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1 Introduction

Higher-curvature corrections to the Einstein-Hilbert action naturally arise in the low-energy

limit of string theories and play an important role in their compactification [1, 2] where

curvature squared terms can appear in the lower dimensional effective action. In this
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context, higher-curvature corrections take the form of an infinite series required by on-

shell supersymmetry which only works order by order. Many attempts have been carried

out in the explicit construction of supersymmetric higher-derivative terms. For instance,

supersymmetric R2 terms were studied in [3]–[11] motivated by supersymmetrizing the

Lorentz Chern-Simons term that is indispensable to the anomaly cancelation [12]. However,

if the higher-curvature terms are treated as perturbative interactions leaving the degrees

of freedom and propagator unchanged, only the coefficient in front of RµνρσRµνρσ has a

definite meaning, since a field redefinition of the form

g′µν = gµν + aRµν + bgµνR (1.1)

can shift the coefficients in front of the RµνRµν and R2 terms to arbitrary values [13].

On the other hand, there are also situations where it is interesting to consider a finite

number of higher-curvature terms on the same footing as Einstein-Hilbert term, since

higher-derivative terms can improve the ultraviolet behavior of gravitational theories [21].

Among all the quadratic curvature theories of gravity, the Gauss-Bonnet combination is

singled out since it is ghost-free, sharing the similar property with Einstein gravity. Its

form is given by

e−1LGB = RµνρσR
µνρσ − 4RµνR

µν +R2. (1.2)

In dimensions D ≤ 6, certain types of off-shell formulation of supergravity are known

in which the higher-derivative bosonic terms can be extended to complete and indepen-

dent super-invariants with only a finite number of terms being required. Progresses on

supersymmetrizing the Gauss-Bonnet combination have been made. In four-dimensional

N = 1 supergravity, supersymmetric Gauss-Bonnet term with matter coupling was con-

structed in [14–18]; in six-dimensional chiral N = 2 supergravity, partial results on the

Gauss-Bonnet super-invariant were given in [19, 20].

In this work, we study the supersymmetric completion of Gauss-Bonnet combination

in five dimensions. We use the five-dimensional superconformal tensor calculus [22, 23]

which facilitates the construction tremendously. Since superconformal tensor calculus is

an off-shell formalism, the analysis of the higher derivative terms can be done without mod-

ifying the supersymmetry transformation rules. The off-shell nature of the supersymmetric

invariants allow us to combine different invariants to obtain more general theories.

The crucial observation in our construction of supersymmetric Gauss-Bonnet combi-

nation is that although three independent curvature squared terms enter the expression

of Gauss-Bonnet combination, such an off-shell construction might be possible with only

two independent curvature squared super-invariants. This observation is based on the fact

that the Riemann squared invariant obtained in [28] using the Dilaton Weyl multiplet con-

tains an ordinary kinetic term for the auxiliary vector field V ij
µ . Thus the Riemann square

extended Poincaré supergravity contains a dynamical massive auxiliary vector in its spec-

trum which forms the same multiplet with the massive graviton generated by the Riemann

squared term. By counting degrees of freedom, we notice that it might always be the

case (except for the pure Ricci scalar squared invariant) that when formulated in terms of

Dilaton Weyl multiplet, the curvature squared super-invariant includes an ordinary kinetic
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term for the auxiliary vector field V ij
µ . Therefore, if there exist two independent curvature

squared super-invariants, a particular combination of them can be formed in which the ki-

netic term for the auxiliary vector vanishes. This implies that there is no massive graviton

since the massive vector and massive graviton fall into the same multiplet, suggesting that

the curvature squared terms comprise Gauss-Bonnet combination.

Based on the above observation, we start looking for another curvature squared invari-

ant constructed in terms of the Dilaton Weyl multiplet besides the known Riemann tensor

squared invariant. An obvious candidate is ĈµνρσĈµνρσ, which is the superconformal ex-

tension of the Weyl tensor squared term whose supersymmetric completion was obtained

previously in [24]1 using the Standard Weyl multiplet coupled to the vector multiplet. Uti-

lizing superconformal tensor calculus, we supersymmetrize the square of super-covariant

Weyl tensor. We find that in addition to the Weyl tensor squared term, the bosonic

action acquires a Ricci scalar squared term arising from the square of D, which is a fun-

damental scalar field in the Standard Weyl multiplet but a composite field in the Dilaton

Weyl multiplet. Equivalently, the curvature squared terms in the action take the form of

CµνρσCµνρσ + 1
6R

2. Since

CµνρσCµνρσ +
1

6
R2 = RµνρσRµνρσ −

4

3
RµνRµν +

1

3
R2 (1.3)

the ratio of coefficients in front of the RµνRµν and R2 terms is -4, which is the required

value to obtain the supersymmetric completion of Gauss-Bonnet invariant by combining a

Riemann squared invariant with an appropriate coefficient.

This paper is organized as follows. In section 2, we briefly review the superconformal

multiplets of five-dimensional supergravity constructed in [23, 26, 29]. In section 3, we

review the construction of the superconformal linear multiplet action [27] and obtain a

superconformal action for the Yang-Mills multiplet coupled to the Dilaton Weyl multiplet.

In section 4, we fix the superconformal symmetries to obtain an off-shell Poincaré super-

gravity and an off-shell Yang-Mills theory coupled to the Dilaton Weyl multiplet. Using

a map between the Yang-Mills multiplet and the Dilaton Weyl multiplet [28], we recon-

struct the off-shell supersymmetric Riemann squared action. In section 5, we present the

supersymmetric completion of CµνρσCµνρσ + 1
6R

2 and combine it with a supersymmetric

Riemann squared invariant to obtain the supersymmetric Gauss-Bonnet combination. In

section 6, we derive the D = 5 on-shell minimal Einstein Hilbert supergravity and on-shell

Gauss-Bonnet extended Einstein-Maxwell supergravity. In section 7, we discuss the vac-

uum solutions with AdS3 × S2 and AdS2 × S3 structures. The bosonic spectrum around

a maximally supersymmetric Minkowski5 vacuum is also analyzed. In section 8 we give

conclusion and discussions.

2 Superconformal multiplets

In this section, we introduce the basic elements of five dimensional superconformal tensor

calculus with eight supercharges [23, 26]. In section 2.1, we present the Dilaton Weyl

multiplet adopted in our construction. In the subsequent two subsections, we briefly review

1The on-shell theory of this model is derived in [25].
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two superconformal matter multiplets of D = 5, N = 2 theory: the Yang-Mills multiplet

and the linear multiplet, which are used as compensator multiplets in the construction of

superconformal actions.

2.1 Dilaton Weyl multiplet

In [26], it was established that there exist two different Weyl multiplets for N = 2 confor-

mal supergravity in five dimensions: the Standard Weyl multiplet and the Dilaton Weyl

multiplet. These two multiplets have the same contents of gauge fields but different matter

fields. However, the matter fields of the Standard multiplet can be built from the funda-

mental fields in the Dilation Weyl multiplet as composite fields. The gauge sector of the

Dilaton Weyl multiplet consists of a fünfbein eµ
a, a gravitino, ψµ

i, the dilatation gauge

field bµ, and the SU(2) gauge field V ij
µ . Since these gauge fields account for 21(bosonic)

+24 (fermionic) degrees of freedom, they cannot form a super-multiplet. Therefore, mat-

ter fields are needed to comprise a superconformal Weyl multiplet. For the Dilaton Weyl

multiplet, the matter sector consists of a physical vector Cµ, an antisymmetric two-form

gauge field Bµν , a dilaton field σ and a dilatino ψi. The Q, S and K transformation rules

for the Dilaton Weyl Multipet are given by [26]

δeµ
a =

1

2
ǭγaψµ ,

δψi
µ =

(
∂µ +

1

2
bµ +

1

4
ωµ

abγab

)
ǫi − V ij

µ ǫj + iγ · Tγµǫi − iγµη
i ,

δVµ
ij = −3

2
iǭ(iφj)µ + 4ǭ(iγµχ

j) + iǭ(iγ · Tψj)
µ +

3

2
iη̄(iψj)

µ ,

δCµ = −1

2
iσǭψµ +

1

2
ǭγµψ,

δBµν =
1

2
σ2ǭγ[µψν] +

1

2
iσǭγµνψ + C[µδ(ǫ)Cν],

δψi = −1

4
γ · Ĝǫi − 1

2
i /Dσǫi + σγ · Tǫi − 1

4
iσ−1ǫjψ̄

iψj + σηi ,

δσ =
1

2
iǭψ ,

δbµ =
1

2
iǭφµ − 2ǭγµχ+

1

2
iη̄ψµ + 2ΛKµ , (2.1)

where

Dµ σ = (∂µ − bµ)σ −
1

2
iψ̄µψ ,

Dµψ
i =

(
∂µ −

3

2
bµ +

1

4
ωµ

abγab

)
ψi − V ij

µ ψj +
1

4
γ · Ĝψi

µ

+
1

2
i /Dσψi

µ +
1

4
iσ−1ψµjψ̄

iψj − σγ · Tψi
µ − σφiµ , (2.2)

and the supercovariant curvatures are defined according to

Ĝµν = Gµν − ψ̄[µγν]ψ +
1

2
iσψ̄[µψν],

Ĥµνρ = Hµνρ −
3

4
σ2ψ̄[µγνψρ] −

3

2
iσψ̄[µγνρ]ψ, (2.3)
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In above expressions, Gµν = 2∂[µCν] and Hµνρ = 3∂[µBνρ] +
3
2C[µGνρ]. Note that Ĝµν and

