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1 Introduction

Discrete flavour symmetries have been quite popular in the particle physics community
since the discovery of neutrino oscillations and the observation that the related neutrino
mixing matrix may show interesting structures.

In a recent paper [1], we discussed a specific class of these models. We observed that
many models in the literature are well able to explain structures in the fermion mass
sector, but that they are often rather involved, having a very large new physics sector. We
noticed that it is often needed to break the flavour symmetry in different ways for different
sectors. For instance the symmetry group A4 is often invoked to reproduce the so-called
Tri-Bimaximal mixing pattern. This can be successfully obtained if we assume that the
lepton mass terms break A4 down to two of its maximal subgroups: Z3 in the charged lepton
sector and Z2 in the neutrino sector. However, breaking a flavour symmetry in more than
one direction is highly non-trivial. In [1], we mentioned that so far only a few theoretical
techniques are known, all of which depend on supersymmetry or extra dimensions. For a
review of the use of discrete flavour symmetries, see [2].

We discussed the possibility of having only one breaking direction in flavour space. In
that case, one can build relatively simple models, in which it is not needed to introduce
separate flavons, scalar fields that are charged under the flavour symmetry and are respon-
sible for its breaking. Instead, the ordinary Standard Model (SM) Higgs field can take the
role of the flavons by being in a non-trivial representation of the flavour symmetry [3–7]. A
disadvantage is that the models are less natural: without a high energy theory, the param-
eters should be of the same order of magnitude, but here large hierarchies are necessary.
Furthermore special mixing patterns such as the Tri-Bimaximal mixing are only possible
for fine-tuned and ad-hoc values of the parameters of the model.
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We discussed in some detail a setup where the flavour symmetry group is A4 and where
there are three copies of the SM Higgs field in the triplet representation of the group. We
found that the A4 symmetric Higgs potential allows three different CP conserving solutions,
as well as two solutions in which some of the Higgs fields take complex vacuum expectation
values (vevs) and CP is violated.

We analysed the spectrum of the Higgs bosons in these cases. In general, we expect
that three complex Higgs fields should give rise to five neutral Higgs bosons (and one
Goldstone boson) and two charged Higgs bosons (and again one Goldstone boson). We
found that in some of these cases, there are extra, unwanted Goldstone bosons or very light
scalars and that it might be impossible to have all masses real. In this paper, we will show
that it is possible to solve these problems by adding a small term to the potential that
softly breaks the A4 potential.

We will also discuss the interactions between the new Higgs bosons and the fermions
in the theory. When more than one Higgs boson couples to all the fermions, the fermion-
Higgs interaction matrix generally is no longer diagonal and flavour violating processes
can be mediated by the Higgs scalars and pseudoscalars. In these models, there are more
channels available for rare fermion decays and meson oscillations. Experimental data place
stringent bounds on the masses of the Higgses. We note that these bounds are dependent
on details of the model, such as the A4 representations of the fermions and were therefore
not included in [1].

After a general analysis of the flavour violating processes, we will apply this to three
models from the literature. Ma and Rajasekaran [3] use the CP conserving alignment (v,
v, v) and focus on the lepton sector, even if the possible extension to quark is sketched.
Morisi and Peinaldo [4] and Lavoura and Kuhbock [5] discuss models where CP is broken
and the Higgses are alligned as (veiω, ve−iω, rv) (or a permutation thereof), with the first
paper focusing on leptons and the second on quarks.

We will see that the model of Ma and Rajasekaran (Model 1) is quite robust under
the constraints from the Higgs sector and flavour violating processes, while the models of
Morisi and Peinaldo (Model 2) and Lavoura and Kuhbock (Model 3) are strongly affected
by the new constraints.

