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ABSTRACT: We continue to develop the pure connection formalism for gravity. We de-
rive the Feynman rules for computing the connection correlation functions, as well as the
prescription for obtaining the Minkowski space graviton scattering amplitudes from the
latter. The present formalism turns out to be simpler than the metric based one in many
aspects. Simplifications result from the fact that the conformal factor of the metric, a
source of complications in the usual approach, does not propagate in the connection for-
mulation even off-shell. This simplifies both the linearized theory and the interactions. For
comparison, in our approach the complete off-shell cubic GR interaction contains just 3
terms, which should be compared to at least a dozen terms in the metric formalism. We
put the technology developed to use and compute the simplest graviton-graviton scatter-
ing amplitudes. For GR we reproduce the well-known result. For our other, distinct from
GR, interacting theories of massless spin 2 particles we obtain non-zero answers for some
parity-violating amplitudes. Thus, in the convention that all particles are incoming, we
find that the 4 minus, as well as the 3 minus 1 plus amplitudes are zero (as in GR), but the
amplitudes with 4 gravitons of positive helicity, as well as the 3 plus 1 minus amplitudes
are different from zero. This serves as a good illustration of the type of parity violation
present in these theories. We find that the parity-violating amplitudes are important at
high energies, and that a general parity-violating member of our class of theories ”likes”
one helicity (negative in our conventions) more than the other in the sense that at high
energies it tends to convert all present gravitons into those of negative helicity.
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1 Introduction

In paper [1] one of us showed how A # 0 General Relativity (GR) can be described in the
”pure connection” formalism, in which the only field present in the Lagrangian formulation
of the theory is a (complexified) SO(3) connection rather than the metric. Paper [2] made
the first steps towards setting up the perturbation theory in this formalism, analyzing the
free theory and obtaining the propagator. In addition, a large class of interacting theories
of massless spin 2 particles that are distinct from GR was exhibited, making it particularly
clear that GR is just a special member in a large class of gravitational theories with similar
properties. Earlier works on the pure connection formalism for gravity (in the A = 0
setting) include [3] and [4]. Early works on distinct from GR gravitational theories with
two propagating degrees of freedom include [5] and [6]. In works of the author of [6] they are
referred to as "neighbours of GR”. These earlier developments used formulations involving
other fields in addition to a connection; we refer the reader to [7] and references therein.



A recent work [8] by the present authors gave a more systematic treatment of the
linearized theory in the pure connection setting. One outcome of [8] is a realization that
the reality conditions satisfied by the connection can only be properly understood for A # 0,
i.e. before the Minkowski limit is taken. This paper also derived the mode decomposition
of the connection into creation/annihilation operators. The mode decomposition obtained
demonstrates, in particular, that the gauge-theoretic description of gravitons is parity
asymmetric, because the two helicities of the graviton are treated quite differently. One
can then expect that a generic gravitational theory built using this formalism is parity-
violating. This expectation will be confirmed in the present paper by a direct computation
of amplitudes of some parity-violating processes.

This is the second paper in a series on the pure connection formalism for gravity.
Our main objective here is to derive Feynman rules, as well as spell out the rules for
extracting the graviton scattering amplitudes from the connection correlation functions.
To illustrate how the formalism can be used for practical computations, we compute the
simplest graviton scattering amplitudes, the two-to-two graviton ones. In the next paper
from the series we apply the formalism to compute more general, in particular the so-called
maximally helicity violating (MHV), amplitudes with an arbitrary number of external
gravitons. The MHV amplitudes turn out to be the same for any member of the family of
gravitational theories that we study. An analysis of the loop amplitudes is postponed to
later papers in the series.

One of the conclusions of this paper is that the gauge-theoretic approach [2] to GR
(and more general gravity theories) works, in the sense that it can be used to reproduce the
known GR results. We also compute the helicity-violating scattering amplitudes that are
zero in GR, but are present in a general member of our family of theories, thus confirming
their parity-violating nature.

However, we hope to be able to convince the reader in a much stronger statement.
Thus, not only the gauge-theoretic description of GR is equivalent (at tree level) to the
standard one, but it is actually a significantly more efficient tool for practical calculations
than the description based on the Einstein-Hilbert action. In particular, we shall see that
the free theory looks considerably simpler in the language of connections, with the gauge-
fixed Lagrangian being of the ¢[J¢ type, and only a set of fields in a single irreducible
component of the Lorentz group propagating. This should be contrasted with the situa-
tion in the metric-based GR, where both the tracefree and the trace part of the metric
perturbation propagate, with different signs in front of the corresponding kinetic terms.
Further, we shall see that in the connection formalism the interaction vertices contain
much smaller number of terms as compared to the metric-based description. For instance
we shall see that the GR cubic interaction vertex contains just 3 terms, of which just a
single term is responsible for the graviton-graviton scattering amplitude. The simplicity of
this cubic GR vertex figures even more prominently in the next paper on MHV amplitudes.
One finds that computations that would be very difficult in the usual metric description
are made easy by the use of the gauge theoretic framework. We will see that these signifi-
cant simplifications are due to the fact that the conformal mode of the graviton, which is
gauge in pure gravity, does not propagate in our formalism even off-shell. This simplifies



in particular the interactions of the theory, and this in turn allows for computations that
are unimaginable in the usual formalism.

Let us also comment on parity and unitarity in the formalism that we develop. We
shall see that parity of GR, while being a symmetry of the theory, is not manifest in
our description, as it treats the two graviton helicities differently. Also, as was exhibited
in [8], parity in our context is related to the operation of Hermitian conjugation. It is thus
directly tied with the issue of the Lagrangian being Hermitian (something that is again
not manifest in our approach), and therefore unitarity. In these aspects the formalism
developed here is similar to the twistor description of Yang-Mills theory proposed in [9],
which also makes parity and unitarity not manifest. At the moment of writing this, we
do not know whether this is just an accidental similarity or there is a more deep relation
between our gauge-theoretic and the twistor approaches.

Our analysis here will be for a generic point in the space of gravity theories described
in [2], with GR results obtained as just a special case of more general formulas. We decided
against working out just the GR case because treating a general theory is at almost no
expense. For readers only interested in General Relativity we will always make the GR
versions of formulas explicit. However, as we shall see, embedding GR into a larger class
of theories makes some of its properties more transparent.

This paper uses spinors, and in particular the spinor helicity basis for the graviton
polarizations, quite heavily (in the second half of the paper). We shall see that some aspects
of our gauge-theoretic formalism can only be fully appreciated if one works in spinor terms.
Relevant facts about spinors are reviewed in the text. We warn the reader that gravity
community notations are adopted here, and our 2-component spinors are referred to as
unprimed and primed ones (not undotted and dotted). The reason for this choice is our
need, at places, to use the doubly-null tetrad representation of the metric and the self-dual
2-forms. These formulas are standard in the gravity literature using spinors, see e.g. [10],
and rewriting them in terms of dotted/undotted spinors would make them look awkward
(at least to us). We hope that the interested particle physics oriented reader will be able
to follow in spite of these choices.

We would also like to warn the reader that at places this paper becomes quite technical,
as we will have to develop from scratch many results that are simply assumed in more
standard treatments. This includes a prescription for how the scattering amplitudes can
be extracted from the connection correlation functions, as well as a statement of the crossing
symmetry. The results we get are not surprising and could have been guessed from the
start (modulo some minus signs that are characteristic of our approach treating gravity
@ la theory of fermions), but we felt we needed to do the exercise to be sure about the
internal self-consistency of our approach. A particularly technical part of the paper is the
one dealing with the prescription of how to take the Minkowski space limit (our theory
begins as a theory of interacting gravitons in de Sitter space). Readers not interested in all
these technicalities can simply take the obtained Minkowski space Feynman rules as the
starting point, and then follow the part of the paper that computes the graviton scattering
amplitudes. For the convenience of the reader we review the Feynman rules in the appendix,
so the paper can well be read in the opposite direction, from the end to the beginning.



The organization of this paper is as follows. We start with a brief review of relevant
facts from [8]. Then, in section 3 we derive a prescription for how the scattering amplitudes
can be obtained from the connection correlation functions. Here we also discuss the tricky
issues of taking the Minkowski limit. The outcome of this section is a practical prescription
for how to do calculations. We stress that even though the theory starts as being about
gravitons in de Sitter space, the final prescription works with Minkowski space quantities,
and, in particular, the usual Fourier transform is available. Then in section 4 we explain
how the gauge-fixing is done, and obtain the propagator. Section 5 computes the interac-
tion terms, up to quartic interactions. Section 6 reviews the necessary spinor technology.
This technology is then immediately put to use and the graviton polarization tensors are
translated into the spinors language. In section 7 we translate everything in spinor terms
and state the Feynman rules in the their final, most useful for computational purposes,
form. Section 8 then computes the graviton-graviton scattering amplitudes. We conclude
with a discussion.

2 Brief summary of the previous work

In this section we write down, for the convenience of the reader, formulas from [8] that we
need in the present work.

2.1 The theory

The class of gravity theories that we are studying in this work is described by the following
action principle [2]

S[A] = i/f(F/\ F). (2.1)

Here i = /=1, and F? = dA* + (1/2)e"’k A7 A AF is the curvature of a complexified SO(3)
connection A*. The function f, referred to as the defining function of the theory, is a
gauge-invariant, homogeneous function of degree one mapping symmetric 3 X 3 matrices
to (complex) numbers. The requirement that f is of degree of homogeneity one makes the
quantity f(F A F) in (2.1) a well-defined 4-form that can be integrated over spacetime.
As we have already mentioned, general relativity (GR) is only a special member of the
class (2.1), and the corresponding defining function is, see [1]

(Trm)2 , (2.2)

1

where G is the usual Newton’s constant, and A is the cosmological constant.

2.2 Background

As is described in details in [8], we fix a background connection and expand (2.1) around
this background. An explicit expression for the background connection can be found in [8].
Here we will only need the fact that the curvature of this connection satisfies:

F., =-M%,, (2.3)



where M is a parameter with dimensions of mass (it gives the unit in terms of which all
other dimensionful quantities are later measured), and Efw are the self-dual 2-forms for
the de Sitter background. These 2-forms carry information about the (de Sitter) metric,
and all our computations below happen in and use this background metric structure. The
parameter M is then just the (inverse of) the radius of curvature of the background de
Sitter metric. We shall see that special care will need to be taken when passing to the

Minkowski limit M — 0, as many of the intermediate formulas will contain inverse powers
of M.

2.3 Convenient way to write the action

To obtain variations of (2.1), it is very convenient to rewrite it in a form such that the
defining function is applied to a certain 3 x 3 matrix rather than 4-form valued 3 x 3 matrix.
This is most conveniently achieved by introducing

y 1 oo i
XU = o g Fy F, (2.4)

Here €#7P9 is obtained from the volume form €,,,, of the de Sitter background metric, by
raising all of its indices using the metric. The convenience of this choice lies in the fact that
on the background (2.3) we have X% = §%. The integrand in (2.1) can then be written in
terms of X%

S[A] = —2M* / dzv/=g f(X), (2.5)

where /—g is the square root of the determinant of the de Sitter background metric. Now,
when determining the variations of this action, the variations should only be applied to the
function f and thus the curvature F' on which it non-linearly depends. Thus, the variations
of (2.5) are very easy to compute.

2.4 Variations of the matrix X

We start by giving the variations of X, as a function of the connection, evaluated at the
background X 2§ We have:
1

§XH = —WZ}(“‘”DM&A{), (2.6)
i~ 1 vpo i j 1 Uy _j
X = DA, DS AL — 5SS ALS A,

3 vpo i
i€ DudAS MO AL

1

>

53)21‘]’

Finally, the fourth variation is zero §4X = ( even away from the background. In all
expressions above D), is the covariant derivative with respect to the background connection.
Thus, it is important to keep in mind that D’s do not commute:

2Dy, D, V' = e9*Fi VF, (2.7)

for an arbitrary Lie algebra valued function V*. Here F ﬁ,/ is the background curvature (2.3).
Thus, the commutator (2.7) is of the order M?2. This has to be kept in mind when (in the
limit M — 0) replacing the covariant derivatives D with the usual partial derivatives.



2.5 Variations of the action

The variations of the action (2.5) are now easy to compute. We have

55 = —2M* / fOsx, 252 —am! / s XISRM 4 fPRXI],(28)

ijklmn

55 = —2M* / [/ R0 XI5 KM X 0 43 3) 52 X005 M+ f(D 520

2 vij § vkl s v
O v 2 X s Xk s X

55 = _opd / S XTOXHGX 5 X0 1 65

+4fjkl63Xl]5Xkl + 3fjk;152XU52Xkl

Here we have omitted the integration measure \/—gd*z for brevity. The quantities fz(]n)
are partial derivatives of the defining function with respect to its matrix-valued argument.
As is explained in [8], when evaluated at the background X = §i , these derivatives can
be parameterized as

1y _ f(9)
£ = 5 %
(2)
2 9
f,(]k?l = —TPijkl, (2-9)
B o = P P (2)513 84 Pijmn + Smn P, 2.10
fijklmn - Z ijabl klbc Princa + (7,] klmn + Okl zgmn+ mn zjkl) ( . )
perm
fi(;l]zlmnpq = _§§4) 4|BjabPklbchnchpqda + 92 Z -szklpmnpq +. (211)
perm perm

where the terms denoted by dots contain J;; in at least one of the "channels” and are not
going to be important for us since they give rise to a contraction that is zero in view of our
gauge-fixing condition, see below. Note, however, that these terms would be of importance
for vertices of valency higher than 4, but we do not consider those in this work. Here

1 1
Piji := 5(5ik5jl + 0i10k) — §5ij5kz (2.12)

is the projector on symemtric tracefree matrices. Thus, a general theory from the class (2.1)
is parameterized by an infinite number of (dimensionless) independent coupling constants
g®,¢®) . as well as the value f(d) of the defining function evaluated at the background.
For GR we get

3My @ M) @ 3My  _wy 1MF

P _ _ _
far(0)= M2 QGR*Wv gGR74M2’ 9er1~— M2’ 9Gr2= 8M2 (2.13)

Here we have defined Mg = 1/167G and chose the scale parameter M to be related to the
cosmological constant as M2 = A/3.

As we realized after [8] was completed, the two terms appearing in (2.11) are actually
multiples of each other, so that there is just a single independent coupling constant at the
fourth order. Explicitly, the sum over permutations in the first term in (2.11) is

1
g (Pijabpklbcpmncdppqda + PijabPklbchchPmnda + P’ijabpmnbcpklcdppqda) ) (214)



all other permutations just giving a multiplicative factor reducing 1/4! to 1/3. The sum
over permutations in the second term is

1
3 (

It can be checked by an explicit computation that these two quantities are multiples of

-Pz'jklpmnpq + PijmnPklpq + PiquPklmn) . (215)

each other. To compute the coefficient we contract both expressions in the index pairs 7j
and kl. We have

PijmnPiqu = Pmnpq, -Pz'jklfslk = §5jlu Pijklélkdﬂ = 9. (216)

The contraction of (2.14) gives (7/6)Ppnpe. The contraction of (2.15) gives (7/3)Ppnpg-
We learn that two times (2.14) equals (2.15). This allows us to write (2.11) as

4 1
fi(jk)lmnpq - _9(4)§ (Pijk‘lpmnpq + PijmnPripg + PiquPklmn) +. (2.17)

where for GR we get

1302
4 _

This is our final expression for the matrix of fourth derivatives of the defining function, to
be used below in the computation of the 4-vertex.

2.6 Linearized action

The linearized action is obtained as half of the second variation of the action (2.5). We also
define the new, canonically normalized field aL = (\/g®/ i)5AL. The linearized Lagrangian
then reads

1 iy j o
£®) = — Py (5% Dyuad) (57 Dyal,). (2.19)

We emphasize that this is a Lagrangian for gravitons in de Sitter space. It should be
contrasted with a significantly more complicated linearized Lagrangian in the metric-based
description of GR. As is explained in [11], see also below, this Lagrangian assumes the most
transparent form when written in terms of spinors. It is then quite a direct generalization
of the linearized Lagrangian of Yang-Mills theory. It is worth stressing that the linearized
theory is the same for any member of the class (2.1).

2.7 Mode expansion

Once rewritten via the space plus time decomposition, the Lagrangian (2.19) describes two
propagating polarizations of the graviton. Only the symmetric tracefree transverse part
of the spatial connection aé propagates, and, taking into account the connection reality
conditions, one obtains the following rather non-trivial mode decomposition for a*’

3
ai;(t, )= / (275)3’;% =5 (R (@)a, +<f5 (k)i () (@)~ (Rur(@)af —=; (R)ui (@) (@) .



where we have introduced the following polarization tensors

_ M _ _
e;;(k) = mmi(k:)mj(kz), E;Fj(k) = mi(k)m;(k), (2.21)
and the following modes

H otriig M ik iH  H>
= [ priwptti = eTlwttikT (4 T2 2 ) 2.22

Note that the polarization tensors E?;(k) and the modes ug(z),vi(x) are not complex
conjugates of each other, and so the connection is not Hermitian. Instead, it satisfies a
reality condition that relates the Hermitian conjugation of the connection to its second
derivative, see [8].

Here we work in the de Sitter background with ds? = ¢(t) (—dt* +Y,;(dz")?), and
c(t) = H/M, where the Hubble parameter is given by

M
11— Mt

(2.23)

The rather complicated-looking time dependent functions multiplying the usual plane waves
in (2.22) have to do with the fact that we are in the time-dependent de Sitter background.
We have normalized the mode functions in such a way that they have a well-defined limit
as M — 0, and in this limit they become the usual plane waves. Later we will give a pre-
scription for how the graviton scattering calculations can effectively be done in Minkowski
space. The quantity wy in (2.20), (2.21) is wy = |k|, and the vectors mf,m’ in (2.21) are
E—dependent. Suppressing this dependence to have compact formulas, these vectors satisfy

ieijkzjmk = my, ieiijjﬁlk = —m;, ieijkmjmk = z;, (2.24)
and Z = k/|k| is the unit vector in the direction of the spatial momentum k. Finally
(af)T, af are the creation-annihilation operators for the two helicities, which satisfy the

canonical commutational relations

la;, (af)1] = (27)32w 83 (k — p). (2.25)

3 LSZ reduction and the Minkowski limit

In this section we describe how graviton scattering amplitudes can be derived from the
connection correlation functions. We will also give a detailed prescription of how the
Minkowski spacetime amplitudes are extracted. We shall see that, if one is only interested
in the Minkowski space graviton scattering amplitudes, then all calculations can effectively
be done in Minkowski space, where the usual Fourier transform (including in the time
direction) is available. However, setting up the corresponding formalism requires some
care, because of the blowing up factors of 1/M in the interaction vertices, see below. The
content of this section is new.



3.1 Creation-annihilation operators

To obtain a version of the LSZ reduction for our theory, we need expressions for the graviton
creation-annihilation operators in terms of the field operator. To obtain these, let us first
give expressions for the Fourier transform of the connection field operator. From (2.20)

we get:
o : 2
/dee—ikﬁaij (t, f) _ i [ ida H e_iw"t—l—mimj(af )T \/i(x)k; oWkt (1 _ ﬂ _ H>
2wy, k \/ka —k H Wi Z(UI%
NN < MM\, .
= lmja-‘r e—lwkt 1+ 222 —mimd a+ t elwkti| )
FoH W QW% ( 71{) V2w,

(3.1)

We have used m‘(—k) = m’(k) in the second and fourth terms. For compactness, the k
dependence of the null vectors m?, m’ is suppressed in the above formula, and it is assumed
that they are all evaluated at the 3-vector k. We can now take the projection of the m®m/
or m'm’ terms, and then device an appropriate linear combination of the connection and
its first time derivative to extract the creation-annihilation operators. We get

ap =icti(k) / B (z) P al, af = —ie;: (k) / Bl Ta, (3.2)
(alz)T = —ie;;(k) /d3x uk(x)ggaij, (aZ)T = iE;;(k)/dBJJ vk(a:)gaij,

where, as usual f<5t>g = fog — 9O f, and ug(z),vi(z) are the modes given by (2.22).
Importantly, all the creation-annihilation operators are expressed solely in terms of the
field a%, and the complex conjugate field never appears. Thus, it is quite non-trivial to
see that e.g. (a,:)T is the Hermitian conjugate of a; . This would involve using the reality
condition for the field operator a*.

