = g (4.29)
—0o0
as was shown for example in [9, 45]. A plot of this solution in field space can be found
in figure 2.

Solutions connecting other pairs of zero-potential critical points generally have both
¢1 and ¢o non-constant, and thus lie beyond the scope of analytical methods. We will not
present the respective numerical solutions here, albeit they may be constructed straight-
forwardly (see [11] for analogous constructions in one dimension lower). Another option
is to further reduce the number of fields by setting ¢o = +£v/3¢; and A = —1. The single
remaining field ¢; is governed by the following equation of motion,

- %qﬁl . (4.30)

. 5 1,
o1 =91 F 5 \/§¢1
The corresponding potential V derived from (4.26) cannot be written as a square V(¢1) =
f(#1)?. Hence, (4.30) cannot be integrated straightforwardly to a first-order equation
b1 = 2f(¢1). The potential V has three critical points 0, F1/v/3 and ++/3/2, with values
Vl]g=0 = 1/6, V|¢1:¥1/\/§ =1/9 and V|¢1:i\/§/2 = 1/384, respectively. Numerical meth-
ods yield solutions which display approximate oscillatory behavior, albeit with unbounded
amplitude and thus diverging total energy.
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Figure 2. A plot of the potential V for G/H = SO(5)/SO(3) 4+p with ¢4 = 0 and A = —1/2. The
two red points at (¢1,¢2) = (£1,1) correspond to the two local minima. The blue line represents
the analytical ¢* kink/anti-kink solution interpolating between the two minima.

Finally, we shall examine the case ¢ = 1, that is ¢4 = ¢1. The action in this case

becomes -
S = —24Vol(G/H) / gdr, (4.31)
with energy density given by
1. 1. 1 22 —1 1 2+ 3 22+ 1 1—-A
E=TaV = 262 & — g2 4 =4 2, L 9.9 2 2 .
+ 2¢1 + 24¢>2 + 4¢1 + 2 o1+ 12‘%51(152 2 G102 + 13 ®3 + —(3432>

Up to a field rescaling of the form ¢; — ¢1/v/2, this expression is identical to (4.26).
Hence, the case ¢ = 1 reduces to the case ¢ = 0, which has been discussed above.

4.2.2 Cylinders over NP?" = (SU(3) x U(1))/(U(1) x U(1))

We now turn to studying the coset space NP4" = (SU(3)xU(1))/(U(1)xU(1)) and cylinders
thereover. For the description of NP7, we will closely follow [46], and begin with the
observation that the group G = SU(3) x U(1) has a subgroup H = U(1) x U(1) which can
be embedded into G in various ways. The different embeddings are parameterized by three
integers p, ¢ and r. Without loss of generality, they can be taken to be relatively prime.
To proceed further, we adopt the conventions of [46]. We now encounter an impor-
tant difference compared to the coset spaces studied above. Previously, we used, where
possible, an orthonormal basis of g (orthonormal in the sense of (2.4)), which is then
neatly compatible with the choice of metric (2.1). In the present case, the Lie algebra
g =su(3) ®u(l) ~ u(3) is not semisimple and hence, there is no orthonormal basis.
However, there is a basis in which at least the coset space components of the Killing-
Cartan metric are equal to the Kronecker delta, (gq)ap = dqp. This can be achieved by taking
the conventions of [46] with the following rescalings of the generators I4 and structure
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constants f ’é‘c,

et HA=T

S 1y ifA=T
Iy — 4 V31 : fho = S fc fB=TorC=7, (433)
LIy AT BET VB Be

% f g() otherwise

where  := /3p? + ¢% + 212 and 1 := /3p? + ¢2. We will henceforth work in this basis.

The full set of structure constants is listed in appendix A.5, in order for this paper to be
self-contained. We emphasize that the cylinder metric is still taken to be (2.1). However,
it is necessary to use the full Killing-Cartan metric,

2 V2r

2r
(9g)aB = —fSpfBe = 0a—ap=s + 048088 + 649050 + = (0asdpo + 6a00ms) , (4:34)

in order to raise, lower and contract Lie algebra indices. We will highlight places where this
is relevant in due course. For example, the structure constants with all indices lowered,
fasc = (g9q)cnfXg, are totally anti-symmetric, flaBe) = faBc-

As in the case G/H = SO(5)/SO(3) a+p studied in the previous subsection, the choice
Pape X fape does not lead to a well-defined Ga-structure on NP4, Instead, one may proceed
by constructing a suitable 3-form P, subject to the G-invariance condition (3.11) and (3.2).
As solutions, we find!°

P:I: _ 6127 ¥ 6136 + 6145 ¥ e235 ¥ €246 _ 6347 + 6567, (435)

with corresponding 4-form Q* := 7 P* given by

Qi — 61234 o 61256 ¥ 61357 T 61467 + 62367 ¥ 62457 4 63456. (436)

Note that it is closed, dQ* = 0, whereas the exterior derivative of P* can be expressed as,
dP* = 75°Q* + 775", (4.37)

with 755 = —(+1)v/3/2 and (2v/3¢%) 75 = —(2qn + ¢*)e'?™ — (3pn + qn F ()T — (3pn —
qn + ¢?)e®®7. Hence, the SU(3)-structure defines two cocalibrated (or semi-parallel) Go-
structures on NPI".

The induced Spin(7)-structure on the cylinder is fixed by ¥+ = P*Adr—Q%, according
to (3.12). Using that 7'0i % 0, 7'3i # 0, dU* # 0 and the results of section 3.2, we
immediately conclude that this is a general Spin(7)-structure where both torsion classes
Wg and Wyg are turned on.

The G-invariance condition (2.7), where now G = SU(3) x U(1), is solved by
‘le1 :X22:¢1(T)7 Xg:X2:¢2(T)7 Xg:Xg:¢3(T)v X77:¢4(7—)7 (4 38)
Xi=-X3=¢5(1), Xg=-Xi=de(r), X5=-X§=or(r).

Hence, the dynamical degrees of freedom are in this case a priori seven real T7-dependent
scalar fields. By means of (2.5), (2.8), it is straightforward to compute the explicit expres-
sions for the gauge connection A and the corresponding curvature F'.

10Tn principle, there are six additional solutions related to (4.35) by sign flips. However, we demand also
that the associated metric gp, as defined in (4.8), be positive definite. This singles out the two choices P*
and P~ given in (4.35).

~ 99 —



Instanton equation. In order to compute the system of equations for {¢1,...,¢7} im-
posed by the instanton equation, we insert féc, P* and Xg into (3.22). Independent of
the choice P* or P, the quiver relations yield

qr(293 — ¢35 — ¢3 + 203 — ¢F — &%) + 3pr(—d3 + ¢5 — g + ¢7) =0, (4.39)
—p(207 — ¢3 — 93 + 202 — dg — ¢2) + q(—5 + ¢35 — dg + ¢3) = 0. (4.40)

This pair of equations has two branches of solutions, » = 0 and r # 0. For r = 0, it becomes
(202 — 9% — P2 + 202 — P2 — ¢2) = %(—gb% + @3 — $2 + ¢2), thereby removing one degree of
freedom. For r # 0, we have two conditions, namely p(2¢3 — ¢3 — @3 + 262 — g2 — ¢2) = 0
and q(—¢3 + ¢3 — ¢2 + ¢2) = 0. This removes two degrees of freedom if pq # 0, and one,
otherwise. (Note that p = ¢ = 0 is excluded since the triple (p,q,r) is pairwise coprime,
by assumption.)

