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1 Introduction

Since their discovery, nonlinear sigma models (NLoMs) have been studied extensively in diverse
subjects, including high energy physics and condensed matter physics. In high energy physics,
NLoMs in two dimensions share many non-perturbative properties with gauge theories in four
dimensions, such as asymptotic freedom, dynamical mass gap, confinement and instantons [1—-
3], and thus they are investigated as toy models of gauge theories in four dimensions. NLoMs



are defined by a map from spacetime to target spaces. Among possible target spaces, the
CPY~! model with the complex projective space CPN~1 ~ SU(N)/[SU(N — 1) x U(1)]
as the target space has been most considered [1, 2, 4-6] together with the O(NN) model
with SN=1 ~ O(N)/O(N — 1) target space. In particular, the CPY~! model has instanton
solutions, which play a central role in the non-perturbative dynamics of the model. The
CPN~1 model appears as the effective theory of a single non-Abelian vortex in supersymmetric
U(N) gauge theories [7-14], dense QCD at high density [15-20], and two-Higgs doublets
models [21-23]. In the recent development of the resurgence theory, the CPY~! model on
R! x S! with a twisted boundary condition along S! has been extensively discussed, where a
single CPN~1 instanton is decomposed into N fractional instantons with induced domain
wall charges that sum to zero [24, 25]. Then, a pair of fractional instanton and anti-instanton
called a bion may play an essential role in the resurgence theory [26-34]. Self-consistent
non-homogeneous solutions of the CPY =1 model were discussed in the large- N limit in infinite
space [35] and a finite interval [36-40]. In condensed matter physics, the CPY =1 model
appears in spin chains [41, 42|, deconfined criticality [43-45], SU(N) Heisenberg models [46]
and ultracold atomic gases [47, 48].

Recently, yet another class of target spaces, flag manifolds, have attracted great attention
from both high energy and condensed matter physics [49]. The flag manifold sigma models
are NLoMs whose target space is the generalized flag manifold Fy,pny...n;,,, Which is a
homogeneous space G/H of the form

F =G/H U(ni+no+---4npy1) SU(ni+no+---+np1)
ning-npq = o U(ni)xU(ng)x-+-xU(ngy1) o S[U(n1) x U(na) x - x U(npi1)] .

(1.1)
The flag manifold sigma models appear in various fields of physics as low-energy effective

theories [50-61]: spin chains [50, 60], flag manifold sigma model on R x S! [54], anomaly and
topological 6 term [55, 61], world-sheet theories of composite non-Abelian vortices [62, 63],
and a non-Abelian vortex lattice [64]. As in other sigma models, the flag manifold sigma
models admit topologically non-trivial configurations [57-59]. In particular, there exist sigma
model lumps (also called sigma model instantons in two dimensions) characterized by the
second homotopy class ma(G/H) of the flag manifolds

WQ(G/H) = 7T1(H) =T (S[U(nl) X U(’I’Lg) X e X U(TLL+1)]) = ZL. (12)

In the case of L = 1, the target space is a Grassmaniann for which lumps have been studied
in refs. [65, 66]. For L > 1, various properties of lumps have been elucidated in [57, 58].
In the previous works, many authors have focused on the symmetric points in the space
of sigma model coupling constants (decay constants), such as the Z3 symmetric point in
the SU(3)/U(1)? sigma model [57, 58].

There is another special subspace in the parameter space related to supersymmetric
versions of the flag manifold sigma models [67-72]. When the coupling constants satisfy a
certain relation, the target space becomes a Kéahler manifold [70, 71] for which the model
can be made supersymmetric [73]. In such Ké&hler sigma models, sigma model lumps are
Bogomol'nyi-Prasad-Sommerfield (BPS) objects, whose moduli spaces, in general, have rich
structures due to the property that no static force is exerted among BPS objects. In this
paper, we study the moduli space of BPS lumps in the flag manifold sigma models.



A convenient way to describe NLoMs, particularly Kahler sigma models, is to use gauged
linear sigma models (GLoMs) whose moduli space of vacua gives the target space [74]. When
the gauge coupling constants are finite, the GLoMs admit semi-local vortex solutions [65,
66, 75, 76] characterized by the fundamental group 7 of the spontaneously broken gauge
group. Since they reduce to the sigma model lumps in the large gauge coupling limit (or
low-energy limit), the moduli space of BPS vortices is equivalent to that of BPS lumps except
for the small lump singularities which are resolved by the finite gauge coupling constants.
In the case of L = 1 (and the case of local vortices), the moduli space of BPS vortices is
conjectured in terms of a D-brane configuration in string theory [7], which is described by
half of the Atiyah-Drinfeld-Hitchin-Mannin(ADHM) construction for Yang-Mills instantons.
This half-ADHM formalism was shown to coincide [9, 10] with one obtained in a purely
field-theoretic way called the moduli matrix approach [9, 10, 12, 77] and has been used to
analyze the structure of the vortex moduli spaces [10, 62, 66, 78].

In this paper, we consider GLoMs that realize the Kéhlercoset manifolds with arbitrary
complex structures as its target manifolds: we formulate the flag manifold sigma models by
quiver gauge theories [74]. We then construct BPS vortices (lumps, instantons), obtain their
moduli space through the moduli matrix approach, and reformulate it from the viewpoint of
the ADHM-like construction. As applications of the half ADHM moduli space, we compute
vortex partition functions and use them to check the Seiberg-like duality in two dimensions.

This paper is organized as follows. In section 2, we formulate the flag manifold sigma
models by quiver GLoMs. In section 3, we construct BPS vortices and NLoM instantons in
the flag manifold sigma models. In section 4, the half-fADHM quotient construction of the
moduli space of BPS vortices is formulated in the quiver GLoMs and the flag manifold NLoMs,
and in section 5, the moduli space of sigma model instantons is discussed. In section 6,
we calculate the vortex partition functions and check the Seiberg-like duality. Section 7 is
devoted to summary and discussion. In appendix A, we clarify the relation between Kéhlerand
Riemannian flag manifolds. In appendix B, we give comments on the proposition on the
existence of the BPS solutions addressed in the main text and on the non-existence of other
solutions. Appendix C summarizes coordinate patches of half-ADHM data. In appendix D,
we give a condition of non-singular instantons. Appendices C and D focus on the case of
L =1, which forms the foundation of general cases with L > 1. We give explicit proofs of
the theorems related to the equivalence of the moduli spaces of the moduli matrix and the
half-ADHM data, discussed previously in [9, 12, 66], in a more comprehensive manner for the
sake of self-containment. In appendix E, we give embeddings of the moduli matrix and the
half~ADHM data in the case of L = 1 to those in the general cases. Appendix F describes a
D-brane configuration in string theory that provides a quotient construction of the moduli
space of BPS vortices and flag manifold sigma model instantons. In appendix G, a Lagrange
multiplier and its vanishing theorem are described. In appendix H, we summarize the torus
action on the Kéhlerquotient corresponding to the vortex moduli space. In appendix I, we
derive the integration formula for the vortex partition function.

2 Quiver gauge theories and flag manifold sigma models

In this section, we present the gauged linear sigma model (GLoM) description of the flag
manifold sigma model.



2.1 Flag manifolds

Before describing the GLoM for flag manifolds, we first recapitulate the basics of flag manifolds.
Let V be an N-dimensional complex linear space and (Vo, V1, -, V5, Vr+1) be a flag, i.e.
a sequence of vector spaces such that

{0} =VYCWViC---CVLC Vi1 =V, (2.1)
where V; (i = 0,1,---,L 4 1) are linear subspaces with dim¢ V; = N; satisfying

0=No<N; <---<Np<Np41 =N. (2.2)
A flag manifold is the space of possible configurations of the flag

fn1n2~~~nL+1 = {(V()?Vlf o 7VL+1)

V; : vector space, {0} =VyCWV, C---C VL C V1= V}.

(2.3)

In this paper, we label flag manifolds by a sequence of integers (ni,no,---,nr) defined by
i

n; = dime W; = N; — N;_q, (Ni =dimcV; = Z nj), (2.4)

j=1
where W; is the orthogonal complements of V;_1 in V; (V; = V;_1 @ W;). A point in the
flag manifold Fy ny...n,,, can be specified by a set of matrices (£1,&2,---,£L), where & is
an N;-by-N matrix whose rows form a basis of V;

WT
&= (0(1)’ v UENZ)) {vga)}: basis of V. (2.5)

(2

Since V; is a linear subspace of V1, the basis vectors of V; can be expressed as linear
combinations of those of V;;1. Hence, there exist a N;-by-N; 1 matrix ¢; such that

& = qi&iv1, (g full rank N;-by-N;i1 matrix), Erv1=1141. (2.6)

Note that this condition implies that &; can be written as & = ¢;q;+1 - - - qr.. Two different sets
of matrices (£1,&2,- -+ ,&r) and (§], &5, - -+, &},) corresponds to the same flag if they are related
by a change of basis of (V1,Va,---,V5), i.e. by a GL(Ng,C) x GL(N3,C) x --- x GL(Np,C)

transformation
5;:‘/151 <~ (513527"' afL)N(givgéa 7£IL)? (27)

where V; € GL(N;,C) (i =1,2,---, L). Therefore, the flag manifold (2.3) can be identified
with the space of the equivalence class (2.7) satisfying the condition (2.6)

; : full rank N;-by-N matrix
]:n1n2~~-nL+1 = { (é-].) 525 e 7£L) 5 y

& = qi&iv1, g full rank N;-by-N;41 matrix =
(2.8)
Since & = ¢;¢i+1 - qr, the flag manifold (2.3) can also be regarded as the space of the
equivalence classes of the matrices (q1,q2, - ,qr)
Frangnpir = { (q1,92, - ,qr) ‘ g; : full rank N;-by-N;11 matrix} ] ~, (2.9)



where the equivalence relation for (q1,qe, -+ ,qr) is given by

q; = Viq; z—_&-i — (Q1,QQ, T 7QL) ~ (q/17(é7 T 7q/L)7 (210>

with V; € GL(V;,C) (i = 1,2,--- ,L) and V41 = 1n.
We can show that the flag manifold is a homogeneous space given by the coset space

UY)
Fring- = ) 2.11
ning--nr41 U(n]_) X U(n2) X oo X U(TLL+1) ( )
To show this, let us note that any set of full rank matrices (¢1,q2,- - ,qr) can be rewritten
by using the equivalence relation (2.10) as
@ forl<i<L-1 . _
= { q% U fori— I with q,? = (1Ni’0Ni><ni+1)’ (2.12)

where U is an element of U(N) and ¢ are matrices corresponding to the standard flag
(V8 V1, -+ ,Vi,4), ie. the flag consisting of the vector space V; spanned by the first i
fundamental unit vectors. This indicates that any flag is related to the standard flag by a
U(N) transformation. For a given flag, the corresponding unitary matrix U is not unique
since the flag is invariant under U(ny) x - -+ x U(ng41) transformations, i.e.

Ui
(g1, ap—1,920) ~ (a8, ,a7_1.q7U'U), with U’ = , Ui e U(ny).
UL
(2.13)
The unitary matrices U and U'U give the same flag, and hence the flag manifold is given
by the coset space (2.11).

The denominator of the coset space (2.11) implies that if (n},n5, - ,n ;) is a permu-
tation of (n1,n2, -+ ,nry1), the flag manifolds Fpyny..n, ,, and ‘7:”/1”/2‘“”2“ are identical as a
homogeneous space.! However, in general, they have different complex structures and hence
they are distinct as complex manifolds. To make the complex structure manifest, let us rewrite

an arbitrary set of full rank matrices (g1, - ,qr) by using the equivalence relation (2.10) as
q for1<i:<L-1
;= ) € GL(N,C). 2.14
a4 { q7G fori=1L g ( ) ( )
In this case, the isotropy group of (¢f,--- ,q%) is the parabolic subgroup fI(nl, oo ynp1) C
GL(N,C), i.e. the subgroup whose elements are matrices of the form
hy 0 --- O
| > hy . ’ with h; : element of GL(ni,(?) . (2.15)
SR 0 * : complex block matrix
* e % hL+1
'For a permutation o : (n1,--- ,nr41) — (nf,--- 1) = (Mo, -+, No(z+1)), one can define a diffeo-

morphism Fpy .oy — F”i"‘"£+1 as Vo, Vi, -+, Vog1) = VO, Vi, -+, V1) with V; = Wi @ --- @ W; and
Vi=Wo1) @ & Wo,(s).



Since the matrices G and ng give the same flag

(afs---  a?—1,479) ~ (47, -+ . ai—1, a2 hG), (2.16)
the flag manifold can also be written as the coset space

Frmpn = GL(N,C)/H(n1, -+ ,np41). (2.17)

In general, for different ordering of the integers (n1,--- ,nr) and (n},--- ,n/), the parabolic
subgroups are not isomorphic to each other and hence give different complex manifolds.
The only exception is the case with (ny,n,---,n} ) = (npy1,--- ,n2,n1), for which the
map between flags (Vo, Vi, -+, Viy1) = VOV Vi) = Vi, Vin V) defines a
biholomorphic map between Fi, ny.ny,; and Fpp o onong (see section 2.3). Correspondingly,
there exists a duality between the GLoMs for Fpiny.np,y and Fop o oonon, -

The holomorphic coordinates of F, ... n,,, are the coordinates parameterizing the coset
defined by G ~ hG with h € ﬁ(nl, -+ ,nry1). For example, in the neighborhood of G =1,
which corresponds to the standard flag (¢f,--- ,¢7), we can decompose the matrix G as

L., ¢12 -+ 01,041

G=ru, u=| "t (2.18)

: YL,L+1
0 0 1

NL+1

where £ is an element of the parabolic subgroup H (n1,-+- ,nr+1) (lower-triangular block
matrix) and U is an upper-unitriangular block matrix whose blocks ¢;; (1 <i<j < L+1)
are n;-by-n; complex matrices. The entries of ¢;; parameterizes the coset space and hence
they can be regarded as the holomorphic coordinates in this coordinate patch. For this
matrix G, the set of matrices (q1,---,qr) = (¢7,--- ,4¢7G) can be rewritten by using the
equivalence relation (2.10) as

1,, P1it1
(@, ,q2G) ~ U U, - U G U)  with U Ui = : :
Lo, | ¥hit1
(2.19)
where U; are the first N;-by-IV; submatrices of ¢/ and the n;-by-n; block gogj = ;i +O(p?) are
certain polynomials of ¢’s. In general, we can find a representative in each class [q1,- -, qz]
such that the matrices (g1, - ,¢qr) are holomorphic in ¢’s in each coordinate patch.
Although the decomposition (2.18) is not always possible, there exists at least one element
of the symmetric group o : (1,--- ,N) — (o(1),--- ,0(NN)) such that

gzco‘uo’PUa POESNa (220)

where L, € H(n1,--+ ,nr+1), Uy is an upper-triangular block matrix and P, is the permuta-
tion matrix corresponding to the element of the symmetric group o. For a generic G, the
element ¢ is not unique and hence there are several ways to decompose G

G=LolyPy=LoylUy Py = (2.21)



The relation between U, (p,) and U,/ (p,) gives the coordinate transformation ¢, <> @,/
between the patches specified by o and ¢’. The “origin”of each patch U, = 1x (¢ = 0) corre-
sponds to the flag obtained by the permuting the basis of the standard flag (V§, VY, -+, V¢, V)
by o. Since the permutations of the basis within W (the orthogonal complements of V;_; in
V;) do not change the standard flag, it is invariant under the subgroup Sy, x--- xSy, .1 C SN
Hence the number of the “origins”, which is also the number of coordinate patches requiered
to cover the whole manifold, is N!/(ni!na!---np1!).2

Let us see the simplest example of L = 1. In this case, the flag manifold is identified

with the set of planes in a vector space, i.e. the Grassmaniann
Fring = {V : vector space in CVV | dimc V = M} =G(M,N), (2.22)

with M =ny, N =nq +ng. In particular, F,,,—1 n,—1 = CP! for ny = ny = 1. To see how q;
is parametrized by the holomorphic coordinate ¢, let us consider the decomposition (2.18)
for GL(2,C). Any matrix G € GL(2,C) can be decomposed into at least one of the forms

_(AB) (a0 (19
. g_<CD>_/;u, ,c_<cd>, u_<01>, (2.23)

(AB\_ .., , (a0 , (14 NER
.g_<CD>_£uP’ ﬁ‘(dd’ - U=lo ) PR o)

(2.24)
where
a=A, c¢=C, d:w, =B, =D, d’:AD*BC, (2.25)
A B
and ¢ and ¢’ are inhomogeneous coordinates of CP!
¢ = % ¢ = —%. (2.26)

The decomposed forms (2.23) and (2.24) exist except for the matrices with A = 0 and
B = 0, respectively. Multiplying these decomposed forms of G and ¢f = (1,0), we find
two different forms of ¢;, each of which is parametrized by the holomorphic coordinate on
the respective coordinate patch

n=¢G~(L0)U=(1,¢) o @a=q¢G~(10)UP=(-¢1). (2.27)

Similarly, using the decomposition of the matrix G, we can obtain holomorphic parametriza-
tions of ¢; also for general L.

2.2 GLoM for flag manifolds

In this subsection, we review the gauged linear sigma models (GLoMs) corresponding to
the flag manifold sigma models.

2The “origins” correspond to the fixed points of a torus action U(1)Y € U(N) and their number is given
by Euler characteristic of the flag manifold N!/(ni!lna!---np41!).



As shown in appendix A, the flag manifold F, becomes a Kéhler manifold in an

M2 NL41
L dimensional subspace of the L(L + 1)/2 dimensional parameter space of Riemann metric
on Fpingnp.,- 10 such a subspace, the flag manifold sigma model can be described by
U(N1) x U(Ng2) x -+- x U(Nz) GLoM specified by the quiver diagram [74]

Niogp Noog Np g Nesa

O—0O—0 O—0O0——[] (N1 <Ny <---<Np <Npy1=N),

(2.28)

where the i-th node corresponds to the U(N;) gauge group, the i-th arrow denotes a bifun-
damental field of U(N;) x U(N;41) and the last box stands for the U(Nz41) = U(NN) global
(flavor) symmetry.®> The Lagrangian is written in terms of L bifundamental scalar fields
Qi (N;-by-N;41 matrix, i = 1,---, L), auxiliary U(N;) gauge fields AL (i=1,---,L) and
Lagrange multipliers D* (N;-by-N; matrix, ¢ = 1,--- , L) in the adjoint representation of U(N;)

L
Lo=Y T [(DMQ»(DHQ»T + D' (QiQ! - QL1 Qi1 — milx,) ] : (2.29)
i=1
where Qo =0 and r; (i =1,---, L) are positive constants parametrizing the Ké&hler metric.

The gauge group acts on the bifundamental field Q; as
Qi — UiQiU}, U; € UN;), Uiq € UNip). (2.30)
The covariant derivatives are defined as
DuQi = 0,Qi + i(AL,Qi — Q; AL), DuQr = 0,QL +iALQL. (2.31)

To see that this GLoM describes the flag manifold sigma model, we need to eliminate
(AL, D?) by solving their equations of motion. The variations of the action with respect to
the Lagrange multipliers D’ give the constraints

QI - QI Qi1 =il (2.32)
To solve these constraints, it is convenient to write @Q; as
Qi = S; ' qiSit1, (Sp+1=1n), (2.33)

where ¢; (i =1,---, L) are N;-by-N;;1 matrices of complex scalar fields and S; (i =1,--- , L)
are elements of the complexified gauge group GL(N;, C).* Then, the constraints (2.32) can
be rewritten as

qu'QiJrlqgQ;l - Qiq;rflglill%?l == ’I"l']_Nl., with QZ = SZSZT (234)

3The overall U(1) of the global symmetry is unphysical since it can be absorbed into the gauge group
U(N1) x +-+ x U(Ng).

“The matrices S; can be regarded as (the lowest components of) the auxiliary vector superfields S; = e~V

in the supersymmetric version of our system,

L
S = /d4x/d4QZTr [e_gviqiem/'“rlqiT +27"ivi] .
i=1

where ¢, are chiral superfields, r; are called Fayet-Iliopoulos parameters in this context.



