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D Plane wave solutions with (SO(3) x SU(3) x U(1)) x Hg symmetry 32

1 Introduction

In recent years much progress has been made towards understanding supersymmetric M-
theory backgrounds. In particular, the maximally supersymmetric backgrounds have been
classified in [1, 2], and the Killing spinor equations for one Killing spinor have been solved
in [3, 4]. More rapid development took place with the introduction of the spinorial geome-
try technique [5] for solving the Killing spinor equations. This allowed the solution of the
Killing spinor equations for more than one Killing spinor [5] and initiated the exploration
of type II backgrounds with near maximal number of supersymmetries [6, 7]. In particular,
it has been shown that IIB backgrounds which admit more than 28 Killing spinors are
maximally supersymmetric [6, 8], and that the plane wave solution of [9] is the unique [10]
local geometry which admits 28 supersymmetries. Moreover, it has been demonstrated
that M-theory backgrounds which admit 31 Killing spinors are maximally supersymmet-
ric [7, 11]. A similar result holds for type IIA backgrounds [12] which was proven using a
different technique.

The above results on nearly maximally supersymmetric backgrounds in M-theory and
IIB supergravity have illuminated some long standing questions regarding the structure of
supersymmetric backgrounds in theories with 32 supercharges. In particular, the results
obtained are in agreement with a conjecture in [13] about the number of supersymmetries
preserved by M-theory and type Il supergravity backgrounds. They are also consistent with
the homogeneity conjecture of [14, 15] which postulates that all solutions of supergravity
theories which preserve more than 1/2 of supersymmetry are homogeneous.

Another question that the results on nearly maximal supersymmetric backgrounds
elucidate is whether there are gravitational backgrounds for every BPS state of the super-
symmetry algebra with brane charges [16]. To explain this, it is expected that for every
BPS state there is a supergravity background with the same asymptotic charges as those
that characterize the state. This is because such states are massive and so self-gravitate.
BPS states of supersymmetry algebras with brane charges can be found that preserve
nearly maximal numbers of supersymmetries [17]. In particular, those which preserve 31
supersymmetries have been called preons. However, as we have mentioned there are no
solutions of supergravity theories with this number of supersymmetries. The reason be-
hind this is that in the supergravity calculation, apart from the kinematical effects which
are represented to some extent by the Killing spinor equations, the dynamics is also im-
portant. In particular the field equations and the Bianchi identities are used to rule out
the existence of such backgrounds.! Moreover whenever nearly maximally supersymmetric

'If only the restrictions on the fields imposed by the Killing spinor equations are taken into account,
then there may be configurations which preserve 31 supersymmetries. This is because the holonomy of

the supercovariant connection of 11-dimensional and IIB supergravities is in SL(32,R) [18-21] but such
configurations do not satisfy the field equations and Bianchi identities.



backgrounds are known to exist, they are typically plane waves and do not admit appropri-
ate asymptotic brane charges in order to be identified with the BPS states which preserve
the same number of supersymmetries. This incompatibility between the supersymmetry
algebra considerations and supergravity calculations is not fully understood and affects
many BPS states which preserve more than 1/2 of the supersymmetry.

In this paper, we shall extend the results on the existence of nearly maximally su-
persymmetric solutions of M-theory by showing that all solutions with 30 Killing spinors
are maximally supersymmeric. The proof relies on the use of the gauge symmetry of 11-
dimensional supergravity to choose the two normals to the 30-dimensional plane of Killing
spinors. This treatment is similar to that which has been used to examine other nearly
maximally supersymmetric solutions in [6, 7]. Putting the two normals in a canonical form
and using the orthogonality condition of the Spin(10,1) invariant metric on the space of
spinors, we choose the 30 Killing spinors. Then the integrability condition of the Killing
spinor equations, which involves the supercovariant curvature, is solved. It is shown that
subject to field equations and Bianchi identities, all components of the supercovariant cur-
vature vanish. This establishes that all backgrounds with 30 supersymmetries are locally
isometric to the maximally supersymmetric solutions of 11-dimensional supergravity. To
complete the proof, it remains to show that there are no discrete quotients of maximally
supersymmetric backgrounds which preserve 30 supersymmetries. This is also established
using the general method proposed in [22, 23] and applied in [11] to show a similar result
for the case of 31 supersymmetries.

We also investigate the existence of plane wave solutions in M-theory which preserve
28 supersymmetries. This is motivated by the result in IIB supergravity, mentioned above,
that this solution is unique and not locally maximally supersymmetric. Moreover it pre-
serves the highest fraction of supersymmetry other than maximal. The possibility of the ex-
istence of such solutions in M-theory has been raised in [24] with the construction of a plane
wave superalgebra with 28 odd generators and even subalgebra (s0(3) @ su(3) @u(1l)) B Ho,
where §g is a Heisenberg algebra and @ denotes semi-direct sum. We find that the plane
wave solution which has as bosonic symmetry? the subalgebra (s0(3) ® su(3) @ u(1)) & Ho
actually preserves either 16, 20 or 32, but not 28, supersymmetries depending on the choice
of parameters.®> The N = 20 solution has been constructed before in [25].

This paper is organized as follows. In section two, we state the identities on the
components of the supercurvature implied by the field equations and Bianchi identities of
11-dimensional supergravity, the R-identities. In section 3, we give the canonical forms
of the two normals to the Killing spinors. In section 4, we solve the R-identities for
backgrounds with 30 Killing spinors. In section 5, we show that the supercurvature of
backgrounds with 30 supersymmetries vanishes using in addition the explicit dependence
of the supercurvature on the fundamental fields. In section 6, we complete the proof

2The superalgebra considered here is the symmetry algebra, which includes the isometries, of the solution
in the spirit of [26, 27] and it should not be confused with asymptotic supersymmetry algebra with brane
charges mentioned earlier.

% The apparent absence of a plane wave solution admitting a symmetry superalgebra with 28 odd
generators, as discussed in [24], is puzzling.



by demonstrating that there are no backgrounds with 30 supersymmetries which arise as
discrete quotients of maximally supersymmetric backgrounds. In section 7 we investigate a
class of plane wave solutions conjectured to preserve 28 supersymmetries, and in section 8
we give our conclusions. In appendices A, B and C, we present details of the computation
for the choice of normal spinors and for the analysis of R-identities. In appendix D, we
investigate the existence of plane wave solutions with 28 supersymmetries.

2 The integrability conditions

The bosonic fields of 11-dimensional supergravity [28] are a metric g and a 4-form field
strength F. The first part the proof that all M-theory backgrounds with 30 supersym-
metries are maximally supersymmetric relies on the properties of the curvature of the
supercovariant connection. In particular, the integrability condition of the Killing spinor
equation, De" = 0 is

5
1
Rune’ = [Dar, Dyl = ! (Thrn) A s 4, (TAA22A0) € = 0 (2.1)
k=1
where {€"} for » = 1,...,30 is a basis for the Killing spinors, and R is the supercovari-

ant curvature. The (real) components T of R depend on the physical fields and their
derivatives, and some of them contain the Riemann curvature of spacetime. Their precise
expressions are given in [1, 2|.

An essential part of the proof is to show that if there are 30 linearly independent
Killing spinors, then R = 0. This will demonstrate that the backgrounds with 30 super-
symmetries are locally maximally supersymmetric. To show this, one has to implement
the field equations and Bianchi identities of 11-dimensional supergravity as well as utilize
the explicit dependence of R on the physical fields. In turn, some of these conditions can
be expressed as relations on the components 7" of R

1
(Tj\ldN)N =0, (TJ\24N)PN =0, (TZbPl)PQ + Q(TZZ\ZN)P1P2N =0,
1 1
(TZ%ﬂPl)PzPs} - 3(TJZ\14N)P1P2P3N =0, (TZ:\S4[P1)P2P3P4} + 4(TZE\§4N)P1---P4N =0,

1
(le\ld[Pl)PQ-"Ps] - 5. 5|61‘—’1“'1‘—’5Q1 Q6(TZE\§4Q1)Q2“'Q6 =0 (2'2)

(Tarw)p = (Tiyn) Py » (Tin)Po = (Tho)un (Thun)ror =0, (23)
(T(?’M1|(N1)N2)\M2)M3 =0, (2.4)

and
(T(ura (32 ) N2) M) Mty = O - (2.5)

For convenience, we shall refer to (2.2)—(2.5) as the supercurvature identities or R-identities
for short. In order to analyse the N = 30 solutions, it is particularly useful to note the



following conditions, which relate the 4-form field strength to the 7%

6 My Mo M. 1

F[N1N2N3N4FN5N6N7N8] = 35€N1N2N3N4N5N6N7N8 T S(TMlMg)MS (2-6)
1 N1 N2 N3NyN: 9 5

FM[Q1Q2Q3F\N|Q4Q5Q6] = 5!€Q1Q2Q3Q4Q5Q6 P 10(TMN)N1N2N3N4N5

3 L
+2(T[EJ)\4|N1)N2N3N4N5|N} - 2(T[5M\L)N1N2N3N4 TINs| N]

— 4NN, IN NS (TEILQ)N2N3N4L1L2> (2.7)

9

FL[NlNgNgFN4]MNL = 2 (T]Z\lJN)NlNQNSN4 + 6(T]%7L)[N1N2N3LnN4]M

—6(ThrL) [Ny NaNs - TINa )N (2.8)

We use the method introduced in [7] to solve the integrability conditions (2.1). In
particular, we introduce the normals v to the Killing spinors with respect to the Majorana
inner product B and write

RMN.ab = UMN,ip ToVF (2.9)

where a,b are spinor indices,* and {n’} for i = 1,...,32 is a canonical Majorana basis,
either in the timelike or null basis, as described in [5, 29], and u’s are real spacetime
functions. Clearly R expressed as in (2.9) satisfies the integrability condition (2.1). Next,
on using the spinor identity

5

1~ (=D ArAa.. Ay
M= g > " 1y B0 Taa a0) (T Jab (2.10)
k=0 '

one finds that the components T are expressed in terms of the u’s as

(_1 k+1

k
(TMN)AIAQ---Ak = 32

uninip By, Ty ag.. 4,07) - (2.11)

Substituting these expressions for T”s back into the R-identities, one obtains conditions
on u’s. In particular, if the R-identities imply that u = 0, then T' = 0 and the associated
solutions are locally maximally supersymmetric.