2 The A4 invariant potential and soft A4 breaking

The most general scalar potential invariant under the symmetry A4 and including only an
A4 triplet Higgs Φa is

V [Φa] = µ2(Φ†1Φ1 + Φ†2Φ2 + Φ†3Φ3) + λ1(Φ†1Φ1 + Φ†2Φ2 + Φ†3Φ3)2

+λ3(Φ†1Φ1Φ†2Φ2 + Φ†1Φ1Φ†3Φ3 + Φ†2Φ2Φ†3Φ3) (2.1)

+λ4(Φ†1Φ2Φ†2Φ1 + Φ†1Φ3Φ†3Φ1 + Φ†2Φ3Φ†3Φ2)

+
λ5

2

[
eiε[(Φ†1Φ2)2 + (Φ†2Φ3)2 + (Φ†3Φ1)2] + e−iε[(Φ†2Φ1)2 + (Φ†3Φ2)2 + (Φ†1Φ3)2]

]
,

In [1] we searched for the minima of the potential and studied the spectra they produce.
We remind here that when the flavour and the Electroweak (EW) symmetry are broken
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through the Higgs vevs, the Higgs fields can be written as

Φa =
1√
2

(
Re Φ1

a + iIm Φ1
a

Re Φ0
a + iIm Φ0

a

)
→ 1√

2

(
Re φ1

a + i Im φ1
a

vae
iωa + Re φ0

a + i Imφ0
a

)
. (2.2)

The minima can be divided in two distinct classes, CP conserving or CP violating. To the
first class belong the cases (v, v, v) and (v, 0, 0), that preserve the subgroup Z3 and Z2 of
A4 respectively. The alignment (v1, v2, v3) breaks A4 completely and can only be obtained
if there are fixed relations among the parameters λi of the potential. This enlarges the
symmetry and gives rise to unwanted extra-Goldstone bosons.

In the CP violation class we have (veiω, v, 0), which can only be safe if λ5 6= 0. The
other possibility considered is the vacuum (eiω, e−iω, r)vw/

√
2 + r2 , of which the limit with

r very large is the most interesting choice and will be discussed in details in this work. In
fact, in one of the following section we will analyze the predictions in the flavour sector
of three specific models, in which the chosen vacua are (v, v, v), (veiω, ve−iω, rv) and a
permutation of the latter. Regarding the last vev, in our previous paper we also stressed
that some very light Higgs masses are expected. To avoid this feature, which is potentially
in contrast with the current limits on flavour violation, we add soft breaking terms to
eq. (2.1) in the form

VA4soft = v2
w

m

2
(φ†1φ2 + φ†2φ1) + v2

w

n

2
(φ†2φ3 + φ†3φ2) + v2

w

k

2
(φ†1φ3 + φ†3φ1) , (2.3)

where m,n, k are adimensional parameters that should presumably be smaller than one.
Notice that the chosen VA4soft is not the most general one but it prevents accidental extra
U(1) factor to appear.

3 General analysis of the Higgs-fermion interactions

We consider three Higgs fields Φa with hypercharge +1/2 transforming as doublets under
SU(2)L and as a triplet under a generic flavour symmetry Gf , eventually to be identified
with A4. Each Φa will couple to the three fermion families according to the group rules.
Without specifying the flavour group Gf and the fermion representations under it, in
general Φa will couple to fermions through a given Y a

ij

LY =
(
Y d
ijaQLidRjΦa + Y u

ijaQLiuRjΦ
†
a

)
+ (d↔ e) + h.c. (3.1)

where i and j are fermion family indices and a is the Higgs triplet index. Notice that, in
order to keep the formulae compact, we simply use d↔ e to indicate that similar Yukawa
terms are present in which down quarks are substituted by charged leptons. Without
specifying any high-energy explanation for the neutrino masses, we consider the low-energy
effective Weinberg operator: this term generates the neutrino masses and it has been
already discussed in the models we will analyze in the next sections. After EW symmetry
breaking according to eq. (2.2), the part of the Lagrangian including neutral Higgs fields
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becomes

