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ABSTRACT: In this paper we conjecture that the generating function of the intersection
numbers on the moduli spaces of Riemann surfaces with boundary, constructed recently
by R. Pandharipande, J. Solomon and R. Tessler and extended by A. Buryak, is a tau-
function of the KP integrable hierarchy. Moreover, it is given by a simple modification
of the Kontsevich matrix integral so that the generating functions of open and closed
intersection numbers are described by the MKP integrable hierarchy. Virasoro constraints
for the open intersection numbers naturally follow from the matrix integral representation.
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1 Introduction

Intersection numbers on the moduli spaces of Riemann surfaces is a challenging and com-
plicated subject of enumerative geometry. While for closed Riemann surfaces an effective
description is known for more than twenty years [1, 2|, a similar description of open in-
tersection numbers was not available. Recently, in the paper [3] the generating function
of open intersection numbers was described by the Virasoro constraints and an infinite
hierarchy of PDE’s, called there the “open KdV hierarchy.” This important development
makes it possible to apply to the subject the theory of matrix models, a power tool of
modern mathematical physics. In this paper we present a simple and natural description
of the generating function of the open intersection numbers.
Namely, let us consider a family of the Kontsevich-Penner models

v = det(A)NC ™! / [d®] exp (—Tr (qj - A;@ + Nlog <I>>> : (1.1)

From the Kontsevich proof of Witten’s conjecture [1, 2] we know that intersection theory
on the moduli spaces of closed Riemann surfaces is governed by a representative of this
family with NV = 0:

TKW = T0, (1.2)
which is a tau-function of the integrable KdV hierarchy. The main observation of this work
is that N = 1 case corresponds to the open intersection theory. Namely, the extended

generating function (which includes descendants of the boundary points), introduced and
studied in [4, 5], coincides with (1.1) for N = 1:

To = T1. (1.3)

Then, from matrix model theory it immediately follows that the extended open generating
function is a tau-function of the KP hierarchy. Moreover, the variable N in (1.1) plays



the role of the discrete time. Thus, (1.1) describes a solution of the modified KP (MKP)
hierarchy, and, in addition to the KP (KdV) equations the tau-functions 7, and 7xy satisfy
the bilinear identity

j([ eEt=th2) To(t — [zfl])TKW(t/ + [271])dz = 0. (1.4)

We claim that the open KdV hierarchy equations, as well as other PDE’s, obtained or
conjectured in [3-5] for the generating function of open intersection numbers follow from
the equations of the MKP integrable hierarchy.

Virasoro constraints is a natural property of the matrix integrals. The Virasoro con-
strains, obtained for the tau-function 71, are equivalent to the extended Virasoro con-
straints, derived in [5]. An advantage of our version of the Virasoro constraints is that
they belong to the symmetry algebra of the integrable hierarchy, thus, they are natural
from the point of view of integrability.

The present paper is organized as follows. Section 2 contains material on the
Kontsevich-Witten tau-function. In section 3 we establish a relation between the gen-
erating function of the open intersection numbers and the matrix model (1.1) for N = 1.
In section 4 we describe some general properties of the matrix integral (1.1) and identify
the equations of the MKP hierarchy with the equations, obtained in [3-5]. Section 5 is
devoted to concluding remarks. For the sake of simplicity in this paper we omit the genus
expansion parameter (denoted by u in [3-5]), since it can be easily restored by rescaling of
times.

2 Kontsevich-Witten tau-function

The closed intersection theory is governed by the Kontsevich-Witten tau-function. Let
Mp;n be the Deligne-Mumford compactification of the moduli space of genus p complex
curves X with n marked points z1,...,z,. Let us associate with a marked point a line
bundle £; whose fiber at a moduli point (X;x1,...,z,) is the cotangent line to X at z;.
Intersection numbers of the first Chern classes of these holomorphic line bundles

[ My ) = (0 Omy - - - Oy ) (2.1)
Mpin
are rational numbers, not equal to zero only if

n

> (mi—1)=3p—3. (2.2)

i=1

Their generating function®

Fe(t) = (exp <Z(2m + 1! t2m+1am>> (2.3)

m=0

!We use the variables t, which are the standard variables of the KP hierarchy. From (2.3) it is clear
that they do not coincide with the variables, natural for the intersection theory. The difference between
two families of variables is given by the factor (2m + 1)!! (see also footnote 2).



is given by the Kontsevich-Witten tau-function which is a formal series in odd times to41
with rational coefficients:
Trw (t) = exp (F° (t))