These equation can be uniquely solved for Q; € GL(N;C) as long as the g; are full rank matrices.
Once we obtain the solution €; for a given set of matrices (¢q1,--- ,qr), we can determine S; up
to gauge transformations. Note that the expression (2.33) in terms of ¢; and S; is redundant
since the scalar fields ); do not change under the complexified gauge transformation

@ — ViaiVii1, Si — ViSi, (s — ViV, (2.35)

where V; are arbitrary elements of GL(N;,C) and V741 = 1. Since S; are unique (up to gauge
transformation) for a given set of matrices (q1,--- ,qr), the moduli space of vacua (the set
of solutions of (2.34) modulo gauge transformations) is given by

Miac = { (q1,92, -+ ,qr) ‘ q; : full rank N;-by-N;iq matrix} / ~, (2.36)

where ~ denotes the equivalence relation ¢; ~ qule__& (¢=1,--+,L). This is nothing but
one of the representations of the flag manifold (2.9) and hence the moduli space of vacua
is isomorphic to Fping.ny

Mvac = fn1n2~~-nL+1- (237)

The general solution of eq. (2.34) can be obtained as follows. As we have mentioned
in eq. (2.12), any set of full rank matrices (q1,---,qr) can be rewritten, by using the
equivalence relation (2.35), into a unitary transform of the standard flag (¢f,--- ,q¢%_1,¢%U)
with U € U(N). Since eq. (2.34) is invariant under the U(N) global symmetry, the solution
Q; to eq. (2.34) for (q1,---,qr) = (¢, - ,q¢5_1,42U) is given by the solution Q¢ for the
standard flag (q¢f,---,47_1,4%)

.. (1 1 1 , L[
0 = Q) =diag ( —1Ln,, —Lny, -+, —1p, ) with a; =[] Tm | > 0.  (2.38)
v =5 )

ai; a; @i i

From these solution ¢ = S?(5¢)T, we obtain solution to eq. (2.32) through eq. (2.33) as

[N

(Q2,0N,m..,) for i < L _ J
i= o ) ZO:d b1ilp,,b ilnza"'ybiilni o bij= mJ o
¢ { (Q7,0N,xn,,)U  fori=L Q fag (b1 2 ) J (ZT )

m=1

(2.39)

up to U(N7) x U(Ng) x --- x U(Np) gauge transformations. Although this is the general

solution of the constraint (2.34), the complex structure of F,, .. is not manifest in

NL+1
this form of the general solution. To describe the Kéhler flag manifold sigma model, it is
convenient to make the complex structure manifest by parametrizing the matrices (g1, - ,qr)
with holomorphic coordinates. To this end, let us rewrite (q1,-- - , qr,) by using the equivalence
relation (2.35) into the form (q?,---,¢%_1,¢7G) given in (2.14). For G € GL(N, C), we can

find a pair of matrices (h,U) such that?

G=hU with heH(ny, - ,npy1) and U e U(N), (2.40)

SFor a given G € GL(N,C), the pair (h,U) is unique up to U(ny) X --- x U(nry1) transformations
(h,U) = (AU'T,U'U) with U’ € U(n1) X -+ X U(npy1).



where H(ny,--- ,np+1) C GL(N,C) is the parabolic subgroup given in (2.15). Noting that

hy 0 --- 0
. 1o . . x hy .o -
hi'el G =qoU,  hi'qhii =q¢f with h; = 2 € H(ny,- - ,mi),
: 0
* o % hy
(2.41)

we can rewrite the general solution of the constraint (2.34) by using the equivalence re-
lation (2.35) as

(qla to 7QL> = (Qi)a to 7Q%U)7 Qz = Q? (242>
{ I
(qla to 7QL) (QD : 7ng)7 Ql = iLlQShIa (243)

where two forms of the solution are related by (2.35) with V; = h;. In this form of the
solution, the matrices {g;} are parametrized by the holomorphic coordinates ¢ (o =
1,---,dimc Fpy,.. ny,, ), which are entries of the block matrices ¢;; (1 < i < j < L+ 1)
given in eq. (2.18).

Next, let us write down the Lagrangian of the NLoM in terms of the complex coordinates
(9%, gZ;B ) by regarding them as scalar fields depending on the spacetime coordinates. The
auxiliary gauge fields AL can be eliminated by solving their equations of motion

i|Qu(DuQn) = DuQiQL + Q11 DuQict — (DuQi-1)TQir | = 0. (2.44)
These equations can be solved as
: 4 a1 0S; S}
P rq—1 « _ ag—1 v : «
Al = —iS; < Oud 8(1)‘1 2,0 ) Si = —10,¢°S; 93 + 0,0 990 (2.45)

Substituting into the original action (2.29), we obtain the NLoM in terms of the complex
coordinates (¢%, ¢?)

Lo = —Gop 0ud™0rer, (2.46)

where the Kéahler metric g, is given by the formula

Oq; 52 0’K
: 015 T) Jlogdet Q; = ——— . 2.47
ZT a¢ﬂ ( i oo G (%a%ﬁzr e e 0670 (247)

This form of the Kéahler metric implies that the Kéhler potential K takes the form

L
K = Zri log det €. (2.48)
i=1

Using the solution of the constraint (2.43), we find that

log det €; = log | det h; |? + log det 2. (2.49)

,10,



Although this is the general formula for the Kéahler potential for F, ... it is more

SNVL4+10
convenient to express | det h;|? in terms of holomorphic quantities. Let us consider

§i = qidi+1 - qL—19L, (2.50)

which takes the form & = ¢7 - -- ¢¢ G for the set of matrices (q1,--- ,qr) = (¢7,- - ,¢%G). As
we have seen in eq. (2.19), the matrices (q1,--- ,¢qr) are holomorphically parametrized by
the coordinates and hence &; are also holomorphic. By using the decomposition (2.40), the
relations ¢f h]H = h]q and qquT = 1y,, we can show that

&€l = hihl. (2.51)

Thus, we find that the Kéahler potential is given by

L

K = rilogdet(&€]), (2.52)
i=1
where we have neglected the unphysical constant term logdet €2¢. This expression coincides
with the Kéhler potential constructed in refs. [67-70]. Note that this formula is applicable
for any gauge choice other than eq. (2.43) since this Kéahler potential is invariant under the
complexified gauge transformations (2.35) up to a Kihlertransformation.®

Example of Kidhler potential. Let us see an explicit example of the Kéhler potential in
the case of L = 2, n; = ne = ng = 1. Let us introduce inhomogeneous complex coordinates
(p12, d13, P23) of the target manifold GC/EI = Fi,1,1. They are contained in the matrix
G in eq. (2.18) as

1 ¢12 ¢13
G=L]|0 1 ¢o3 | € GL(3,C), (2.53)
00 1

where £ € H is a lower-triangular matrix. Using & = ¢7 - - - ¢7 G, we obtain the holomorphic
parametrization of &; as

& =1(1,0,0)G ~ (1, 12, P13), §o = (é (1) 8) G~ (é (1) 013 _(z)ilquQS) (2.54)

where we have used the equivalence relation §; ~ V; & with V3 € GL(1,C) and V5 € GL(2,C).
Inserting these expressions into (2.52), we obtain

K =rilog(1+ |¢12|* + |¢13]*) + ra2log(1 + |¢2s]* + |d13 — d126a3]?). (2.55)

In this way, we can obtain the explicit forms of the Kéhler potentials for the flag manifolds.

5For any gauge choice, we can confirm that log det ©; = log det({id) + const by using the explicit form of
the solution of (2.34)

i1
1 }: 1 t e ef
Q; = aji&fi + <aj¢ aj+1 z) §ids (§J§ )ak

— 11 —



Coefficients of the beta functions. In two dimensions, the target space metric flows
under the renormalization group flow
9 :=Lr +on 2.56

M%gaﬁ - % af + ( /ri)v ( : )
where p is the renormalization scale and R, 5 is the Ricci curvature. For a Kahler flag
manifold, this renormalization group equation for the metric can be rewritten into that
for the parameters r;

0 Niy1—Ni

At the one-loop order, the solutions can be written as

B;
ri=tlog Bi = Nit1 — Ni1, (2.58)

2w Az
where A; are dynamically generated scale parameters. Since §; > 0, the sigma model coupling
constants 1/7; become small for ;1 — oo and hence the system is asymptotically free. As we will

see below, the coefficients 3; are also related to the dimension of the moduli space of vortices.

2.3 Duality at classical level

In general, a flag manifold /5, .. obtained by permuting the integers (n1, -+ ,np4+1) —

(ncr(
(na'(
ie. Fning,onpyr and Fpy o onymy are identical as a complex manifold

Mo (L41)
15" »No(L+1)) has a different complex structure from that of Fy, .. 5, ,,. However, when
15 s No(L41)) = (L4115, -,n2,n1) the two manifold have an identical complex structure,

Fnl:n2»~~~ynL+1 = fnL+1,...,n2,n1- (259)

This equivalence is explicitly given by the biholomorphic map given in terms of the matrix G
G €GL(N,C) +~ Gauwa=R(G") 'R € GL(N,C) (2.60)

where the matrix R is defined as

nL+1
T 0
R= e U(N). (2.61)
0 1, =
1,, 0 --- 0

This transformation reduces to the map between the equivalence class G ~ hG with h €

A

H(ni,ng, - ,nr4+1) and Gayal ~ B Gauar With A/ = R (iAzT)_lRT. We can show that matrices
of the form R (hT)"'R' are elements of H(npy1,...,n2,n1)

?L/ S RI:I(nl,ng,...,nL_H)T*lRTgﬁ(nLH,...,ng,nl). (2.62)

Therefore, the transformation (2.60) gives a one to one map between the flag manifolds
GL(N, C)/ﬁ(nl, <+ ,nry1) and GL(NV, C)/ﬁ(nL+1, -++,nq1). Suppose G can be decomposed

— 12 —



into £ and U as given in eq. (2.18) (G = LU). Then, Ggua can be decomposed into
Laval € H (np+41,...,n2,n1) and an upper block-triangular matrix Uqya as

gdual = ﬁdual udual (263)

where Lgua and Uqua are related to £ and U as
Lawal = R(LT)7IRT, Ugual = RUT) IR (2.64)

Since the complex coordinates are contained in the matrices U and Ugyar (see eq. (2.18)),
the relation between U and Ugya gives an explicit holomorphic coordinate transformation
between the complex coordinates of Fy, . n;., and Fpp yon-

Correspondingly, by replacing the ranks of gauge groups and the FI parameters as

N’i — Nidual =N — NL+1—i7 T — ’I"?ual = TL+1—i, (265)

we obtain a dual GLoM and an effective NLoM whose Kéahler potential is identical to the
original one up to a Kéahler transformation
L L
Z rdual Iy det gdual(gdualyt — Z r; In det 5,-52 + Kahler trf., (2.66)
i i
with ff”al = (1 ydual, 0) Gdual-" This shows that two GLoMs are equivalent at the classical
level. In section 6, we will check this duality at the quantum level by comparing the vortex
partition functions.
As an example, let us consider the L = 1 case. In the case of U(M) gauge theory with
N fundamentals, the moduli space of vacua My, is the Grassmaniann

Fring = {V : vector space in CV | dimc V = M} = G(M,N), (2.67)

with M =ny, N =nj+ng. The dual theory is U(N — M) gauge theory with N fundamentals
and its My, is given by

Fuany = {W : vector space in CV | dime W = N = M} = G(N = M, N). (2.68)

These spaces are identical since any plane V € CV can also be specified by its orthogonal
complement W = V. Let us see the explicit coordinate transformation between these spaces.
Let ¢ and ¢ be M-by-N — M and N — M-by-M matrices whose entries are inhomogeneous

"Here we have used the following identities for the determinants of flfj and det g2 (gdua)T

i L+1
det &¢7 = det h;hl = H |det hy|?,  det gduel(gduahyf = H |deth] P2,
j=1 j=L—i+2

where h; are the matrices given in eq. (2.40). Taking determinants of the both sides of eq. (2.40), we find that

L+1

> Indet hi = Indet(9)

=1

which is holomorphic and thus, can be removed using a Kéahler transformation.
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coordinates of the Grassmaniann G(M,N) and G(N — M, M), respectively. They are
contained in the matrices

1, 1., ¢
U=|"m% 1, Unar = | 77 ). (2.69)
0 1, 0 1.,

From the duality relation Ugya = R (UT)*lRT, we can read off the coordinate transformation
between ¢ and ¢ as

@ =—p". (2.70)

This is the simplest example of the duality of the flag manifold sigma models and the
corresponding GLoMs.

2.4 Sigma model instantons

For any Kéhler manifold M, the non-linear sigma model with target space M admits BPS
instanton solutions. They are given by holomorphic maps 0:¢' = 0, which saturates the
lower bound of the action

[doe= [drgzousel =4 [ Eajous'P + [ iggiot ndid = [ igzds' o,

. . (2.71)

where z = x1 + izy and 050 = gﬁ(‘)zgzbi(?gd_ﬂ is the norm of ds¢" with respect to the Kéhler

metric g;;. The lower bound is given by the topological charge obtained by integrating the

pullback of the Kéhler form ¢*(w) = 5g;5d¢' Ad¢’. Once we fix the configuration at the spatial

infinity to a point on the target space, ¢ can be viewed as a map ¢ : R? U {oo} = S? =+ M

and hence the instanton configurations are classified by ma(M).

In the case of the flag manifold, the topological charge is given by

L . L
/R2 iggd(b”\d(ﬁj = i;ri /R2 d0logdet &;(2)&;(2) = f% ;ri %9;0 (dz0, —dz0z)logdet &(2)&(2)T,

(2.72)
where we have used the explicit form of the K&hler form obtained from the K&hler poten-
tial (2.52). Assuming that the asymptotic form of det & (2)&;(2) for large |z| is given by

det &(2)&(2)" = |z[%i 4+ -+ | (|z] = o0), (2.73)

we can determine the topological charge as

L
/R i ig;d¢" Ndg) =2y riks, (2.74)
i=1
where (k1,---, k) € ZF = 72(Fny,...nz+, ) are topological numbers. The space of instanton

solutions satisfying the boundary condition with fixed topological numbers is called the moduli
space of sigma model instantons. As is well known, there exist small instanton singularities in
the moduli space of sigma model instantons. Such singularities can be resolved by introducing
the kinetic terms for the gauge fields in the GLoM. In the next section, we discuss vortex
solutions which can be viewed as resolved the sigma model instantons in the GLoM.
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3 BPS vortices in GLoM

3.1 BPS equations and moduli matrices

In this section, we discuss BPS vortices in the framework of the GLoM with finite gauge
coupling constants g;

i

y 1
L= ZTr QF;VFW —I—DHQﬂ)“QI—gQD?—i—Di(Qng_Qg1Qi1—7‘11Ni)], (3.1)

where F ﬁl, = 9,AL — &,AL + i[AL, Al] are the field strength for the i-th gauge field and g;
are gauge coupling constants. One can go back to the original GLoM (2.29) by taking the
gi — oo limit. In the vacua of this system, the gauge symmetry U(Ny) x --- x U(Nyp) is
spontaneously broken and hence this model admits BPS vortex configurations, satisfying
the boundary conditions
lim Q; = U;(0)T(Q9,0) Uiy 1(6), lim AZ dzt = —iU;(0)TdU;(0), (3.2)
where Qf is the constant square matrices defined in eq. (2.39) and U;(#) € U(N;) are nontrivial
elements of the gauge group depending on 6 = argz. Each U;(0) carries the topological
charges of w1 (U(N;)) = Z, which is related to the magnetic flux of i-th overall U(1) factor
1 . ; 2
b= —— / PrTeFy = [ doTe[U(0)0U(0)| €2 for1<i<L.  (33)
2T 21 Jo

In the large gauge coupling limit g; — oo, these vortex solutions reduce to the sigma model
instantons (or singular configurations). Eliminating the auxiliary field D; by solving their
equations of motion

2
D; = %’ (Qz’QZT QI Qi1 - TilNi) ; (3.4)

we can rewrite the Lagrangian as

> 2”27% i (3.5)

=1

/deE Z/d2$T1" lgz 52+455 —riFl,

where we have defined
& =D:Q', (3.6)

2
& = Qin‘L - QZTAQifl —rily, — ?FH (3.7)

i

with D:Q" = 1 5(D1 + iD2)@Q". For a fixed set of topological charges (k1,--- ,kr), the action is
minimized when & =& =0, i.e. the following equations are satisfied

0 = D:Q", (3.8)

2
0=QiQ — QI 1Qi1 —rily, — ?ng. (3.9)

)

These equations are called the BPS equations for vortices.
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Solutions to these equations describe configurations of vortices, that is, squeezed magnetic
fluxes in the Higgs phase. The vortices in this system are classified as local vortices or semi-
local vortices depending on their asymptotic behaviors at the spatial infinity. The local vortex
exhibits an exponentially dumping behavior and is obtained by, roughly speaking, embedding
well-known Abrikosov-Nielsen-Olesen vortex into the matrix elements. The semi-local vortex
has a (decreasing) power-law behavior due to the tails of the massless Nambu-Goldstone

fields parameterizing the moduli space of vacua F,, . The size of a semi-local vortex

SNL+1°
is one of moduli parameters of vortices and hence it can become arbitrarily large without
changing the energy. However, it has a minimum size of order O(1/g+/r). In the small size

limit, the semi-local vortex reduces to the local type.

The master equation and the boundary condition. Let us rewrite the BPS equations
into a convenient form. The first set of BPS equations (3.8) can be solved as

1 . )
Qi = S;'qi(2) Sita, Az = (A1 +idy) = —iS;10:S;, (3.10)

where S; are elements of GL(N;,C) (Spy+1 = 1) and ¢;(z) are N;-by-N; 11 matrices whose
entries are arbitrary polynomials of z = x; + ix2.® Note that the description in terms
of ¢; and S; is redundant since the following transformation does not change the original
fields @; and A;:

qi(2) = Vi(2)qi(2)Vi k(2), Si(z,2) = Vi(2)Si(z, 2), with  Vi(z) € GL(N;, C).
(3.11)
This is a complexified gauge transformation depending on the holomorphic coodinate z =
x1 + ixe. We call this transformation the V-transformation. To study the moduli space of
vortices, it is convenient to define N;-by-N matrices §;(z) as

&i(2) = qi(2)qit1(2) -+ - qr(2), for 1 <i< L. (3.12)

For a given set of matrices (q1(2),-- ,qr(z)), the matrices S;(z, z) are determined (up to
gauge transformations) by solving the second BPS equation (3.9), which can be rewritten
in terms of ; = SiSl-T € GL(N;,C) as

QiQi+1qiTQi_1 - QiqlJLlQi_,ll(Ji—l =riln, — ;Lzaz (@QiQi—l) , (g0 =0). (3.13)
7
We call this set of equations the master equation for vortices. Once we determine €2; by
solving the master equation, we can obtain the original fields @); and A, satisfying the BPS
equation for vorties. The boundary conditions for §2; can be determined as follows. Without
loss of generality, we can fix the vacuum at the spatial infinity to the point on F,
corresponding to the standard flag V§ C VY C --- C V} C V as

1yeeesL41

SZ(Z) “ =7 g;) = ngio—&-l t qz = (leONi,N—Ni)7 for |Z| — 00, (3'14)

up to the redundancy of the V-transformation (3.11). To precisely describe what the limit
“—” means, let us decompose the N;-by-N matrix &(z) into a N;-by-N; matrix ©(z) and

8 Although these entries are arbitrary entire functions in general, we can assume that they are polynomials
without loss of generality as shown in appendix C.1.
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a Ni-by-(N — N;) matrix D(z) as &(z) = (Di(z),D;(z)). This decomposition corresponds
to the orthogonal decomposition of the vector space V = V¢ @ Vo+

G(2) = (@i(2).0i(2) & D) =&, Dix) =), (3.15)

where EZ»OJ- = (On—nN, N In—n;). Using the N;-by-N; matrix ©;(z), we set the boundary
conditions for &;(z) as

lim (9:(2)6(2)) = . (3.16)
Correspondingly, the boundary coniditions for {¢;, S;} are given by
lim {Di(2)1qi(2) Diva(2)} = g, lim {Di(z)718i(,2)} = SPU(0),  (3.17)
|z| =00 |z| =00

where D741(2) = 1y, U;(f) € U(N;) and S¢ is a matrix such that Q¢ = S9(S?)! is the
diagonal matrix defined in eq. (2.38). These boundary conditions correspond to those for the
original quantities eq. (3.2). Note that the transformations with ©;(z) in eq. (3.17) can be
regraded as local V-transformations analogous to singular gauge transformations, which are
regular in the asymptotic region |z| — co. Substituting these settings to the master equation,
we find that the asymptotic behavior of €); is given by

Di(2) 1 Q(22) D:(2) T = Q0+ O(|2|72) for  |z| = . (3.18)

These are the boundary conditions for the master equations (3.13).
In terms of these matrices satisfying the boundary conditions given above, the vortex
numbers k; defined in (3.3) are given by

1
ki = f (dz0, — dz0;) log | det ®;(2)]?, (3.19)
where we have used the following formula for the magnetic flux and its asymptotic behavior

TrFjy = —20:0, log det Q;, log det Q; = log | det D (2)|*4-const.+0O(|z| %) for |z| — oc.