LY,n =
(
Y d
ijaQ

d
LidRj

vae
iωa

√
2

+ Y d
ijaQ

d
LidRj

1√
2

(Re φ0
a + i Imφ0

a)+

+ Y u
ijaQ

u
LiuRj

vae
−iωa

√
2

+ Y u
ijaQ

u
LiuRj

1√
2

(Re φ0
a − i Imφ0

a)
)

+

+ (d↔ e) + h.c.,

(3.2)

while the part with the charged Higgs is

LY,ch =
(
Y d
ijaQ

u
LidRjΦ

1
a − Y u

ijaQ
d
LiuRj(Φ

1
a)
∗
)

+ (d↔ e) + h.c. (3.3)

Now we move to the mass basis of fermions through the transformations:

Q
d
Li = Q̂

d

LrV
d†
Lri , dRj = V d

Rjsd̂Rs , (3.4)

and in analogous way for all the other particles. The neutral and the charged Higgs fields
are also rotated into the mass basis:


h1

...
h5

π0

 = U



Reφ0
1

...
Reφ0

3

Imφ0
1

...
Imφ0

3


,

Ĥ+
1

Ĥ+
2

π+

 = S

Φ1
1

Φ1
2

Φ1
3

 , (3.5)

where π± and π0 are the Goldstone bosons associated to EW symmetry breaking.
In the mass basis the part of the Lagrangian which includes the neutral Higgs becomes

LY,n =
(
d̂rM

d
(r)

1+γ5

2
d̂r+d̂r(Rd)αrshα

1+γ5

2
d̂s+ûrMu

(r)

1+γ5

2
ûr+ûr(Ru)αrshα

1+γ5

2
ûs

)
+

+ (d↔ e) + h.c.

(3.6)

with

Md,u
ij = V d,u†

Lri

(∑
a

va√
2
Y d,u
ija

)
V d,u
Rjs ,

(Rd)αrs =
[
V d†
Lri

1√
2

(iU †(a+3)α + U †aα)Y d
ijaV

d
Rjs

]
,

(Ru)αrs =
[
V u†
Lri

1√
2

(−iU †(a+3)α + U †aα)Y u
ijaV

u
Rjs

]
,

(3.7)

and similarly for the leptons. The interaction with the charged Higgs becomes

LY,ch =
(
ûr(T d)βrsĤ

+
β

1 + γ5

2
d̂s − d̂r(T u)βrsĤ

−
β

1 + γ5

2
ûs

)
+ (d↔ e) + h.c. (3.8)

where
(T d,u)βrs =

[
V d,u†
Lri S

†bβY d,u
ijb V

d,u
Rjs

]
(3.9)
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and similarly for the leptons. Expanding the hermitian conjugate, the Lagrangian can be
written in a more compact form

LY =
(
d̂rM

d
(r)d̂r + d̂r

(
(Id)αr,s + γ5(Jd)αr,s

)
hαd̂s

+ ûrM
u
(r)ûr + ûr

(
(Iu)αr,s + γ5(Ju)αr,s

)
hαûs

+ûr
(
F βr,s + γ5G

β
r,s

)
Ĥ+
β d̂s + d̂r

(
F β∗r,s − γ5G

β∗
r,s

)
Ĥ−β ûs

)
+ (d↔ e) ,

(3.10)

with the new coefficients defined in the following way:

(Id,u)αr,s =
1
2

(
(Rd,u)αrs + ((Rd,u)αsr)

∗
)
,

(Jd,u)αr,s =
1
2

(
(Rd,u)αrs − ((Rd,u)αsr)

∗
)
,

F βr,s =
1
2

(
(T d)βrs)

∗ − ((T u)βsr)
∗
)
,

Gβr,s =
1
2

(
(T d)βrs)

∗ + ((T u)βsr)
∗
)
, (3.11)

and similarly for the leptons. As shown in the next section, the operators I, J , F and G

determine whether flavour changing interactions are possible and what their strength is.
Note that for particularly symmetric vevs of the Higgs fields, many of these operators are
automatically zero, thus forbidding many flavour changing interactions or allowing them
only if certain selection rules are met.

