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1 Introduction

String theory is a ten-dimensional theory of quantum gravity and so far is the most promis-
ing candidate for a fundamental unified theory. To build connections to the physics at a
low energy scale, string theorists have been using the techniques of compactification to
construct models in four-dimensional spacetime. F-theory [1-3](see [4] for review) is a
twelve-dimensional geometric extension of string theory where one can engineer gauge the-
ories from a geometric approach [5, 6]. We are interested in how gauge theories realized
by F-theory can accommodate Grand Unified Theory (GUT) models. Recently, extensive
studies of GUT local models and their corresponding phenomenology in F-theory have been
undertaken in [7-32]. In addition, supersymmetry breaking has been discussed in [33-37],
and the application to cosmology has been studied in [38]. Semi-local and global model
building in F-theory were particularly discussed in [39-66]. Systematic studies of how mod-
els of higher rank GUT groups, such as SO(10), are embedded into the compact geometry
in F-theory have not been fully investigated. To this end, we are interested in the SO(10)
subgroup SU(5) x U(1)x which is realized as the flipped SU(5) GUT [67-69]. Although
local flipped SU(5) models have been discussed in F-theory, we study the model as a semi-
local construction. In this paper we shall build flipped SU(5) models by unfolding an FEg
singularity via the SO(10) gauge group.

To construct flipped SU(5) models in the four-dimensional spacetime, we compactify F-
theory on an elliptically fibered Calabi-Yau fourfold X4 with a base threefold Bs. We adopt
a bottom-up approach to construct models in the decoupling limit to avoid full F-theory
on a complicated elliptically fibered Calabi-Yau fourfold. More precisely, we consider a
contractible complex surface S inside Bs such that we can reduce full F-theory on X4 to
an effective eight-dimensional supersymmetric gauge theory on R3>! x S. In this paper the
surface S is assumed to be a del Pezzo surface [70, 71]. Since we will construct flipped
SU(5) models from an SO(10) gauge group, we have to engineer the singularities of types
D5, D¢, Eg, and E7 in the Calabi-Yau fourfold X4. Because these singularities can be
embedded into a single singularity Eg, we start our discussion from the Fjg singularity and
unfold it into a Dj singularity.

Generally, one may turn on certain fluxes to obtain the chiral spectrum. In F-theory,
there is a four-form G-flux, which consists of three-form fluxes and gauge fluxes. In type
1IB theory, these three-form fluxes produce a back-reaction in the background geometry.
It has been shown in [30, 72] that the three-form fluxes induce non-commutative geometric
structures and also modify the texture of the Yukawa couplings. F-theory in Fuzzy space
also has been studied in [63]. In this paper we shall turn off these three-form fluxes and
focus only on the gauge fluxes. The gauge U(1)x flux is able to break the gauge group
SO(10) down to SU(5) x U(1)x. It was shown in [9, 48] that the spectral cover construction
naturally encodes the unfolding information of an Eg singularity as well as the gauge fluxes.
In this paper we shall focus on the SU(4) spectral cover encoding the SO(10) singularity
from unfolding Fg. The four-dimensional low-energy spectrum of the flipped SU(5) model
is then determined by the cover fluxes and the U(1)x flux.

The SU(4) spectral cover has many interesting properties. From the subgroup decom-



position of Eg, one can find that there is no explicit presentation of 10. In addition, the
cover associated to the 10 representation forms a double-curve and along this curve there
are co-dimension two singularities. After resolving the singularities along the curve, one
finds that the net chirality of the 10 curve vanishes [39]. Since the background geometry
generically determines the GG flux, there are not many degrees of freedom left to adjust the
chirality on the 16 curve to create three-generation models. These ideas motivate us to
consider factorizing the spectral cover [46, 47, 52, 54, 55] to introduce additional parame-
ters for model building. We consider two possibilities of splitting the SU(4) spectral cover:
(3,1) and (2,2) factorizations. The curve of the fundamental representation is then divided
into two 16 curves, while generically the 10 curve is detached into three. However, due to
the monodromy structure there are only two 10 curves in the (3,1) case.

In semi-local SO(10) GUTs, there exists only the 16 16 10 Yukawa coupling from the
enhancement to an Ey singularity. The GUT Higgs fields coming from the adjoints or other
representations such as 45, 54, or 120 are absent in the F-theory construction. Therefore,
the most convincing way to break the SO(10) gauge group is turning on the U(1)x flux on
the GUT surface S. This U(1)x gauge field can be massless [7, 10, 73], so we can interpret
the gauge group as the flipped SU(5) model after turning on such a flux. With non-trivial
restrictions to the curves, this U(1)x flux generically modifies the net chirality of matter
localized on these curves. We may identify the flipped SU(5) superheavy Higgs fields with
one of the 10 + 10 vector-like pairs in the spectrum for further gauge breaking to MSSM.

The organization of the rest of the paper is as follows: in section 2, we briefly review
the local geometry of an elliptically fibered Calabi-Yau fourfold with AD FE singularities and
the SU(4) spectral cover. In section 3, we study (3,1) and (2, 2) factorizations of the SU(4)
cover. In section 4, we construct cover fluxes and compute the chirality of matter localized
on each curve for the (3,1) and (2,2) cover factorizations. In section 5, we briefly review
the D3 tadpole cancellation in F-theory. We also give explicit formulae of geometric and
cover flux contributions in the tadpole cancellation. In section 6, we demonstrate several
examples of flipped SU(5) models and discuss their phenomenology. We summarize and

conclude in section 7.

2 Preliminaries

2.1 Elliptically fibered Calabi-Yau fourfolds and ADFE singularities

Let us consider an elliptically fibered Calabi-Yau fourfold 7 : X4 — Bs with a section
oy : Bg — X4. Due to the presence of the section op,, X4 can be described by the
Weierstrass form:

=2+ fe+g, (2.1)

where f and g are sections of suitable line bundles over Bs. More precisely, to maintain
Calabi-Yau condition ¢1(Xy) = 0, it is required that! f € F(Kg;l) and g € F(Kgf), where
Kp, is the canonical bundle of B3. Let A = 4f3 + 27¢? be the discriminant of the elliptic
fibration eq. (2.1) and S be one component of the locus {A = 0} where elliptic fibers

!The symbol T'(L) stands for a set of global sections of the bundle L.



Singularity ord(f) ord(g) ord(A) Gauge Group
Ay, 0 0 n+1 SU(n+1)

Diia > 9 3 n+6  SO(2n+8)
Dy 2 >3 n+6 SO(2n + 8)
E6 = 3 4 8 E6
o 3 >5 9 E;
Ex >4 5 10 Ex

Table 1. ADFE singularities and corresponding gauge groups.

degenerate. In the vicinity of S, one can regard X4 as an ALE fibration over the surface
S. To construct SO(10) and flipped SU(5) GUT models, one can start with engineering
a Dj singularity corresponding to the gauge group SO(10) in the following way. Let z be
a section of the normal bundle Ng/p, of S in Bz and the zero section then represents the
surface S. Since f and g are sections of some line bundles over Bs, one can locally expand
f and g in terms of z as follows:

[ = 3ka(u’v)zk’ 9= 2Zgl(u’v)zl’ (22)

where (u,v) are coordinates of S and the prefactors 2 and 3 are just for convenience. Then
the Weierstrass form eq. (2.1),

4 6

v =2 +3 Z fi(w,v)2Fz + 2 Zgl(u, v)2!, (2.3)

k=0 =0

describes an ALE fibration over S, where f; € I‘(Ké;1 ® Op,(—kS)) and g; € I’(K]_;f ®
Op,(—19)).2 According to the Kodaira classification of singular elliptic fibers, one can
classify the singularity of an elliptic fibration by the vanishing order of f, g, and A, denoted
by ord(f), ord(g), and ord(A), respectively. We summarize the relevant ADFE classification
and corresponding gauge groups in table 1. A detailed list can be found in [9]. According
to table 1, a D5 singularity corresponds to the case of (ord(f),ord(g),ord(A)) = (= 2,3,7)
or (2,> 3,7). Recall that S is the locus {z = 0}. To obtain a Dj singularity, the vanishing
orders of f and g at z = 0 are required to be two and three, respectively.® Let us consider
the sections f and g to be

f=3(f22+ f32%),  g=2(g32" + gaz* + g52°). (2.4)

By adjunction formula, Ks = Kp, ® Ng,/p,|s, we have f, € F(K§4®N§7gs) and g; € T(Kg° ®Ng7)l33),
where Kg is the canonical bundle of S.

30ne can show that in this case the only consistent triplet vanishing orders for a Ds singularity is
(ord(f),ord(g),ord(A)) = (2,3,7). The higher order terms are irrelevant to the singularity. However, they

may change the monodromy group [62].



Gauge Group (ord(f),ord(g),ord(A)) Locus

SO(10) (2,3,7) {z=0}
Eg (3,4,8) {z=0 Nn{h=0}
SO(12) (2,3,8) {2z =0} N{3hf3+ 294 = 0}
E; (3,5,9) {z=0}n{h=0}N{gs =0}
SO(14) (2,3,9) {z =0} N {3hf3+ 294 = 0} N {3fF — 8hgs = 0}

Table 2. Gauge enhancements and corresponding loci.

