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1 Introduction

Entanglement entropy is a unifying theme in many different areas of theoretical physics
today. In relativistic field theories, certain special kinds of entanglement entropy show
monotonicity properties under renormalization group flow [1, 2]. For conformal field the-
ories in (1 + 1)-dimensions, numerical computation of the entanglement entropy provides
a rapid way to calculate the central charge c¢. In the context of condensed matter physics,
entanglement entropy can detect exotic phase transitions for systems lacking a local order
parameter. The Ryu-Takayanagi proposal [3, 4] for computing the entanglement entropy
holographically connects this circle of ideas to general relativity and string theory via the
AdS/CFT correspondence [5-7]. See refs. [8-12] for reviews.

Recall the entanglement entropy is defined from a reduced density matrix ps. We
start by partitioning the Hilbert space into pieces A and complement A = B. Typically A
corresponds to a spatial region. We form the reduced density matrix p4 = trpp by tracing
over the degrees of freedom in B. Finally, the entanglement entropy is defined to be

= —trpalogpa . (1.1)



Related quantities are the Rényi entropies

1
Sp =
1

_nlog tr(pa)” . (1.2)

Note that the entanglement entropy can be determined from the limit S = lim,,_,1 S,,.

Given entanglement entropy’s prominent role, it is surprisingly difficult to compute,
even for free field theories in (1+ 1)-dimensions. In this paper, we present some new results
for the free, massive, Dirac fermion in (1 4 1)-dimensions. We are particularly interested
in thermal and finite size corrections to the entanglement entropy, and so we place our
massive fermion on a torus.! We allow for a nonzero chemical potential as well.

Before proceeding further, let us briefly review the known results for the free fermion.
Consider a massless Dirac fermion on the real line where the region A consists of p intervals
whose endpoints are described by the pairs of numbers (x4,¥,), a = 1,...,p. In this case,
the entanglement entropy takes the form [14]?

1 Ha’b(xa - yb)

S=-lo + ¢, 1.3
& e’ Ha<b(xa — ) (Ya — Yb) ’ (13)

3

where € is a UV cutoff and ¢y is a cutoff dependent constant. Given that the fermion
is massless, we can use conformal symmetry to map the plane to a cylinder with either
time or space compactified [15]. In the first case, we make the replacement (z — y) —
sinh 7T (z — y) where T is the temperature (see also ref. [16]). In the second case, we
instead send (z —y) — sinw(x — y)/L where L is the circumference of the spatial circle.

If we turn on a mass m > 0, we lose conformal symmetry, and the computations get
correspondingly more difficult. For the fermion on the real line at zero temperature and
a single interval, the entanglement entropy can be expressed in terms of a solution to the
Painlevé V equation [14]. While in general only a numerical solution to the differential
equation is available, one can find small and large mass expansions. For small mass, the
leading log result is

1 ¢ 1
S = 3 log - — g(mﬂ logmt)? + O((ml)*logmf) . (1.4)
€
At large mass, there is instead exponential suppression:?
LT ome
~ =y —e 1.
S s\ st (1.5)

For multiple intervals, ref. [19] provides a small mass expansion. The leading log correction
is instead —3(m; logme)? where £, is the total length of all of the intervals in A.

This paper contains two principal results. The first is a computation of the Rényi
entropies for a region A consisting of multiple intervals where both 1/7" and L are kept

' A prequel [13] to this paper considered the free massive scalar on a torus; the two papers can be read
independently.

2See also ref. [15].

3See also refs. [17, 18].



finite, the chemical potential u can be different from zero, but m = 0. Previously, only
the single interval Rényi entropy was available [20, 21]. We compute the entanglement
entropy from the Rényi entropies by analytic continuation. While the Rényi entropies are
expressed compactly in terms of elliptic theta functions, our entanglement entropy is given
as an infinite sum. In the limit where L — oo or T — 0, only the first few terms in the sum
contribute, and we recover the cylinder version of eq. (1.3). However, there is a subtlety in
the T'— 0 limit that we will return to shortly.

The second principal result in this paper is a computation of the leading small mass
correction to the entanglement entropy when both 1/7 and L are finite. The correc-
tion is obtained using the equivalence of the massive Dirac fermion to the sine-Gordon
model [22, 23]. The result is expressed as a double integral over a product of elliptic theta
functions. We are able to perform the double integral numerically and match the result
to a numerical lattice computation of the entanglement entropy. We can also perform the
integral in the limit 1/7, L — oo where we recover the multi-interval version of the leading
log correction (1.4).

We have found several interesting features of the entanglement entropy in the small
mass and low temperature regime. The first is that the limits m — 0 and T" — 0 of
the entanglement entropy do not commute when there is ground state degeneracy. In
particular, when the massless Dirac fermions have periodic boundary conditions around
the circle, the ground state of the system is four-fold degenerate. If we first set m = 0 and
then take T" — 0, the system is not in a pure state. However, if we instead send T" — 0
and then take m — 0, the system will be pure. For pure states, the entanglement entropy
of a region and its complement must be the same, S(A) = S(A). For example, consider
the single interval case, { = x — y, of eq. (1.3) where we have conformally mapped to the
cylinder (x — y) — sinm(z — y)/L. Then the entanglement entropy takes the form

1 L 14
S = -log < sin 7r> + ¢o, (1.6)
me L

which clearly satisfies S(¢) = S(L —¥). If instead we take m — 0 first, we find a correction
to eq. (1.6) that reflects the ground state degeneracy. There is a similar correction in the
multi-interval case.