As usual in the proof of the LSZ reduction formulas, see e.g. [17] Chapter 5, we now
take time integrals of the time derivative of the creation-annihilation operators. These are
zero in free theory, but the corresponding expressions are used in an interacting theory to
extract the scattering amplitudes. So, we have

a7 (60) — a (—00) = / dt Byai; = ieh (k) / d* vf(¢)DDa,

ajf (00) — aj (—o0) = / dt dpay; = —ie;; (k) / d*zuj(x)DDa",
(a)1(00) — (a7 )T (—o0) = / dt 0y(ag)! = —ie (k) / 5 up () DDa,
(@)1 (00) — @)1 (o) = [ aranta)! = i) [ e wu()DDa

where the readers are referred to [8] for the definitions of operators D, D. Note that on
connection satisfying its free theory field equation DDa = 0 all these quantities are zero.
We can now use these expressions to state the rules for extracting the graviton scattering
amplitudes from the interacting theory connection correlation functions.



3.2 LSZ reduction

Quantum field theory in de Sitter space is an intricate subject with many subtleties. Be-
cause the background is time-dependent, one may argue that even the very in-out S-matrix
is no longer defined, see e.g. [12] for a recent nice description of the difficulties that arise
(and the possible ways to handle them). However, since in this paper we are only inter-
ested in extracting the Minkowski limit results from our formalism, we can ignore all the
subtleties and proceed in an exact analogy to what one does in Minkowski space.

We thus insert a set of graviton creation operators in the far past, and then a set of
annihilation operators in the far future to form a graviton scattering amplitude

(ay (c0)... aa(oo) e \(a;ﬁ)T(—oo) . (a;+)T(—oo) . (3.3)

Here k_ ... and k4 ... are the set of n negative and m positive helicity outgoing graviton
momenta, and p_ ...p, ... are the incoming momenta of n’ negative and m’ positive helicity
gravitons. We now add the time ordering, and then express the annihilation operators in
the future in terms of those in the past, and creation operators in the past in terms of
those in the future via the formulas obtained in the previous subsection. This results in
the following formula for the scattering amplitude

(ke ky o |po . py .. y=intnmmen /d4x_5+(k:_)v,’; (z_)DD...

ij
/ d'wiey (ky)up, (22)DD... [d*y £, (p-Jup (y-)DD... [d*ysef(p4)vp, (y)DD. ..

(Ta¥(z_)...a"(xy)...a™(y_)...a"*(ys)).
(3.4)

The time-ordered correlation functions are then obtained from the functional integral via
the usual perturbative expansion.

We note some unusual features of the formula (3.4). A similar formula can be written
for extracting the amplitudes from the metric correlators. In this case, however, because the
field equation satisfied by the metric perturbation is real, there is only one solution for each
sign of the frequency. In other words, only one type of mode would appear in (3.4), together
with its complex conjugate. In the case of the connection the field equation DDa = 0 is
complex. This has the effect that for a given sign of the frequency, e.g. positive, there are
two linearly independent solutions that we denoted by uy(x), v (x). This is of course just a
manifestation of the parity asymmetry of our formalism, because one of the modes is used
for the negative helicity and the other for the positive.

3.3 Minkowski limit: general discussion

Now we would like to understand how the Minkowski spacetime graviton scattering ampli-
tudes can be extracted from the general formula (3.4). The standard procedure for taking
such a limit is to keep the past and future time limits in the LSZ formula finite, take the

~10 -



M — 0 limit, and then take the time limits to infinity.! This procedure, however, requires
performing all computations in the position space, which is doable, but has the drawback
of the spinor helicity formalism being not available to aid the computation. For this reason
we will follow an alternative route that will eventually allow us to use the usual Fourier
transform and the momentum spinors.

To set the stage, let us first discuss in more details how to take the Minkowski limit
in the metric formalism. In this case one can also write a version of LSZ formula (3.4),
and the amplitudes are obtained from correlation functions of the metric perturbation.
For definiteness let us consider just one Feynman diagram contributing to some scattering
amplitude. In this diagram, every graviton (on internal or external line) is characterized
by its energy wy, and we would like to concentrate on processes for which for all gravitons
wr > M. A systematic way to do this is to expand all building blocks of this Feynman
diagram (i.e. external wave functions, propagators and vertices) in powers of M /wy. The
leading order term in this expansion is the desired Minkowski limit.

Then, instead of first computing the result in de Sitter space and then taking a limit,
one can reduce the problem to a computation in Minkowski space. To see this, we need
the above mentioned rule that the time intervals are taken to be finite, the M — 0 limit
is computed and then the time interval is sent to infinity. Indeed, consider the time
dependence of the external wave-functions and the propagators. For wy > M this can
be separated into the ”fast” time dependence coming from the exponents e“** and ”slow”
coming from the factors of H. The covariant derivatives present in the vertices act on the
external wave functions and the propagators, and the result is sensitive both to the fast
and slow dependence. Let us assume that all the time derivatives have been evaluated.
Then, keeping in mind that we take the limit M — 0 keeping all time intervals finite, we
can switch off the "slow” time dependence by setting Mt — 0 everywhere. In physical
terms, this corresponds to assuming that the duration of any process is much shorter than
the de Sitter time scale. With the slow time dependence switched off, the space and time
dependence of all the quantities is as in flat space, and the Fourier transform becomes
available. Effectively, the above discussion implies that we can just do the computation in
Minkowski space, using the Minkowski limits of the vertices, propagators and the external
wave-functions.

The situation in our formalism is not so simple. The source of complication, absent in
the metric formulation is that our interaction vertices have powers of 1/M in front of them,
see below. There are similar factors of M and 1/M in the polarization tensors. Thus, in
computing Feynman diagrams and applying (3.4) we face the problem that we can only
take the M — 0 limit of the whole scattering amplitude, but not of the pieces that it is
built from, as some of these pieces diverge in the limit, while some tend to zero. This
appears to prevent us from doing the computation in Minkowski space.

We can, however, circumvent this problem by taking the limit in two steps. First, we
can compute all time derivatives (coming from the vertices) present in a given Feynman
diagram, and then switch off the slow time dependence. At this stage all the quantities

KK is grateful to Richard Woodard for a discussion on this point.
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are still M-dependent, only the time dependence became the fast time dependence of the
exponentials es*. We can then expand all the quantities, i.e. the external wave-functions
and propagators (possibly with derivatives applied to them) in powers of M /wy. At this
stage, while M-dependence is still there, we can already do computations in Minkowski
space. In the second step, after the Feynman diagram is evaluated, one keeps only the
leading, zeroth order in M term in the result.

An apparent difficulty with this prescription is that it seems hard to decide how many
orders of the expansion in powers of M /wy we need to keep for each quantity. Indeed,
in principle there could be powers of 1/M coming from the (positive) polarization tensors
and the vertices cancelling the powers of M coming from (M /wg)", and producing a finite
result. This difficulty is resolved by the following consideration. Let us start by considering
the leading order terms in the expansion of all the quantities. Let us call the result of the
computation of the Feynman diagram where only the leading orders are kept its leading
order part. The first assumption we need to make is that for physically relevant diagrams
(i.e. those arising in computations of scattering amplitudes) it is never the case that the
leading order part blows up in the M — 0 limit. We will see that this assumption is true
for all the amplitudes considered in this paper. It is possible that one can prove this in full
generality, but we will not attempt it here. However, see some further discussion about
this point below.

Let us now consider some amplitude with the leading part surviving in the limit M — 0.
For such an amplitude it is clear that the corrections obtained by keeping the subleading
terms in the expansion of all its building blocks will be vanishing in the M — 0 limit. This
establishes that it is sufficient to consider only the leading parts in the expansion of the
(derivatives of the) wave functions and the propagators.

Let us now come back to our assumption that the leading order part is never singular
in the M — 0 limit. What we will see below when we do the computations is that the
potentially singular leading order parts of the amplitudes, i.e. containing a negative power
of M in front of them, are always zero for reasons of spinor contractions. In other words,
these amplitudes are such that the spinors coming from the helicity spinors inserted on the
external lines contract to zero. It could, in principle happen that there are subleading in
M /wy, terms for which the spinor contractions do not give a null result, and this conspires
to give a non-zero amplitude in the M — 0 limit. If this was the case, it would not be
sufficient to just work with the leading parts of all the building blocks of the diagrams,
which would make the analysis significantly more complicated. While we cannot give a
general proof that this does not happen, the reasons for why the spinor contractions give
a null result for potentially ”"dangerous” amplitudes are always very general, and appear
to hold independently of any expansion in powers of M/wyg. We thus assume that the
”dangerous” diagrams that have zero leading parts for reasons of spinor contractions are
zero precisely, i.e. even before any expansion in M /wy is performed. This allows us to
work with only the leading parts of all the objects. As we have said, to us this assumption
appears to be well motivated by the details of the computations that are made below.
However, it would be comforting to either perform explicit checks (by doing computations
in de Sitter space), or find another direct argument proving this. At the moment, all
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our analysis is based on this assumption. Our results, and in particular the fact that the
GR amplitudes are correctly reproduced, seem to justify the assumption, but more direct
arguments may be necessary to establish this beyond doubt.

3.4 Minkowski limit: prescription for the leading order parts

Let us see how all this works in practice. From the above discussion we know that we
need to keep the leading order of the external wave-functions and propagators, as well as
their derivatives (as coming from the vertices), when everything is expanded in powers of
M /wy. For propagators this is easy, as the leading order of the propagator itself is just
its Minkowski limit, and the leading order of a covariant derivative of the propagator is
just the usual partial derivative of the Minkowski limit. In physical terms, this can be
rephrased by saying that in Minkowski limit all internal lines, as well as the derivatives
acting on them, are unaware of the fact that they are actually objects in de Sitter space.
Thus, we only need to worry about the leading order parts of the external wave-functions
and their covariant derivatives.

The covariant derivative that is applied to an external graviton wave-function appears
in our interaction vertices only in the combination D[Maf,}. This Lie algebra-valued two-
form can be further decomposed into its self-dual and anti-self-dual parts as in (5.1) below.
From the Hamiltonian analysis in [8], see formula (87) of this reference, we know that the
self-dual part of D[uaf,] is essentially given by the action of the operator D on the spin 2
component a* of the spatial connection. This is modulo the term involving the derivative
of the temporal component of the connection ay (shifted by ¢, see (87) of [8]), which is
set to zero in the Hamiltonian treatment. Similarly, it is clear that the anti-self-dual part
of D[uafj] is obtained by applying the derivative operator D to a%, see formula (9?) of [8]
for the definition of both operators. Thus, we have to consider the action of D, D on all
the wave-functions that appear in (3.4), i.e. on € (k)ug(z) and e~ (k)uj(x), as well as on
et (k)vk(z) and e (k)vi(x). Moreover, as we discussed above, we are only interested in the
leading-order behavior of these derivatives in the limit M — 0. We get

De™ (k)ur, = De™ (k)ui, =0,

Det (k) — _2wk6+(k)efiwkt+il§a?7 Det (k)v! — 2wk6+(k)ei“”“tfi’;j,

The action of the D operator has been worked out in (135) of [8]. In the limit M — 0 we
can write

De™ (k)uy, — Zwke_i“’“tﬂgfe_(k‘), De™ (k)uy, — —kaeiwkt_igfe_(k),

_ M2 . e _ M? . e

Det (k) — ———e WrtHkT et (1, Det(k)vf — ——elwrt =kt (k)
Wi Wk

The idea now is to device some Minkowski spacetime wave-functions that give exactly the
same leading order results when the operators limy;_o D = —id; + €0, limps_,o D = i0; + €0
are applied. We also note that the limiting case operators are just the complex conjugates
of each other.
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For the modes involving uj; and its complex conjugate the answer is obvious — one
should just take limp;_,o ug as the corresponding wave-function. Thus, we set

u;y(x) — efiwktJriE:f’ (3.5)

and use this wave-function (and its complex conjugate) instead of uy(x) and wuj(x) every
time it appears in the LSZ formula (3.4). The operators that act on v (z) (and its complex
conjugate) are the Minkowski limit ones —id; 4+ €0 and i9; + €0.

For the v, mode the situation is more non-trivial. If we choose it to be just the ordinary
plane wave we will correctly reproduce the leading order of the action of the D operator.
However, the limy;_,o D = i0; 4+ €0 operator will give zero. The reason why one gets a
non-zero answer when acting on the full wave-function vy () is that this has a non-trivial
time-dependent factor multiplying e “s*+1k%  The idea is then to change the frequency wy,
in the plane wave to model this non-trivial time-dependence factor. This is achieved by
the following plane wave

v,i”(a:) — efi&zktﬂlzf’ (3.6)

where

2 4
d}k::\/wz—QM?:wk (1—%—%0(&)) (3.7)

k k
Indeed, modulo the higher order corrections this choice of the wave-function gives precisely
the required

2 2
(i0y + e@)a*(k)v%(m) = —%aJr(k)v,iw(x), (i0y + e@)e*(k)vZM(x) = %EJr(k)v};M(a:).

Wk Wk
(3.8)

At the same time, the leading order term in the result of the action of —id; 4+ €0 on this
mode is unchanged by this shift of the frequency.

Thus, the choice (3.5), (3.6) satisfies the requirement that when acted upon by the
operators —idy + €0 and i0; + €0 one reproduces the leading behavior of the derivatives of
the wave-functions with the full time-dependence. Therefore, if we are interested in the
leading order parts of up to the first derivatives of the wave-functions, it is sufficient to
replace the full wave-functions by (3.5), (3.6), and the operators D, D by the corresponding
M — 0 limit operators.

3.5 The prescription for Minkowski limit amplitudes

All in all, we see that the computation of the Minkowski graviton amplitudes can be
reduced to computations with the Minkowski 1/k? propagator (4.20), the vertices obtained
by replacing the covariant derivatives with partial ones everywhere, with the polarization
tensors (2.21), and with the wave-functions (3.5), (3.6). The rule for the wave-functions
is that the on-shell condition for the negative helicity graviton is the usual one w = +wy,
while the positive helicity graviton should be taken to have a small mass w = &y, with w;
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given by (3.7). In doing the computation one keeps all the M-dependent prefactors, and
at the end takes the limit M — 0 (if this exists).

Let us write the above prescription in terms of a formula. Given that our Minkowski
space wave-functions (3.5) and (3.6) are just the standard plane waves, we can immediately
write down the momentum space LSZ prescription. Indeed, we note that the position space
integrals give us the Fourier transforms of the time-ordered correlation function. As usual
we will be assigning an arrow to each line in the Feynman diagram, with the arrows on
incoming lines pointing towards the diagram, and the arrows on outgoing lines away from
it. Then as usual the 4-momentum of each particle is to be understood as in the direction
of the arrows. This prescription takes care of the factors of u,]g” ,v,]c\/[ and their complex
conjugates. The factors of DD will then amputate the propagators on the external lines.
This will also absorb the overall factors of i in the formula (3.4). However, with our
conventions for the mode decomposition there are some signs that are left over. Indeed,
we have DD = 97 — A = —9#0,, = —[0. At the same time we have —e'** = k2¢i** and
so the operator DD will cancel k? from each external line. However, in our conventions
the propagator is 1/ik?, and so we will have a prefactor of (—1)m+m/ left, where m, m’ are
the numbers of incoming and outgoing positive helicity gravitons. This nicely follows the
pattern that positive helicity gravitons are a source of headache in the formalism. However
these minus signs in the amplitudes are convention dependent and are not of any physical
significance. We finally have:

(e ohn e py ) = (=)™ (27) 464 (Z k— Zp):s.g)
efiko) - e(k)emn(p-) - efi(pr) (Ta (k=) ...a® (ky) . a™ (p-) . ..a"* (D4))amp

where the momentum space amplitude is amputated from its external line propagators. We
should add to this formula the prescription that the positive helicity incoming particle 4-
momentum, as well as the 4-momentum of the negative helicity outgoing particle is slightly
massive, see (3.7), while the 4-momenta of the incoming negative and outgoing positive
helicity are massless w = wy = |k|.
The above prescription is guaranteed to reproduce the correct leading order M-dependence.

Thus, it is only consistent if the answers one gets turn out to have non-zero limit as M — 0,

i.e. if all the factors of M cancel out from the end result. Below we will see that this is the
case for the graviton-graviton amplitudes.

3.6 Crossing symmetry

We can now ask about an analog of the field theory crossing symmetry relation for our
scattering amplitudes. We shall discuss the crossing symmetry in the Minkowski space
limit only. We recall that the usual QFT crossing symmetry arises if one takes an incom-
ing particle of momentum k and energy wy, and analytically continues the amplitude to
energy —wj. The amplitude can then be interpreted as that of an outgoing anti-particle of
momentum —k.

Let us see what happens in our case. Since the field is electrically neutral, our particles
are their own anti-particles, so we should only expect the helicity to change if we flip one
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graviton from the initial to the final state. That this is indeed the case is seen from our
formula (3.9). Indeed, to make an outgoing particle incoming one should just flip the
direction of the arrow on Feynman diagram external line corresponding to that particle.
This will correctly continue wp — —wj and W — —@k, as well as change the sign of the
corresponding 3-momentum. Note that we do not touch the helicity states. It is then
clear that if we apply the crossing symmetry to a negative helicity outgoing graviton,
we produce a positive helicity incoming one, and similarly if we make a positive helicity
outgoing graviton to be incoming, we will get a negative helicity one. This is clear from the
fact that we are projecting on the negative/positive polarization tensors for the incoming
negative/positive helicity gravitons, but do the reverse projection for the outgoing ones.
Since by flipping one graviton from outgoing to incoming state we always change the
total number of positive helicity gravitons in the amplitude (negative becomes positive,
positive becomes negative, so there is always a change in the number of total positive
helicity particles), then any crossing symmetry flip always introduces a minus sign coming
from (—1)™+™ prefactor. Such a minus sign is appropriate for fermions, and here we see
it occurring for purely bosonic particles, which again signifies the analogy between our
treatment and that of fermions.

Thus, we see that the crossing symmetry operates within our formalism, and we can
from now on restrict our attention to all gravitons being e.g. incoming. Realistic scattering
amplitudes can then be obtained from these by applying the crossing symmetry relations.

4 Gauge-fixing and the propagator

We will now derive the Feynman rules, starting with the propagator (that was already
referred to in the previous section), and then finishing with the interaction vertices. The
propagator in the pure connection formalism was obtained in [2]. Here we repeat the anal-
ysis, by a slightly simpler method, and add some details such as the gauge-fixed linearized
action before the Minkowski limit is taken. We also derive the ghost sector Feynman rules.
We first work in de Sitter space and then take the Minkowski limit, as is explained in the
previous section.