(3.20)
Eq. (3.19) implies that the matrices (q1(2),--- ,qr(z)) must be chosen such that det D;(z) has
k; zeros in the topological sector with vortex numbers (kq,--- ,kz).? The zeros of det D;(z)

can be regarded as the positions of vortices. To see this, let us consider the p-th moment
of the i-th magnetic fluxes. If all vortices are well separated from each other, the magnetic
flux F}, is symmetrically localized around k; distinct points {2(i,0)l=1,2,...,k;}. In such
a case, the p-th moment is given by

k;

(2P); = ——/d21: 2P Tr[Fy) = Z . (3.21)
a=1
On the other hand, using (3.20), we can calculate (z); as
k;
(2P); = = lim dz 2P0, log det D;(z) = Z(w o)) (3.22)
271 R—o0 J|2|=R = (@)

9Using the V-transformation, det ©;(z) can be set to be a monic polynomial of degree k;.
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where {w(; oyl = 1,2,...,k;} are zeros of det®;(z). From (3.21) and (3.22), the vortex
positions {z;,} can be identified with the zeros {w;,} of det®;(2).! Extending this
identification, we adopt {w(; )} as the definition of the vortex positions even if several
vortices are in close proximity and their flux profiles are overlapping.

Uniqueness and existence of solution. Under the boundary conditions given above, one
can prove the uniqueness of the solution {;} to the set of the master equations (3.13) with
a given set of {g;(2)} (see appendix B for the proof). In the following, we only assume that

there exists a solution for the set of the master equations (3.13) with a given set of
gi = qi(z) such that Q; = Q;(z, 2) is an element of GL(N;, C) everywhere and all entries
of Q; are smooth functions of z and Zz.

At least, this assumptions is true in the large coupling limit g? — oo as will be explained
later. The set of the master equations is a generalization of the so-called Taubes equation,
where this assumption has been shown to be true [79].

The moduli matrices and the moduli space of vortices. If the above assumption for
the existence of the solution is true, there is a one-to-one correspondence between the moduli
space of vortices and the set of the equivalence classes defined by the V-transformation

6i(2) ~ Vi(2) ai(2) V31 (2). (3.23)

Hence the matrices ¢;(z) are called the moduli matrices. As shown in appendix C, all the
entries of the matrices ¢;(z) and V;(z) can be assumeed to be polynomials. From egs. (3.16)
and (3.19), we find that the boundary conditions for vortex configurations carrying the
topological charges {k;} are expressed in terms of & (z) = (Di(2), Di(2)) as

det D;(2) = O(z%), Di(2)7'D4(2) = O(z71). (3.24)

Roughly speaking, the first and second conditions in (3.24) specify the vortex numbers {k;}
and the vacuum at the spacial infinity, respectively. For fixed vortex numbers and boundary
conditions, we define the moduli space of vortices as the space of equivalence classes of the
matrices (q1(2),...,qr(2)) satisfying the condition (3.24)

Mzt = L(gi(2), qa(2), - qu(2))

qi(2) : conditions (3.24)} / ~, (3.25)

where ~ denotes the equivalence relation (3.23). We can determine the dimension of the

moduli space by counting the number of zero modes satisfying the linearized BPS equations

around a BPS configuration. As discussed in [7] and [80], the number of zero modes can

be determined by the index theorem as
. L N _N._ ‘ L L
dime My b i = = % / Az TrFy = > (Nip1 — Ni-)ki = Y Biki,

i=1 i=1 i=1

(3.26)

where 8; = N;y1 — N;_1 is the first coefficient of the beta function (2.58).

oo

19Gince D;(z) can be reconstructed as det D;(z) = 2" exp(— Epzl

be uniquely read from any configuration of the magnetic flux.

z2P); /(pzP)), each zero w(; o) can always
(3,a)
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The moduli space of BPS vortices is endowed with a natural complex structure such
that the variables ¢4 (A =1, , % | Bik;) holomorphically parametrizing the equivalence
class of the V-transformation (3.23) are the complex coordinates of the vortex moduli space.
Furthermore, the vortex moduli space is equipped with a Kéahler metric that determines
classical dynamics of the vortices. As shown in appendix B.4, the Kéhler metric on the
vortex moduli space is given by the formula

d*x —=> Tr [Q; i : 3.27
/ x Z [ ad)A +1qZ Q:Qsol ( )
Local and semi-local vortices. The first condition in (3.24) implies that &;(z) are full rank
matrices at a generic point z € C. Such a set of full rank matrices (£;(2),--- ,€1(2)) at a point
z specifies a flag Vo C V; C --- C Vi, C V and hence a point in the flag manifold F,, ...
Therefore, if &;(z) are full rank matrices (rank(§;(z)) = NV;) everywhere on C, that is,

SV 41

det&(2)&(2) #£0, Vz€C, (i=1,---,L), (3.28)

the set of matrices (§1(2),---,£L(2)) gives a holomorphic map C — F,, ... In such a

SML41°
case, we can solve the equation (3.13) in the large gauge coupling limit g; — oo by promoting

the vacuum solution satisfying (2.34) into a z-dependent configuration

- e 8 (2

A jg Q541

)&(Z)ﬁj(Z)T(&j(Z)&j(Z)T)_lﬁj(Z)&(Z)T- (3.29)

Comparing physical quantities such as energy density, we can confirm that the vortex config-
uration reduces to the instanton solution specified by the same set of matrices (£1,---,&p).M
Therefore, the moduli space of sigma model instantons is given by restricting the vortex
moduli space (3.25) with the additional condition (3.28)

Munst 352 = {(@1(2),02(2), - 41.(2))

qi(z) 1eq.(3.24), eq. (3.28)}/~. (3.30)

The points removed by the condition (3.28) are configurations with matrices &;(z) whose
rank becomes smaller (rank(&;(z)) < NNV;) at some points on C. Such configuration cannot be
viewed as a holomprphic map since & must be full rank matrices on the flag manifold. As we
approach the removed points on the instanton moduli space, the sizes of some insntantons
become infinitesimally small and hence such points are called the small instanton singularities.
Although instanton configurations are singular at such points, the corresponding vortex
solutions are regular as long as the gauge coupling constants g; are finite. Instead of the
singular instantons, regular vortices with size O(1/g+/r) are located at the points where
rank(&;) < N; when the gauge coupling constants are finite. Such vortices are the so-called

"TFrom these matrices &;(z), we can always construct an instanton solution in terms of the inhomogeneous
coordinates by comparing &;(z) and U = U(z) in eq. (2.18) at each z as

§i(2) = Li(2) & U(2)

where £;(z) is an appropriate element of the parabolic subgroup H (n1,--- ,n;) except for some singular points
corresponding to the zeros of det £;(z) = det D;(z) = O(z").
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local vortices whereas vortices corresponding to regular instantons are called the semi-local
vortices. A set of matrices {&} with ©; = 0 corresponds to a configuration in which all
the vortices are of local type. The corresponding modui subspace is called the local vortex
moduli space while we call the subspace with no local vortex the semi-local vortex moduli
space. As shown in appendix D.3, there is a one-to-one correspondence between the moduli
spaces of semi-local vortices and sigma model instantons

MLN2,5 L1 . NN, Np4a
Mseml ki,ko, -k, Mlnst ki,ko,kr - (3'31>

The semi-local vortex moduli space can be obtained from the local one by turning on 9;, which
corresponds to the fibration on the local vortex moduli space. In the large gauge coupling
limit g; — oo, the local vortex moduli space shrinks to the small instanton singularity.

For a dual pair of GLoMs, the moduli space of sigma model instantons are identical
since the corresponding NLoMs agree in the g; — oo limit. On the other hand, as we
will see below, the votex moduli spaces can be viewed as different regularizations of the
instanton moduli space

o Mn2. L1 C ML41seM2,00
Minst. o eg, e, = Minst oy 2Dk
N N (3.32)

n1,M2,..,NL41 NL41,---,N2,N1
Mvtx ki,ka, kg, 7é Mvtx kp,-kak1 -

In section 5, we will check the duality of instanton solutions by presenting explicit biholo-
morphic map on the moduli parameters. The small-instanton singularities are regularized in
different ways in the dual pair of GLoMs, i.e. both models have distinct local vortex moduli
spaces. Nevertheless, as we will check in section 6, the vortex partition functions computed
using the information on the local vortex moduli spaces are in perfect agreement.

3.2 Example 1: review of L = 1 case

As the simplest example, let us review the case with L = 1 [9] where the target manifold of
the NLoM is the complex Grassmaniann G(N,n) (n; =n, no = N —n). Here we omit the
index ¢ (i = 1,---, L) since there is only one gauge group factor U(n) in this case.

For a k-vortex configuration, the matrices (z) and ©(z) are n-by-n and n-by-(N — n)
matrices satisfying

detD(2) = O(ZF),  D(2)7'D(z) = O(z"1). (3.33)

Two pairs of matrices (D(z), D(z)) and (D(z)’, D(z)') are equivalent if there is a matrix
V(z) € GL(N,C) such that

(D(2), D(2) = (V(2)D(2), V(2)D(2)) = (D(2),D(2)) ~ (D(2),D(2)). (3:34)
Therefore, the moduli space of k-vortex configurations is given by

MV 2= {(D(2),9(2)) \ detD(2) = O(=F), D(2)'D(2) = 0"} /~. (3.35)

This moduli space can be parametrized in the following way (see appendix C.1 for more
details). Let A = (I1,l2,---,l,) be a set of non-negative integers such that &k = >} ls.
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By using the V-transformation (3.34), a generic matrix ®(z) with det ®(2) = O(z¥) can
be transformed into the following form

Zh pilt ... pln .
b
D(z) =Dy(z) = oo, P = Y Tl
Zl" Pnl ... pnn m=1
(3.36)
For each “gauge choice”, i.e. the choice of (Iy,---,l,), all the degrees of freedom of the

V-transformation (3.34) is fixed. Therefore, the coefficients T2 can be regarded as part of the
complex coordinates of the moduli space of vortices in this coordinate patch, which we call the
(I1,l2,- -+ ,ly)-patch. The other coordinates parameterize the degrees of freedom contained in
the matrix D(z) obeying the condition D(z) 1D (z) = O(z~1). To extract such degrees of
freedom, let us consider n-component column vectors j;(z) with polynomial entries satisfying

D(2) () = 0= (2 = ). (3.37)

We can show that there exist k linearly independent solutions j;(2) (i = 1,--- , k) satisfying
this condition. Let J(z) be an n-by-k matrix whose columns form a basis of the solutions
to (3.37), that is, J(z) = (j1(2), - ,jk(2)). For instance, in the (I1,12,--- ,l,)-patch (3.36),
J(z) can be chosen as
@aa a la— " ac ,m—1

=00 2P Y TR (3.38)

m=1

2P lreg

where J,, are n-by-l, block matrices and |;eg stands for the regular part. Since 5(,2) satisfies
the condition D (z) 71D (z) = O(z71), it can be written as linear combinations of j;(z), that

is, the matrix ©(z) in the (I1,l2,--- ,l,)-patch can be written as

D(z) = Da(2) = s, (3.39)

where U is a k-by-(N — n) matrix. The components of T parameterize the degrees of freedom
of ©® and hence can be regarded as the remaining coordinates of the moduli space of vortices.

One can check that the number of the coordinates T2 (a,b=1,---,n, m=1,--- 1)
and ¥,. (i =1,---,k, c=1,---,N —n) agrees with the dimension of the moduli space

dime Mgy Z”N_" = kN obtained through the analysis of the index theorem [7] (see eq. (3.26)).
There are (k +n — 1)!/(k!(n — 1)!) patches and the transition functions can be read off from
the V-transformation between two different fixed forms (D, D) = (V Dy, VDy) (see the
example below).

Next, let us read off the sigma model instanton solutions in the large coupling limit
from ¢ = (D(z),D(z)). Let ¢ is the n-by-(N — n) matrix which appears in the matrix
G in eq. (2.18) as

G=rC <1” v ) € GL(N,C), (3.40)
0 ]-N—n

where L is a lower-triangular block matrix. The components of ¢ can be regarded as the
inhomogeneous coordinates of Grassmannian G(N,n). From the relation (D(z),D(z)) ~
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(1,,,0) G, the matrix ¢(z) can be read off as
o(z) = D(2)"1D(2). (3.41)

This implies that the inhomogeneous coordinate are rational functions of z. Note that only
semilocal vortices can be observed as sigma model instantons. To see this, let us assume that
if [ vortices in (D(z), f)(z)) are of local type. Then, as shown in appendix D.1, the matrices
D(z) and D(z) have a common factor Dj.(z) representing local vortices

(D(2),D(2)) = D1e(2) Do (2), Dsm(2)),  det Die(2) = O(21), (3.42)

where & (2) = (Dsm(2), Dsm(2)) satisfies the condition (3.28). From this factorized form,
we find that the local vortices do not appear in the sigma model instantons in the large
coupling limit:

0(2) = D(2)"'D(2) = Dem(2) " Dem (2). (3.43)
Abelian case. For n =1, the gauge group is U(1) and D(z) is a monic polynomial of z

D(z) = H(z — 24)%, Zda =k, (3.44)

«

where d,, denotes the multiplicity of the vortex sitting at z = z4. The condition D(z)~1®(z) =
O(z7 1) for D(2) = (D2(2),D3(2),--- ,Dn(2)) can be solved by setting D,(z) to be polyno-
mials of degree &k — 1. Then the sigma model instanton solution takes the form

5a(z) da Ca,ap
= — for 2 <a < N. 4
@(z) za:pZ:l (Z_Za)p7 or S as (3 5)

Since the number of the coefficients is k for each flavor a, this solution has kN moduli
parameters. For separated vortex configuration (d, = 1 for all «), each vortex has N — 1
parameters in addition to its position modulus. For example, for N = 2 and d, = 1,
the absolute values of the coefficient cp 1 determines the size of the vortex at z = z,,
and hence ¢ 41 (@ = 1,--- , k) are called size moduli. The phase of ¢y 4,1 corresponds to
the Nambu-Goldstone mode of the H = U(1) global symmetry that is preserved by the
vacuum but broken by the vortex. The configurations with ¢, o p—g, = 0 correspond to a
small-instanton singularities.

Non-Abelian case. In the case of n > 1, vortices possesses another type of moduli
parameters that the Abelian vortices do not have. Since ®(z) has a smaller rank at the
center of each vortex (z = z,, det D(z,) = 0), there exists an n-column vector 1 satisfying!?

D(2q) Yo = 0. (3.46)

Each vector 1., defined up to a normalization factor, specifies a point on CP"~ ! =
U(n)/[U(n — 1) x U(1)]. These degrees of freedom correspond to the Nambu-Goldstone

2A set of this type of relations for all vortices will be summarized in the equation (4.8) in the next section.
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zero mode of the U(n) color-flavor locked symmetry broken due to existence of a vortex.
Even when a vortex has a vanishing size modulus, this type of orientational moduli survives
and thus describes internal degrees of freedom of the local vortex.

Next, let us demonstrate how to describe the moduli space of vortices with the simplest
example of non-Abelian vortices in the case of N =3,n =2,k =1 (n; = 2,ny = 1). There
are two coordinate patches (l1,l2) = (1,0) and (0,1) for which the “gauge-fixed forms” of
the matrix © in eq. (3.36) are respectively given by

D0 (2) = (z_—ba (1)> : Do,)(z) = <(1) z__b&> : (3.47)

The conditions for J10)(z) = (J1,J2)" and Jo1)(2) = (J{,J3)" are given by

96%>&Lm-—J¥ii<2>-+Jﬂ2)<?>-—CXz‘U- (3.48)

z
1~ Jé(z) B 1 _
D don =4 (| | +AE (] =0, (3.49)

By using the solutions to these conditions J(1,0) = (1, 0)” and Jo,1) = (0, 1)T, the matrices
D(1,0) and D (1) can be written as

- N c _ . 0
Do) =0 = (O) ) D0,1) = ¢J(o,1) = (5) ; (3.50)

where ¢ and ¢ are constants. The parameters (a, b, ¢) and (&, b, &) are the coordinates of the
moduli space in the (I1,l2)-patches with (I1,l3) = (1,0) and (I1,l2) = (0,1), respectively.
They are related by the coordinate transformation

(a,b,¢) = (a,b™ %, cb), (3.51)

which can be determined from the regularity condition for the V-transformation between
the two gauge-fixed forms of ©

- = —p
Va0 =901y = V() =901)(Pa0) b= ( P} _ ] (3.52)

and the relation V' 35(1,0) = 35(071). The parameter a and c are the position and size moduli of
the vortex, respectively. The parameter b is the inhomogeneous coordinate of the orientational
moduli CP'. The sigma model solution ¢12(z) = ®~'® in the (1,0)- and (0, 1)-patches

take the forms
o), y_ ¢ (1 01, _ ¢ (b
ol (z)—z_a<b), o <z>—2_a<1>- (3.53)

By using the coordinate transformation (3.51), one can confirm that these are identical

@512’0) (2) = @&%’1)(2') on the overlap of the coordinate patches.
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Duality and moduli spaces. In the case of N =3,n =2,k =1 (n; =2,ny = 1) discussed
above, the total vortex moduli space is given by

My 1572 = C x Ogpr(—1), (3.54)

where the first factor corresponds to the vortex position a € C and the second factor is the
total space of the line bundle O¢pi(—1) over CP!

Ocpr(—1) = {(b1,b2,¢) | (b1,b2) € C*\{(0,0)},c€C} /~ with (b1,ba,c) ~ (Ab1, Aba, A" Lc).
(3.55)

By removing the subspace ¢ = 0 corresponding to the small-instanton singularity, this space
reduces to the moduli space of sigma model instanton

Minst 15572 = Cx { (b, b, ) | (b1, 52) € C\{(0,0)}, € C\{0}}/ ~=Cx (CA{(0,0)}).
(3.56)

In the dual theory, which is an Abelian theory with N = 3,n =1 (n; = 1,ny = 2), the
vortex and instanton moduli spaces are respectively given by

Myt 1502 = C x €2, Minse 157772 = € x (C2\{(0,0)}). (3.57)

We can confirm that even though the instanton moduli spaces are identical, the vortex moduli
spaces are different in the dual theories

n1=2n2=1 __ ni=1ns=2
Minst k=1 - Minst k=1

n N (3.58)
M n1=2,n2=1 ?é M n1=1,n2=2
vtx k=1 vix k=1 :

In each theory, the small-instanton singularity is regularized by replacing it with the local
vortex moduli space in each theory

ni1=2,n2=1 n1=2n2=1 __ 1 n1=1,n2=2 ni=1n2=2
Mvtx k1:1 2 \Minst k1:1 2 =CxCP ) Mvtx klzl 2 \Minst k1:1 2 =C.
(3.59)

In other words, the singularity is blown up in the case of n; = 1, ng = 2 whereas C x {(0,0)}
is added along the singularity in the case of ny = 2, no = 1.

3.3 Example 2: L = 2 case

Next, we consider the case with L = 2. As we have seen in the previous example with L =1,
all the information on the moduli space of vortices is contained in the matrix £ = (D, 35)
obeying the constraints detD(z) = O(z%) and D(2)"'D(z) = O(z~!). For L > 1, the
matrices & = (D, @Z) must satisfy additional constraints since they are composite quantities
obtained from ¢; (L =1,--- ,N). For example, in the case of L = 2, £; and & are related
as £1(2) = q1(2)&2(z) and hence they are not independent. To read off the information on
the vortex moduli space, we need to clarify the constraints for &;(z).