Ĥµνρ are invariant under following gauge transformations

δCµ = ∂µΛ , δBµν = 2∂[µΛν] −
1

2
ΛGµν . (2.4)

The definitions of spin connection ωµ
ab and the S-supersymmetry gauge field φiµ are

given in [26]

ωµ
ab = 2eν[a∂[µeν]

b] − eν[aeb]σeµc∂νeσc + 2eµ
[abb] +

1

2
ψ̄[aγb]ψµ +

1

4
ψ̄aγµψ

b,

φiµ =
1

3
iγaR̂

′

µa
i(Q)− 1

24
iγµγ

abR̂
′

ab
i(Q), (2.5)

where R̂i
µν(Q), the supercovariant curvature of gravitino is defines as [26]

R̂i
µν(Q) = R̂′

µν
i(Q)− 2iγ[µφ

i
ν] ,

R̂′
µν

i(Q) = 2∂[µψ
i
ν] +

1

2
ω[µ

abγabψ
i
ν] + b[µψ

i
ν] − 2V ij

[µ ψν]j + 2iγ · Tγ[µψi
ν]. (2.6)

For future reference, we also give the supercovariant curvature of ωµ
ab and V ij

µ [26]

R̂µν
ab(M) = 2∂[µων]

ab + 2ω[µ
acων]c

b + 8f[µ
[aeν]

b] + iψ̄[µγ
abψν] + iψ̄[µγ

[aγ · Tγb]ψν]

+ψ̄[µγ
[aR̂ν]

b](Q) +
1

2
ψ̄[µγν]R̂

ab(Q)− 8ψ̄[µeν]
[aγb]χ+ iφ̄[µγ

abψν],

R̂µν
ij(V ) = 2∂[µVν]

ij − 2V[µ
k(iVν] k

j)−3iφ̄(i[µψ
j)
ν] − 8ψ̄

(i
[µγν]χ

j) − iψ̄
(i
[µγ · Tψ

j)
ν] . (2.7)

The Q- and S- transformations of the field strengths Ĝµν and Ĥabc are presented in [26]

δĜµν = −1

2
iσǭR̂µν(Q)− ǭγ[µDν]ψ + iǭγ[µγ · Tγν]ψ + iη̄γµνψ ,

δĤabc = −3

4
σ2ǭγ[aR̂bc](Q) +

3

2
iǭγ[abDc]ψ +

3

2
iǭγ[abψDc]σ

−3

2
σǭγ[aγ · Tγbc]ψ −

3

2
ǭγ[aĜbc]ψ −

3

2
ση̄γabcψ . (2.8)

The expressions for the composite fields Tab, χ
i and D are given as follows [26]

Tab =
1

8
σ−2

(
σĜab +

1

6
ǫabcdeĤ

cde +
1

4
iψ̄γabψ

)
,

χi =
1

8
iσ−1 /Dψi +

1

16
iσ−2 /Dσψi − 1

32
σ−2γ · Ĝψi +

1

4
σ−1γ · Tψi

+
1

32
iσ−3ψjψ̄

iψj ,

D =
1

4
σ−1

✷
cσ +

1

8
σ−2(Daσ)(Daσ)− 1

16
σ−2ĜµνĜ

µν

−1

8
σ−2ψ̄ /Dψ − 1

64
σ−4ψ̄iψjψ̄iψj − 4iσ−1ψχ

+

(
−26

3
Tab + 2σ−1Ĝab +

1

4
iσ−2ψ̄γabψ

)
T ab , (2.9)
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where the superconformal d’Alambertian for σ is given by

✷
cσ =(∂a − 2ba + ωb

ba)Daσ −
1

2
iψ̄aDaψ − 2σψ̄aγ

aχ

+
1

2
ψ̄aγ

aγ · Tψ +
1

2
φ̄aγ

aψ + 2fa
aσ,

faµ = − 1

6
Rµ

a +
1

48
eµ

aR, Rµν ≡ R̂′ ab
µρ (M)eb

ρeνa, R ≡ Rµ
µ. (2.10)

The notation R̂′(M) indicates that we have omitted the fµ
a term in R̂(M). It was es-

tablished in [26] that one can also construct another Weyl multiplet, the Standard Weyl

multiplet if considering Tab, D and χi as fundamental fields instead as a matter sector in

addition to the gauge sector of the Weyl multiplet. Therefore, the composite expressions

of these fields establish a map from the Dilaton Weyl multiplet to the Standard Weyl mul-

tiplet. We refer to [26, 27] for readers interested in the derivation of this map and the

five-dimensional Weyl multiplets in superconformal theory. For later convenience, we also

present the Q- and S- transformations of the composite fields [26]

δTab =
1

2
iǭγabχ−

3

32
iǭR̂ab(Q) ,

δχi =
1

4
ǫiD − 1

64
γ · R̂ij(V )ǫj +

1

8
iγab /DTabǫi −

1

8
iγaDbTabǫ

i

−1

4
γabcdTabTcdǫ

i +
1

6
T 2ǫi +

1

4
γ · Tηi ,

δD = ǭ /Dχ− 5

3
iǭγ · Tχ− iη̄χ , (2.11)

where the supercovariant derivatives of the composite fields are

Dµχ
i =

(
∂µ −

7

2
bµ +

1

4
ωµ

abγab

)
χi − V ij

µ χj −
1

4
ψi
µD +

1

64
γ · R̂ij(V )ψµj

−1

8
iγab /DTabψi

µ +
1

8
iγaDbTabψ

i
µ +

1

4
γabcdTabTcdψ

i
µ −

1

6
T 2ψi

µ −
1

4
γ · Tφiµ ,

DµTab = ∂µTab − bµTab − 2ωµ
c
[aTb]c −

1

2
iψ̄µγabχ+

3

32
iψ̄µR̂ab(Q) . (2.12)

2.2 Yang-Mills multiplet

The off-shell non-abelian D = 5, N = 2 vector multiplet consists of 8n (bosonic) + 8n (

fermionic) degrees of freedom (where n is the dimension of the gauge group). Denoting

the Yang-Mills index by I (I = 1, · · · , n), the bosonic sector consists of vector fields AI
µ,

scalar fields ρI and SU(2)-triplet auxiliary fields Y ij I = Y (ij) I . SU(2)-doublet fields λiI

constitute the fermionic sector.

In the background of the Dilaton Weyl multiplet, the Q- and S-transformations of the

– 6 –
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fields in the vector multiplet are given by [29]

δAI
µ = −1

2
iρI ǭψµ +

1

2
ǭγµλ

I ,

δY ij I = −1

2
ǭ(i /Dλj)I + 1

2
iǭ(iγ · Tλj)I − 4iρI ǭ(iχj) +

1

2
iη̄(iλj)I − 1

2
igǭ(ifJK

IρJλj)K ,

δλiI = −1

4
γ · F̂ Iǫi − 1

2
i /DρIǫi + ρIγ · Tǫi − Y ij Iǫj + ρIηi ,

δρI =
1

2
iǭλI . (2.13)

The superconformally covariant derivatives used here are

Dµ ρ
I = (∂µ − bµ)ρI + gfJK

IAJ
µρ

K − 1

2
iψ̄µλ

I , (2.14)

Dµλ
iI =

(
∂µ −

3

2
bµ +

1

4
ωµ

abγab

)
λiI − V ij

µ λ
I
j + gfJK

IAJ
µλ

iK

+
1

4
γ · F̂ Iψi

µ +
1

2
i /̂DρIψi

µ + Y ijIψµ j − ρIγ · Tψi
µ − ρIφiµ , (2.15)

where the supercovariant Yang-Mills curvature is given as

F̂ I
µν = 2∂[µA

I
ν] + gfJK

IAJ
µA

K
ν − ψ̄[µγν]λ

I +
1

2
iρI ψ̄[µψν] . (2.16)

2.3 Linear multiplet

The off-shell D = 5,N = 2 linear multiplet contains 8 (bosonic)+8 (fermionic) degrees of

freedom carried by the following fields

(Lij , Ea, N, ϕi). (2.17)

The bosonic fields are an SU(2) triplet Lij = L(ij), a constrained vector Ea and a scalar N .