3.1 Flavor changing interactions

The interaction of fermions with the Higgs particles induces flavour violating processes
in the lepton and quark sectors. In the first one, rare decays of muon and tau particles
into three leptons are allowed at tree-level, while processes as li → ljγ take place through
one-loop graphs. For the quarks the possibility of ∆F = 2 meson-antimeson oscillations
is considered.

The processes µ− → e−e−e+ and τ− → µ−µ−e+. We consider the decay of a
muon into a positron and two electrons (figure 1 on the left). In the approximation of
massless final states, the decay amplitude is written as

Γ(µ→ eee) =
m5
µ

(4π)3 × 24
Iµeee, (3.12)

where the coefficient Iµeee is a combination of Iij and Jij , that were defined in the previ-
ous section:

Iµeee =
∣∣∣∣∑
α

IαµeI
α
ee

mα
H

2

∣∣∣∣2 +
∣∣∣∣∑
α

JαµeJ
α
ee

mα
H

2

∣∣∣∣2 +
∣∣∣∣∑
α

IαµeJ
α
ee

mα
H

2

∣∣∣∣2 +
∣∣∣∣∑
α

JαµeI
α
ee

mα
H

2

∣∣∣∣2. (3.13)

The prediction for the corresponding branching ratio is then

Br(µ→ eee) ≈ Γ(µ→ eee)
Γ(µ→ eνeνµ)

=
Iµeee
8G2

F

, (3.14)
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µ−

e−

e−

e+

hα

τ−

µ−

µ−

e+

hα

µ− e−

hα

e−

f−
γ

d t b

d̄t̄d̄

W W

e+

hα

τ−

µ−

µ−

e+

hα

µ− e−

hα

e−

f−
γ

d t b

d̄t̄d̄

W W

Figure 1. The decays µ− → e+e−e− (left) and τ− → e+µ−µ− (right) can occur at tree level in
our models.

to be compared with the experimental value [8] of Br(µ→ eee)exp = 1.0× 10−12.

The decay of a τ into two muons and a positron (figure 1 on the right) is generally
less constrained that the decay of the muon in two electrons and a positron, but it is of
interest in models where the latter process is prohibited by the symmetries. The calculation
proceeds in an analogous way. In fact, the decay amplitude is now

Γ(τ → eµµ) =
m5
τ

(4π)3 × 24
Iτµµe, (3.15)

where the coefficient is now given by the following expression:

Iτµµe =
∣∣∣∣∑
α

IατµI
α
eµ

mα
H

2

∣∣∣∣2 +
∣∣∣∣∑
α

JατµJ
α
eµ

mα
H

2

∣∣∣∣2 +
∣∣∣∣∑
α

IατµJ
α
eµ

mα
H

2

∣∣∣∣2 +
∣∣∣∣∑
α

JατµI
α
eµ

mα
H

2

∣∣∣∣2. (3.16)

while the branching ratio becomes

Br(τ → eµµ) = 0.17× Γ(τ → eµµ)
Γ(τ → µνµντ )

= 0.17× Iτµµe
8G2

F

, (3.17)

to be compared with the experimental limit Br(τ → eµµ)exp = 2.3× 10−8 [8].

The process µ− → e−γ. The relevant diagram for this process has one loop with a
charged fermion and a neutral Higgs (see figure 2). We consider the limit in which the
Higgs is much heavier than the virtual fermion and the final electron is massless. Under
this assumption the decay amplitude becomes [9]

Γ(µ→ eγ) =
e2m5

µ

6× (16)3π5

∣∣∣∣∣∣
∑
α,f

(Rαfe)
∗Rαfµ

mα
H

2

∣∣∣∣∣∣
2

(3.18)
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µ

e+

hα

µ− e−

hα

e−

f−
γ

d t b

d̄t̄d̄

W W

Figure 2. The decays µ− → e−γ proceeds at one loop in our models, but can be much larger
than in the Standard Model, where a GIM-like cancellation occurs.