Then the corresponding discriminant is given by

A = c2O((f3 + g3) + (3f3 f3 + 29394)2 + (3f2f3 + g3 + 29395)%°
+(f35 +2g495)2° + O(2")], (2.5)

where ¢ = 4-27. To obtain ord(A) = 7, let us set fo = —h? and g3 = h?®, where
h € F(KESQ ® Op,(—S)). Then the discriminant is reduced to

A = c2"[(3h* f3 + 2h3g4) + (=3h2f3 + g7 + 2h3g5)z + (f5 + 29495)2° + O(2)].  (2.6)

The singularity of ALE fibration is now characterized by the sections {h, f3, g4, 95}. When
h = 0, one can find that (ord(f),ord(g),ord(A)) = (3,4,8) at the locus {z =0} N {h = 0}.
It follows from the Kodaira classification that the singularity is enhanced to Eg. When
3hfs + 294 = 0, the triplet vanishing orders becomes (2,3,8), which implies that the
singularity at the locus {z = 0} N {3hfs + 294 = 0} is Dg and that the corresponding
enhanced gauge group is SO(12). In a similar manner, one can find the codimension two
singularities corresponding to F7 and SO(14) in S. We summarize the results in table 2.
For later use, it is convenient to introduce the Tate form of the fibration:

y? = 2% + byr?z + bayz? + boxz® + byz®, (2.7)

where b, € P(K?_G ®Ng/p,)- Actually, eq. (2.7) is nothing more than the unfolding of an
Es singularity to a singularity of SO(10). Notice that by comparing eq. (2.7) with egs. (2.3)
and (2.4), one can obtain the relations between {fs, f3, g3, 94,95} and {bg, bs, bz, by} as

follows:
fa=—gbj
f3=1by
g3 = 57 b} (2.8)
gs = gb3 — boby
g5 = 3bo.

With the relations in eq. (2.8), the discriminant eq. (2.6) becomes

A = ¢Z"{16b2b] + [27bs — 72byb3b, — 16b3 (b3 — 4bgby)]z
+[16by(4b3 — 18bgby) + 216byb3]z% + O(2*)}, (2.9)



Gauge Group Locus Object

SO(10) {z =0} GUT Seven-branes

Es {z=0}N{bs =0} Matter 16
SO(12) {z=0}n{bs =0} Matter 10

E; {z=0}N{bs =0} N{by =0} Yukawa Coupling 16 16 10
SO(14) {z=0}N{bs =0} N{b3 — 4byby = 0} Extra Coupling

Table 3. Gauge enhancements in SO(10) GUT geometry.

where ¢ = ;. It follows from eq. (2.8) that the codimension one loci {z = 0} N {h = 0}
and {z =0} N{3hf3 + 2g4} in S can be equivalently expressed as {z = 0} N {by = 0} and
{z = 0} N {bs = 0}, respectively. Due to the gauge enhancements, matter 16 and 10 are
localized at the loci of Eg and SO(12) singularities, respectively. One can also find that the
loci of codimension two singularities E7 and SO(14) in S are {z = 0} N{bg = 0}N{bs = 0}
and {z = 0} N {bs = 0} N {b2 — 4bgb, = 0}, respectively. At these loci, the corresponding
gauge groups are enhanced to F7 and SO(14), respectively. In particular, the Yukawa
coupling 16 16 10 can be realized at the points with Er singularities. We summarize the
results in table 3.

2.2 SU(4) spectral cover

To engineer the SO(10) gauge group from an Eg singularity, let us consider the following
decomposition

Es — SO(10) x SU(4),
248 — (1,15) + (45,1) + (10,6) + (16,4) + (16, 4). (2.10)

and the Tate form of the fibration,
y? = 23 + byz?z 4 bayz? + bozz® + by2’. (2.11)

For simplicity, let us define ¢; = ¢1(S5) and t = —¢1(Ng/p, ), then the homological classes
of the sections z, y, 2z, and b,, can be expressed as

[z] =3(c1 — 1), [y] =2(c1 — 1), [2] = —t, [bm] = (6—m)c; —t =n—mcy. (2.12)

Recall that locally X4 can be described by an ALE fibration over S. Pick a point p € S
and the fiber is an ALE space denoted by ALE,. One can construct an ALE space by
resolving an orbifold C?/T' spg, where I'4pg is a discrete subgroup of SU(2) [74], for more
information, see [75-79]. It was shown that the intersection matrix of the exceptional 2-
cycles corresponds to the Cartan matrix of ADFE types. In this paper we will focus on
engineering the SO(10) gauge group by unfolding an FEjg singularity. To this end, let us
consider o; € Hy(ALE,,Z),i=1,2,...,8 to be the roots® of Eg. The extended Eg Dynkin
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Figure 1. The extended Eg Dynkin diagram and indices.

diagram with roots and Dynkin indices are shown in figure 1. Notice that av_g is the highest
root and satisfies the condition a_g + 2a; + 3as + 4daz + Saq + 6as + dag + 207 + 3ag = 0.
To obtain SO(10), we keep the volume of the cycles {ay,as,...,ag} vanishing and then
SU(4), is generated by {a1,a9,as}. An enhancement to Eg happens when a3 or any of
its image under the Weyl permutation shrinks to zero size. Let {A1,..., A4} be the periods
of these 2-cycles. As described in [10, 48], the information of theses A; can be encoded in
the coefficients by, in eq. (2.11) via the following relations:

( by
Eiin:bO —0
b
> A,Aj:bz

1<j
b (2.13)
7 AN, = bi

i<j<k ,
IR :
1 bo

where b, = by, |.—0. Equivalently, {\1,..., A4} can be regarded as the roots of the equation

bo [ [ (s + M) = bos® + bas® + bss + by = 0. (2.14)
k

When p € S varies along S, eq. (2.14) defines a fourfold cover over S, called the fundamental
SU(4) spectral cover. This cover is a section of the canonical bundle Kg — S. When J\;
vanish, [[; i = by = 0 in which the gauge group is enhanced to Eg and matter 16 is
localized. According to the decomposition (2.10), matter 10 corresponds to the anti-

symmetric representation 6 of SU(4),, associated to a sixfold cover CiGQ)V over S. This
(6)

A2y, can be constructed as follows:

associated cover C

0o [ [ (s + Xi + Aj) = b5s® + 2bgbas” + (b5 — 4boba)s® — b5 = 0. (2.15)

1<j
Since matter 10 corresponds to A\; + \j = 0, i # j, it follows from eq. (2.15) that b3 = 0,
which means that matter 10 is localized at the locus {b3 = 0} as shown in table 3. It is not
difficult to see that the spectral covers indeed encode the information of singularities and

4One can also use Tate’s algorithm to determine the singularity type of the Tate form eq. (2.7) [6].
5By abuse of notation, the corresponding exceptional 2-cycles are also denoted by a;.



gauge group enhancements. However, the spectral cover is even more powerful. With it,
we can construct a Higgs bundle to calculate the chirality of matter 16 and 10 by switching
on a line bundle on the cover.

Let us define X to be the total space of the canonical bundle Kg over S. Note that X
is a local Calabi-Yau threefold. However, X is non-compact. To obtain a compact space,
one can compactify X to the total space X of the projective bundle over S, i.e.

X =P(0Os @ Kg), (2.16)

with a map 7 : X — S, where Qg is the trivial bundle over S. Notice that X is compact
but no longer a Calabi-Yau threefold. Let O(1) be a hyperplane section of P! fiber and
denote its first Chern class by 0.,. We define the homogeneous coordinates of the fiber by
[U : V]. Note that {U = 0} and {V = 0} are sections of O(1) ® Kg and O(1), while the
class of {U = 0} and {V = 0} are 0 = 0o —7*¢1(S) and 0, respectively. The intersection
of {U = 0} and {V = 0} is empty. Thus, one can obtain ¢ -0 = —o - 7*¢;. The affine
coordinate s is defined by s = U/V. In X, the SU(4) cover eq. (2.14) is homogenized as

' boUt 4+ UV 4 bgU V3 + bV = 0 (2.17)

with induced map py : C‘(/4 ) . S. Tt is not difficult to see that the homological class [C‘(/4 )]

)

of the cover C‘(/4 is given by [C‘(,4 )] = 40 + 7*n. One can calculate the locus of the matter

16 curve by intersection of [C‘(/4 )] with o
[C‘(;l)]ﬂaz (4o +7*n) -0 =0-7"(n — 4c1), (2.18)

which implies that [¥16] = 7 —4c1 in S. Alternatively, one could deduce this from the fact

that the locus of 16 in S is {by = 0}. It follows from eq. (2.15) that the homological class
(6)

of the cover C,5, is given by
€',] = 60 + 271 (2.19)
Notice that C/(\GQ)V is generically singular. To solve this problem, one can consider intersection

7Cy N Cy and define [41, 80]
D] =[P niet) - e ne - [cP1n30s (2.20)

where 7 is a Zs involution V — —V acting on the spectral cover. The 10 curve can then
be evaluated by

[Dlls = 4(n — 3c1), (2.21)

which implies that [Y10] = 27 — 6¢1 in S.