4.1 Diffeomorphisms

As is discussed in more details in [2, 8], at the linearized level diffeomorphisms act as
5§af$ = 50‘22#. It is not hard to see what this action is by decomposing the field aL into
its irreducible components with respect to the action of the Lorentz group. Thus, let us
introduce the following projectors

(1) ,_ 2 L ay .1 it
PH«’”’{; = § <5wguy — 2eijk2u,,> 5 PN’”V; = § <(52ngu, + eijkEW> . (41)

Both act on pairs ui of a spacetime index and an internal one. The projector P31 is on
the irreducible component Si ®S_, and P1Y is on S ® S_ in the spinor representation
SJQF ® S+ ® S_ that the pair pi lives in. Here Sy, S_ are two 2-dimensional fundamental

representations of the Lorentz group (i.e. the representation realized by unprimed and by
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primed 2-component spinors). The diffeomorphisms are then simply shifts of the (1,1)
component. They can be completely gauge-fixed by requiring

CLL = eijkEiyaﬁ, (4.2)
or
L1) )
PN el =0, (4.3)

It is important to stress that the gauge-fixing condition for the diffeomorphisms does not
contain derivatives (as is appropriate for the transformation that is merely a shift of the
field in some direction in the field space).

We could now add the square of this gauge-fixing condition to the action (with some
gauge-fixing parameter) and make the corresponding components of the connection propa-
gating. However, this would have the effect that some components of the connection have
the 1/k? propagator, while the pure diffeomorphism gauge modes have a mode-independent,
algebraic propagator. This would require dealing with the two components separately,
which would make the formalism very cumbersome. To avoid this, we fix the gauge (4.3)
sharply, i.e. work in the corresponding Landau gauge. We shall later see that the gauge-
fixing condition (4.3) is particularly transparent when expressed in spinor terms. It will
simply state that everything but the completely symmetric (in spinor indices) component
of the connection is zero. This condition will be then easy to impose and it will simplify
the computations significantly.

On the other hand, the remaining gauge freedom, namely the usual SO(3) transforma-
tions, will be gauge-fixed (in the next subsection) as in Yang-Mills theory, i.e. by adding a
D“afL term squared to the Lagrangian. It is interesting to note that the way the gauge is
fixed in our pure connection approach is opposite to that used in e.g. the first order formu-
lation of general relativity that possesses both the internal as well as diffeomorphism gauge
symmetry, as in our case. In the first-order formulation the gauge symmetry correspond-
ing to SO(1,3) local gauge transformations is fixed by requiring the tetrad perturbation
R'7I,J =0,1,2,3 to be symmetric, i.e. by projecting away some irreducible component
of the field with respect to the action of the Lorentz group. The diffeomorphisms are then
fixed in the usual derivative way, using the de Donder gauge. What happens in our for-
malism is precisely the opposite. The diffeomorphisms are fixed in a non-derivative way
by projecting away some irreducible component of the field. The gauge rotations are then
fixed by adding to the action the square of a term containing the derivative of the field.

4.2 Gauge-fixing the gauge rotations

We now add to the Lagrangian the gauge-fixing term

_ Y (pupBD) vy
Lot = 2(17 peY, ) , (4.4)

pilvj

where the projector is inserted to make the gauge-fixing condition diffeomorphism-invariant.
As in [2], we could have then done the transformations in full generality, without imposing
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the gauge-fixing (4.3). We would find that (for a choice of « to be given below) the gauge-
fixed linearized Lagrangian (modulo the background curvature term) is just a multiple of
aD“DuP(&l)a. However, we can simplify the computation significantly by imposing the
gauge condition (4.3) from the very beginning.

The simpler computation is as follows. First, we note that the gauge-fixed connections
satisfy ©#iq!, = 0. We can then ignore the 0i;0p; term in the projector P;ji;, and write the
Lagrangian (2.19) as

1 . .
£ = —§5ik5j,(z<wypua,{>)(z<kPUDpaQ). (4.5)
We now use the gauge-fixing condition (4.3) to obtain the following identity
S Dyal, — 29" Dyal, = €% DFay,. (4.6)
In other words,
i j i Ly
0D al) = S D al — 5€ ik Drak. (4.7)

In the derivation of (4.6) we have secretly extended the covariant derivative with respect
to the background connection to a derivative that also acts on the spacetime indices, so
that " can be taken trough the covariant derivative. Thus, from now on there is also
the usual Christoffel symbol inside D,,.

We now substitute (4.7) into the Lagrangian (4.5), and use the gauge-fixing condition
once more to convert the result into a sum of just two terms:

. 1 _ _
L3 = —optHros.D,al,D,yal + 2 0an(D"ay,)(D"a). (4.8)

Here we have used the fact that
Z,u,uizpcri — 4P+;wpa _ g,upgl/a o g,uagup o ie;wpa’ (49)

which is just a multiple of the self-dual projector. We now integrate by parts in the first
term, and then represent the self-dual projector as

pptiveo _ GgH'PgrT — gV gPT 4 AP THPVO (4.10)

where P~ is the anti-self-dual projector. Then in terms that are anti-symmetric in the
covariant derivatives, we express the commutator? of two covariant derivatives via the
curvature tensors. We have

) 1 ) 1 ... .
Dy, D,al, = 5RW,%; + §eW’€nga§, (4.11)

where R,,,;* is the Riemann curvature. We can now use the fact that the last term here
is a purely self-dual quantity, and thus drop this part as it will be multiplied by P~#f?,
We get:
. 1 . .
APTHPY7 Dy, D yag = i(g‘“’g’” — "7 g" + i) R, " ay, = —R,“a; (4.12)

)

*Our conventions are V,,V,, := 9,V,, —I'%,,V,, for the covariant derivative and 2V, V)V, = =R, Vo =
Ry Ve for the curvature.
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where R, := ¢??R;,,* is the Ricci tensor. We finally get

1 . .3 . . 1 o
£ = —26ij9" D"ay,Dyal + $6;(D"ap,) (D" a]) — 561 R aj,a. (4.13)
It is now clear that the choice o = 3/2 gives
1 , | oo
LO 4 Ly = ~509° D*ayDyal — 0 R* ayal, (4.14)

which is just the scalar field Lagrangian for every component of afL (projected onto the
(3,1) representation by the gauge-fixing condition (4.3)), plus a curvature term.

We can further rewrite (4.14) by using the fact that the background metric is Einstein
with positive scalar curvarture:

Ry = 3M?g,,. (4.15)

This gives for the gauge-fixed Lagrangian (after integrating by parts)
1 . ,
L)+ Ly = 5o (D? ~ 3M?) ay, (4.16)

where D? = D*D,,.

What is significant about the gauge-fixed Lagrangian (4.16) is that all modes ap-
pear in it with the same sign in front of their kinetic term, unlike in the metric-based
description that exhibits the conformal factor problem. This is also the reason why the
Lagrangian (4.16) gives rise to simpler Feynman rules than in the metric case. Indeed, in
our case all the fields are treated uniformly, while in the metric case one often meets (e.g. in
the vertices) the tracefree part of h,, and its trace separately, which makes computations
more involved.

4.3 Minkowski space propagator

The quadratic form in the gauge-fixed Lagrangian (4.14) can be inverted in full general-
ity, using the relevant de Sitter space modes to construct the associated Green’s function.
However, as we have already stated above, effectively we are doing all our graviton scat-
tering calculations in Minkowski space. Then the Lagrangian (4.14) admits an obvious
Minkowski spacetime limit

1 .
LP 4 Ly = —5(8uaf,)2. (4.17)

The propagator is now easily obtained by going to the momentum space, and is obviously
a multiple of the projector P31 times 1 /k2. To get all the factors right we introduce into
the action a source term, and integrate out the connection

d*k [ 1, , . ,
(2) — o opal 2 i uil i
Sa, J] /(2ﬂ)4[ 54 (=k)k“a, (k) + J*(=k)a,, (k)| - (4.18)
Integrating out the connection we get
(3,1)
(2) — oqpal BV quj
S J] / Gy R, (4.19)

~19 —



where the usual ie prescription is implied. The propagator is then

(31)
1 0 1 1) iS[J] wilvj
i —R)ay; == - T ; iR 4.2
(aui(—k)ay;(k)) i §JH(—k) i 5JVJ(k)e J—0 ik? (4.20)

4.4 The ghost sector

We only need to worry about the ghosts for fixing the non-Abelian SO(3) gauge-symmetry.
This is done as in the case of Yang-Mills gauge theory, with the only non-triviality being
that the projector P31 is inserted into the gauge-fixing condition (4.4). We thus get the
following ghost sector Lagrangian
Lo = Saprp®) (D”cj - lejkla”kcl> : (4.21)
2 pilvj @

where ¢!, & are ghosts, and we have extended the derivative to the full, non-linear covari-
ant derivative including the connection perturbation. We have also multiplied the ghost
Lagrangian by 3/2 to have the standard ghost 1/ik? propagator. The quantity g@ is a
coupling constant that in particular appears in the rescaling of the connection perturbation

in order to put its kinetic term in the canonical form (4.17).
In the Minkowski limit, in which all computations will be done, we can replace D,, —
Ou. The X-part of the projector in the kinetic term can then be dropped, as the partial
derivatives commute. We then end up with the standard Yang-Mills theory ghost propagator

. . 5ii

(c'(=k)d (k) = 2 (4.22)

5 Interactions

Having derived the propagator we only need the Feynman rule vertex factors, as well as
polarizations to be used to project the external legs of diagrams onto physical graviton
scattering amplitudes. We have already gave expressions (2.21) for the later when spelling
out the mode decomposition. However, we will also need the covariant versions, and these
will require introducing spinors. At the same time we can get sufficiently far in the analysis
of interactions without using spinors. Thus, we first work out the interactions. We first
compute the full de Sitter interactions, and will specialize to the interaction vertices as
relevant in the Minkowski limit in the section that computes their spinor versions.

5.1 Decomposition of Da

Before we do the algebra that exhibits the structure of the interaction vertices, let us
introduce a convenient representation for the Lie-algebra valued two-form D[Mafj}. We
can write

. 1 o 1 .. . -
Dy = 7 (Da)V%], + gewk(pﬂa;)z,’jy + (Dat) ., (5.1)
where

(Da)¥ :=¥"(D,a),  (Da)¥ = (Da)™,  Tr(Da)=0 (5.2)
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is the symmetric tracefree matrix that encodes the self-dual components of D[Mai], and

(l?a/l) w stands for the anti-self-dual part

(Da), = (Da')is. (5.3)

Our gauge-fixing condition (4.2), together with the fact that the propagator contains the
PG projector, implies that in all vertices and on all the lines, internal and external, the
L
on the internal lines this projection is carried out by the propagator. On the external

connection a!, can be taken to belong to just its Si ® S_ irreducible component. Indeed,
lines it will be performed by the polarization tensors, see below. We can thus use the
gauge-fixing condition for az. Then the matrix >#¥ iD#af, is traceless, and we have denoted
its symmetric part by (Da)¥ and wrote the anti-symmetric part as a separate (second)
term in (5.1). As we shall see below, the above components of D[Mafj] encode different
information, and this is why it is convenient to separate the self- and anti-self-dual parts
of D[uai] in the vertices.

Let us use the above expansion of Da to rewrite some terms that frequently appear in
the interaction vertices. We have

1 , , 1 , | -
<€ Dyay, Doaly = - (Da)™* (Da)" — = (Da)* )™ (D"ay,)
1

1 .. L u N
+2 (0% =% (D" ag) (D" ay,) — 2(Dai)" (Dad )

(5.4)
and
1 o 1 . 1. ) —
Ye“”pgDua;ejkla’;aé = i(Da)lk(Zeaa)kJ —Zelkl(Zeaa)kJ (D“QL) —2(Da’)“”6]klaﬁaf,, (5.5)

where we have introduced
(Beaa)V = E”"iejklaﬁafj. (5.6)
We note that (Yeaa)¥ is automatically symmetric as a consequence of (4.2).

5.2 Cubic interaction

The cubic interaction vertex is obtained from the third order terms in the expansion of
the action (2.8). Dividing the third variation by 3!, and rescaling the variation of the
connection 5AL = (i/+/ 9(2))% we get the following third order Lagrangian

3i M2 (g)32£0) = 4B (Da)7 (Da)* (Da)* (5.7)

2 : . g
_392 <:,le“"p"DMa,@Dpafj—M2(Zeaa)”>
i

v p“o-

1 L
(Da)l — = f(8)M2e"P° D, al €'9%q]
1
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We now use (5.4) and (5.5) to rewrite (5.7) as

3¢

8iM2(g )2 L) = (g<3> - )(Da)ij(Da)fkwa)’“ + 39 Dy (Drai) (Dad) (5.9

16
39 (D) (Day™ (D) + (3912 — £(5))(Da) (Seaa)?

+2M2 £(5)(Dai)* € alak.
We note that in the case of GR, see (2.13), the first term in the line 1 and the second term
in the line 2 above are absent and we get simply

iM,MLE), = (Da) (Dai)™ (Da) w15 (Da)” (D*al,)(D"al)+2M?(Dat)* e al af. (5.9)

Below we shall see that only the first of these 3 terms in the cubic GR Lagrangian is
important for the scattering of two gravitons of opposite helicities. Note that the terms
cubic in the derivatives of the connection blow up in the limit M — 0, both in the general
theory case and in GR. Thus, care will have to be taken when going to this limit. Note also
that the cubic interaction starts with (9a)? terms, and thus seems to be very different from
the (Oh)?h cubic vertex in the metric formulation. Still, we will see that in the case of (5.9)
one is working with just a different description of the same GR interactions of gravitons.

We would like to emphasize how much simpler the cubic vertex (5.9) is as compared
to the 13 terms one finds in the expansion of the Einstein-Hilbert Lagrangian around
the Minkowski background metric, see [13], formula (A.5) of the appendix. The cubic
vertex (5.9) is still more complicated than the one in the case of Yang-Mills theory, but
we shall see that in many cases (e.g. for purposes of computing MHV amplitudes) one
effectively needs only the first term, which is of the same degree of complexity as in the
Yang-Mills case. The analogy with Yang-Mills will become even more striking when we
write down the spinor expression for this cubic vertex below.

5.3 Quartic interaction
We now work out the quartic term. Dividing the fourth variation of the action from (2.8)
by 4! we get

—12M4(g @)L =~ (Da) (Da) (Da)*(Da)"

, /1
+69® Py (Da)"™(Da)™ <16WPUDMQ§DPQ2 - MZ(Zeaa)kl>

+§g<2>M2(Da)”eWPUDMa;eWa’;ai,+ 9@ (Da)"(Da)" <ie’“’p"DMa],ija];—M2(Eeaa)kk>

i
39(2)P 1 Kvpa ry ’LD J M2 3 i 1 mvpa ry k’D l M2 ) kl
5 Lim Y€ way, Dyal — (Xeaa) Yﬁ wayDya, — (Xeaa)

For purposes of this paper we will only need the 4-vertex when evaluated completely on-
shell. Thus, let us use the Lorentz gauge condition D“ai = 0. This simplifies both (5.4)
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and (5.5). Using these expansions, and collecting the terms we get

1 70(2) g iy
—12M*(g@)2 ™ = (—9(4) + §g<3> + §’6> (Da)¥ (Da)”(Da)*(Da)*

~3(49® —¢®)(Da)™* (Da)¥ (Da'y* (Dal )+ (49 —3¢)) (Da)’ (Da) (Dak )™ (Dak),,,
_37]\42(49(3)_39(2)) ((Da)ik(Da)kj — ;Tr((Da)Q)éij> (Beaa)™

39 PP 2 ij N T 2 Kl
— Py (Q(Daz) (Da?) 0, + M2(Seaa) ><2(Da )" (Dal) ., + M?(Seaa) )
—12M29(2)(Da)ij(lf)\c?i)“’jejklaﬁafj.
(5.10)

In the case of GR many of these terms become zero and we get a much simpler (on-shell
D“ai = 0) 4-vertex for GR:

2M;D2M2£81):{ = (Da)%(Da)kj(b\a/i)ﬂV(b\a/j)uy 4 2M2(Da)ij(b\a/i)uy€jklaﬁaf, (5.11)
N e M? .. — — M2
 Fg <<DGZ)W(DGJ>W + 2(250@)”) ((Dak)w(Dal)uy + 2(Eeaa)kl) .

This should be compared with a much more formidable expression in the case of the metric-
based GR, see [13], formula (A.6). Even with the graviton field on-shell and the background
metric taken to be flat, this occupies about half a page, as compared to just two lines
in (5.11). We also note that both the GR 4-vertex as well as the general vertex (5.10) start
with terms (da)*, to be compared with just two derivatives present in the metric-based
vertex (Oh)?hh. This is part of a general pattern, and in our gauge-theoretic description
the order n vertex starts from (Ja)™ terms.

5.4 Ghost sector interactions

For completeness, we also spell out the ghost sector interactions, even though we will not
need this in the present paper. Thus, the second, interaction term in (4.21), after some
simple algebra involving integrating by parts, expanding the product of two € tensors and
using the gauge-fixing condition (4.3), becomes

- i Fyam 1 i -

Lon " = _W(?#Cl (6” N + 25”EW) a”’c”, (5.12)
which is different from the usual Yang-Mills ghost vertex in the fact that an extra -term
is present. The factors in front of this interaction vertex that come from rescaling of the
connection perturbation are also unusual.

6 Spinor technology and the helicity spinors

As is common to any modern derivation of the scattering amplitudes, the formalism of
helicity states turns out to be extremely convenient. These are most efficiently described
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using spinors, or, as some literature calls them, twistors. The recent wave of interest into
the spinor helicity methods originates in [9]. The method itself is, however, at least twenty
years older, see e.g. [14, 15]. We start by listing some formulas involving spinors, mainly
to establish the conventions. Our notations and conventions are more similar to those in
the gravity literature, but we hope that the interested particle physics reader will still be
able to follow.

6.1 Soldering form

The soldering form provides a map from the space of vectors to the space of rank two
spinors (with two indices of opposite types). We use the conventions with a Hermitian
soldering form:
AA’ AA
(Hu )= 0, .

The metric is obtained as a square of the soldering form:
nMV = —QMAA HVBB GABEA/B/, (61)

where the minus sign is dictated by our desire to work with a Hermitian soldering form,
while at the same time have signature (—,+, 4, +). We can also rewrite this formula as

M = OitaBua™, (6.2)

so that the minus sign disappears. The contraction that appears in this formula, i.e.
unprimed indices contracting bottom left to down right, and the primed indices contracting
oppositely, will be referred to as natural contraction. We will sometimes use index free
notation and then the natural contraction will be implied. Another useful formula is

Q“AAIHHBB/ = —GBAGB/AI. (63)

6.2 The spinor basis

It is very convenient to introduce in each spinor space Sy, S_ a certain spinor basis. Since
each space is (complex) 2-dimensional we need two basis vectors for each space. Let us
denote these by

04,t4 € S+, OAI,LAI eS_.

Note that we shall assume that the basis in the space of primed spinors is the complex
conjugate of the basis in the space S4:

The basis vectors are pronounced as ”omicron” and ”iota”. Since the norm of every
spinor is zero, we cannot demand that each of the basis vectors is normalised. However, we
can demand that the product between the two basis vectors in each space is unity. Thus,
the basis vectors satisfy the following normalisation:

’

LAOA: 1, A oyq = 1.
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Of course, a spinor basis in each space S, S_ is only defined up to an SL(2,C) rotation.
Any SL(2,C) rotated basis gives an equally good basis, and it can be seen that any two
bases can be related by a (unique) SL(2, C) rotation.

Once a spinor basis is introduced, we have the following expansion of the spinor metric,
that is the e4p symbol

€EAB = OALB — LAORB. (6.4)
A similar formula is also valid for € 4/p'.