e+

hα

µ− e−

hα

e−

f−
γ

d t b

d̄t̄d̄

W W

d b

d̄b̄

hα

Figure 3. Bd-Bd oscillations take place via box diagrams in the Standard Model, but can proceed
via tree-level Higgs exchange in our model.

and the branching ratio is

Br(µ→ eγ) =
Γ(µ→ eγ)
Γ(µ→ eνν)

=
αem

32πG2
F

∣∣∣∣∣∣
∑
α,f

(Rαfe)
∗Rαfµ

mα
H

2

∣∣∣∣∣∣
2

(3.19)

to be compared with the current [10] (future [11]) experimental bound Br(µ → eγ)exp =
10−11 (10−13).

Meson oscillations. Meson-antimeson oscillations are constrained to be generated by
box processes in the SM (figure 3 on the left left), but in the presence of flavour violating
Higgs couplings, they can also proceed via tree-level Higgs exchange.

For the mass splitting connected to F 0 − F 0 oscillations [12, 13], we find

∆MF = B2
F f2

F MF

∑
α

[
1

mα
H

2

(
|Iαrs|2

(1
6

+
1
6

M2
F

(mr +ms)2

)
+ |Jαrs|2

(1
6

+
11
6

M2
F

(mr +ms)2

))]
.

(3.20)
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Meson MF (GeV) fF (GeV) BF ∆MF (GeV)
Bd (bd) 5.2795 0.1928± 0.0099 1.26± 0.11 (3.337± 0.006)× 10−15

Bs (bs) 5.3664 0.2388± 0.0095 1.33± 0.06 (1.170± 0.008)× 10−11

K (sd) 0.497614 0.1558± 0.0017 0.725± 0.026 (3.500± 0.006)× 10−11

Table 1. Properties of neutral mesons [14].

Here, MF is the mass of the meson, fF is its decay constant and BF are recalibration
constants of order 1, related to vacuum insertion formalism. Lastly, mr and ms are the
masses of the quarks of which the meson is build, i.e. rs = bd, bs, ds stands for Bd, Bs and
K0 respectively. Recent experimental values for the meson parameters, including ∆MF

that should be reproduced by the model, are given in table 1

4 A4 models for quark and/or lepton masses

In this section we will apply the general results about flavour violation to three specific
models. After describing the main features of each model, plots of relevant flavour violating
processes are reported. The points belonging to the plots are not chosen casually, but
instead represent parts of the parameter space that fulfill the tests in the Higgs sector, as
performed in [1] (positiveness of mass eigenstates, perturbative unitary constraints, bounds
from Z and W decays and oblique corrections).

4.1 Model 1

The aim of the Model 1 [3] is to reproduce the lepton mixing parameters in the Tri-
Bimaximal frame, although it is not possible without introducing hierarchies among the
parameters. Quarks are briefly mentioned in the paper, but the bulk of the analysis is
about the lepton sector. The triplet Φa couples only to charged leptons and the chosen
vacuum alignment falls in the class (v, v, v), with v real. The Yukawa matrices in this
sector are

Yij1 =

 y1 y2 y3

0 0 0
0 0 0

 , Yij2 =

 0 0 0
y1 ωy2 ω

2y3

0 0 0

 , Yij3 =

 0 0 0
0 0 0
y1 ω

2y2 ωy3

 (4.1)

After the diagonalization of the charged lepton mass matrix, it is straightforward to relate
the coefficient yi to the mass eigenvalues:

y1 =
me√
3v
, y2 =

mµ√
3v
, y3 =

mτ√
3v
. (4.2)

Since the vevs of the scalar potential are real, and consequently CP conserving, the U

matrix that rotates the Higgs fields into the mass basis (see eq. (3.5)) is block diagonal.
Neutrino masses are given through a low scale (∼TeV) type I See-Saw implemented by 3
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right handed neutrinos that transform as an A4 triplet and by an SU(2)L doublet Higgs,
η, singlet of A4