The fermionic fields are given by an SU(2) doublet ϕi. In the background of the Standard

Weyl multiplet, the Q- and S- transformations of the fields in the linear multiplet are

given by [27]

δLij = iǭ(iϕj) ,

δϕi = −1

2
i /DLijǫj −

1

2
iγaEaǫ

i +
1

2
Nǫi − γ · TLijǫj + 3Lijηj ,

δEa = −1

2
iǭγabDbϕ− 2ǭγbϕTba − 2η̄γaϕ ,

δN =
1

2
ǭ /Dϕ+

3

2
iǭγ · Tϕ+ 4iǭiχjLij +

3

2
iη̄ϕ , (2.18)

where the super-covariant derivatives are defined as

DµL
ij = (∂µ − 3bµ)L

ij + 2Vµ
(i
kL

j)k − iψ̄(i
µϕ

j) ,

Dµϕ
i =

(
∂µ −

7

2
bµ +

1

4
ωµ

abγab

)
ϕi − V ij

µ ϕj +
1

2
i /DLijψµ j +

1

2
iγaEaψ

i
µ

−1

2
Nψi

µ + γ · TLijψµ j − 3Lijφµ j ,

DµEa = (∂µ − 4bµ)Ea + ωµabE
b +

1

2
iψ̄µγabDbϕ+ 2ψ̄µγ

bϕTba + 2φ̄µγaϕ . (2.19)

– 7 –
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The closure of the superconformal algebra requires that the following constraint must

be satisfied

DaEa = 0 . (2.20)

Thus Ea can be solved in terms of a 3-form Eµνρ as

Eµ = − 1

12
ǫµνρσλDνEρσλ, (2.21)

where Eµνρ is invariant under the following gauge transformation

δΛEµνρ = 3∂[µΛνρ] . (2.22)

We can also express Eµ and Eµνρ in terms of a 2-form potential according to [27]

Eµ = DνE
µν ,

Eµνρ = ǫµνρσλE
σλ . (2.23)

The supersymmetry transformations of the 2-form gauge field Eµν and 3-form gauge field

Eµνρ are given in [27]

δEµν = −1

2
iǭγµνϕ− 1

2
ψ̄i
ργ

µνρǫjLij − ∂ρΛ̃µνρ ,

δEµνρ = −ǭγµνρϕ+ iψ̄i
[µγνρ]ǫ

jLij . (2.24)

3 Superconformal actions

In this section, we review the derivation of the superconformal action for the linear mul-

tiplet [27], and construct a superconformal action for the Yang-Mills multiplet. We begin

with the following super-invariant density formula [23]

e−1LV L = Y ijLij + iλ̄ϕ− 1

2
ψ̄i
aγ

aλjLij −
1

12
ǫµνρσλAµ∂νEρσλ

+ρ

(
N +

1

2
ψ̄aγ

aϕ+
1

4
iψ̄i

aγ
abψj

bLij

)
. (3.1)

By integration by parts, LV L can be reexpressed as

e−1LV L = Y ijLij + iλ̄ϕ− 1

2
ψ̄i
aγ

aψjLij +
1

2
FµνE

µν

+ρ

(
N +

1

2
ψ̄aγ

aϕ+
1

4
iψ̄i

aγ
abψj

bLij

)
. (3.2)

3.1 Linear multiplet action

In this section, we construct the vector multiplet in terms of fundamental fields of the linear

multiplet and the Dilation Weyl multiplet, and obtain an action for the linear multiplet

by using vetor-linear Lagrangian (3.2). Firstly, the scalar ρ in the vector multiplet can be

constructed from the elements of linear multiplet as follows [27]

ρ = 2L−1N + iϕ̄iϕjL
ijL−3, L2 = LijLij . (3.3)

– 8 –
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Using this expression and applying a sequence of supersymmetry transformations, we ob-

tain the full expressions for the components of vector multiplets in terms of elements in

the linear multiplet [27]

ρ = 2L−1N + iL−3ϕ̄iϕjLij ,

λi = −2i /DϕiL
−1 + (16Lijχ

j + 4γ · Tϕi)L
−1 − 2NLijϕ

jL−3

+2i(/DLijL
jkϕk − /ELijϕ

j)L−3 + 2iϕjϕ̄iϕjL
−3

−6iϕjϕ̄kϕlL
klLijL

−5,

Yij = L−1
✷

CLij −DaLk(iDaLj)mL
kmL−3 −N2LijL

−3 − EµE
µLijL

−3

+
8

3
L−1T 2Lij + 4L−1DLij + 2EµLk(iDµLj)

kL−3 − 1

2
iNL−3ϕ̄(iϕj)

−4

3
L−5NLk(iLj)mϕ̄

kϕm − 2

3
L−3ϕ̄(i /Eϕj) −

1

3
L−5Lk(iLj)mϕ̄

k /Eϕm

−8iL−1χ̄(iϕj) + 16iL−3Lk(iLj)mχ̄
kϕm + 2L−3Lk(iϕ̄

k /Dϕj)

+2iL−3Lijϕ̄γ · Tϕ−
2

3
L−3ϕ̄(i /DLj)kϕ

k − L−5LmnL
k
(iϕ̄

m /DLj)kϕ
n

−1

6
L−5Lkmϕ̄iγ

aϕjϕ̄
kγaϕ

m +
1

12
L−7LijLkmL

pqϕ̄kγaϕ
mϕ̄pγ

aϕq,

F̂µν = 4D[µ(L
−1Eν]) + 2L−1R̂µν

ij(V )Lij − 2L−3Ll
kD[µL

kpDν]Llp

−2D[µ(L
−3ϕ̄iγν]ϕ

jLij)− iL−1ϕ̄R̂µν(Q) . (3.4)

Substituting above composite expressions into the vector-linear Lagrangian (3.2), one ob-

tains the superconformal action for the linear multiplet [27]

e−1LL = L−1Lij✷
cLij − LijDµLk(iDµLj)mL

kmL−3 −N2L−1

−EµE
µL−1 +

8

3
LT 2 + 4DL− 1

2
L−3EµνLl

k∂µL
kp∂νLpl

+2Eµν∂µ(L
−1Eν + V ij

ν LijL
−1) + fermions, (3.5)

where the complete expression for the superconformal d’Alembertian is defined as

Lij✷
cLij = Lij(∂

a − 4ba + ωb
ba)DaL

ij + 2LijVa
i
kDaLjk + 6L2fa

a

−iLijψ̄
aiDaϕ

j − 6L2ψ̄aγaχ− Lijϕ̄
iγ · Tγaψj

a + Lijϕ̄
iγaφja . (3.6)

Fermionic contribution to above action can be straightforwardly read from the formulae

given in (3.4).

3.2 Yang-Mills multiplet action

This subsection is devoted to construct a superconformal action describing a vector multi-

plet coupled to a Dilaton Weyl multiplet. Such an action was previously obtained in [23]

using the Standard Weyl multiplet and applied in [24] to derive an off-shell Poincaré the-

ory. Another use of the vector multiplet action was established in [26, 27], where the vector

multiplet action in the Standard Weyl multiplet background was used to derive the map

between the Standard Weyl multiplet and the Dilaton Weyl multiplet.

– 9 –



J
H
E
P
0
3
(
2
0
1
3
)
1
5
8

Similar to the construction of a linear multiplet action, we can use the density for-

mula (3.1) to obtain an action for an abelian vector multiplet coupled to a Dilaton Weyl

multiplet. Based on the action for an abelian vector multiplet, we derive the action for a

Yang-Mills multiplet coupled to the Dilaton Weyl Multiplet.

We start from the following identification

Lij = Yij . (3.7)

This identification, however, has the wrong Weyl weight and fails to satisfy the S-invariance

of Lij (See appendix B for the Weyl weights of the fields). The one with the right Weyl

weight and invariant under the S-transformation is given by

Lij = σYij +
1

4
iρσ−1ψ̄(iψj) −

1

2
iλ̄(iψj). (3.8)

After employing a sequence of Q-and S-transformations to (3.8), we obtain the full expres-

sions for the components of linear multiplet in terms of the fields in the vector multiplet

and Dilaton Weyl multiplet

Lij = σYij +
1

4
iρσ−1ψ̄(iψj) −

1

2
iλ̄(iψj),

ϕi =
1

2
iσ /Dλi +

1

2
iρ/Dψi + ργ · Tψi + σγ · Tλi − 8σρχi −

1

8
γ · Ĝλi

−1

8
γ · F̂ψi +

1

4
/Dσλi +

1

4
/Dρψi −

1

2
Yijψ

j − 1

8
iσ−1λjψ̄iψj ,

Ea = Db

(
−1

2
σF̂ ab − 1

2
ρĜab + 8σρT ab − 1

8
iλ̄γabψ

)
− 1

8
ǫabcdeGbcFde,

N =
1

2
ρ✷Cσ +

1

2
σ✷Cρ+

1

2
DaρDaσ − 1

4
ĜabF̂

ab − 4ρσ

(
D +

26

3
T 2

)

+4σF̂ abTab + 4ρĜabTab + 8iσχ̄λ+ 8iρχ̄ψ − 1

4
λ̄ /Dψ − 1

4
ψ̄ /Dλ

+iψ̄γ · Tλ. (3.9)