6.3 The soldering form in the spinor basis

The following explicit expression for the soldering form QuAA/ in terms of the basis one-

. . / ’ .
forms ¢, and x,,y,, 24, as well as the spinor basis vectors 04,0414, 14" can be obtained:

9

’ t ’ ’ z ’ / X ’ ’ l’y / /
9A4" = (040 + A + ZE (040 — A + ZE (A 4+ A0 ) + ZE (oM A — Ao,

Note that the above expression is explicitly Hermitian.

6.4 A doubly null tetrad

Collecting the components in front of equal spinor combinations in the above formula for
the soldering form we can rewrite it as:

AA" _ A A A A A A - A A
0," =1,0"0" +nu +muoTt +muto”, (6.5)

where

_ tu + 24 tu — 2u Ty + 1Yy — Ty — 1Yy

l s n, = 5 m, = s m, =
SNG) SNG) SENG) SZ)

Note that [,n are real one-forms, while m, = mj,. The above collection of one-forms is

known as a doubly null tetrad. Indeed, it is easy to see that all 4 one-forms introduced

above are null, e.g. [#l, = 0. The only non-zero products are
Fn, = -1, mfm, = 1.
Thus, the Minkowski metric can be written in terms of a doubly null tetrad as
N = —luny — nyly + mymy, + mymy,
which can also be verified directly by substituting (6.5) into the formula (6.1) for the metric.

6.5 Self-dual two-forms

The self-dual two-forms that play the central role in this article can be written down more
naturally (i.e. without any reference to the time plus space decomposition of the tetrad
internal index) in terms of spinors. We use the following definition:

1 ,
»AB = §9AA, A OBA (6.6)
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or, without the form notation
wAr =0,0,0%, (6.7)

where we used the fact that symmetrization on the unprimed spinor indices has the same
effect as anti-symmetrization on the spacetime indices.
Explicitly, in terms of the null tetrad and the spinor basis we get

$AB — I AmotoP +m AnitiP + (1A —m Am)itAoP). (6.8)
Using €uppo = 24il[,nym,ym, it can be checked that these forms are indeed self-dual
€750 = 2in4 5.

Let us also give the following useful formula for the decomposition of a contraction of
two soldering forms (via a primed index) in terms of the metric and the self-dual two-forms:

, 1
04,054 = —56‘43 G + 502 (6.9)

This is easily checked by either contracting with €4p5, which produces minus the metric on
both sides, or by symmetrizing with respect to AB, which reproduces (6.7).

6.6 SU(2) spinors

We need to introduce the notion of SU(2) spinors when we consider the Hamiltonian
formulation of any fermionic theory. In our case, we need this notion to establish a relation
between our polarization tensors (2.21) and some spacetime covariant expressions that we
shall write down below.

To define SU(2) spinors we need a Hermitian positive-definite form on spinors. This
is a rank 2 mixed spinor Garg4 : G4 = Gara, such that for any spinor A we have
(M)A MG 44 > 0. Here (A*)? is the complex conjugate of A4, We can define the SU(2)
transformations to be those SL(2,C) ones that preserve the form G 4/4. Then G 4/ 4 defines
an anti-linear operation x on spinors via:

(M) 4 = Gaa (W)Y, (6.10)
We require that the anti-symmetric rank 2 spinor € 4p is preserved by the x-operation:
(€)aB = €as, (6.11)

which implies the following normalisation condition

GanGY g =eap. (6.12)
Using the normalisation condition we find that (\*)4 = —\4 or
*2 = —1. (6.13)
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Thus, the %x-operation so defined is similar to a ”complex structure”, except for the fact
that it is anti-linear:

(Xt + Bty = a(x)t + B0, (6.14)

Now for the purpose of comparing to results of the 34+1 decomposition, we need to
introduce a special Hermitian form that arises once a time vector field is chosen. We can
consider the zeroth component of the soldering form

oM = 94N 93" -1 <0A0A/ + LALA/> (6.15)

It is Hermitian, and so we can use a multiple of 05“4/ as G4 1t remains to satisfy the
normalisation condition (6.12). This is achieved by

G = V2054 (6.16)
We then define the spatial soldering form via
AP = GA 0 B (6.17)

AB _ ;i(AB)

which is automatically symmetric o because its anti-symmetric part is pro-

portional to the product of the time vector with a spatial vector, which is zero. Explicitly,
in terms of the spinor basis introduced above we have

B = miosop — mMiiag — —(tpa0p +o04LB). (6.18)

V2
The action of the x-operation on the basis spinors is as follows:
()4 = =14, ()4 = o™, (6.19)

It is then easy to see from (6.18) that the spatial soldering form so defined is anti-Hermitian
with respect to the x operation:

(Ui*)AB _ _O_iAB' (6.20)

It is not hard to deduce the following property of the product of two spatial soldering
forms:

03430}90 = §5Z]€AC + %ewkaﬁc. (6.21)

6.7 Converting to the spinor form

We are now ready to use the spinor objects introduced above. First, let us discuss how the
expressions written in SO(3) notations used so far can be converted into spinor notations.
Indeed, we have so far worked with the connection perturbation being afL. It is now
convenient to pass to the spinor description, in which all indices of @), are converted into
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spinor ones. This is done with the soldering form for the spacetime index, and with Pauli
matrices for the internal one.

To fix the form of the multiple of the Pauli matrices that is relevant here, we will

(AlC| B)D

require that under this map the identity matrix 6% becomes the matrix e in spinor

notation. Indeed, both matrices have trace 3. Thus, we denote the map from objects with

SO(3) indices to those with pairs of unprimed spinor indices by T' iAB and require it to have

the property:

This fixes T*" up to a sign.

Now, to determine what multiple of this object appears in the relation between Efw
ZAB

py o
by them. We have the algebra used many times in the preceding text:

and both of which have been defined before, we need to look into the algebra satisfied

SIS, = =8, — 7Rk (6.23)
At the same time, a simple computation of the same contraction of Ef}f gives

1 1 1
nABrEOD = —ie(A'C‘eB)DnW + ief‘(c P+ §6B(C oA, (6.24)

The coefficient in front of the first term here is half that in (6.23). We thus learn that there
is a factor of v/2 in the conversion of an SO(3) index into a pair of spinor ones:

I «i iAB AB
—QELVT’ =3, (6.25)
To fix the sign of the quantity 794" we just need to compare the terms containing

in (6.23) and (6.24). Substituting (6.25) into (6.24) we get
V2, THABTICD — _ACTDIB _ B4, (6.26)
We thus see that the matrices T%AP satisfy the following algebra:

. . 1 ... 1 ..
TzABTéC — _55136146’ + 7€z]kaAC’ (627)

V2
which fixes them uniquely. We see that these quantities are just

iAB . iAB
T = —ig""",

AB

where o'4P are the spatial soldering forms introduced above. Explicitly, in terms of the

spinor basis, as well as a basis m’, m’, z* in R? we have:

TiAB — —imiOAOB + imiLALB + in(LAOB +o4LB). (6.28)

V2

Note that TP is x-Hermitian, i.e. (T%)48 = T%AB,
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We can now write down the conversion rule of the €7* tensor. Thus, introducing

((AB) (CD) (EF) ._  ijkrqi ABj CDpk EF

we get from (6.26)
V3 AB) (€D) ) X(EF) — _(ACXDIB _ (BCXD)A, (6:29)
This can be rewritten more conveniently as a rule for the commutator
V24D 0y ey XOPYEE = X ABYRB + X BEypA, (6.30)
where the spinor contraction is in a natural order.

6.8 Further on spinor conversion

Let us now discuss the rules of dealing with the spacetime indices. Each such index has to
be converted into a mixed type pair of spinor indices using the soldering form 9#44’. We
shall refer to the operator of the partial derivative with its spacetime index converted into
a pair of spinor indices as the Dirac operator:

Oy = HMAA@AA'. (6.31)
Note that, because of our signature choice, and thus a minus sign in (6.1), we have oA =
—H“AA/&L. One has to be careful about these minus signs.

We now come to objects that have both types of indices, spacetime and internal. The
conversion of these is that we write them as the corresponding soldering forms times objects
with only spinor indices. Thus, e.g. for the connection we write

aL = TiABnyM AQABMM', (632)
which defines what we mean by the connection with all its indices translated into the spinor
ones. This choice of the normalization factor in the above formula is convenient, because
as we already discussed before the Kronecker delta 6% goes under this map into the object
e4oe?) b, which is the identity map on the space of symmetric rank two spinors. The only
unusual translation rule is

i, = V2T ABMM g NN Al s (6.33)
where
B n = €Aue® yearnr. (6.34)

The only reason for putting the factor of v/2 in (6.33) is that the objects so defined have the
same algebra (6.23) as we are used to, and as was used on multiple occasions in deriving
the form of the interaction terms in the Lagrangian.

The final useful formula for the purposes of conversion is

4 / ]_ ’ ! ]_ ! !
Q[J\l{M 9111\}/1\7 = S NN 56M Ny MN, (6.35)
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where

SIN = 0o s = el ), (6.36)

Note that the natural contractions appear in these definitions, and, as a result, the anti-
self-dual two-forms E%I,IN " are minus the complex conjugates of the self-dual ones E%N .
The formula (6.35) then implies
1 !/ ]_ ! /
‘/[MUV} = EVMM’UNM E/]yN + ivMM/UMNIZ%N , (6.37)

v

where again natural contractions appear. The first term here is the self-dual part, and the
second is anti-self-dual part of the two-form V|,U,.

6.9 Momentum spinors

Consider a massless particle of a particular 3-momentum vector k. The 4-vector kH =
(|k|, ) is then null. As such, it can be written as a product of two spinors k454 = 0% 4/ k-
In the case of Lorentzian signature the spinors k4, k&4’ must be complex conjugates of each
other (so that the resulting null 4-vector is real). Tt is then clear that k4 is only defined
modulo a phase. Moreover, as the vector k varies, i.e. as it = k/|k| varies over the sphere
52, there is no continuous choice of the spinor k4. We make the following choice:

A = KA (k) = 24wy (sin(@/Z)e_i¢/2LA + cos(&/2)ei¢/20A) , (6.38)

where 04,14 is a basis in the space of unprimed spinors, and wy, = |k|. Here 6, ¢ are the
usual coordinates on S? so that the momentum vector in the direction of the positive z-
axes corresponds to = ¢ = 0. We see that the corresponding spinor is 2/ 4\/@0‘4. The
formula (6.38) can be checked using the expression (6.5) for the soldering form.

We can now see effects of the change of the momentum vector direction. Consider, for
example, what happens when the momentum direction gets reversed. This corresponds to

0 —m—60and ¢ — ¢+ m. We get
KA(—F) = 12Y4, /oy (— cos(6/2)e"19/2A + sin(e/z)eiW?oA) . (6.39)
We now note that
EA(—k) = i(k*)A(k), (6.40)

where the action of the x-operation on the basis spinors is given in (6.19). Now, using
the fact that x> = —1 it is easy to see that flipping the sign of the momentum twice we
get minus the original momentum spinor. In other words, k* takes values in a non-trivial
spinor bundle over S2.

6.10 Helicity spinors

The aim of this subsection is to use the rules for the i — (AB) conversion deduced above,
as well as the definition (6.38) of the momentum spinors k4 to write down convenient
expressions for the polarization tensors (2.21) in the spinor language.
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Our polarization tensors are built from the vectors m!(k),m’(k), where the direction
of the 2% axes is chosen to be that of the momentum 3-vector k. Thus, let us start by
assuming that k points along the positive z-direction. Then from (6.28) we have T"ABm} =

1048, TABmi — —i0408, and therefore

mim? — — A8, mim! — —ot0PoCo (6.41)
when converted to spinor notations. We can, however, use the available freedom of gauge
SO(3) rotations and consider polarization tensors (spinors) more general than those above.
Indeed, we can always shift our (spatial projection of the) connection by a gauge transfor-
mation a;; — a;j + (a(i@))ff , where also the tracefree part needs to be taken in order to
preserve the tracelessness of the a;;. Such a shift being pure gauge, it does not have any
effect on the scattering amplitudes. So, we can freely add to both polarization tensors an
object of the form z(;¢;), where again a tracefree part is assumed. Moreover, the vector
¢; can be different for the positive and negative helicity polarizations. Using the spinor
conversion rules written above, it is not hard to see that this means that one will obtain

correct scattering amplitudes when using instead of (6.41) the following expressions
ABLOL o (140a0) A (14B0) B (1470) D), 040P0 0" — (0+a/1) A (0+8'1) B (04++1) 0P,

for arbitrary coefficients «, 3,v,a’,’,~y'. For reasons to become clear below, the most
convenient choice is

(A B C D) oAoBoC (p*\D)
¢“q¢"q oAoBoCol (p*)

(¢Fop)? E@Ee)

where ¢?,p? are arbitrary spinors, and % is the operation on SU(2) spinors introduced

A B C D

N — (6.42)

above. Note that while in the choice of the first polarization spinor we have replaced as
many as 3 copies of ¢4 by an arbitrary reference spinor ¢4, in the second polarization we
only changed a single copy of 04 to (p*)?. The reason for this will become clear below.

Let us now rewrite the spinor expressions for the full polarization tensors (2.21) using
the spinors k4 = 21/4, fpo? and (k)4 = —21/4, fwr . We get

q“qPqc (k)P cHABCD () — 1 EAEBEC (p)P)
(¢¥kE)? M (k*)E(p)E

Note that all the annoying factors of /2 in the original formulas (2.21), as well as some

e ABCD (1 = M (6.43)

minus signs present in the intermediate expressions, have now cancelled. Note also that
while the previous spinor expressions were only valid in a frame where the 3-momentum
was pointing in the z-direction, the expressions (6.43) are valid in an arbitrary frame.

It remains to observe that one will obtain (6.43) as the spin 2 parts of the spatial

projections of the following mixed spinors:
, A B CkAl

c—ABCA (k) = Mq qa-q k

(qk)

where we have introduced the usual notations for the spinor contractions

, 1 kARBECpY
etABCA (k) = N pH (6.44)

9

(An) ==Mna, gl =2am? (6.45)
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We note that the helicity spinors are normalized so that

e ABCA A v =1 (6.46)

The expressions (6.44) are the main outcome of this heavy in conventions section. We
note that these expressions could have been guessed as the only ones with the correct
dimensions, as well as with the right homogeneity degree zero dependence on the reference
spinors ¢4, p4’, and the right degree of homogeneity under the rescaling of the momentum
spinors k4 — tk4, kA — t71k4". Indeed, it is clear that under these rescalings (keeping
the 4-momentum k4k“" unchanged) we get

g—ABC'A’(k) , €+ABCA’(k,) N t4€+ABCAI(k). (6.47)

N t—4€—ABCA’ (k)

However, under any such a guess possibly important numerical factors could have been
missed, and it is gratifying to see that after establishing all the conversion formulas, the
helicity spinors turned out to be just the simplest expressions possible, without any compli-
cating numerical prefactors. We note that the final spacetime covariant expressions (6.44)
explain our choice (6.42) at the level of the spatially projected expressions.

The only complication that remains to be discussed is the fact that the positive helicity
gravitons have to be taken to be slightly massive, as we have seen in the section on the
Minkowski space limit. Because of this, the meaning of the spinor k& that is used in the
positive helicity spinor in (6.44) is not yet defined. To settle this, we shall represent the
massive 4-vector k? = 2M? of the positive helicity gravitons as follows

AA A Al 2 pp?
K4 = k0T + M ———. (6.48)
(pk)[p k]
This gives precisely the required k2 = —kA4 k44 = 2M2. Here p?p?’ are a reference

spinor and its complex conjugate. At this point it can be arbitrary, but it is convenient to
take it to be the same as the one that appears in the positive helicity spinor in (6.44). It is
now the spinor k“ that appears in the decomposition (6.48) is what one has to use in the
positive helicity spinor in (6.44). We emphasize that only the positive helicity momentum
4-vectors should be taken to be massive, while the negative helicity does not need this
complications, and the corresponding momenta 4-vectors come directly as a product of
two spinors.

6.11 A relation to the metric helicity states

It is instructive to see how the metric description helicity spinors can be obtained from
the expressions (6.44). For this we need to recall the passage to the metric perturbation
variable that was explained in great detail in [8]. In that paper we have seen that the metric
perturbation is obtained by applying to the connection the operator D. One should also
rescale by 1/M to keep the mass dimension correct. At the spacetime covariant level the
operator D corresponds to the operation of taking the anti-self-dual part of the two-form
da’. In the spinor notations, this boils down to the following expression for the metric
perturbation

1
hapap ~ MQE/GB'EAB, (6.49)
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where 944 = —0' ,,0,, is the Dirac operator, and the ~ sign means that we are only inter-
ested in this relation modulo numerical factors. Applying this to the helicity spinors (6.44),
and ignoring the arising numerical factors, one immediately sees that the usual metric
spinor helicity states get reproduced:

- qakaqpkp n kapakppp
h ’ /(k)Nia / ’(k)Ni
AA’'BB <qk>2 AA’'BB [pk]Q

Note that for the negative helicity the metric formulation helicity spinor arises by a single

(6.50)

g spinor in the numerator of (6.44) contracting with the momentum k& spinor, removing one
of the factors of (g k) from the denominator. There is also the cancellation of the factor of
M in the connection helicity spinor with 1/M in the passage to the metric perturbation.
For the positive helicity the mechanism of obtaining the usual metric formulation helicity
spinor is more subtle. Indeed, if the positive helicity graviton 4-momentum was null, then
we would be contracting two momentum k spinors, which would give a zero result. Instead,
it is the second, mass term in (6.48) that gives a non-zero contribution. The factor of M?
in this second term then is nicely cancelled by the 1/M in the helicity spinor and the
additional factor of 1/M in (6.49). We therefore see that it is essential that the positive
helicity graviton is kept massive till the Minkowski limit can be taken.

Once again, the fact that the usual metric helicity states get reproduced could be taken
as the sufficient reason to work with (6.44). However, we find the given above derivation
of (6.44) that does not involve any reference to the metric more self-contained.

7 Feynman rules in the spinor form

Now that we understand how expressions can be converted into the spinor language, we
can write down the derived above Feynman rules in the spinor form. Here we will also
pass to the form relevant in the Minkowski limit, i.e. replace all the derivatives by the
partial ones. As we shall see, there are many advantages in working with spinors, as some
operations that are not easy to deal with in the SO(3) notation become elementary once
one expresses them using spinors. The prime example is the projection on the Si ® S_
representation of the Lorentz group that appeared in our derivation of the propagator. In
the spinor language this simply corresponds to the symmetrization on the unprimed spinor
indices. We shall also see that the interaction vertices take a particularly simple form once
the spinor notations are applied.

7.1 Propagator

We have previously found the propagator to be given by 1/ik? times the projector P}E‘Z’l};,
given in (4.1), on the Si ® S_ irreducible component of objects of type aL with one
spacetime and one internal index. To find what this projector becomes once converted into
the spinor form one can multiply the spacetime indices with the soldering forms, and the
internal indices with T*4Z. However, one does not need to do this computation as it is

clear that this projector is simply the product of the identity operator acting on the primed
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index, times the operator of symmetrization of the 3 unprimed spinor indices. Thus, we
can write

’ ]_ !
<CLEFGE/(—]€)G,ABCA (k)> = ﬂ?GE(AGFBGGC)EE/A . (71)

7.2 Pieces of the interaction vertices

Here we develop a dictionary translating the various blocks that appear in the interaction
vertices into the spinor form. As we recall from (5.1), one of the main building blocks of
the vertices is the two-form D[uai], and various quantities constructed from it. We remind
that from now on we replace the covariant derivative D by the partial one.