In addition to the conditions on the w’s imposed by the R-identities, there is also
the restriction

unN,ig By, %) = 0. (2.12)

This is because the (reduced) holonomy of the supercovariant connection is contained in
SL(32,R) [18, 19] rather than GL(32,R). The above condition is the requirement that the
trace of the supercovariant curvature vanishes.

4We follow the form and spinor conventions in [5, 29].



3 Normal spinors

Further progress to proving whether R = 0 for backgrounds with 30 supersymmetries
depends on the use of gauge symmetry Spin(10, 1) of 11-dimensional supergravity to choose
the two normals v and v? of the Killing spinors. The first normal can be chosen as in [7]. In
particular, there are two inequivalent orbits of Spin(10, 1) in the space of Majorana spinors
with isotropy groups SU(5) and Spin(7) x RY. A representative of the SU(5) orbit is

v =1+ eioms, (3.1)
and a representative of the Spin(7) x RY orbit is
=1 + e1234 - (32)

It is essential to note that the representatives of the two different orbits have been expressed
in two different bases. The representative of the SU(5) orbit has been written in the time-
like basis while the representative of the Spin(7) x R? has been written in the null basis,
for the definition of these spinor bases see [5, 29]. Note that the 1-form spinor bi-linear of
the SU(5) invariant normal is time-like while the same form of the Spin(7) x R? invariant
norma is null. In what follows, we shall use the remaining gauge symmetry to choose the
second linearly independent normal v? to the Killing spinors. We shall label the two cases
with the isotropy groups of the first normal.

3.1 SU(5)

Suppose that the first normal is ' = 1+ e19345. To choose the second normal up to SU(5)
transformations that leave invariant v', we first note that the most general form of % in
the time-like spinor basis of [5] is

1 _
2 = k
v:=a.l + €12345 + /3 €L + '(*B)m1m2m3m4em1m2m3m4;

4
T,
+20n1n26n1n2 - 31 (*U)klekgekleRS ) (3'3)
where here k,m,n =1,...,5 and a, 3%,0™" are in general complex valued, and * denotes

the Hodge dual on R®. Then we decompose the Majorana representation of Spin(10,1)
under SU(5) and appropriately choose representatives for the orbits of isotropy groups.
The procedure has been explained in detail in appendix A. It turns out that there are two
cases to consider, according to whether 3 = 0 or § # 0. In the § # 0 case, the second
normal spinor can be chosen as

2 . 12 34
ve = ix(1 — eq2345) + €1 + €345 + 0 “(e12 — €345) + 07" (€34 — €125)
45 23 _923
+0"(e45 — €123) + 0 €3 — 7 e1ss5 , (3.4)
where z, 012, 034, 0% are real spacetime functions.

In 8 = 0 case , the second normal spinor can be chosen as

V2 = ix(1 — ej3a5) + 0 2 (e12 — ea5) + 074 (e34 — e125) (3.5)

where z, 012, 03 are real spacetime functions.



3.2 Spin(7) x R?

Suppose that the first normal spinor is ' = 1 + e234. To choose the second normal up to
Spin(7) x R? that leave invariant v!, we first note that the most general form of v? in the
null basis of [29] is

2 1 (*7:)711712713

v° = al + aejaz4 + wes + weqa345 + Tjej — 3] €ninansz
. 1 - 1 . 1 .. .
+’I;Z)J6j5 - 3' *’I;Z)nannSenanngf) + 2(14-2] - *Azj)eij + Q(BZJ - *Blj)el'jfi? (36)
where here ,j,n = 1,...,4, o, w,7,¢", AV, BY are complex valued and * denotes the

Hodge dual on R%.
After a detailed analysis which can be found in appendix A, the second normal can be

written in one of four possible canonical forms:

v? = ci(es + e1a3a5) + i(e5 — e12345) + ca(e1s + easas) + cs(e1s — e23) (3.7)

or
v = ki(es + €12345) + €15 + ea3a5 + ika(e1 — ea34) + kz(e2 — e134) (3.8)

or
v? =izl — e1234) + €5 + e12345 , (3.9)

or
V2 = iy(1 — e1a34) + T(e1 + e234) (3.10)

where c1, ¢, c3, k1, ko, k3, x,y, 7 are real functions.

Further simplification is possible. This is because if for one of the above normals the
associated 1-form bi-linear is not null, then the corresponding case is not new but part
of the cases for which the first normal is v! = 1 + ej9345. Thus the new cases which
arise for v' = 1 + eqo34 are those for which both normal spinors are associated with null
1-form bi-linears. Evaluating the norm of the 1-form bi-linears for (3.7)—(3.10), one finds
—16¢3(1 + ¢3), —16(k3 + k3), —1622 and 0 respectively. Setting these expressions to zero,
one obtains the solutions c¢g = 0, ko = k3 = 0 and x = 0 in (3.7)—(3.9). Using this, the
cases (3.7)—(3.9) can be combined as

v? = by(es + e12345) + iba(es — e12345) + bz(e1s + €2345) (3.11)

where by, by, bg are real functions. In fact, an additional simplification is possible by requir-
ing that the 1-form bi-linear associated with v? + ! be null which forces by = 0. This is
because the second normal must be linearly independent and can be defined up to choice
of the first one.

To summarize, when v! = 1 + e1934, one can without loss of generality choose

v? = ales + e1a315) + bles + eazas) (3.12)

or

v = zm(l — 61234) + n(el + 6234) (313)

where a, b, m,n are real functions.



4 Solution of R-identities

Having specified the normals, the Killing spinors are determined using the orthogonality
condition. This allows us to express the T" components of supercurvature in terms of u’s.
Substituting this into the R-identities, one obtains linear conditions on the u’s. In many
cases, the linear conditions on the u’s imply that all the u’s vanish and so such backgrounds
are locally maximally supersymmetric. In some other cases, the linear system for the u’s
does not imply that all the u’s vanish. As a result it may appear that there could be some
non-trivial solutions. However, after taking into account the explicit dependence of T’s in
terms of the physical fields, one finds that all the u’s are forced to vanish.

4.1 Spin(7) x RY

We have shown that if the first normal is ¥' = 1 + ej234, then v? can be chosen either
as (3.12) or as (3.13). Therefore there are two cases to investigate which in turn can be
separated into different subcases.

4.1.1 v =14 eq934, v? = ales + e12345) + b(e1s + €2345)

To proceed, we solve the R-identities for the w’s first in the special cases for which either
b or a vanishes, and then for the case a,b # 0. If b # 0, then after a computer assisted
computation, one finds that the linear system implies that u = 0, and hence the solutions
are locally maximally supersymmetric.

In the remaining case, for which v = e5 + €12345, one finds that after solving the
R-identities, there is one real u degree of freedom remaining. In addition, none of the
T* vanish.

4.1.2 vi=1+ €1234 5 V2 = im(l — 61234) +n(e; + 6234)

This case is separated into various special cases. The R-identities are solved for all these
and it turns out that some of the u’s do not vanish. In particular, we find the following.

(i) If v2 = i(1 — e1234), the R-identities are not sufficient to set all u’s to zero. In fact
after solving the R-identities, one finds that there are 78 real u degrees of freedom
remaining. Nevertheless substituting the solution of the R-identities into (2.11), one
finds that

™ =0, T*=0, (4.1)

However although several components of T2, T* and T° vanish, 72, T* and T° are
not zero.

(ii) If 2 = e1 + e934, the R-identities imply that all, but 3 real u degrees of freedom,
vanish. Substituting this result into (2.11), one finds that

™ =0, T)=0, (4.2)

However, T2, T* and T°® are not necessarily zero.



(iii) If both n,m are non-vanishing and so the direction of the second normal can be

2

chosen as v* = i(1 — eq234) + y(e1 + e234), the R-identities again imply that 3 real u

degrees of freedom remain. Again one finds that
T =0, (4.3)
however T2, T3, T* and T° are not necessarily zero.

4.2 SU(5)

We have shown that if the first normal is ¥' = 1 + ej9345, there are distinct choices for
the second normal given in (3.4) and in (3.5). In the solution of the R-identities these in
turn separate into different subcases depending on the non-vanishing components of the
second normal.

4.2.1 v =14 ejoa5, v? =ix(1 — e12345) + 0'%(e12 — e3a5) + 07 (€34 — €125)

To investigate the various subcases observe that if one ¢’s is non-vanishing, then without

loss of generality we can choose it to be o!'?

. This is because the orbits represented by
(e12 — e345) and (esq — e125) can be treated symmetrically-they are interchanged by the
lexicographic transformation 12 < 34. Thus from now on, in such case, we shall choose
the normal direction by setting o2 = 1. We also write 03* = f3.

The various subcases that arise are as follows.

2

(i) If both o components vanish and so v* = i(1 — ej2345), the R-identities imply that

78 real u degrees of freedom remaining. Nevertheless, one finds that
™=0, T*=0. (4.4)

In addition, several components of 72, T4 and T° vanish. However, the R-identities
do not force T3, T* and T® to vanish.

(ii) If B # 0, then w = 0 and so R = 0. Therefore all such backgrounds are locally
maximally supersymmetric.

(iii) If © # 0, B = 0, the R-identities imply that all, but 2 real u degrees of freedom,
vanish. Moreover, one can show that

™=0, T3=0, T'=0. (4.5)

In addition, several components of 72 and 7° vanish. However, the R-identities do
not force T? and T° to vanish.