To obtain chiral spectrum, we turn on a spectral line bundle £ on the cover C‘(/4 ). The
corresponding Higgs bundle is given by V' = py. L. For an SU(n) bundle, it is required that
c1(V) = 0. It follows that

1
c1(pacl) = pasei(L) = paur, (2.22)

5Note that there are double points on X10. One can resolve these double points by blowing-up and then
obtain resolved 210 with a mapping 7p : D — $ho of degree 4 and [210] =n—3c1 [39].



where 7 is the ramification divisor given by r = pg.c1 — ¢1 (C‘(/4 )). It is convenient to define
the cover flux v by

1
a(l)=My+ o (2.23)

where )\ is a parameter used to compensate the non-integral class ér. The traceless condi-
tion ¢ (psa«L) = 0 is then equivalent to the condition pssy = 0. One can show that

v = (4—pips)(CP - o) (2.24)

satisfies the traceless condition. Since the first Chern class of a line bundle must be integral,
it follows that A and ~ have to obey the following quantization condition

1, _
M+ i - (@) € Hi(X, Z). (2.25)

With the given cover flux +, the net chirality of matter 16 is calculated by [39, 48]
Nig = (CP o) - Xy = —An- (n—4cy) (2.26)

On the other hand, the matter 10 corresponds to the anti-symmetric representation 6 in

SU(4), associated to the spectral cover C/(\GQ)V. It turns out that for the SU(4) cover, the

net chirality of matter 10 is given by [39]

It follows from egs. (2.26) and (2.27) that one obtain an SO(10) model with —An- (n—4c;)
copies of matter on the 16 curve and nothing on the 10 curve. The flux v does not have
many degrees of freedom to tune and the candidate of 10 Higgs is absent. Therefore, in
search of realistic models, we shall consider factorization of the SU(4) cover C‘(/4 ) to enrich

the configuration, along the line of the SU(5) cover studied in [46, 47, 52, 54]. In the next
)

section, we shall focus on the construction of (3, 1) and (2, 2) factorizations of the cover C\(/4 .

3 SU(4) cover factorization

3.1 (3,1) factorization

We consider the (3,1) factorization, C‘(/4 ) c@ x c® corresponding to the factorization
of eq. (2.17) as follows:

C@ x C® : (agU> + a UV + asUV? + asV3)(doU + d1V) = 0. (3.1)
By comparing with eq. (2.17), one can obtain the following relations:
by = apdy, b1 = a1dy + apdy, ba = asdy + ardy, bs = azdy + azdy, by = azdy. (3.2)
Let &; be the homological class [d;] of di and write

[do] =c1 + &1, [ak] =n- (k‘ + 1)61 — &, k=0,1,2,3. (33)



[Cc®)®)] 2[C(@®)] [c(@)(@)]
16 0T - o7 (n—4c1 — &)
2[o + 7 (c1 + &) 20 + 7" (n = 2¢1 — &)
- —3c1 — &) +20-7& (0 — 31 — &) +2(0 +7er) &
Oco - T (N — €1 — &1)
+2040 - (N — 21 — 2&1)

10 & -m* (e + &)
00 Ooo ¥ (c1 + 1) dooo - (1 + 1)

Table 4. The homological classes of the matter curves in the (3,1) factorization.

It is easy to see that the homological classes of C(*) and C®) in X are
CN =30 +7*(n—c1— &), [CY]=0+7"(c1+&). (3.4)

With the classes given in eq. (3.4), the homological classes of factorized matter curves
Y16 and X g in S are given by

[Die@] = €Dy =1 —4de1 — €1, [Zie00] = [CP]]0 = &1 (3.5)

To obtain the factorized 10 curves, we follow the method proposed in [46, 47, 52, 80] to
calculate the intersection C‘(,4 e 7'(3‘(,4 ), where 7 is the Zs involution 7 : V — —V acting on
the spectral cover. Since the calculation is straightforward, we omit the detailed calculation
here and only summarize the results’ in table 4.

It follows from table 4 that the relevant classes in X for 10 curves are

CW@W] = 20 + 7% (n — 21 — &1)] - 7 (n — Ber — &) +2(0 + 7'er) - 7, (3.6)
CWO) =[o+a*(c1 +&)] - 7 (n—3c1 — &) + 07,

which give rise to the 10 curves
[Bio@@] =1 —3c1, [Eip@m] =n—3c1, (3.8)
respectively.

3.2 (2,2) factorization

In the (2,2) factorization, the cover is split as C\(/4) — Cl4) x ¢ld2) More precisely, the
cover defined in eq. (2.17) is factorized into the following form:

Cl) x ) (eoU? + UV + eaV2)(foU? + LUV + f2V3) = 0. (3.9)
By comparing the coefficients with eq. (2.17), one obtains

bo = eofo, b1 =eofi+eifo, ba=eofo+erfi+eafo, bz =eifoteafi, bs=eafs (3.10)

"To simplify notations, we denote C%*) N 7€ by C®® . Notice that [ V] = [cD*)],

,10,



¢ (d2)(d2) 9[c(d1)(d2) ¢(d1)(d1)
[ ] [ ] [ ]

16 0Ty - o -7 (n —4de1 — &2)
10 Qo+ (2a+&)) 2204772 + &) 7 —3a — &) 7T —de — &)
(1 + &) - (n —dep — &) +2(0 + m*c1) - ™ (c1 + &2)

Ooo - T (N — 2¢1 — &2)

00 Ooo - 7T*(261 + 52) 40 - 71-*(201 + 52) 420 T (77 —4ey — 252)
o0

Table 5. The homological classes of the matter curves in the (2,2) factorization.

Let & be the homological class of fa and then the homological classes of other sections can

be written as

[fi] =c1+ &, [fo] =2c1+&, [em]=n—(m+2)e; —&, m=0,1,2. (3.11)

In this case, the homological classes of C(4) and C(42) are given by
[CY9)] = 20 + 7" (n — 2¢1 — &), [C\%)] = 20 + 7*(2¢1 + &). (3.12)

The homological classes of the corresponding matter curves ¥;4w;) and ¥, 4w, are then

computed as

[Biean] = [CD], =1 —dc1 — &2, [B1g0] = [C®)]], = &, (3.13)

respectively. To calculate the homological classes of the factorized 10 curves, we again
follow the method proposed in [46, 47, 52, 80] to calculate the intersection C‘(/4 'n TC‘(/4 ). We
omit the detailed calculation here and only summarize the results in table 5.

It follows from table 5 that the classes in X for the factorized 10 curves are as follows:

[CUUE] = 2(g + m¥cy) - (1 + &) + 7 ( — 3e1 — &) - 7 (n — 41 — &a), (3.14)
(€] = (25 + 7% (2¢; + £2)) - T* (1 — 4ey — Ea), (3.15)
[C(2))] = (20 + 7*(2e1 + &)) - T (c1 + &). (3.16)

With the classes [C(4)(@)] [c(41)(d2)] and [C(@2)(4)]  one can calculate the classes of the
corresponding 10 curves in S as follows:

[Biown@n] =c1+ &2, [Eqgunun] =20 —8c1 — 28, [Bigunun] =c1 +&.  (3.17)

4 Spectral cover fluxes

Let us consider the case of the cover factorization C‘(;L N CW) x (M) To obtain well-defined

cover fluxes and maintain supersymmetry, we impose the following constraints [47]:

1 (P L) + e1(pms £™) = 0, (4.1)
cl(ﬁ(k)) € HZ(C(k)az)a k= lvma
[Cl (pl*ﬁ(l)) - Cl(pm*ﬁ(m))] 'S [W] =0,
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where p;, denotes the projection map from the cover C*) to S, pi : C*) — S, £ is a line
bundle over C*) and [w] is an ample divisor dual to a Kihler form of S. The first constraint
eq. (4.1) is the traceless condition for the induced Higgs bundle.® The second constraint
eq. (4.2) requires that the first Chern class of a well-defined line bundle £*) over C*) must
be integral. The third constraint states that the 2-cycle ¢;(p£Y) — 1 (pmsL™) in S has
to be supersymmetic. Note that eq. (4.1) can be expressed as

1 1
pl*cl(ﬁ(l)) - 2pl*r(l) + PmsC1 (E(m)) - 2pm*r(m) =0, (4'4)

where r( and (™) are the ramification divisors for the maps p; and p,,, respectively. Recall
that the ramification divisors r*) are defined by

r®) = prey — e (€M), k=1,m. (4.5)
The term ¢;(C*)) in eq. (4.5) can be calculated by the adjuction formula [82, 83],

& (€M) = (e1 () — [C¥)) - [¢®)]. (4.6)
It is convenient to define cover fluxes v*) as

e (LR =~k 4 ;T(k), k=1m. (4.7)

With eq. (4.7), the traceless condition eq. (4.1) can be expressed as p v + ppy™ = 0.
By using eq. (4.5) and eq. (4.7), we can recast the quantization condition eq. (4.2) by
Y8 + Lprer — i (C®)] € Hy(CW,Z), k = I,m. Finally, the supersymmetry condition
eq. (4.3) is reduced to pry™® -5 [w] = 0. We summarize the constraints as follows:

Py + pay™ =0, (4.8)

1
10+ pher — (€M) € Ha(M.Z), &k =1Lm, (4.9)
prY® s W] =0, k=1,m. (4.10)

In the next section, we shall explicitly construct the cover fluxes ) satisfying
eq. (4.8), (4.9), and (4.10) for the (3,1) and (2,2) factorizations. We also calculate the
restrictions of the fluxes to each matter curve.