The first block to be translated is the (Da)” symmetric tracefree matrix, whose defi-
nition is given in (5.2). Applying the rules given above we get:

(D(I)Z] — \/ia(AM/aBCD)M/, (72)

where the result is easy to understand, and the factor of v/2 comes from the same factor
in the translation (6.33) of ¥/ ,. Further, we have

D“ai — M aAB M (7.3)
Finally, we have
. 1 AN
(Dat) — izﬁﬁN M ypaB . (7.4)

We also need the spinor representation of the two-form eijkaﬂaﬁ. Its self-dual part
encoded in the matrix (5.6) is given by

(Seaa) — aCFA,,qB) pPM' 4 (DE(A B CM (75)

It is (AB) — (CD) symmetric, but it has trace given by the full contraction of the two

ik al,ak is given by

connections. The anti-self-dual part of €

.. . 1 N
(e”ka] a’,j)asd — 72M N CLEF(AM/(IB)EFN/. (76)

p N

We now introduce some notations to simplify the above spinorial expressions. The
idea behind this notation is that we omit pairs of naturally contracted indices. Thus, we
define

(aa)ABCD — a(AM,aBCD)M’ (8a)M’N’AB — aC(M’acABN’)? (8a)AB . aM AB M’

= Oy M s

)

/ / / / /
(aa)ABCD = aABMM/aCDMM ((I(I)M N'CD — aCD(AM B)N )

acp

i

(7.7)

The blocks appearing in the interaction vertices can then be written very compactly in
terms of these quantities.
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7.3 Cubic interaction

As we discussed in the section on the Minkowski limit, we keep only the leading order
terms of all the quantities in the limit M — 0. Converting all the terms in (5.8) into spinor
form we get

3¢
4

3iM3 (g2 L) = 2% <g(3) - ) (9a)ap“P(9a)cp™" (9a) pr?” (7.8)

. 3g®
+2712393(9a) B (9a) sy v ap (9a)M N op + 21/2?76(3G)ABCD(50)AB(3G)CD

— 21201239 — £(8))(8a) PP (aa) apcp + 22 M? £ (5)(9a)™ N AB (aa) vy a,

where an additional factor of 1/2 in the first term in the second line came from the factors
of 1/2 in (7.4), with one of them being cancelled by the factor of 2 that appears in the
contraction of two X’s.

The last term in the second line in (7.8) is only (possibly) relevant for loop compu-
tations, for in any tree diagram at least one of the two factors of (9a)4P gets hit by an
external state, which gives zero. Thus, we shall ignore this term in the present paper. Let
us now consider the second term in (7.8) in more details, which can be seen to be the only
relevant term in the M — 0 limit of the GR cubic interaction.

7.4 The parity-preserving cubic vertex

In the case of GR the coefficients in front of the term in the first line, and the first term in
the third line in (7.8) become zero, and we are left with the simple

. 1 NG "N’
LG = 5%(%)ABCD((?G)M'N/AB@@)M N ep + kM (0a) N AP (aa) vpiniap,  (7.9)

where we have used (2.13). Here we introduced the usual notation
K% = 327G, K= (7.10)

Below we shall see that it is the first term in (7.9) that gives most of the interesting
physics, and, in particular, is the one relevant for computations of the MHV amplitudes.
The second term seems to be suppressed by a factor of M?/E?, where E is energy, as
compared to the first. However, due to the subtleties of taking the Minkowski limit we
cannot just throw it away, and it turns out to give a contribution to some scattering
amplitudes. For now, let us analyze the much more interesting first term and come back
to the second piece of the GR cubic vertex later.

First, we would like to make a pause and emphasize the similarity of the first term
in (7.9) to the vertex of Yang-Mills theory, when rewritten in the spinor notations. Thus,
one starts with the Yang-Mills Lagrangian in the form Lyn ~ (Fiq)?, where Fiq is the
self-dual part of the curvature. Applying the described above spinor conversion rules, at
the linearized level this gives

L3y ~ (05 APy, (7.11)
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where A4 4/ is the connection, and we omitted the Lie-algebra indices. Our linearized
Lagrangian (2.19), when converted into the spinor form, is precisely analogous, except that
the connection field in the case of gravity has two more unprimed spinor indices. Let us
now look at the Yang-Mills cubic interaction. Again translating into the spinor form we get

L3~ 0 APDYY A AP (7.12)

Again, the analogy to the first term in (7.9) is striking. Basically, the gravitational inter-
action described by the first term in (7.9) is the only possible one that can be constructed
following the Yang-Mills pattern, but now with more unprimed indices on the connec-
tion. Indeed, generalizing the first block (81(4’?143)‘4') to the case with more indices one gets

(8%(130[) A = (9a)ABCP . We would now like to have a symmetric block involving two
connections with free indices being 4 unprimed spinor indices ABCD. Thus, two indices
must come from one connection, and the other two from the other. For reason to be-
come clear below, we also want to have some quantities constructed out of the connections
that contract only in the primed indices. This means that we have to convert one of the
unprimed indices in each connection to a primed using the Dirac operator. This results
precisely in (7.9). The other possible choice of having connections contracting directly,
with no Dirac operators involved, i.e. aag® aracp EAI, can be easily seen not to give the
desired on-shell amplitudes, see below. We thus learn that (7.9) is the only possible gen-
eralization of the Yang-Mills cubic vertex that gives the correct on-shell amplitudes. The
second term in (7.9) is superficially more analogous to (7.12) than the first, as it involves
just one derivative. However, we will see that it does not give the standard answers for the

on-shell amplitudes, and so is not the "right” generalization.

Let us now check that the vertex given by (7.9), when evaluated on the graviton
helicity spinors gives just the required — — + and + + — amplitudes, i.e. the squares of
these amplitudes for spin one particles (it is easy to check that the — — — and + + +
amplitudes resulting from it are zero).

Let us first compute the — — + amplitude. The required helicity states are given
in (6.44). We first note that the second term in (7.9) cannot contribute to this amplitude.
Indeed, no matter which pair of legs of this term the two negative helicity states are
inserted, there is always a contraction of the reference spinors ¢ and the result is zero.
Thus, we only have to consider the first term in (7.9) for this helicity combination. Let us

now recall that the combination (9a)AB¢P

only gives a non-zero result when applied to
a positive helicity state. Thus, we must insert the positive helicity wave-function in this
leg. The other two legs are symmetric, and we insert into them the remaining two negative
helicity states. Let us denote the negative helicity momenta by ki, ke, and the positive
momentum by k3. We will assume that all the momenta are incoming. After applying all
the derivatives present in the vertex to their corresponding states we obtain the following
contraction

2N’

1 11N oM’
i£73A33303DMquB M'AN' 5 -4CY4D

MM (1q) (2q)?

1o B9
=ik[12] T2 g? (7.13)
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where we have used the usual notation k{* = 14, etc. We can now use the momentum
conservation equation, which we contract with the reference spinor g4 to get (1 q)lA/ +
(2¢)24 + (3¢)34 = 0. This immediately gives (3¢)?/(1¢)* = [12]*/[32]*, (3¢)?/(2¢)* =

[12]%/[31]%, which allows us to rewrite (7.13) as

et [12)°

/{W. (7.14)

This is just the expected square of the spin one result.

The opposite + + — helicity configuration is computed similarly, but now we cannot
ignore the second term in (7.9). So, the computation is somewhat more involved. Let us
consider the first term in (7.9) first. We note that if two positive helicity gravitons hit the
two symmetric legs of this vertex, the reference spinors pAl will contract, and this gives
zero. Thus, one of the positive helicity gravitons must necessarily be inserted into the leg

(aa)ABCD (8a)ABCD

. This of course also comes from the fact that gives zero when applied

to a negative helicity state. Thus, the negative helicity graviton must hit one of the two
symmetric legs. If we choose the state inserted into (9a)4P¢P to be the graviton number

two, we get the following contraction

1 141 ’ / 3M/3N/
i B L ga9Bocyp, 1alBPMIPN ) 409D

_ w22 B9

MM 197 30 s

To this we must add the contribution from 1 and 2 gravitons exchanged, which gives the
overall contribution from the first term in (7.9) as

ik(12)? [3p)° <<2Q>2 N <1Q>2> | (7.16)

B¢’ \ [1p®  [2p)

To this, we must add the contribution from the second term in (7.9). In this case, the
positive helicity gravitons can only be inserted into the two symmetric legs of this vertex.
This gives the following contraction

g’ q®3Y 1 1P1 Lapay 1 252p2ppN 3p)* (1g)(29)

. M'oFE T 2 [
21k M3M 3EM P V| B o T 2ir(12) P s (7.17)
Adding (7.16) and (7.17) we get
o i(19)2 Bpf (2q) , (1g))?
M = —ir(12) 397 ([119] + [2p]> . (7.18)

We would like to rewrite the answer in terms of the angle brackets only. To this aim we take
the [3p] into the brackets, then use the momentum conservation and then the Schouten
identity. This gives the desired

(12)°
(13)%(23)"

We thus see that the GR cubic vertex is parity-invariant, as it should be of course, in

M =ik (7.19)

the sense that the amplitude for an opposite configuration of helicities is given by the
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complex conjugate of the original amplitude. Note, however, that to obtain this result
both terms in (7.9) were used in an essential way. This can be viewed as a justification for
the presence of the second term in (7.9), while it is the first term only that is important
for many calculations, such as e.g. that of MHV graviton amplitudes.

Let us now discuss the corresponding Feynman rules. When we write the vertex factor
corresponding to the first term in (7.9) we obtain 3 terms, since the first instance of (da)
corresponding to the self-dual part of the two-form da can be applied to any of the 3 legs
of the vertex. We will not write the vertex factor as we will never need it in this paper,
and because its explicit form containing many e symbols and symmetrizations is not very
illuminating. Instead, we shall draw a picture of the contractions involved in the vertex
for just one of the terms, when momenta k1 2 that we assume are incoming are on the lines
corresponding to (0a)gsq, and the momentum k12 = k1 + k2 is on the line corresponding to
(Oa)sq. In this picture the red lines correspond to primed, and black to unprimed spinor
indices. The symbols of momenta in circles stand for the factors of k44", This part of the

B &/
ix / (7.20)
= .
|

where one also has to symmetrize over the two external legs that can get contracted to kpo.

full vertex is given by

As we shall see later, for the purpose of computing the most interesting (graviton-graviton
or more generally MHV amplitudes) this will be the only surviving contribution to the full
vertex.

Let us now briefly discuss the case of a general theory. In this case the vertex of
interest in the tree level computations has several pieces. The most ”interesting” part is
still essentially the most interesting part of the GR vertex, i.e. the first term in (7.9), but

iv2 \27 /
M24/g®@
|

We can therefore expect that the Newton constant measuring the strength of interactions

with the different prefactor

(7.21)

of gravitons in the general theory is

1
Titeln M2g?), (7.22)

which is essentially the coupling constant ¢(®), expressed in the units of M, the only
dimensionful parameter present in the theory. This expectation will be confirmed below
when we compute the parity-preserving graviton scattering amplitude.
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Let us also give a pictorial representation for the second term in (7.9). We have

(7.23)

where the factor of two in front comes from the two ways that the symmetric legs can be
applied. The prefactor here is as is relevant for the case of GR. Let us also give a general
theory expression for this vertex. From (7.8) we get the following graphical representation

(7.24)

Here we have already summed over the two ways that the symmetric legs can be applied.

7.5 The parity-violating cubic vertex

For a general theory there are two more vertices. One comes from the first term in (7.8).
Assuming again the convention that the two momenta are incoming and one is outgoing,
and taking into account the symmetry factor of 3!, the vertex can be graphically repre-
sented as

(7.25)

To see what kind of interaction this generates, let us evaluate this vertex on the graviton
polarization spinors. It is immediately clear that it only produces a non-zero result when
all the helicities are positive, because the negative helicity inserted into the combination
(0a)ABCP gives a zero result. After applying all the derivatives to the external states, we

get for the amplitude coming from this vertex

V2(49® —39®)

+++
M o iM5(g(2))3/2

(12)%(23)%(31)% (7.26)

Using the already known to us fact (7.22) that the Planck mass Mg = 1/167G equals
M2g®? we can express the quantity ¢(® here in terms of the Planck mass. Also, to un-
derstand the behaviour of this amplitude in the M — 0 limit we specialize to a family of
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theories considered in the appendix, which are guaranteed to have only Planckian modi-
fications of GR. For this family the difference 4¢(3) — 3¢(2) = —(27/4)B*M? /M2, and the
amplitude becomes

M = iw(l 2)2(23)%(31)2. (7.27)
Here (3 is a parameter controlling deviations from GR, see (C.1).

We note that the amplitude of the type (7.27) can arise in a gravity theory with
the (Riemann)® term in the Lagrangian, see e.g. [18], discussion following formula (57).
However, a theory with this term in the Lagrangian would be parity-preserving, and thus
would also have a non-zero M~~~ amplitude. We stress that in our theories this is not the
case, with only one chiral half of this amplitude being present, and the amplitude M™""
continuing to vanish as in GR. We thus learn that the higher order in curvature correction
that is present in a general member of our family of theories is not (Riemann)? but rather
(Weylsg)?, in other words the cube of the self-dual part of Weyl curvature. No anti-self-
dual part cubed is present, and this is why the 3 negative helicity amplitude continues to
be zero. Below we shall discuss implications of this fact in more details.

7.6 Another first derivative vertex

We finally consider the last remaining piece of a general cubic vertex. It comes from the
first term in the last line of (7.8). Graphically, it can be represented as

2 39(2) — f(0)

2= (7.28)

As before, let us understand what kind of interaction this vertex represents by eval-
uating it on-shell. It is easy to see that there can be at most a single negative helicity
graviton. Indeed, any pair of legs in this vertex is connected by a black line. Thus, if there
are two negative helicity states, there will be a contraction of the reference ¢ spinors,
which results in a null amplitude. Thus, the only possible amplitude is + + —. We also see
that one of the plus helicities must be inserted into the bottom leg. This is because the
derivative present in the bottom leg would give zero when applied to a negative helicity,
and also because if two positive helicity states are inserted from the top, there would be
a contraction of the reference spinors pAl along the red lines. For this configuration of
helicities, however, there is no need to compute the result, as it can be seen to go to zero
as M — 0. Indeed, we know that ¢(® = Mg /M?. From the consideration of the appendix
we know, see (C.18), that the difference 3¢g(®) — f(§) = (27/4)a8? goes to zero as M?/M2.
This means that the prefactor in this vertex goes as M?° /Mp5, which is too fast to give
any surviving contribution when contracted with the 1/M factor coming from the helicity
states. So, there is no surviving in the M — 0 limit amplitude that this vertex produces. It
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turns out that this vertex does not contribute to the graviton-graviton amplitudes either,
so we can safely ignore it for the rest of this paper.

7.7 Quartic interaction

As for the cubic vertex, we now take the full expression (5.10), replace all the derivatives
by the partial ones, and convert everything into spinors. Our life is considerably simplified
by an observation that in order to contribute to the graviton-graviton amplitudes the 4-
vertex needs to have at least 4 derivatives. This will be demonstrated below. Taking this
observation into account, we can ignore the lower derivative parts of the vertex (5.10). The
4-derivative part that we keep, converted into the spinor form, reads

—4!M4(g<2>)2,c<4>:(—8g<>+4g +(7/2)9®) (9a) 4°P(9a)op™ P (9a) £ (9a) v T
F
(

—24(4¢9®) — ¢ (8a)*BEF (9a) 5P (0a) i i ap(0a)M N ep  (7.29)
+8(4¢) —3g ))(0a)*BEP (9a) apcp(0a) s PF (0a)M'™N pp
—1291(9a) sy v P (90) PM N (90) i ap (00)F T o

We emphasize that this is an on-shell vertex, with all legs satisfying 8"@2 = 0 condition,
and that only the 4-derivative part was kept. Thus, some terms potentially relevant for
loop computations have not been written down. Only two of these terms survive in the
GR case, and we get

2
LGk = ]\’22 (0a)*PEF (0a) g (0a) vy v ap(0a) N cp (7.30)
2
+ L (0a) ar AB (00) PMN (9a) g1 ap (00) P F e

4M?

We will only write down the vertex factors corresponding to the first term in (7.29),
the reason being that the other terms cannot contribute to the graviton-graviton scattering
(for a particular convenient choice of the reference spinors). This will become clear in the
next section. Thus, in particular the GR 4-vertex present in (7.30) is not at relevant as far
as the graviton-graviton scattering is concerned, and we have written it only for reference.

For the vertex factor we will use the rule that all 4 momenta are incoming. Taking
into account the symmetry factors, the associated vertex is

i(89Y —49® — (7/2)9®) "\ ’ ‘ / , (7.31)
3M4 ()2 % N

where one needs to the sum over possible permutations. There are 3 terms that are num-
bered e.g. by what k; gets connected to.

Just as a reference, we will also give pictures of the index contractions present in the
other 3 terms appearing in (7.29). As we have said, these other terms will not contribute to
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any computations in this paper, but the pictures below will be instrumental in seeing this.
We give them in the order that they appear in (7.29), without any associated prefactors.

&

(7.32)

The first and the last of these are the ones that appear in (7.30).

8 Graviton-graviton scattering

This is the last section of the present paper, where we put to use all the technology that we
developed. As is the case with the metric-based GR, even the simplest — — ++4 amplitude
is somewhat easier to compute as just the first non-trivial case of a more general MHV
amplitude with all but two positive helicity gravitons. For such amplitudes one can write
the so-called BCEW recursion relation [19], and then the — — ++ amplitude is given by a
sum of two terms, both involving just the known — — + amplitudes (7.14). However, here
we avoid developing the technology of recursion relations, postponing it to the next paper.
Instead, we compute all amplitudes of interest by directly evaluating the relevant Feynman
diagrams, of course using the spinor helicity technology that we have already developed.
We will see that the — — +4 amplitude receives contributions from only tri-valent graphs
with vertices (7.20), and there are two diagrams to compute. The degree of complexity
of this computation is very similar to the analogous textbook computation in Yang-Mills
theory, see e.g. [17]. We first do the computation of the — — ++ amplitude, and then
consider the — 4+ ++ and 4+ + ++ amplitudes (which are only non-zero in our more general
parity-violating theories).

8.1 The all negative and all negative one positive helicity amplitudes

The amplitudes with at most one positive helicity graviton can be shown to vanish in full
generality, just by a simple count of the number of derivatives present in any given diagram.

Let us first consider the all minus case, with n external legs. In this case the helicity
states (6.44) each carry 3 copies of the negative helicity reference spinor ¢. This spinor
can then be chosen to be the same for all the gravitons. Thus, we have 3n copies of ¢ in
the diagram, and we have to contract them all with some momenta that appear as a result
of evaluating in the derivatives present in the vertices. It is then easy to see that there
are not enough derivatives to avoid contracting the ¢4’s between themselves. Indeed, the
largest possible number of derivatives is in a diagram with 3-valent vertices only. There
are n — 2 such vertices, and thus at most 3(n — 2) derivatives present (as the largest power
of the derivative in each vertex is 3). Since each derivative can only eat one copy of a4,
there is not enough derivatives for these amplitudes to be non-zero.
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The argument with all minus one plus proceeds similarly, but in this case one chooses
all the reference spinors of the negative helicity gravitons to be the momentum spinor k4
of the positive helicity graviton. Then there are again 3n instances of k4 and only at most
3(n — 2) derivatives, which is not enough to avoid the k%’s contracting.