(iv) If = 8 = 0, the R-identities imply again that 2 real u degrees of freedom are not
vanishing. In case (iii) above

T' =0, T3 =0, T =0. (4.6)

However, although several components of 72 and T° vanish, 72 # 0 and T° # 0.



4.2.2 vt =1+e19315, v? = ix(1 — e12345) + €1 + 2315 + 02 (€12 — e345) + 034 (e34 — €125) +

45 23 _93
0% (e45 — e123) + 0°°ea3 — 6°°€145

This case can be separated into various subcases depending on the non-vanishing compo-
nents of the second normal. In all the subcases that arise, the R-identities imply that u = 0
and so R = 0. Thus all these backgrounds are locally maximally supersymmetric.

5 Local maximal supersymmetry

Having solved the R-identities, we have found that in a number of cases some of the u’s do
not vanish. To make further progress, we shall utilize the explicit dependence of the T"s
in terms of the physical fields. As we shall show, the resulting additional conditions are
sufficient to show that all T”s vanish, and so all backgrounds with 30 supersymmetries are

locally maximally supersymmetric.

5.1 Solutions with 71 =73 =T*=0

These T’s vanish in the cases (iii) and (iv) of 4.2.1. To solve these conditions, we first
observe that T' = 0 implies that

FANF =0, (5.1)
which in turn gives
ixFANF=0. (5.2)
Substituting this into 7% = 0 and using the Bianchi dF = 0, one finds that
VF =0, (5.3)

i.e. I is covariantly constant with respect to the Levi-Civita connection V.
It remains to explore 7% = 0. For this observe that if 7% = 0 then (2.8) implies that

FC[A1A2A3F0A4]MN =0. (5.4)

This is the fundamental identity of a Lorentzian 3-Lie algebra. The solutions of this identity
have been classified in [30]. Applying the classification results to our case, we find that the
solutions for F' are either

F = AldVOI(Vl) + )\QdVOI(VQ) , (55)

where A1, Ay are constants and V; and V5 are orthogonal 4-planes such that at most one of
them is Lorentzian and the rest Euclidean; or there is a null 1-form v such that

F=vAyp, (5.6)
and @ are the structure constants of a Euclidean metric Lie algebra, g; or

F =vA@+ XdVol(V) (5.7)

,10,



where V' is a Euclidean 4-plane orthogonal to the Lie algebra g. Since dimg < 9, the
semisimple Lie algebras that may occur are

su(2), su(2) @su(2), su(2) ®su(2) dsu(2), su(3). (5.8)

However, F' A F = 0. For the solution (5.5) this implies that A\; Ay = 0 and so either
A1 = 0 or Ay = 0. In either case

F = AdVol(V) (5.9)

is a simple form, but there are two cases to consider depending on whether V' is a Euclidean
or a Lorentzian plane. The solution (5.6) satisfies F' A F' = 0 automatically. Applying
FANF =0in (5.7) and assuming that ¢ # 0, one concludes that A = 0. As a result, the
solution of the conditions which arise from 7' = 7% = T% = 0 implies that either F is
simple and it is given in (5.9) for V' a Euclidean or a Lorentzian 4-plane, or F' is given
in (5.6).

It remains to examine whether 72 and T° vanish. It turns out that it suffices to show
that 7° = 0 since in all cases under consideration in this section a direct inspection of 72
and T° implies that if 7° vanishes so does 7. Moreover T° can be simplified as

1
5 B1B2B3C1CoC!
(TMN)Al...As == (72)2 [_ 6FMBlBngFNCngCg,€ 122bs1t2 3A1...A5

F9FLpE B FY e P22 4 4] (5.10)

Now if F is simple and so given in (5.9), 7° = 0. Thus 72 = 0 and so all such solutions
are locally maximally supersymmetric. Hence, the only remaining possibility is that for
which F' is given by (5.6).

To proceed, observe that if F' is given by (5.6), then the second term in (5.10) vanishes.
If a solution exists and F' is given as in (5.6), the null vector field associated with v, also
denoted by v, satisfies
M

M
v (SMQl)Q2Q3Q4Q5Q6Q7 =0 SQIQQ)MQ3Q4Q5Q6Q7 =0, (5'11)

where
(SNyNa ) My My Ms MaMs Mg = FNy (M Mo M B No| Mo M5 M) - (5.12)
It is straightforward to verify, by direct computation, that in cases (ii7) and (iv) of sec-

tion 4.2.1, if T # 0, there are no null vector fields satisfying (5.11). Hence these cases
must in fact have T° = 0, and hence be locally maximally supersymmetric.

5.2 Analysis of the remaining solutions

The remaining solutions consist of the Spin(7) cases with V2 = e5 + e1o35, V2 = €1 + €34,
v? = i(1 — eg934) + yler + eazq) (y € R, y # 0), and v2 = (1 — e1934). There is also a
SU(5) solution with v? = (1 — e19345). The analysis of these solutions is somewhat more
involved, and the details are presented in appendices B and C. In all cases, one finds that
the solutions are locally maximally supersymmetric.
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6 Discrete quotients

So far, we have ruled out the existence of local geometries that preserve 30 supersymmetries
in 11-dimensional supergravity. To prove that there are no solutions that preserve 30
supersymmetries, it remains to show that there are no such backgrounds which can be
constructed as discrete quotients of maximally supersymmetric ones. The simply connected
maximally supersymmetric backgrounds are isometric [1, 2] to Minkowski R!'®!, Freund-
Rubin AdSyx S” and AdS7 xS [31], and plane wave [32] CW1; solutions. New backgrounds
that preserve less than maximal supersymmetry can arise by taking appropriate quotients of
these backgrounds with discrete subgroups of their isometry groups. The general procedure
for investigating the number of supersymmetries preserved by such discrete quotients has
been explained in [22, 23]. It has also been applied in [11] to rule out the existence of
discrete quotients with 31 supersymmetries in 11-dimensional supergravity, and in [8, 10]
to rule out the existence of such backgrounds with 28 and 30 supersymmetries in 11B
supergravity. Because the general method has already been explained in detail, we shall
not elaborate apart from saying that it suffices to consider elements in the appropriate
isometry groups which lie in the image of the exponential map, ie they are written as
eX where X is an element of the Lie algebra of the isometry group. Moreover X can be
specified up to a conjugation. As a result, X can be put onto a maximal torus. Since the
isometry groups are Lorentzian there are different maximal tori and so different canonical
forms for X leading to several different cases that should be investigated. We shall apply
this general procedure for the Minkowski and plane wave backgrounds. It turns out that
for the AdS backgrounds a simpler argument can be used to rule out the existence of
N = 30 backgrounds.

6.1 Minkowski

The isometry group of Minkowski space is the Poincaré group SO(10,1) x R%!, Tt is easy
to see that identifications along the subgroup of translations preserve all supersymmetry.
Thus to preserve less than maximal supersymmetry, one should consider discrete subgroups
of the Lorentz group. Suppose that X € spin(10,1). Up to a conjugation, X can be written

either as
X = ;[90F05 + 01116 4 02127 + 03138 + 04T 4] , (6.1)
or as
X = ;[91F16 + 02127 + 03035 + 04149 + O51'5] , (6.2)
or as
X = ;[\/2Fh(ro +I'5) + 0116 + 02027 + 03038 + 04T 49] . (6.3)

Let us first consider the (6.1) case first. Decompose the spinor representations Asy of
Spin(10, 1) in representations of the commuting elements g5, "6, 27, '3g and I'yg. One
finds that Agy = B(oy,....00)Wogoy..0s and X becomes

1
X = 9 [900‘0 + 10101 + 10209 + 10303 + i9404] , (64)
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where o, ...,0 = £1.
Now assume that e preserves 30 spinors. In such case, there is a choice of ¢’s such

X

that both Wy,0,..0, and Wy,5,. 5, With ¢ = —o are invariant, ie e = 1 for both cases.

Using this, one concludes that
e’ =1 (6.5)

and so 6y = 0. Supersymmetry is not preserved under time-like identifications as expected.
Using this next observe that if for some o’s Wy, 4,...s, is invariant, then the subspaces
Wioions Weoi o4y Wis,.. 54 and W_z, 5, are also invariant. Therefore the invariant
subspaces have dimension 4k and so backgrounds with 30 supersymmetries cannot arise
this way.
To investigate the second case (6.2), again decompose the spinor representation Ago
in eigenspaces Wy, . of I'yits, i = 1,2,3,4,5, and write X as

1
X = 9 [i9101 + 10909 + 0303 + 10404 + iO’505] , (6.6)

where 01,...,05 = £1. Now in order the discrete elements to preserve precisely 30 su-
persymmetries, the invariant subspaces should be in complex conjugate pairs. As a result
the non-invariant subspace should be the sum of a 1-dimensional subspace and its com-
plex conjugate. Without loss of generality, assume that the non invariant subspace is

Wit ® Woi —1,-1,-1,—1. Since eX =1foro; = —1,090 =03 = --- = 05 = 1 and
o1 = 1,090 = —1,03 = --- = 05 = 1 multiplying the two expressions of eX together, we
find that

elllattattsl — 1 (6.7)
Next, multiply both sides of eX = 1 for 01 = 09 = 1,03 = 04 = 05 = —1 with (6.7).
One concludes that eX =1 for 0y = --- = 05 = 1, and so Wi 1111 ® W_i-1,-1,-1,—1

[t Rk it ] yT Ty

is also invariant. Therefore assuming that 30 supersymmetries are preserved, one finds
that all 32 of the supersymmetries are preserved and so there are no backgrounds with 30
supersymmetries which can arise as discrete quotients in this way.

It remains to investigate the null case (6.3). eX can be written as
e =1+ Ty Ty) (6.8)
where
R= ;[HIFIG + 02097 + 05055 + 04L'g9] (6.9)

Decomposing the spinor as € = €4 + e_, with 'y e, =0, ie Ago = W, @ W_, one has that
the invariance equations can be rewritten as

efe, + eRI‘hI’Jre, =€4
e =c_ (6.10)
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To preserve 30 supersymmetries, either e® leaves invariant either all of W_, or a co-
dimension one or codimension two subspace I in W_. When et leaves all of W_ in-
variant, (6.10) implies that e = 1, and so the first equation implies that all e_ must
vanish. The background preserves 1/2 of supersymmetry.