For Dirac fermions with antiperiodic boundary conditions, there is a unique ground
state. The mass gap to the first excited state is mga, = 7/L. In this case, we can examine
the corrections to the entanglement entropy in the low temperature limit 7' < /L. The
prequel [13] to this paper, based on an investigation of the massive (1+1)-dimensional
scalar, conjectured that such corrections should be exponentially suppressed. Indeed, we
are able to confirm this conjecture for the antiperiodic fermions:

S(T) — S(0) ~ e ™mear/T (1.7)

Moreover, our result for the Rényi entropies allows us to determine the coefficient in front
of the exponential factor. For the periodic fermions with m > 0, we find similar behavior,
but in this case, our results come from a numerical lattice computation.



The Lagrangian density for a Dirac fermion in what would be mostly minus signature
for the metric if we had more than one spatial direction is

EDF = @(i’yuau — m)\I/ . (1.8)

Our conventions for the gamma matrices are that {y*,7"} = 2np** = 2(+—). We define

U = UT~0 We choose gamma matrices 7 = ¢! and y! = —io?.

2 Bosonization and conformal field theory

Following [14], we consider the entanglement entropy of a free Dirac fermion on a torus
with multiple intervals (uq,v,) (a = 1,...,p). Instead of having a single field on the n-
covering space, we introduce n decoupled fields U* (k = —"771, e ”Tfl) living on a single
torus. They are multivalued around the branch points u,, v, around which they get phases

i7" and e_i%, respectively. Here we define the single-valued field U* by introducing an

~ . T / k(!
external gauge field ¥*(z) = ¢’ S 4 A () gk (x). It follows that the Lagrangian is given by

Ly = iU (0 + iAR)TF — mIFTF (2.1)

The gauge field is almost pure gauge except at the branch points where delta function
singularities are necessary to recover the correct phases of the multivalued fields

p
w%A%w:%ﬁ (50— ug) 6 (@~ v,)] - (2.2)

a=1

The partition function is then obtained in a factorized form

Z[n] = f[ Z (2.3)

k=—"5=

where Zj, is the partition function of the k-th fermion coupled to the external gauge field Al’j
Zy, = (e Audk ey (2.4)

with the current ji = UFyr Ok,
In (1 + 1)-dimensions, one can describe fermions in terms of non-local operators of
scalars. The current is mapped to the derivative of a scalar field

.1
Ik = 5=€" o, (2.5)

and the Lagrangian of the k-th fermion becomes that of k-th real free massless scalar field ¢:
Ly = é@uqﬁk@“qbk. It follows from (2.4) and (2.5) that Zj, can be written as the correlation
function of the vertex operators

z~( 11 Vi) Vo) ) 26)

a=1

where the vertex operator Vj is defined as Vi (x) = e inor(@),



v| sector |(v1,1s)
1| (R,R) | (0,0)
2| (R,NS) | (0, 3)
3|(NS,NS)| (3,1)
4| (NS,R) | (3.0)

Table 1. Conventions for fermion boundary conditions.

The scalar field is a compactified boson with radius R = 2 so as to reproduce the
partition function of a Dirac fermion on a torus.* We have used the bosonization technique
without specifying the spin structure of the fermion on a torus. We shall be more careful to
distinguish the spin structures in the following. The torus is specified by two periods which
we take as 1 and 7 = if3 where 8 = 1/(TL) is the dimensionless inverse temperature.’
Let z be a holomorphic coordinate on the torus; then it has the periodicity z ~ z + 1
and z ~ z + 7. The holomorphic part of the fermion on the torus satisfies four possible

boundary conditions

Yz +1)=eHMy(z), Pz +T)=MTY(2), (2.7)

where v and 15 take 0 or % The anti-holomorphic part satisfies the same boundary con-
ditions as the holomorphic part. We denote the v = (v1,v2) sector where v = 1,2, 3,4 cor-
respond to (0,0), (0,1/2),(1/2,1/2),(1/2,0), respectively (see table 1). The corresponding
partition function Z, is given by

1 2

2, - 1|20

n(r)

> (2.8)

Corresponding to the sector v, we can find a boson whose partition function agrees with
Z, in the fermionic theory. The correlation function of the vertex operators on the torus
in the v sector is given in ref. [24]

€icj
——*

0.91(0]7)

Wzj — 2i|7) (29)

(Ocy (21,21) -+ Ocy (o, 2D = [ |

1<j

- €124 2
9, (EL% | 7)
9,007 |

where R = 2 and O, is a vertex operator defined by O,(z,z) = €29 Tt follows from
this formula that

12

2
=5 2
n2

Ha<b ﬁl(ua—ubh') ﬁl(”a_vbh) , (2.10)

Ly = (e 0,91(0|T))?
b Moo 0r(ua—vplr) (00107

where we denote the partition function of the k-th fermion in the v sector by Z,. We

) vy (%Za(ua_va)‘T)
9,(0]7)

normalize the partition function such that Zj,, = 1 when there are no branch points. Since

“In our conventions, R = V2 is the self-dual radius.
5We rescale the spacetime coordinates by L.