— 24 —



For simplicity, let us focus on the case of vortex numbers (k1, k2) = (1,1) in the model
with n1 = no = n3 = 1 as the simplest nontrivial example.' It follows from the conditions
det®; = O(z%) and ©;1D; = O(271) that the matrices & (z) and &(2) for (ki, k) = (1,1)
take the forms

&(z) = (z—d.c,c"), 6(2) = (D.0)(2), D10y (2)) = <Z_b“ (1) S) : (3.60)

where we have fixed &(z) = (Dg,D2) so that it takes the (I1,l2) = (1,0) form given in
eq. (3.47) and eq. (3.50). These matrices must be related as &(z) = ¢1(2)&2(z) with a
certain non-singular 1-by-2 matrix ¢;(z). The regularity of ¢;(z) requires that the parameters
are related as

a =a+bd ' =c. (3.61)

In the (0, 1)-patch, & (2) and &(2) = (D(g1)(2),D(0.1)(2)) take the forms

0z—ac

~ 1 —b 0
&(z)=(z—d,d, "), §2(2) = (D, (2), Do, (2)) = < > ; (3.62)
where the parameters (a, b, ¢) are related to (a, b, ¢) in the same way as the case of L = 1 (3.51).
The regularity of ¢1(z) requires that
d=0b(d —a), " =be (3.63)

This relation is consistent with (3.61) and (3.51). The constraints on (3.60) and (3.62)
with (3.51) implies that the moduli space is given by

Miyix Z;jﬁ;j’n?’:l =C x (Ocp1(—1) ® Ocpr(-1)), (3.64)

where C is the center of mass position parametrized by a + a’ and Ocpi(—1) ® Ocp1(—1)
is the space given by

Ocp1(—1)&0cp1(—1) = {(51752701702) | (b1,b2) € C*\{(0,0)}, (c1,¢2) € C2}/N, (3.65)
where the equivalence relation ~ is defined as
(b1, b2, c1,c0) ~ (Aby, Abo, A ey, A ey)  with A € C*. (3.66)

The coordinates in the (1,0) and (0, 1) patches are related to the C* invariants as

b= bij Cc = bQCQ, CI = bgcl, (3.67)
2

~ b2 B ,

b= B ¢=bica, a —a=bicy. (3.68)
1

Here, a complex parameter b(E) parametrizing CP! appears like in the non-Abelian case
given in eq. (3.47). Its argument, arg(b), is again the Nambu-Goldstone zero mode due to
a broken U(1)-symmetry, but unlike in the non-Abelian case, its absolute value, |b| is no
longer a Nambu-Goldstone mode. We can observe that the configurations of the magnetic
fluxes depend on |b], as seen in figure 1.

13 Another simple example is the case where the matrices &; can be obtained by embedding that of the L = 1
case. A general discussion on the embedding of the L = 1 case is given in appendix E.
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1.0
—0 —o0
0sf 02 0.2
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. . 1=1,2 . .
Figure 1. Profiles of the magnetic fields, B;—1,2 = —Tr[F}; '] for local vortices in the L = 2

model with setting 1 = ro = g1 = g2 = 1. Here we use the moduli matrix in eq. (3.60) with setting
a=c=c =0 and varying values of b as b =0,0.2,0.5,1,2, 5, cc.

Next, let us consider the corresponding sigma model instanton solution. Let us introduce
inhomogeneous complex coordinates (¢12, ¢13, d23) of the target manifold GC/ H = Fia1-
They are contained in the matrix G in eq. (2.18) as

1 ¢12 ¢13
G=L]|0 1 ¢ | €GE, (3.69)
0 0 1

where L is a lower-triangular matrix. In this parametrization, ©; 19D, are given by

D1'D1 = (¢12,613), 0,0, = <¢13> ; (3.70)
P23

where ¢)5 is related to ¢13 as'?

Pls = P13 — Pr2¢a3. (3.71)

If we ignore the constraints & = ¢;&;11, each & can be regarded as a flag for the Grasmannian
G(N;, N). In this case, & and & specify points on G(1,3) = CP? and G(2,3) = CP?,
respectively. In this case, both (¢12, $13) and (¢pa3, ¢}3) are the inhomogenrous coordinates
of CP?, and hence the sigma model instanton solutions with k; = 1 and ks = 1 are generally
takes the forms (see (3.53))

1 1

(<Z>12, ¢13) = (B7 A/)a (¢237 (#13) - (C7 A) (372)

z—a zZ—a

The additional condition (3.71) gives rise to the following constaraint on the moduli parameters
a,A" B,a,A,C

AD=BC, A=A with D=d —a. (3.73)

“The flag manifold Fp, ny.ns can be realized as two orthogonal flags, & € G(n1, N) and € € G(ns, N).

Eq. (3.71) can be regard as the orthogonality condition &7 = 0 with identifying & = (1, @12, $13) and
£=(—¢is", —33,1).
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The space given by the condition AD = BC' has singularities but they are covered by
the small-instanton singularities located at (B, A’) = (0,0) and (C, A) = (0,0).,! These
singularities can be simultaneously removed by requiring A # 0, and hence the moduli
space of instantons is given by

Mingt g 21022 = € x € x (C\{0}). (3.74)

The vortex configuration given in (3.60) and (3.62) is mapped to (d12, P23, P13, ¢)3) through
relation (3.70), from which the parameters in (3.72) can be read as,

(B, A") = by(c1,¢a), (C,A)=ca(br,b2) and a’ —a=byey, (3.75)

with [by : by : ¢1 : c2] € Ocpi(—1) @ Ocpi(—1). The above mapping can be regarded as a
blowup of the space AD = BC along the center A = C = 0. Therefore, this resolution of
the singularity defines an inclusion map between them as

Minst P21 =CxC2x (C\{(0)}) > Moyl 22 ™ =Cx(Ogpr (1)@ Ocpr (—1)).
(3.76)

Removing the small instanton singularities at by = 0 and c» = 0, we obtain the condition
for the moduli space of the instanton

ni=1,n2=1n3=1 ni=1lns=1n3=1 __ 2
Mk k;:l,k;:l 3 bz#ﬁg#o Minst k11:1,k22:1 37 =CxC*x ((C\{O}) (377)
Next, let us see how the moduli spaces are related under the duality map. In the
n1 = ng = n3z = 1 case, the duality theory is identical but the inhomogeneous coordinates

(12, P23, $13) and @f3 = P13 — P12¢023 are swapped as (see eq. (2.64))

(P12, P23, P13, P'13)dual = — (P23, P12, P13, P13). (3.78)

From this relation, we can read off the duality transformation for the moduli parameters as
(b1,b2,c1,c2)dual = (c1, 2, —b1, —b2). (3.79)

This map is well-defined on Mg 211;1,?22::11 "5=1 put ill-defined on Moy 211;1]?22::11 "5=1 since
the point (c1, ¢2)qual = (0,0) of the vortex moduli space is mapped to the forbidden point
(b1,b2) = (0,0) in the original theory. This indicates that there are vortex configurations
that do not have corresponding configuration in the dual theory.

This asymmetry of the vortex moduli space becomes manifest if we focus on its subspaces
containing local vortices. The vortex described by &; (£2) becomes a local vortex in the limit
of by — 0 (co — 0) Interestingly, there exist two subspaces (C? and C x CP! shown in the
bottom row of figure 2) where both of the two vortices becomes local ones.

15There are two type of singularity: the former is algebraic singularity where the tangent space is ill-defined,
and the latter is “physical” singularity where the NLoM breaks down.
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n1:1,n2:1,n3=1

Mt oy =1 kp—1

Cx(O(-1)®0O(-1))

by =0 C O 0
c? C x O(-1)
=0 U b, —0( Ua—0
c? 4 C x CP! .
by =0 by = oc

Figure 2. The structure of moduli space of vortices with n1 =no =ng =1, ky = ks = 1.

Fixed points of torus action. The two subspaces C? and C x CP' shown in the bottom
row of figure 2 contain two fixed points of a torus action which will be discussed in appendix H.
They are also viewed as the origins of the It is convenient to characterize these fixed points
by Young tableaux as

1) =10, =22 ca, (3.80)
(1) th

(1) =0, @-= (1 ’ O) € C1NCy. (3.81)

0z0
The height d of each young diagram indicates a composite state of d different types of

vortices. For ny = ny = n3 = 1, the general fixed point and the corresponding set of Young
diagrams is given by

1]]1 200
. =(2™.0 = 3.82
( o (L) 0= 0 e (o o> (3:82)

with (k1,k2) = (I +m, l 4+ n). In section 4.3.1, we will see the way to classify the fixed
points in terms Young tableaux.

4 Quotient construction of vortex moduli space
In this section, we discuss a quotient construction of the vortex moduli space. We show

that the vortex moduli space (3.25) can be identified with a quotient of a vector space of
matrices by a complex Lie group.
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4.1 L =1 case and half~-ADHM mapping relation
Let us first review the quotient construction in the L = 1 case [9, 10]. We show that the vortex

moduli space (3.35) is given by the GL(N, C) quotient of the vector space of matrices {Z, ¥, U}

Mo p N7 22 {(2,9,%) | {2, ¥} on which GL(k, C) action is free} /GL(K,C),  (4.1)

where Z k-by-k matrix, ¥ is a n-by-k matrix and T is a k-by-(N — n) matrix on which
GL(k,C) acts

Z — g 17y, U — Ug, U — g ' (4.2)

They are related to the moduli matrix £(z) = ¢(z) = (D,D) through the relations, which
we call the half~-ADHM mapping relation

D(2)0 = J(2)(21; — 2), D(z) = 3(2)Y, (4.3)
where J(z) = (j1(2), - ,jx(2)) is the n-by-k matrix defined in section 3.2, which is char-
acterized by the property

D(2)13(2) =00 (2 = ). (4.4)
The GL(k,C) transformation acts on J(z) as
J(z) = 3(z)g (9 € GL(k,C)), (4.5)

and can be regarded as the change of basis {j1(2), - ,jk(2)} of the solutions of (4.4).

From the matrices ® and J, the matrices (Z,¥) can be obtained through the first
equation in (4.3). The existence of such constant matrices (Z, ¥) can be shown by using
the following decomposition algorithm. By using ® and J, any column vector f (z) with
arbitrary polynomial entries can be decomposed as

f(2) =9(2)7(z) +3(2)v, (4.6)

with a column vector §(z) with polynomial entries and a constant vector v € C*. Note

that for a given f(z), the column vectors g(z) and v are unique since the columns of D(z)
and J(z) are independent in the sense that

0=92(2)§(z) +3(zv < Gz =0, v=0. (4.7)

Applying the decomposition (4.6) to each column of zJ(z), we can show that there exist
a n-by-k matrix ¥ and a k-by-k matrix Z such that

23(2) =D(2)¥ + J(2)Z, or equivalently D(2)¥ =J(2)(z1 — 2). (4.8)

Note that ¥ = D(z)"'J(2)(21; — Z) must be a constant matrix since it is regular everywhere
and D(2)71(23(2)) = O

to each column of D(z), we obtain the k£ by (N —n) matrix ¥ as

z
(1) in the limit z — oco. Similarly, by applying the decomposition (4.6)

D(z) = J(2)W. (4.9)
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Note that ©(z) has no term proportional to D(z) since D(z) satisfies the condition
D(2)"1D(z)=0(z"1) .

As we have seen, the set of matrices {Z, U, ‘iv/} can be extracted from the moduli matrix
£(2) = (9(2),9(z)). However, {Z, U, ¥} is not unique for a given £(z) = (D(2),D(2)) due to
the degrees of freedom of the change of the basis {J,(z)}. Thus, for a given £(z) = (D(z),D(2)),
we obtain a unique equivalence class of matrices defined by

{Z, 0,9}~ {g7"Zg, Ug, g-" ¥} with g € GL(k,C). (4.10)

We can show that this GL(k,C) action is free on the part of the data {Z, ¥} obtained
from ®(z); that is, for any infinitesimal GL(k,C) action dxZ = [Z, X], 0x¥ = ¥X with
X € gl(k,C),

5xZ =0, 6x¥=0 = X=0. (4.11)

As shown in appendix C.2, this condition on the data is equivalent to the following statement
for a vector ©:

V2eC, V(:1-2)%=0 = o=0. (4.12)
Since the relation (4.8) is rewritten as
V(21— 2)' =D(2)713(»), (4.13)

the above GL(k, C)-free condition is satisfied when the & columns of J(z) are linearly indepen-
dent. Since this is true by construction, the infinitesimal action of GL(k,C) on {Z, U} is free.

Through the half-ADHM mapping relations (4.3), we can show that there exists a one-
to-one map (see appendix C) between the moduli matrix (D(z),D(z)) and the half-ADHM
data {Z, ¥, U} in each coordinate patch given in eq. (3.24).'® Thus, we find that the moduli
space of BPS vortices turnes out to be given by

Mvtx Z,N_n
= {(@(z),é(z)) \ detD(2) = O(F), D(2) 1D (2) = O(z’l))} J{V-transf. in eq. (3.34)}  (4.14)
~ {(Z,\IJ,\T/) ‘ {Z, ¥} on which GL(k,C) action is free} /GL(k,C). (4.15)

Indeed, we can show that the matrices {Z, U} have all the V(z) invariant information
contained in D(z) from the fact that all the invariants under the V-transformation consisting
of D(z) and J(z) can be expressed in terms of {Z, U} as'”

det®(z) = det(z1y — Z), and D(2)7'3(z) = U(21, — Z2). (4.16)

Note that the second relation obeys from (4.3) and the first one can be derived as follows.
By applying the decomposition (4.6) to each column of the unit matrix, we obtain

1, = D(2)P° + J(2)PY, (4.17)

6We can confirm that the number of the degrees of freedom of the equivalence class (4.10) coincides with
that of the moduli matrices #T %, = #2Z + #V — #g = kn. See appendix C for more details.

17 Although any minor determinants of the matrix (D(z),J(z)) are invariants, they are related to det D(z)
and D(z)"'J(z) through the Pliicker relations.
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where P® and P9 are n-by-n and k-by-n constant matrices, respectively. Since this equation is
not invariant under the V-transformation, P¥ and P® depend on the choice of the coordinate
patch.'® Using the half-ADHM mapping relation (4.3) and (4.17), one can show that

D(z) J(z 1, O B ‘ P _y
( (())dl(k)>:<P321—Z>N L with /\/E(P3 z1—Z>' (4.18)

By taking the determinant of the both sides and counting their degrees, we conclude this
polynomial det N is O(1), that is, det ' = 1 when det®(z) is chosen to be a monic
polynomial. Thus we find that det D (z) = det(z1 — Z).

4.2 Quotient construction for general L

For the case of general L, we can define L copies of the matrices (and relations) defined
in the previous subsection by attaching an index ¢ =1, , L. For example, we can define
N;-by-k; matrix J;(z) with polynomial entries by solving the condition

Di(2)713:(2) = O(z71). (4.19)

Then, we can obtain matrices {Z;, U;, ¥;} from the Ni-by-N matrix & (z) = (D;(z), Di(2))
thought the realtions

D4(2); = Ji(2) (21, — Zi), Di(2) = 3i(2) ¥, (4.20)

where {Z;, U;, {Iv/z} are k;-by-k;, N;-by-k; and k;-by-(N — N;) matrices, respectively. Conversely,
from a given set of constant matrices {Z;, ¥;, ;|1 < i < L}, we can obtain the matrices
{&(2)|1 <i < L} up to V-transformations. However, such matrices {§;(z)} do not necessarily
satisfy the constraint that there must be everywhere non-singular N;-by-N;1; matrices g;(z)
such that

qi(2)€i+1(2) = &i(2)- (4.21)

To guarantee that these constraints are satisfied, the matrices {Z;, ¥;, {Ivlz} must satisfy some
constraints. To write down the constraints, let us decompose the matrices ¥; and ¥; as

/ ~ ~ ~
\Iji—l—l == (Ti+1> ) \II’L = (T’Lv T’IL>7 (422>
Tiv1

where T;-ﬁ-l is an Ni—by—ki+1 matrix, Ti—i—l is an ni+1—by—ki+1 matrix, Tz isa ]{}i—by—(Ni+1 — Nz)

matrix and T/ is a ki-by-(N — Nj11) matrix. Then, the relation (4.21) can be rewritten as

T = W; Uy, (4.23)
Ti = UW;, (4.24)
YiYis1 = ZiW; — WiZiq, (4.25)
8For the (I1,12,--- ,l,) patch in eq. (3.36) and eq. (3.38), these matrices can be easily obtained as

(PP)% = o5 o5, (P)) Py =87 (1— o)t

which are independent of any moduli parameters in ©(z).
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where W; is a k;-by-k;+1 matrix such that
4i(2)Jit1(2) = Ji(2)Wi. (4.26)
The constraints (4.23)—(4.25) can be derived as follows.

Constraints on half~ADHM data. Let us first show the half~ADHM data {Z;, ¥;, \Ill} ob-
tained through (4.20) satisfy (4.23)—(4.25). Then, we show that the matrices {£;(z)} obtained
from the half-ADHM data obeying the constraints (4.23)—(4.25) satisfy the relation (4.21)
with suitable matrices ¢;(z).

(4.21) to (4.23)—(4.25). We can rewrite the relation (4.21) for the matrices &(z) =
(Di(2),Di(2)) = (Di(2),3i(2) Vi) as

6:(2)Di1(2) = (Dil2), Tu()Ts) , (4.27)
qi(z )dz+1( Wit = Ji(2)T] (4.28)

It follows from the first equation that ;(2) ™! [¢;(2)Ji+1(2)] = O(27 1) and hence there exist
a k;-by-k;+1 matrix W; such that!?

qi(Z):ji_H(Z) = ;L(Z)VVz (4.29)
Then, by substituting this relation into (4.28) we find that (4.23) is satsified
JZ(Z)WZ \Tli—&-l = JZ(Z)T; <~ :f; = Wi \i’i—i-ly (430)

where we have used the fact that the columns of J;(z) are linearly independent. We can see
that (4.24) and (4.25) are satisfied as follows. By multiplying the both sides of eq. (4.27)
by Wi = (T, Y;i1)? from the right, we obtain

Gi(2)Di1(2)Wip1 = Di(2) Ty + Ji(2) TV (4.31)
The left hand side can be rewritten by using the half-ADHM mapping relation and (4.29) as

49i11Vir1 = @Jir1(2lk,, — Zig1) = JiWi(21pyy, — Zig1) = DWW + Ji(ZiW; — WiZig 1),

(4.32)
Comparing this with the right hand side of (4.31) and using the linear independence of
(Di(2),3i(z)), we find that (4.24) and (4.25) are satisfied.

19Since
9, (@:dir1) = D7 (@Din1) (Di13i41) = (1Nw Dflﬁﬁi) (D743im1) =0z,

the columns of the matrix ¢;(z)J:+1(z) can be written as linear combinations of the columns of J;(z), and
hence there exist a matrix W; such that ¢;(2)Ji+1(z) = Ji(2) W,
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(4.23)—(4.25) to (4.21). Next, let us show that if the half~fADHM data satisfies the con-
straints (4.23)—(4.25), the corresponding &;(z) related through (4.20) satisfy the relation (4.21)
(or equivalently (4.27) and (4.28)), with suitable matrices ¢;(z). Although formally the
condition (4.27) is always satisfied by adopting ¢i(z) = (D:(2),Ji(2)T))Dis1(z)~!, such
matrices ¢;(z) may not be suitable since they can have some poles. We can show that
gi(2) = (D4(2),3i(2)T))Dis1(2) " do not have any pole if (4.23)(4.25) are satisfied. To
show this, let us rewrite D, Jrll as

©z+1 P+1 + ©z+1\51+1pz+1 13131 + \I]i"!‘l(ZlkiJrl - Zi-i-l) 1‘P7,+17 (4'33)

where PJrl and P, +1 are matrices defined by 1y,,, = Diy1(2 VP2 1+ Jir1(z )Pf_i_1 Then,
(@z,JzT')Qz_H can be rewritten as

qi(2) = (i, TIX)D Y = Di, JX) P +(Di, TLi) Vi1 (21, — Ziga) PPy (4.34)

Obviously the first term has no pole and the regularity of the second term can be shown
by rewriting

(D4, 3T Vi1 (2L, — Zi1) ' = (DY + 3T Tis1) (21h,,, — Zigr) "
= (Qi\piWi‘Fﬁi(ZiWi_WiZi+1))(Z]-ki+1_Zi—i—l) =3 W;.
(4.35)

Since this has no pole, ¢;(z) = (i, 3T VPR, + JiW;P? "1 is regular and hence (4.27) is
satisfied. Then we can show that (4.28) is also satisfied as

Gidis1Vit1 = Qi®i+1©;+113i+1{fji+l = (9i73¢Ti)‘1’i+1(21ki+1 —Zig1) N =3 Wi = 3T
(4.36)
Thus, we find that no further constraints other than (4.23)—(4.25) is needed on a data
set {Z;, Y4, T, W;} to guarantee that ¢;(z) obtained through the half-ADHM mapping
relation (4.20) satisfy the relation (4.21).
The constraints (4.23) and (4.24) imply that T} and T are not independent but can
be rewritten in terms of {Wj, Ti,Ti} as

T T
U, = (‘I’i—lwi—h Ti) = (T1W1W2-“Wi—1, YoWo - -Wiq, -+, TioaWiiq, Tz‘) ,
(4.37)
= (Ti, Wi\ili+1> = (Ti, WiTit1, WilWi1Tiga, -, Wz‘VVz‘H"'WLATL),
(4.38)

with T7 = ¥ and T L= =U L. Therefore, all information describing vortex moduli are contained
in the set of matrices {Z;, T, T4|1 < i < L} and {W;|1 < i < L — 1} obeying the constraints

Zsz - WiZfL'Jrl == TiTi+1 for 1 S ) S L—1. (439)

Since ¢;(z) related to {Z;, T;, Ti, W;} though the half-ADHM mapping relation do not
change under the GL(k1,C) x -+ x GL(kr,C) transformation

(Zi, i, Vi, Wiy =~ {U7 Zils, T ilds, U705, U7 Wildin ) with YUy € GL(k;, ©),  (4.40)
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ZL—l ZL

Figure 3. Quiver diagram for vortex moduli. Here Wi represent Lagrange multipliers for the
constraint (4.39), which will be explained in the next section.

the quotient space of the data {Z;, 1, T, W;} by GL(k1,C) x --- x GL(kg,C) can be
identified with the vortex moduli space. Note that the action of GL(k1,C) x --- x GL(kr,C)
must be free on V,;, Z;, that is,

Jkj-column vector U; : T,;W;Wjpq1--- Wi_1(21y, —Zi)_lﬁ'i =0for 1<Vj<i,VzeC = 4;=0.
(4.41)
Note that this set of conditions is a generalization of the condition (4.12) for L = 1.
In summary, the moduli space of vortices turns out to be given by the quotient

M n1,n2,..., np+1 __
VEX ko kg, kT

N (4.42)
{Zi, T, Ty, W ’constraints(4.39), condition(4.4l)}/GL(k‘l,(C) X+ X GL(kg,C).