η =

(
η1

η0

)
=

1√
2

(
Re η1 + iIm η1

Re η0 + iIm η0

)
. (4.3)

Clearly η participates to the scalar potential, thus the Model 1 presents a scalar sector
less minimal of that studied in [1]. In this specific case the new scalar potential added to
eq. (2.1) is given by

Vη = µ2
η(η
†η) + λη(η†η)2 + ληΦ(η†η)(φ†1φ1 + φ†2φ2 + φ†3φ3) ,

Vη soft = µ2
ηΦ

[
η†(φ1 + φ2 + φ3) + (φ†1 + φ†2 + φ†3)η

]
,

where the A4 soft breaking part Vη soft is needed in order to avoid additional GBs. Vη soft
breaks A4 but preserves its Z3 subgroup,1 thus the full potential may naturally realize the
vacuum configuration

〈Φ〉 ∼ (v, v, v) ,
〈
η0
〉 ∼ u . (4.4)

Notice that u is responsible for neutrino masses and in the original model [15] it has been
assumed to be tiny, u� v ∼ vw/

√
3. This may be easily realized if µ2

ηΦ ∼ O(u vw).
We have already demonstrated in [1] that it is not necessary to set ε to zero in eq. (2.1)

to get this particular vev, as is assumed in [3]. Moreover, since Z3 is preserved, the mass
eigenstates of the triplet Φa, 5 neutral and 2 charged, can be arranged in Z3 representations,
as discussed for the case (v, v, v) in [1]: moving to this Z3 basis, we denote the states as ϕ,
ϕ′ and ϕ′′, transforming as 1, 1′ ∼ ω and 1′′ ∼ ω2 of Z3, respectively. This setup has been
discussed in the context of the lepton triality in [16]. Notice that only the state ϕ develops a
non-vanishing vev in the neutral direction, while the other two are inert scalars. Moreover,
ϕ behaves as the SM-Higgs and acquires the mass mh1 defined in [1]. Furthermore, the
transformation properties of the additional scalar η allow a mixing between ϕ0 (ϕ1) and
η0 (η1), both behaving as the SM-Higgs. However, this mixing interaction, iZη0ϕ0 + h.c.,
that was not present in [1], is irrelevant for the scalar spectrum discussion, because the
coupling is extremely small being suppressed by ∼ u. As a result, the conclusions driven
in [1] for the case (v, v, v) apply also in this context.

The coupling of the Higgses ϕ′0, ϕ′′0 to fermions is purely flavour violating. This
setup has striking effects on the lepton processes. In fact it was shown in [17] that, when
the A4 symmetry is unbroken, only a limited number of processes is allowed and these
either conserve flavour or satisfy the constraint ∆Le×∆Lµ×∆Lτ = ±2. The only source
of symmetry breaking is the vev of the SM-like Higgs ϕ0, which is flavour-conserving
and thus not involved in the processes we are looking at. We conclude that all flavour
violating processes should satisfy the selection rule. In particular this implies that the
decays µ− → e−e−e+ and µ→ eγ are not allowed, in the latter case in contrast with what
was reported in [3], but in agreement with the more recent [18].

Of the allowed processes, the less suppressed is τ− → µ−µ−e+, since its branching ratio
is proportional to m2

τm
2
µ. However, even this decay is very rare and below the experimental

1Notice that in the original model [15], η is carrying lepton number, which is explicitly broken by soft

terms. This prevents the appearance of further GBs.
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Figure 4. On the upper (lower) side, the branching ratio for the decay τ− → µ−µ−e+ as a
function of the effective mass m0 (the smallest mass m1) in the situation where the parameter ε is
zero. The horizontal line corresponds to the experimental upper bound.

limit for most values of the Higgs masses. In the upper part of figure 4, we plot the
branching ratio for the decay against an effective mass defined as m−2

0 = m−2
hA

+ m−2
hB

,
where A and B are the two pairs of degenerate bosons. In the lower part, the same
branching ratio against the mass of the lightest state, m1. In both the plots, the parameter
ε is set to zero, corresponding to the real Higgs potential discussed in [3]. For the first
picture, we reproduce the result of [3] that the branching ratio is proportional to m−4

0 . In
the second one, this dependence is lost, even if we can see a similar behaviour. Once we
take ε over the full range [0, 2π], we verified that the points cover a larger parameter space,
but still concentrating around the previous points with ε = 0.