If e does not leave the whole of W_ invariant, decompose W_ into representations
of the commuting elements I'ig, I'27, I'3s and I'so; W_ = @5, 5,)Z0y..0,- Observe that if
Zg, ..o, 18 invariant under ef® then so is Z5,..54, Where ¢ = —o. As the invariant subspaces
occur in complex conjugate pairs, it follows that there cannot be a co-dimension 1 subspace
I C W_ invariant under e®. One can also exclude the possibility of a co-dimension 2
invariant subspace of W_ by taking, without loss of generality, the non-invariant subspace
tobe Zi1114141 9 Z-1-1-1-1. Then as ef=1onW_foroy =1,00=—-1,03=1,04 =1
and also for o1 = —1,00 = 1,03 = 1,04 = 1, multiplying the two expressions for ef
together gives

eilfs+0a) — 1 (6.11)

Next, multiply both sides of e® = 1 for 0y = 09 = 1,03 = 04 = —1 with (6.11); one finds
that Z1414141 ® Z-1-1-1—1 must also be invariant.
In conclusion, there are no discrete quotients of Minkowski space R'%! which preserve

30 supersymmetries.

6.2 AdS4 X S7 and AdS7 X 54

The spinor Asy representation of Spin(10,1) is decomposed under the isometry group
SO(3,2) x SO(8) of AdSy x S as Ay x Ay, where Ay is the Majorana representation of
Spin(3,2) and Ay is the Majorana-Weyl representation of Spin(8). Invariant subspaces of
discrete subgroups of the isometry groups have dimension nm, where n < 4 and m < 8.
Since 30 cannot be written this way, there are no discrete quotients of the AdSy x S”
background which preserve 30 supersymmetries.

Similarly Ass representation of Spin(10,1) is decomposed under the isometry group
SO(6,2) x SO(5) of AdS7 x S* as A§ x A4, where AJ is the Weyl representation of
Spin(6,2) and Ay is the Dirac representation of Spin(8). Again the dimension of the
invariant subspaces should be nm and so there are no discrete quotients of the AdS7 x S*
background which preserve 30 supersymmetries.

6.3 Plane wave

The symmetry superalgebra of the maximally supersymmetric plane wave solution [32] of
11-dimensional supergravity has been computed in [26]. The investigation of the existence
of discrete quotients of the plane wave solution which preserve 30 supersymmetries is similar
to that done in [11] for the existence of discrete quotients that preserve 31 supersymmetries.
However, there are some differences because the requirement of 30 supersymmetries is
weaker. Because of this, we shall repeat some of the steps of the analysis.

To examine the supersymmetry preserved by the discrete quotients of the maximally
supersymmetric plane wave, one needs the bosonic part of the symmetry superalgebra
and the way that the bosonic generators act on the spinorial generators. The bosonic
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part of the superalgebra has generators (e4,e_,e;,ef) and (M;;) for 4,5 < 3 and 7,5 > 4,
1,7 =1,...,9. The commutators of the bosonic generators are

[e—7ei] = 6;7

2

2
el == e (i<3), el =—boeo (i24),

2 2
[ei’ej]:_96ije+ (i,5 <3), [ei,ej]=—365zje+ (i,j >4),

[Mij, My] = =6 Mji + 66 My — (k < 1) (i,7,k, 1 <3) and (4,5, k,1 > 4),
[Mij, ex] = —dikej + 6jkei s [Mij, e] = —dikej + djke; - (6.12)

In particular the generators (M;;) span the Lie algebra so(3) @ s0(6). The commutators of
the bosonic generators with the spinorial generators )+ are

[e+7 Q:I:] =0 )
e Q4] = =" 10+, e\ Q-] ==/ 1Q-
lei, Q4] = —IéIPiF+Q— (1<3), lei, Q1] = —{;IDPJFQ_ (i >4),
2 2
[6?, QJr] = _/1L8FiF+Q* (Z < 3) ) [6?, Q+] = _/,;QFiFJrQ* (Z > 4),
(M, Q+] = ;FijQi , (i,7 < 3) and (i,j > 4), (6.13)

where I = T'193 and '+ Q4+ = 0.

The most general Lie algebra element of the symmetry group of the background is
X =ue_+ u+e+ + viei + wief + 91M12 + 92M45 + 93M67 + 94M89 (614)

where we have used the conjugation by SO(3) x SO(6) to put the component of X long
50(3) @ s0(6) in the Cartan subalgebra. Inspecting the commutators of the bosonic gener-
ators with the spinorial ones, X acts on the spinors as

2

% 7

H K - Ai A
X =—| M+ [T fu -3 vIPiP+—ZsziF+
1 1 1 1
+291P12 + 26’2T45 + 293P67 + 264P897 (6.15)

where Il are projections, IILQ+ = Q+, Hi =1, 02 =I0_, I, +1I_ =1and I, II_ =
II_II; =0, and \; = § for i < 3 and \; = § for i > 4. Since (6.15) does not depend
on u', any identification along this direction will preserve all the supersymmetry of the
background. Furthermore decomposing the spinor representation as W, @& W_, where
X

P Wi =T_W_ =0, ie ex = Il1e¢, the invariance condition e* € = € can be written as

eley +T B =ey,
ete_ =€, (6.16)
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where
. i g 1 1 1
A= |"m I r r r r 1
[4 ++ 19 ]u +291 12+292 45+293 67+294 89 5 (6.17)

5

and [ is an involved expression® associated with the components of X that contain I'y

which its precise form is not needed at present.

A

To continue, first observe that for the invariance condition on e€_, e“e. = e_ A is

simplified as
w1 1 1 1
A=—-"1 o, 6-,I" ;T o, 1
1plu” + 02+ 02lus + BsT6r +  6al'sg (6.18)

To preserve 30 supersymmetries, e should leave invariant either all W_ or a codimension 2
subspace S. (As we shall see the codimension 1 case does not occur.) First we consider the
latter case to show if a codimension 2 subspace is invariant, then all W_ is invariant. Since
the generators I, I'19, I'y5, I'¢7 and I'sg commute and square to —1, (the complexified) W_

can be decomposed in their eigenspaces as W_ = @4,..0,Wos,...04, Where og,...04 = £1
and ogogo3oy4 = —1. Then
A:—ll;iu_do—i- ;910'14- ;920'24- ;930'34- ;940'4 . (6.19)

Clearly if for some choice of o’s, Wy, 5, is invariant, then the complex conjugate subspace
Ws,..5,, Where ¢ = —o, is also invariant. Thus the invariant subspaces are always of
even codimension.

Next assume without loss of generality that Wi, 11111-1 @ W_1_1_1_141 IS not an
invariant subspace and the remaining eigenspaces are invariant. This implies that e = 1
forop =09 =—-03=04=01=1and e =1 for —0g = —09 =03 = —04 = 01 = 1. Using
this, one concludes that e = 1. In addition e =1 for o) =09 =03 =—04 = —01 = 1.
Multiplying e with this choice of ¢’s with €' = 1, one finds that Wi 14141-1 is also
invariant. Therefore, if one assumes that a codimension 2 subspace of W_ is invariant,
then all W_ is invariant.

Assuming that all W_ is invariant to make further progress, one has to examine the
action of e on W. Again W, can be decomposed as Wy = @40, Wo,...0, ID eigenspaces
of the generators I, I'19, I'45, I'¢7 and I'sg but now ogos0304 = 1, where og,...04 =
+1. Moreover

A:—ZiU_UQ—F ;910'1—|— ;920'2—|— ;930'3—|— ;940'4, (620)

A

ie e/ is represented differently on the W_ and W, subspaces. Using that e = 1 for A

given in (6.19) and taking into account that on W ogog0304 = 1, it is easy to show that

elel = e 30, (6.21)

®In [11], B is denoted with d.
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However e4 = 1 for A given in (6.19) implies that pu~ = 6nm, n € Z. Substituting this
into (6.21), one concludes that e acts with the identity on W,. Thus the invariance

condition (6.16) reduces to
I B =0. (6.22)

In order for a background to preserve 30 supersymmetries, the Kernel of § should have
dimension 14 for some choice of parameters u, w. However it has been shown in [11] that if
e =1, the dimension of a non-trivial Kernel is either 8 or 16. Thus there are no discrete
quotients of the maximally supersymmetric plane wave that preserve 30 supersymmetries.