The contents of this quotient are summarized in the quiver diagram figure 3 and the corre-
sponding gauged linear sigma model can also be obtained from the D-brane configuration
for BPS vortices (see appendix F).

In appendix G, we prove that all possible singularities due to the constraints (4.39) is
removed by the condition (4.41) and the moduli space defined above is smooth everywhere.

4.2.1 An example of L = 2: SU(3)/U(1)? sigma model

Here, we illustrate the moduli space of vortices in the gauged linear sigma model corresponding
to the SU(3)/U(1)? sigma model (L = 2,N; = 1, Ng = 2, N3 = 3,n; = ny = ng = 1). The
model is the U(1) x U(2) gauge theory with an SU(3)r flavor symmetry. The matter content
consists of two scalar fields Q1 and Q9 in the (1,2,0) and (0,2,3) of the U(1) x U(2) x
SU(3)p symmetry, respectively. The topological sectors are labeled by two integers (k1, k2)
corresponding to the vortex numbers of U(1) x U(2) gauge group.

Two coordinate patches in (k1,k2) = (1,1) case. First, let us consider the case of
(k1,k2) = (1,1). As we have seen in subsection 3.3, there are two coordinate patches:

* (170)_pat0h : gl(z) = (Z - alvclvc)7 §2<2) = (z__ba (1) S) ’ (443>

o (0,1)-patch:  &(2) = (2 —d',c,¢), £a(z) = (1 b 0> : (4.44)

0z—ac
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where the parameters are realted as

b=>b1t, d =b(d —a), c = bé. (4.45)
We can move from the (1,0)-patch to the (0, 1)-patch by using the V-transformation & —
Vi€ with
0 —b
V=1, Vo = ) 4.46
! 2 (b z— a> ( )

e (1,0)-patch. From the definition & = (9;,9;) and (4.43), we find that the matrices
®; and ®; are givenby

D1 =z2-d, D, = (d,0), Dy = (z_—ba (1)> , Dy = (c) . (4.47)

From these matrices, the corresponding half~-ADHM data can be read off as

D75 =00 - Ji=1, 2= (1,07 (4.48)
DV, = Ji(2 — Z) - Zi=d, Zy = a, Uy =1, Uy =(1,0)7,
(4.49)
D =%, — Uy = (d,0), Uy =c, (4.50)
U, = (YL, 1)T - Yi=1, Ty =b, (4.51)
U = (13,7 - Y=, Ty =c, (4.52)
T\ Yo =Z Wi —WiZy —  Wp=1. (4.53)

e (0,1)-patch. From the definition & = (9;,9;) and (4.44), we find that the matrices
9; and ®; are given by

~ 1 —b -
@122—(1/, @1:(0/,0), @2:<Oz_bd>, @2:<2>. (4.54)

From these matrices, the corresponding half~-ADHM data can be read off as

9,3 =0("") - Hi=1 J2=(0,1)" (4.55)
DV, = Ji(2 — Z) -  Zi=d, Zy = a, U =1, ¥y=(bh1)7,
(4.56)
D, =3V, - Uy =(d,0), Uy=4¢ (4.57)
U, = (15,17 - YTi=1, Ty =1, (4.58)
T, = (T, T - Y=, T, =¢, (4.59)
T\ Yo=2ZIW1 —WiZy —  Wi=h. (4.60)

The coordinate transformation from the (1,0)-patch to (0, 1)-patch is given by a group
element (g1,92) € GL(1,C) x GL(1,C)

Ti — Tigia Tz — g;lTi, with g1 = 1, go = b. (461)

In appendix E, the half~fADHM data obtained by embedding from the L = 1 case is
discussed as another example.
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4.3 Coordinate patches on moduli space

In this section, we discuss the coordinate patches of the moduli space of the half-ADHM data.
To define an analogue of the (I1,--- ,l;)-patch for the L = 1 case, we first discuss the fixed
point of a torus action that plays the role of the “origin” in each coordinate patch.

4.3.1 Torus action and fixed points on vortex moduli space

The torus action we discuss here is a combination of an Abelian subgroup of the flavor
symmetry and the spatial rotation (see appendix H for the details of the torus action). Its
fixed point configurations can be viewed as the BPS vortex solutions in the presence of the
omega background and the mass deformation. Such configurations must satisfy the following
conditions in addition to the vortex equations (3.8) and (3.9)

’iE(ZDZ — EDg)Qz + ZiQi — QiEiJrl = 0, with EL—H = —M, (4.62)

where ¥; (i = 1,---,L) are SU(JV;) adjoint scalar fields,?° ¢ is the omega deformation
parameter and M = diag(m!,--- ,m") is the mass matrix. A configuration satisfying (4.62)
is invariant under the infinitesimal spatial rotation and flavor rotation up to an infinitesimal
gauge transformation ¥;. For such a fixed point configuration, the magnetic fluxes take

the diagonal forms

11 1G.3,1)
%/F = block-diag(1®",--- ,1(+9) = with 1% = ,
1Gisd) 1(6:4,m5)
(4.63)

where (%) denotes the nj-by-n; diagonal block of the SU(N;) magnetic flux of the i-th gauge
group. The labels (4,7) and (4,j,«) (¢ =1,--- ,L,j=1,---,4, a = 1,--- ,n;) specify the
following subgroup of the gauge group:

o (i,74) : j-th U(n;) subgroup of i-th gauge group U(N;) D U(ng) x --- x U(n,).
e (i,j,0a) : a-th Cartan subgroup U(1) of j-th U(n;) subgroup of i-th gauge group U(N;).
The magnetic fluxes {(?7%) are also related to winding numbers of the scalar fields

L 0 -0
4 = Do with 09 = 63) _ (+19) (4.64)
L(ii)

where v(9) are diagonal matrices of winding numbers. We can confirm that qi(z) is invariant
under the torus action (the Cartan part of the spatial rotation and the flavor rotation)
up to V-transformations

qi(2) =V, qi(eiez) Vzﬁ, Vi = exp(i%;), Vit1(2) = exp(—iM). (4.65)

20In 2d N = (2,2) supersymmetric models, 3J; can be interpreted as the adjoint scalar fileds in the vector
multiplets and become auxiliary fields in the nonlinear sigma model limit.
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Figure 4. An example of Young tabuleax.

The element of the V-transformations are specified by the fixed point values of the adjoint
scalar X;, which take the forms

% = block-diag(e @ .. | gt o) = diag(c@V) ... gBini)) (4.66)
with the eigenvalues
obh0) = _pGe) _qda)e (4.67)
where we have labeled the eigenvalues of the mass matrix as
Y141 =M = block-diag(m?,--- ,mLH), m’ :diag(m(j’l), . ,m(j’"i)). (4.68)

Since the winding numbers v+ = 103) — 1(+1L3) of the scalar fields ¢; must be non-negative
integers, the magnetic fluxes must satisfy [(#5:®) > [(i+1.5:0)  Therefore, the fixed points are
classified by a set of N Young tableaux YU®) where o = 1, - - - ,n; for each j =1,--- L.
The height of YU®) is L — j + 1 and we denote the length of i-th row as [(Hi=13.%) e,

Y(jva) — (l(jvjva)’l(j'i'laj’a)’ e 7l(L,j,O¢)) , l(j’j’a) 2 l(]+17]7a) Z e Z l(ijva) 2 0 (469)

See figure 4 for an example.

Half-ADHM data at fixed points. We can show that the invariant vortex data corre-
sponding to the Young tableaux YU® take the form

D, =block-diag(@® ... D)) with D) :diag(zl(i’j’m,--- ,zl(i’j’nj)), and D;=0.
(4.70)

This implies that each diagonal component of D) represents axially symmetric Abelian

vortices with flux ¥ and hence all the half-ADHM data can be obtained by embedding

7
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those of Abelian vortices. For an axially symmetric Abelian vortex configuration ® = 2!, the
vortex data satisfying ®¥ = J(z1; — Z) are given by (see section C.1)

(4.71)

By embedding these matrices, we can construct the matrices satisfying ©;V; = J;(21x, —Z;) as

3: =block-diag(3®, .-, 3%), ¥, =block-diag(¥®V ... ¥y 7z =block-diag(Zz"Y, ...,z
(4.72)

with
3% =block-diag (3", -, 3(1“"))), w9 =block-diag (¥ (1), , w1y, (4.73)
z"9) =Dblock-diag(z (1), , z(1m))). (4.74)

Note that \T/Z = 0 since ’}52 = 0 for the fixed point configurations. The matrices T; and TZ
defined in (4.22) can be extracted from ¥; and ¥; as

T = (Omykifl‘ll(i’i)

). Y =0. (4.75)

The matrix W; can be determined by solving the constraint Z;W; — W;Z;.1 = TiTHl as

w1 0 --- 0 W(l(i,j,1)7l(i+1ﬁj11))
W, = . o] W) — .
Wil ... o W (1), +10))
(4.76)
where W (l,1") is the matrix satisfying Z(1)W (I,I') — W (l,I")Z(l") = 0, which takes the form

)

1

W(l,1) = S (4.77)
0y 1y

Note that these half-ADHM data for the fixed points can also be obtained by solving the

fixed point condition for the half-ADHM data. We can check these matrices are invariant

under the torus action on the half-ADHM data (see appendix H.2).

4.3.2 Coordinates around fixed points

The coordinate patches around the fixed points discussed above can be obtained by considering
fluctuations around the fixed point, eliminating the GL(k1,C) x - - - x GL(kr, C) gauge degrees
of freedom and imposing the constraints (4.39). After fixing the GL(k;, C) transformations,
we find the following non-zero components of the fluctuations

(003 i pp) for a € {a |15 =0} (87)B3P) 4y gy (4.78)
(6Z) %) gy with p =107, (W) PP 1 jgg  for 2 < p <1052,
(4.79)
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Not all of these fluctuations independent since they are subject to the constraints (4.39).
The total number of the components of (4.39) is given by

de =Y kikiy1. (4.80)

In appendix G we show that all components of the constraints (4.39) are linearly independent
of each other for all points satisfying the condition (4.41). Fixing d. degrees of freedom by
solving the constraints (4.39), we can obtain the coordinates of the moduli space around this
fixed point. We can show that in the vicinity of the fixed point the linearized constraint can
be solved without any singularity and hence a smooth coordinate patch can be constructed
around each fixed point. We can check that the complex dimension of the moduli space
of vortices is given by

L L-1
dime M o2 = ST (#Y + #Y5 + # 2 — #GL(k;, ©) + Y (#Wi — #W))

i=1 i=1
L L-1

= Z(nzk‘ + k; iNi+1 + k’ - k2) Z (kiki—I—l — ki+1ki)
i=1 i=1
L

= Z k:z(nz + ni+1), (4.81)

-
I
_

which agrees with a result given by the index theorem (3.26).

Solutions of the constraints for separated vortices

Here we discuss solutions of the constraints (4.39). For a generic point on the moduli
space, we can easily construct a solution in the following way. Let us consider the case
of separated vortices given by

k;
ZiaF2ip for a#p  with det(z1, — H 2—2q) for 1<i<L. (4.82)

In this case, the square matrices {Z; |1 < ¢ < L} can be diagonalized as (Z;)%3 = 6% zj,a-
In addition, if we assume that

Zia 7# Zig1,3 for 1<a<k, 1<B<ki and 1<i<L-—1, (4.83)
we find the constraints are solved with respect to {W;} as

(TiTit1)%

W;))%g = ——>~2,
()% Zi,o — Zi+1,8

(4.84)

This result implies that all the components of the constraints (4.39) are independent and
each of them has a solution.
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4.4 Metric on the moduli space and Kihler quotient

As we have seen that the vortex modui space is given by the GL(k1,C) x --- x GL(kr,C)
quotient (4.42) of the matrices (Z;, 1, T, W;) as a complex manifold. One may think that
it is also possible to consider the corresponding U(k;) x --- x U(kr) Kéhler quotient by
introducing an appropriate Kahler potential on the space of the matrices (Z;, Y, Ti, Wi).
A natural choice of the Kéahler potential would be

L
K= T[22 + 70+ 1]+ wiw]], (4.85)

i=1
which gives a flat metric on the linear space of the matrices. In addition, we need to
impose the constraint (4.39). Following the standard procedure of the Kéahler quotient
construction, one can obtain a Ké&hler potential and metric on the moduli space. However,
the Kéher metric obtained in this way does not agree with the correct metric, shown in
appendix B.4, that describes the classical dynamics of the vortices. Nonetheless, the 2d
N =1(2,2) U(ky) x --- x U(kp) gauge theory constructed based on the above Kéhler potential
K and the constraint (4.39) captures some quantum aspects of the original U(Np) x---x U(Np,)
quiver gauge theory. In section 6, we compute the vortex partition function from the viewpoint
of the quotient construction as an example of the quantities that do not depend on the

detail of the Kéhler potential.

5 Sigma model instantons and duality

In this section, we discuss the sigma model solutions in the flag manifold sigma model. We
check that the duality of the sigma model (2.65) defined by the relation (2.60) holds even on
the moduli space of sigma model instantons, except for the instanton singularities.

5.1 Grassmannian case: L =1

In the Grassmannian case (L = 1), the inhomogeneous coordinates ¢ is an n-by-(N — n)
matrix related to £ = (D, ”)5) as p = D19, Using the half-ADHM mapping relation eq. (4.3),
we can show that the sigma model instanon solution ¢(z) corresponding to the half-ADHM
data {Z, U, ¥} can be written as

o(z) = V(21 — Z)7'0. (5.1)

For separated vortices, the marix Z can be diagonalized as (Z)%3 = d%g 2o with 24 # 23 (o #
B) and hence the instanton solution takes the form

(5.2)

%, and row vectors (\i)ab for each « are respectively called the

The column vectors (¥)
orientational moduli and size moduli of the vortex sitting at z = z,. Here we have partially
fixed the GL(k, C) redundancy by diagonalizing the k-by-k matrix Z. The remnant group

which does not change the form of Z is (U(1)¢)* ¢ GL(k,C) and each U(1)® = C* acts on the
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orientational moduli ¥¢,. Due to the condition that the GL(k, C) action is free, ¥*, cannot
be a zero column vector for each o and hence the orientational moduli space of each vortex
described by W%, is a CP"1 = (C™\{0})/ ~. On the contrary, the “size” moduli U%, can be
a zero vector, which corresponds to a local vortex when the gauge coupling constant is finite.

As shown in eq. (3.28) in appendix D.2, the condition that all vortices are of semi-local
type can be rewritten in terms of the half-fADHM data as

37 e CF (row vector) s.t. (21— Z) W =0 for V2eC = ¢=0. (5.3)

This condition requires that the GL(k,C) acts freely not only on {Z, ¥}, but also on
{Z,¥}. On the other hand, we can uniquely determine the half-ADHM data satisfying (5.3)
corresponding to any given sigma model instanton solution (See appendix D.3). Therefore
the moduli space of instanton solutions Mgt are written in terms of the half~fADHM data as

Mingt = {(Z,\I/, D) | GL(k, C) actions on {Z, ¥},{Z, U} are free} /GL(k,C). (5.4)

This is a subspace of the total vortex moduli space Myortex, for which the GL(k, C) free
condition is imposed only {Z, ¥}

Muortex = {(2,9,9) | GL(k, C) action on {Z, ¥} is free} /GL(k,C). (5.5)

Note that, as we have discussed, there is a correspondence between sigma model instanton
solutions in the dual pair of theories. The half-ADHM data {Zdua! gdual ydualy degeribing
the dual sigma model instanton is given by

{Zdual7 \deuaI’ \I,dual} _ {ZT, \I,T’ 7\I;T}’ (5.6)

up to GL(k, C) transformations. We can read off this relation from the duality transformation
Udval — RYTIRT (see eq. (2.64)), which maps a solution ¢(z) to a dual solution p"!(2) as

gDdual(z) — —(p(Z)T — _@T(zlk _ ZT)_I\I’T. (57)
The total moduli space of the dual vorties are given by

Mdual - — {(Zdual, gdual gdualy | Gk, C) action on {Zdual gduall i free} /GL(k,C).
(5.8)
Here the GL(k, C)-free condition on {Z4"! ¥duall is nothing but the condition (5.3) through
the relation (5.6). Therefore My is given as an intersection of the original vortex moduli
space and the dual one as

Minst = Mvortex N Mdual (59)

vortex*

5.2 General L

For general L, a well-defined sigma model instanton solution is given if and only if
Vz:  det&(2)&(2) #£0, i=1,2,--- L. (5.10)

Repeating the discussion in the case of L = 1, we can show that the above condition for
each i is equivalent to the following two conditions on {Z;, ¥;, ¥;}
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1. GL(k;, C) action is free on {Z;, ¥, },
2. GL(k;,C) action is free on {Z;, ¥;}.

From the viewpoint of the original gauge theory, the first condition comes from the definition
of the vortex moduli space and the second condition is imposed to avoid small-instanton
singularities. On the other hand, from the viewpoint of the dual gauge theory characterized
by (2.65), the roles of the above two conditions are interchanged.

For general L, a solution is written in terms of n;-by-n; matrices ¢;;(2) (1 <i < j < L+1)
whose entries are inhomogeneous coordinates (2.18) of GC/H

1, w12 P13 -+ Y1041
0 1., p23
G=Gp)=| 0 0 . . : (5.11)
; 1, PL+
o --- 0 1, ,

For a given half-ADHM data {Z;, Y, T, W;}, the corresponding ¢;;(z) are given by

pij(2) = Ti (21 = Z)) " WiWig1 - W; oY1 fori < j. (5.12)
This can be shown as follows. The matrices ¢;j(2) (¢ =i+ 1,---,L + 1) are contained
1y, , A A 1y, 0 A —AB; .
J— 7 ~ th B — .. , .. S . .
&i < 0 ]-ni B; 0 1ni+1 B; W1 i (90271—&—1 Pii+2 SOz,LJrl)

(5.13)
It follows from &; ~ (1Ni+1,@;1@i) = Iy, V421 — Zi)_lli’i) that

4; — A;B; Ui Wiia(21 — Z;) 1,
A= AiBi ) _ Wiz _12 . (5.14)
From the lower blocks of the both hand sides, we find that
Bi == TZ(Z]_ - Zi)_l‘i}i == (Tz(zl - Zi)_l’fi, ety Tl(Z]_ - ZZ-)_1WZ~WZ~+1 ce WL,1TL> .
(5.15)
This indicates the relation (5.12).2!