Inserting above expressions into density formula (3.1), we derive an action for an abelian

vector multiplet coupled to a Dilaton Weyl multiplet. Generalization of the action for

abelian vector multiplet to that for Yang-Mills multiplet is straightforward. The result is

given by

e−1LYM = aIJ

(
σY I

ijY
ij J − 1

4
σF I

µνF
µν J − 1

2
ρIF J

µνG
µν + 8σρIF J

µνT
µν +

1

2
ρIρJ✷Cσ

+
1

2
σρI✷CρJ +

1

2
ρIDaρ

JDaσ − 4σρIρJ
(
D +

26

3
T 2

)
+ 4ρIρJGµνT

µν

−1

8
ǫµνρσλF I

µνF
J
ρσCλ

)
+ fermions, (3.10)

where I = 1, . . . n and the complete expression of the superconformal d’Alembertian for ρI

is [29]

✷
cρI = (∂a − 2ba + ωb

ba)Daρ
I − 1

2
iψ̄aDaλI − 2ρI ψ̄aγ

aχ

+
1

2
ψ̄aγ

aγ · TλI + 1

2
φ̄aγ

aλI + 2fa
aρI . (3.11)
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4 Gauge fixing and off-shell actions

In the previous section, we have obtained superconformal actions for a linear multiplet and

Yang-Mills multiplet. In this section, we fix the redundant superconformal symmetries to

obtain off-shell supersymmetric theories including a Poincaré supergravity and Yang-Mills

coupled to the Dilaton Weyl multiplet.

As discussed in [30] for the four-dimensional case and in [24] for the five-dimensional

case, the construction of a consistent Poincaré supergravity requires more than one com-

pensator multiplet if the Standard Weyl multiplet is adopted. However, if the Dilaton Weyl

multiplet is utilized, a single compensator multiplet is sufficient to construct a consistent

Poincaré supergravity. As we will present shortly, a consistent Poincaré supergravity is

obtained via gauge fixing the superconformal linear multiplet action [27] instead of the

vector multiplet action. The latter cannot give rise to a supergravity theory due to the

lacking of Einstein-Hilbert term in the action.

In section 4.1 we present our gauge choices and the corresponding decomposition rules.

Imposing these gauge choices in the superconformal action, we obtain an off-shell Poincaré

supergravity in section 4.2. In section 4.3, we first present an off-shell action describing

Yang-Mills coupled to a Dilaton Weyl multiplet. Then, using a map between Yang-Mills

multiplet and Dilaton Weyl multiplet [28], we obtain an off-shell Riemann tensor squared

invariant. Different from [28] where the five-dimensional Riemann squared invariant is

obtained via circle reduction of the six-dimensional Riemann squared invariant, our con-

struction of the Yang-Mills action is purely based on the superconformal tensor calculus.

4.1 Gauge fixing and decomposition rules

In this section, we introduce our gauge choices to fix the redundant superconformal sym-

metries in order to obtain off-shell supersymmetric theories. If we do not insist on the

canonical Einstein-Hilbert term in the action, there exists a set of gauge choices facilitat-

ing the derivation of curvature squared invariant. These gauge choices are2

Lij =
1√
2
δijL, σ = 1, ψi = 0, bµ = 0. (4.1)

The first gauge choice breaks the SU(2)R down to U(1)R whereas the second one fixes

dilatations, the third one fixes special supersymmetry transformations and the last one

fixes conformal boosts. After fixing the gauge, the remaining fields are

eµ
a(10), ψi

µ(32), Cµ(4), Bµν(6), ϕ
i(8), L(1), Eµνρ(4), N(1), Vµ(4), V

′ij
µ (10). (4.2)

To maintain the gauge (4.1), the compensating transformations are required includ-

ing a compensating SU(2), a compensating special supersymmetry and a compensating

conformal boost with parameters (up to cubic fermion terms)

λij = − 1√
2L

(
Sk(iδj)lǫkl

)
, Sij = ǭ(iϕj) − 1

2
δij ǭkϕlδkl,

ηi =
(
− γ · T +

1

4
γ · Ĝ

)
ǫi, ΛKµ = −1

4
iǭφµ −

1

4
iη̄ψµ + ǭγµχ. (4.3)

2The canonical Einstein-Hilbert term can be obtained by using another set of gauge choices [27].
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4.2 Off-shell Poincaré theory

Imposing the gauge fixing conditions (4.1) in the linear multiplet action (3.5), one can

obtain a consistent Poincaré supergravity whose action is given by3

e−1LLR =
1

2
LR+

1

2
L−1∂µL∂

µL− 1

4
LGµνG

µν − 1

6
LHµνρH

µνρ + L−1N2

+
1

6
L−1∂[µEνρσ]∂

µEνρσ +
1

6
√
2
ǫµνρσλVµ∂νEρσλ + LV

′ij
µ V

′µ
ij

+fermions. (4.4)

Notice that we have decomposed the field V ij
µ into its trace and traceless part as

V ij
µ = V

′ij
µ +

1

2
δijVµ, V

′ij
µ δij = 0. (4.5)

The Poincaré supergravity presented above is invariant under the following supersymmetry

transformation rules (up to cubic fermion terms)

δeµ
a =

1

2
ǭγaψµ ,

δψi
µ = Dµ(ω−)ǫ

i − 1

2
iĜµνγ

νǫi ,

δVµ
ij =

1

2
ǭ(iγνψ̂j)

µν −
1

6
ǭ(iγ · Ĥψj)

µ −
1

4
iǭ(iγ · Ĝψj)

µ + ∂µλ
ij + λ

(i
kV

j)k
µ ,

δCµ = −1

2
iǭψµ ,

δBµν =
1

2
ǭγ[µψν] + C[µδ(ǫ)Cν] ,

δL =
1√
2
iǭiϕjδij ,

δϕi = − 1

2
√
2
i/∂Lδijǫj −

1√
2
iV ′

µ
(i
kδ

j)kLǫj −
1

2
i/Eǫi +

1

2
Nǫi +

1

4
√
2
Lγ · Ĝδijǫj

− 1

6
√
2
iLγ · Ĥδijǫj ,

δEµνρ = −ǭγµνρϕ+
1√
2
iLψ̄i

[µγνρ]ǫ
jδij ,

δN =
1

2
ǭγµ
(
∂µ +

1

4
ωµ

bcγbc

)
ϕ+

1

2
ǭiγaVa ijϕ

j − 1

4
√
2
iǭiγa/∂Lψj

aδij

+
1

4
√
2
iǭiγaγbV ′

b(i
kδj)kψ

j
a +

1

4
iǭγa /Eψa −

1

4
Nǭγaψa +

1

8
√
2
Lǭiγaγ · Ĝψj

aδij

−
√
2Lǭiγaφjaδij +

1

8
iǭγ · Ĥϕ, (4.6)

where we have used the torsionful spin connection [28]

ωµ
ab
± = ωµ

ab ± Ĥµ
ab , (4.7)

3The action directly coming from (3.5) by imposing (4.1) is equal to−e
−1

LLR.
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and the supercovariant curvatures under the gauge (4.1) are [28]

ψ̂µν = 2D[µ(ω−)ψν] + iγλĜλ[µψν] , (4.8)

Ĝµν = 2∂[µCν] +
1

2
iψ̄[µψν] , (4.9)

Ĥµνρ = 3∂[µBνρ] −
3

4
ψ̄[µγνψρ] +

3

2
C[µGνρ] . (4.10)

4.3 Riemann squared action

In this section, we construct the supersymmetric Riemann squared action. To begin with,

we shall review a map between the Yang-Mills super-multiplet and a set of fields in the

Poincaré multiplet (4.2).

In establishing the map between Yang-Mills and Poincaré multiplets, it is important to

consider the full supersymmetry transformations, including the cubic fermion terms which

have been omitted so far. In the following, we shall need the full supersymmetry transfor-

mation rules for the fields (eµ
a, ψi

µ, V
ij
µ , Cµ, Bµν). Up to cubic fermions, the transformation

rules of (eµ
a, ψi

µ, V
ij
µ , Cµ, Bµν) are already given in (4.6). In this section, we will, however,

keep the complete SU(2) symmetry, i.e. we do not impose Lij = 1√
2
Lδij . In this way we

do not need to accommodate for the compensating SU(2) transformations proportional to

λij .4 The full version of the supersymmetry transformations are given by [28]

δeµ
a =

1

2
ǭγaψµ ,

δψi
µ = Dµ(ω−)ǫ

i − 1

2
iĜµνγ

νǫi ,

δVµ
ij =

1

2
ǭ(iγνψj)

µν −
1

6
ǭ(iγ · Ĥψj)

µ −
1

4
iǭ(iγ · Ĝψj)

µ ,

δCµ = −1

2
iǭψµ ,

δBµν =
1

2
ǭγ[µψν] + C[µδ(ǫ)Cν] . (4.11)

Next, we consider the following supersymmetry transformations [28]