7 Plane waves and 28 supersymmetries

It is clear that as in the case of IIB supergravity, the geometries of M-theory backgrounds
with near maximal number of supersymmetries are severely restricted. It is natural to ask
what is the highest possible fraction of supersymmetry, other than maximal, that can be
preserved. Although backgrounds with 29 supersymmetries cannot be ruled out, the plane
wave superalgebra construction of [24] indicates that there may be a plane wave solution
that preserves 28 supersymmetries. This plane wave superalgebra is characterized by a
(SO(3) x SU(3) x U(1)) x Hg bosonic symmetry, where Hg is the Heisenberg group with
19 generators. Assuming that this will be a symmetry of the background, one can analyze
all plane wave solutions of M-theory with (SO(3) x SU(3) x U(1)) x Hy symmetry group.
The most general plane wave ansatz with this symmetry is

1
ds? = 2dv(du + 2)\abxaxbdv) +ds’(R%), F=dvn®, (7.1)

where the transverse space R? of the plane wave is decomposed as R? = R? @ RS under the
SO(3) x SU(3) symmetry, ds?(R?) = (dz®)?,

® = kdvol(R®) + px + iy, (7.2)

where x is the SU(3)-invariant (3,0)-form on C% and (Ag) = A113x3 ® Aalgxs. The inves-
tigation of the Killing spinor equations is presented in appendix C. In particular, one finds
that such plane wave solutions preserve either 16, or 20, or 32 supersymmetries, depending
on the choice of parameters A1, Ao, k, i1, but not 28. The solution with 20 supersymmetries
has been found before in [25]. So we conclude that there is not a plane wave solution with
28 supersymmetries and (SO(3) x SU(3) x U(1)) x Hg symmetry group. Of course, this
does not rule out the existence of M-theory solutions with 28 supersymmetries. To estab-
lish the latter, an analysis similar to that which has been undertaken for IIB supergravity
in [10] is required. Nevertheless, it may turn out that the nearly maximally supersymmet-
ric backgrounds of M-theory are more restricted than those of IIB because of the larger
local Lorentz symmetry of the former. At present, the highest number of supersymmetries
known to be preserved by a non-maximally supersymmetric solution is 26, for the case of
the plane wave solution found in [33]. It is not known if this solution is the unique local so-
lution with 26 supersymmetries, or if there are other solutions with more supersymmetries
than this.
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8 Concluding remarks

We have shown that M-theory backgrounds that preserve 30 supersymmetries are maxi-
mally supersymmetric. First we have found that all such backgrounds are locally maximally
supersymmetric by demonstrating that the supercovariant curvature vanishes subject to
field equations and Bianchi identities, and then we proved that they cannot arise as dis-
crete quotients of maximally supersymmetric ones. This result combined with that of [7]
for M-theory backgrounds with 31 supersymmetries leads to the conclusion that all M-
theory backgrounds with more than 29 supersymmetries are maximally supersymmetric.
Moreover, we have explored the possibility of finding a plane wave solution which preserves
28 supersymmetries with symmetry superalgebra that of [24] which has 28 odd generators
and even subalgebra (s0(3) @ su(3) B u(l)) &, Hy. We found that plane wave solutions with
(s0(3) ®su(3) du(l)) ®s Ny isometry algebra preserve either 16, 20 or 32 supersymmetries
but not 28 depending on the choice of parameters. The solution with 20 supersymmetries
has been found before in [25].

To classify nearly maximal supersymmetric solutions that preserve less than 30 su-
persymmetries, one can in principle repeat the analysis we have done for the backgrounds
with 30 supersymmetries. For example, the investigation of backgrounds with 29 super-
symmetries will require the choice of three linearly independent normal spinors and so on.
It is clear that for backgrounds with progressively less supersymmetry more normal spinors
should be chosen, and so the gauge group will impose less restriction on the choice of nor-
mals. The analysis will become increasingly involved. Nevertheless, it may be possible to
make further progress in constructing solutions with nearly maximal supersymmetry. This
is based on the empirical observation that if the normal spinors are chosen such that they
have a large sigma group [34], then the R-identities impose less restriction on the supercur-
vature R. This increases the probability to find solutions which are not locally isometric
to maximally supersymmetric ones. An inspection of table 5 in [35] suggests that there are
five different possibilities that can be explored for backgrounds with 28 supersymmetries
in eleven dimensions. Although there is no guarantee that new solutions will be found, it
seems that these are the more promising cases to explore first.
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A Normal spinors
In this section, we construct the generic normal spinors associated with solutions of D=11

supergravity with a 30-dimensional space of Killing spinors. For such solutions, the spinors
are orthogonal (with respect to the Spin(10,1) invariant inner product B) to two normal
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1 2

spinors v', v2. Without loss of generality, v', v?

can be taken to be Majorana. The
conventions for the spinors, differential forms, gamma matrices and inner products are
identical to those in [5, 29].

In particular, without loss of generality, the first normal spinor !

can be written in a
particularly simple form using Spin(10, 1) gauge transformations. There are two possibili-
ties, either v! is SU(5) invariant, with

vh=1 + €e12345 , (Al)
or v! is Spin(7) x R? invariant with
vi=1 + €1234 , (A2)

where the two spinors have been expressed in the time-like and null spinor bases of [5, 29],
respectively. In what follows, we shall consider these two cases separately.

A.1 Solutions with v! =1+ ej9345

For solutions with SU(5) invariant v, it is particularly useful to work in the timelike basis

introduced in [5]. The generic form for the second Majorana normal is

1 _
2 ~ k
v° = al+ aejozas + ﬁ er + Al (*ﬁ)mlm2m3m46m1m2m3m4

1 1, _
+ 0" enin, — 3,(*U)k1k2k36k1k2k3 ; (A.3)
where here k,m,n =1,...,5 and «a, 3%,0™" are in general complex valued, and * denotes

the Hodge dual on R?.

There are two cases to consider depending on whether 5 = 0 or 3 # 0. Suppose that
B # 0 and apply a SU(5) gauge transformation to set 42 = 33 = p* = 3° = 0, with 8! = 33,
and § € R. Without loss of generality, set § = 1. Then apply a SU(4) transformation in
the 2,3,4,5 directions to set 02 = ¢4 = 01> = 0. Next, apply a SU(3) transformation in
the 3,4,5 directions to set 024 = 02°> = 0. Then apply a SU(2) transformation in the 4,5
direction to set 03> = 0 also. Moreover v, can be chosen up to v;. Using this, the second
normal can then be written as

2 . 12 2 4 4
v =ix(l —ej2345) + €1 + €2345 + 0 “e1a+ o 3623 +0° ey + 0 5645

—5%e345 — 0% e145 — 5 125 — 0103, (A.4)
for x € R. Next, by applying a SU(2) transformation in the 3,4 directions, one can take
0% € R, and a SU(2) transformation in the 4,5 directions can be used to set 034 € R, and

finally a SU(4) transformation in the 2,3,4,5 directions can be used to set o'2 € R. The
second normal then simplifies to

v? = ix(1 — e19345) + €1 + eazas + 02 (e12 — e345) + 07 (34 — e125) + 0™ (es5 — e123)
—i-0'23623 — 5’236145 R (A5)

where z,0'2, 034, 0% € R.
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In the second case, § = 0, using the reasoning given in appendix A of [5], one can
apply a SU(5) gauge transformation to write

v? = ix(1 — e1a345) + 02 (e12 — es45) + 0> (e34 — e125), (A.6)
for z, 012, 0% € R.

A.2 Solutions with v! =1+ eja34

For solutions with Spin(7) x R? invariant !, it is particularly useful to work in the null

basis introduced in [29]. In this basis, the most general form for v/? is

; 1
2 =al+ ae1934 + wes + weozas + 77 €; — a) (*7)"" 28 e ons (A7)
, 1 1 o 1 . o
Hlejs — o ()" eninangs + ) (AY = (xA)9)eij +  (BY = (xB)Y)eyjs
where here i,j,n = 1,...,4, o, w, 7, 9", A9, BY are complex valued and * denotes the

Hodge dual on R%.
Tt is particularly useful to observe that under a R? transformation generated by R ;+
RT 5+ €T 4y where R = (R?) and £ € R, w, ¢ and BY do not transform, and
o — a+ 2R 4+ V26w,
77— 17— 2wRI — 2R;(BY — (xB)") + V2£y |
AY — AY 4 4RIy 4+ /26 BY (A.8)
where here R; = 6i3R3 .
To proceed, note that one can without loss of generality set BY = 0 for all i,j. To

see this, first apply a SU(3) transformation in the directions 1,2,3 to set the coefficients
of e145 and egys to zero. Then

1 .. o _
wes + Weiazss + (BY — (¥B)")e;j5 = wes + wei234s + Ae1as — Aesss (A9)
Next consider the transformation generated by

1 . 4 . .
X = 2p[elef12 + e 154 e 3y + ewfg;l] € spin(7) (A.10)

for p,6 € R.
Under this transformation, one finds that

1 1 o 1 .
A — 2(1 + cos2p) A — 2(Cos 20 — 1)e?0 ) + 5 sin 2p(w — @)e” (A.11)

and one can always choose p, in order to make this expression vanish.
Having eliminated B" there are a number of cases to consider.

(i) Suppose Im w # 0. Then one can set a =0 and 7t = 0 for all 4, by applying a R?
transformation generated by R‘T',; + R'T 17+ &4y, where ¢ is fixed by

V2(Im w) <1 + WW)ﬁ +Im <a —~ 1107]@]) =0, (A.12)

|w]?
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(i)

and R’ is then given by
. 1 . .
RI= " (77 +V27) . (A.13)

2w
Note that this transformation in fact only sets Im «« = 0. However, the real part of

a can also be removed by subtracting a real multiple of v! from /2.

Then apply a SU(4) transformation to set 1 = 93 = ¢* = 0 with ! = ¢ € R. Next
apply a SU(3) transformation in the directions 2,3,4 to eliminate the e;y and e
terms, and set the eyy coefficient to be real. After applying all these transformations,
one has

V2 = x(e5 + e1a345) +i(es — e1a345) + Y(e1s + eazas) + ple1s — ea3), (A.14)

where z,v, u € R.

Suppose Im w = 0. Then wes + wej2345 is Spin(7) invariant and by the reasoning
given previously one can apply a Spin(7) transformation to set AY = 0 for all 4, j,
whilst keeping BY = 0 also. To proceed there are then a number of sub-cases to
consider.

(a) If v # 0, then one can apply a R® transformation, with R’ = o¢' (and & = 0) for
appropriately chosen o € C in order to set a = 0, whilst keeping AY = 0. Then
apply a SU(4) transformation to set ¥? = ¢ = ¢* = 0 and take without loss of
generality ¢! = 1. Then apply a SU(3) transformation in the 2, 3,4 directions
to set 73 = 74 = 0 with 72 € R. Finally, apply a R? transformation with

1
R'=— ¢w, R=R}=R'-=0, A.15
\/2§ ( )
where Re -1
erT
¢ V2(1 + w?) ( )
which sets Re 7! = 0. The second normal then simplifies to
v? = y(es + e12345) + €15 + €2345 + iA(e1 — eaza) + plez — esa) (A.17)

for y, A\, p € R.
(b) If 1" = 0 for all i then there are two further possibilities.