The first-order ordinary differential equations derived from (3.22) are given by

+tn—q

=" %+¢7%W¥JMWMWWﬂ (4.41)
b5 = f} ¢+¢7m%i7§@m—m%x (4.42)
$o = » ;Lj?; 21 b2 — 3210\/JE 9 hops + \}3(%457 — $193), (4.43)
(%—”igj%m %f%mui%w@+%%x (4.44)
%Z&j&;%%—?;QM%¢¢(%%+%m) (4.45)
¢w=*ﬁ;%f%¢4:ff?¢¢ivrwwsm%) (4.46)
b= 2L (g%t @} — i+ 6d) + —LL (207 — g% — @R+ 207 — GR— 62) . (447)

2v/3(¢2 2f 3¢2

The sign ambiguity is due to the choice P™ or P~.

Finding the general solution of this system of equations and constraints is a formidable
task, even for fixed values of (p,q,r). One may however study special sub-sectors of field
space, where simplifications occur. For example, let us consider the case ¢ = ¢1 = ¢o = ¢3,
o4 =1, 5 = ¢ = ¢7 = 0 and (p, ¢, r) arbitrary. This solves the quiver relations identically.
The differential equations collapse to the standard tanh-kink-type instanton (3.28) for the
single remaining degree of freedom ¢ with ao = F2/4/3.

Yang-Mills equation. Our next goal is to compute the second-order equations of motion
for {¢1,...,¢07}. We will use the same ansétze for the torsion 7', affine spin connection
w and 3-form H as in the case G/H = SO(5)/SO(3)+p presented in section 4.2.1. In
particular, from (4.17) we find the explicit expression

i:A(ﬁfPi—ﬁ>. (4.48)
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We have now collected all necessary ingredients to compute the equations of motion fol-
lowing from (3.29). We first obtain two algebraic constraints,

4p {q (262 + (1= Nn?) F20C°A} (67 + 62)
0) {(2¢> +7*) 3p+q) — A (n(3p+q) F4¢%) } (65 + %)
—(p+a) {(2¢° +7°) Bp—q) — 1A (n(3p — q) £4¢%) } (43 + ¢7)
— 2¢% {4pq(¢7+93)+(p—q) Bp+a) (45 +5) — (p+9)Bp—q) ($3+97) } 4 =0, (4.49)

6n* (1 — A)r + 4gr {nA (ng £2¢%) — q (2% +7%) } (67 + ¢2)
+7r(3p+q) {nx (n(Bp+ q) F4C?) — (2 +1%) (3p+q)} (#3 + ¢3)
+r(3p—q) {nA (n(3p — q) £4¢%) — (2 +70*) (3p — q) } (3 + ¢3)
+2C%r {467 (67 + ¢2) + Bp+ @) (93 + ¢8) + Bp — )*(¢3 + 67) } ¢4 = 0, (4.50)

as well as two first-order constraints,

2p(d15 — d165) + (p — @) (P206 — d2d6) — (p + @) (P37 — P3db7) =0,  (4.51)
r {2(1(¢51¢>5 — ¢165) + (3p + @) (dad6 — Padbs) + (3p — ) (D37 — ¢3957)} =0. (4.52)

The first-order equations (4.51)—(4.52) originate from the Gauss-law constraint (3.34). Note
that (4.50) and (4.52) become trivial for r = 0.

In addition, we obtain seven second-order equations expressible as a gradient system
of the form,
G = nos 2V

a = TapB 3@2)5 ,

where 7,45 := diag(1,1,1,2,1,1,1),5 and the potential V is defined below. This gradient
system corresponds to the Euler-Lagrange equations obtained from the action (1.3) with

a,B=1,...,1, (4.53)

the reduction to scalar fields, (4.38), inserted. Indeed, the action S in this case turns into
S = —4 Vol(NPI") / Edr, (4.54)

where we used tr(I4/p) = —(gy) ap and the replacement Qrr — Qaq,x. The energy density
E =T + V comprises the standard kinetic term T = %no‘ﬁ PaPp, where n®% is the matrix
inverse of 7,4, and the potential V', given by

1 A+1
V= ﬁ((/)‘f + ¢34+ 03 + o5 + o + d7) + %(¢2¢5¢7 — P30506 — P10203 — P1P6P7)
1
+ 15 (9667 + @306 + 6567 + D105 + $167 + G165 + G103 + 6365 + ¢35 + 6367 + B33

+ G308 +20103 + 20303 +2630) + 6L<¢1+¢5) (é’j D (3 + )i+ <242)

O i)+ =T (D) + —C (4 i)+ S (8 4 D)4
12C47]2 1 5 24(2 2 \'V2 6 24C2 2 \¥3 7 6C2 2 5

& & 11— 1— )¢+t
24(2 2(¢2+¢6)¢4 24C2 2(¢3+¢7)¢4+ ( <4 ) r ! 2(C4 ) ( )8(C4 - )

(0540303

+

o5+ P4+

(4.55)
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Here, we introduced the following coefficients,
CE = (PP (BA+1) = 6p%) +2¢° (¢* = A — 4r' — 2p%r?) F 4 Aq,
CF = 2n? (2{2 +3pg — ¢ — 3r2) +nA(n (3{2 — 6pg + 2¢° + 6r2)
+4¢*(3p +q)) +2¢%q(3p —q)
C§ =21 (2¢% — 3pg — ¢* — 3r%) + 0\ (1 (3¢% + 6pg + 2¢* + 677)
F4Bp — ) —2¢%q(B3p +q), (4.56)
CEi=q(m\(ng£2¢%) —q (2 +1%)) .
Cy = Bp+q) (0 (nBp+q) F4¢%) — Bp+q) (3° +47%)) ,
Cs = (3p—a) (n\ (n(3p — @) £4¢%) — Bp — @) (31 +4r%)) .
Note that these coefficients depend on (p,q,7), A and the choice of Pt or P~. We also
remark that in order to show the equivalence of the second-order equation for ¢4 derived
from (4.53) and the respective equation obtained from (3.29), one needs to make us of the
algebraic constraints (4.49)—(4.50).

Instead of further considering this system of equations in full generality, we shall now
briefly discuss a special case. Namely, let us consider the ansatz ¢1 = ¢o = ¢3, ¢5 =
96 = ¢7 = 0 and A = 1. The system of equations then enforces ¢y = 0 or ¢4 = 1. In
the former case, we find ¢4(7) = a7 + b and all other ¢’s vanishing. This solution is
unphysical, since the total energy (4.28) is divergent. In the latter case, ¢4 = 1 and we

recover the tanh-kink-type instanton solution for ¢; that has already been found above
(see below (4.47)).

4.2.3 Cylinders over MPI" = (SU(3) x SU(2) x U(1))/(SU(2) x U(1) x U(1))

This case can be studied in close analogy to NP9", which was presented in the previous
subsection. For the sake of brevity, we thus condense the discussion as much as possible and
only highlight relevant differences. Of course, the main difference is the group structure,
which, for our purpose, manifests itself in a different set of structure constants.