δωµ
ab
+ = −1

2
iĜabǭψµ −

1

2
ǭγµψ̂

ab,

δψ̂i
ab =

1

4
γcdR̂cdab(ω+)ǫ

i − V̂abijǫj +
1

2
iγµDµ(ω+)Ĝabǫ

i − 1

4
Ĝabγ · Ĝǫi,

δĜab = −1

2
iǭψ̂ab,

δV̂ab
ij = −1

2
ǭ(i /D(ω, ω−)ψ̂

j)
ab −

1

24
ǭ(iγ · Ĥψj)

ab − iǭ(iĜd
[aψ̂

j)
b]d , (4.12)

where R̂abcd(ω+) denotes the super-covariant curvature of the torsionful connection ω+. In

Dµ(ω+)Ĝab, the connection ω+ rotates both the indices a and b, and in Dµ(ω, ω−)ψ̂
j
ab the

4After we construct the action, we can still impose the gauge L
ij = 1√

2
Lδ

ij . This will not affect the

Riemann squared invariant.
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connection ω rotates the spinor index, while the connection ω− rotates the Lorentz vector

indices. V̂µν
ij is the supercovariant curvature of V ij

µ under the gauge choices (4.1)

V̂µν
ij = Vµν

ij − ψ̄(i
[µγ

ρψ̂
j)
ν]ρ +

1

6
ψ̄(i
µ γ · Ĥψj)

ν +
1

4
iψ̄(i

µ γ · Ĝψj)
ν . (4.13)

We now compare the above transformation rules with those of theD = 5, N = 2 Yang-Mills

multiplet [28]

δAI
µ = −1

2
iρI ǭψµ +

1

2
ǭγµλ

I ,

δY ij I = −1

2
ǭ(i /Dλj)I − 1

24
ǭ(iγ · Ĥλj)I − 1

2
igǭ(ifJK

IρJλj)K ,

δλiI = −1

4

(
γ · F̂ I − ρIγ · Ĝ

)
ǫi − 1

2
i /DρIǫi − Y ij Iǫj ,

δρI =
1

2
iǭλI , (4.14)

where F̂ I
µν and Dµ ρ

I can be found in (2.16) and (2.14) by imposing the gauge choices (4.1)

Dµλ
iI =

(
∂µ +

1

4
ωµ

abγab

)
λiI − V ij

µ λ
I
j + gfJK

IAJ
µλ

iK

+
1

4

(
γ · F̂ I − ρIγ · Ĝ

)
ψi
µ +

1

2
i /DρIψi

µ + Y ij Iψµ j . (4.15)

We observe that the transformations (4.12) and (4.14) become identical by making the

following identifications [28]

(AI
µ, Y ij

I , λiI , ρI) ←→ (ωab
µ+, −V̂abij , −ψ̂i

ab, Ĝab). (4.16)

Setting aIJ = δIJ and imposing the gauge fixing conditions (4.1) in action (3.10), we obtain

e−1LYM|σ=1 = Y I
ijY

ijI − 1

2
Dµρ

IDµρI − 1

4
(F I

ab − ρIGab)(F
abI − ρIGab)

−1

8
ǫabcde(F I

ab − ρIGab)(F
I
cd − ρIGcd)Ce

−1

2
ǫabcde(F I

ab − ρIGab)BcdDeρ
I + fermions. (4.17)

Finally, using the map (4.16) in above action (4.17), we obtain the supersymmetric Riemann

squared action. Its purely bosonic part is given as

e−1LRiem2 = −1

4

(
Rµνab(ω+)−GµνGab

)(
Rµνab(ω+)−GµνGab

)

−1

2
Dµ(ω+)G

abDµ(ω+)Gab + Vµν
ijV µν

ij

−1

8
ǫµνρσλ

(
Rµνab(ω+)−GµνGab

)(
Rρσ

ab(ω+)−GρσG
ab
)
Cλ

−1

2
ǫµνρσλBρσ (Rµνab(ω+)−GµνGab)Dλ(ω+)G

ab + fermions . (4.18)

We notice that the actions (4.17) and (4.18) obtained via superconformal tensor calculus

match with those derived through the circle reduction of six-dimensional actions [28].
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5 Supersymmetric Gauss-Bonnet combination

In this section, we shall construct the supersymmetric completion of the Gauss-Bonnet

combination

e−1LGB = RµνρσR
µνρσ − 4RµνR

µν +R2. (5.1)

According to the usual routine, one may think of constructing three independent curva-

ture squared super-invariants first, then combining them with proper coefficients to form a

supersymmetric Gauss-Bonnet combination. However, as we mentioned before, two inde-

pendent curvature squared invariants may be enough to obtain the supersymmetric com-

pletion of Gauss-Bonnet combination based on counting the degrees of freedom and the

cancelation of the kinetic term for the auxiliary vector V ij
µ . This section is devoted to

construct another curvature squared invariant.

We start from the conventional constraint imposed on the supercovariant curvature of

ωµ
ab [23, 26]

eνbR̂µν
ab(M) = 0, (5.2)

where R̂µν
ab(M) is defined in (2.7). The conventional constraint (5.2) implies that the

supercovariant curvature of ωµ
ab gives the Weyl Tensor, which is defined as

Cµνρσ = Rµνρσ −
1

3
(gµρRνσ − gνρRµσ − gµσRνρ + gνσRµρ)

+
1

12
(gµρgνσ − gµσgνρ)R. (5.3)

Its square is

CµνρσC
µνρσ = RµνρσR

µνρσ − 4

3
RµνR

µν +
1

6
R2. (5.4)

In the rest of this paper, we use Ĉµνρσ to denote the superconformally covariant Weyl tensor

instead of R̂µν
ab(M). Because the off-shell supersymmetric Riemann squared invariant is

known, the Gauss-Bonnet super-invariant can be obtained by combining the Riemann

squared invariant with another curvature squared invariant in which the curvature squared

terms take the form

CµνρσC
µνρσ +

1

6
R2. (5.5)

Although, none of the terms in (5.5) is a supercovariant quantity, we can replace (5.5) by

the following supercovariant expression

ĈµνρσĈ
µνρσ +

512

3
D2, (5.6)

since the composite field D (2.9) under the gauge choices (4.1) reads

D = − 1

32
R− 1

16
GabGab −

26

3
T abTab + 2T abGab + fermions. (5.7)

Therefore, if (5.6) can be supersymmetrized, we will get the desired the curvature squared

terms in (5.5). When carrying out the supersymmetrization of (5.6), we find that in
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fact, the D2 term is indispensable to the supersymmetrization of the Weyl tensor squared

term, moreover, the relative coefficient between the Weyl squared term and the D2 exactly

matches with the one in (5.6), the magical 512
3 . In the next section, we give the details of

the construction.

5.1 Supersymmetrization of ĈµνρσĈ
µνρσ

In this section, we first supersymmetrize the square of Weyl tensor by using (3.2) in which

the fields of linear multiplet are expressed as composites in terms of fields in Dilaton Weyl

multiplet. We notice that to obtain the Weyl tensor squared term, N should begin with

ĈµνρσĈ
µνρσ. The complete expression for N include a term 512

3 D
2. After expanding D

in terms of independent fields, we find that the curvature squared terms take the form

of CµνρσCµνρσ + 1
6R

2, which is different from those in the supersymmetric completion of

ĈµνρσĈ
µνρσ considered in [24] by using Standard Weyl multiplet where D is merely an

auxiliary field. We obtain full composite expressions for the fields of linear multiplet in

terms of fields in the Dilation Weyl multiplet as

Lij =
1

4
i
¯̂
R

(i
ab(Q)R̂j)ab(Q) +

256

3
iχ̄(iχj) +

16

3
R̂ab

ij(V )T ab,

ϕi = −1

8
γcdR̂

i
ab(Q)Ĉabcd(M)− 4iγcR̂

i
ab(Q)DaT bc +

128

3
χiD

+8iγcDcR̂i
ab(Q)T ab + 8iγaDcR̂i

bc(Q)T ab − 64

3
iγabγcDaTbc χ

i +
1024

9
T 2 χi

+
128

3
iγaDbχ

iT ab +
16

3
γabR̂

i
cd(Q)T abT cd +

1

2
R̂ab i

j(V )R̂j
ab(Q)

−8

3
R̂ab i

j(V )γabχ
j ,

Ea =
1

16
ǫabcdeC

bcfgCde
fg −

1

12
ǫabcdeV

bc
ijV

de ij

+Db

(
4CabcdT

cd − 64

3
DTab −

128

9
TabT

2 − 512

3
TacT

cdTbd

)

−32ǫabcdeDb

(
2

3
T cfDfT

de + T c
fDdT ef

)
+ fermions,

N =
1

8
CabcdCabcd +

64

3
D2 +

1024

9
T 2D − 16

3
CabcdT

ab T cd − 1

3
Vab

ijV ab
ij

−64

3
DaTbcDaT bc +

64

3
DbTacDaT bc − 128

3
TabDbDcT

ac

−128

3
ǫabcdeT

abT cdDfT
ef + 1024T 4 − 2816

27
(T 2)2 + fermions. (5.8)

where the following notations are introduced for simplicity

T 4 ≡ TabT bcTcdT
da, (T 2)2 ≡ (TabT

ab)2. (5.9)