25

1 1 1 25 5
=1+t + o ts+ oo ta® + S tats® + o ts” + - tsty + ’

t
6 D) 48 128 8 1296 ! (2.4)
49 o 1225 4. o 35 4. 1225 4 245 35 5 105
— 1t t t1°t — 11 t5 t —— t5tst — t17°t — .
+5761 3+768 1 3+481 +3O723+64 531+161 7+1289+

In the Miwa parametrization it is equal to the asymptotic expansion of the Kontsevich
matrix integral [1, 2, 6-11] over the Hermitian matrix &:

Trew ([A]) = /[d‘bl = (Tr (q; + Af)) : (2.5)

/fd¢ymp(_qu§2)

This integral depends on the external matrix A, which is assumed to be a positive defined

diagonal matrix. The times t; are given by the Miwa transform of this matrix:

1
t = 2 Tr AR, (2.6)
All ¢ can be considered as independent variables as the size of the matrices tends to
infinity and in this limit (2.5) gives the Kontsevich-Witten tau-function. After the shift of
the integration variable

o v 1 (2.7)
e miew ([A]) = €7 [ [dX]exp (‘Tr (f B AZX» ’ =
where c=ch / [d®] exp <—T&~ Af) : (2:9)

The Harish-Chandra-Itzykson-Zuber formula [12, 13] allows us to reduce the r.h.s.
of (2.5) to the ratio of determinants [6, 7]

_ deti_y @F(N))

Trw ([A]) = A : (2.10)

Here \; are the eigenvalues of the matrix A and
Az) =[]z - =) (2.11)
1<J

is the Vandermonde determinant. The basis vectors @ZK w

z z3 [e.e] 3 Z2
@fw(z) =4 /%e_? dyy*Lexp (—Z:/))' + yz)
o !

are given by the integrals

(2.12)



The coefficients of the basis vectors can be found explicitly, in particular [7, 11]

2T (Bk+3)
2 () = kz_o9k (Qk)!f‘é)z *
- (2.13)

X 6k+12T (3k+1)
(I)gw(z):_z ( 2)21 3k

£ 6k — 1 9% (2k)!T ()

The first line of (2.12) allows us to find the Kac-Schwarz operators of the KW tau-
function [14, 15]. Indeed, we have:

z B (10 o _ 3 y2?
@ﬁmf(z):ﬂge 3 (z@z) /Oodyyk Lexp (—3!—1—2 = axgw ®EW(2), (2.14)

where 18 .
o b 2.15
KW =52 e 222 (2.15)
Thus, the operator axy preserves the subspace spanned by the vectors CIDZK w
arw {@*V} c {oFW} (2.16)
and it is the Kac-Schwarz operator (see, e.g., [16] for more details).
To construct another Kac-Schwarz operator we use the identity
(afy — 22) @1V (2) = 0. (2.17)
From this identity and the recursion relation (2.14) it follows that
Z2ofW = of Y — 2(k — 1)@ (2.18)
Thus,
brw = 2 (2.19)

is also the Kac-Schwarz operator. The Kac-Schwarz operators (2.15) and (2.19) satisfy the
canonical commutation relation

[aKw,wa] =2 (2.20)

and generate an algebra of the Kac-Schwarz operators for the KW tau-function.

Given a Kac-Schwarz operator, there is an explicit formula for an operator from the
algebra Wi such that the corresponding tau-function is an eigenfunction of this opera-
tor [16]. In particular, the above given Kac-Schwarz operators allow us to construct two
infinite series of operators, which annihilate the tau-function. One of them guarantees that
the tau-function does not depend on even times

- )
JEW — _— E>1 2.21
k 8752]{;’ = 4 ( )

so that it is a tau-function of the KdV hierarchy.



The second series is given by the Virasoro operators

~ 1~ 1 0 1
LW = —Loj — = + =6 k> -1 2.22
k o b2k 2 Otarrs + 16 0k0: =z -4 (2:22)
which correspond to the Kac-Schwarz operators
1
"= ~1 ((bKW)k+laKW + (lKW(bKW)k+1) - (2.23)
The operators
> 1 = o 1 0
Ly, == bt,t kt - 2.24
m=g D abtayt) ot |2 > Aot (2.24)
a+b=—m k=1 a+b=m

in (2.22) generate a family of the Virasoro operators from the Wi algebra of the sym-
metries of the KP hierarchy.