The group G = SU(3) x SU(2) x U(1) admits various embeddings of the subgroup
H = 8SU(2) x U(1) x U(1). The different embeddings are parameterized by three coprime
integers p, ¢ and r. The Lie algebra g = su(3) @ su(2) @ u(1) is not semisimple and hence,
does not have an orthonormal basis. Instead, we use a basis in which at least the coset space
components of the Killing-Cartan metric are equal to the Kronecker delta, (gq)ap = 0ap-
This can be achieved by taking the conventions of [47] with the following rescalings of the
generators 14 and structure constants fg‘c,

Iy — caly (no sum over A), fho — cBto fhc (no sum over A, B,C),
(4.57)
where

1/v3 ifA=1,2,34
1/v2 it A=5,6

o NIV . (4.58)
C/lp fA=T
1 otherwise
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Here, we set ( := /3p%2 + ¢%2 + 212, n := \/3p2 +¢2 and p := /9p? + 2¢%2. The precise
expressions for the structure constants in the new basis can be found in appendix A.6. The
Killing-Cartan metric, (gq)as = —f$p fgc, in this basis is given by,

2p%r? 3(2p*+¢°
(gg)AB:6A:a,B:b+3(5A85B8+5A95B9+5A,105B,10)‘|‘Cp27726A71153,11+(anQ)(SAJQ(SB,R

2v/2pr 2v/3pq 2v/6pqr

+ o (67¢a0B),11) — (67(40B),12) — P (611,(40B),12) - (4.59)

It is used to raise, lower and contract Lie algebra indices. The structure constants with all
indices lowered, fapc := (94)cpfig, are totally anti-symmetric, flaBc) = fasc-

Next, we need to construct a 3-form P defining the Gs-structure on MP?". As before,
the 3-form P is, up to discrete sign choices, fully determined by (3.11), (3.2) and the
requirement that the associated metric gp (see (4.8)) be positive definite. At this point,
we encounter a crucial novelty when compared to NP?". Namely, a 3-form P on MP?" that
solves the aforementioned requirements only exists for p = +¢, » = 0 and without loss of
generality, we may assume p = ¢ = 1. This observation is a manifestation of the well-known
fact that only M9 admits an SU(3) x SU(2) x U(1)-invariant Ge-structure [44, 48].

For the rest of this subsection, we thus restrict to M0, There are two independent
Go-structures on M0 defined by

P:t — —6127 ¥ 6135 + 6146 + 6236 + 6245 _ 6347 _ 6567 ) (460)

Comparing with (4.7) and using the fourth relation in (4.2), we immediately obtain the
underlying SU(3)-structure, namely

Ve, J=el2pey e (= (130 el15 4 235 246) | 135 4 (146 4 (2836 4 (245)

(4.61)
A straightforward computation shows that (V, J, ) indeed satisfy the SU(3)-structure re-
lations (4.1)-(4.2). The 4-form QF := x;P* is given by

Qf = FQH AV — %J AT = —el234 1256 - (1367 L 1457 - 2357 4 (267 _ 3456 (4 69)

It is closed, dQ* = 0, whereas the exterior derivative of P* can be expressed as,

dp* = TQQi + %773, (463)
with 790 = —4/4/11 and 73 = —ﬁJ A'V. Hence, the SU(3)-structure (4.61) defines two

cocalibrated (or semi-parallel) Ga-structures on M9,

The induced Spin(7)-structure on the cylinder is fixed by ¥+ = PTAdT—QF, according
to (3.12). Using that 79 # 0, 73 # 0, d¥* # 0 and the results of section 3.2, we immediately
conclude that this is a general Spin(7)-structure where both torsion classes Wg and Wyg
are turned on.

The G-invariance condition (2.7), where now G = SU(3) x SU(2) x U(1), is solved by
X{=Xi=X3=Xi=01(r),  XJ=X{=6(r), X]=ds(r),
X2o Xh= Xi= XD = ou(r), X§ = X = oulr).

Hence, the dynamical degrees of freedom are in this case a priori five real 7-dependent

(4.64)

scalar fields.
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Instanton equation. We are interested in computing the system of equations for
{¢1,...,¢5} imposed by the instanton equation on Z(M'?). To achieve this, we insert
féc, P* and X? into (3.22). We find a coupled system of first-order ordinary differential

equations,

. 3 . 3
¢1 = m(ﬁl(l - ¢3), ¢4 = rm%(l - ¢3),
P2 = ch?z(l — ¢3), ¢5 = qus(l — ¢3), (4.65)

il il

V11

b3 = == (201 + 63 + 204 + ¢ — 3¢9),
supplemented by an algebraic constraint,
207 + 265 + 1 = 3¢3 + 392, (4.66)

which follows from the quiver relation. Note that the entire system of equations is inde-
pendent of the choice Pt or P~.

Before moving on to the second-order Yang-Mills equations, we mention a special
solution which is analytical. This is the static solution, ¢; = ¢4 = £1/V/2, ¢p3 = ¢5 =
+1/v/2 and ¢3 = 1.

Yang-Mills equation. In this part, we shall compute the equations of motion for
{¢1,...,05}, using the same ansitze for the torsion T, affine spin connection w and 3-
form H as before. In particular, from (4.17) we find the explicit expression

4 11
H* = X7 dP* =\ <j:\/ﬁQ_ - {J A V) . (4.67)

We have now collected all necessary ingredients to derive the equations of motion on
Z(M110) from (3.29). We obtain one algebraic constraint,

2(22) + 35)(¢? + ¢2) — 3(22X\ + 27) (43 + ¢2)
— 4803 (¢7 + ¢ — 05 — $2) +11(2A+1) =0, (4.68)

as well as two first-order constraints,

$104 = d104 , P25 = dos . (4.69)

The latter are a consequence of the Gauss-law constraint (3.34) and are solved by'! ¢, =
c101, ¢5 = cao for some c1,co € R. Eq. (3.29) also yields a set of second-order differential
equations, which can equivalently be obtained as the Euler-Lagrange equations of the
action (1.3) with the reduction to scalar fields, (4.64), inserted. After using that tr(/4lp) =
—(g9q) aB and replacing Qs by Qaq,n, the action becomes

S = —16 Vol(M'1?) /ng. (4.70)

"Note that without loss of generality, we may assume that ¢1 # 0, ¢ # 0. Indeed, since the equations of
motion are symmetric under interchanging ¢1 <> ¢4, ¢2 <> ¢s, the cases where ¢p1 = 0 or ¢p2 = 0 correspond
to ¢1 = 0 or c2 = 0, respectively.
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Here, the energy density £ =T + V comprises the standard kinetic term
1. 1. 1.
T= §¢% + §¢% + §¢§ ) (4.71)

and the potential V| given by

1, 1., 66A—10 , 220—25 , 33(2A+1) » 1 o o o
T = 4
Vv 4¢1+2¢2+ 352 1+ 176 5+ 123 o5 + 11<9¢1+ $3) 93
1

2N+ 1 65 — 62\
— ——{3(22)\ + 35)d% + 2(22\ + 27) 2 — +

In order to bring the expressions for 7" and V in the above form, we performed a field

redefinition, ¢1 — @1/ (1 +¢3)/2, ¢2 — ¢2/(1+c3)/2, ¢3 — ¢3/(2v/2). Note that the

equivalence of the second-order equation for ¢3 derived from (4.70) and the respective

(4.72)

equation obtained from (3.29) holds up to a term proportional to the algebraic constraint,
which reads as follows,

4(22X 4 35)¢? — 12(22) + 27) % — 192v/2(¢? — 203) b3 + 11(2A + 1) = 0, (4.73)

after the field redefinition. We also remark that all equations starting from (4.68) and
below are independent of the choice PT or P~.

We shall now consider an interesting scenario, where the constraint can be easily
satisfied, namely A\ = —1/2. The constraint then implies either ¢? = 2¢2 or ¢3 = 1/(2v/2).
The first case, ¢? = 2¢3, can be quickly dealt with, for it leads to ¢1 = ¢2 = 0 and
¢3 = at + b with integration constants a,b € R. This solution is unphysical since the value
of the total energy is divergent, E = [ €dr = (1/32) [*°_(16a” + 3) dT — oc.