the theta function behaves as ¥1(z|7) ~ z in the small z limit, we put the UV cutoff €
to split the coincident points.® Finally the total partition function (2.3) in the v sector is
obtained as

n? =1 |[Taep91(ua — up|7) 91(va — vp|7)
log Z,[n] = 1 a<b - (€d,91(0|7))P
ou Zyln] = g S| St e e DO (c0.0:(0])
n—1
- 0 % > a(Ua —va)|T
+ > 2log ( 30 ) (2.11)
szngl v
The Rényi entropy has the following form
1
S = T (log Z,[n] — nlog Z,[1])
-n
= Spo+ S0 (2.12)
Here the first term is universal,
n-+1 H bﬁl(ua—ubh)ﬁl(va—vbh’)
Sno = — 1 as - (€0,91(0|7))P]|, 2.13
0= g e (0.0 (0]7)) (213)
and the second depends on the spin structure,
n—1
= k
w _ 2 1 Dy (53, (ua — va)|7) -
Sl =10 kz;_l ©8 3,07 (2.14)

2

Note that the Rényi entropies in the v = 1 sector are divergent because of the 6;(0|7)
inside the logarithm in Sg% We will have little to say about the massless v = 1 sector in

what follows.

2.1 Adding chemical potential

In Lorentzian signature, a chemical potential is equivalent to introducing a constant time-
like component of the vector potential Ay = u. In Euclidean signature, the chemical
potential becomes pure imaginary, A;, = ip. These considerations suggest that we can
understand the dependence of entanglement entropy on chemical potential by thinking
about flat gauge connections on the torus.

Let the vector potential be A* = a;dtg + ap dx + ... where a; and a, are constant
and the ellipsis denotes terms responsible for the twisted boundary conditions around u,
and v,. Note that a; and a, are defined only up to gauge transformations which shift
AF — AF 4 27m(%dt £ + dz) where n is an integer. Such a flat connection contributes to
the partition function through eq. (2.4).

In the bosonized picture, the periodic scalar has boundary conditions along the thermal
and spatial circles that are characterized by two winding numbers (w, w’):

d(z+1)=0¢(2) +27rRw, d(z+7)=¢(2) +2rRw’ . (2.15)

SHere € is dimensionless. The dimensionful UV cutoff is eL.



The expectation value of the vertex operators is then computed by summing those over
the topological sectors:

<1;[Oej(2j75j)>= > <H0ej(2j75j)>

w,w' €Z j (w,w')

eZi(Parw=azu’) (2.16)

When 7 = i3, the (w,w’) sector is related to the (0,0) sector (see [24]):

<Hoej(zj,zj)> :<H0€j(zj,zj)>(00explgmze]< i) ot 4 Re(z; )]

(2.17)

(w,w’)

From this result, we see that the effect of the flat gauge connection can be incorporated in
the correlation function by making the shift

€ e; 15} )
Z Ejz] — Z Ejzj + %(at —iay) (2.18)
J J

in the v dependent portion of the correlation function.

Alternately, through the relation ¥*(z) = ¢ o dm/ﬂAﬁ(x,)‘lfk(x), we can trade the flat
gauge connection for a shift in boundary conditions. From this expression, one may make
the identifications a, = +2714 and a; = =275 /5. Indeed, in eq. (2.9), we can rewrite the
v dependent term with the use of the formulae (A.9) in appendix A as

Iy (Z eZZZ|7‘) ’ _ ™ (Zl E T — u2|7') ’
9, (0|7) (=7 — 1o|T) ’

2
B+ - iagin 210
91 ( (ar — zax)|7‘)

To match the shift (2.18), we made the sign choices a, = 27v; and ay = —27wva /.

Introducing a chemical potential, by analytic continuation, is equivalent to introducing
an imaginary a; = igu. From the structure of eq. (2.18), it is clear that adding a chemical
potential is also equivalent to introducing a real a,. This second equivalence makes it clear
that the effect of chemical potential must be periodic with period 27. Restoring dimensions,
we see that the periodicity 27/L is precisely the energy level spacing on the torus.

From eq. (2.19), one then obtains the partition function of the k-th fermion in the v
sector with chemical potential

2k2
2

7 | Hacy V1 (a — up|iB) 91 (va — vfif5)
i [T 91(ua — vplifB)

- (€9:01(0[i))




where ¢y = L) (vq — ugq) is the total width of the intervals. The universal part of the
Rényi entropy remains the same (2.13) and the part depending on the spin structure (2.14)
is altered to

a0 (B Bs)
g _ 2 1 nk ‘ 2.21
n,1 1—n kz;gl 0og V (2577,?’25> ( )

Our result reduces to that of ref. [21] for one interval.

2.2 Low temperature limit

In this section, we consider a series expansion of S,(LV) in the low temperature limit, 7 =
i — ico. We take advantage of the product representation of the theta functions (see
appendix B). The universal term S,, o on the right hand side of (2.12) becomes
n+1 sinm(ug — up) sinw(vg — v
Sn,o _ + IOg Ha<b ( a b) ( a b)

me)P e 278 ]
67 [T sinm(ug — v) (me)?| + O( ) (2.22)

in this limit. Note the entanglement entropy contribution can be straightforwardly recov-
ered by setting n = 1, which in turn agrees with the spatial cylinder version of eq. (1.3)
reviewed in the introduction.