To find corresponding eigenvalues it is enough to check that the operators (2.21)
and (2.22) satisfy the commutation relations:

[@Kw,ffn‘w} —0, kom > 1
[EkKW’jnIfW} = —mJily. k=-1, m=>1, (2.25)
(2K 28] = (k= m) AN, kom > -1

Since all generators of the algebra can be obtained as commutators of some other generators,
the eigenvalues of all of them are equal to zero:

JEW ew =0, m>1 (2.26)

and
LEWrew =0, m > —1. (2.27)

Then, for any function Z depending only on odd times to,,+1, we have

~ ~ 1
LipZ = <L2k + 86k’0> 7, k> —1, (2.28)
where the operators
00 1 m—1 2
L= 2k +1)top1 7 + = Om,—1 + 50mo, m>-—1
" ; ( AT toktomt1 2 £ Otap10tom ok o "
(2.29)
constitute the same subalgebra of the Virasoro algebra:
[En,Em} = 2(n— m)Lnim, myn > —1. (2.30)

Thus, the Virasoro constraints (2.27) are equivalent to the standard Virasoro constraints
for the KW tau-function

EmTKW = 0

TKwW, m > —1, 2.31
Otom+3 (231)

which follow from the invariance of the Kontsevich matrix integral.



3 Open generating function

In [3] the intersection theory on the moduli spaces of Riemann surfaces with boundary was
investigated. In particular, open intersection numbers in the genus zero were constructed,
and the generalization to all higher genera was conjectured. This conjectural all-genera
generating function is uniquely specified by the so called open KdV equations and the
Virasoro constraints. In [4] it is proved that the open KdV equations and the corresponding
Virasoro constraints give equivalent descriptions of the (conjectural) intersection theory
on the moduli space of Riemann surfaces with boundary. In [5] the generating function
introduced in [3] was generalized to describe also the descendants on the boundary, and the
Virasoro constrains for this conjectural generalized (or extended) generating function were
proved. Namely, the generating function of open intersection numbers with descendants?

To = exp(F° + F°), (3.1)

where F¢ = log(7xw ), satisfy the linear equations

s = G, 3n+3 0 3 9
Ly, +2 kit 2t9 0, — —0po— = | To=0 3.2
( * kZ:O " Ot yrom * 2 Ot 2201 270 3752n+3> K (3:2)

for n > —1. These Virasoro operators can not be represented as a linear combination of
the operators (2.24) and the operators t, %, thus it is obvious that they do not belong
to the Wit symmetry algebra of the KP hierarchy.
According to [5] the open generating function 7, is related to the KW tau-function by
the residue formula
1 dz _
To(t) = 5— ¢ —D() Trw(t — [z ') exp(£(t, 2)), (3.3)
i z
where £(t,2) = 332, tx2* and we use the standard notation

1 1 1
-1
t:t[Z ]:{tliz,tgiw,tgi?)zg,...}. (34)

The series

d. A1 9241 5075225 5153008945
D(z)=1 — =142z -6 - 2435
(2) +; - Tt Y st ool T moseeza 2 T B

is uniquely defined by the equation

aw (10)) =21 0) (3.6)

where agw is the Kac-Schwarz operator for the KW tau-function (2.15), thus (2.14) allows
us to identify

BEW () — %D(z). (3.7)

2The function F° here is the extended open potential F**** of [5]. Below we continue to use the variables,
natural from the point of view of the integrable hierarchies and matrix models. Thus, the variables from [5]
are related to our variables as t2 = (2k 4+ 1) topy1, s2 = 281 (k + 1) topo.



One can easily recover the integral representation for this series. Namely, it is given by the
steepest descent expansion of the integral

.3 3 2
e 5 [ dyy texp <—y + yz) , (3.8)

with a properly chosen contour C.
Let us consider the Kontsevich matrix integral (2.5) with (M + 1) x (M + 1) matrix
A = diag (y1,v2,---,ym, —z). Then, in the Miwa variables the relation (3.3) yields

WY) = 51 § EDE (A et (5 ). (3.9

- 2mi z
where Y = diag (y1,y2,-..,yn). In particular, for M = 1 we have

W () OK W () — XV () 0K (—y)

o(ly]) = y o5 (y) (3.10)

2y
Since3
o1V ()25 (y) — o1 ()25 (—y) = 29, (3.14)
we have
() = D(y) =y 5" (y). (3.15)

We conjecture, that the extended generating function of open intersection numbers 7,
is a KP tau-function, fixed by the set of basis vectors:

3/2 3 3 2
< -z i— Y Yz .
: dyy'—? —— 4+ — =1,2,3,... 3.16
Tﬂ'e 3 / vy exp< 31 9 >a J y 4y 9y ( )

so that it is given by the matrix integral

l(2) = z@f_‘/}/(z) =

7 ([A]) = €V det(A) / D] exp (—Tr (‘I; - A;‘I’ +log @)), (3.17)