4.1 (3,1) factorization
In the (3,1) factorization, the ramification divisors for the spectral covers C(® and C®) are
given by
@ =[] [0+ 7" (n — 201 — &), (4.11)
r® = [c®)]. (=0 + 7%&), (4.12)

80ne may think of eq. (4.1) as the traceless condition of an SU(4) bundle V4 over S split into Vs @ L
with V3 = pa*ﬁ(“) and L = pb*ﬁ(b). Then the traceless condition of Vi can be expressed by ¢1(Va) =
c1(pas L) + e1(pp £LP) = 0.
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(@) ®) 1,

respectively. We define traceless fluxes 7’ and ~, " by
WY = (3= e @ = [C9] - B0 — 7" (n — 41 — €1)], (4.13)
10 = 1= pipn® =€V (o0 - 7"0), (4.14)

where (@ and () are non-traceless fluxes and defined as

A = c@].q, 4O =[c®]. 0. (4.15)
Then we can calculate the restriction of fluxes ’y(()a) and ’yéb) to each matter curve. We omit

the calculation here and only summarize the results in the following table.

(b) (a)

Yo o
160 —&1 s (e1 +&1) 0
16(a) 0 —(n—ec1—&1) s (n—4der — &) (4.16)
1090 _¢ g (c; +€&1) —(n—3c1 —361) -5 (n—4dey — &)
10(@)(a) 0 (n —3c; — 3&1) -5 (n — 4e1 — &)

Due to the factorization, one also can define additional fluxes 6(® and 6" by

0 = (1= pppac)y = (€] 0 = [CO] - 7" (0 — der — &)
80 = (3 = pipp )y = (€] - 30 — €] - 77¢y. (4.17)

Another flux one can include is [47]

p = (3py — pa)p; (4.18)

for any p € Hy(S,R). We summarize the restriction of fluxes §(*, §) and 5 to each matter
curve in the following table.

5() 5(a) o
160 —3c1 581 —&1 05 (n—4e1 = &) 3p-s &1
) —&bs(n—da &) —c1s (N =41 = &) —p-s(n—der = &)
100 ¢ (20 =91 = 361) —(n—3c1 —&) s (n—der = &) 2p-5 (= 3c1)
10@@ =26 .5 (n=3c1)  (n—3c1—&) s (=41 —&)  —2p-5(n—3c1)
(4.19)
With egs. (4.14), (4.17), and (4.18), we define the universal cover flux I' to be [47]

= ka'yéa) + kbfyéb) + Mm@ + mys® + 5=1@ 4 10 (4.20)

where I'®) and T'®) are given by

1@ =[] [(3ky +ma)o — 7" (ka(n — de1 — &) + mpéy + p)] | (4.21)
O = €O . [(ky + 3mp)o — 7 (kpé1 + ma(n — 41 — &) — 3p)].- (4.22)
Note that
Pax D@ = —3mp&y + ma(n — 41 — &) — 3p, (4.23)
el = 3my&y — ma(n — e — &) + 3p. (4.24)
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Clearly, '@ and T'® obey the traceless condition pgI® + pp, I'®) = 0. Besides, the
quantization condition in this case becomes

<3k‘a +mg + ;)0 - [ka(ﬁ —der — &) +mpét +p — ;(77 —2¢1 — 51)] € Hy(X,Z), (4.25)
(kb + 3mp — ;)0 - [/ﬁb& +ma(n —4der —&1) —3p — ;51} € Hy(X,Z). (4.26)

The supersymmetry condition is given by
[3mpé1 — ma(n — der — &1) + 3p -5 [w] = 0. (4.27)

4.2 (2,2) factorization

We can calculate the ramification divisors #(11) and (%) for the (2,2) factorization and

obtain
rd) = (€] 7% () — 3¢; — &), (4.28)
r(®2) = [c(@2)] . 1% (cy + &). (4.29)
We then define traceless cover fluxes ’y(()dl) and 'yédQ) by
") = (2= Pgpa)y ) = €] 20— (0~ der — )] (4:30)
6" = 2= Piypay )y ™) = €] - (20 - 762), (4:31)

where v(4) and (@1 are non-traceless fluxes and given by
7(dl) — [C(dl)] .o, 7(dz) — [C(d2)] . o (4.32)

We summarize the restriction of the fluxes to each factorized curve in the following table.

(d2) (d1)

0 7o
16052 —& -5 (201 + &) 0
16(d1) 0 —(n—2c1 — &) -5 (n —4c1 — &) (4.33)
10(d2)(d2) 0 0 '
10(d1)(d2) 0 —2(n —4e1 —2&2) -5 (n — der — &2)
10(40)() 0 2(n —4er = 282) -5 (n — 4e1 = &)
Due to the factorization, one also can define following fluxes [47]
8 = (2 = pipay )y = €] 20 — [CR)] - 7 (0 — dey — &),
5) = (2= pyp ) = €] 20 — [C) xs, (1.31)
and
p = (P2, — Pa,)ps (4.35)
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for any p € Hy(S,R). We summarize the restriction of the fluxes (), §(%) and p to each
factorized curve as follows:

§(d2) §(d1) D
16(%2) —2c1 5 &2 —&2 05 (n—4da1 — &) ps &2
161 —& g (n—4de) — &) —2c1 -5 (n — 4e1 — &2) —p-s5(n—4c1 — &)
10(@)(%2) 96, g (c1 + &) —2(c1 4+ &2) s (n — 4e1 — &2) 2p-s (c1+&2)
10(d1)(d2) 0 —2(77 —4cy — 252) g (77 —4cy — 52) 0
100 —2¢) g (1 + &2) 2(n —3c1 — &) s (n—4der — &) —2p-s (1 +&2)
(4.36)
In this case the universal cover flux is defined by
T = kg, 7™ + kayy(™ + ma, 6@ 4+ mg,6@®) 4 = T) 4 pld2), (4.37)
where
P(dl) - [C(dl)] ’ {Q(kdl + mdl)g - [kd1 (77 —4cy — 52) + md2§2 + p]} )
1(2) = [CU92)] - {2(kg, + may)o — 7" [kay & + may (n — 41 — &) — pl}. (4.38)
Note that
Pa L) = —2mg, & + 2my, (n — 4ey — &) — 2p, (4.39)
Py D2 = 2mg, €5 — 2mg, (n — 4e1 — &) + 2p. (4.40)

It is easy to see that T'(%) and I'(42) satisfy the traceless condition pg,I'(4) 4+ pg,, (@) = 0.
In addition, the quantization condition in this case becomes
o

1 _
Q(kdl + mdl)a —7* [kdl (77 —4ecy — 52) + md2§2 +p— n—3c; — 52)] S 1{4()(7 Z), (4.41)

* 1 _
2(kgy, + may)o — 7 [l{:d2§2 +mg, (n—4c1 — &) —p— 2(01 + 52)] € Hy(X,7Z). (4.42)
The supersymmetry condition is then given by

[2mg,&2 — 2mg, (n — 4c1 — &) 4+ 2p) -5 [w] = 0. (4.43)

5 Da3-brane tadpole cancellation

The cancellation of tadpoles is crucial for consistent compactifications. In general, there
are induced tadpoles from 7-brane, 5-brane, and 3-brane charges in F-theory. It is well
known that 7-brane tadpole cancellation in F-theory is automatically satisfied since X} is
a Calabi-Yau manifold. In spectral cover models, the cancellation of the D5-brane tadpole
follows from the topological condition that the overall first Chern class of the Higgs bundle
vanishes. Therefore, the non-trivial tadpole cancellation needed to be satisfied is the D3-
brane tadpole. The D3-brane tadpole can be calculated by the Euler characteristic x(Xy).
The cancellation condition is of the form [81]

_x(Xy) 1
Np3 = 94 2 /., G NG, (5.1)
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where Np3 is the number of D3-branes and G is the four-form flux on X4. For a non-
singular elliptically fibered Calabi-Yau manifold, it was shown in [81] that the Euler char-
acteristic x(X4) can be expressed as

X(X4) = 12/3 Cl(Bg)[CQ(Bg) + 3001(33)2], (5.2)

where ¢ (B3) are the Chern classes of Bs. It follows from eq. (5.2) that x(X4)/24 is at
least half-integral.” When X, admits non-abelian singularities, the Euler characteristic of
X4 is replaced by the refined Euler characteristic, the Euler characteristic of the smooth
fourfold obtained from a suitable resolution of X4. On the other hand, G-flux encodes the
two-form gauge fluxes on 7-branes. It was shown in [84] that

1

G/\G:—1F2, (5.3)
2 Jx, 2

where T' is the universal cover flux defined in section 4 and I'? is the self-intersection
number of I' inside the spectral cover.!? It is a challenge to find compactifications with
non-vanishing G-flux and non-negative Np, to satisfy the tadpole cancellation condition
eq. (5.1). In the next two subsections, we shall derive the formulae of refined Euler
characteristic x(X,) and the self-intersection of universal cover fluxes I'? for (3,1) and
(2,2) factorizations.