210ne can check the equation for the upper blocks is also satisfied. Since &_1 = pi_1&; ~ (An,_,,As, .Zz) =
(].Ni717©i_711®¢71) = (]-Ni,l,\I’ifl(Z]- — Zifl)iliifl), one finds that

A =T;_1(21 — Zifl)il:f‘ifh A = W, _q1(21 — Zi—l)ilwi—lii-
Then, one can show that

./Zz‘ — .A»LBZ - .AVZ — \Ififl(Zl — Zi,l)fl?i,l'fi(zl — Zi)ilii
= -/Zz — ‘I’i—l(Zl — Zi—l)_l(Zi—IWi—l — Wi—lzi)(Z]- - Zi)_l‘ii = \I/i—lwi—l(21 - Zi)_l\ii-
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Next, let us discuss how the half-ADHM data transform under the duality transformation.
For given half-ADHM data {Z;, Y;, T, W;} which give a non-singular lump solution, there
exist data {Zid“al, T?“al, T?ual, Widual} in the dual theory which give the same lump solution.
They are related as

{Zdual Tdual Tdual Wdual} _ {ZL—H i TL-i-l —is TL-l-l s WE_]-}, (516)

This relation can be shown as follows. As shown in (2.60), for the matrix G € G in (5.11),
the corresponding matrix Gqua in the dual theory is given by

nrL4+1
o0
Gaual = R(G™HTRT € G* with R = S eu). (5.17)
0 1, -
1,, 0 --- O

One can check that the inverse of G = G(;;(z)) takes the form g(gofj“’( z)) with
QOZW( ) _TiWiWiJ,-l e Wj_g (2’1 - Zj_l)_l T]‘_l for ¢ < j (5.18)
Here, one can confirm G(;j(2))G(#}5"(2)) = 1 by using the following identity

Z oir(2)ppy (2)
k=i+1

- — Z Tz (Z]_*Zi)il VVZ tee Wk_QTk_lTka cee Wj,Q (Zl*ijl)il TJ’,1
k=i+1

=— 3 Y (21-Z) Wi Wi (21— Z) W Wia (21— Z;1) ' T4

k=i+1
j—1 N
+ Z Ti(zl—Zi)_lI/Vi--~Wk,2 (Z]_—Zk,ﬁWk,l---Wj_g(zl—Zj_l)_lT]‘_l
k=i+1
:—Ti(Z]_—Z/L')_lM"'Wj72;fjfl+’r1'1/‘/ti‘"Wj72 (Zl—ijl)_lﬁAfjfl
=—pij(2)—oi (). (5.19)

By substituting the inverse G (@1?"( z)) into eq. (5.17), we find that Ggua takes the form
G(p(2)) with

Spgigual( ) = TL+1 (L= 2 )W W jTL+2 > (5.20)
from which we can read the duality transformation
{Zi, X, Yo, Wy s {Zgnal pdual pdual ppdualy (5.21)
Note that the GL(k;, C) free condition on Z;, U, for each i

Jk;-column vector 7:  YIW W, Wl (21y, —Z)"'6=0 fori<Vj<L, VzeC = 7=0,
(5.22)
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is equivalent to the GL(k;,C) free condition on Z{% , WU . By denoting the condi-

tions (4.41) and (5.22) by C; and Ci, respectively, the condition for lump configuration without
any small-lump singularity can be written as

A(CinG) = (/\c) A (/\5) (5.23)

7

and thus the moduli space for lump configurations is obtained as
n1,N2,..;NL 41 n1,M2,...;NL+1 NLA41ye-5T2,M1
Mlump ki,ko, kT Mvtx K1k, kL ﬂMth kp, Kok (524)
6 Vortex partition function from Kihler quotient

6.1 Vortex effective action

In this section, we consider the vortex partition functions in the quiver GLoMs. In the
L =1 case, the vortex partition functions have been calculated from the viewpoint of the
half-ADHM formalism in [81, 82]. As an application of the half-ADHM formalism for general
L, we compute the vortex partition function and check the duality between GLoMs [83]
as was done in [84] for the L = 1 case.

In three dimensions, the dynamics of vortices can be described by the quantum mechanical
GLoM specified by the quiver diagram (2.28). Let us introduce chemical potentials for the
conserved charges in the vortex effective theory

ZhADHM-QM(ma7 67 /’Lf) g Tr |:e_ﬂ(H+Zmaqa+l€J+lﬂfF):| , (6_1)

where ¢* (a = 1,--- , N) are the Cartan part of the flavor charge, J is the angular momentum
operator, F' is the Fermion number operator and (mq, €, u¢) are the (imaginary) chemical
potentials for the corresponding charges. It is well known that Z at puy = 7/3, which we
consider in the floowing, is exactly calculable through the supersymmetric localization method.
Although it is possible to calculate Z in three dimensions, for simplicity, we focus on the
2d limit 8 — 0 in the following.

The vortex effective theory in the 2d quiver GLoM is described by the 0d half~ADHM
GLoM specified by the quiver diagram figure 3. Using its action Seg, we can write down
the integral expression for the 2d limit of the partition function (6.1)

L .
Zl?ll’gzz’j“ ,}anLH —e Zi:l 2nrik; /dlu exp (—Seff) , (6.2)

where du stands for the measure for all the degrees of freedom of the 0d half-fADHM GLoM.
Let us focus on the case in which the original model has 2d N = (2, 2) supersymmetry.
Since the vortices preserve the half of supersymmetry, the effective theory possesses two (real)
supercharges. The supermultiplets in the vortex effective theory are chiral multiplets (¢r, 1)
whose scalar components are ¢r € (Z;, T, Ti, Wi), U(k;) x U(k;41) anti-bifundamental Fermi
multiplets (¢;, W;) and U(k;) adjoint gauge multiplets (®;, As, D;). Their supersymmetry

transformations are given by
5(,0[ = €¢[, 5&1 = €Wi, 5CI’Z' = 5DZ = 0, 5)\1 = €Di (6.3)

oYy = EAQOI, (51//171 = éAﬂN)l’, (5@1 = i(é)\i — 85\1'), o\, =Dy, (6.4)
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where Ag; deenote the infinitesimal transformation of the U(kq) x --- x U(kr) gauge, spatial
and flavor rotations

AZi=®;, Z)+€eZ;,  AYi=MT;=T;®;,  AT;=®T;—T;M; 1+€T;, (6.5)
AW, = O;W; —W; i1, AW, =B W — W B, —eW;, (6.6)
where M; = diag(m(i’l), e ,m(mi)) and € are the parameters corresponding to the twisted

masses and the omega deformation parameter in the original 2d N' = (2,2) model. If we
adopt the naive Kéhler potential (4.85), the explicit form effective action is given by

L
Seff = ZTI"

i=1

HAZiH2+HATiH2+HATI’H2+H(SWiHQ"‘WiWiT"‘{Wi(ZiWi—WiZiH—TiTHl)‘*‘(C-C)}]
+ZTr[ (Z“Zj] Tir 4+ X +w,wi—w w,_ 1+z )}—i—(fermionic terms), (6.7)

where TrHAA1H2 stands for the norms of the infinitesimal transformations

T|AZ|* = Tr [Azi Az + AZ{(AZDN)],  ete. (6.8)

The FI parameters 3—7{ are chosen so that the areas of the two cycles in the vortex moduli

space agree with that calculated from the 2d perspective. Eliminating the auxiliary fields f/Iv/Z-,
we obtain a potential whose minimization condition gives the constraints (4.39)

Wi = ZWi — WiZiz1 — TiTiy1 = 0. (6.9)

The variations with respect to D; give the D-term constraints, whose set of solution modulo
gauge transformations agrees with the vortex moduli space (4.42). In the presence of the
twisted masses and the omega deformation parameters, the conditions H(SA [H2 = 0 are satisfied
only at the fixed points of the torus action discussed in subsection 4.3.1. When we apply the
supersymmetric localization method, the integral (6.2) localizes to those fixed points.

6.2 Contour integral for vortex partition function

Although this explicit effective action (6.7) does not give a correct moduli space metric, it
gives the correct vortex partition function since the deformation of the Kéahler potential is
a Q-exact deformation, which do not change the vortex partition function thanks to the
supersymmetric localization.

It is well known that the integral (6.2) can be evaluated by using the localization formula,
which relates the partition function to the weights of the torus action at the fixed points

1

n1,n2, - ,n _ Bz i
By ko oy, (HA > 2 G M, (6.10)
se6 s

where G is the set of the fixed points and M is the generator of the torus action at the

fixed point s discussed in subsection 4.3.1. Explicitly, it can be read off from the contour
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o¢= m@® _ ¢ 5 i C2+
¢ = mBo _ ¢ . ~ i C]+
Y= méo _ ¢ ¥
] m ¢ =mlo
..... = m2o
Cra
o) A $=mba
Cre p=m
Cy=
Figure 5. Integration contours. For all » =1,--- | N;, the integration contours for ¢; are identical

path C;" (right panel) on the complex ¢ plane. Each path C;" can be freely deformed as long as it
does not cross over the other paths and the poles at ¢ = m(“>® and ¢ = m(+1*) — ¢, Following this
rule, one can deform the paths Cj' to C; (left panel) if there is no pole at the infinity.

integral (see appendix I)

L ,8 " dgy L _ L-1 _
n1,N2,  NL41 0i TY zZ& ww
Ze i =11 A H [ me| {27220 TT 207 o
1 cf 2mie| | —
(2 7 7
where ZiT T ZZZCD and ZZ-W W are given by
k; n; MNi41

ZIT =] de"— m)H z+1,5 5| (6.12)

r=1 [a=1 €

ZiZ(I, = H H quj ’ (6'13)

Wﬁ/ ki kz+1 S 1 — ¢r

— i+ 1

= = H H s —gr
r=1 s=1 i+1 (3

€ (6.14)

where [’ indicates that the factors with s = r are omitted from the product. The integration
contours C’;r are paths which are determined from the Jeffrey-Kirwan residue formula to
pick up the poles corresponding to the fixed points. Explicitly, C;" are contours on the
complex ¢ plane starting at a point ¢ = +o0, surrounding ¢ = m(a) (j=1,---,i) and
C;r (j=1,---,i—1), and ending at another point ¢ = 400 (see the right panel of figure 5).
As shown in appendix I, The contour integral (6.11) is given by the sum of residues at the
poles classified by sets of Young tableaux. For set of a Young tableaux

Y = {Y(],a) — (l;-jﬂ), lgﬁol‘)’ - ,l%’a))} , (615)

the corresponding pole is located at
¢§j’a’p) _ m(j,a)+(p_1)6’ (i=1,--,L,j=1,--,i,a=1,--- ,nj, p=1,--- ’ll(j,oz))7
(6.16)
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)

where we have relabeled ¢! as ¢§j ““P) - Performing the contour integral and evaluating the

residues, we obtain the partition function of the form
L sk
N1,M2,e..y T ks Y Y
ZhLnee Ll - (H Al ) S 2¥2X 7Y% ZY (6.17)
i=1 Y

where ZY, Z:rY, ZX, and ZIEI{/VNV are contributions from T, T, (Z,®) and (W, W), which
are respectively given by

L Lo im 18 )
o z:l_ll a=1k=1 51_[:1 ql_[l mFB) —mlie) 4 (g —1)e’ (6.18)
Lo on 90, .
i g iSact gt oy MU —mUe) — pe’ (6.19)
Lo ony 19 g, 1R y - .
Z}(P - H j 1;[ m?’z(ﬂ) imZLi) i (p(ﬁ 7 —(il—)i)e’ (6.20)

G 1 g B0 j
w2 e I (BB ) — (p— g+ 1)e

2 =TI I ™

i=1 j=1a=1 p=1 k=18=1 ¢=1 m(e) — (p—q)e

(6.21)

where ] indicates that the vanishing factors in the denominator and numerator are omitted.
We can show that the partition function (6.17) can be rewritten as

L
an,ng,..‘,n[,_;_l o H Aﬂzkz Z ﬁ (6 22)
kvka, sk T ¢ BY’ .
Y

i=1

with

L i m i my Ghe) (k5) (Ga) _ g (k,B)
Y _ H H H H H(-G)li] ) (k8 (mem + 1) , (6.23)

i=1j=1a=1k=1f=1 [G5s2) (k)
i Ny o+l ng l“’o‘)fl(k’ﬁ) (m(j,a) _ m(k,ﬂ)
@ -

SNINNNG ) P

i=1j=1a=1k=1 =1

where (a), denotes the Pochhammer symbol

_ T(a+0)
(a)p = W. (6.25)

We can confirm that the result (6.22) of the contour integral for Zn,;%nkLL“ is proportional to

the residue of the integrand for the total vortex partition function in the 2d N' = (2,2) theory

. /H H [ (-2 <a$—o—f-’> “Vﬁlr( 4 )] (6.26)
27me € b1 € ’
at the pole
O,Z_(j@é) — —mUe) _ lgj’a)e. (6.27)
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This is consistent with the fact that the total vortex partition function Z can be written
as a sum of the contributions from each topological sectors

o) o) L
_ ZN1yn2,..,NL41 Biki n1,M2,..., VL 41
Ry ol 1) R B R (6.29

ki=0 k=0 \i=1

Thus, we can confirm that the Kéhler quotient construction gives the correct information on
the vortex moduli space and the non-perturbative effects in the parent 2d ' = (2,2) theory.

6.3 Duality and partition function

One of the advantages of using the Kéhler quotient construction is that it makes the duality
manifest in the contour integral expression (6.11). We can show that the partition function
agrees with that of the dual theory as follows. In the dual theory, the effective vortex action
is described by the same action as (6.7) with the duality map of the degrees of freedom (5.21)
and the sign flip of the FI parameters

47 47

dm _4m 6.29
9? 9? (6.29)

As the Jeffrey-Kirwan residue formula implies, the relevant poles become those enclosed
by the contour C; in the left panel of figure 5 due to the sign flip of the FI parameters.
We can see from (6.12) that if n; # 0 (N; # N;41) for all i, the integrand in (6.11) has no
pole at the infinity, and hence we can change the contour of integration from C’f to C;”
without changing the result of the integration (see the left panel of figure 5). The residues
for the contours C;L and C; give the vortex partition functions in the original and dual
theory, respectively, and hence they are equivalent. More precisely, it is easy to check by
changing the variables as ¢} — —qu 41_; that

anlly;;?;ziﬂ (My, My, ...,Mp4q1,6,A;) = anLLfllcf_Ll‘;f,’Zi;nl (e=Mpi1,...,e—My,e—My, e, Ar11_;),
(6.30)
and thus the duality of the NLoM holds also for the vortex partition functions.

7 Summary and discussion

In this paper, we analyzed the moduli spaces of the following topological solitons:
1. BPS vortices in the U(Ny)x---xU(Np) GLoMs characterized by the linear quiver (2.28).

2. sigma model instantons (lumps) in the Kéhler flag manifold sigma models, which can
be obtained in the large gauge coupling limit of the GLoMs.

In these theories, vortices and sigma model instantons carrying multiple topological charges
{ki} € Z' appear. We analyzed BPS equations for vortices, extracted the data set of the
vortex moduli through the moduli matrix method, and exactly determined the moduli spaces
of 1/2 BPS vortices in the GLoMs as shown in eq. (3.25). We also discussed how to obtain
general exact instanton solutions in the Kéhler flag manifold sigma models.
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We showed that the moduli matrix method in the L = 1 case can be recast into the
ADHM-like quotient construction (the half-ADHM construction) of the moduli space, which
has been originally derived from the view point of the D-brane construction in the string
theory [7]. Generalizing this technique to the case of general L, we constructed a quotient
construction for the vortex moduli space eq. (4.42) specified by the quiver diagram shown in
figure 3. In this half~ADHM formalism, various features of the moduli space are manifest. In
particular, we have observed that the duality relations are expressed in the simple form (5.16),
which is realized by reversing all the arrows in figure 3.

As an application, we have used the quotient construction of the vortex moduli space to
calculate the vortex partition functions in 2d N' = (2,2) GLoMs. Applying the localization
formula to the half-ADHM system, we have computed the vortex partition from the data of
the fixed points of the torus action acting on the vortex moduli space. From the viewpoint
of the vortex partition functions, we have confirmed dualities between pairs of quiver gauge
theories whose vacuum moduli spaces are identical flag manifolds. We have found that the
partition functions agree even though the structures of the vortex moduli spaces, in particular,
the fixed point structures, are different between the dual pairs of GLoMs. The half-ADHM
formalism has turned out to make the duality manifest even at the quantum level.

One of the future directions is to study the low energy dynamics of vortices and lumps,
which are described by geodesic motions on the moduli space equipped with a metric. In
the case of L = 1 (Grassmannian sigma models) and local non-Abelian vortices, the moduli
space metrics have been determined for well-separated vortices [85] and low energy dynamics
have been studied [86]. Extending these analyses to the quiver gauge theories and the flag
manifold NLoMs discussed in this paper would be interesting.

In this paper, we have extended the half-ADHM formalism for the moduli space of
vortices to the gauged linear sigma models characterized by the linear quiver (2.28). One
of the future problems is to investigate to what extent the half~-ADHM formalism can be
generalized to the vortices in arbitrary gauge theories. We have studied flag manifold NLoMs
G/H with G = U(N). Extending our work to other groups G such as SO(N), USp(2N) and
exceptional groups is an important future work. For L = 1, such isometry G can be realized
by imposing holomorphic constraints (superpotentials in supersymmetric cases) [87].

Replacing the base space with a space of different geometry and topology would broaden
the application of the half~ADHM formalism. However, such a replacement in the base
space could drastically change the half-ADHM formalism. In particular, all the proofs in
appendices C and D must be reconstructed from scratch. Although research in this direction
is challenging, it would deepen our understanding of vortices.

In both theories of the dual pairs discussed in this paper, the quiver diagrams consist of
linear chains with all arrows pointing in the same direction. According to [88], the cluster
algebra on quiver diagrams produces more dual pairs of theories. That is, the present theory
should be dual to various theories characterized by complicated quiver diagrams, such as one
involving chain loops or arrows in the opposite direction. It would be interesting to extract
the half~ADHM data from the moduli matrices for such models and see how those dualities
are expressed at both the classical and quantum levels.

Another important future direction is to study sigma model lumps (instantons) in non-
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Kéhlerflag NLoMs. In this paper, we have studied only BPS lumps (instantons) in Kéhlerflag
NLoMs, where there are no forces among lumps, thus admitting the moduli space. On the
other hand, lumps in non-Kéhlerflag NLoMs are non-BPS; hence there are forces among
them. Interaction between non-BPS sigma model instantons would be important when we
discuss the non-perturbative aspects of the sigma models from the viewpoint of instantons.
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A Riemannian manifolds and Kihler manifolds

A.1 General Riemannian metric for flag manifolds

The homogeneous Riemannian metric of the generalized flag manifolds G/H = U(N)/[U(n1) x

--xU(ng41)] has L(L+1)/2 parameters (decay constants) and it becomes a K&hlermetric on
a L dimensional subspace parameterized by the FI parameters. Here we explain the relations
between various expressions for the flag manifold sigma models. Using n;-by-N matrix valued
fields v; (¢ =1,--- , L, L+1), the flag manifold sigma model can be given in the following form

1 L+l L+1
Z f”LJTr[ pUil; ) pVi¥; } + Z Tr{ ij (viv; 5ij1ni):|? (A1)
7.7 1 ,j 1

where f;; = fj > 0 are coupling constants and the covariant derivative on v; is defined as

Dyv; = Oyv; + iafﬂ)i with U(n;) gauge fields a’

- The ni-by-n; matrices A;; are Lagrange

multipliers which gives the constraints
L+1

0ijly, & Ul=(@]ol,- 0}, ) eUWN) with N=Y n, (A.2)
i=1

UZ‘UI =

and thus the target manifold becomes the generalized flag manifold when the auxiliary
gauge fields are eliminated

ay, = iaﬂvivj. (A.3)

Substituting these into the Lagrangian, we obtain

L L+l
= —72 > fiiTr[0,Pio" Py, (A.4)
i=1j5=14+1
where P; are projection operators
P = vl (PiPj = 6i; ). (A.5)
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Note that the terms proportional to diagonal elements of f;; are introduced only for stability
of the auxiliary fields and disappear in the above Lagrangian since Dﬂvivj =0.

For some purposes, it might be convenient to express the sigma model with quadratic
kinetic terms, which reduces to certain special cases of the above model

ZfZTr{ (Dyvi)(DHv;) } ZfZTr{ ) (ij“v;r)} = %Z(fi—l—fj)Tr{(Duvw})(l)“viv;)q,

0]

(A.6)

where the completeness condition }_; vjv; = 1, is used. For L > 2, this model does not cover

whole space of the homogeneous Riemannian metric, whereas for L = 1,2, it reproduces the

Riemannian metric with arbitrary decay constants since #f; = L+ 1> L(L+1)/2 = #fi;.