3This relation is valid for the basis vectors of any KdV tau-function. Indeed, consider a KdV tau-function
7(t) in the Miwa parametrization with 2 x 2 diagonal matrix A = diag (v, —y). In this parametrization all
odd times (2.6) vanishes

1 1 1
tokt1 = 1 (ka_H — y2k+1> =0 (3.11)

and the tau-function is identically equal to 1. On the other hand, the same tau-function in this parametriza-
tion can be represented in terms of the basis vectors as a ratio of determinants of the form (2.10)

- ([AD _ q>1(y)(b2(_y) - (131(—y)(132(y) (3‘12)

(—2y)

so that for any tau-function independent of even times the basis vectors satisfy

D1 (—y)P2(y) — D1 (y)P2(—y) = 2y. (3.13)



where C is given by (2.9). This matrix integral belongs to the family of the generalized
Kontsevich models [6, 7, 10, 11, 17, 18], and, for M (size of the matrix ®) large enough,
has the following expansion

To=1+§t3+2tlt2+lt13

8 6
1 6. 4.5 37, 5 1. 4 5. o 37 ) 481 5 65
81t —t -t — i3t — 11 to+2t17°t — t3t1ta+4tat 8 tat —t — t5t
+ 6+721+32+4831+312+12+4312+ at1”+ 42+1283+851
455 2 61 ¢ 2257 3. 9 95 4 7665 3965 1 o 29341 4
— t7t — 1t t 17t — 11 t5 t tstst t t
Tae it Tt T ey e gl T g te g Belslu ogg i gy 1
14 . 1 1 8 2% .
+5 1% + 3h t® + % t1 7ty + 3 tite® + 32t1ta> + 64 t1ts + 61 tels + 5 tot:”
2 1 24 12
+60t5ts +30ts5t2” + 3 tat:® + % tatz® + 75 trts + 64 tetits + 75 tst1’ts + 32 tatits”
28 3 61 5 2257 4 61 4 61 2, o
— 1 — — — Nl
+ 3 tat1"to + 61 tatsts + 5 tatst1” + o t37t1t2 + 2 tat1 o + 1 tat1 72" + ..., (3.18)
which coincides with the expansion of (3.3).
The Kac-Schwarz operator for the tau-function (3.17) is
10 3
1
Ao = 20 2 == —=+z 3.19
(0] KW ~ 82 222 ) ( )
so that
D71 (2) = ao®p(2). (3.20)

Let us stress that, contrary to the case of the KW tau-function, this tau-function depends

2

both on odd and even times, since z* is not a Kac-Schwarz operator anymore:

2209(2) ¢ {9°(2)}. (3.21)

Nevertheless, from (3.20) it immediately follows that the operators

10 3
lz = _22k+2a0 = —22k+2 (zaz - 2722 -+ Z> (322)

for k& > —1 belong to the Kac-Schwarz algebra. The operators [} satisfy the Virasoro
commutation relations (with the trivial central charge):

17, 19,] = 2(k = m)l} 4, (3.23)

Then, from the general properties of the Kac-Schwarz operators [16] it follows that the
tau-function 7, is an eigenfunction of the corresponding operators:

-~ = 0
L(il = L—2 -5+ 2t27

oty
~ ~ 0 1 3
f=lo—5-+5+5% (3.24)
~ ~ 0
L0 = Lop — Fk+2)-2 k>0,
F 2 Otk ( )3t2k

where the operators Ek are given by (2.24). These operators satisfy the commutation
relation of the Virasoro algebra

[Ag, Egn] =2(k —m)L,,,, kom>—L. (3.25)



From these commutation relations it follows that for £ > —1 the eigenvalues of these

operators are equal to zero, thus
L{7o=0, k> —1. (3.26)

The Virasoro constraints (3.26) can be reduced to the constraints (3.2) with the help
of relations

o0
Oty © otk

proved in [5]. Thus, we see that up to the relations (3.27) the tau-function, given by the

(3.27)

matrix integral (3.17) and an extended generating function of [5] satisfy the same Virasoro
constraints.

The KP hierarchy for the generating function 7, which, in particular, immediately
follows from the conjectural matrix integral representation (3.17), is described by the
bilinear identity

?{ 2 1 (6 — U)o (& + [+ 1)z = 0. (3.28)
The first non-trivial Hirs:ca equation contained here is
(D} +3D2 — 4D\ D3)7, - 7, = 0. (3.29)
We use the symbols D; for the “Hirota derivatives” defined by
P(D)f(t) - g(t) := P(9x)(f(t + X)g(t — X))[x=0, (3.30)

where P(D) is any polynomial in D;, so that (3.29) yields the KP equation in terms of
the tau-function

4 3 2 2 2 2 2
o*r,  0r,0°m, 3<8 7'0> 43 87’0_3<87'0) 4 0*t, 487'0670

70 4T 970 _5 (% o _
ot T ot o o2 e oty T 9t0t; | 0ty Ots

0. (3.31)

In the next section we will consider a more general integrable structure, equations of
which are directly related to the equations derived in [3-5].