In the first, w # 0, and one can use a R® transformation to set 7° = 0 for all 1.
The second normal then simplifies to

v? =iy(1 — e1234) + €5 + €12345 , (A.18)

for y € R.

In the second, w = 0. Then one can use a SU(4) transformation to set 72 =

73 =74 =0 with 7! = 7 € R, and the second normal spinor can be written as

v = ’Ly(l — 61234) + 7(61 + 6234) . (Alg)
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To summarize so far, the second normal can be written in one of four possible canon-

ical forms:

v? = ci(es + e123a5) +i(e5 — e123a5) + calers + eazas) + c3(e1s — e23), (A.20)

or
V2 = ky(es + e12345) + €15 + €345 + ika(e1 — ea3s) + k3(ea — e134) (A.21)

or
V2 =iz(1 — e1234) + €5 + €12345 , (A.22)

or
V2 = ’Ly(l — 61234) + 7(61 + 6234) , (A23)

where ¢y, ¢, c3, k1, ko, k3, x,y, 7 € R.

Further simplification can be obtained by computing the norms of the vector field
bilinears associated with 2 in the above four cases (A.20)—(A.23). One finds —16¢3(1+c?),
—16(k3 + k‘g ), —1622 and 0 respectively. If any of these norms does not vanish, then the
second normal is SU(5) invariant. Since the two normals are un-ordered, the corresponding
case has already been considered in the previous section. Therefore we demand that both
normals are associated with null vectors and as a result we set cg3 = 0, ko = k3 = 0 and
x=01in (A.20)—(A.22).

Using this, the cases (A.20)—(A.22) can be combined as

v? = by(es + e12345) + iba(es — e19345) + ba(ers + e2345) (A.24)

for by, ba, b € R. In fact, additional simplification to this case can be obtained by requiring
that the vector biliniear associated with v? + v! be null. This forces by = 0.

To summarize, when v! = 1+ eq934, and all possible real linear combinations of ! and
v? generate null vector fields, one can without loss of generality take

v? = a(es + e12345) + bers + eazas) (A.25)

or

v = zm(l — 61234) + n(el + 6234) , (A26)

for a,b,m,n € R.
B Analysis of Spin(7) solutions

Before we proceed with the detailed analysis, we shall first introduce some notation. In
particular, it will be convenient to define

(SNyNo ) My My Ms My M Mg = F vy [y Mo v B No | My Ms Me] >

(QNlNQ)M1M2M3M4 — FL[MlMgMgFMleNQL . (Bl)
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It will also be useful to decompose the indices in a 2+ 9 fashion. We use the null basis

et = \}2 (e’ £+ €%) and use the index notation N to denote any spacetime direction apart

from the lightcone 4+ and —. We also write

¢N1N2N3 = F+N1N2N3’
X &Ry = P f Ry
wN1N2 - F+—N11\72 ?
T’Z)NlN2N3N4 - FN1N2]\73]\74 : (B'2)
In all Spin(7) cases, after a computer calculation, one finds that the tensors S and @
satisfy

(Q+N1)+N2N3N4 - O’

(Q+_)+N1N2N3 0,
(@, 5,) 485 8,55 = 0

(S+_)N1N2N3N4N5N6 =0. (B?))

To proceed, note that the constraint ( = 0 implies that

Q+N1)+N21\731\74
b oo L=0 (B4)
L[N2N3 N4]N1 : :
Hence ¢ are the structure constants of a Euclidean Lie algebra, g, of dimension 9. The

constraint (S, ) x5 k. & K = 0 implies that

DRy N, P gl = 0 - (B.5)

Suppose that g is not abelian. Then write g = gss @°~% u(1), where g, is a semi-simple
Lie algebra of dimension d. Split the indices N as N = {i,a} where i denote indices on
gss, and « are u(1) indices. Then (B.5) can be rewritten as

¢525334 ¢5555n - 3¢€5 [Kgfg ¢€4M6n + 3¢€6 [fgfg, ¢f4]f5n + 3¢f5£6 [ﬁg ¢£3£4}n =0. (BG)

Suppose gss = su(2) @ su(2) or gss = su(2) ® su(2) @ su(2), by taking lo, 3, 4 to lie in
one su(2), and 4, %5, n to lie in another su(2), (B.6) implies that ¢z, s,e5Pr506n = 0, which
is a contradiction. Next suppose that gss = su(3), then by contracting (B.6) with ¢‘2/3¢4,
one finds ¢y, ¢, = 0, which again is a contradiction. Hence, the only solution is gss = su(2)
for which (B.5) holds automatically. Therefore g = @%u(1) or g = su(2) ®% u(1).

To continue consider first the case g = su(2) ©% u(1). Examining various components
of T* and T°, we find

(i) (Q4-)+e,050 = 0 implies that w;, = 0.

(11) (Qij)+ﬁ1ﬁzﬁ3 =0 1mphes that wkﬁlﬁ253 =0.
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(ii)
(iv)
(v)

(Qij)-i—ﬁlﬁgﬁ = 0 implies that W, By = 0 and T;Z)ijﬁlﬁg =0.
(548)e1650584858; = 0 implies that 1, 3,8,6, = 0.

(S+*)f1f2€351ﬁ2ﬁ3 =0 lrnphes that X 316283 = 0.

Next, note that in the Spin(7) case with v? = e5 +e19345, a computer calculation yields

the additional condition

(SN1N2)+—N3N4N5NG =0. (B'7)

It is straightforward to show that the vanishing of (Sy,n,)+—nsnsas implies that xpas = 0.

For the remaining Spin(7) cases described in section (4.1.2) one finds, after a computer

calculation, the additional condition

(Q+N)*N1N2N3 =0. (BS)

The vanishing of (Q1;)—ap; again implies that xpg = 0.

To proceed further:

(a)

(b)

If 12 = e5+e19345, then as w is a simple 2-form, one must have (S+*)+—]\71]\72N3N4 =0.
One evaluating this component of S, one finds that all u vanish. Hence these solutions

are locally maximally supersymmetric.

If 12 = e1 + eg3q or 2 = i(1 — e1234) + y(ey + ea34) (for y # 0), then a computer
calculation yields

(Q+-) _ g, xyi =0 (B.9)
which implies that
Xiﬁ[mwnz]l =0. (B.10)

Suppose first that w # 0. As w is a simple 2-form, this implies that y is a simple
3-form. Hence it follows that

(S_ Ry ) - Ry Ry 5 5 = 0 - (B.11)

It is straightforward to show that this implies that all ©w = 0, and hence these solutions
also are locally maximally supersymmetric.

If, however w = 0, then the vanishing of (Q+i)—amn implies that x,,n,s3 = 0, and
hence all components of ¢, ¥, w, x are constrained to vanish with the exception of
Oty09055 Vabylolss X0itats- These conditions imply that the 4-form F' is simple, and
hence Q@ = 0 and S = 0. However, = 0 and S = 0 are sufficient to force all
remaining unfixed u to vanish, hence these solutions are once more locally maximally
supersymmetric.

If 12 = i(1 — eq234), then again there are two subcases. If w = 0 then the vanishing
of (Q+i)—amn implies that x,,n,3 = 0, and hence all components of ¢, 1, w, x are
constrained to vanish with the exception of ¢y, .04, Var 0005, Xe109¢5- These conditions
imply that the 4-form F is simple, and hence ¢ = 0 and S = 0. However, Q = 0 and
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S = 0 are sufficient to force all remaining unfixed u to vanish, hence these solutions

are locally maximally supersymmetric.

If however, w # 0, then a computer calculation yields

(Q+—) 5y w85 =0 (B.12)
which by the reasoning in (b) again implies that
("%, ) RNy K s s = 0 - (B.13)
In addition, (B.12) implies that
Xaning = VaWnin, (B.14)
for some V,, and note also that
VYaninans = Watninans - (B.15)

Then the condition (Q4;)—amn = 0 implies that V,,, W, are linearly dependent.
It follows that the conditions on 1 and x obtained so far are sufficient to imply that

(SMN) ¥, oy ¥y K5 ¥ = 00 (S ) 8 K N e = 0 - (B.16)

On evaluating the conditions imposed on u by (B.13) and (B.16), one finds that all
u = 0, hence once again, the solutions are locally maximally supersymmetric.

The analysis of the case for which g = @%u(1) (i.e. ¢ = 0) is more involved, and
depends on the various cases under consideration.

B.1 Solutions with v? = e5 + €12345

In order to analyse these solutions, note that the condition (B.7) implies (on contracting
over the Ny, N3 indices) that

A A
Wy 1/1)\“2ﬂ3ﬂ4 + 3(4)[#2 w|>\ﬂl|#3ﬂ4] =0. (B.l?)

In addition, a computer calculation implies that

(Q+=)ppopsps =0 (B.18)

which is equivalent to
A
Wiy "V \pzpzpa) = 0 - (B.19)

On comparing this equation with (B.17) one finds

Wm)\T/)Augugm = 0 . (BQO)

If w # 0, then this means there is a non-zero vector v € R? such that 7,1 = 0, and hence

in particular

A A
v (Skul)u2ﬂ3u4u5u6u7 =v (Smuz))\uamusuem =0. (B.21)
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By applying an SU(4) gauge transformation, one can take without loss of generality v? =
v3 = v =08 =97 =8 =19 =0, then the above condition forces the remaining degree of
freedom in u to vanish; such solutions are therefore locally maximally supersymmetric.

If, however, w = 0, then this implies that

(S+>\1)*>\2>\3)\4)\5)\5 =0. (B22)

On examining the components of this condition on the computer, one finds again that this
condition forces the remaining degree of freedom in u to vanish.

It follows that all solutions with v = e5+e12345 are locally maximally supersymmetric.
B.2 Solutions with v? = im(1 — ej234) + n(ey + €234)

In order to analyse these solutions, note that a computer calculation yields the conditions

(S+,)+,a1a2a3a4 =0, (Q+a1)*a2&30{4 =0 (B'23)
which imply that
VravasaqWar” =0 (B.24)
and
wAw=0. (B.25)

This implies that w is proportional to a simple 2-form on R?. We shall consider the cases

for which w # 0 and w = 0 separately.