5.1 Geometric contribution

In the presence of non-abelian singularities, X4 becomes singular and the Euler character-
istic x(X4) is modified by resolving the singularities. To be more concrete, let us consider
X, with an elliptic fibration which degenerates over S to a non-abelian singularity corre-
sponding to gauge group H and define G to be the complement of H in Eg. The Euler
characteristic is modified to

X(X4) = X" (X4) + XG — XEs» (5.4)

where x*(X4) is the Euler characteristic for a smooth fibration over Bs given by eq. (5.2).
The characteristic x g, is given by [54, 84, 85]

XEs = 120 / (3% — 2Tney + 62¢3). (5.5)
S

For a generic Calabi-Yau manifold, it was shown in [81] that x(X4)/6 € Z, which implies that x(X4)/24
takes value in Zj.

"Eq. (5.3) originates from the spectral cover construction in heterotic string compactifications [84]. This
equation holds for F-theory compactified on elliptically fibered fourfolds possessing a heterotic dual by
heterotic/F-theory duality. However, since X4 is not a global fibration over S, we assume that eq. (5.3) is
valid for F-theory models without heterotic dual, and the fluxes can correctly described by spectral covers.
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For the case of G = SU(n), the characteristic xsy(,) is given by!!

SUm) = /S (n® — n)c? + 3n(n — ney). (5.6)

When G splits into a product of two groups G and Gy, x¢ in eq. (5.4) is then replaced by
X(CZ) + X(Cll)g in which 7 is replaced by the class ("™ in the spectral cover C(™) for m = k, 1.
For the case of (3,1) factorization, the refined Euler characteristic is then calculated by

* a b
X(Xy) = X" (Xy) + X(s&(s) + Xél)J(l) ~ XBs

= X" (X4) + /53[01(3&1 — 21t — 20&;) + (3t% + 6t&1 +4€7)] — xBe- (5.7)

In the (2,2) factorization, the refined Euler characteristic'? is

% d d
X(X4) =X (X4) + X(SI}()Q) + X(Sé()g) — XEg

= X"(X4) + /56[01(1001 — 6t — 462) + (° + 2t&2 + 263)] — xBs.  (5.8)

5.2 Cover flux contribution

It follows from egs. (5.1) and (5.3) that

X(X4) n 1

Npx —
b3 24 9

2 (5.9)
In the previous subsection, we discussed the first term on the right hand side of eq. (5.9).
To calculate Nps, it is necessary to compute the self-intersection I'? of the universal cover
flux I'. Recall that in section 4, the universal cover flux was defined by

r=>1", (5.10)
k

where T'®) are cover fluxes satisfying the traceless condition,

> peI® =o0. (5.11)
k

In what follows, we will compute I'? for both the (3,1) and (2,2) factorizations.

"Egs. (5.4)-(5.6) initially were derived in heterotic string compactifications [84, 85]. A priori, these
formulae are valid only for F-theory models with a heterotic dual. It was observed in [54] that these
formulae also hold for some F-theory models which do not admit a heterotic dual. However, this match
fails in other examples observed in [86]. In these examples, extra gauge groups appear in regions away from
S and cannot be described by spectral covers. We assume that egs. (5.4)—(5.6) hold for our models.

2For the (3,1) factorization, 7'® = (n — 1 — &) and n® = (¢1 + &). For the (2,2) factorization,
N = (n—2c1 — &) and 7 = (2c1 + &2).
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5.2.1 (3,1) factorization

Recall that for the case of (3, 1) factorization, the universal cover flux is given by
T = k(" + k1" + mad@ + mys® + p=T@ 47O, (5.12)
where '@ and T'®) are

T = [C] - [(3kq + ma)o — 7 (kalas] + mp[di] + p)] = [C@] - [C@],  (5.13)
r® = (O] [(ky + 3mp)o — 7 (ky[d1] + malas] — 3p)] = D] - [CW].  (5.14)

Then the self-intersection of the cover flux I' is calculated by [47]
2 =[c@].[cW].[c@]+[c®]-1c®].[c?). (5.15)

In the (3,1) factorization, [C(¥] = 30 4+ 7*(n — ¢; — &) and [CY)] = o + 7*(c1 + &). By
egs. (5.13) and (5.14), one can obtain

C@]-[C] - [C] = —(3ka + ma)([as] -5 1) = ka(3ka + 2ma)[as]® + 3m3[d1])?
—2myma([as] -s [d1]) — 2(ma[as] — 3my[d1]) -5 p
+3(p s p), (5.16)

and

O] [CP] - [CO] = —(ky + 3my)?([da] -5 1) — Ky (K + 6my)[d1])? + m[as)?
—6mymy([as] -s [d1]) — 6(malas] — 3mpldi]) -5 p
+9(p -5 p)- (5.17)

Putting everything together, one obtains

T2 =~ (3ka-+ma)?(fao] s as) ~ (ku-+ 3 (do]-sldn]) + , (malas] ~3mulea] ~3p)7. (5.18)

5.2.2 (2,2) factorization

Recall that in the (2,2) factorization, the universal flux is given by
T = kg S + kgyrd® + ma, 6@ + mg 60 + 5= @) 4 ), (5.19)
where I'(%1) and T'(%) are

T = [C] - [2(kq, +may)o — 7 (kay [e2] + ma, [f2] + p)] = [CV] - [C], (5.20)
1) = ()] [2(kq, + may)o — 7* (kay [ f2] + ma, [e2] — p)] = [C*)] - [C12)]. (5.21)

Then the self-intersection I'? can be computed as

2 — [C(dl)] . [5(d1)] . [5(d1)] + [C(dz)] . [E(dz)] . [5(dz)]‘ (5.22)
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Notice that [C()] = 20 + 7%(n — 2¢1 — &) and [C\%)] = 20 + 7%(2¢; + &) in the (2,1)
factorization. It follows from egs. (5.20) and (5.21) that

D] [CE] - [CU)] = —A(kg, + ma,)(e2] s €1) — 2ka, (Kay + 2ma,)[e2]® + 2m3, [fo]®
—dmg, ma, ([e2] s [f2]) — 4(ma, [e2] — ma,[f2]) s p
+2(p -5 p), (5.23)

and
[C(2)] - [CU2)] - [C2)) = —A(kq, + may)*([f2] s 1) — 2ka, (kay + 2ma,)[fo]® + 2m, [e2]”

—dmg,ma, ([f2] -5 [e2]) — 4(ma, [e2] — ma,[f2]) -5 p
+2(p -5 p)- (5.24)

Therefore, I'? is given by

% = —2(ka, +ma,)*([eo] s[e2]) = 2(ka, +may)* ([fo] -5 [fo]) +4(ma, [e2] =may [ f2] = ). (5.25)

6 Models

6.1 U(1)x flux and spectrum

Let us start with the (3,1) factorization. Consider the breaking pattern as follows:

SU(4)
15
6
4

SU3) x U(1)

8 +3_4+34+ 1
32+39

3_1+13

(6.1)

L

Then the representations (16,4) and (10,6) in eq. (2.10) are decomposed as
(16,4) — (16_1,3) + (165,1), (10,6) — (102,3) + (10_5,3) (6.2)
On the other hand, we can further break SO(10) in eq. (2.10) by U(1) x flux as follows:

SO(10) — SU(5) x U(1)x
16 — 10_1 + 53 +1_5 (63)
10 — 5,+5.9

We suppose that V16®L)_(1 has restriction of degree M}, to X, k) while Lg( has restriction of
degree Ni. Similarly, we define V19 ®L}2 has restriction of degree Mj; to X yme) while L‘)l(
has restriction of degree Ny;. We summarize the chirality on each matter curve in table 6.
For the (2, 2) factorization, the analysis is similar to the case of the (3, 1) factorization. We
summarize the chirality induced from the cover and U(1)x fluxes in table 7.

,19,



Curve  Matter Bundle Chirality
10, 1 Vig® L)_(1|z(fg) M,
16(—(12 5.13 Vie ® L§(|E(1%> Mq + Nq
115 Vig® L;(5|z({g) M, — N,
1031 Vie® Ly oo My
167 5, Vigw Li}’zgz; M, + N,
135  Vig® L5<5’zg‘g My, — N,
10 75—2,2 Vio ® Lgdz(l%)(a) Maq + Naa
599 Vig® L}ZIZ(I%)(@ Mg,
10 752,2 Vio ® L§(|E<1%><b> Map + Nap
522 Vio® L}2|2(1%)(b) My

Table 6. Chirality of matter localized on matter curves 16 and 10 in the (3,1) factorization.

Curve Matter Bundle Chirality
10,1 V1g® L;(1|2(d2) Mg,
162 31
o1 513 Vie ® Lx\z(lrég) Mg, + Na,
1.5 Vie ® L}Slz(lcéw Mg, — Ng,
10y Vie ® L}lfz(dl) Mg,
16!M) 5 31 0
1 51,3 Vie ® LX‘E:(ldel) Mg, + Na,
1, 5 Vie ® L}5|E(d1) Mg, — Ng,
16
10(d2)(d2) 5—272 Vio ® LAQ)(’Z(l%g)(@) Md2d2 + Ndzdz
-2 _ _
59 2 Vio® LX2|2<d2)<d2> Mg, aq,
10
10(d1)(d2) 50,2 Vio ® L%(’Z(l%l)(@) Md1d2 + Nd1d2
0 _ _
50,—2 Vio ® LX2|E(d1)(d2) Md1d2
10
10(d1)(d1) 52,2 Vio ® L%{’Z:(Ldol)(dl) Md1d1 + Nd1d1
2 _ _
52,72 Vio ® LX2|E(1‘31)(d1) Md1d1

Table 7. Chirality of matter localized on matter curves 16 and 10 in the (2,2) factorization.