8.2 The — — ++4+ amplitude

This is the only non-vanishing amplitude in the case of GR, as we shall also explicitly see
using our methods.

Let us first verify that the 4-vertex containing diagrams cannot contribute to this
amplitude. This is an argument of the same type that we already gave to show that the
all minus and all minus one plus amplitudes are zero. Indeed, we now have 6 copies of
¢ coming from the two negative helicity states, and we can choose them to be equal to
the momentum spinor ké“ of one of the positive helicity graviton. We thus get 9 copies of
k::,‘)4 that need to contract with something else than themselves. Let us count other object
available. We have 3 copies of the other positive helicity momentum spinor k:f coming
from its helicity spinor (6.44). We thus need at least 6 derivatives to absorb the remaining
6 copies of kg“. These can only come from tri-valent diagrams, as the other diagrams
contain less derivatives. Incidentally, the same argument shows that only the 3-valent
graphs contribute to any MHV amplitude (which in our convention is the amplitude with
at most two plus helicity gravitons).

It remains to see that only the vertices (7.21) can contribute to this amplitude. As
we just saw, we need to have at least 6 derivatives, so the only other possible vertex
is (7.25). We cannot use this vertex twice, because it can only take the positive helicity
states. Thus, let us assume that just one of the vertices used is (7.25). Since this vertex
can only take the positive helicity gravitons, both available positive helicity states must go
in it. The other vertex is then (7.21), with two negative helicity states inserted in it. It
is then a simple verification to see that in the internal edge of the diagram we will have
q*qPq¢ coming from the negative helicities contracting with kéAkf kf) or with kéAkf kf)
coming from the positive helicities. Since we have chosen ¢4 to be the momentum spinor
of one of the positive helicity gravitons, this contraction is zero. Again, precisely the same
argument works for a general MHV amplitude, and establishes that only the vertex (7.21)
is relevant in MHV computations. This means that after the identification (7.22) is made,
all MHV amplitudes for a general member of our family of theories are the same as in GR.
In particular, the — — +4 amplitude defining the Newton’s constant is the same, and so
in the following considerations we can assume the form (7.20) of the relevant vertex.

Thus, we only need to consider the 3-valent graphs with vertices (7.21). There are
3 such graphs (s,t,u channels), and each vertex factor has 3 terms. Thus, there are in
principle 27 terms to consider. However, most of them are zero.

A very convenient way to organize the computation is to consider the possible ways
of putting two negative helicities into the vertex (7.20). It is clear that they must go into
the two legs in which the vertex is symmetric. Indeed, any pair of external legs containing
the (9a)ABCP leg (this is the bottom leg in the pictorial representation) is connected by
a black line. Thus, the insertion of a pair of negative helicity states in any other way but
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from the top gives a zero result. Recalling that the top legs came from the anti-self-dual
part of the two-form da’, we shall refer to them as the ASD legs. Similarly, the bottom leg
will be referred to as SD.

We can now recall our choice ¢ = ké“. It means that for many purposes the positive
helicity graviton of momentum ks behaves like a negative heliclity one. In particular, if we
are to put this positive helicity graviton into the vertex (7.20) together with some negative
helicity graviton, it is easy to see that both necessarily must go into the ASD legs. Indeed,
if the positive helicity goes into the bottom leg in the picture (7.20) it is easy to see that
at least one of the ¢’s from the negative helicity graviton will contract with k:g‘ along
the black lines. Thus, in case of the graviton of momentum k3 and some negative helicity
graviton, both must go into the upper, ASD legs in the figure (7.20).

Let us now compute the result of such insertion of two negative or one negative one
positive of momentum k3 helicity states into the vertex (7.20). For two negative states that
we label by 1 and 2, we get the following quantity

: / [12)*
iMk g qPq® (k1 + ko) PP qp————. (8.1)
(1g)*(29)*
Similarly, when the states 1 and 3 are put together into this vertex we get
: : 1p]?
—iM«k quBqC(kl + k3)DD QD%, (8.2)
(1¢)"[3p]

where an extra minus is from 6ﬂ,aE ABN' Where we get ka qre = (1¢), but in the denom-
inator of these helicity states we have (g 1)3, and this different order of the contraction
produces an extra minus sign. Two of such minus signs have cancelled each other in (8.1).
We remind the reader that in (8.2) we have used k4 = ¢4.

The important point about the results (8.1) and (8.2) is that they can now be put to-
gether with some other state via a 3-vertex (7.20) only in a single way, again from the upper
two legs in the picture. The reason for this is that both of them, as the original helicity
states, contain 3 copies of ¢, thus, the argument we gave above about the only possible
way to couple such states applies. This means that the vertex (7.20) works only ”in one
direction” coupling the negative helicities or the positive helicity graviton of momentum k3
by taking them in its ASD legs. As an aside remark, we note that this immediately implies
that even in a general MHV amplitude with two plus helicity gravitons, the vertex (7.25)
cannot be used. Indeed, it could only be used to couple the two positive helicity gravitons
to all negative gravitons already coupled in some way with (7.21). However, the one leg
off-shell current with any number of negative helicity gravitons is necessarily proportional
to ¢4¢2¢%, and this will vanish when contracted with what comes from the vertex (7.25),
as we have already discussed above. In the next paper we will put these facts to work
and compute the one leg off-shell all negative helicity current. For now we continue our
consideration of the — — ++4 amplitude.

The above picture of the vertex (7.20) working as a coupler of states just in one
direction gives 3 possibilities to consider. One can either couple first the two negative
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helicity gravitons 1 and 2, and then couple the result to 3, or first couple 1 and 3, and then
couple to 2, or first couple 2 to 3 and then to 1.

1 1 2

N N N
e A

2 3 3 2 3 1

In all these cases one couples to the positive helicity graviton 4 at the very end. These
are of course just the 3 different s, ¢, u channels, but we now have just 3 terms to consider
instead of 27.

The final simplification comes from the availability to choose the positive helicity ref-
erence spinor p?’ conveniently. We recall that we have not yet made any choice of this in
the analysis so far, so we are now free to make the most convenient choice. We choose
p?" =24 which eliminates the possibility (8.2) to couple 3 directly to 2. This leaves just

the first two terms in the above picture to consider.

Let us compute the diagram when 1 and 2 get coupled first, and then couple to 3. We
have computed the result of coupling 1 and 2 in (8.1). We then multiply this result by the
propagator 1/ik?, where k? = kA gk a? computes, using the fact that both k; and ko are
null, to just k%, = 2(12)[12]. We now couple together (8.1) with the propagator added
at the end with the positive helicity state 3. After applying the derivatives present in the
vertex we get the following contraction

2 2 E F D [ 2]2 1 qeqpp™ N’
s b awaslh e ol war s ot bV o T p aia i sp
IRN2 [12] (qlk1 + ka|p)?
=2iM () qagsgc(kr + ko + k3)"prg :
(3) saasactha b v ks) 7 7(12) (1) (2¢) 39

We finally insert into this result the last remaining positive helicity (1/M)44484CpP" /[p4].

We can also use the momentum conservation to replace ki + ko + k3 by —k4 (all momenta

are incoming). Substituting also ¢® =34 and p? = 24" we get, overall

2[12]*  (34)*
2 () 12]° (34 (8.3)
2) (12) (23723

We now compute the other non-vanishing diagram, where 1 gets first connected to 3,
and then the result connects to 2. Adding to (8.2) the propagator, taking the helicity state
for 2 and applying all the derivatives gives the following contraction

2 ’ ’
[1p] 1 qcqpp™ p

(1g)%[3p)? 2i(13)[13] (2q)°
1) (glkr + kslp)?
(13)[13] (19)*(2)*3p)°

()%k% qaqp (k1 + k3)E s qe(ky 4 k) neqe(ky 4 ko + k3)P o

) K\ 2
= 2iM (5) qaqqc(kr + k2 + k3)P prap

We now put in this the last remaining state 4, and use the values of g%, pA/ to get

N2 120 (34
2l (5) (13)[13] (23)2[23]* (84
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Adding (8.3) and (8.4) and using the momentum conservation we get

9 4 3
_21('*) < 34" [12]°(A4)[14] (8.5)

2/ (23)%232 (12)(13)[13]

We now convert as many square bracket contractions into the round ones using the mo-
mentum conservation identities, e.g. [14]/[13] = —(23)/(24). We finally get

il
2

) (34)° ! [12] (8.6)

Mo =i 319 23)24) (12)

which is the usual GR result, see below.

To rewrite (8.6) in a more recognizable form, we evaluate the spinor contractions
present in the center of mass frame, and rewrite everything in terms of the Mandelstam
variables. The relevant contractions are given in (A.3). We get

g (B2 S
M —i (5) =, (8.7)
which is the form one find this result in e.g. [20], formula (17), modulo the factor of i that
most likely has to do with different conventions, or in [23], formula (40) with the coefficient
¢ given after formula (42). Our factors in (8.7) precisely match those in [23].
We emphasize that the result (8.7) holds for a general member of our family of theories.
It is a particular case of a more general result that all MHV amplitudes (i.e. amplitudes with
just two positive helicity gravitons) are the same for all members of our family, provided
one identifies the Newton’s constant as in (7.22). The generality of the result (8.7) is
important, because it immediately tells us important information about the types of higher
derivative terms that are present in the Lagrangian of our theories if one interprets them as
metric theories. Indeed, for a general counterterm corrected Einstein-Hilbert Lagrangian
one expects (8.7) to get modified, see e.g. formula (61) of [18]. The fact that this does not
happen for our class of theories tells us that no such R* type modifications are present.
Once again it illustrates a very tightly constrained character of the modifications present
in our different from GR gravitational theories.

8.3 The — + ++ amplitude

We now compute the first example of an amplitude that is zero in GR, but non-zero in a
general parity-violating theory (the ++ + amplitude encountered in the previous section is
zero once the momentum is taken to be real and the momentum conservation is imposed).

The first check that we need to do is that both for this, and the ++++ amplitude only
the 4-vertices with at least 4 derivatives can contribute, and so it is sufficient to restrict
one’s attention to (7.29). Let us first run the argument for the all plus case. Here we have 4
reference spinors ¢?', and these need to be contracted with something else than themselves.
Therefore, one must have at least 4 derivatives. The same argument also works in the case
— + ++, if one chooses the positive helicity reference spinors to be equal to the momentum
spinor for the negative helicity state.
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Let us now check that there cannot be any contribution to this amplitude from the
4-valent vertices. Since we have one negative helicity, only the vertices in (7.32) could
contribute, with the negative helicity inserted into one of the ASD legs, i.e. where the
contraction of the derivative with the connection is of the form 8ﬁ,aE ABN'- However,
such a leg gets necessarily contracted with another ASD leg, where we will have a positive
helicity graviton. As usual, we can choose the reference momenta of all positive helicity
gravitons to be the same and equal to the momenta of the negative one. Let the negative
helicity graviton be of momentum k;, then we choose pA" = 14", It is now easy to see that
the primed index contraction will give that of p?" with itself, and so these 4-valent graph
diagrams cannot contribute. Another way to phrase this argument is to note that there is
always a red line connecting at least one pair of vertices in (7.32). Such red lines give a
contraction of the reference spinors pA/, or of these reference spinors with the momentum
spinors 14, and this gives a zero result.

It remains to compute contributions from the 3-valent graphs. There appears to be
many possibilities, as we have 4 different types of 3-valent vertices to consider. Indeed,
because we need just 4 derivatives to be present, it appears that even the one-derivative
vertices can give some contribution. However, as usual, most of the possibilities give a zero
result. In particular, the one-derivative vertices cannot contribute. Let us check this first.

The way to check which diagrams can contribute is to follow the red lines. With our
choice p?" = 14" we know that we cannot put together states in a pair of legs that is
connected by a red line. E.g., in the GR vertex (7.21) we can only put the states one in
an upper leg, one in a lower, but not two in the upper ASD legs, because this would result
in a zero spinor contraction. If we do put two states into this vertex in the only allowed
way, we will get the reference spinor p?’ on the free red line, later to be contracted into
some other 3-valent vertex. The same argument applies to (7.23) and (7.24) where we
again see that in order to avoid the contractions of the positive helicity reference spinors
we need to use a very specific insertion. Thus, in the case of (7.23) we must necessarily
insert the external states from the top, with again a reference spinor pA/ appearing on the
red line of the free leg (bottom in this case). With (7.24) we can only insert the external
states one into a top leg, one into a bottom, as these are not connected by a red line.
Again, there is a pA/ spinor appearing on the free leg. This immediately tells us that the
vertices (7.21), (7.23) and (7.24) cannot be paired, i.e. any diagram involving only vertices
of these types is zero (for this choice of helicities). This means that one of the vertices
must be (7.25). In particular, this argument explains why this amplitude is zero in GR (in
our formulation).

The easiest way to see that the diagrams involving vertices (7.23), (7.25)
and (7.24), (7.25) cannot contribute is to work out the M-dependence. The prefactor
in (7.25) goes as M3 /M[? The helicity states give M from the negative helicity times
1/M?3 from the positive. Overall, this leaves a factor of M to first positive power. Thus,
in order for these diagrams to give a surviving in M — 0 contribution the other 3-valent
vertex must have a negative power of M in front. However, this is not the case. The
vertex (7.23) goes as M/M,, and the vertex (7.24) goes as M®/M}. Thus, no non-zero
Minkowski limit contributions are produced in this case.
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The only possibly non-vanishing in the M — 0 limit diagram is therefore one involving
GR vertex (7.21) and the vertex (7.25). We must necessarily insert the negative graviton
into the vertex (7.21), in one of the upper legs. Also, some positive helicity graviton should
go into the bottom leg of this vertex. Let us compute the corresponding contraction,
including the propagator at the end. We take the positive graviton to be the one of

momentum ko, and get

1

. M/ N/
_ﬁMqEqFl 11 .
2i(12)[12]

—2B9F 9498 (k) 4 ko)) po

U 1q? M (8.8)

2
__K %21423201]\4/
- 2 2 ’
2M* (12)(1q)

The free indices here are ABCM’. We have to contract this object with one obtained by
combining the gravitons 3 and 4 via the vertex (7.25). This gives

iv2(4¢®) —3¢@) 1
M2(g@)32 M2

373" 454p3(4354c4p) (ks + ka)” pr. (8.9)
The symmetrization here, together with its contraction with k3 + k4 can be written as

3(a3pdcdp) (ks + ka)Par = = (3p3(adBdc) +4p4(a3830)) (ks + ko) Par (8.10)

N

1
=3 ((43)3(a4pdcydar + (34)443B3¢)30r) -

Overall, after contracting the above two quantities, we get for this contribution to the
amplitude

i(49® — 39) (29)°(34)°(23)(24)
2M2My (12)(1q)”

((24)[14] — (23)[13]). (8.11)

This is 34 symmetric, as it should be. Note that we have replaced x with v/2/M, and
also used the fact that M2¢(?) = Mg. We should now add contributions from the 2 more
diagrams in which 1 first gets connected to 3 and then to 1 and 4, and another one where
1 first gets connected to 4 and then to the rest. What one gets can be checked to be
g-independent, as it should be of course. So, we shall make a choice and set ¢ = 44, so
that there is just one more contribution to consider. It reads

i(49" —39?)) (3¢)*(24)°(32)(34)
2M?M, (13)(1g)*

(34)[14] - (32)[12)). (8.12)

We now set ¢? = 44 and add the above two quantities. We can also use the momentum
conservation to note that the quantities in brackets in both (8.11) and (8.12) are equal,
so that we can keep only the first one of them in each case, and double the result. We
thus get

i(49®® —3¢@) ~ (24)°(34)%(23) ((24) (34)
M2M} 4 (14)? <<12> <13>>' (8.13)
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Using the Schouten identity this finally gives

(4g® —3¢2) (14

M =4 A <12M13M14>@4)%34f%23ﬁ. (8.14)

Using the momentum conservation this can be seen to be 234 symmetric.

It is instructive to rewrite the result (8.14) using the Mandelstam variables. The
relevant spinor contractions in the center of mass frame are given in the appendix, see (A.3).
One gets

(49" — 391))

i
M - 8IM2M}

stu. (8.15)

Specializing to the one-parameter family of theories guaranteed to contain only Planckian
modifications of gravity, we use (C.12) and get

. 2732

—++
M 132MI§S

tu. (8.16)

Here f3 is a parameter that controls the strength of deviations from GR, see (C.1). We see
that at high energies this amplitude goes as E° /Mg.

8.4 The + + ++ amplitude

We now study the final graviton-graviton amplitude, involving 4 incoming gravitons of
positive helicity. This amplitude vanishes if there are just the GR vertices, but is non-
vanishing in general, as we shall now compute.

Many of the argument of the previous section apply, and we can see that the 4-vertices
in (7.32) do not contribute. We also know that from the 3-valent diagrams, only ones
involving the vertex (7.25) can contribute. We will analyze the 3-valent diagrams containing
just one copy of the vertex (7.25) in the appendix. Let us now consider the diagram
containing two vertices of the type (7.25). We know that the prefactor in this vertex goes
as M3 /Mz? . Given two such prefactors, and taking these together with the factor of 1/M*
coming from the positive helicity states, we see that the result goes as M?, and so does
not survive in the Minkowski limit.

We thus have to consider only the contributions from the 4-valent graphs with the
vertex (7.31), as well as 3-valent graphs involving just one copy of the vertex (7.25). The
later are worked out in the appendix. On the other hand, the computation of the 4-valent
diagram is very easy, because after the derivatives get applied to the external states, one
is just left with (1/M)kAEPECEP quantities, where k4 is the corresponding momentum
spinor, to contract as dictated by the black lines in figure (7.31). The result is

i(891) — 4¢) — (7/2)g)

3M3()? (13)124)" + (12)'34)" + (14)'(23)").

We can rewrite the above results more compactly by going into the center of mass frame
and introducing the Mandelstam variables (A.4). Using the results of spinor contractions
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given in (A.3) we get

g 1(2gW — g™ — (7/8)g®)

M4—Vert - 12M4M;)L

(s 4+t +ut). (8.17)

For theories having only Planckian modifications, such as the family described in the ap-
pendix, we have (C.16), and

M 2 25 (8.18)
4—vert — 48M;§ : :

Adding this to the contribution (D.23) from the 3-valent diagrams from the appendix we
get the following answer for this amplitude

2733
ERYE

M++++ — i13552

16016° (s* +t* +ub). (8.19)
P

tu +
At sub-Planckian energies the first term dominates and the amplitude goes as E° /MS.

9 Discussion

The main outcome of this work is a derivation of the Feynman rules, as well as of the
prescription for computing the Minkowski space graviton scattering amplitudes. For the
convenience of the reader these are listed in the appendix.

Our main physical result is the computation of the graviton-graviton scattering am-
plitudes. We recall that in GR there is just one non-vanishing such amplitude (in the
convention that all particles are e.g. incoming), and this is the amplitude with two gravi-
tons of one and two of the opposite helicity. Using the terminology of maximally helicity
violating (MHV) amplitudes (in our conventions these are amplitudes with just two posi-
tive helicities), the GR graviton-graviton amplitudes is the simplest MHV amplitude. Our
computation confirms the GR result, which is completely expected since we work with just
a different, but equivalent at the tree level formulation of General Relativity.