However, to claim complete agreement with eq. (1.3), we need to check that 57(1”%
does not contribute at zero temperature. Consider low temperature expansions of 5’7(1”1)
for the spin structures v = 2 and 3 corresponding to thermal boundary conditions. (The
non-thermal spin structures v = 1 and 4 are given in appendix B.) For v = 2, defining

r=3Y,(a—ug), we find that

5’7(3 = ds(n,r) + s2(n,r), (2.23)
where
anl
2
) = 1 — 2.24
s(n,r) — Z;L_l og |cos , (2.24)
k=—"5=
and
4 XK (1)t 1 sin(mjr)
so(n,r) = : — ———n| . (2.25)
1_”; o1 \sin (i)
For v = 3, we find instead that
3 2 > (—1)j+1 sin(7jr)
Snd =T > —n| . (2.26)

Jj=1 n

jsinh 7B \ gy (a)

Thus for spatially antiperiodic fermions, eq. (2.22) is the whole story at zero temperature,
while spatially periodic fermions get an extra correction ds(n,r).



To investigate the entanglement entropy, we take the n — 1 limit. Much of this limit
is straightforward:

o . .
(=171 1 — 7jr cot(mjr) B
%lin so(n,r) = 22: r Snh7d) e , (2.27)
o . .
1)1 1 — 7jr cot(mjr)
lim S©) = (= . .
ol Sn1 =2 Z J sinh 737 (2.28)

These contributions vanish exponentially in the f — oo limit. Our analysis of ds(n,r) is
incomplete. We find that
ds(n,1) =2In2, (2.29)

for all n, consistent with the fact that spatially periodic Dirac fermions have a ground
state degeneracy equal to four. For small r, we were able to obtain an asymptotic Euler-
Maclaurin type expansion:

o0

717,11>n ds(n,r) =2 Z

Jj=1

(2% — 1)B2j C(2§) ¥ (2.30)

where Bj; is a Bernoulli number and ¢(x) is the Riemann zeta function. Unfortunately, this
expression is not Borel summable.

2.3 High temperature expansion

To investigate high temperature behavior, we use the modular transformation rules for the
theta functions:

01(2|7) = —(—ir) V2T, (2 /7] -1/ 7) (2.31)

The modular transformations of the other theta functions are given in appendix A. The
asymptotic form of the theta function depends on the value of z in the small 8 limit:

91(z/7|=1/7) = —2ie 1 s1nh? 1o ( e 3/4>) : <0 <2< ;) . (2.32)

where 7 = i was used. For 1/2 < z < 1, one may use the periodicity of the theta function:

91(z/7]-1/7) = =Dy (1 - 2)/7|-1/7) . (2.33)
When v, — u; < 1/2, the leading term of the universal part S, ¢ of the Rényi entropy can
be written
(1+4n) [ 7r? [Tacpsinh ﬂ(uaﬁ_ub) sinh ﬂ(vag_vb) me\P
Sno=— —— +1n <) (2.34)
67 8 [1,sinh Lu‘gvb) g



For v = 2 and 3, we find that

o0

y 1 2 ) 1)1 sinh &"
S(}:( +n)mr” Z( ) ( b _n> : (2.35)

" 6n B 1-n J sinh%j sinh%

j=1

The entanglement entropy limit is given by

9 oo vil — T eoth [ TIr

. —-1)"7 5 ( 5 )

lim S(V) S 2 E ( - - . 2.36
n—1 ™ 383 = sinh%j ( )

Similar results for » = 1 and 4 are given in appendix B.

Note that the leading 7r%/3 dependence cancels between S, o and 5’7(1”2 To recover
the temporal cylinder version of eq. (1.3), we need to take S — 0 while keeping u, /8 and
vp/ B fixed.

2.4 Mutual information

The mutual Rényi information is an important measure of the entanglement between two
intervals. Given two intervals A and B of length ¢; and /5 separated by f3 on a circle of
circumference L, the mutual Rényi information is

I.(A,B) = Su(A) + Su(B) — Su(AUB) . (2.37)

The definition makes clear that the mutual information is free of UV divergences, unlike
the entanglement entropy. Using eq. (2.12), the mutual Rényi information of two intervals
for a massless Dirac fermion on a circle at finite temperature becomes

og
6n 9, (“”5”3]7) 94 (% T)

n—1

s T 9, (L252ir) 9, (0l7)

I,(A,B) =

n
— k! k¢
= 2 o () o ()

The logarithmic plots of the mutual Rényi informations for n = 2 in the v = 2,3,4

(2.38)

sectors are shown in figure 1. The mutual information is completely finite and positive. We
let the width of two intervals A and B be ¢; = ¢ = L/10 and plot the mutual information
with respect to the distance /3 between them. Since the two intervals are on a circle of
radius L, I5 is symmetric under ¢35 — L — {1 — {5 — {3 as is clear from the expression (2.38).
The plots for n > 3 are qualitatively similar.

We can use the high and low temperature expansions of S,,(ly) described above to get
a better understanding of the behavior of I,,. At large T, the theta functions can be
replaced by hyperbolic sine functions, as in the expansion (2.34). In the ¥ = 2 and 3 cases,
expanding the hyperbolic sines, for £3 < L/2 we find Iy ~ e=2™7T while for ¢3 > L/2,
by symmetry, Io ~ e~ 2m(L-ti—t~ls)T  The 1 = 4 spin structure, however, develops an
order one contribution to the entanglement entropy at high 7', as can be seen from the

~10 -
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Figure 1. The mutual Rényi informations of two intervals A and B of width ¢; = ¢5 = L/10 with
n = 2 in the v = 2 [Left], v = 3 [Middle] and v = 4 [Right] sectors. {3 is the distance between the
two intervals. The blue dashed and orange solid curves are for 8 = 10,1/5, respectively.

expansion (B.7). At low T, the theta functions are replaced by sine functions, as in the
expansion (2.22). However, for v = 2, there is an extra contribution from ds(n,r) because
of the ground state degeneracy.