B.2.1 Solutions with w # 0

To proceed, note that (B.24) implies that there exists a non-vanishing vector field v € R?
such that
i, ¥ =0 (B.26)

which in turn implies that

0 (Sans JA2dsAadsrerr = 0,
V*(Sxhia2)arsaarsrerr = 0,
0 (Qar ) darsrars = 0,
VY (Qxyxg)arsing = 0. (B.27)

Consider first the case for which v? = i(1 — eja34). In this case, one can use a SU(4)

transformation to set v? = v3 = v* = 00 = o7 = 08 = v? = 0. A computer analysis of
the conditions (B.27) then implies sufficient conditions on the u to impose the additional

condition
(@xixs)asrarsrg =0 (B.28)

This constraint implies, using the result of [36-39], that one can write

¥ = kin' + kon?, (B.29)
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where n',7? are two totally orthogonal simple 4-forms on R?. The constraint ' A F = 0
implies that k1ko = 0. Hence 1) is proportional to a simple 4-form on R?. It follows that

(SAI)\2))\3)\4>\5>\6>\7>\3 - 0 . (B30)

On evaulating the additional constraints on u imposed by this condition, one finds, after a
further computer calculation, that

(S+a1)=xaradarsrg =0 (B.31)
The conditions (B.24) and (B.31) are then sufficient to imply that
Pv=0. (B.32)
In addition, from further computer calculation, one finds that

(Q@-i)+—a1a, = 0 (B.33)

where i, j correspond to the two directions associated with the simple 2-form w, and &, &o
are the orthogonal directions. This implies that xjs,;4, = 0. Furthermore, ¢ = 0 im-
plies that

(SMOQ )042043044045046047 =0

(Salaz)Ma3a4a5a6a7 =0 (B.34)

for all M. On evaluating the extra constraints on u obtained from these conditions, one
finds sufficient conditions to imply that

(Q@—i)jarasas =0 (B.35)

which in turn implies that x4,4,45 = 0. So, all components of y must vanish, with the
exception of x;js. This implies that F' is simple, and hence @) = 0 and S = 0. These
solutions are therefore locally maximally supersymmetric.

For the remaining Spin(7) cases (with v = im(1 — e1234) + n(e1 + e234)) a more
straightforward computer calculation yields directly the following constraints

(Sa)-rarsrarsrs = 0,

(@xix2)axarsre = 0,

(Q@-i)+—a1a, = 0,
(S+*)_ijd1d2d3 =0. (B.36)
As in the previous analysis, the first two of these conditions imply that ) = 0, whereas the
last two conditions imply that all components of x must vanish, with the exception of x;;4.

This implies that F' is simple, and hence @@ = 0 and S = 0. These solutions are therefore
again locally maximally supersymmetric.
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B.2.2 Solutions with w =0

To proceed, we first consider the cases for which 12 = e; 4 eg3q4 or 12 = i(1—e1234) +yler +
easq) for y € R, y # 0. Note that a computer calculation yields the condition

(@xixs)asrarsrg = 0 (B.37)

If ¥ # 0, then this condition, together with ' A F = 0, implies that 1 is a simple
4-form on RY. We therefore split the indices in a 4+ 5 fashion as A = {i, &}, where i denote
the 4 indices in the directions of v, and & denote the remaining 5 directions. Note that
F' A F =0 implies that

Xaraoas =0 . (B.38)

Furthermore, a computer calculation yields the condition

(TéNl)N2N3N4L =0 (B39)
from which one finds
Frin,i P s =0 (B.40)
which implies
Xmna =0 . (B41)
A computer calculation also implies that
(S—m)dlobi@lfzfs =0 (B'42)
which in turn implies that
itran = 0. (8.43)

It follows that the only nonzero components of x are Xy, ¢,¢,, and therefore F' is simple.
Therefore, for these solutions Q = 0 and S = 0, which implies that they are locally
maximally supersymmetric.

It remains to consider the case when 1) = 0. Then the only non-zero components of S
are (S_a, )—asasasasag- Lhere are a number of subcases to consider,

Firstly, if (S_a)—ajasasas® # 0, then the constraint

(S*[,Bl‘)*[0102030405XQGC‘!7”,62} =0 (B'44)

is sufficient to imply that either all u vanish, or y = 0. In both cases, this implies the
solutions are locally maximally supersymmetric. Secondly, if (S_u)—a;as030," = 0 then
this condition reduced the number of degrees of freedom in the u from 3 to 2, and implies
that Xa,asas are the structure constants of a 9-dimensional Euclidean Lie algebra h. If b
is not semi-simple then there exists nonzero v € R? such that

UQ(S_Q)*61ﬁ2ﬁ3ﬁ4,65 =0 (B'45)

and
va(s—ﬁl)—aﬁﬁs/ﬁﬁs =0. (B~46)
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By making an appropriately chosen SU(3) transformation which leaves !, 2 invariant, one

can take, without loss of generality, v3 = v* = v7 = v® = v = 0. Then (B.45) and (B.46)
imply that all the w vanish, so the solutions are locally maximally supersymmetric. If,
however, b is semi-simple, one must have h = su(2)®su(2)®su(2); but there exists a nonzero
v € R such that (B.45) holds, which is not possible in the case h = su(2) @ su(2) @ su(2).
It follows that b cannot be semi-simple.

Hence, we have shown that if 12 = e + eg3q or v2 = i(1 — e1234) + yler + e234),
the solutions must all be locally maximally supersymmetric. It remains to consider the
solutions with 1?2 = i(1 — e1234). For these solutions, observe that ¢ = 0 and w = 0

implies that:
(S+N1)—N2N3N4N5NG = 0’
(S4=) N NoNsNyNsNg = 0,
(SN1N2)+*N3N4N5N6 =0. (B47)

A computer computation shows that these conditions are sufficient to reduce the 78 degrees

of freedom in u to 30. Furthermore, one obtains the conditions

(@, 80,) 55 Ry 5 55 = 0 (B.48)

and
(S50, ) Ry 5 804 5 6 0 = 0 - (B.49)
Then, from the reasoning used to analyse the solutions with V2 = e + 934 OF V2 =

i(1 — e1234) + y(e1 + e234), one finds that if 1) # 0 then the solutions are locally maximally
supersymmetric. Therefore, consider the remaining case, with ¢ = 0. For such solutions,
one must also have

(S8, Ry) — Ry 4 R K5 iy = 0 (B-50)
and these conditions are sufficient to reduce the numbers of degrees of freedom in w further,
from 30 to 18. It will be convenient to split the indices in an 8 + 1 fashion as N = {i, 1},
where i,7 =1,2,3,4,6,7,8,9, and let o, @ denote SU(4) holomorphic and antiholomorphic
indices in these 8 directions. A computer computation implies that the only non-vanishing
— i pa s pia B and moreover

9
XOC[},“H/QXH@MZIB} = - 10550466}/41“2”3“4 (B'51)

where ¢ is linear in u. However, note that one can use a SU(4) transformation, which
leaves v', v? invariant to set yi24 = X134 = X234 = 0 (in holomorphic indices). It is then
straightforward to show that (B.51) implies that £ = 0. This imposes additional conditions
on u and reduces further the number of degrees of freedom from 18 to 16. Furthermore,

one finds

Xilj1je Xjsgags) = 0 - (B.52)
Note that (B.52) implies that x;;;, are the structure constants of an 8-dimensional Euclidean
Lie algebra h. As (B.52) does not hold for h = su(3) or h = su(2) © su(2) 2 u(1), the
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remaining possibilities are h = su(2) ®° u(1) or h = ©3u(1). Also observe that a computer
computation can be used to show that all of the previous constraints imposed on u are
sufficient to imply
(S—g)—irigizias = 0 (B.53)
which implies that xy;; defines a simple 2-form on R8. Hence, there exists nonzero v € R®
such that
VX =0, 'y =0 (B.54)

which in turn implies

V' (S_4)—ijijnjaja = 0,

V' (S_j1) “tijajsis = 0,

UZ(S—i)*ﬁjleJ's]ﬁ =0. (B'55)
By applying a SU(4) transformation which leaves v!, 2 invariant, one can take, without
loss of generality v? = v® = v* = 08 = 07 =08 =9 = 0, then it is straightforward to show

using a further computer calculation, that (B.55) is sufficient to imply that all u vanish.

Such solutions are therefore also locally maximally supersymmetric.

C Analysis of SU(5) solutions with v? = (1 — e12345)

To analyse these solutions, it is convenient to split the indices in a 10+ 1 fashion and write
N = {0, N} where N # 0. Also, define

¢N1N2N3 = FONlNQNg’
¢N1N2N3N4 = FN1N2N3N4 (Cl)
and @ and S are also defined as in (B.1). A computer calculation yields the following
conditions on @ and S}
(Q0N1)0N2N3N4 = 0 (C2)
and
(SO[N1)|O\N2]N3N4N5N6 + (QN1N2)N3N4N5N6 =0. (0'3)
Note that (C.2) implies that D, Ny, are the structure constants of a 10-dimensional
Euclidean Lie algebra g, whereas (C.3) can be rewritten as
i 4
VE (R NN VR MR~ 5 PN N [Ny P s ) = O - (C.4)
There are two cases to consider, according as g is semi-simple or not semi-simple.