Each field configuration can be viewed as a map form R? U {oo} = S? to the target
space M = G/H and defines the topological charges

mo(G/H) = m (H) = m (S[U(n1) x U(ng) x --- x Ulng1)]) = ZF. (A.7)

Explicitly, the topological numbers m; (i = 1,---,L + 1) are given by

1
m; = ——/ da® Tr[fiy) = / Tr[dv; A dv] = =— Tr[dvivj] €Z, (A.8)
2w Js1
where fZ = “a — 0y a + z[a al]. Note that there are only L independent charges since

the total charge vanlshes as

L+1 L+1 i
/ ZTr dv; A do] — / Te[dUUT A dUUT] = 0. (A.9)
= 1 27T R2

A.2 Kaiahler condition on decay constants
Let us discuss the relation between the model with a Rieamannian metric introduced above

and the nonlinear sigma model discussed in the main text. As we have seen in (2.52), the
Kaéhlerpotential for the Kéhlermetric is given by

L

K =" rilndet(&e)). (A.10)

i=1
Note that the set of matrices {{;} and {v;} are related as
(CRE S ) — U = &h7G = hileG = by g, (A.11)
where G = hU (h € H), h; = £2h(£2)t € GL(NV;,C). Using the Kéhlermetric g,5(X) =

040K, we find that the Lagrangian for the Kéhlerflag manifold sigma model is given by

j<i<l

= —on Z Tr[0,P;0" ). (A.12)

Comparing with (A.4), we find that the Riemaniann model reduces to the Kéahlermodel
when the decay constants f;; are given by

j—1
fij = Z ri or equivalently fiip1 =1, fi; = fix + fi; fori <k <j. (A.13)
k=i
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The vortex numbers {k;} defined in eq. (3.19) are related to topological charges defined
in eq. (A.8) as

/ A dIndet(gieh) = Z m;. (A.14)

Z
2m

B Comments on the master equations

In this appendix, we discuss the existence and the uniqueness of the solution of the set
of the master equations (3.13)

. _ 4 _

51' = qZQz+1qu Q@ql 1924,11%'71 + ?82 (OZQZQZ 1) — Ti]-Ni = 0. (Bl)
i

These are equations for the positive definite Hermitian matrices ; € GL(N;, C) determined

by a given set of the moduli matrices (g1, - ,qr). The master equations & = 0 are related

to the original BPS equations & = 0 for the magnetic flux as

A 2 .
& = Sl_lE,Sz with &; = QzQ;[ — Q;r_lQi—l - ?Fle —rily,, (B.Q)
where S; € GL(N;,C) are the matrices that can be obtained from 2; by the Cholesky
decomposition €2; = 51-5’; . The matrices ¢; and S; are related to Q; and D, = d,, + iAL as

1 . )
Qi = S;'qi(2) Sita, Az = (A1 +id}) = —i8;19:8;. (B.3)
The boundary condition for €2; is
Jim {Di(2) (2, 2) Di(2)1 7} = O € GL(N;, 0), (B.4)
Z|—00

where ©;(z) is the N;-by-N; matrix defined through the relation (see eq. (3.1))

£i(2) = 4i(2) gir1(2) -+ - qn(2) = (Di(2), Di(2)) (B.5)

and (27 is the constant positive-definite matrix corresponding to the vacuum configuration
(see eq. (2.38)). By examining the master equation for large z, we find that the deviation
of ©; from the large coupling limit 2° (see eq. (3.29)) is given by,

0:(2)7 (1 - ) Du(a)! =

S O(1217) =0 (|]217) . (B.6)
l

Here, let Fo(R?) denote the space of configurations € = {Q1,Qa, ..., Qr} where Q; are
smooth maps from R? to the space of positive definite N;-by-N; Hermitian matrices satisfying
the boundary condition (B.4) and the asymptotic behavior (B.6) with a given set of moduli
matrices {q;(2)|i = 1,2,...,L}. Let us take a reference point 2" in Fo(R?) and denote
its components as Qref SrefSrefJr Since €2; is a positive definite Hermitian matrix, we can
define an N;-by-N; Hermitian matrix w; depending on the reference point as

=log [(SI) (ST e 0= gpefergpert, (B.7)
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This relation defines a one-to-one map between Fq and the functional space F,,: the space
of w = (wi,ws, -+ ,wr) whose components w; are smooth bounded functions from R? to
the space of Hermitian matrices of order N; satisfying the boundary condition and the
asymptotic behavior

lim w; =0, wi = O(|z|™). (B.8)

|z]—o0
It is worth noting that the asymptotic behaviors in egs. (B.6) and (B.8) implies that the
following square-integrable conditions are satisfied

(%) < 0o for VQ € Fq, (w?) < 0o for Yw € F,, (B.9)

where we have used the following bracket notation

(0) = / d%im@i]. (B.10)

B.1 H: linearization of master equations

First, let us define a linear operator H = H(q, S) by

4
(Hv)i = _?DEDZW + Qi (ijz — UiJrlQl‘L) + (Uin‘L_l - Q;'f_lvifl) Qi-1, (B.11)

where v = (vy,v9,--- ,vr) is an element of FC = {u + iw|u,w € F,}. This operator H,
which depends on ¢;, S;, appears in the linearized master equations and plays a central
role in the subsequent subsections. Explicitly, one can show that the variation 6&; of &
under the infinitesimal shift 6Q; = SiwiS;r of Q; = SiS;r € Fq with w; = wi(z,2) € F,
is given in terms of H as

S;716E:S; = —(Hw);. (B.12)

This operator H is Hermitian and positive semi-definite

L
4 .
<VHVT> = /deZTY I:g_gDzUiDzU;r+(UiQi_ini+1)(viQi_ini+l)T >0 for arbltrary Vv E ./Tf
i=1 g

(B.13)

Furthermore, we can show that there exists a gap in the spectrum of the linear operator H
as follows. Suppose that Hv' = 0. Then, the above inner product vanishes and hence

0= DZUJ = ngi7 UiQi = ini+l (UL+1 = 0) for i = 17 2, ceey L. (B14)
It follows from the second equation that
0iQiQit+1 QL =Qit1Qit1- QL =" =QiQi+1- - Qrvr+1 = 0. (B.15)

This equation implies that v; must vanish since Q;Q;+1 - - - Qr has the maximal rank except
for a finite number of points.?? Therefore, we find that H has no zero mode

ker H(q,S) = {0} for V(g¢;, S;). (B.16)

From this property, we can immediately conclude that € has no additional moduli parameter
and all the moduli parameters of vortex solutions are contained in {¢;(2)}.

22The matrix & = ¢;qi+1 - - - g has the maximal rank except for a finite number of points. The matrix
QiQi+1---Qr = S; '€ has the same property since S;(z, z) € GL(N;, C).
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B.2 Vortex action and proof of the uniqueness

For a given set of moduli matrices {¢;(z)} (with an appropriate gauge fixing of the V-
transformations), we can show that there exists a functional GV of € such that the variation
of &Y™ with respect to €; is given by

&V = — /d%zﬂ [su0;1€)] /deZTr wii] = —(w€).  (B.17)

That is, &Y™ is the action which gives the full set of the master equations {éz =0}.

Existence of GV¥*. Although such an &V may not be unique due to constant and
total derivative terms, we can show that the following functional gives the full set of the

master equations

GVx[Q, Q] = /d% {e@) - coh}, L@ = XL: {ED + ﬁK} (B.18)

i=1
Here £P and £E,? are given by
EZD =Tr [Q;lquinJ + r; log QZ} , (B.19)
LI = Tr [4]0.07 + 2e720 (L 0:Li) 2 (L1 0: L)1) (B.20)

where v; is a N;-by-N; diagonal matrix and L; is a lower unitriangular matrix obtained
by the Cholesky decomposition

O = L e?Vi L] (B.21)

Note that although GV*™ is not invariant under the V-transformations, the shift is independent
of Q. Hence, the variation of &V** with respect to €); reproduce the master equations, which
are covariant under the V-transformations. The term £(£2™) in the integrand is added
to make the integral finite.

To confirm that surface terms vanish in the r.h.s. of (B.17), we need to discuss the
boundary conditions for {v;, L;}. Note that, as discussed in appendix C.1, an arbitrary given
matrix D;(z) can always be transformed into a lower triangular form by a V-transformation as

pii(z) 0 - 0
0,z)=| ~ pi?(Z) | = (1 +0EY) pie) (B.22)
L
« )

“ b

where stand for polynomials and p;(z) is a diagonal matrix

pi(2) = diag (pi1(2),pi2(2), -+ ,pin, (2)) (B.23)

23These terms are equivarent to the normal kinetic terms plus the Wess-Zumino-Witten terms up to total

derivative terms.
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such that the a-th diagonal entry p; ,(2) is a monic polynomial of degree l; , and deg(detp;(z)) =
>, lia=k;. Under this gauge choice, the boundary condition (3.18) for €; can be rewritten
in terms of {;, L;} as

1 1
i Slog Q¥+ S logpi(2)P+O(12[72), Li=Di(2)(1n,+O(|2l*)pi(2) ! for |2 = o0,
(B.24)

From these behaviors, we conclude that the contributions from the surface terms of §&Vt*
vanishes as

lim I § dz 3" Tr [20050.05 + e V(L ' L) 0. L LT
R—o00 |z|=R ;
. azpi(z):|
= lim Im dz Y Tr {6 i
R—00 |z2|=R ; v pi(?)
-0 (B.25)

where we have used lim,|_,, 09; = 0. From this property, we conclude that eq. (B.17) holds.
Furthermore, this property implies that terms in £(€2) that could diverge when integrated
are independent of ; and thus the counter term L£(2™!) in the action cancels such terms.
This cancellation makes GV** finite and hence its convexity, discussed in the next paragraph,
is well-defined. Although &Y™ depends on the choice of the coordinate patch of the moduli
space (the choice of the label A; = (li1,0i 2, ..., n;)), there is no problem with the arguments
for existence and uniqueness of the solution with fixed moduli parameters.

Convexity of &V**, The action G"** constructed above is always a convex functional. To
see this, let us take a pair of configurations ol = Si(a)(S-(a))T(a = 1,2) which satisfy the

A %
same boundary conditions with a given {g; = ¢;(z)}. For such a pair of configurations, let
us define an Hermitian matrix w; € u(N;) by

= (s~ 1@ (gMyi-1) (B.26)

which satisfies the boundary condition (B.4). Using these quantities {w;}, we obtain a set
of functions of a parameter T

Q(rw) = Si(rw) S (rw)t = §Herwi(gM)f (B.27)
which continuously interpolates two given configurations:

;(0) =Y and Q(w) =P, (B.28)

Then, substituting €2;(7w) to the action and using

dQ(Tw) ; d {dQi(Tw) -1
— =5 S; — 9 —=; = B.2
T _sirwisire), S 0w =0 @29
we find that '™ is always a convex functions of 7:
d26vtx [9) Qref
VreR: [ (2‘*’)’ ) _ (e > 0. (B.30)
dr Si—S;(Tw)
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Therefore, if {le)} is the solution of the master equations, then the action takes the minimum
at 7 = 0 and can never have other extrema since the derivative 9,&V** is monotonically
increasing function for any choice of {QZ@)}. Therefore, the solution of the master equations

must be unique if it exists.

B.3 Comments on existence of solutions

In the main text, it is assumed that a solution to the master equations exists for an arbitrarily
given set of moduli matrices {g;(z)}. While the existence of the Abelian vortex solutions has
been proven in [79], for non-Abelian vortices, however, it is generally difficult to prove the
existence of solutions except for some limited cases [89-91]. To the best of our knowledge,
the proof of existence of vortex solutions in the general systems is not known. Let us try
to give a circumstantial evidence that the solution exists, using a rough argument that is
not necessarily mathematically rigorous.

First, let | - | be a norm defined in the functional space F,. Let us write an arbitrary
element w € F, as w = 7@ by using its norm 7 = |w| and the normalized element & € F,
satisfying |@| = 1. Then an arbitrary Q@ € Fq can be expressed using eq. (B.7) as

Qi = Q(r@) = S;(10)(Si(rw))T = Srefem@i(srehT Q;(0) = Qe (B.31)
and the vortex action &Y™ defined in eq. (B.18) can be regarded as a function of 7,
Gu(r) = 6V [Q(rw), ™). (B.32)

Note that this function is convex everywhere as discussed in the previous subsection. In the
following, we show that for each choice of @, the function G4 (7) has a minimum at some
point with 7 = 7 < 0o. Then, tracking the decreasing sequence of the function S (75) in
the space of normalized @, we can find the solution of the master equation. Thus, roughly
speaking, showing the existence of a solution to the master equations is equivalent to showing
that S (7) has a minimum for an arbitrary normalized configuration @ € F,, and the space
of normalized @ is a complete metric space.

Coerciveness of &%, Here, we show that for an arbitrary nonzero element & € F,,

. S .
hm 992 _ o g %)

Jim — 72 >0 for arbitrary 7, (B.33)

i.e. Sy(7) is a coercive and convex function of 7 for an arbitrary & € F,\{0}.
The derivative of G (7) with respect to 7 is given by?*

dSe(r) .
4 —(w€)

_<w5>’5i:s;ef + /0 ds{HD)

— . 8u(0) = 0.
Si=S;(Tw) Si=5;(sw)

(B.34)

24The above property can be viewed as the definition of the function &g (1), which is independent of the
details of the original defining equation (B.18). We can confirm that &g (7) is finite for an arbitrary 7 € R
since (WE)? < (W?)(E?) < oo.
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Note that (WHw) implicitly depends on 7, since H depends on S; = S;(7@w). Let us show
that (WH@) cannot vanish even in the limit 7 — oo, whereas it must be positive definite
for a finite 7 as discussed in section B.1. First, we show that

lim (@H@)

T—00

_ 2i(2.2) = 0. B.
S (ri) 0 = i(z,2)=0 (B.35)

From the assumption given in left-hand side of the above statement, we obtain

— 0. (B.36)

Si=8;(Tw)

lim D,®;
S;=S; (TL:)) T—00

T—00

Since entries of @ € F,, are continuous functions, it follows that
9, Traf = p lgrolo Tr|w? _lDzd)i] =0 and hence eigenvalues of &; = constant. (B.37)
T

Combining the above result with the boundary condition lim; o, &; = 0, we find all @;

must vanish everywhere
Vi,Vz, @i = @Z(Z,E) = U. (B.38>
This implies eq. (B.35) and its contraposition

Vo e F,\{0}: Th_>1r£10<<2)7-lcb>

> 0, (B.39)
where we have used the fact that H is a positive semi-definite operator. Applying this
statement and the convexity of &; to eq. (B.34), we conclude that

dS; G
Vo e F,\{0} : lim Sa(7) = 00, VT So(r)

oo dT dr?

>0 (B.40)

and thus &4 (7) is a coercive and convex function of 7 for arbitrary @; € F,\{0}. This result
implies that S, (7) has a minimum, Sy (75)(< 0), with a certain 7 = 7, for each w. Thus, by
collecting these minimum, we can define a map from a hypersurface F,, = {& € F, | |&] = 1}
to F, as, w € F, — Tow € F,. Since

Jnf &7, Q] = Jnf &4 (), (B.41)
assuming F,, is a complete metric space, the coereciveness and convexity of &y (7) implies
that &Y™ has a minimum with a certain w = wmi,, which gives a solution Q%' = Q(Wmin)
to the master equations. This “proof” for the existence of the solution is, however, not
mathematically rigorous, since in this argument the “solution” obtained using a decreasing
Cauchy sequence w(l),w@), <o« € F,, the limit wyjn = limg_ o0 w@ is not guaranteed to
consists of bounded, smooth functions, wnin € F,. For a complete proof, therefore, we
need to give more mathematically precise arguments. Nevertheless, the above arguments,
especially Eq (B.39), are expected to be useful for an intuitive understanding of the existence
of a solution, and can actually distinguish our system from those where the master equations
do not have solutions (see the example below).
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Compact cases and Bradlow bound. Most of the above discussion and results can
be applied to the models defined on a compact base space > with a finite area A as long
as ker’H = (. It is, however, well known that there is a lower bound Apgy, the so-called
Bradlow bound, on the area for the existence of solutions. In our case, the lower bound
is given by the following set of inequalities

4
0 < /alvolTerQJf Z(r]NA Wéﬁ ), A:/dvol, fori=1,2,---,L,
g pX

7j=1 J
(B.42)

where dvol is the volume form on . In the Bradlow limit saturating the above bound, at least
one of ; must vanish everywhere and thus the operator H has a non-trivial kernel (ker H # (),
which implies the argument above is no longer applicable. The most significant difference
between the compact and non-compact cases is that in the compact case, a (covariantly)
non-zero constant w, for which (wHw) may vanish in the limit of 7 — oo, is allowed since
the area is finite and the condition (B.8) is absent. The following w(;) € F., is the simplest
example of such a @

E /”w(z ” w(z)E(lNUlsz"'aleOuO"")v i€{1727"'7L}-
(B.43)
For this configuration, the i-th gauge group is restored in the limit 7 — oo
_ T =7/l yref _ NP _

TlgIgoQ (T&(;) = lim e Q¢ =0, Tlgr&(w?—[w> Gmisfy = 0, (B.44)

whereas the other quantities, Q;(j # 1), Ag remain invariant. Thus, we obtain

. dS4(T) _ Amk; N ‘

Tllmo I ||w ),,Z( 9?) , forw=af, =12 L, (B.45)

which shows that & (7) is no longer coercive for a sufficiently small area A. Note that for
GV, 2] to be coercive, it is necessary that Gy (7) for & = w(;) must be coercive for all
i=1,---,L. Therefore, V™[, Qref] is coercive only when the area A is larger than the
Bradlow bound A > Agy,. In this way, we can show that the discussion on the existence of
solutions based on the coerciveness of GV*¥[Q2, Q] is consistent with the Bradlow bound.

The Bradlow bound, A > Agy, is only a necessary condition on the area A for the
existence of solutions and a necessary and sufficient condition, A > Ay, might be stronger
than this condition, Ay, > Agp and Ay, might depend on a point of the moduli space. For a
generic moduli point, the condition A > Ay}, would be found indirectly from the non-vanishing
requirement for the vortex moduli space volume, which has been computed by the localization
method [92-95]. By refining the above argument on coerciveness of the functional &V, we
expect that it is possible to prove the condition A > Ay, directly.

Relaxation method. It is important and useful to provide an explicit procedure for
obtaining a numerical solution that minimizing &V** by discretizing the system. To find the
minimum of &V, let us consider the following recurcive relation

S(n+1) _ Si(n)e&ugn)? Sz(O) — S{ef- (B46)

)
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(n
(2
which is, however, impractical since the calculation of %' is known to be very costly. One

If we choose dw'™ = H1E | g, this procedure can be regarded as Newton’s method,
simple and effective method is the relaxation method, where dw; in each step is given by
5%@) = a& 5 g™ with an appropriate step size & € Rsg. The parameter o must be a

sufficiently small to satisfy the Courant-Friedrichs-Lewy condition, o/ a%at < O(1), where aat
is the spatial lattice spacing. With such small «, the convexity and coerciveness of GV
guarantee that this sequence converges without being trapped by meta-stable points. To
see that &Y™ decreases at each step with a sufficiently small step size «, let us take the
continuous limit of & — 0 and rewrite the recursive relation into a differential equation
by introducing a fictitious time ¢. Suppose that S;(or €2;) is a function of ¢ and define its
time evolution as follows

9Si(t)

ot

where &;(t) is the quantity obtained by substituting S; = S;(¢) into &. Under this time
evolution, &V monotonically decrease as

& &), 0 = ~2(e(1)?), (B.43)

and this gradient flow stops only when &V*™* takes the minimum value with & = 0. The

A

= Si0E)  (=&MSi(1)  with gi(2) fixed (B.47)

relaxation time needed to obtain a numerical solution with a given accuracy can be estimated
as follows. From eq. (B.47), we can derive the time evolution of &;(t) as
9&i(t)
ot

The operator H hss positive definite eigenvalues, and hence if &; is expanded in terms

= —2ME(t)  with D:Q; = 0. (B.49)

of the eigenmodes of H, each eigenmode decays exponentially. After a sufficient time of
relaxation, the deviation from the true solution is dominated by the lowest eigenmode &
and decreases exponentially as

Ei(t) = & exp(—2A,t) with HE = AL}, (B.50)

where A, € R+ is the lowest eigenvalue. Thus, we can estimate the accuracy of the numerical
solution using the relaxation time t, as long as calculation errors can be ignored. In the
limit ¢ — oo, S;(t) converges to the solution S5

i . — ; ; . _ g¢sol
tlgélo &()=0  with tlgglo Si(t) = S5 (B.51)
B.4 Kaihler metric and potential for the vortex moduli space

By using the vortex action GV, the Kihler potential V™ giving the metric for the vortex
moduli space can be naturally introduced. Note that since the counter term £(Q"f) introduced
in eq. (B.18) has moduli-dependence, for the definition of KV**, it is more natural to regularize
the integral by introducing a spatial cut-off R € Rs(. The Kéhler potential on the moduli
space K™ can be obtained by substituting the solution Q = Q%°! of the master equations
to the vortex action with such a regularization

KV = K4, 60 = | dPro(@), Dp={z=2'+ia? €C||s| < R}. (B.52)
Dpg
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Here, ¢ € C are moduli parameters, which linearly appear in the moduli matrices qi(z) =
qi(z, qﬁA) when the V-transformations are properly fixed. There is a convenient formula for
the Kéahler metric which is calculable without going back to the definition of KV, If the
solution €2; = Q% is given, the Kihler metric can be calculated by using the formula

82ICVtX
aéB&bA:/ a¢BZT [Q 16¢A sl ' (B.53)

Q=0sol

9AB

In this formula, we can chenck the invariance under the V-transformations, which were fixed
to define V. Since the V-transformations naturally induce coordinate transitions on the
vortex moduli space as explaind in appendix C, the invariance under the V-transformations
allows us to choose an arbitrary coordinate patch to describe the moduli space metric. This
metric g, 5 turns out to be positive definite and thus invertible, as will be shown in the
next paragraph. Furthermore, we can show the regularity of the Riemann curvature tensor,
RA pcp» using the fact that RA pep can be expressed in terms of the higher derivatives
of §; such as 9y ,04, 8(50 Q;, which can be determined through the differentiated forms of
the master equations. Thanks to the existence of H !, those equations are algebraically
solvable. Therefore, the above formula implies that the Kdhler manifold defined by this
metric is reqular everywhere.