In figure 5, we show the masses of the SM-Higgs ϕ0, mh1 , against the mass of the
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Figure 5. The mass of the SM-Higgs mh1 against the smallest Higgs mass.

lightest state m1. A plot with the mass of the SM-Higgs η0 against m1 looks very similar to
figure 5. All the points are above the diagonal and this corresponds to the fact that the SM-
Higgses are always heavier than the lightest state. As already stated in [1], in this situation,
the standard upper bound of 194 GeV at 99% CL [8] cannot apply due to the combined
effect of the CP and Z3 symmetries and the smallness of the iZη0ϕ0 + h.c. coupling.

Finally, we can comment on the magnetic dipole moments, which could give interesting
hints in this model. The discrepancy between the experimental measurement and the SM
theoretical prediction of the magnetic dipole moment of the muon is usually a good test
of flavour models [19–21], which could in principle provide new contributions. However, in
this particular model it has already been discussed in [3] that the non-SM contributions
are negligible.

4.2 Model 2

As in the previous section, the Model 2 [4] deals only with the lepton sector, but the
vacuum configuration used is different: here (r, eiω, e−iω)vw/

√
2 + r2 is assumed, where r

is an adimensional quantity. The Yukawa texture in the charged lepton sector depends on
two parameters:

Yij1 =

 0 0 0
0 0 y1

0 y2 0

 , Yij2 =

 0 0 y2

0 0 0
y1 0 0

 , Yij3 =

 0 y1 0
y2 0 0
0 0 0

 . (4.5)

In order to reproduce the masses of the leptons, r ' 240 is fit to the data and as a result
the minimum of the scalar potential falls in the large r scenario, as discussed in [1]. The
final number of the parameters in this model is four, two coming from the Yukawas and
two from the vacuum configuration.
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Figure 6. Correlation among the lightest Higgs mass and the soft breaking parameters. The differ-
ent colours correspond to the ranges that the individual parameters m, n and k are in, respectively
(0− 10−4), (0− 10−3), (0− 10−2) and (0− 10−1)

We have studied this vev alignment in [1], where it has been shown that it is not
possible to obtain a realistic Higgs spectrum without including soft A4-breaking terms.
Indeed if we introduce a soft breaking part, eq. (2.3), to the potential with adimensional
parameters m, n, k we can find five Higgses of mixed CP nature, all of which have masses
in the LHC sensitive range between 100 GeV and 1 TeV. It is interesting to underline that
such large Higgs masses have been recovered by using soft terms at most of order of 5% of
the EW vev. This underlines a non-linear dependence, as can be seen in figure 6.

In contrast with the Model 1, A4 is completely broken by the vev of the Higgs triplet.
As there is no residual symmetry, there are no special selection rules that forbid flavour
changing interactions. In particular the processes µ− → e−e−e+ and µ− → e−γ are
allowed. The first process, figure 7 occurs at tree level and produces a strong bounds on
the Higgs sector, where the lightest Higgs mass is expected to be above about 300 GeV.
On the other hand, the radiative muon decay to an electron, figure 7, is loop suppressed
and the new physics leads to a branching ratio below the observed experimental bound.

4.3 Model 3

The Model 3 is built as an A4 model for quarks [5], where both up- and down-type quarks
couple to the Higgs triplet. There are eight parameters in their model whose values are
unpredicted by the model itself, but are instead determined in order to reproduce the
masses of quarks and their mixing angles. The Yukawa matrices for both up and down
quarks has the same form as that of charged leptons of the Model 1, given in eq. (4.1).
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Figure 7. On the upper (lower) side, the branching ratio of the decay of a µ− → e−e−e+

(µ− → e−γ) versus the lightest Higgs mass. The horizontal band is the experimental limit [8].