The second case, namely ¢3 = 1/(2v/2), turns out to be more fruitful however. The
energy density then reduces to

1. 1. 1 1 1
—T _tao o too Log Log Lo L ks 474
& +V 2¢1+2¢2+4¢1+2¢2 4¢1 4¢2+327 (4.74)
and the equations of motion become
.. 1 )
b= 361203 ~ 1),
(4.75)

P2 = %¢2(4¢§ —1).

The critical points of the potential V' in the field space (¢1, ¢2) are listed in table 2. In
total, there are nine distinct critical points, subdivided into a local maximum at (0, 0), four
saddle points (0, +1/2), (£1/+/2,0), and four local minima at (£1/v/2, £1/2).

There are different types of non-constant solutions, depending on whether one allows
both fields to have non-trivial 7-dependence or not. In the former case, the equations of
motions (4.75) can be integrated to

. 1
¢ =+t—=(1-2¢7),
22 1 (4.76)

b= (1~ 44}).
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(¢1,02) Vlerit. pt. | Eigenvalues of Hessian
(0,0) 3/32 (=)
(0,£1/2) 1/16 (+,-)
(£1/v2,0) 1/32 (+,-)
(£1/v/2,41/2) 0 (+,+)

Table 2. Critical points of the potential V' and some of their properties on Z(M%) with A = —1/2
and ¢3 = 1/(2v/2). In the first two columns we list the values of the critical points and of the
potential at the corresponding critical point, respectively. In the third column we summarize the
signs of the eigenvalues of the Hessian matrix at the respective critical point. In the last row, the
signs are mutually independent in the entries of (¢1, ¢2).

(61, ¢2) L
(tanh, tanh) | 1/2
(£1/4/2,tanh) | 1/6
(tanh, £1/2) | 1/3
(0, tanh) 00
(tanh, 0) 00

Table 3. Different types of non-trivial analytical solutions on Z (M%) with A = —1/2 and ¢3 =
1/(2v/2). Here, “tanh” refers to a rescaled ¢* kink/anti-kink solution of the form (4.77). The
second column holds the value of the total energy E of the respective solution. The last two rows
correspond to unphysical solutions with divergent total energy.

The solution is a system of two uncoupled rescaled ¢* kinks/anti-kinks,

1 T —To1
¢1(1) = £——=tanh [:I:] ,

1“5 2 (@.77)
oo(T) = :|:§ tanh [:I:T_;—O’Q} ,

where 791,702 € R are integration constants determining the positions of the (anti-)kinks
in the 7 direction. The four signs in (4.77) are mutually independent. The different types
of non-trivial solutions are summarized in table 3. There, we also list each solution’s

FE = /SdT,

with & given by (4.74). The last two solutions in table 3 each interpolate between two

total energy

(4.78)

saddle points. They have divergent total energy and are thus unphysical. On the other
hand, the first three rows do correspond to non-trivial, analytical and physically well-
behaved solutions. We end this subsection by showing in figure 3 contour plots of the
different types of non-trivial solutions.
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[ [

Figure 3. Contour plots of the potential V and different types of analytical solutions on Z(M9)
with A = —1/2 and ¢3 = 1/(2v/2). Marked in red are the critical points of the potential as listed
in table 2. The blue lines in the left and middle plot represent the (tanh, tanh)-solution (4.77) with
To,1 = To,2 and 71 # To,2, respectively. The blue lines in the right plot correspond to solutions
where one of the ¢’s is kept constant. The two blue lines in the right plot that pass through the
origin are unphysical for they have divergent total energy (see table 3).

4.2.4 Cylinders over QP9" = (SU(2) x SU(2) x SU(2))/(U(1) x U(1))

The last seven-dimensional coset space we consider in this paper is QP?" = (SU(2) x SU(2) x
SU(2))/(U(1) x U(1)). The treatment is similar to NP9" and MP?" which is why we refer
to sections 4.2.2 and 4.2.3 for the technical details. Before discussing the instanton and
Yang-Mills equations on Z(QP?"), we list the coset space’s defining data, which is necessary
to carry out our computations.

The group G = SU(2) x SU(2) x SU(2) admits various embeddings of the subgroup
H =TU(1) x U(1). The different embeddings are parameterized by three coprime integers
p, ¢ and r. In order to define the coset space, we start with the generators 14 and structure
constants f‘é‘o from [47], and perform a rescaling, 4 — \%I A, ng — \/Li ng, so as to
ensure the correct normalization of (2.4). Our rescaled structure constants are listed in
appendix A.7 for completeness.

The structure constants with all indices lowered, fapc := dop fADB, are totally anti-
symmetric, flapc) = fapc. However, taking Pupe o< fape does not yield a well-defined
Go-structure on QP?" (for example, the associated metric gp is singular for this choice).
Instead, we construct the 3-form P subject to (3.11), (3.2) and the requirement that gp be
positive definite. We find that such a P only exists if p = +¢, ¢ = £r and without loss of
generality, we may restrict to the case p = ¢ = r = 1. This observation is a manifestation
of the well-known fact that only Q''! admits an (SU(2))3-invariant Ga-structure [44, 49].

For the rest of this subsection, we thus restrict to Q'''. There are two independent
Go-structures on Q! defined by

P:t — —6127 + 6136 + 6145 + 6235 ¥ e246 . 6347 o e567 ) (4'79)

Comparing with (4.7) and using the fourth relation in (4.2), we immediately obtain the
underlying SU(3)-structure, namely

Ve, Jeel2pedpe®, = (o135 oli6 (236 245y | (136 | 145 4 235 246)
(4.80)
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A straightforward computation shows that (V,J,§2) indeed satisfy the SU(3)-structure re-
lations (4.1)-(4.2). The 4-form QF := %7 P* is given by

Qf =30t AV — %J AJ = —el234 _ (1256 £ (1857 4 J1467 4 (2367 4 (2457 _ 3456 (4 g7)
It is closed, dQ* = 0, whereas the exterior derivative of P* can be expressed as,
dPi = TOQ:‘: + %773, (4.82)

with 70 = —+/3/2 and 75 = —%J A V. Hence, the SU(3)-structure (4.80) defines two
cocalibrated (or semi-parallel) Go-structures on QL.

The induced Spin(7)-structure on the cylinder is fixed by ¥+ = P*Adr—Q%, according
to (3.12). Using that 79 # 0, 73 # 0, d¥* # 0 and the results of section 3.2, we immediately
conclude that this is a general Spin(7)-structure where both torsion classes Wy and Wyg
are turned on.

The G-invariance condition (2.7), where now G = (SU(2))3, is solved by

Xll :X22:¢1(7-)7 Xg?:XZL:ng(T), XE?:X66:¢3(7-)> X;:¢4(7)7

4.83
XP ==X} = aalr), Xi=—XD=0s(r), XE ==X = gn(r). e

Hence, the dynamical degrees of freedom are in this case a priori seven real T-dependent
scalar fields.

Instanton equation. We are interested in computing the system of equations for
{¢1,...,¢7} imposed by the instanton equation on Z(Q'''). To achieve this, we insert
fg‘c, P* and X? into (3.22). We find a coupled system of first-order ordinary differential

equations,
1

‘azi all — ) a€{l1,2,3,5,6,7},
¢ \/6¢ (1 —¢a) { } L5t
; L 2 2 2 2 2 (4.84)
¢4=—\/6(¢1+¢2+¢3+¢5+¢6+¢7—3¢4),
supplemented by two algebraic constraints,
2 2 2 2
— 2Pt =0,
P — ¢3 + ¢5 — P (4.85)

O+ ¢35 + OF + o = 2(85 + 7).

which follow from the quiver relation. Note that the entire system of equations is indepen-
dent of the choice P™ or P~.