6.2 (3,1) factorization and CY; with a dP, surface

In this section, we shall explicitly realize models in specific geometries. We first consider
the Calabi-Yau fourfold constructed in [45] to be our X4. This Calabi-Yau fourfold contains
a dP, surface embedded into the base Bs. For the detailed geometry of this Calabi-Yau
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fourfold, we refer readers to [45]. Here we only collect the relevant geometric data'3 for
calculation. The basic geometric data of Xy is

Ccl1 = 3H — E1 - EQ, t= _CI(NS/Bg) == H, X*(X4) = 13968. (64)

From eq. (6.4), we can conclude = 17H — 6 — 6Ey, n> =217, ¢; -1 =39, and ¢? = 7.
For the (3,1) factorization, it follows from eq. (5.7) that the refined Euler characteristic is

x(X4) = 10746 + (1267 — 18&1n + 48&1¢1). (6.5)
The self-intersection of the cover flux I' is then given by

I? = —(3k2 + 2komq) (50 + &2 — 261 + 5E1c1) + m2 (6 + €2 — 261 + 91¢1)
—(ky + 3my) (67 + &icr) + 12mp&7 + 8mamy (67 — &im + 4&1c1)
+12p° — 8mq(pn — p&1 — 4per) + 24mypéy, (6.6)

and the number of generations for matter 16 and 10 on the curves are

Nygwy = (ma — kp)&F — ma€in + (4mq — ky — 3my)€1c1 + 3pé1, (6.7)
Nyga) = —(50kq + 11myg) + (my — ka)&F + (2ka — ma)érn
+(4mp — Bkq + mg)&1c1 — pn + 4per + péa, (6.8)
Nig@® = —28(ka +ma) — (ko + 3ka + mq + 3mp)&E + (4ka + 2mq + 2mp)&1n
—(ky + 15kq + Tmg + 9my)&101 + 2pm — 6pcy, (6.9)
Nig@@ = 28(ka + maq) + (3ka + ma)&t — (4ka + 2ma + 2mp)é1n
+(15kq + Tmg + 6mp)&1c1 — 2pn + 6pcy . (6.10)

In this case, the supersymmetric condition eq. (4.10) reduces to
[(Bmp + ma)§1 — ma(n — 4c1) +3p] -5 [w], (6.11)

where we choose [w] = a(Ey + E2) + B(H — E1 — E3), 2a > 3 > «a > 0 to be an ample
divisor in dP,. In the (3,1) factorization, one more constraint that we may impose is that
the ramification of the degree-one cover should be trivial. In other words, we impose the
following constraint:

(c1+&1) & =0. (6.12)

In what follows, we show three examples based on this geometry. We find that there are
only finite number of solutions for parameters.

6.2.1 Model 1

In this model we represent a three-generation example. The numerical parameters are
listed in table 8.

The matter content and the corresponding classes are listed in table 9. By using
eqs. (6.5) and (6.6), we obtain x(X;) = 10674 and I'> = —159.5. It follows from eq. (5.9)
that Nps = 365.

131n section 6, H and E,,, m = 1,2,...,k are defined to be the hyperplane divisor and exceptional
divisors of dPy, respectively.
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kb ka my Mg P §1 (0% ﬁ
-1.5 -0.5 -2 1 H+3E1+FEy FEy 9 11

Table 8. Parameters of Model 1 of the (3,1) factorization in dP;.

Matter  Class in S Class with fixed £ Generation Restr. of [Fx]

160" & E, 0 1
16(@ n—4c, —&  5H —2E; — 3F, 3 —1
10(@)(®) n — 3¢y 8H — 3E, — 3E5 14 0
10(@)(@) n — 3¢y 8H — 3F, — 3E, —14 0

Table 9. Model 1 matter content with [Fx] = Ey — F2. It is a three-generation model with
non-trivial flux restrictions.

ky ke my mg p & oa f
15 05 -2 -2 —4H+4F,+5E, E; 9 11

Table 10. Parameters of Model 2 of the (3,1) factorization in dP;.

Matter  Class in S Class with fixed §; Generation Restr. of [Fx]

160" & Ey 0 1
16  n—4c—&  5H —3E; — 2E; 3 -1
10(@)(®) n — 3¢y 8H — 3E, — 3E5 14 0
10(@)(a) n — 3¢y 8H — 3E, — 3E, —-14 0

Table 11. Model 2 matter content with [Fx]| = E; — Es.

6.2.2 Model 2

Model 2 is another example of a three-generation model with x(X;) = 10674, I'> = —159.5,
and Nps = 365. The construction is similar to the model 1. We list the numerical
parameters in table 10.

The matter content and the corresponding classes are shown in table 11.

6.2.3 Model 3

Next we build a four-generation model in SO(10). The reason why we would like to discuss
such a case is that the only choice for the U(1)x flux on dPs is [Fx] = £(F — E2), and
then the restrictions of [Fx| to the 16 curves are always non-zero, which results in the
variation of the chirality numbers of the SU(5) matter descended from the 16 curves. The
two examples shown above only make sense for an three-generation SO(10) model, and
they are no longer three-generation models after gauge breaking. Since we expect to build
a three-generation model at SU(5) level, we slightly increase the generation number at the
SO(10) level to prevent the chirality being too small. The numerical parameters are listed
in table 12. In this model, it is not difficult to obtain yx(X4) = 10674 and I'> = —355.5. It
turns out that Nps = 267 is a positive integer.
The matter content and the corresponding classes are listed in table 13.
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-1.5 -0.5 -2 1 5FK1+FEy FEy 12 17

Table 12. Parameters of Model 3 of the (3,1) factorization in dP;.

Matter  Class in S Class with fixed {; Generation Restr. of [Fx]

160" & E, 0 1
16 p—dey—&  SH - 2B — 38, 4 !
10(@)(®) n — 3¢y 8H — 3E, — 3E5 10 0
10(@)(@) n— 3¢ 8H — 3E; — 3E, —10 0

Table 13. Model 3 matter content with [Fix] = Fy — FE5. There are four generations on the 16(@
curve.

6.2.4 Discussion

Model 1 and Model 2 of (3,1) factorization have the following SO(10) structure:

Maatter Copy U(1)¢

16(®) 0 -3
16(@ 3 1 (6.13)
10@®) 14 -2

10@@ 14 2

where U(1)¢ is from the cover, the U(1)3 Cartan subalgebra of SU(4), that is not removed
from the monodromy. The Yukawa coupling is filtered by the conservation of this U(1)¢.
Before turning on the U(1)x flux, this spectrum can fit the minimum requirement by
forming the Yukawa coupling 16(216(2 IO;G)(b) of the SO(10) GUT with some exotic 10s.
However, when U(1)x flux is turned on, the non-vanishing restriction of the flux to each
16 curve changes the chirality, while the chirality on the 10 curves remain untouched.
The analysis in table 6 suggests that a three-generation model may descend from a four-
generation SO(10) model after the gauge group is broken to SU(5) x U(1)x by [Fx] =
E, — E5. Here we try to explain Model 3 as a flipped SU(5) model with its spectrum
presented in table 14.
In this case, the Yukawa couplings are

W D 10_1,_1310_1, 175225 + 10_1 _10/5_130m 52 —on + 51,30 11,5052,
+10_1,1510_1, 155225 + 10_1 171011552 —op + . . .. (6.14)

We may identify the flipped SU(5) superheavy Higgs fields with one of the 10+ 10 vector-
like pairs on the 16(® curve, which is not obvious from this configuration. Since the
restrictions of the flux to the curves change the chirality, there are unavoidable exotic
fermions, like the examples studied in [47]. In the following subsection, we will study
models from a different geometric backgrounds to see if it is possible to retain the chirality
unchanged while the flux F'x is turned on.
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Matter Rep. Generation

10 10, 4 3
5M 513 3

1 1_17_5 3

10 + 10y 10,1 +10_1; 1
5, 522 1

Sh 52,,2 1

10 10, 4 1

5 5373 1

1 1.4 5 P

1 1ss 1

5 + 5 exotics S22 5_')72’72 )
529+ 52 o -10

Table 14. Flipped SU(5) spectrum of Model 3.