They provide then six parameters out of eight. The remaining two come from the vev of
the triplet in the form (eiω, e−iω, r)vw/

√
2 + r2, where r is an adimensional quantity. Apart

from a permutation in the three entries, this is the same vacuum used in Model 2.
The Higgs spectrum can only be realistic in the situation where A4 is (softly) broken.

Although ω is not absolutely constrained, the need of reproducing the neutrino mixing
pattern suggests that the phase is small. In Model 2 we commented on the dependence of
the Higgs masses on the soft parameters and the same applies in this case: the dependence
is not linear and for even small soft parameters we get large Higgs masses. The plot in
figure 6 is representative also of this model.

Experimentally, in the quark sector two features have been explored: flavour changing
interactions and CP violation. Remarkably, the CKM matrix obtained in the model under
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inspection is completely real. It seems then of scarce value to explore CP violating effects
coming from the complex vevs of the Higgs triplet, not having the dominant contribution
from the Standard Model CKM matrix to compare them with. We will consequently focus
only on flavour changing processes. As discussed in section 3.1 meson oscillations are
in these models mediated by tree level diagrams instead of box diagrams. We therefore
expect strong bounds from the mass splittings in the neutral B-meson and Kaon systems.
In figure 8, we plot ∆MF versus the lightest Higgs mass for these systems. Indeed ∆MF

is large, up to several orders of magnitude above the experimental value for the Bd meson
and the Kaon.

5 Conclusions

Flavour discrete symmetries are a popular tool to reproduce mass and mixing patterns
of leptons and quarks. In a specific class of models, the flavour scale is set to coincide
with the EW symmetry by assigning the Higgs field to a non-trivial representation of
the underlying symmetry. In a previous paper [1] we analyzed the issues related to the
construction and the viability of the potential in the scalar sector, focusing on the choice
of the non-Abelian discrete group A4. We were able to discuss the minima of the potential
and to set general constraints to the framework without specifying the fermion content.
In this work we developed a very general formalism to describe the interaction of charged
and neutral Higgs and of fermions. In the mass basis of both Higgs bosons and fermions
the interaction depends on the Yukawa matrices that appear in the Lagrangian and the
unitary matrices that rotate the flavour basis into the mass basis.

We applied the formalism to three specific models that implement the symmetry A4.
These models differ in the representations to which the fermions are assigned and in the
choice of the vacuum expectation values of the scalar fields. The Model 1 [3] of lepton
mixing has a CP-conserving vev in the direction (v, v, v). In this setup, some transitions are
forbidden by the symmetry and the decay τ− → µ−µ−e+ becomes then the most relevant
process. We studied its dependance on the mass of the lightest Higgs and recognized
that for the largest part of the assumed values the branching ratio is below the current
experimental limit.

Apart from a permutation of the components, both the Model 2 [4] and Model 3 [5]
select the complex vev (eiω, e−iω, r)vw/

√
2 + r2. The purpose of the two approaches is to

reproduce lepton and quark masses and mixing, respectively. The benchmark process in
the lepton sector is the decay µ− → e−e−e+. Given the experimental bound, our analysis
showed that the Model 2 is disfavoured for values of the Higgs mass below 300 GeV. In the
quark sector, B and K mesons oscillations mediated by Higgs exchange were considered and
their predictions are largerly above the current experimental limit and strongly disproves
the setup of Model 3.

In conclusion, we showed that a deep and careful analysis of the phenomenology of
flavour models is fundamental to test their validity beyond the prediction of the mixing
patterns and is a powerful tool to discriminate among them.
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Figure 8. ∆MF for Bd, Bs and K mass splittings versus the lightest Higgs mass in the Model 3.
The horizontal lines correspond to the experimental values as reported in [14].
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