Before studying the second-order Yang-Mills equations, we list some special solutions.
First, there is the trivial case ¢;1 = ... = ¢7 = 0. There are also static but non-zero
solutions, such as ¢4 = 1, ¢o = +£1/v/2, Vo € {1,2,3,5,6,7}. Lastly, there are simple
non-static, albeit unphysical (diverging) solutions, for example ¢4 = cexp((37)/v/6), with
a constant of integration ¢ € R, and ¢, =0, Vo € {1,2,3,5,6,7}.
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Yang-Mills equation. Our next goal is to compute the second-order equations of motion
for {¢1,...,¢7}, using the same ansétze for the torsion T, affine spin connection w and
3-form H as before. In particular, from (4.17) we find the explicit expression

Amﬂﬁ_A< ¢§r VFLMﬁ (4.86)

With all the necessary ingredients at hand, we are in a position to compute the equations

of motion on Z(Q'*!) following from (3.29). It turns out that they are independent of the
choice PT or P~. We obtain two algebraic constraints,

(61 — &5 + 08 — 03) (2 — 204 +3) =0,

(61 + 63 — 205 + 65 + 6§ — 267)(2A — 204+ 3) =0,

as well as three first-order constraints (originating from the Gauss-law constraint (3.34)),
—bsd1 + ded2 + P15 — Pahs = 0

—hsp1 — Ped2 + 20703 + 165 + D2 — 2h3pr =0, (4.88)
—b5P1 — Ped2 — b3 + P15 + age + P37 = 0.

After taking suitable linear combinations, the latter become

(4.87)

D165 = 165, P26 = dache , G317 = b3, (4.89)

and thus, ¢5 = c1¢1, ¢ = caa, ¢7 = c3¢3 for some c1,c,c3 € R (without loss of
generality, we may assume that ¢1 # 0, ¢o # 0, ¢3 # 0, since the equations of motion
are symmetric under interchanging ¢ <> @5, ¢2 <> g, ¢3 <> ¢7). Eq. (3.29) also yields a
set of second-order equations, which can equivalently be obtained as the Fuler-Lagrange
equations of the action (1.3) with the reduction to scalar fields, (4.83), inserted. After
using that tr(/a/p) = —d4p and replacing Q@ by Qaq,z, the action becomes

s_—mm@m)/gw. (4.90)

Here, the energy density £ =T + V comprises the standard kinetic term
1 '2 1 '2 1 '2 1 ‘2
= §¢1 + §¢2 + §¢3 + 562547 (4.91)
and the potential V', given by

1 1 20 +3
= (01 +od o) + (0] + o+ ef -

)\ A >\
P22 U@ g o D g (4.92)

(6T + &5 + ¢3) ¢4

In order to bring the expressions for 7" and V in the above form, we performed a field

redefinition, ¢1 — @11/ (1+¢3), p2 = do/(1+¢3), ¢35 — b3/ (1 +c2), ds — da/V2.
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These expressions are still supplemented by the two algebraic constraints (4.87), which are
given by
(61 = #3)(2A +3 = 2v/204) = 0,

4.93
(6% + 6% — 262)(2A + 3 — 2v/264) = 0, (4.93)

after the field redefinition. These constraints imply either ¢? = ¢3 = ¢3 or ¢4 = (2\ +
3)/(2v2).

In the first case, that is ¢2 = ¢3 = ¢3, the energy density reduces to

220+ 3 -1 220 +1 - A
Dot et S T (499)

3. 1. 3 1
= §¢% =+ 5@21 + g?bil + 545%@21

This case has already been analyzed in section 4.2.1. Indeed, after identifying ¢4 = ¢2/v/2,
the energy density (4.94) is equal to three times the energy density (4.26) and the solutions
are thus the same as those discussed in detail on pages 26-27.

The second case is ¢4 = (2A + 3)/(2v/2), implying

3
E=) { P2 + ¢4 ()\—Z;ngqba (8)\3 + 28)\% 4 22\ + 17)} (4.95)
a=1
This is a three-component ¢* theory invariant under Sz x (Z3)3. The different types of
critical points (modulo S3 x (Z3)3-transformations) together with some of their properties
are listed in table 4, where we introduced the 3-vector ¢ = (¢1, ¢2,¢3) . In total, we find
27 distinct critical points, which fall into four classes.
As an example, we consider A = —1/2 and construct the solutions which connect the
critical points (£1,41,+1) (upper part of row four in table 4). The energy density (4.95)
then becomes

3
1. 1
SZZ{2¢§+8(¢3—1)2} . (4.96)
a=1
The model describes a 3-vector of independent ¢* kinks-/anti-kinks,

01 , £ tanh -

T
¢ = (:I: tanh — 02+ tanh 727—0’3> . (4.97)

The positions (79,1,70,2,70,3 € R) and nature (kink (4) or anti-kink (-)) can be chosen
independently in each entry of the 3-vector. This solution is physically allowed, since
the total energy of the configuration, given by three times that of a single ¢* (anti-)kink
(cf. (4.29)),

E = /5&:2, (4.98)

is finite.
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o' Verit. pt. Ao o' Ao Eigenvalues of Hessian|y,

(0,0,0)1 c2 ~ —2.79 (0,0,0) (— =)
~ —2.30 ~ (0,0,1.44 o —
(07 07 C:lt)fi Cc3 ( ) ( )
~19.0 ~ (0,0,11.3) (4, —, —)

~ —1.88 ~ (0,1.28,1.28 +,+,—
(0, ¢, ¢ o ¢4 ( ; ( )
~ 9.68 ~ (0,5.96, 5.96) (+, 4, —)
—1/2 +1,4+1,+1 +,+,+
(Cfvc%’cit)fi Cs :{ ( 1 1 )j: ( )
o (£c7, +e7, £c7) (+,+,+)

Table 4. Critical points of V and some of their properties on Z(Q!') with ¢4 = (2X + 3)/(2v/2).
Column one contains the positions of the critical points. The subscript denotes the multiplicities of
each point viewed as equivalence classes under Sz x (Z,)3-transformations.'? In total, there are 27
distinct critical points. In the second column we list the value of the potential at the corresponding
critical point. In the right part of the table (columns 3-5), we demand that Vcrit. pt. < 0 and solve
for A\. The resulting Ao is shown in column three. For the sake of brevity, we refrain from showing
lengthy analytical expressions for \g in some unimportant cases and merely state their approximate
numerical value indicated by . The exact values are known and can be obtained straightforwardly
as real roots of cubic/quartic polynomials, if necessary. In column five we summarize the signs
of the eigenvalues of the Hessian matrix, again with A = Ag inserted. Throughout the table, we
set cf = £/4AA\ + 1) +13/(2V3), co 1= (8X\% + 28A% + 22X\ + 17) /32, ¢3 == (—16A* + 256\ +
888AZ + 688\ +443) /1152, ¢4 := (—16A% + 112X3 4 384A% + 292\ + 137) /576, c5 := (—16A* + 6473 +
21672 + 160\ + 35) /384, & := (54 2V/15)/2 and & := /9 + 21/15.