6.3 (3,1) factorization and CY; with a dP; surface

Although dP, surface is elegant, it does not possess enough degrees of freedom in the
number of exceptional divisors for model building. Therefore, we turn to the geometry of
the compact Calabi-Yau fourfold realized as complete intersections of two hypersurfaces
with an embedded dP; surface.!* The detailed construction can be found in [54]. Again
here we only collect relevant geometric data for calculation. The basic geometric data is
as follows:

C1 :3H—E1—E2—E3—E4—E5—E6—E7,
t =2H — Ey — By — E3 — By — E5 — Eg,
n = 16H—5E1 —5E2—5E3—5E4—5E5—5E6—6E7. (615)

with x*(Xy) = 1728. From eq. (6.15), we have n?> = 70, n-¢; = 12, and ¢ = 2. The refined
Euler characteristic is given by

x(X4) = 738 + (1263 — 18€1n + 48€1¢1), (6.16)
and the self-intersection of the cover flux I' is

1?2 = —(3k) + 2kama) (18 + & — 261m + 5érc1) + ma(2+ & — 26 + 9E1c1)
—(kp + 3myp)* (&1 + &c1) + 12mpE7 + 8mamy (67 — &1 + 4&1¢1)
+12p — 8ma(pn — p&1 — 4pcy) + 24mypéy . (6.17)

1By abuse of notation, we also denote this Calabi-Yau fourfold by Xj.
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15 -1 0 15 J(2E\+2E>+Ey) 2H-E\—E,—E;—FE;—Es 3 2

Table 15. Parameters of the (3,1) factorization model in dP;.

Matter  Class in S Class with fixed &; Generation
16" 3 2H — FE1 — F> — E3 — E5 — B 0
16(® n—4c — & 2H — E4 — 2FE7 3
10@®) n—3c; TH -2 | E;—3E; 1
100@ 3¢ TH -2 | E;—3E; -1

Table 16. The dP; model matter content. Since it is a three-generation model, the flux is chosen
to have trivial restriction. For example, [Fx] = E5 — Eg.

Again we summarize the generation number on each curve as follows:

Nygoy = (ma — kp)&F — maan + (4ma — ky — 3mp)&1c1 + 3pé, (6.18)
Ny = —(18kq + 4mg) + (my — ka)€T + (2kq — mp)&an
+(4myp — bkg + mg)é1c1 — pn + 4pcr + pa, (6.19)
Nig@® = —10(ka +ma) — (kb + 3ka + mq + 3mp)&F + (4ka + 2ma + 2mp)&an
—(kp + 15kq + Tmq + 9myp)E1c1 + 2pn — 6pcy, (6.20)
Nio@@ = 10(kq +mg) + (3ka + ma)&} — (4ka + 2mq + 2mp)&1n
+(15ky + Tmg + 6mp)&1c1 — 2pn + 6pcy. (6.21)

The supersymmetry condition is then
[(83mp + mg)&1 — ma(n — 4e1) 4+ 3p] -5 [w] = 0, (6.22)

where [w] is an ample divisor dual to a Kéhler form of dP;. For simplicity, we choose [w]
to be

7

w] = 14BH — (58 — ) > _ E, (6.23)

i=1

with constraints 556 > a > 0.
In what follows, we present one example based on this geometry. This model is three-
generation with vanishing restrictions of the U(1)x flux to the 16 curves.

6.3.1 Model

We present a three-generation model in this example. The numerical result of the param-
eters is listed in table 15. With data in table 15 and table 16, one can obtain y(X4) = 648
and I'? = —42 by using eqgs. (6.16) and (6.17). It follows from eq. (5.9) that Np3 = 6. The
matter content and the corresponding classes are listed in table 16.
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Matter Rep. Generation

10, 10, 4 3
5m 5.13 3

1y 1.1 5 3

5y, 529 1

Sh 527_2 1
10 +10 101 1 +10_1; 1

5 + 5 exotics*

Table 17. Flipped SU(5) spectrum with vanishing restrictions of [Fx] on the curves in (3,1)
factorization in dPx.

6.3.2 Discussion

In this example we tune [Fx] = E4 — Ej5 to obtain trivial restrictions on all the curves, so
the chirality on each curve remains unchanged. By the analysis of table 6, we can create a
flipped SU(5) spectrum as shown in table 17. The Yukawa couplings turn out to be

W D 10_1,_1310_1 105295 + 10_1 10513052 —on + 513011 5052,
+10_1, 17101 155225 + 10_1 15101 1152 op + -+ . (6.24)

This spectrum looks standard, and the advantage is that there are no exotic fermions
and the quantum numbers(charges) of the matter are typical. We again assume that the
superheavy Higgses 107 and 10y come from one of the vector-like 10 + 10 pairs on the
16(® curve. It is not obvious to calculate the number of such pairs. For simplicity, we just
extract one pair for phenomenology purposes.

6.4 (2,2) factorization and CY,; with a dP, surface

Let us consider the (2,2) factorization with the geometric background in eq. (6.4) [45]. In
this case, the refined Euler characteristic turns out to be

X(X4) = 10446 + (1263 — 12&n + 486¢y). (6.25)
The self-intersection of the cover flux I' is

I = —2(ka, +ma,)?(39 + & — 26on + 6&2¢1) + 4m (17 + £ — 269m + 8&¢1)
_Q(de + md2)2(§% + 25201) + 4m32§% + 8md1 md, (5% —&n+ 45201)
+4p” — 8mq, (pn — péa — 4pcr) + 8ma, pla. (6.26)
In this case, we can find models with integral Np3. However, to have more degrees of

freedom for model building, we shall focus on the geometry of the C'Y; with an embedded
dP; surface [54] in the next subsection.

“There is one (5,5) on the 10(9®) curve.
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6.5 (2,2) factorization and CY; with a dP; surface

We again consider the geometric background in eq. (6.15)and the (2,2) factorization. In
this case, the refined Euler characteristic is given by

X(X4) = 636 + (1265 — 12&m + 4865¢1). (6.27)
The self-intersection of the cover flux I' is

I? = —2(kg, +ma,)?(14 4 & — 269n + 682¢1) + 4m, (6 + &5 — 26am + 8&¢1)
—2(kay + may) (€5 + 262¢1) + 4m,E5 + 8ma,ma, (&5 — Eon + 46ac)

+4p” — 8mq, (pn — péa — 4pcr) + 8ma, pa. (6.28)
The generations of matter on the curves are
Nygay) = (ma, — ka,)&5 — ma, on + (4ma, — 2ka, — 2ma,)éac1 + péa, (6.29)
Nygar) = —(14ka, + 8ma,) + (ma, — ka, )65 + (2ka, — ma,)€an
+(4mg, — 6kq, + 2mg, )&ac1 — pn + 4pct + péa, (6.30)
Nygtanaz) = —8ma, + 2(ma, +ma,)&3 + 2(ma, + 5ma,)éacr — 2ma, Ean
+2pcy + 2p€a, (6.31)
Nyganaz = —2(kay +ma,) (6 + 265 — 3an + 1265¢1), (6.32)
Nyguanan = (12kg, +20ma, ) + (4ka, + 2ma, — 2mg, )65 — 2(3kq, + 2ma, )&an
+(24kq, — 2mg, + 14mg, )éac1 — 2pcy — 2p&a. (6.33)

The supersymmetry condition is then
[2mg,&2 — 2maq, (n — 4c1 — &2) +2p] -5 [w] = 0, (6.34)

where [w] is an ample divisor dual to a Kéhler form of dP;. For simplicity, we choose [w]

to be
7

w] =148H — (58 — ) > _ E; (6.35)
i=1
with constraints 55 > a > 0.
In the (2,2) factorization of the SU(4) cover, we expect the matter spectrum for an
SO(10) model as
Maatter ~ Copy U(1l)¢

16(%2) 0/3 -1
16(@) 3/0 1
1002)@) g, 5 (6.36)
10(@)2) g, 0
10(d)(d) gy 2

The U(1)¢ is of the U(1)? Cartan subalgebra of SU(4) | that is not removed from the mon-
odromy. The Yukawa coupling is filtered by the conservation of this U(1)c. The possible
Yukawa couplings for constructing a minimum SO(10) GUT are then 16(4)16(41)10(d2)(d2)
and 16(%2)16(42)10(41)(@1)  We will demonstrate examples of the flipped SU(5) GUT model

from the following models.
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ki, ka, mg, ma, p ) a f3
-1 0 15 -05 —3(H-2E,+2E,+2E3+2E,+E;) H—-E 1 3

Table 18. Parameters of Model 1 of the (2,2) Factorization in dP.

Matter Class in S Class with fixed & Generation Restr. of F'x
16(d2) & H-E 0 0
16() n—der — & 3H — 37, Bi —2E7 3 0
10(d2)(d2) e+ & AH —2E, - Y% , E; — 2B, 4 0
100@)(d2) 9y — 8¢y — 26, 6H — 250 , B, — 4E; -3 0
10(d1)(d1) 1+ & 4H — 2F, — Z?ZQ E; —2E; -1 0

Table 19. The Matter content of Model 1. The flux is tuned that the restriction is zero on each
curve.

de kdl Mdy Mg,y P 52 « ﬁ
1 0 -05-05 —3(H—2E+2E,—2F3—FE;) 2H—FE,—Ey—E;—FE; 1 3

Table 20. Parameters of Model 2 of the (2,2) Factorization in dP.