Before closing this section, we compare our findings to the holographic computa-
tion [25, 26] where the mutual information undergoes a phase transition as the distance
between the two intervals increases, i.e., I(A, B) # 0 for small ¢3 while I(A, B) = 0 for
large /3. In our case, the finite volume and finite number of degrees of freedom prevent a
phase transition from happening. However, for large temperatures the mutual information
exponentially falls off as ¢3 is increased for the “physical” (R,NS) and (NS,NS) fermions.

3 Bosonization and the sine-Gordon model

We used the bosonization technique to compute the entanglement entropy of a free massless
Dirac fermion. Even after turning on the mass, one can still employ the bosonization from
massive Dirac fermions to the sine-Gordon model:

Lsa = 8%(%(;58’“‘(;5 + Acos o, (3.1)

where ) is proportional to the mass of the Dirac fermion: A\ = % [27, 28]. Then, the
leading correction of the partition function Zj, starts from the O(A\?) term due to the

charge conservation of vertex operators:

2 p
Zum) =+ 7 [ iy (cosoa)cos o) [[ VelwnVoato)) +00) . (32

a=1

The integrand can be evaluated by using eq. (2.9) as follows:

p 1 p
(cosia)cos o) T Vi) Vo)) = 4 TT ViualVoalo0)) [Aolinn) + Ao ()]
v a=1 v

a=1
(3.3)
where
kY, (va—ua) _ 2 o
A y) = m( n +x y!T) € 9,01 (0|7) ﬁ 91 (va — |7)91 (ua —ylr) [
’ ﬁy(wh) Iy —alr)| 1401 (ua — 2|7) 01 (va — yl7)
(3.4)

- 11 -



At leading order, the Rényi entropy is given by
S (m) = S)(0) + Coum? + O(m") (3.5)

where the coefficient C,, of m? is defined by

1 1 :
C, = /d2x d?y E Ago(z,y) . (3.6)
_ 2(¢)2 AN
1 —ndnr?(el) e

The four dimensional integral is too complicated to evaluate analytically and we shall
rely on a numerical computation after isolating and showing the trivial nature of the UV
divergence. Since 2k/n < 1, there are no poles at z,y = uq, v, in the integrand Ay, (z,y).
A possible divergence comes from the point z = y where 91 (y—xz|7) ~ y—x. Expanding the
remainder of eq. (3.4) and summing it over k, one obtains the following series around x = y:

2

n-1 k3 (Va—ua) 2k
2 (o, (ARt ) |21 = elintea—sln) | _
— 9, <M 7—) ol V1 (uq — z|7)01 (va — y|7)
L+ 0((x —y)% (7 -9 |z —y*) .
Therefore, the singular part of the integrand is
2
Z Araesy) = s 140 =92 (=) e = uP)] (3.8)

k=

The integration measure gives a factor of |x — y| near  ~ y, and we end up with a single
pole there. This single pole gives rise to the UV divergence after integration, but the
divergence is independent of the size of the intervals. Since we are interested in the physics
depending on the size, we will throw the divergence away and get a finite result in the end.
Figure 2 shows the result of a numerical integration of eq. (3.6) for one interval of width
v1 —up = £/L. We find good agreement with a lattice computation described in section 4.

The IR divergence is absent on a torus, but it appears in the flat spacetime limit. It
is worth looking into what happens in this case. The function Ay, (x,y) reduces to the

correlation function of the vertex operators on a flat space:”

Ao (z,y) (3.9)

The most divergent term will come from the region x,y ~ A where A is the IR cut-off scale.
The expansion of Ay, (x,y) around large x and y is enough to compute the IR divergence:

2 2 2 =N 112 —\12
Z Ao (o) = ’ye - [n+n Ll +9) — P+,  310)

12n 2|z |4yl

"The variables z, y, uq, vs and e are dimensionless on a torus, but they have dimensions of length in the
flat spacetime limit. We will use the same symbols for simplicity.
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Figure 2. The ¢ dependence of the O(m?) correction to the n = 2 Rényi entropy for v = 2. The

curves are produced by numerical integration of (3.6). The points are from a lattice computation.
From top to bottom, § =1/2, 1, and 2.

where ¢; = ) (va — uq) is the total length of the intervals. The leading term is an ¢
independent IR divergence, and we drop it below. Performing the integral over x and y,
we obtain

Sp(m) = Sn(0) — %(mzﬁ log2 A+ . (3.11)
This small mass expansion is strikingly similar to the result (1.4) of refs. [14, 19] reviewed
in the introduction.

We are working in a limit m < 1/L, T, and our IR cutoff is naively given by the size
of the torus L and (. If we can commute the order of limits, we may identify the IR cutoff
instead with the inverse mass of the Dirac fermion, A = 1/m, and then our result (3.11)
agrees with (1.4). We will see below that the limits commute for the v = 3 spin structure
but not for v = 2. In the v = 2 case, there is an extra contribution from ds(n,r) in
eq. (2.23) that needs to be removed when the limits are exchanged.