However, some aspects of this computation deserve to be emphasized. As we already
stressed in the Introduction, the gauge-theoretic formulation of GR is quite different from
the metric-based one, with one of the most significant distinctive features being that the
graviton conformal mode does not propagate even off-shell. The fact that such a reformu-
lation is possible does not come as a surprise. Indeed, in the formulation due to Bern, see
e.g. [20], one introduces an additional scalar field, and then does a field redefinition of the
metric variable in such a way that the conformal mode of the graviton completely disap-
pears (in favor of the new scalar field). Then, for the purposes of computing the tree-level
scattering amplitudes the scalar field can be forgotten about completely, because it is not
sourced on the external lines, and thus cannot propagate on the internal lines either. What
happens in our formulation is similar, except that the statement that the conformal mode
does not propagate is true in even greater generality, as it extends to loops. Thus, the
gauge-theoretic formulation can be expected to start to differ from the metric-based GR
when one computes quantum effects. And at the tree level, our formulation automatically
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produces the simple 3-vertex (7.9) which is at the heart of the simplicity of the present
formalism. While many simplifications of the metric-based GR cubic vertex are possible
by a clever choice of gauge-fixing as in e.g. [21], or by the trick of introducing an additional
scalar field as in [20], our formulation produces a simple and practical for calculations
expression for this vertex automatically, without too much thought.

We have also stressed a very strong analogy between the linearized Lagrangian, as
well as the cubic interaction in our gauge-theoretic formulation of GR and Yang-Mills. As
we already discussed after introducing the cubic interaction in (7.9), both the linearized
Lagrangian and the cubic interaction in gauge-theoretic gravity are more or less direct
generalizations of the corresponding objects in Yang-Mills theory. The generalization in
question is the passage from an object with one unprimed one primed spinor index Apsas,
which is the Yang-Mills spin 1 field with its color index suppressed, to an object asga v
with 3 unprimed indices and one primed, which is the SU(2) gauge field that we used for
our description of gravitons.

We now come to the discussion of even more intriguing aspects of the present formalism.
One of the most dramatic outcomes of the studied here (and related) reformulations of GR
is that general relativity is not the only theory of interacting massless spin 2 particles. To
understand how our theories manage to avoid the GR uniqueness, let us recall how the
uniqueness statement is established. There are many proofs, but for our purposes it will
be convenient to concentrate on the proof from unitarity. The proof starts by dimensional
reasoning. It is first shown that the amplitudes for 3 on-shell gravitons (with analytically
continued to complex values momenta) are completely fixed by their behaviour with respect
to the little group. All helicity combinations are in general possible, but only the spinor
contractions appearing in M~ and M~"" amplitudes have small enough dimensions
(energy squared) to result from a vertex without too many derivatives. Indeed, in the usual
formalism they are produced by the (1/M,)h?0?h cubic vertex of GR. To give rise to non-
zero amplitudes M~~~ or M**F one would need a vertex of the form (1/M})(9%h)?. This
vertex, if present in the Lagrangian, would give a theory with field equations containing
more than two derivatives of the basic field. This is undesirable, as generically higher
derivatives are known to lead to instabilities already in the classical theory. This fixes
the only cubic amplitudes to be M~ and M~"", and then the only possible quartic
amplitude is shown to be M~~1+. Its part that has singularities in the s,¢,u plane is
shown to be completely fixed by the tree-level unitarity. Non-singular contributions to the
M~~TT amplitude are also possible, but they can only come from terms in the Lagrangian
that have too many derivatives. This shows uniqueness of GR as the only interacting
theory of massless spin 2 particles without too many derivatives in the Lagrangian.

When we reformulate GR as a theory of connections we are using a different spin 2
representation of the Lorentz group to describe gravitons. Namely, it is the connection field
aABCA that is used instead of h4B4B" in the metric GR. The natural helicity spinors to be
used are then ¢g¢? qcsz/ /{k q>3 for one of the polarisations (in our conventions negative),
and kKB k’ch/ /[kq], where qA,qA/ are some reference spinors. However, these helicity
spinors are dimensionful, unlike the natural constructs in metric GR. Thus, one needs to
multiply them by a dimensionful parameter to produce the polarisations with correct mass
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dimension zero. This has the effect that the helicity spinors are now given by (6.44). In
particular, the minus polarisation contains a factor of M, and the plus polarisation contains
a factor of 1/M, where in our framework M is the square root of the cosmological constant
(our reformulation only makes sense with a non-zero scalar curvature).

This form of the polarisations immediately shows that the connection formulation ver-
tex that gives rise to e.g. M ™~ amplitude must contain one more derivative as compared
to the metric formalism. Indeed, we have M? from the negative polarisations and 1/M
from the positive helicity graviton. Thus, to produce the same containing 1/M, final result
we need a cubic vertex with the pre factor 1/M M, which thus contains three, not two
derivatives as in the metric GR. Thus, the familiar GR vertex (1/M,)h%9%h is now cast
into the form (1/M M,)(da). Note that in spite of the fact that there is one more deriva-
tive in the vertex as compared to GR, the derivatives only appear as a power of the first
derivative of the field. This means that the field equations produced from this contain still
just second derivatives (as well as non-linearities in the first derivative).

The final point of this discussion is that, unlike in the metric formalism, it is now pos-
sible to have the M*++ amplitude without increasing the order of field equations. Indeed,
there is 1/M? coming from the polarisation spinors. The spinor contractions present in the
M+ amplitude have dimensions of M®, and so this amplitude is of the form 1/M?® times
the spinor contractions. Taking into account that we have a factor of 1/M? coming from
the polarisations, we see that the vertex that produces a non-zero such amplitude is still of
the form that we have already encountered, namely 1/M?(da)3. More precisely, it comes
out to be of the form M?3/M?(da)? so that there are no factors of M left in the final result
for the M+ amplitude. But what is important for us is that the connection formulation
made it possible for the amplitudes M~"T as well as MTTT to come from schematically
the same cubic interaction vertex 1/M?(da)3. Of course, the tensorial contractions present
in the vertices that lead to M~~T and M™TT are different, but what is important for us
is that they both contain just the third power of the first derivative of the connection. The
amplitude M~ also works out correctly, but with a bit more work, see the main text.

Note also that the amplitude M~~~ does not fit this framework, because of too many
factors of M coming from the polarisations. Indeed, one gets M3 from there, but the
answer one wants to get must contain a factor of 1/M5. Thus, there must be 1/M? in the
vertex, which corresponds to (1/M?®)(83a)3. There are clearly too many derivatives here
to have second order field equations, and this is why this vertex is excluded.

To summarise, the reformulation of the theory of interacting gravitons in terms of
a different representation of the Lorentz group puts the amplitudes M~~T, M~++ and
M+ all on the same footing, in the sense that they are all produced by a vertex of
the type (1/M?)(da)3. There is no conflict with second order in derivatives nature of the
field equations, and this is why there is more than one theory of interacting gravitons with
just second order equations of motion provided one uses connection, not metric to describe
gravitons. We have seen that the essence of why this works lies in the fact that the two
helicities are treated asymmetrically, with a factor of M in one (negative) helicity and
1/M in the positive one. It is this factor of 1/M in the positive helicity that allows for a
new cubic amplitude MTTF, and in fact for a new amplitude M™+T at any number of
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gravitons, without increasing the order of field equations. This explains why there is an
infinite-parametric family of theories of interacting gravitons without higher derivatives in
the field equations, provided one uses the connection formalism. For more details of this
argument the reader is directed to [25].

Let us contrast this story with what is possible in the metric formalism. In the metric
formulation it is possible to have amplitudes that are absent in GR, e.g. MTTT but these
come from terms in the Lagrangian that contain higher derivatives. The developed gauge
theoretic formalism allows for these amplitudes without increasing the order of field equa-
tions. However, the resulting theories are necessarily chiral (parity-violating), as only the
mostly plus amplitudes can get produced by the above mechanism.

As the new interactions possible in the gauge-theoretic framework are parity-violating,
it appears likely that if the condition of parity-invariance is added, then GR may indeed
be the unique theory of interacting gravitons. We have not attempted to prove any such
statement here, but since all the deviations from GR that we have found are in the direction
of parity violation, it is possible that such GR uniqueness statement can be shown to hold.
However, there is no physical reason to restrict one’s attention to only parity-invariant
theories. Indeed, we know that Nature does violate parity invariance (in the Standard
Model) in the strongest possible way. It is gratifying to see that gravitational theories
where parity invariance is not built in from the start are also possible.

One interesting property of the whole class of gravitational theories that we are study-
ing is that they all admit an unambiguous definition of the Newton’s constant. Indeed, in
our story Newton’s constant can be defined as the strength of interaction of two gravitons,
and can be read off from the amplitude for two gravitons of some helicities to undergo
a scattering process that does not change their helicities. In all our theories this am-
plitude has the same dependence on the Mandelstam variables s,¢,u as in GR, namely
M~=++ ~ s*/stu. The dimensionful coefficient in front of this amplitude comes out as
(2M?g)~1, where M? is the dimensionful parameter setting the radius of curvature of
the background on which we work (M? ~ A), and ¢(? is the first coupling constant that
characterises a theory from our class. Recall that g(®) is read off (2.10) from the matrix of
second derivatives of the defining function. We can then define the Newton’s constant so
that the amplitude has exactly the same form as in GR. This fixes (167G)~" = M?g(?). We
stress that this definition makes sense for an arbitrary member of our infinite-parametric
family of theories. It is clear that this definition of the Newton’s constant only makes
sense because our theories do not contain the most general imaginable higher derivative
modification of GR. Indeed, with terms of the form R* in the metric formalism it would be
possible to have contributions to the M~ amplitude that have a different functional
dependence on the s,t, u variables. In this case the Newton’s constant (the coefficient
in front of the s*/stu part of the amplitude) could not be simply read off from a single
measurement of the graviton scattering. As it will be clear from the next paper in this
series, the fact that the M~ amplitude is the same as in GR generalises to a stronger
statement that all MHV amplitudes for our infinite-dimensional class of theories are the
same as in GR.

Let us now discuss the obtained parity-violating amplitudes in more details. The first
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such amplitude (7.27) we encountered was for 3 gravitons (with complexified momenta),
all of positive helicity. At the same time, the — — — amplitude continues to be zero,
as in GR. This tells us that, at least to the cubic order in perturbation theory, we can
think about our parity-violating gravitational theories as General Relativity corrected by
a term (1/M2)(Weyl™)?, where Weyl™ is the self-dual part of the Weyl curvature tensor.
Indeed, this term, if added to the GR Lagrangian, would not give any contribution to the
amplitudes containing at least one negative helicity graviton, and would produce precisely
an amplitude with the structure of (7.27) for the + + + helicity configuration. This term is
of the same type as the famous Goroff-Sagnotti [13] counterterm (Weyl)3, except that now
it is only the self-dual part of curvature tensor that is present and the Lagrangian is not
invariant under parity. Moreover, this Lagrangian, in Lorentzian signature, is complex, in
view of the fact that all parity-odd terms in it are purely imaginary. This raises immediate
concerns about the unitarity of these theories. We will not attempt any investigation of
the unitarity issues in this paper, leaving this aside for future work.

Let us discuss what 2-to-2 graviton parity-violating amplitudes tell us. These are
amplitudes that do not vanish even for real momenta. First, there is a set of amplitudes
where parity is flipped just by one unit. Applying the crossing symmetry and converting two
gravitons from incoming to outgoing states, we can draw these parity-violating processes as

+

+ + + -

In both cases one of the positive helicity gravitons is converted into a negative helicity
one. We have seen (8.16) that this amplitude goes as stu/M?, where s,t and u are the
usual Mandelstam variables. It is thus of equal importance as the usual parity-preserving
amplitude (1 /Mg)s3 /tu at Planck energies, which is just an illustration of the fact that a
generic member of our family of gravity theories is very different from GR at high energies.
If one could extrapolate beyond the Planck barrier (which in reality one cannot because
the perturbation theory breaks down), one could say that at higher energies the parity-
violating processes scaling as E% become even more important than the parity-preserving
ones scaling as E2.

Another set of the processes is when the helicity is flipped by two units. This can be
drawn as

/
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Two positive helicity gravitons are converted by this process into two negative helicity
ones, with the amplitude computed in (8.19) having one contribution going as stu /Mg and
another one proportional to (s* + t* + u*) /Mg. Again, at Planck energies these processes
become equally important to the parity-preserving ones.

One is then led to admittedly speculative, but thought-provoking picture of the dy-
namics of gravity at high energies, as predicted by our theories. Indeed, the parity-violating
processes only go in one direction (the theories are not T-invariant). It is then clear that
eventually all gravitons will get converted into gravitons of a single helicity (negative in our
conventions). Whether this indeed has anything to do with what happens at the Planck
scale remains to be seen, but it is clear that this picture is a valid, and to some extent
unexpected outcome of our gauge-theoretic approach.

To conclude the discussion of the parity-violating amplitudes let us make one more
comment on how our theories manage to avoid the proof of GR uniqueness, see also remarks
above. There is a proof given in [23] that works directly with the scattering amplitudes. One
point about the work [23] that makes it not general enough is the assumption of the parity
symmetry. This is clearly violated by our theories. The absence of parity is also the reason
why in our case it is possible to get non-zero answers for parity-violating processes, while
in [23] parity can be easily shown to lead to vanishing of the 2,2; —2, —2 amplitude, in the
conventions of these authors. The vanishing of another amplitude 2, 2;2, —2 is shown in [23]
by a more subtle argument, which does not relate to parity in a direct way. The argument
is that the kinematical singularities of this amplitude are known, and then the non-singular
piece must behave (for dimensional reasons) as such a high power of momentum that this
is impossible in a theory with at most two derivatives in a vertex. The way this argument
is circumvented is instructive. While our theories lead to second-order in derivatives field
equations, they have arbitrary number of derivatives at vertices when expanded, in the
sense that the n-th order vertex can contain as many as n derivative, but always with just
a single derivative acting on each leg of the vertex. This is the reason why the argument
in [23] for the case of the 2,2;2, —2 amplitude is not applicable to our theories, and indeed,
we see a non-vanishing single helicity flip amplitude (8.16).

Let us now come to a discussion of open issues. One unsatisfactory aspect of our
approach is our inability to control the form of the defining function of the theory, e.g. as a
function of the energy scale. Thus, in contrast to the metric approach where the Einstein-
Hilbert action is clearly the most dominant term at low energies, we do not at present
understand why at low energies the defining function of our theory should be chosen the
way it is for GR. From our results we can only see that the scattering amplitudes for parity
violating processes go as much higher power of energy than is the case for GR amplitudes.
This does indicate that at low energies these processes can be neglected, which to some
extent explains why the parity-preserving GR is the low energy theory. But it would be nice
to convert this qualitative argument into a quantitative, and this is missing at the moment.

Another, related aspect is our lack of understanding of the renormalizability properties
of our class of theories. The question is whether any counterterms that are not already
present in the Lagrangian need to be added in the process of renormalization. If, as
originally conjectured in [24], it happens that this class of theories is closed under the
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renormalization, one could compute the associated RG flow, and then answer the question
of how the defining function flows with energy in a quantitative way. In the absence of any
such result, we could only choose the defining function by hand, which is what we did in
obtaining the above stated amplitude results. In particular, our conclusion that the parity-
violating processes are of importance only at Planck energies was based on a particular
choice of the defining function worked out in appendix D. For this choice, one is guaranteed
to have only Planckian modifications of gravity. However, if the defining function does not
approach the GR one at low energies as in this simple case, then the energy scales where
the parity-violating processes become important are different. In particular, because the
cosmological constant A = M? gets involved, see (8.15), (8.17), the associated energy scales
become much lower than M, which is a potentially very interesting effect. Thus, it is worth
stressing that a general member of our family of theories is very different from GR in its
properties. Not only it is parity-violating, but more importantly, for a generic choice of the
couplings ¢@, ¢® ... the theory becomes strongly coupled at a much lower energy scale
than M), even if one makes M, > M by making the coupling g large, see (7.22). This
makes GR a very special point in the family of theories that we studied, and makes the
question of why it is GR that is seen at low energies non-trivial.

One other important outcome of this work is a better understanding of the modification
of GR that is provided by a generic member of our family of theories. We have already
discussed the parity-violating aspect of this modification, as well as the potential difficulties
with unitarity. Another aspect so far less emphasized is the fact that the graviton-graviton
parity-preserving amplitude is unmodified at all, and is the same for all members of our
family. An even stronger statement is true: All MHV amplitudes, defined as amplitudes
with just two positive helicity gravitons, are exactly the same as in GR. We have sketched an
argument to this effect in the main text, and will study these amplitudes in more details
in the next paper. Let us concentrate on the graviton-graviton case. A general metric
theory with higher powers of curvature present in the Lagrangian will modify the graviton-
graviton amplitude, basically due to the fact that it introduces new (higher derivative)
vertices. The fact that there is no such modification taking place for all our theories tells us
a lot about them. It is possible to establish several general statements for second-derivative
gravity theories. In particular, it can be shown that the graviton-graviton parity-preserving
amplitude cannot be anything else except what it is in GR. Thus, it is not too surprising
that this particular amplitude does not get modified. But it is worth emphasizing that this
signals once more that the theories considered are not the most general gravity theories, the
latter tending to introduce additional propagating degrees of freedom and, in particular,
modify the graviton-graviton parity preserving amplitude.

Another interesting aspect of the modification provided by our theories is that (at tree
level) they continue to give zero results for the mostly negative helicity amplitudes, such
as amplitudes with all gravitons of negative helicity, or just with a single positive helicity
particle. This is of course the case for GR, but it continues to hold for all members of the
class we have studied. This property can in turn be shown to be related to the property of
MHYV amplitudes being unmodified. And this property can again be used to characterize
the type of corrections present in our theories as compared to GR. Indeed, a general metric

— 56 —



Lagrangian quantum corrected by all curvature invariants will typically render both all
minus and all plus amplitudes non-zero. For example, even the simplest term Riemann
curvature cubed (the Goroff-Sagnotti term) that needs to be added as a counterterm at
two loops will give rise to non-zero answers for both the all negative and the all positive
graviton-graviton amplitude. The fact that this does not happen in our case tells us that
the type of counterterm corrections that have been included in our theories on top of what
is present in GR is very special. Indeed, as we have already discussed, this means that
only the self-dual part of the Weyl curvature cubed is present in our Lagrangian, rather
than the full Weyl cubed. It may thus seem that our class of theories has no chance of
being closed under the renormalization, as containing not the full Goroff-Sagnotti term,
but rather only its chiral half. While this is a legitimate worry, we also recall that our
theories are expected to differ from GR as far as quantum corrections are concerned (being
equivalent only on-shell). Thus, it is possible that their two-loop behavior is different, and
that only the self-dual part of Weyl cubed arises as a counterterm. More work is needed
to see if this is the case. However, it is interesting that results in the present paper suggest
yet another clear test of how the closedness under the renormalization can be probed (by
performing the two-loop computation [13] for GR but in the gauge-theoretic language).

We close by stating once more our amazement at how efficient and powerful the pre-
sented gauge-theoretic formulation of gravity is for practical computations. We did not
expect this amount of simplicity when we embarked on the present study. It also comes
to us as a surprise that the present family of gravity theories can be understood in rather
complete generality, and many statements that are true for all members of the family are
possible. In the next paper from this series we will see even more instances of this, in that
it will be possible to characterize all tree level scattering amplitudes, not just MHV, to
certain extent. The studied here reformulation of gravity as a diffeomorphism invariant
gauge theory thus continues to be a source of fascination.
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A Center of mass frame momentum spinors and Mandelstam variables

The center of mass frame expressions for our momentum spinors can be obtained
from (6.38). We take the particles 1,2 to be moving in the direction of the z’ axes, positive
and negative respectively. This gives

14 = 24 Jwro?, 24 = i2/% oA (A.1)

The particles 3,4 we take to be the scattered ones, moving at an angle 8 to the Z axes. For
simplicity we put ¢ = 0. We get

34 =214 /oy (sin(0/2) +cos(0/2)0), 44 =12V /oy (sin(0/2)0” —cos(0/2)14) . (A.2)

— 57 —



The non-zero contractions are

(12) = —ivV2uwy, (13) = —V2wysin(0/2),  (14) = ivV2w, cos(0/2),  (A.3)
(23) = ivV2wy cos(0/2),  (24) = —V 2w sin(0/2),  (34) = iv2uwy.