Another example, which is rather similar to the previous one, is A = c6 (lower part of
row four in table 4). The energy density turns into,

3
£= Ezjl {;é)i + é (62 — (c?)Q)Q} : (4.99)

This model describes a 3-vector of independent rescaled ¢* kinks-/anti-kinks (cf. (3.55)-
(3.56)), .
+ tanh [%(7’ - 7'(),1)}
¢ = c | £tanh [ (r -0 2)} . (4.100)
+ tanh [ 1 (tr—10 3)}

Note that the choice of overall sign in each entry of ¢ is independent of the other entries
and of the choice c? or ¢, . The solution interpolates between (:tc?, ic?, j:c?) as T — Foo.
The total energy of the configuration attains the value

E= / Edr =2(ch)3. (4.101)

Since E < oo, the solution is also physically allowed.

12For example, the second entry describes besides (0,0, ¢) also (0,¢],0), (¢f,0,0), (0,0,¢7), (0,¢;,0),
(¢7,0,0) and thus comes with multiplicity six. Note also that the sign of ¢] or ¢; in each entry of the
vector ¢! can be chosen independently of the other entries.
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5 Conclusions and outlook

In this paper, we studied the instanton equation, (1.1), and the Yang-Mills equation with

torsion, (1.2), on cylinders Z(G/H) = R x G/H over seven-dimensional coset spaces
G/H with Ga-structure. The Ga-structure on G/H lifts naturally to a Spin(7)-structure
on Z(G/H).

In order to be able to construct instanton and Yang-Mills solutions, we chose an ansatz
for the gauge connection A, which can be written as

A=l + e X (), (5.1)

after gauge fixing. The dynamical degrees of freedom are carried by the T-dependent 7 x 7-
matrix X°(7), where 7 is the cylinder coordinate. The matrix X?(7) is constrained by the
requirement that A be G-invariant, which translates into the condition X? = fibaX b

The simplest solution of this condition is given by a single-field ansatz X?(7) = ¢(7)6L.
This common solution exists on any G/H and has already been found in [9]. Under certain
additional assumptions, the instanton equation reduces to

¢ =20(¢ 1), (5.2)
modulo a trivial overall rescaling. Eq. (5.2) has two static solutions, ¢ = 0, 1, and the
well-known interpolating kink solution ¢(r) = 3 (1 — tanh [r — 7)), where 75 € R is an
arbitrary integration constant fixing the position of the instanton in the 7 direction.

The Yang-Mills equation with torsion reduces to

.1 (k+2)a—1
- (1 (¢ —FT—— :
6=t ao-1) (o= EEBT) (5.3
where a and k are two real parameters. The choice o = 0 leads to
-1
&= 50(6 ~ 1), (54)

which can be integrated to ¢ = :I:%(l — ¢?). The non-trivial solution ¢ = *, tanh s
a ¢* (anti-)kink with 79 € R being an arbitrary integration constant fixing its position in
the 7 direction. For the choice («, k) = (3/5,1), we find

b=2o(6-1) <¢ - ;) . (5.5)

This can be integrated to ¢ = :l:%gb(gb — 1), which is, up to rescaling, equivalent to the
tanh-kink-type instanton (5.2).

In the general case, there are multiple 7-dependent scalar fields given by the matrix
components X2(7) and restricted by X2f5 = f2 X¢. This restriction involves the structure
constants fjéc of G and hence, the solutions of this condition will depend on the choice of
coset space G/H. In particular, even the number of independent components of X?, or in
other words, the number of scalar degrees of freedom, is different for different coset spaces.
This forbids a unified treatment. Instead, we had to consider the multi-field set-up on a
case-by-case basis.
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In total, we considered seven explicit coset space constructions that fall into two fam-
ilies, namely those with nearly parallel Ga-structure and those with SU(3)-structure. The
first family comprises the Berger space SO(5)/SO(3)max, the squashed 7-sphere Sp(2) x
Sp(1)/Sp(1)?, and the Aloff-Wallach spaces SU(3)/U(1)g, for a co-prime pair of integers
(k,1). All three seven-dimensional coset spaces admit a nearly parallel Ga-structure and
an induced Spin(7)-structure on the cylinder thereover.

For G//H equal to SO(5)/SO(3)max, the G-invariance condition forces X2(1) = ¢(7)d°.
Thus, this case reduces to the single-field set-up already discussed above. In the second
example of this group, namely Sp(2) x Sp(1)/Sp(1)?, we a priori have two real scalar
fields ¢1(7) and ¢2(7), after solving the G-invariance condition. However, the dynamical
equations (that is, both, the instanton equation and the Yang-Mills equation with torsion)
force the two fields to be proportional to one another or one field to be constant. In effect,
also this case reduces to the well-known single-field scenario. The instanton equation on
R x SU(3)/U(1)x,; has already been analyzed in [12] and was reviewed in section 3.5.3
for completeness. There we also studied the Yang-Mills equation with torsion on R x
SU(3)/U(1)k,. After solving the G-invariance condition, we showed that it can be reduced
to a gradient system in three complex and two real scalar fields. The gradient system
is determined by a quartic potential and subject to the Gauss-law constraint. Beyond
the instanton constructions, we obtained two further analytical solutions in other special
corners of configuration and parameter space. The first one corresponds to a single varying
field which however diverges at 7 — o0 either exponentially or quadratically depending
on the values of the parameters. The second one describes a rescaled ¢* kink/anti-kink.

The second family of manifolds considered in this paper comprises seven-dimensional
coset spaces with SU(3)-structure. Since SU(3)-structures on seven-dimensional manifolds
are less common in the string theory literature than SU(3)-structures on siz-dimensional
manifolds, we reviewed key properties and differences between the two cases in section 4.1.
We analyzed in detail four such coset spaces, namely SO(5)/SO(3)a+5, NP?" = (SU(3) x
U(1))/(U(1) x U(1)), MP?" = (SU(3) x SU(2) x U(1))/(SU(2) x U(1) x U(1)) and QPI" =
(SU(2) x SU(2) x SU(2))/(U(1) x U(1)), where (p,q,7) is a triple of mutually co-prime
integers. In the latter two cases, an SU(3)-structure only exists for particular choices of
(p,q,7) and hence, we restricted to M1? and Q''!, respectively.

Then, in each of the four cases SO(5)/SO(3)a+p, NP, M'O and Q! the SU(3)-
structure induces two cocalibrated (or semi-parallel) Ga-structures on the coset space and
two Spin(7)-structures on the cylinder thereover. After solving the G-invariance condition,
we are left with five, seven, five and seven real 7-dependent scalar fields, respectively. The
instanton equation (1.1) reduces to a system of coupled non-linear first-order ordinary dif-
ferential equations in those fields, supplemented by a number of (typically quadratic) alge-
braic constraints known as quiver relations. The full system of equations can generally not
be solved analytically. We did present however several solutions in special corners of field-
and parameter-space. These include the trivial case of constant (that is, 7-independent)
solutions, unphysical configurations exhibiting exponential growth, but also solutions that
reduce to the well-known tanh-kink-type instanton (5.2).
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The Yang-Mills equation with torsion for the four cases SO(5)/SO(3) 445, NP, MO
and Q! reduces inter alia to a system of coupled non-linear second-order ordinary differ-
ential equations. This system of equations is always expressible (possibly, after performing
some suitable field redefinitions) as a gradient system,

- oV
(Z)a = 77046% >

with a quartic potential V' =V ({¢.}) and a constant metric 1,3. In addition, we found a

(5.6)

set of quadratic quiver relations and first-order constraints. The latter originate from the
Gauss-law constraint (3.34) and are generally of the form fl({qﬁaéﬁ}) =0, fg({qﬁaéﬁ}) =0,
etc., where f1, fo, etc. are some linear functions.