4 Massive fermion on the lattice

The Hamiltonian of a Dirac fermion on a circle of radius L can be derived from the corre-
sponding Lagrangian density (1.8):

L
H= / dx Ul (—ir"4'0, +mA°) W . (4.1)
0

To put the fermion on the lattice, we discretize the circle into N points with a lattice
separation € = L/N
T
H=Y" [_2(\1/}0—3\11j+1 — 0l 0%;) + meUlo'w;) (4.2)
j=1
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The canonical anti-commutation relations are {\Iljva,\I/};ﬁ} = 0ji0ap, and a, 3 are the
spinor indices. To diagonalize the Hamiltonian, we expand the Dirac field as follows:

N—uvq
N [b(@a) Uq %9 4+ dT(0,) v, eio“j] . (4.3)

1
U, = —
TVL A, V2w(0a)

To satisfy periodic (v = 0) or antiperiodic (1 = 1/2) boundary conditions around the
__ 2ma

circle, we set 0, = “§*. The energy w(f,) is defined by

. 20a
w(0a)? = m? + 8”162 . (4.4)

This dispersion relation exhibits the classic doubling problem of fermions on the lattice.
Our concern with finite size effects, however, introduces an additional subtlety. If we take
N even, then we get two copies of either a 1 = 0 or a vy = 1/2 fermion. If we take N odd,
then the second copy has the continuum spectrum with spatial periodicity opposite that
indicated by rv1. Numerically, we have observed that the entropy in this case corresponds
to a vy =0 plus a v; = 1/2 fermion. To keep things simple, we will assume N is even from
now on and then divide our entropies by two when comparing with the analytic results
from earlier in the paper.
The u, and v, are normalized such that® {b(6,), b7 (0,)} = dap and {d(6,),d"(0)} = Sap.
The Hamiltonian is diagonalized as”
N—u
H= 3" w(0a) [b(0a)b(6a) + di (6)d(6,)] - (4.7)
a=1—uv1
In the lattice model, the fermion number operator is given by

N—uq

F= 3 (610a)b(60) - d(6.)d(6.) ) - (48)

a=1—11

8The vectors u, and v, satisfy the discretized Dirac equations
0 sin Ha 1
w(@a)’y +7€ ¥y —m)u, =0,

(w(@aho + %vl + m) ve =0. (4.5)

We demand that the u, and v, satisfy the normalization and orthogonality conditions

uzua = vlva =2w(ba),

ulvN,a = UluN,a =0. (4.6)

One can explicitly find the vectors satisfying (4.5) and (4.6)

ta = <\/w(9a> — \/w(ﬂa) + b“f) :
Vo = (—\/w(ea) - Sinfa,\/w(ea) + Smf“) .

9We remove the infinite constant coming from the commutation of d and d'. In other words, we fill out

the Dirac sea.
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Introducing a chemical potential p conjugate to F', the density matrix can be written
in terms of H in the standard way:
(— 1) (1-2v2)F o —(H+pF)/T
P [(C)- 2u2>Fe (H+uF)/T] *

(4.9)

We have introduced a factor of (—1)¥ to allow for spin structures periodic in the time
direction. Expectation values are defined as (X) = tr(pX). A short calculation yields the
two-point correlation function of two ¥ fields:

N—1q

f_ 1 o0 (i—F) sinh(Bp)
Wt =5r 2, [(1+ COSh(ﬁM)+(1)2”2“00811(500(%)))

a=1—11

. <Sm9a o m)gl) - sinh(Bw (6a)) ))] . (4.0

w(f,)e w(b, 2vatl cosh(Bu) + cosh(Bw(b,

Note that the argument in section 2.1 implies the o = 0 sector is obtained from the
vy = 1/2 sector by shifting y — p —im /3. The form of the two-point function is consistent
with this observation.

It is possible to calculate Rényi entropies from the matrix C*) = e(UWUt). Consider
a region A, which may consist of many disjoint subintervals of the circle, and the corre-

¥)

sponding reduced density matrix p4. We restrict Cj . such that j and & run only over sites
in A. Call the restricted two-point function 01(41/). Remarkably, for a free spinor field, the
reduced density matrix pg ~ e"H4 can be written in terms of a free particle Hamiltonian
Hy=5%, ekb,tbk (see for example [9, 10]). Moreover, there is a one-to-one correspondence

between eigenvalues \; of C'4 and the energies ¢;:

1

)\j = 1— (_1)21/266j :

(4.11)

Given this relation, it is a short exercise to demonstrate that the Rényi entropies are

S =< i ~trlog |(1 - chn 4 (cf;))”] , (4.12)
where C,(4V) is the restricted two-point function.