(i) Suppose g is not semi-simple. Then there exists nonzero v € R!? such that i,¢ = 0,
and this, together with F' A F' = 0, implies that

>,

v (Sos o 8 8 Ny = O
VN (Sos )oR Ry RisSiaity = 0
VN Qo) oy 0 = 0

V™ (So) Ky Ry Ky N M Rg = O (C.5)
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Without loss of generality, one can make a SU(5) gauge transformation, which leaves

v, v? invariant, to set v/ = 0 for j # 1. After some computer analysis, one finds that

the resulting conditions on u are sufficient to imply that

(SON1)0N2N3N4N5N6 =0. (06)

On substituting this condition into (C.4) one finds

DNy N [N P N N5 ] = O (C.7)
and
DN, (N3 N P ), = O (C.8)
and A
Y18 50 5 Vi N M- = 0 - (C.9)

In particular, (C.9) implies, together with F' A F' = 0, that v is a simple 1-form on
R'Y: and (C.7) implies that ¢ is proportional to a simple 3-form on R!°. There are
therefore two possibilities. In the first, ¢ = 0 and g = @'%u(1); then F is simple and
@ = 0,5 = 0. Such solutions are locally maximally supersymmetric. In the second,
g = su(2) @7 u(1). For this case, there must exits nonzero v € R'% such that

UN(SNLl)L2L3L4L5LGL7 =0,
UN(SLle)NL3L4L5LGL7 =0,
vN(QNLl)L2L3L4L5 =0,
UN(QLle)NL3L4L5 =0. (C.10)

These conditions are sufficient to imply that all v vanish, hence these solutions are
also locally maximally supersymmetric.

Suppose g is semi-simple, ie. g = s0(5). Let o, denote holomor-
phic/antiholomorphic SU(5) indices. A computer calculation yields the condition

(Sofa) 01381 s Ny = 0 (C.11)
which implies that
Gt O ai] = 0 - (C.12)
On contracting this expression with ¢N INQN?’, one finds that
Do =0 (C.13)
ie. ¢isa (3,0)+ (0,3) form. Using the reasoning set out in the appendix of [5], one

can make a SU(5) gauge transformation which leaves v!, 2 invariant, and take

¢ = )\1(6125 +ei§5) + )\2(6345 _|_e3215) (0.14)

for A1, A2 € R. However, this does not satisfy the Jacobi identity unless Ay = Ay = 0,
in contradiction with the original assumption that ¢ are the structure constants of
50(5). Hence, there are no solutions for which g is semi-simple.
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D Plane wave solutions with (SO(3) x SU(3) x U(1)) x Hy symmetry

We begin the analysis with a more general ansatz than that of equation (7.1). In particu-
lar consider
ds®> =2e et +ds*(R?), F=e AOD, (D.1)

where
e~ = dv, et = du+ Hdv, ds*(RY) = weel, e* =dz*, (D.2)

H is a function only of % a = 1,6,4,2,3,4,7,8,9, H = H(x), and ® is a constant 3-form
on R?.

To investigate the Killing spinor equations first observe that the only non-vanishing
component of the spin connection is

0H

Q_ .= .
’ ox®

(D.3)

Next the + component of the KSE implies that d,e = 0 and the a components can be
solved to yield

1 1
€= (1 —Ipa® <74rablb2b3q)b1b2b3 ~ 192 (I)ablb2rblb2>>77 (D.4)

where 17 depends only on v. Assuming that H is quadratic in the Euclidean coordinates z,
H(z) = ;)\abxaxb, one finds that the the z-independent terms in the — component of the
Killing spinor equations give

d 1
CZ)+ * 24Fb1b2b3@blb2b377+ =0

dn- 1

CZ) + 72Pb1b2b3q>blb2b3n_ =0 (D.5)

where n = n +n- and I'ytny = 0, while the z-dependent terms give the algebraic equation
VaF+n_ = O, (DG)

where

1 S|
Va _ 0502 Fa <Fb1b2b3(1>b1b2b3> o - @ablb2rb1bzrcwzc:’>(13616263

+ 1; 2Fclc?c?’tI)clchﬂDableFble — ;)\abl“b . (D.7)
The equations (D.5) are first order and always have solutions for any choice of ®. In
particular there are at least 16 Killing spinors given by the solutions for 7y. There may
be additional Killing spinors provided V, has a non-trivial kernel. For the plane wave
solution to preserve 28 supersymmetries the kernel of V, must be the same for all a and
have dimension 12.
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To continue let us specialize to the ansatz given in (7.1). To be more specific, we
introduce the hermitian basis in C® = RS @ C as

1
e = | (dz® +idz*"®), a=2,3,4 (D.8)

V2

and e® is defined as the complex conjugate of e*. In this basis, ® and (\y) in (7.1) can
be written as

d=ke' AePNef+pe?ned net+ e’ ned nel, (D.9)

and

)\ij = )\152‘3‘, )\045 = )\250{3 (D.lO)

for i,5 = 1,6, t, respectively, where k, A1, Ao are constant real parameters and p is complex.
Observe ® and (\,p) are the most general 4-form and quadratic form, respectively, invariant
under the SO(3) x SU(3) of the plane wave, see also [25, 33, 40].

To proceed, consider V;¢ = 0, where ¢ = I'_n. Taking I'(;)V(;)¢ = 0, where there is no
summation over the indices in the parenthesis, one finds that it can be expressed as

1 A 1 1 _
( K=" \M\Q(1+F22F33+F22T44+F33F44)+24kl“wﬁ(M Pagi+pt F234)>C =0. (D.11)

187 2 36
Moreover,
1 1
Vo( = [72 Lo — k= 2|u*(1 + To5T's5 + oalyz + a3lyz)) + 48MkF16ﬁ6a6162F6162

1 1 A
96 |M|2€a5152F6162F234 + 39 |M|2F2346a51/32r6162 - 22 Fa]C =0 (D.12)

and V3¢ = (V)¢ = 0.

To proceed, consider the cases.

(i) Suppose p, k # 0, then

LayVia¢ =0, FayVia¢=0 (D.13)
imply that
€@l @I =0, E(a)glggf(a)FBIBQC =0, (D.14)
which in turn give
P3¢ = T53¢ = I'yaC (D.15)

These give 2 independent and commuting conditions on { each breaking half of the
supersymmetry. This in particular implies that the kernel of V, has dimension of at
most 4. Thus such backgrounds cannot preserve 28 supersymmetries.
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(ii) Suppose that ;= 0. Then it is straightforward to show that (D.6) is equivalent to

1 1 1
— k=X |¢(=0 — k=X )T (=0 — k=X |Ts¢=0. (D.16
( 9 1>C : ( 36 2) aC =0, ( 36 2 )Tag (D.16)
Thus either the kernel of V, is trivial and so the plane wave preserves 16 supersymme-
tries or A\ = —ékzz and A\ = _316 k? in which case the kernel of V, is 16-dimensional
and the background is the maximally supersymmetric plane wave [32].

(iii) Suppose that £ = 0. Then (D.6) can be rewritten as

1 1
<36\M\2(1 + Tgal'g3 4+ Toal'yg + T'g3lyg) + 2>\1>C =0, (D.17)

1 2 2
Vol = <2(>\1—)\2)Fa— ‘SE‘S ea5152F5152F234 + ’g’Q F234€a/31/32F5152>§ =0, (D.18)

and Va¢ = (V)¢ = 0.

Observe that if g = 0, then either the solution preserves 16 supersymmetries or
A1 = A2 = 0 and so it is Minkowski space. Next assuming that p # 0, we consider
L@V ¢ + Ly Via)¢ = 0 to find

1
(Al —A2 g |1)* (T3 234 + 234l537)+
1 - = R
+ o € (@155, 6 ()15 (02T + F6162F5152)>< =0. (D.19)

It is straightforward to see that these conditions imply again (D.15) and so the kernel
of V,, has dimension at most 4.

We have already established that the plane wave (7.1) cannot preserve 28 supersym-
metries. It remains to find the number of Killing spinors of the solution when p # 0. For
this observe that in all u # 0 cases, the conditions (D.15) on ¢ must hold. On substituting
these into (D.11), we find

1, 1, ., 1 1 _
- — — M+ kDygs(uTa3q + il =0. D.2
( 18k 9‘/1,‘ 2)\1 24/€ 164 (M 234 1% 234)>C 0 ( 0)

Using (D.15), we evaluate V,( to find

1

a:Fa_
Vit =T~ 1

1 1 1
K — 36 ul? = oh2 = 4o kL6t (#T331 + ﬂT234)>C =0 (D.21)

and Vz( = (VQ)C = 0. This calculation is most easily done by taking one value for « in
Va¢ = 0 and repeatedly using (D.15). Hence considering both V., = Vz( = 0, we find that

1 1 1 1
- kK- 2 — kT Tsaz + L =0. D.22
< 79 36 || 2>\2 45T 6t (uls31 + i 234))( 0 (D.22)
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It now remains to solve (D.20) and (D.22). Indeed, if the kernel of V, is not triv-
ial, (D.20) and (D.22) are equivalent to

1 1 1
k2 2 = D.2
19 + 6|,u| + 2)\1 +X2=0 (D.23)
and
1 1 _
(2)\2 — 2>\1 + 8kF16ﬁ (1331 + MF234)>C =0. (D.24)

This expression can be simplified further using the identity

Diep¢p = il'930 (D.25)

which also follows from (D.15), to give
1 1
<2)\2 — 2)\1 + 8k( — ,u,ngzl + MF234)>¢ =0. (D.26)
On squaring (D.26) one finds that
1 2 Lig o
(31— 2% = — LKluf’C (D.27)

So if ¢ # 0, then it follows that either £k = 0 or = 0. Since we have assumed that p # 0,
we shall take k£ = 0. In such a case V, has a non-trivial kernel provided that

2 1
k=0 N = — 2 Ao = — 2 D.28
and with ¢ satisfying (D.15). These conditions are equivalent to the projections

Pozzan— =n—, Tosrgn_ =1n_ . (D.29)

Since the above projections commute with the equation for 7_ in (D.5), such plane wave
solutions preserve 20 supersymmetries. These solutions have been found before in [25].
One can easily show that the Einstein equations and the gauge field equations of eleven
dimensional supergravity are also satisfied. To summarize, the plane wave solution of (7.1)
preserves either 16, or 20, or 32 supersymmetries depending on the choice of parameters.
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