In total, we faced an overdetermined system of coupled non-linear algebraic as well as
differential equations. Any attempt at solving such a system is a formidable task. It is
however possible to consistently restrict one’s attention to a reduced set of scalar degrees
of freedom such that the algebraic and first-order constraints are trivially satisfied, while
retaining the non-trivial multi-dimensional nature of the motion. This is achieved by
setting some of the scalar fields equal to one another or to constants and checking that this
is compatible with all equations. The remaining equations still form a gradient system as
n (5.6), but for a subset of {¢pq}.

We applied this procedure to each of the four cases SO(5)/SO(3) a4, NPI", MO
and Q'''. The resulting gradient systems can be analyzed by standard methods. First,
we computed the critical points of the respective potential V. We are interested in non-
constant finite-energy solutions flowing from a critical point at 7 — —o0 to a critical point
at 7 — +00. Such solutions necessarily interpolate between zero-potential critical points.

In this way, we obtained a multitude of solutions on coset spaces that have not been
studied before in this context. Besides constant solutions, linearly diverging solutions and
single-field tanh-kink-type solutions, we found a couple of additional solutions which are
new and interesting. For example in the case G/H = SO(5)/SO(3) a+B, there exists a set-
up where the dynamics is described by a single field ¢ governed by an equation of motion
of the form, . .
i 3 2
=9 ?27\/?1) —§¢>- (5.7)
Intriguingly, this equation can in general not be integrated to a first-order equation. How-
ever, we have not been able to find a non-constant finite-energy solution. For G/H = M0
we showed that in a special corner of field-space the gradient system (5.6) de-couples, thus
yielding two independent copies of (5.3) with different values of the parameters. We con-
structed several different types of analytical solutions for this case and showed their plots in
figure 3. Most of them correspond to finite-energy configurations. Finally, for G/H = Q'
we set one field to a constant and obtained a three-component ¢* theory invariant under
S3x (Z3)3. Non-trivial finite-energy configurations are given by a 3-vector with independent
(rescaled) ¢* kinks/anti-kinks in each entry of the vector.

We end this paper by pointing out some open problems and possible future directions.
Besides the obvious possibility of extending our methods to even more coset space construc-
tions, it may also be fruitful to analyze in more detail the systems of coupled non-linear
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algebraic and differential equations obtained in this work. In particular, a more systematic
and exhaustive exploration of the various parameter spaces may lead to new analytical or
numerical solutions.

Another direction in which this work can be continued is to alter the properties of the
cylinder direction. For example, one may consider the instanton and Yang-Mills equations
on a Lorentzian cylinder iR x G/H, that is sending 7 — it, or on S' x G/H, that is
identifying 7 ~ 7 + L. The corresponding finite-energy solutions offer an interpretation as
dyons (for iR x G/H) and sphalerons (for S' x G/H), respectively.

Finally, it would be interesting to examine possible embeddings into string theory or
supergravity. A promising candidate for the embedding is provided by heterotic supergrav-
ity. One may attempt a construction analogous to [34, 35, 50, 51], where ten-dimensional
space-time is taken to be a (possibly) warped product of a four-dimensional external part
and a compact six-dimensional SU(3)-structure manifold. With the set-up of this paper,
one may instead consider a product of a three-dimensional external part and a compact
seven-dimensional Ga-structure coset space. Some explicit constructions of this type have
already been realized, for example, in [6, 52]. However, these constructions are based on
specific assumptions, which may not exhaust the possible types of embeddings. It is left
for future work to determine whether other types of embeddings are also viable.
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A Structure constants

In this appendix, we list the structure constants of the coset spaces appearing in this paper.
Note that ff?sc*] = fjé‘c, by definition. For most coset spaces, we list below only f}?() for

B < C'. Tt is understood that fg‘c = _féB7 it B>C.

A1 SO(5)/SO(3)max

Here, we list the structure constants fﬁc of g = s0(5) used in section 3.5.1. They were
extracted from eq. (B.2) in [29] and rescaled, f{5 — % f$5- The only non-vanishing
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components are given by

fas=mi,  fis=my, [fig=mz, fes=m3z, flin=mi, f=mi, (A1)
fls=my, fio=mi, flo=m3, fe=m5, fi=m;, f8,10:mj1—7 (A.2)
flo=mi, fl=my, [fik=mz, fih=my, [fx=mi, [5o=m), (A3)
f246:m2_7 f§9:m§r7 f55 mg, f§8:m3+7 féﬁzm;rv f710 ml, (A4)
flo=m3, [lo=mi, [f=my, fyr=mi, [fio=mi, fly=mi, (A5)
f165:m2_7 f18 msa f24 mzv f§7:m§r7 ff5:mfv f78:m1a (A.6)
feo =m1, f85,10 =m, f9,10 =m, (A7)
fuw=mi, fls=ms, flo=mi fi=mg, fix=ms, fiw=my, (A8
ff(s:m:’:? f§9:m5_a fg,l()_ 4 f§4:m§, f???zm;rv f49 ml, (A.9)
fis=mg, fis=mi, fly=mg, fyr=ms, flo=my, fis=mi, (A.10)
flo=mi, flg=mi, f5810:m1_a for=mi,  fh=m{, fé),m:mfa (A.11)
ir=mi, f=ml, fg=m{ fi=mi [fi=mf, fg=mi (A12)
where m¥ = +£1/v/30, mi = +/3/40, mi = £1/(2v/2), m{ = +£./2/15 and m¥ =

+1/(2v/30). The two sets of indices {1,2,3} and {4,...,
gebra h = s0(3) and the coset space directions m, respectively.

10} correspond to the Lie subal-

A.2 Sp(2) x Sp(1)/Sp(1)?

Here, we list the structure constants fgc of g = sp(2) @ sp(1) used in section 3.5.2. They
were extracted from eq. (3.8) in [33] and rescaled according to (3.40). The only non-

vanishing components are given by

f215:€1+a f218:€57 f21,11 :E;)r’ f?}6:€1+’ f§9:£5a (A.13)
f§,12 - @ ) fi? = Gr ) f41,10 = 52_ ) fi,lS = K:Jgr ) (A'14)
fis =17, fis =13 fin =143, =t f=10, (A.15)
f??,13 = @7 ffﬁ; = 51_ ) fzf9 = 62_ ) ff,lz = g; ) (A'lﬁ)
f§6:€1_a ff’g:@ ff,m:@a f§7:€1_a f23,10:€2_a (A.17)
f23,13 = E:}T ) fzi)% = ff fzig’s = QL ) fin = @ ) (A.18)
fiz =11, ffl,loz@ra ffl,13:€3_a fas =11, fag =13, (A.19)
f§,12 = @v f§5 = ff ) f:;ls = 55, f?il,n = 53? ) (A-QO)
fir)z =0, fo = for =17, fé?,ls =, f$,12 =1Ly, (A.21)
13 = ﬁ ) f264 = Ef ) f§7 = K;r f56,13 = EZ ) f76,11 = &J{, (A-22)
f14:£irv f273:€+= fg6:€_7 fg,12:@= f67,11 252, (A'23)
f§2 =4y, f?§4 = @ f98,10 = f;r (A.24)
fﬁ% = E_ ) f294 = 52_ ) f89,10 = 65_ ) (A'25)
f14 =0, =13, 0y =0, (A.26)
12 = E*, 34 = W 67 =4y, 1121,13 = éi, (A.27)
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13*£+7 le—gE’ le_Qa f111213:€_a (A.28)

1=, 25 =11, 56 =01 1= (A.29)
where (7 = +£1/1/30, f3 = +1/(2V3), £ = £1/(2V/5), é;f = +1/V/5 and £F = £1/V/3.
The two sets of indices {1,...,7} and {8,...,13} correspond to the coset space directions
m and the Lie subalgebra h = sp(1) & sp(1), respectively.