Before proceeding, we make two quick observations about the eigenvalue distribution of
C(V) From the trace of 01(41/)7 we see that when the chemical potential vanishes, > i Aj=n
where n is the total length of A. Next, from the relation (4.11), it is clear that in the
thermal case (1o = 1/2), A; is bounded between zero and one. Provided 0 < A\; < 1, we
can take a sensible n — 1 limit of (4.12) and derive the entanglement entropy

S0 = _tr [(1 - C(V)) log(1 — CI(:)) + C,(:) log C,(ny) : (4.13)

4.1 Comparison to the analytic results

In section 2, using bosonization, we obtained analytic formulae for the Rényi entropies
of a massless Dirac fermion. To gain confidence in our methods, we compare the lattice
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Figure 3. The Rényi entropy for n = 2 of two intervals of width ¢; = 5 = L/10 whose distance
is ¢3. The v = 2 [Left], v = 3 [Middle] and v = 4 [Right] sectors are depicted. The curves are
analytic and the dots are numerical. The blue dotted and orange solid curves are for 8 = 1/5 and
10, respectively.
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Figure 4. The Rényi entropy for n = 2 of two intervals of width ¢; = L/10 and ¢5. The distance
between the intervals is fixed to 3 = L/10 and /¢» is varied. The v = 2 [Left], v = 3 [Middle] and
v = 4 [Right] sectors are depicted. The curves are analytic and the dots are numerical. The orange
solid, blue dotted and black dashed curves are for § =1/10,1/5 and 1.

calculation for a massless fermion with these analytic formulae. Consider the Rényi entropy
for n = 2 of two intervals of width ¢; and ¢y separated by a distance of £3. In figure 3,
we plot the entropies in the v = 2,3,4 sectors by changing the distance f3 with fixed
¢y = ly = L/10. The blue (dotted) and orange (solid) curves are the analytic results for
B = 1/5 and 10, respectively. The dots are plotted using the lattice computation, which
nicely agree with the analytic curves up to a constant. Since the Rényi entropy is always
UV divergent, a constant shift is allowed to match the analytic and numerical results. The
other case is studied in figure 4 by varying ¢, with fixed ¢; = ¢35 = L/10. The analytic and
numerical results perfectly fit each other for various temperatures.

4.2 Small mass vs. small temperature

An interesting feature of the (R,NS) fermion is that the 7" — 0 and m — 0 limits do
not commute. In the zero mass and zero chemical potential limit, the two point function
becomes

1 N—u ) ) W(9 ) 4uo—1
T}’nglo C](Z) = o5 Z %R 11 + 53 sgn(sin 6,) (tanh 21? ) ] (4.14)
ail—Vl
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If we further take the zero T limit of (4.14) for the (R,NS) and (NS,NS) fermions, we
obtain respectively

NG N Y s, U
%1%71111_{100].]9 = 25]k+ (1—9;1) O cot N (4.15)
tim @ — 1 s oyios | w(i k)| w(—k)
7111%%12100]. = 25]k+ (1—4;1) ~N ST cse — (4.16)
Because the (NS,NS) theory is gapped even for m = 0, we find
lim lim €% = lim_lim ¢ .
T—0m—0 m—0T—0 J
However, in the (R,NS) case, we find instead that
lim Tim ¢ = lim tim ¢@ 4 L |eos TY =R | (4.17)
m—0T—0 % Toom—0 JF N 2

Let us restrict to the case where A is a single interval of length n. It turns out
that lim,,, o limp_o C](.i) = Cgr and limp_glim,,_o Cj(i) = (g have the same eigenvalue

spectrum, provided n is even. There is a similarity transform which relates the two
Cns-M=M-Cg, (4.18)

where Go) G-1)
J—4um . — 1)
M]k’ — 5]k COS T - 5n+1_]7k 09 SIn T y

1 < j,k <n. (For odd n, the eigenvalue spectra must then approach each other in the large

(4.19)

N limit by continuity.) This equivalence means we can compute [limp_;g, lim,,—,o] S(A) for
the (R,NS) fermion using our bosonization results:

i ; (2) — 1 () S(G)
[%linm?nlqlino] Sy (m,T) %1111}0(5% (0,7) — S,7(0,7))
. 2 3
= ’II}LHO(S”’% - 57(1,{)
=ds(n,r) . (4.20)

For the entanglement entropy, we find that [limp_0,lim,, 0] S® (m,T) = §s(1,r). The
non-commuting nature of these limits is shown in figure 5. Numerics suggest that the
result (4.20) holds for multiple intervals as well.

4.3 Small mass and temperature

For theories with a mass gap mgap, ref. [13] conjectured that the temperature depen-
dent portion of the entanglement entropy should have an exponential scaling dependence
e~™eap/T in the range Mgap > T'. More precisely, given an interval A and its complement
B, the conjecture posits that

SA(T) = Sp(T) ~ SA(T) — S4(0) ~ e Mear/T

In this section, we provide further evidence for this conjecture.
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Figure 5. The single interval Rényi entropy for v = 2: n = 2 [Left] and n = 3 [Right]. In both
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The points were computed using the lattice.
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Figure 6. The entanglement entropy difference 65 = S(T') — S(0) for (R,NS) fermions: [Left]
mL = 1/10; [Right] mL = 10. The points are computed from a lattice, and the lines are fits with
slope -1. From bottom to top, ¢/L = 1/10, 3/10, 1/2, 7/10.

For the 11 = 1/2 fermions, the ground state is gapped with mg,, = m/L. Reassuringly,
(4)

our low temperature expansions (2.28) and (B.4) for lim,_,; ST(L?’% and lim,,_,q Snill yield
precisely such scaling behavior, and we get the prefactor:

SA(T) — S4(0) = £4(1 — 7r cot(mr))e ™ ET 4 O (e 27/ET) | (4.21)
SA(T) — Sp(T) = Far cot(mr)e ™ ET 4 O(e= /1Ty | (4.22)

where the top choice of sign corresponds to v = 3 and the bottom to v = 4. The region A
is taken to have size rL. Similar scaling behavior holds for the Rényi entropies and can be
computed from egs. (2.26) and (B.2).