Under the gauge choices (4.1) TabDbDcT
ac is given by

TabDbDcT
ac = Tab∇b∇cT

ac +
2

3
RbcTabT

a
c −

1

12
T 2R+ fermions, (5.10)
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where ∇µ only contains the usual spin connection

∇µTab = ∂µTab − 2ωµ
c
[aTb]c. (5.11)

To obtain (5.8) we have used the Q- and S- transformations of supercovariant curvatures

which can be found in [26]. Substituting the composite expressions (5.8) into the density

formula (3.2), we obtain the following action

e−1LρR2 =
1

8
ρCabcdCabcd +

64

3
ρD2 +

1024

9
ρT 2D − 32

3
DTabF

ab

−16

3
ρCabcdT

ab T cd + 2CabcdT
cdF ab +

1

16
ǫabcdeA

aCbcfgCde
fg

− 1

12
ǫabcdeA

aV bc
ijV

de ij +
16

3
YijVab

ijT ab − 1

3
ρVab

ijV ab
ij +

64

3
ρDbTacDaT bc

−128

3
ρTabDbDcT

ac − 64

3
ρDaTbcDaT bc + 1024ρ T 4 − 2816

27
ρ(T 2)2

−64

9
TabF

abT 2 − 256

3
TacT

cdTbdF
ab − 32

3
ǫabcdeT

cfDfT
deF ab

−16ǫabcdeT c
fDdT efF ab − 128

3
ρǫabcdeT

abT cdDfT
ef + fermions, (5.12)

where

Vµν
ij ≡ 2∂[µVν]

ij − 2V[µ
k(iVν]k

j). (5.13)

This action (5.12) describes the coupling between an external vector multiplet and Dilaton

Weyl multiplet. If we simply combine above action with the Riemann tensor squared

invariant, we are not able to obtain the supersymmetric Gauss-Bonnet combination since

the curvature squared terms in (5.12) is multiplied by ρ which stays the same after imposing

the gauge choices (4.1). By comparing the superconformal transformation rules of vector

multiplet

δρ =
1

2
iǭλ,

δAµ = −1

2
σǭψµ +

1

2
ǭγµλ,

δλi = −1

4
γ · F̂ ǫi − 1

2
i /Dρǫi + ργ · Tǫi − Y ijǫj + ρηi,

δY ij = −1

2
ǭ(i /Dλj) + 1

2
iǭ(iγ · Tλj) − 4iρǭ(iχj) +

1

2
iη̄(iλj), (5.14)

with those of (σ, Cµ, ψ
i) in the Dilaton Weyl multiplet

δσ =
1

2
iǭψ,

δCµ = −1

2
σǭψµ +

1

2
ǭγµψ,

δψi = −1

4
γ · Ĝǫi − 1

2
i /Dσǫi + σγ · Tǫi − 1

4
iσ−1ǫjψ̄

iψj + σηi, (5.15)

we notice that there exists a map from vector multiplet to (σ, Cµ, ψ
i)

ρ→ σ, Aa → Ca, λi → ψi, Y ij → 1

4
iσ−1ψ̄(iψj), (5.16)
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since

δ

(
1

4
iσ−1ψ̄(iψj)

)
= −1

2
ǭ(i /Dψj) +

1

2
iǭ(iγ · Tψj) − 4iσǭ(iχj) +

1

2
iη̄(iψj). (5.17)

Using (5.16), we obtain the supersymmetrization of CµνρσC
µνρσ purely based on the

fields of Dilaton Weyl multiplet

e−1LσC2 =
1

8
σCabcdCabcd +

64

3
σD2 +

1024

9
σT 2D − 32

3
DTabG

ab

−16

3
σCabcdT

ab T cd + 2CabcdT
cdGab +

1

16
ǫabcdeC

aCbcfgCde
fg

− 1

12
ǫabcdeC

aV bc
ijV

de ij +
16

3
YijVab

ijT ab − 1

3
σVab

ijV ab
ij +

64

3
σDbTacDaT bc

−128

3
σTabDbDcT

ac − 64

3
σDaTbcDaT bc + 1024σ T 4 − 2816

27
σ(T 2)2

−64

9
TabG

abT 2 − 256

3
TacT

cdTbdG
ab − 32

3
ǫabcdeT

cfDfT
deGab

−16ǫabcdeT c
fDdT efGab − 128

3
σǫabcdeT

abT cdDfT
ef + fermions. (5.18)

Imposing the gauge fixing conditions (4.1), we obtain

e−1LσC2 |σ=1 =
1

8
RabcdR

abcd − 1

6
RabR

ab +
1

48
R2 +

64

3
D2 +

1024

9
T 2D

−16

3
RabcdT

ab T cd + 2RabcdT
cdGab +

1

3
RTabG

ab − 8

3
RbdGc

bT cd

−64

3
RbcTabT

a
c +

8

3
RT 2 − 32

3
DTabG

ab +
1

16
ǫabcdeC

aRbcfgRde
fg

− 1

12
ǫabcdeC

aV bc
ijV

de ij − 1

3
Vab

ijV ab
ij −

64

3
∇aTbc∇aT bc

+
64

3
∇bTac∇aT bc − 128

3
Tab∇b∇cT

ac − 128

3
ǫabcdeT

abT cd∇fT
ef

+1024T 4 − 2816

27
(T 2)2 − 64

9
TabG

abT 2 − 256

3
TacT

cdTbdG
ab (5.19)

−32

3
ǫabcdeT

cf∇fT
deGab − 16ǫabcdeT

c
f∇dT efGab + fermions,

where

D ≡ − 1

32
R− 1

16
GabGab −

26

3
T abTab + 2T abGab + fermions,

Tab ≡
1

8
Gab +

1

48
ǫabcdeH

cde + fermions. (5.20)

5.2 Supersymmetric completion of Gauss-Bonnet combination

In previous sections, we obtained the supersymmetric completion of Einstein-Hilbert, Rie-

mann tensor squared and Weyl tensor squared actions. Because of the off-shell nature
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of these invariants, we can combine them to form a more general theory with two free

parameters

L = LLR + αLRiem2 + βLσC2 |σ=1 . (5.21)

The Gauss-Bonnet combination corresponds to case with β = 3α in which the kinetic term

of auxiliary vector V ij
µ vanishes. Using β = 3α, the purely bosonic part of Lagrangian (5.21)

takes the form

e−1
(
LLR + αLGB

)
=

1

2
LR+

1

2
L−1∂µL∂

µL− 1

4
LGµνG

µν − 1

6
LHµνρH

µνρ + L−1N2

+
1

6
L−1∂[µEνρσ]∂

µEνρσ +
1

6
√
2
ǫµνρσλVµ∂νEρσλ + LV

′ij
µ V

′µ
ij

+α

[
− 1

4

(
Rµνab(ω+)−GµνGab

)(
Rµνab(ω+)−GµνGab

)

+
3

8
RµνρσR

µνρσ − 1

2
RµνR

µν +
1

16
R2 + 64D2

−1

8
ǫµνρσλ

(
Rµνab(ω+)−GµνGab

)(
Rρσ

ab(ω+)−GρσG
ab
)
Cλ

−1

2
ǫµνρσλBρσ

(
Rµνab(ω+)−GµνGab

)
∇λ(ω+)G

ab

+
3

16
ǫµνρσλC

µRνρτδRσλ
τδ −

1

4
ǫµνρσλC

µV νρ
ijV

σλ ij

−16RµνρσT
µν T ρσ + 6RµνρσG

µνT ρσ +RTµνG
µν − 8RµνGσ

µT σν

−64RµνTσµT
σ
ν+8RT 2− 32DTµνG

µν+
1024

3
T 2D− 64∇µTνρ∇µT νρ

+64∇µT νρ∇νTµρ − 128Tµν∇ν∇σT
µσ − 1

2
∇µ(ω+)G

ab∇µ(ω+)Gab

+3072T 4 − 2816

9
(T 2)2 − 64

3
TµνG

µνT 2 − 256TµσT
σρTρνG

νµ

−128ǫµνρσλTµνT ρσ∇τT
λτ − 32ǫµνρσλG

µνT ρτ∇τT
σλ

−48ǫµνρσλGµνT ρ
τ∇σT λτ

]
. (5.22)

We notice that the ratio of the coefficients in front of the Gauss-Bonnet combination

and the Chern-Simons coupling ǫµνρσλC
µRνρδτRσλ

δτ is 1
2 which is consistent with the

value resulting from the circle reduction of the partial results given in [19, 20] on the

six-dimensional supersymmetric Gauss-Bonnet combination.