Matter Class in S Class with fixed & Gen. Restr. of Fx
16(d2) & 2H — Ey — Ey — E3 — F7 0 1
16(d1) n— 401 - 52 2H — E4 - E5 - E6 - E7 4 -1
10(d2)(d2) c14 & 5H — 2 — 2F, —2E3 — Y%, E; —2E; 4 1
10(d)(d2) 2y — 8¢y — 2, AH — 2E4 — 2F5 — 2E¢ — 2E~ -3 -2
10(d1)(d1) c14 & 5H —2F, —2Fy — 23— Y%, E; —2E; -1 1

Table 21. Matter content of Model 2. The flux [Fx] = E3 — F4 has restrictions on the curves.

6.5.1 Model 1

In this example we demonstrate a three-generation model. The numerical parameters
are shown in table 18, and the matter content and the corresponding classes with the
flux [Fx] = E2 — E3 are listed in table 19. By using egs. (6.25) and (6.26), we obtain
x(X4) = 600 and I'> = —18 which gives rise to Np3 = 16.

6.5.2 Model 2

In this model, we show a four-generation example with non-zero restrictions of F'x on the
matter curves. The spectrum can maintain a three-generation model after the gauge is
broken to SU(5) x U(1)x by Fx. The parameters are presented in table 20, while the
matter content and the corresponding classes with the flux [Fx] = E3 — Ej are listed in
table 21. In this model, we have x(X4) = 600 and I'> = —26 which gives rise to Np3 = 12.
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Matter Rep. Generation

10y, 10,4 3

BM 5173 3

1 117_5 3

5n 5 29 1

5n 5 9 9 1

10 + 10y 1017—1 + 101,1 1
5.22+5_2_2 3

5 + 5 exotics 50,2 + 507,2 3
529+ 52 9 -1

Table 22. Flipped SU(5) spectrum of Model 1 of the (2,2) factorization in dP;.

6.5.3 Discussion

The number of (—2) 2-cycles in dP; is large enough that it is possible to remain the
chirality unchanged by tuning F'x with vanishing restrictions on all the curves. An example
is presented in Model 1, and the corresponding flipped SU(5) spectrum can be found
in table 22.

The Yukawa couplings of the flipped SU(5) model from Model 1 then are

W D 101, _1m101 105291 + 101, 1051305 -2,—2n + 513011, —5M5 221
+101, 15101 15522, + 10114101 15452 _op + ... (6.37)

Similar to the examples with trivial restriction of Fx in the previous models, the
spectrum in this model is standard in the sense that there are no exotic chiral fermions,
and the quantum numbers of the matter are typical. We claim that the superheavy Higgses
105 and 10y come from a vector-like pair on the 16(%) curve, however again it is not
obvious and we are not able to fix the number of such pairs. In addition, there exist a few
exotic 5 fields from the 10 curves.

On the other hand, the restrictions of the flux Fx on the curves in Model 2 are
non-vanishing, thus they contribute to the chirality on the curves. From the information
in table 7 we can interpret the matter content to fit the flipped SU(5) GUT spectrum
in table 23.

In this case, the Yukawa couplings for flipped SU(5) are the same:

W D 10_1_1m10_1 _1as52,9n + 10_1 1051 3050 —2n + B1.30m 11,5050 21/
+10_1, 15101 _15522, + 101157101 1452 _op +.... (6.38)

The 10 + 10 superheavey Higgses are identified as a vector-like pair from the 16 curve. In
this model there are a few unavoidable exotic fields descended from both 16 and 10 curves.

TThe (5,5) exotics from the 10 curves of SO(10) can be obtained from table 7.
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Matter Rep. Generation

10, 104, 3
5 51,3 3

1 1 5 3
104 + 10y 101,,1 + 10171 1
5y 5_29 1

5, 5,2,,2 1

5 571,3 1

1 1 45 1

1 1 5 2

5+ 5 exotics from the 10 curves'

Table 23. Flipped SU(5) spectrum of Model 2 of the (2,2) factorization in dP;.

6.5.4 The singlet Higgs

In the flipped SU(5) model, the matter singlet is the right-handed electron, while it is
the right-handed neutrino in the Georgi-Glashow SU(5) GUT. Different from the SU(5)
spectral cover construction, the flipped SU(5) matter singlet is naturally embedded into
the 16 representation of SO(10) in the SU(4) spectral cover configuration. Thus there is
no need of additional effort to identify it in the spectrum.

Moreover, in flipped SU(5) models, a Yukawa coupling needed to explain neutrino
masses with the seesaw mechanism is [87, 88]

101,10 _15104. (6.39)

This singlet 1y is an SO(10) object and descends neither from the 16 nor from the 10
curves. Naively, one might think that it can be captured by the spectral cover associated
to the adjoint representation in SU(4) and the matter curve corresponds to +(A; — A;) =0
with i # j. The locus would then be given by [47]

4
bo [ [(Ai — A\)? = —4b3b3 — 2Tbobs + 16b3bs + 144bobab3bs — 128bob3b3 + 256b5b5 = 0.

i<j

However, this is not the case. In fact, this singlet matter curve lives in the base Bj instead
of the surface S and can not be described by the spectral cover. To calculate the matter
chirality on this singlet matter curve, we need the information of global geometry transverse
to the surface S. In other words, we need to go beyond the spectral cover construction.!
In the future, we hope there will be a global understanding of this singlet curve [47].

Therefore, we just assume this singlet exists and can provide the above Yukawa coupling.

5Recently this singlet has been discussed in [90] for the SU(5) GUT, and it is possible to apply the same
idea in this case. We leave this topic for our future work.
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7 Conclusions

In this paper we built flipped SU(5) models from the SO(10) singularity by the SU(4) spec-
tral cover construction in F-theory. The 10 curve in the SU(4) spectral cover configuration
forms a double curve, and there are codimension two singularities on this curve [39]. It has
been also shown that the net chirality on the 10 curve vanishes [39]. In order to obtain
more degrees of freedom and non-zero generation number on the 10 curve, we split the
SU(4) cover into two factorizations. In the (3,1) factorization there are two 16 curves and
two 10 curves on S, while in the (2,2) factorization there are two 16 curves and three 10
curves. The fluxes are also spread over the curves, providing additional parameters for
model building.

We start model building from setting up appropriate SO(10) spectrum on the 16 and
10 curves. Some Higgs fields, such as 210, 120, and 126 + 126 breaking the SO(10)
gauge group are absent in this construction. Therefore, we introduce a U(1) x flux to break
SO(10) to SU(5) x U(1)x. We interpret the resulting spectrum as a flipped SU(5) model.
The flux may have non-vanishing restrictions on the curves such that the corresponding
chiralities may be modified. The superheavy Higgs fields 105 and 10y needed for breaking
the gauge group to the MSSM are not obvious from the spectrum. We assume that they
are a vector-like pair from the 16 curve including the fermion representations, but we are
not able to fix the number of such pairs.

In the (3,1) factorization, we discuss first the construction on the geometry of the
Calabi-Yau fourfold with an embedded dPs surface constructed in [45]. We demonstrated
three examples. Two of them have three-generation, minimal SO(10) GUT matter spectra.
The U(1)x flux has always non-vanishing restrictions on the 16 curves, while it generically
has vanishing restrictions on the 10 curves. Therefore, on a 16 curve, the chiralities of the
10, 5, and 1 representations are modified in the factor of the U(1)x charges, and the model
no longer has three generations after the SO(10) gauge symmetry is broken. To solve this
problem, we constructed a four-generation model such that its corresponding flipped SU(5)
spectrum can possess at least three generations after the U(1)x flux is turned on. On the
other hand, the U(1)x flux in the case of dP; geometry background [54] can be tuned to
have trivial restrictions on the 16 curves so the chiralities remain untouched. We presented
one three-generation example of the (3,1) factorization based on this geometry.

In the (2,2) factorization, to have more degrees of freedom for model building, we
focused only on the geometry of the Calabi-Yau fourfold with an embedded dP; surface [54]
and presented two examples. The first was a three-generation flipped SU(5) model from
the SO(10) gauge group broken by the flux with trivial restrictions on all the matter
curves. The second example, however, starts from a four-generation SO(10) model whose
gauge group is broken to SU(5) x U(1)x by the flux with non-trivial restrictions on the
matter curves. The resulting chiralities are modified by the flux restrictions to achieve the
spectrum of a three-generation flipped SU(5) model. Generically, the flipped SU(5) models
from a four-generation SO(10) setup with non-vanishing flux restrictions to the 16 curves
results in exotic fields from the 16 curves.

There remain some interesting directions for future research. First, we could construct
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SO(10) singularities directly on Calabi-Yau fourfolds. Some examples in toric geometry
are discussed in [86], and it would be interesting to consider more general fourfolds. Sec-
ond, the SO(10) singlet is important for the neutrino mass problem in the flipped SU(5)
phenomenology, however the mechanism of defining this singlet remains unclear. Third,
we could investigate flipped SU(5) models that do not descend from a Dj singularity.
The flipped SU(5) models can be built from the anomaly-cancellation of the U(1)s of the
monodromy group [89] in the well-studied SU(5) spectral cover configuration in F-theory.
A recent study on the abelian gauge factor from a certain global restriction of the Tate
model [90] may be useful to study the U(1) gauge groups. In addition, it is also exciting if
we can turn on a non-abelian flux to break the SO(10) gauge symmetry down to a standard-
like model, such as the Pati-Salam model. We leave these questions for our future study.
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