4 MKP hierarchy

Let us consider a family of the Kontsevich-Penner models [2, 19]

™ = det(A)Nc—l/ [d®] exp (—Tr <§ - AZ(I) + N10g(<1>))>, (4.1)

which for NV = 0 corresponds to the closed intersections and for N = 1 according to our
conjecture corresponds to the open ones. Here N is the independent parameter, which has
nothing to do with the size of the matrices.

Corresponding basis vectors

N N7 KW A2 s i—1—-N y? o yz?
q)J (Z):Z (b]*N(Z): \/% 63/dyyj - €Xp <_3|+2>7 ]:172737"‘

(4.2)



satisfy the recursive relation

an® = o |, (4.3)
where v N
N -N
_ = _(N+Z )= 4.4
AN = 2 aKw % . ( +2> Z2+z (4.4)

is the Kac-Schwarz operator for 7. Thus, from the general relation between the Kac-
Schwarz operators and the operators from the algebra Wi, it immediately follows that
TN satisfies the string equation

<E2 9y 2Nt2) v = 0. (4.5)
oty

Moreover, it is straightforward to check that the operators z2ay and z*ay —2(N —1)22
are also the Kac-Schwarz operators so that the tau-function satisfy the equations

Lyrv =0, k=—1,0,1, (4.6)
where ~ - 5
Li1=L_o— o + 2Nto,
EU—E0£)+; 3];2 (4.7)
Ly :LQ—;tSHNa‘Z,
and these three operators satisfy the commutation relations
L, 5] =26 - )iy (48)

A complete family of the Virasoro and W-constraints can also be obtained by variation of
the matrix integral [17, 20, 21] and is derived in [22].

The functions of the family (4.1) with different N are related with each other by the
differential-difference equations of the KP/Toda type [17]. In particular, the tau-functions
70 and 7 satisfy the MKP integrable hierarchy.* It is given by the bilinear identity

f s(t—t':2) 27o(t — [z D TRw (t' + [27])dz =0 (4.9)

valid for all t,t’. This bilinear identity is equivalent to an infinite series of PDE’s, the
simplest of which is
(D% - Dg) To " TKW — 0. (410)

Since Txw = exp(F°) does not depend on even times, from the definition of the “Hi-
rota derivatives” (3.30) it immediately follows that all operators Doy in our case can be
substituted by 8%16' Then, equation (4.10) is equivalent to

OF° _ JO°F°  0°F° <8F°>2

= 4.11
Otoy 81% + 8t% oty ( )

*For more details on MKP hierarchy see, e.g., [23, 24] and references therein.

,10,



which was derived in [4]. A combination of this equation and the next equation of the
MKP hierarchy

(D} —4D3 + 3Dy D) 70 - T = 0 (4.12)

leads to
OF° QF°OF° O*F¢OF° 0°F° 10°F°

= - = . 4.13
s 0t Oty | 08 O, | 0o, 2 o8 (4.13)
This is the first equation of the open KdV hierarchy of [3].
On the next level we have two equations
(6D4 — 8Dy D3 + 3D35 — DY) 7, - Tkw = 0, (4.14)
(2D4 — D3 — D3Ds) 7 - Tk = 0, '
from which, in particular, it immediately follows the first equation of (3.27)
0 0?

(4.15)

— Ty = —5 To.
Oty © 325% °

We conjecture that other equations of the open KdV hierarchy and other equations of [3—5]
also follow from the bilinear identity (4.9) of the MKP hierarchy.

5 Concluding remarks

In this paper we present a description of the open intersection numbers by means of the
generalized Kontsevich model. It is more then natural to look for other elements of the
modern matrix model theory in this case and to apply these elements to the investigation
of the open intersection theory. These elements, in particular, include:

e Cut-and-join type operator®
e Givental decomposition

e (Quantum) spectral curve
e Topological recursion

The generating function of open intersection numbers should also describe the model of
the open topological string with the simplest possible target-space (a point). It would also
be interesting to establish the meaning of the whole family (4.1) from the point of view of
enumerative geometry. We also expect that other families of the generalized Kontsevich
models should be related to r-spin versions of the open intersection numbers. Some of the
above mentioned topics are considered in [22].

5An attempt to describe open intersection numbers in terms of the cut-and-join type operator is made
in [25].
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