6 On-shell theory

In this section, we study the on-shell theory of the Gauss-Bonnet extended supergravity to

first order in α upon eliminating the auxiliary fields. In section 6.1, we present the minimal

on-shell Poincaré supergravity by eliminating the the auxiliary fields (Eµνρ, Vµ, N, Vµ
′ij)

and truncating the matter multiplet (Bµν , L, ϕ
i). In section 6.2, we obtain the on-shell

Gauss-Bonnet extended Einstein-Maxwell supergravity to first order in α by using the

equations derived from the 2-derivative Lagrangian that is zeroth order in α.
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6.1 On-shell Poincaré supergravity

To eliminate the auxiliary fields (N,Pa, Vµ, Vµ
′ij), we use their equations of motion

0 = N, 0 = ǫµνρσλ∂νEρσλ, 0 = V
′ij
µ , (6.1)

0 = ∂µ
(
L−1∂[µEνρσ] +

1

2
√
2
ǫµνρσλV

λ

)
. (6.2)

Equation (6.2) implies that locally

− 1

12
L−1ǫµνρσλ∂νEρσλ +

1√
2
Vµ = ∂µφ , (6.3)

where φ is a Stueckelberg scalar. Eliminating this scalar by using the shift symmetry

transformation and using the second equation in (6.1), we obtain5

Vµ = 0 . (6.4)

It follows that the corresponding on-shell theory is given by

e−1L′EM =
1

2
LR+

1

2
L−1∂µL∂

µL− 1

4
LGµνG

µν − 1

6
LHµνρH

µνρ . (6.5)

To truncate out the matter multiplet (Bµν , L, ϕ
i), we first dualize Bµν to a vector field C̃µ

by adding the following Lagrange multiplier to (6.5)

∆L = − 1

12
ǫµνρσλBµνρG̃σλ, G̃µν ≡ 2∂[µC̃ν], (6.6)

and replacing Hµνρ by Bµνρ +
3
2C[µGνρ]. The field equations of C̃µ and Bµνρ imply that

Bµνρ = 3∂[µBνρ], Hµνρ = −1

4
L−1ǫµνρσλG̃σλ . (6.7)

Substituting (6.7) to (6.5), we obtain the on-shell ungauged Einstein-Maxwell supergravity

e−1LEM =
1

2
LR+

1

2
L−1∂µL∂

µL− 1

4
LGµνG

µν − 1

8
L−1G̃µνG̃

µν

+
1

8
ǫµνρσλCµGνρG̃σλ , (6.8)

where (eµ
a, ψi

µ, Cµ) constitute the supergravity multiplet while (C̃µ, ϕ
i, L) comprise the

Maxwell multiplet.

Truncation of the Einstein-Maxwell theory to the minimal on-shell theory can be im-

plemented by imposing

L = 1, C̃µ = Cµ, ϕi = 0, (6.9)

5In the original Poincaré theory (4.4) U(1)R symmetry is gauged by the auxiliary vector Vµ. However,

in the on-shell theory, the U(1)R symmetry becomes global due to the elimination of Vµ.

– 20 –



J
H
E
P
0
3
(
2
0
1
3
)
1
5
8

which is consistent with the equations of motion

R = 2L−1
✷L− L−2∂µL∂

µL+
1

2
GµνG

µν − 1

4
L−2G̃µνG̃

µν ,

LRµν = ∇µ∇νL− L−1∂µL∂νL+ LGµ
σGνσ +

1

2
L−1G̃µ

σG̃νσ

−1

4
gµνL

−1G̃ρσG̃
ρσ ,

0 = ∇ν(LGνµ) +
1

4
ǫµνρσλG

νρG̃σλ,

0 = ∇ν(L−1G̃νµ) +
1

4
ǫµνρσλG

νρGσλ, (6.10)

and leads to the following transformation

δeµ
a =

1

2
ǭγaψµ ,

δψi
µ =

(
∂µ +

1

4
ωµ

abγab

)
ǫi +

1

8
i(γµ

νρ − 4δνµγ
ρ)Gνρ,

δCµ = −1

2
iǭψµ. (6.11)

The resulting action coincides with the minimal on-shell supergravity in five dimensions [35]

e−1Lmin
EH =

1

2
R− 3

8
GµνG

µν +
1

8
ǫµνρσλCµGνρGσλ . (6.12)

The canonical kinetic term of Cµ can be recovered by a scaling Cµ → 2√
6
Cµ.

6.2 On-shell Gauss-Bonnet extended Einstein-Maxwell model

With the Gauss-Bonnet combination added, the duality relation (6.7) and truncation con-

dition must receive corrections proportional to the powers of α, if we consider a pertubative

expansion valid when the energy scale Λ satisfies Λ2 ≪ 1/|α|. We follow the procedure

of [31]. Schematically, the off-shell action (5.22) takes the form

Soff-shell[φ] = S0[φ] + αS1[φ] . (6.13)

It follows that the auxiliary field equations (6.1)–(6.2), the field equation for Bµνρ (6.7)

as well as the truncation equation (6.9) must receive corrections proportional to α. The

solution to those equations can be expressed in terms of a series expansion in α

φ = φ0 + αφ1 + α2φ2 + · · · , (6.14)

where φ0 is the solution to the zeroth order equation given in previous section. As a

consequence, the on-shell action possesses the form

Son-shell[φ] = S0[φ0] + α(S1[φ0] + φ1S
′
0[φ0]) + · · · . (6.15)

In the above equation, S′
0[φ0] = 0 when φ0 is an auxiliary field or a Lagrangian multi-

plier. We eliminate the auxiliary fields and Lagrangian multiplier Bµνρ by plugging their
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zeroth order solutions to the action (5.22). Ultimately we derive the on-shell Gauss-Bonnet

extended Einstein-Maxwell theory6

e−1
(
LEM + αLGB

)
=

1

2
LR+

1

2
L−1∂µL∂

µL− 1

4
LGµνG

µν − 1

8
L−1G̃µνG̃

µν

+
1

8
ǫµνρσλCµGνρG̃σλ + α

[
3

8
RµνρσR

µνρσ − 1

2
RµνR

µν +
1

16
R2

+64D2 − 1

4

(
Rµνab(ω+)−GµνGab

)(
Rµνab(ω+)−GµνGab

)

−1

8
ǫµνρσλ

(
Rµνab(ω+)−GµνGab

)(
Rρσ

ab(ω+)−GρσG
ab
)
Cλ

−1

2
ǫµνρσλBρσ

(
Rµνab(ω+)−GµνGab

)
∇λ(ω+)G

ab +
3

16
ǫµνρσλC

µRνρτδRσλ
τδ

−16RµνρσT
µν T ρσ + 6RµνρσG

µνT ρσ +RTµνG
µν − 8RµνGσ

µT σν

−64RµνTσµT
σ
ν + 8RT 2 − 32DTµνG

µν +
1024

3
T 2D − 64∇µTνρ∇µT νρ

+64∇µT νρ∇νTµρ − 128Tµν∇ν∇σT
µσ − 1

2
∇µ(ω+)G

ab∇µ(ω+)Gab

+3072T 4 − 2816

9
(T 2)2 − 64

3
TµνG

µνT 2 − 256TµσT
σρTρνG

νµ

−128ǫµνρσλTµνT ρσ∇τT
λτ − 32ǫµνρσλG

µνT ρτ∇τT
σλ

−48ǫµνρσλGµνT ρ
τ∇σT λτ

]
+O(α2), (6.16)

where Tµν and ω+µ
ab are now given by

Tµν =
1

16
(2Gµν + L−1G̃µν), ω+µ

ab = ωµ
ab − 1

4
L−1eµf ǫ

fabcdG̃cd. (6.17)

7 Vacuum solutions and spectrum analysis

In this section, we investigate the vacuum solutions and spectrum to the general the-

ory (5.21). The results for Poincaré supergravity extended by Gauss-Bonnet combination

can be obtained as special case when β = 3α.

7.1 Vacuum solutions with 2-form and 3-form fluxes

We first consider solutions with AdS3 × S2 structure. To solve the equation of motion, we

make the following ansatz where Greek indices denote the coordinates on Lorentzian AdS3,

while latin indices stand for the coordinates on S2

Rµνρσ = −a(gµρgνσ − gµσgνρ), Rpqrs = b(gprgqs − gpsgqr),
L = L0, Gpq = cǫpq, Hµνρ = dǫµνρ. (7.1)

In above equation, εµνρ and εrs are the Levi-Civita tensors on AdS3 and S2 respectively.