It is also customary to introduce the following Mandelstam variables

s = —4wi, t=4wisin®(0/2), wu = 4w} cos*(6/2). (A4)

B Feynman rules

In this appendix we collect all the Feynman rules derived in the main text, directly in
spinor notations that are most convenient for practical computations.

In spinor notations the vertices involve only the factors of momentum spinors k44’ on
the legs of the vertex, as well as factors of spinor metrics €25, eA'5’. Writing down the
corresponding expressions can quickly lead to horribly looking formulas. For this reason it
is much more efficient to draw the vertices, indicating the factors of €45, ¢4'5" by lines. The
only drawback of this procedure is that it is not easy to keep track of the signs (remember
that raising-lowering a pair of spinor indices induces a minus sign). We have not tried to
develop any convention for these signs, just going back to the corresponding term in the
Lagrangian and seeing how the indices contract when there is a question. But it is possible
that a more systematic sign convention can be developed. Here, in view of the fact that
only simple computations are done, our rules are sufficient.

With these remarks in mind, let us state the rules of the game. First, we only state
here the rules of computing the Minkowski space amplitudes. The way these are obtained
as a limit of more general de Sitter graviton amplitudes is explained in the main text. The
field that propagates in our theory is an SU(2) connection, but after all the gauge-fixings
and translation into the spinor notations, this is a field aspccr with 4 spinor indices, 3
unprimed and one primed. It is moreover symmetric in its 3 unprimed spinor indices, thus
forming an object that takes values in an irreducible representation of the Lorentz group.
Thus, only 4 x 2 = 8 components of the field propagate, as compared to 10 in the usual
metric treatment. As in any textbook example, the scattering amplitudes are obtained
from the field (connection) correlation functions by certain reduction formulas. These are
most practical in the momentum space representation, where the correlation function is
that of the Fourier coefficients of the field operator. The scattering amplitude then reads

ook o pe e py ) = (=)™ (21)464 (Z k— Zp) (B.1)
(Tet (k=) - (k) ...e~(ks) - alky) ..e~(p-) - a(p-) .. (p4)a(ps))amp:

where we denoted the contractions of the spinor indices involved by a dot, in other words
e(k) - a(k) = eapccer (k)a*BCC" (k), and k_, k; are the momenta of the outgoing negative
and positive helicity gravitons, p_,ps are those of the incoming particles, and m,m’ are
the numbers of positive helicity outgoing and incoming gravitons respectively. As usual,
the momentum space amplitude is amputated from its external line propagators, and there
is a factor of the total momentum conservation.
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The quantities €= are the graviton helicity states that read

_ 2, 949B9ckar n k) 1 kakpkcpar

€apoa (k) = T EABCA! SN [pk] (B.2)

where M is the mass scale of the background de Sitter space, and ¢?,p?” are the nega-
tive and positive helicity reference spinors, which we denote (for convenience) by different
letters.

We have the usual statement of the crossing symmetry, which is that one can change
an outgoing state into an incoming one, if one flips the direction of the arrow on the
corresponding external leg, and flips the helicity. In addition, there is a factor of minus
sign for any such flip, but this is a result of our convention choices. Because of the crossing
symmetry, one can assume all particles to be e.g. incoming, which is what we do.

Finally, the rule is that all positive helicity (incoming) particles are taken to be slightly
massive, with the mass related to the mass scale M in (B.2). The meaning of k4 in this
formula is then explained by the following decomposition of the 4-momentum k44’

A4 A A 2 pp?
E°S = kKT + M ———. (B.3)
(pk)lp k]

The convention is that the reference spinors p4, pA/ in this formula are the same as what is
used in the positive helicity spinor in (B.2). The negative helicity particles are all massless.
The propagator of the theory is best represented as a drawing, consisting of a set of
lines contracting the indices, and a black box denoting the symmetrization of the unprimed
spinor indices. Black lines represent unprimed indices, while the red line is for the single

primed index. The propagator then reads

1 =

In the same graphic notation, the 3-valent vertex that is relevant for the computation

of the MHV amplitudes reads
W&/
ik \ B.A
M ) ( . )

where k? = 327G. For GR this is the only relevant vertex (at tree level, for MHV am-
plitudes). The general member of our family of theories contains an additional 3-vertex,

which reads

(B.5)

&
M (20 — (3/2)92) N\ ‘@ &)

,
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where (2¢®) — (3/2)9®) is a certain combination of the coupling constants that vanishes in
the case of GR. For the family of theories considered in the next section, this combination
goes as M?/M?, see (C.12).

The other vertex we will need in this paper is the single-derivative one present already
in GR. It is not important for computations of the MHV amplitudes, but contributes to
some other amplitudes, e.g. the ++— amplitude (for complex momenta) and to the +++4+
amplitude. Represented pictorially, it reads

RSV

: (B.6)

Drawings for the 4-valent vertices can be found in the main text.

C Theory with modifications at the Planck Scale

In this section we consider a simple one-parameter family of deformations of GR. This

family has the advantage that the modifications one introduces are guaranteed to be only

those relevant at the Planck scale. In contrast, as we have seen in the main text, a generic

defining function would give rise to strong coupling phenomena at much lower energy scales.
As in [2], consider the following Lagrangian

87rliG/ [Bl A F'(A) — % (xw — %(sw + 2]\/845 Tr (0?) 5U> B A B]} (C.1)
When £ = 0 this is just the Lagrangian of GR. One obtains a pure connection Lagrangian
for GR in the form (2.1) by integrating out first the two-form field B?, and then the
Lagrange multiplier field U%. On-shell, the Lagrange multiplier field ¥% receives the
meaning of the self-dual part of the Weyl curvature. When 8 # 0 we have added to the
Lagrangian a term that becomes important when (Weyl)/Mg is of order unity. Thus, (C.1)

S[B, A, V] =

is guaranteed to produce only Planckian modifications of GR (for 8 of the order unity).
Integrating out the two-form field in (C.1) one gets

1 G AN B .
— iy thig 2\ i)
S[A, V] mma/(q’ 397+ i ™ (V7)) >

To prepare this functional for minimizing with respect to ¥ let us rescale ¥ = U/M?,

1
F'AFY. (C.2)

where as before M? = A/3. We can then rewrite the above action as

. -1
S[A, 0] = 1/ <5ij g %BTr (\112) 5“’) Fi N F9, (C.3)
@
The new Lagrange multiplier field ¥% is dimensionless, and
M2
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where as usual Mg = 1/16wG. This way of writing the functional shows that deviations
from GR are parameterized by 5 always in the combination af.

We can now extremize (C.3) by passing to eigenvalues of both the F*AF7 and W% matri-
ces, as in [1]. Denoting the eigenvalues of F*AF7 by A1,2,3, 1.e. FIAFI = diag(\1, Ao, A3) d*z,
we obtain the following expression for the extremum of (C.3) as a function of the eigenvalues

S[A] =i / FIN e, (C.5)
where
i (Zz \/)\»2)2 3af3
fIA = 2= <1 +5 (C.6)
9 2
_4(2(??/)72.)3 (4%{’/2 — 30V A2 — 3v/A0 e + 402 30N
v/ R — 3hav/s — 3v/Ahs — 3v/Aahs + 4)\3/2>
27 a3p? 2 3/2 B 3/2
ERELERY T e (16>\1 17032 /X5 + 6M1 g — 173/ AN (C.7)

+1633 — 17A2 Vs + 12000 A0 Vs + 120/ A v/ As — 1735V A

F6M A3+ 12¢/ A1 v Ao AgH60hs — 17/ AN 2170/ AanY A 16A§) +0((a5)4)) .

This expression is sufficient to compute various coupling constants that appear in (2.9)—
(2.11). Thus, from (2.9) we have

(2) 2
SR Cir N (C.8)
This gives
1 2132 9 333
g =1 (1 | 30 | 97 27d5 +0[am4) . (C9)
2 4 8
Similarly, from (2.10) we have
3 ®3) 2)
_F _ 27 g (C.10)
ONOMOA [,y 9 3
which gives
3 3 27
3 — 2 9O o 4l 3.3 4
g o <1+ QaB 1° B° + Olaf] ) . (C.11)

We can now see how the coefficient in front of the vertex (B.5) scales with M. We have

3
g® -2

27
@2 _ _20 52 203
4g 16045 + O(a*B?), (C.12)

and therefore this goes as M?/M?2.
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To compute ¢ in a similar fashion, we will need to write down the terms denoted by
dots in (2.17). We have

84f (4) 1 ij|ab pkl|bc pmnlcd ppg|da
sXTaxFoxmaxe ~ ¢ 2 ghrePteer
Permss
2 1 y
3) |ab pkl|cb | (2) - |kl
Z 61]qua pPFllcb pmnjac _ 3 Z 6qu 5t gmn.
Perm84 Permsg
(C.13)
Then the fourth derivative with respect to one of the eigenvalues gives
oL f B 29 1693 442 (C.14)
OANOMONON |y, 9 27 9’ '
which in turn gives
104 + 15608 + 1260252 + 297a353
g = O(a’sY). (C.15)

128«
The coefficient appearing in the 4-vertex and in the + + ++ amplitude then reads

5 7 27
29 — g9 — 29 = ZLa25 + 0?8, (C.16)

Note that this goes as a higher power of M than the similar difference (C.12).
Finally, from (C.6) we see that

£(6) = % (1 + —5 +O((aB) )> (C.17)
This implies that
39® _ f(5) = 272‘52 + 028, (C.18)

D Contributions to the + + ++4 amplitude from the 3-valent graphs

The purpose of this section is to compute contributions to the all plus amplitude from two
different 3-valent diagrams. The computation is more involved than any of those that we
have done before, and so we decided to put it in the appendix.

There are two types of diagrams to consider. In one, we couple the MHV-relevant
vertex (B.4) to the vertex (B.5), and in the other it is the 1-derivative vertex (B.6) that
is similarly coupled to (B.5). Let us consider the 3-derivative vertex diagram first. We do
the calculation in several steps. First, we will compute the diagram where the states 1,2
are inserted into the 3-derivative vertex, and the states 3,4 are inserted into (B.5). Then
we perform the sum over permutations.

First, consider the 3-derivative vertex with the states 1,2 inserted. We necessarily
have to insert one of them into the SD leg, and another into an ASD one. Since the vertex
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is not symmetric in this leg, we will need to add the permutation of 1 and 2. So, let 1 go
into the ASD leg, and 2 into the SD one. We change the orientation of the SD leg, so that
the momentum on all the lines is now incoming, and add a minus sign resulting from this

change. There is another minus sign coming from the fact that the SD leg insertion gives
for k(AA/aBCD)A/

Pl —— VYD YD Y (D.1)
Insertion into the ASD leg gives, taking into account the fact that the positive helicity

states are massive

1alBpmrpne (D.2)
[1p)°

Combining everything, and adding a factor for the final momentum we get

ir (12)°
M [1p]?

(2<A2B 19)[1 p] + 2428202 p]> . (D.3)

This will have to be multiplied by the propagator 1/2i(12)[12], and then connected to the
other vertex. However, before we do this, let us add all other contributions coming from
connecting 1,2 via the 3-derivative vertex. It is clear that we also need to add to (D.3) the
same quantity with 1 and 2 exchanged. This gives

ﬁ<12><ABc[1p] AoBoc 2Pl | ayBooy L (ABC)1>A’
——— | 17171 + 24272 + 1¥172Y) —— 4 227 1Y —— | p7, (D4
oM [12 20 T 27) ip) 7 (Y

where we also multiplied by the propagator.

We now connect this to the result of insertion of states 3,4 into the vertex (B.5). Here
we choose to represent the momentum on the internal line of the diagram, outgoing from
the vertex (B.5), as —(1 + 2)44". We get for this vertex

iv2(4g® — 3¢92)

a MM3 (34)23(a354c4py (1P 14 +2P24)). (D.5)
p

Contracting (D.4) and (D.5) we get, after simplifying the prefactor
(49®) —3¢®) (12)(34)°

MM [12)[1p)° 2]

+2- 24181911 pPP12p] + 2 - 14282C2P[1 p][2p]% 4 2 - 141520201 p]2[2p]2) 3(43p4cip).

(1A13101D[1 p* + 242B2C 2D 2 )4

To perform the contraction, we rewrite the symmetrization 3(43p4c4p) in several different
ways, depending on the symmetries of the expression that it gets contracted to. For the
contracting object that is BC'D symmetric we can write

3(u3B4c4p) = 5 (3a3(Bdcdp) + 444(53c3D)) - (D.6)

N |
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For the contracting object that is AB and C'D symmetric, as well as symmetric under the
exchange of pairs AB and C'D we can write

1
3(A334C4D) = 6 (3A3B4C4D 4+ 444B3c3p + 4 - 3(A4B)3(C4D)) . (D7)

Performing the contractions we get the following amplitude

[\
[\

(499 —3¢) (12)(34)°
M2 [12]

2, w217 2[2p]
[(13)°(14) 27 o
[

[1p] 2p
H@HAB +HROH13)7) o5+ (133 RYTHLHEHE?)

% (23714 + (1324 +4(13)(14)(23)(24)) |

+(23)%(24) (D.8)

The first four terms in (D.8) are p-dependent, while the ones in the last line are
not. We expect the result to be p-independent, but this should only be true after all the
permutations are added. Thus, the above result is 12 and 34 symmetric (by construction),
but is not symmetric under the permutation of 12 with 34. This means that we have to
consider overall 6 different permutations, and add them all up. We first need to show that
the result of adding all these permutations is p-independent. To this end, let us consider
all the terms that will have [1p]® in the denominator. These are

2 2 2
(23) ﬁ;é (34) <[2p]2<12> + [310]2@ + [4p]2<14>) : (D.9)

[12] [13] [14]

We can now use the Schouten identity to rewrite [2p]” in terms of the square brackets [3 p]
and [4p]. Thus, we replace

(12)°[12)* = (13)*[3p)° + (14)*[4p]” + 2(13)(14)[3p][4p]. (D.10)
Then, after some simplifications with the use of the Schouten identity we get for (D.9)

(23)2(24)2(34)2(1 3)(14)[3 4]
- (12)[12][1 3][1 4] ) (D.11)

where [1p])® cancelled out. We can now rewrite this result in a bit more convenient form, by
eliminating as many square brackets as possible using the momentum conservation. This
gives for (D.11)
(34)

(12)(13)(1 4><23)(24><34>ﬁ. (D.12)
The fact that this is 2, 3,4 symmetric follows easily from the momentum conservation. It
can then be checked that the other terms in the sum of permutations of (D.8) containing
squares of p-dependent square brackets in the denominator are all equal to (D.12). Thus,
running the same argument for e.g. the terms proportional to 1/[2 p]2 gives precisely the
same result as (D.12). This means that the sum of permutations of the first two terms

in (D.14) is 4 times (D.12).
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Let us now consider permutations of terms containing just a single power of p-
dependent square bracket. Let us concentrate on the terms proportional to 1/[1p]. These

give rise to the sum

<23><ﬁ;><34> <(<1 3)(24) + (14)(23)) [2p]<1?1><2?]’4> (D.13)
— (- e T (e aaea s ).

Using the momentum conservation to convert the determinants inside the brackets into
multiples of [12] we get

i (((13)(24) + (14)(23)) [2p[(12)  (D.14)
+((12)(34) — (14)(23)) Bpl(13) — ((12)(34) + (13)(24)) [4p|(14)).

We can now again use the momentum conservation, now in the form (12)[2p] =
—(13)[3p]—(14)[4p]. After some simple algebra involving the Schouten identity the expres-
sion in brackets becomes —3(13)(14)((23)[3p] + (24)[4p]) = —3(12)(13)(14)[1p], where
in the last equality we used the momentum conservation. Overall, (D.14) becomes
(34)
—3(12)(13)(1 4><23)(24><34>m. (D.15)

As previously the case with (D.12), there are in total a multiple of 4 of these, coming from
applying the same analysis to different p-dependent denominators, e.g. to terms propor-
tional to 1/[2p], etc.

It remains to consider terms in (D.8) that are p-independent, together with their
permutations. For this, using Schouten identity it is convenient to rewrite the term in the
last line of (D.8) as

2(13)(14)(23)(24) +%<1 2)2(34)%. (D.16)

Then the first of these two terms, when multiplied by the prefactor in (D.12), is already
of the form (D.12). Summing over 6 different permutations we thus get a multiple of 12
of (D.12) from the first term in (D.16). For the permutations of the second term in (D.16)

we have

2 ((12)Y@34)*  a3)teat  (14)%23)!
3( M2 3|3 (1414 ) (D.17)

Converting the square brackets in the denominators into multiples of [1 2] using the momen-
tum conservation, and then using the Schouten identity we get for (D.17) —2 times (D.12).
Thus, the sum of all permutations of (D.8) is equal (1—3)4+12—2 = 2 multiples of (D.12).
Together with the prefactor, this gives the following result for this part of the amplitude

2(49" — 3¢%)
iM2DL

(12)(13)(1 4><23><24><34>£§]. (D.18)

—~
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We now compute the other diagram, where the 1-derivative vertex (B.6) is connected
to (B.5). As before, we first consider contributions from connecting 1, 2 into the 1-derivative
vertex and 3,4 into the vertex (B.5), and then sum over the permutations. For the 1-
derivative vertex, both states are now inserted into the legs with no derivatives in them.
We also need to change the orientation of the ASD leg, so that all the momenta are

incoming, with a resulting extra minus sign. Overall, we get

(12)?
[1p][2p]

We now multiply this by the propagator, and connect to the other vertex (D.5). We get,

LeBMF(5)

: 1(AgB (10)[1 p] + 2°) [2p]) . (D.19)

after simplifying the prefactor

2£(6)(49®) —3¢g2)) (12)(34)° (1) 2]
3iMp 2] 1A23<101D [2p]+202D [1p]+2 1C2D>3(A3B4C4D).(D.20)

We perform the contraction using (D.6), (D.7). We get for this contribution to the ampli-
tude

2£(8)(49® — 39?) (12)(34)°
3iMS [12]

[é (<2 3)(13)(14)% + (24)(14)(1 3)2> Lol 1)

2]
+% (<1 3)(23)(24)°+(14)(24)(2 3)2) Eﬁwu 3)(14)(23)(2 4>+%<1 2>2<34>2],

where we have used (D.16). We have already performed the sums over permutations

required here, and so we can immediately write down the result. It is given by the prefactor,
times a multiple —(3/2)-4+12—2 = 4 of (D.12), in other words this part of the amplitude
equals

8£(5)(49® — 391¥)
310

(12)(13)(14)(23)(24)(3 4><7 (D.22)

[12]

We now have to add the two results (D.18) and (D.22), and compute the M — 0 limit.
Since 49® —3¢ = —(27/4)32M?/M? plus higher order in M terms, and f(§) = 3M3/M?
plus order unity terms, we only need to keep these leading orders. Thus, we get, overall,

\/

our sample one-parameter family of theories with Planckian modifications

2 2
Mt = 1123;466 (12)(13)(14)(23)(2 4><34><[]> - 12356 st (D.23)
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