A.3 SU(3)/U1)ky

Here, we list the structure constants fgc of g = su(3) used in section 3.5.3. They were
extracted from section 2 of [12]. The only non-vanishing components are given by

4k — 21 L 2(k+21) Ree G2G3

et B C N R flo= 22 (a0
L el R =2 (s
. T B N R e
. e ke vt S e
T el kU
R N B v e T
TR < VR <1 29)] )
= —mﬁl", o= 2f§2 b s MC?’ZM, (A.37)

where A? := 2(k? +1?) and (1,(2,(3, 0 € R are (k,l)-dependent rescaling parameters
appropriately chosen, such that the coset space metric gg/g = dap€” @ e’ is Einstein for a
connection with a torsion 3-form P given by (3.60).

It is useful to also consider the complexified Lie algebra su(3) ® C. The corresponding
structure constants can be read off from eq. (2.29) in [12],

(2C3 GG _

G ¢ 3
Céi = T4 = _02137 Cgl G - C%:za Chy = 1432 = %’ (A.38)
2(2k — 1 7 2(2l — k 5 2(k +1
T N T e R UEe W)
k+210) 2(2k+1) _ 2(k—1) 5
Cl — ( _Cl 02 a\anv o) 02 ’ 03 — :—037 ’ A4O
81 \fMA 81> 82 — \/g A 82 83 \/§MA 83 ( )
2 2
Chi = —%k, Chs = /ﬁ?l Cls = —%(k +1), (A.41)
3uct 3
Oy = ffg L Chy = —ﬂgcz k, C = ‘[A“C?’( — k). (A42)

A.4 SO(5)/SO(3)ars

Here, we list the structure constants f‘gc of g = s0(5) used in section 4.2.1. They were
extracted from eq. (D.12) in [40] and rescaled, f{z — % f95. The only non-vanishing
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components are given by

f21,10:C+> f319:C*7 fi5 =C—, f12,10 =C—, f328 = Ct,y ff@' =c-, (A43)
ff’gz@m f238:C—7 f§7:C—7 ff5:C+7 f§6:C+a f§7=C+, (A.44)
fa=co, foww=cr, flo=c_, fu=c_, fg,lozcﬂ fs=cy, (A45)
fia=co, fly=cy, fle=c, fh=ci, fH=ci, foo=cr, (A46)
f?:’,:C—» f597:C—7 f§,1020—7 11320+7 E}(?ZCJM 818264-7 (A.47)

where c+ = +1/v/6. The two sets of indices {1,...,7} and {8,9,10} correspond to the
coset space directions m and the Lie subalgebra h = so(3), respectively.

A.5 NPI" = (SU(3) x U(1))/(U(1) x U(1))
Here, we list the structure constants f5 of g = su(3)@u(1) used in section 4.2.2. They were

extracted from eq. (2.6) in [46] and rescaled according to (4.33). The only non-vanishing
components are given by

fr=dne =3RS M=t Bi=dp fhe—3h. (Aa9)
o=, fh=—\3E, fo=-2,  fh=g fh=ih. (Ad9)
fl%z—f\l/ga f§5:—#7 fi’?z%, ffSZT(%i;?a f439:p2;77q, (A.50)
ff5:ﬁa f?ﬁz_#v f§7:_§pT§gv félsz_r(j%;g)> f??g:_%v (A.51)
f154:_27\1/§a fgszﬁ, f(??ZSPT;Z, fgsz%;g)a fggz—%;la (A.52)
f163:ﬁ7 f264:ﬁ, f567:—;’pﬁ7 f&z—“%—f, 5692%7(", (A.53)
fh= s, fa="00 flo= A, (A.54)
=3, M=t gh -0, (A.55)
fi’z=%, f§4:%v 36:—%7 (A~56)

where ¢ := \/3p? + ¢% + 2r2 and n := /3p? + ¢%. The two sets of indices {1,...,7} and
{8,9} correspond to the coset space directions m and the Lie subalgebra b = u(1) © u(1),
respectively.

A6 MPT = (SU(3) x SU(2) x U(1))/(SU(2) x U(1) x U(1))

Here, we list the structure constants f3. of g = su(3) @ su(2) ®u(1) used in section 4.2.3.
They were extracted from appendix F of [47] and rescaled according to (4.57). The only
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non-vanishing components are given by

1 _ g+ 1 _ o+ 1 _ o+
for =147, f2,10—€2a f2,11 =3
2 — 2 — 2 —
fir =141, fl,lO:£2a f1711:f3

f21,12:£27 f§9:£;v f418:£+7 ( )
f12,12:qv f§8:€53 !1‘1429252+ ( )
ff9:€2_a ngZQL, ff7=£f, filozﬁ_, fzin:@v fiu:fv ( )
fls=10s,  fao=0y, far=07, faw=03, finu=10, fao=0, (A60)
(A.61)

(A.62)

(A.63)

)

f657:%7 fér),n:g;ra fér),lzz%r fﬂzﬁ;ﬂ f283:£7_7 f98,10:17
f567:*%a fs?,n:gga f56,12:f7 f??):ﬁv f294:@v fa?lo:*l,
ff2:%7 f374:%7 f56_%7 fis=tF, fil=6, fg=1

1121 = pls, f;3141 = pls, fgﬁl = qls, 12 —597 34 2597 56 = \2[737710’ (A.64

where (3 =3p/(2p), £y =+1/2, &5 =+3pr/(V2(n), f5 = £V3q/(20), (5 = £v/2qr/(Cn),
0F = £\Bp/n, £ = £1/6, ts = r/(v/2¢n) and £y = —q/(2v/3n). In addition, we define
C = /3p2+ @2 +2r2, n = \/3p?+¢? and p := /9p? +2¢%2. The two sets of indices
{1,...,7}and {8, ..., 12} correspond to the coset space directions m and the Lie subalgebra
h=su(2) ®u(l) ®u(l), respectively.

AT QPIT = (SU(2) x SU(2) x SU(2))/(U(1) x U(1))

Here, we list the structure constants f§. of g = su(2) ® su(2) @ su(2) used in section 4.2.4.
They were extracted from appendix H of [47] and rescaled, ng — % ng. The only
non-vanishing components are given by

f217:\%¢7 f%SZ%v f219:fi277’ f127:\;’72p<7 ffszx}Tpg;?a f129:\;’72qn7 (A.65)
fzif7 = \[%Cv f48 f(n fjg = \}7];7, f§7 = \_/qua f?ils = \}quna f§19 = \%n, (A.66)
fé’?zﬁga fﬁszﬁgv 3= Jfga fgsz\[i(a f?QZL, f??4:\}7pn7 (A.67)
f172 = \/’chv fg4 = \fizca f576 = \fLQCa f12 \/477 f34 an f586 = \_/7774) (A.68)

where ¢ := /p?2+¢*>+ 1% and n := \/p?+ ¢*>. The two sets of indices {1,...,7} and
{8,9} correspond to the coset space directions m and the Lie subalgebra b = u(1) & u(1),
respectively.
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