We also investigate the scaling behavior for spatially periodic ;1 = 0 fermions where
we introduce an m # 0 by hand. In this case, we have no analytic results to offer, but
we can use the lattice to calculate the entanglement entropy numerically. We compute
6S = S(T)—S(0) for the (R,NS) fermion and a single interval. Figure 6 clearly shows e~™/7
scaling in the region m > T', both for small mass mL = 1/10 and large mass mL = 10.
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5 Discussion

Our bosonization method of computing the Rényi entropy for a massive Dirac fermion is
perturbative in the mass, and we would like to do better. As reviewed in the introduction,
in flat spacetime, ref. [14] obtained a non-perturbative relation between the single interval
Rényi entropy and a solution to the Painlevé V equation. This non-perturbative relation
uses a result of ref. [29] for the sine-Gordon model. Similar arguments may be useful for
investigating the behavior of the massive fermion on a torus.

Another possible non-perturbative approach is to use the lattice. The two fermion

correlation function matrix Cg/) that we derived above is Toeplitz. The Rényi entropy

can be expressed in terms of a contour integral over the characteristic polynomial of Cg/).
Mathematical techniques such as the Szegd limit theorem and further generalizations such
as the Fisher-Hartwig formula are available for taking such determinants. Indeed, such
techniques have already been used to study the XY model [30, 31] (see ref. [32] for the
Rényi entropies). Through a Jordan-Wigner transformation, the continuum limit of the

XY model can be related to nonrelativistic free fermions.

A field theory with a mass gap can be implemented geometrically by putting a gauge
theory on a compact space. Such field theories sometimes have holographic duals with AdS
geometries where the compact space is the conformal boundary [33]. Several authors have
studied holographic entanglement entropies in these backgrounds [34-36]. In the case of the
mutual information, for strip like regions, there is a “phase transition” where the entangle-
ment entropy is nonzero for two strips close together but vanishes once the strips become
sufficiently far apart. In our case, we do not expect to have a phase transition given that we
have a finite number of degrees of freedom and work in finite volume. Nevertheless, we do
see that the mutual information is exponentially suppressed for large separations and high
temperatures (at least for the “physical” ¥ = 2 and 3 spin sectors). In the case of tempera-
ture dependence of the entanglement entropy, holographic examples typically predict that
quantities such as Sa(T")—S4(0) and S4(T)—S 7(T") vanish exactly when T' < mgap. In our
case, we again see instead exponential suppression. Holographic theories are supposed to
describe strongly coupled large-N field theories and the large-N effect can drive the system
to a phase transition. Presumably, we would need 1/N corrections to see holographically
the exponential behavior observed in this paper. Perhaps these 1/N corrections could be
studied by introducing higher derivative corrections, additional saddle-points in the path
integral, or non-perturbative objects such as D-branes and orientifold planes.

Another interesting direction for future study is to introduce interactions between the
fermions. It is well known [22, 23] that the sine-Gordon model, for more general choice
of the interaction parameter A, fermionizes to the Thirring model which has a quartic
interaction term. On the one hand, such a quartic interaction is not compatible with
the replica trick where we replaced a single fermion field on the n-covering space with n
decoupled fields living on a single torus. On the other, one could certainly use bosonization
to treat the quartic interaction perturbatively.
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A Theta function identities

o0
91(2|7) = 2™ sin(rz) [T (01— ™)@ —yg™ @ -y 'q™),

m=1

o0
Do (2|7) = 2¢™7/4 cos(mz) H (1—¢™)(1+yg™ A +y g™,
m=1

O3(2m) = T (1 —a™) @ +yg™ V(A +y g™ 2,

8

m=1
a(zlr) = [T = g™ —yg™ V) (1 -y g™ /),
m=1

where y = ¢>™% and ¢ = €2™". We also have the S-duality relations

(=I7)
Da(zlr) = (=ir) V2™ Ty (2 /7]~ 1/7),
(2l7) = (=ir) V2™ 95 (2 7] — 1/7),
(2lr) = (i) V2e ™ iy (z /] = 1/7)

The periodicities of the elliptic theta functions yield
Pa(z|T) = = (2 — 1/2|7),
93(2|7) = —y 2P0 (z = 1/2 = 7/2|7),
I4(z|T) = iyil/qu/Sﬁl(z —7/2|T) .

B Time periodic spin structures

(1)

In the v = 1 sector, we regulate S5, |
The large § expansions for v = 1 and 4 are

n—1
2 2 - wkr
Snlz =1_n Z log s1nn‘ + 2log Mf‘
S—
k0

o0

4 1 1 sin(mjr
1 Z*’Qwﬁj 1 .(‘)—n,
—nioJe — 4 \sin (%)

—90 —

by introducing a small chemical potential p < 1/4.



2 1 sin(mjr)
S = —nl,
n1 1—n;jsinh7rﬂj sin (ﬂﬂ“) "
n—1
2
(1) _ 2 UL 1o
o 0=t 257 o ™ 4 210
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k;éoQ
=1 1
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6y 11— 7jrcot(mjr)
rlzgnls 4 QZ sinh 757 ’
The small S expansions for v = 1 and 4 are
n—1
(1) 1+ nmr? 2 2 1 L wkr
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