The full set of equations of motion are solved provided that the following equations are

6Generalization of the Gibbons-Hawking boundary term in theories with generic curvature-squared cor-

rections in the presence of a chemical potential is studied in [32].
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satisfied

6a− 2b+ c2 − 2d2 = 0,
1

2
L0(−a+ d2) +

α

2
(−a2 + b2 − 2bc2 + c4 − 4acd+ 10ad2 + 4cd3 − 9d4)

+
β

6
(a2 + ab− b2 + 2bc2 − c4 + 2acd− 10ad2 − bd2 − 2cd3 + 9d4) = 0,

1

4
L0(b− c2) +

α

2
(3a2 − b2 + 4bc2 − 3c4 − 4bcd+ 4c3d− 6ad2 + 3d4)

+
β

6
(−3a2 + b2 − 4bc2 + 3c4 + 4bcd− 4c3d+ 6ad2 − 3d4) = 0. (7.2)

The integrability conditions for the Killing spinor equations δǫψ
i
µ = 0 and δǫϕ

i = 0 are

(
R

µ̂ν̂âb̂
(ω−)− 2Gµ̂âGν̂â

)
γâb̂ǫ = 0,

(
3

2
Gµ̂ν̂ − iHµ̂ν̂λ̂

γλ̂
)
γµ̂ν̂ǫ = 0, (7.3)

where µ̂, â = 0, 1, . . . 4. Substituting the ansatz (7.1) into the integrability conditions (7.3),

we find that when

a = d2, b = c2, c = −2d, (7.4)

the integrability conditions are satisfied automatically without imposing any projection

condition on the Q transformation parameter ǫ. Therefore, this solution possesses max-

imum supersymmetry. Remarkably, this solution exists for arbitrary values of L0, α, β.

Thus it seems that the higher derivative correction will not affect the supersymmetric so-

lutions. A similar phenomenon happens in 6D chiral gauged supergravity extended by

Riemann squared invariant [33]. Next we investigate solutions with AdS2 × S3 structure.

We make similar ansatz as previous case except that Greek indices denote the coordinates

on Lorentzian AdS2, while latin indices are used for the coordinates on S3

Rµνρσ = −b(gµρgνσ − gµσgνρ), Rpqrs = a(gprgqs − gpsgqr),
L = L0, Gµν = cǫµν , Hpqr = dǫpqr. (7.5)

In this case, the solutions of equation of motion are determined by

6a− 2b+ c2 − 2d2 = 0,
1

2
L0(a− d2) +

α

2
(−a2 + b2 − 2bc2 + c4 − 4acd+ 10ad2 + 4cd3 − 9d4)

+
β

6
(a2 + ab− b2 + 2bc2 − c4 − 2acd− 10ad2 − bd2 + 2cd3 + 9d4) = 0,

1

4
L0(−b+ c2) +

α

2
(3a2 − b2 + 4bc2 − 3c4 − 4bcd+ 4c3d− 6ad2 + 3d4)

+
β

6
(−3a2 + b2 − 4bc2 + 3c4 − 4bcd+ 4c3d+ 6ad2 − 3d4) = 0. (7.6)

By examining the integrability conditions (7.3), we find that solution with maximum su-

persymmetry is given by

a = d2, b = c2, c = 2d, (7.7)

for arbitrary values of L0, α, β.
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7.2 Vacuum solutions without fluxes

If we set c = d = 0, the solutions are simply

1) AdS3 × S2 : b = 3a, β = 6α, a = −L0

2α
,

2) AdS2 × S3 : b = 3a, β = 6α, a =
L0

2α
,

3) Minkowski5 (7.8)

In this case, the maximally supersymmetric vacuum solution is just Minkowski5. Following

the procedure carried out in the spectrum analysis of six-dimensional higher derivative

chiral supergravity [33, 34], we study the bosonic spectrum of the perturbations around

the maximally supersymmetric Minkowski5 vacuum. We define the linearized fluctuations,

gµν = ηµν + hµν , L = L0 + φ, Cµ = cµ,

V ij
µ = vijµ , Bµν = bµν . (7.9)

The linearized Einstein equation and L field equation take the following form
(
L0 +

2

3
(β − 3α)✷

)
R(L)

µν =
1

3
(β − 3α)∂µ∂νR

(L) +
L0

2
ηµνR

(L) − ηµν✷φ+ ∂µ∂νφ, (7.10)

L0R
(L) = 2✷φ, (7.11)

where R
(L)
µν and R(L) are the linearized Ricci tensor and Ricci scalar. Inserting (7.11) into

the trace of linearized Einstein equation, we get

(
L0 +

2

3
(β − 3α)✷

)
✷φ = 0. (7.12)

This equation describes a massless scalar and a massive scalar with mass squared

m2 =
3L0

2(3α− β) . (7.13)

To simplify the linearized Einstein equation, we choose the usual De Donder gauge in which,

R(L)
µν = −1

2
✷hµν . (7.14)

Then using the (7.11) and (7.12), we find

(✷−m2)✷hµν = −2L−1
0 (✷−m2)∂µ∂νφ. (7.15)

Since φ can be solved from (7.12), the right hand side of above equation is known function.

The homogeneous solutions of above equation describe a massless graviton and a massive

graviton with a mass squared the same as that of the massive scalar.

Equations of motion for the remaining fields can be straightforwardly obtained by

choosing the Lorentz gauge for the gauge fields

(
L0 +

2

3
(β − 3α)✷

)
✷

(
cµ
bµν

)
= 0,

(
L0 +

2

3
(β − 3α)✷

)
vijµ = 0. (7.16)
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In summary, for generic α, β, the full spectrum consists of the (reducible) massless 12+12

supergravity multiplet with fields (hµν , bµν , cµ, φ, ψ
i
µ, ϕ

i) and a massive 32+32 super-

gravity multiplet with ghost fields (hµν , bµν , cµ, φ, v
ij
µ , ψi

µ, ϕ
i). At the special point where

β = 3α, the curvature squared terms in the action furnish the Gauss-Bonnet combination,

massive particles become infinitely heavy and decouple from the spectrum leaving only the

massless excitations as expected from the ghost-free feature of Gauss-Bonnet combination.

8 Conclusion and discussions

Using the superconformal tensor calculus in five dimensions, we have constructed an off-

shell theory with four parameters

e−1L = LLR + ξLYM|σ=1 + αLRiem2 + βLσC2 |σ=1 + ζLρR2 |σ=1. (8.1)

The supersymmetric Gauss-Bonnet extended Poincaré theory corresponds to the case where

ξ = ζ = 0 and β = 3α. Although the auxiliary fields do not propagate in this model, they

can be eliminated order by order in α. We obtain the on-shell theory of this model to first

order in α. The maximally supersymmetric solutions to the ordinary 2-derivative Einstein-

Maxwell supergravity are known including Minkowski5, AdS3×S2 and AdS3×S2. We found

that these solutions are not modified by the inclusion of the higher-derivative interactions

proportional to α and β for arbitrary values. The spectrum of this theory around the

maximally supersymmetric Minkowski5 is determined. We show that the spectrum has a

ghostly massive spin two multiplet in addition to a massless supergravity and a Maxwell

vector multiplet. However, when β = 3α corresponding to the Gauss-Bonnet combination,

the massive spin-2 multiplet decouples.

Our off-shell model is ungauged and therefore does not admit AdS5 as a supersymmet-

ric vacuum solution. The gauging of our model should be interesting. A further question

is the matter couplings of this theory. Since neither “very special geometry” [35, 36], nor

“quaternionic Kähler geometry” [29] arise naturally in our model via the gauge fixing con-

dition (4.1), it would be interesting to investigate how the scalars in the vector multiplet

and hypermultipet are constrained and what kind of geometries arise. Finally, we hope

to generalize our construction to D = 6, N = (1, 0) off-shell supergravity to derive the

supersymmetric completion of the Gauss-Bonnet combination in six dimensions.
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A Notations and conventions

In this paper, we use the conventions of [26]. The signature of the metric is diag(−,+,+,
+,+). The SU(2) indices are lowered or raised according to NW-SE convention

Ai = εijAj , Ai = Ajεji, (A.1)
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where ε12 = −ε21 = ε12 = 1. When SU(2) indices on spinors are suppressed, NW-SE

contraction is understood.

ψ̄γa1... anχ = ψ̄iγa1... anχi, (A.2)

where γa1...an is defined as

γa1·an = γ[a1γa2 ...γan]. (A.3)

Changing the order of spinors in a bilinear leads to the following signs

ψ̄iγ(n)χ
j = tnχ̄

jγ(n)ψ
i, (A.4)

where t0 = t1 = −t2 = −t3 = 1. We also used the following Fierz identity

ψjχ̄
i = −1

4
χ̄iψj −

1

4
χ̄iγaψjγa +

1

8
χ̄iγabψjγab. (A.5)

The Levi-Civitá tensor is real and satisfies

ǫp1...pnq1...qmǫ
p1...pnr1...rm = −n!m!δ

[r1...
[q1...

δ
rm]
qm] . (A.6)

Finally, the product of all gamma matrices is proportional to the unit matrix, and we use

γabcde = iǫabcde. (A.7)

B Multiplets of five dimensional superconformal gravity

In this appdendix, we give the SU(2) representations and Weyl weights of the fields ap-

pearing in this paper.

Multiplet Field SU(2) reps. Weyl weight

Dilaton Weyl Multiplet eµ
a 1 -1

ψi
µ 2 −1

2

bµ 1 0

V ij
µ 3 0

Cµ 1 0

Bµν 1 0

σ 1 1

ψi 2 3
2

Vector Multiplet Aµ 1 0

λi 2 3
2

ρ 1 1

Y ij 3 2

Linear Multiplet Lij 3 3

ϕi 2 7
2

Ea 1 4

N 1 4
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