Moduli space approximation. The Kahler metric g,z defined above is equivalent to
that describing the dynamics of vortices. In the moduli space approximation [96], moduli
parameters are promoted to slowly varying functions of time ¢

S ()) (B.54)
The physical fields @Q; and AL depend on ¢ only through the moduli parameters

Qi = QP2 7, 02 (1), 62 (1)), AL = AL (2, 7,¢2(t), o7 (1)). (B.55)

The gauge potentials A% are given by eq. (2.45), for which the linearized equations of motion
are satisfied. By substituting these approximations to the original action, we obtain the
fowlloing terms form the kinetic term:

dp? dpP

/dQJ:ZTI" DthDtQ + FtZthZz =9AB d ’
P t dt

(B.56)

where g,5 is the Kéhler metric defined in eq. (B.53). Note that this equation show that
the metric defined in eq. (B.53) is positive definite. The coincidence of the two different
definitions of the metric g,5 is not accidental, but is due to the supersymmetry behind
the system as shown in [97].

Large coupling limit. In the large coupling limit g; — oo for all i, the K&hler potential
becomes

L
lim K™ = / d*x Zri log det(&;(2)&(2)1) + const., (B.57)
Dr

3 —> 00
i i—1
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since det €; ~ logdet(&;(2)&(2)") in this limit. This result is consistent with the moduli
space approximation for instantons in the sigma models. Note that the above quantity
diverges and thus a divergent constants must be subtracted to obtain a finite quantity by
introducing IR cut-off R and using Ké&hler transformation. It is convenient to decompose
the integrand into the two parts as

log det(&i(2)&i(2)T) = log| det Di(2)|? + log det (1w, + wil2)pi(2)') , (B.58)

where we have used D;(2) 71 (2) = (1n,,9i(2)), and ;(2) is an instanton solution. These
two terms are calculated separately in the subsequent paragraphs.

Position moduli for vortices. At first glance, the contribution from the first term may
seem to disappear since it can be cancelled by a Kéhler transformation. However, after the
regularization, careful calculations lead to the following important term

2 ki
d*zr;log | det D;(2)|* = kiwr; R? log R? + 7 Y |2 (B.59)

DR a=1

where {2(; o)} are zeros of detD;(z). Here, the translational invariance is broken due to the
regularization. Note that since 27r; is the tension (mass) of a vortex, the second term in
the r.h.s. of the above equation gives the (dominant parts of) kinetic terms of the position
moduli {z(i7a)}7 whereas the first term is divergent in the limit of R — oo and eliminated
by the Kéahler transformation. It should be noted that this contribution cannot be ignored
even in the sigma model.

Non-normalizable moduli. The contribution from the second term gives the following
divergent term in the limit of R = oo

d?z r; log det (1Ni + <pi(z)goi(z)T> = 7 Te[®1O" (d1°") T log R4+ O ((R)O) , (B.60)
Dpg
where an N;-by-(N — N;) matrix ®°" = U, U, appears in the dominant term of vi(z) for
large |z| as

1

pi(2) = Di(2) ' Dilz) = Wily, — 2N = LT 4O ( L ) , (B.61)

22

where we used the half ADHM data {Z;, ¥;, \T/z} discussed in section 4. The above divergent
term can not be eliminated by a Kéhler transformation and gives a divergent kinetic terms
for ®7°". Thus, the entries of ®}'°" are non-normalizable moduli. Intuitively, this divergence
is due to the fact that there is no mass gap in the bulk and any fluctuations of ®J°" excite
zero modes in the bulk where the moduli approximation is invalid. To describe the dynamics
of these moduli, we need to go back to the full field equation.

C Coordinate patches of moduli space for local votices

In this appendix, we present more details of the vortex moduli space. We show the equivalence
of the two expressions of the vortex moduli space: one is written in terms of the moduli
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matrix (3.25) and the other is written in terms of the half ADHM data (4.42). In particular,
we focus on the L = 1, N = n case where the two expressions of the vortex moduli space
take the forms (see below for more precise definitions)

M= {D(2)|det D(z) = O(zF)}/V-trf. (C.1)
M = {(Z,%)|{Z, ¥} on which GL(k,C) action is free }/GL(k, C). (C.2)

We will show that both of these two spaces correspond to the vortex moduli space Mx Z’O
in the U(n) gauge theory with n flavors. The space M Z’O can also be viewed as the local
vortex moduli subspace in the total moduli space My Z’Nﬁn for a general flavor number
N > n. Once the equivalence of the local vortex moduli subspace is shown, the equivalence
of the total moduli space immediately follows.?® Hence, we focus on the local vortex moduli
subspace. The equivalence the two spaces above play a fundamental and important role also
in the general case with L > 1, where the moduli space can be viewed as a set of L copies
of the L = 1 moduli space subject to the additional conditions.

C.1 Moduli space M of moduli matrix ©(z)

Let C,, x[2] denote the set of n-by-n matrices with polynomial entries whose determinants
are degree k polynomials. The definition of the moduli space (3.35) can be rephrased as

M = Cpilz]/Crolz] = Chxle]/ ~, (C.3)
where the equivalence relation “~” for D(z), ®'(z) € C, x[#] is defined as
D(z) ~D'(2) <= FV(2) €Cpplz] suchthat D'(z) ="V (2)D(2). (C.4)
In this subsection, we provide some details on the coordinates of the moduli space.

C.1.1 Atlas {(¢xr, Mx)} of M

For a given set of non-negative integers A = (ly,l2,- - ,l,) such that l; +---+ 1, = k, let
M, be the space of matrices of the form

Zl1 Pll Pln L
Di(z) = o D P =3 Tl (C5)

zl” Pnl ... pnn m=1

Note that if two matrices of the form (C.5) are V-equivalent ©(z) ~ D) (z), it follows that
they are actually identical matrices ©(z) = D) (z). This is because if a V-equivalent pair
D(z) and D'(z) have the same leading order behavior as (C.5), the V-transformation relating
the pair V(z) = ©'(2) ®(2)~! behaves as V(z) = 1,, + O(z7!) for large |z| and hence its
regularity implies that V (z) = ©'(z) D(2)~! = 1,,. Therefore, each element of M, specifies a

25The total moduli space MvtxZ’N_" has additional directions described by 35(2) and \fl, which are fibered
over the local vortex moduli subspace. The equivalence such fiber directions in (3.25) and (4.42) follows from
the one-to-one relation ®(z) = J(z)V.

— 062 —



distinct V-equivalence class and hence M) can be viewed as a subspace of M. The local
coordinate system on the coordinate patch (chart) My with A = (Iy,--- ,l,) is given by

dA( M) ~ {Tﬂﬂl <a,b<mn,l Smglb} ~ Ckn, (C.6)

where T2 are coefficients of the polynomials P®(z). Two coordinate patches My and My
with X # A are glued by the coordinate transformation 7y y = ¢y o d))_\l which can be read
off from the V-transformation relating ©)(z) € M) and Dy (z) € My

@)\/(Z) = V)\/)\(Z) @,\(Z), V)\/)\(Z) S Cn,()[z}, (07)

the explicit form of the coordinate transformation can be determined by requiring that all
the entries of Vi \(2) = Dy (2)D(2) 7! are regular. Gluing all the coordinate patches M,
we obtain a complex manifold

AEA

la € Zx0, » o= k} . (C.8)

a=1

This is a submanifold of M (M’ C M), since My C M for all A € A. In subsection C.1.2,
we show that M can be decomposed into a disjoint union of subspaces Mg\ri such that
M C M,. This fact implies that M is a subspace of M’:

M= MEC | My=M. (C.9)
AEA AEA

Since M’ C M and M’ O M, we conclude that M = M" and {(¢», M)} gives an atlas of M.

C.1.2 Decomposition into disjoint union

Here we show the decomposition of the moduli space M into a disjoint union of subspaces
M‘j\ri such that Mg\ri C M, which we have used to show that M’ D M. The moduli space M
is the space of the V-equivalence classes of the matrix D (z). We can pick up a representative
in each V-equivalence class by fixing the “gauge redundancy” of the V-transformation (C.4)
in the following way. Here we focus on the case of n = 2 for simplicity. Let D(z) be a
generic element in Cy ;[2]

D(z) = (f (2) h(z)> € Conl4), (C.10)

where f(z),g(z),h(z) and i(z) are polynomials. Using the Euclidean algorithm (Bézout’s
identity), we can show that there exist polynomials f(z) and §(z) such that

f(2)f(2) +9(2)3(2) = p(2), (C.11)

where p(z) is the polynomial greatest common divisor of f(z) and g(z). Using f(2),g(2)
and p(z), we can construct V(z) € Caplz] with which ®(z) is transformed into an upper
triangular form

D(z) = V(z)D(2) = (_J;Ej)z) g@)) (f(z) ff(Z)) _ (p(oz) f;/’((zz))> 7 (C.12)
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where ¢¢(z) and g4(2) are the polynomials defined by f(z) = q¢(2)p(z) and g(z) = q4(2)p().
Note that f(z) and §(z) are not unique, that is, we can further multiply another V-
transformation without changing the upper-triangular form

V() D(2) = V()V(2)D(z) = ( o jg) (p(oz) ’;8) , (C.13)

where a; and ay are constants and j(z) is a polynomial. This redundancy can be fixed
by requiring that the diagonal entries are monic polynomials and minimizing the degree
of the upper-right element

Zh Z z
V()V() D(2) = ( ; Z?) + (P 15( ) 228) (C.14)

where [; (i = 1,2) are the degrees of the diagonal engries (I; = degp(z), lo = degi/(2))
and Py (1 < a < b < 2) are polynomials of degree less than [,. In each V-equivalence
class, the form (C.14) is unique and hence the gauge redundancy is completely fixed. This
procedure can be generalized to the case of general n; for any D(z) € C,, x[z], we can find
V(z) € Cppolz] such that

Sh Py Pig -+ Pip
. o . .
D(2) = V(2)D(2) = DF(2) = N S I . (1)
T l : .. T . Pnfl,n
zin 0 -+ 0 P
where A = (I1,la, -+ ,1,) is a set of non-negative integers such that i; +---+ 1, = k and

Pu(z) (1 <a <b<n)are polynomials of degree less than [,. Since any V-equivalence class
has a unique representative of the form (C.15), the moduli space (C.19) can be decomposed
into the disjoint union of the subspaces

M= | | MY, (C.16)

AEA
where MY are the sets of matrices D{(z) of the form (C.15) specified by the set of
non-negative integers A\ = (ly,---,l,). Note that there is no overlap between them, i.e.

M N M =0 for A # N. Since the form of the matrix (C.15) is a special case of (C.5), it
follows that Mg\ri is a subspace of M. Therefore, we conclude that M is a subspace of M’

M= || MPCMy=M. (C.17)
AEA AEA

C.1.3 Matrices with non-polynomial entries

So far, entries of the matrices ©(z) and V(z) are assumed to be polynomials for simplicity.
Strictly speaking, the most general solution can have arbitrary entire functions of z € C as
their entries. That is, ©(z) and V(z) are not necessarily elements of C,, ;[z] and C,, o[z] but
they can be elements of larger spaces G, x[2] and G, o[z]:

D(2) € Gnilzl, V(z) € Gnolz], (C.18)

where G, ;,[2] are the space of maps from the complex z-plane C to the space of n-by-n square
matrices that have the following properties
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o If X(2) € G, [2], all the entries of X (z) are entire functions of z € C (0:X(z) = 0),

o If X(2) € Gy x[z], det X(z) has k zeros on C and rank X (z) = n except at the zeros of
det X (z).

It worth noting that G, o[z] forms a group under matrix multiplication.?®

Definition of Mg. We define the space Mg as
Mg = Gnlz]/Gnolz] = Gnilzl/ ~ (C.19)
where the equivalence relation “~” for elements D (z) and ©'(z) in G, x[z] is defined by
D(z) ~D'(2) <= V(2) €Gnolz] suchthat D'(z)=V(2)D(z). (C.20)

Replacing Gy, i,[2] with the subspace C,, ;[2] C G,, x[2] consisting of matrices with polynomial
entries, we can go back to the definition of the moduli space M given in (C.3). Although (C.19)
is the most general definition of the moduli space, it actually gives the same space as (C.3),
that is, Mg = M. Therefore, we can use the simpler definition of the moduli space M based
on the space of matrices with polynomial entries C,, j[z].

To see that Mg = M, let us show that any matrix ©(z) € G, [z] can be fixed
into the upper-triangular form (C.15) with polynomial entries by an element of the V-
transformation V(z) € Gy, 0[2]. We will use the following two theorems, which will be proven
in subsections C.1.4 and C.1.5:

Theorem C.1. Let (f(2),9(2)) an arbitrary pair of entire functions. If g(z) has m zeros,
then, there is a pair of a polynomial p(z) of degree less than m and an entire function h(z)
such that,

f(2) = p(2) + h(2)g(2). (C.21)

Theorem C.2. For a pair of entire functions (f(z),g(z)), there is an element V (z) of Ga o[z
such that

V(=) € Gaolz) p(2), V(2) (f (Z>> - (“‘”) , (C.22)

where p(z) is a certain entire function whose a set of zeros is the intersection of those of
f(2) and g(2) including their multiplicities. In particular, the first row of the above equation
indicates that their is a pair of entire functions, (f(2),§(z)) such that

f(2)f(2) +9(2)3(2) = p(2). (C.23)

26For general integers p > 0 and ¢ > 0, multiplication of elements of G, ,[2] and G, 4[2] defines a map
Gn,plz] X Gn,q[z] = Gn.p+qlz]

(X(2),Y(2)) € Gnplzl X Gnyglz] = X(2)Y(2) € Gnprqlz]:
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Decomposition into disjoint union. Replacing the polynomials in subsubsection C.1.2
with entire functions and using Theorems C.1 and C.2, we can show that Mg can be
decomposed into the disjoint union of M. We again focus on the case of n = 2 for simplicity.
Let ©(z) be a generic element in Gy (2]

_ [ f(2) h(z) B
D(z) = (g(z) Z.(Z)) € Gaxl2], (C.24)

where f(2), g(2), h(z) and i(z) are entire functions. Using Theorem C.2, we can find f(2), j(z)
and p(z) satisfying eq. (C.23). Using such f(2), §(z) and p(z) we can construct V(z) € Gao[2]
with which ®(z) is transformed into an upper triangular form

@(z)w(z)@@):( i) 4(2) ) <f<z> @<z>> _ <p<z> @/’<z>>, (.25)

—qq4(2) q7(2) g(2) i(z) 0 (2

(2)
where ¢¢(z) and g4(2) are the entire functions defined by f(z) = ¢r(2)p(2) and g(z) =
qq(2)p(z). Note that p(z) and i'(z) have finite number of zeros since D(z) € G, x[z] with
finite k. The functions f(z) and §(z) are not unique, that is, we can further multiply another
V-transformation without changing the upper-triangular form

. h/
V(2)D(2) = V(W) D(z) = (D3 IG) ) (p) 1)) (C.26)
0 az)
where j(z) is an arbitrary entire functions and a;(z), az(z) are entire functions without zero.
This redundancy can be fixed by requiring that the diagonal entries are monic polynomials
and fixing the upper-right element to be the minimum degree polynomial using Theorem C.1

Zh z z
V(V(2)D(z) = ( ; ;32) n (P ne 228) , (C.27)

where [; (i = 1,2) are the numbers of zeros of the diagonal engries and P, (1 < a < b < 2)
are polynomials of degree less than [;. In each V-equivalence class, the form (C.27) is unique
and hence the gauge redundancy is completely fixed. This procedure can be generalized
to the case of general n

Sh Py Py --- Py
l2 . .
D(2) =+ V(2)D() = DX(2) = N B L (C2)
' I . R : Pn—l,n
zm 0 - 0 Py,
where A = (I1,l2,---,1,) is a set of non-negative integers such that iy +---+ 1, = k and

Pu(z) (1 <a <b<n)are polynomials of degree less than [,. Since any V-equivalence class
has a unique representative of the form (C.28), the moduli space (C.19) can be decomposed
into the disjoint union in a similar way as M

Mg = | | Mi, (C.29)
AEA

where MY are the sets of matrices DY(2) of the form (C.15) specified by the set of non-
negative integers A = (Iy,--- ,1y).
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The decomposition implies that M is a subspace of M’ defined in eq. (C.8)

Mg = [ | MFC [JMy=M. (C.30)
AEA AEA

On the other hand, M’ is obviously a submanifold of Mg. Therefore, Mg = M’ and hence
definition of the moduli space M = M’ defined in terms of polynomials and Mg defined
in terms of entire functions are equivalent.

C.1.4 Proof of Theorem C.1

In the previous subsection we have used Theorem C.1 to show that D(z) can always be fixed
as (C.15). Here we give the proof of the theorem.

Theorem C.1. Let (f(z),9(z)) an arbitrary pair of entire functions on C. If g(z) has
m zeros, then, there is a pair of a polynomial p(z) of degree less than m and an entire
function h(z) such that,

f(2) = p(2) + h(2)g(2). (C.31)

Proof. We first assume that g(z) is a polynomial of degree m. Suppose z = a is a zero of g(z)
with multiplicity l,. Let py(z) be the polynomial related to the principal part of the Laurent
series of f(2)/g(z) at z = a as

;Ez; - _1a)la Pa(2) + regular term. (C.32)

Using py(z) defined for the all zeros of g(z), we can define an entire function h(z) as

IR
=0 T o (€39

where Z(g) denotes the set of zeros of g(z). Multiplying g(z) to the both sides of the above,
we find that

f(2) = h(2)g(2) + p(2), (C.34)

where p(z) is given by

)= Y pala 2 (©.39)

— a)la
a€Z(g) (Z )

Note that p(z) is the polynomial of degree less than m

la  ¢£(n—1) a
p(z) = Z Z fl()!)ea,n(z) (036)

a n=1 (n_

where {e,} is the basis of polynomials of degree less than m defined by

la—n 1

1 z—a)* n—l_

ean(z) =) aag [(g(z))] X (z—a) ™" leg(z), n=1,- 1. (C.37)
q=0 z=a
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If g(z) is not a polynomial but a generic entire function with m zeros, there exists a
polynomial §(z) of degree m and a entire function X (z) such that g(z) = eX(*)§(z). As shown
above, there exist a polynomial p(z) of degree less than m and a entire function h(z) such
that f(z) = h(2)j(z) + p(z). Writing h(z) = h(z)e~X*), we find that

f(2) = h(2)g(2) + p(2). (C.38)
U

C.1.5 Proof of Theorem C.2

To prove Theorem C.2, let us first show the following lemma

Lemma C.1. If (f(2),9(2)) is a pair of entire functions of z which have no common zero,
then there is a pair of entire functions, (f(2),§(2)) such that

F()f(2) +9(2)i(z) = 1. (C.39)

Proof. Let Ay = {an|n € N} and Ay, = {b,|n € N} be the ordered sets of zeros of f(z) and
g(2), respectively. According to Mittag-LefHler’s theorem, we can construct a function h¢(z)
such that the set of poles of h¢(2) is in one-to-one correspondence with the set of zeros of
f(2), and the principal part at z = a, € Ay is Py, (2)

ht(2) = Pa,(2) + { terms regular at z = a, }, “a, € Ay, (C.40)

where P,(z) is the principal part of the function h(z) = (f(2)g(z)) ' at z=a € A U4,
h(z) = ———— = Pa(z) + { terms regular at z = a }. (C.A41)

Similarly, we can construct a function hg(z). The, the function r(z) defined by
r(z) = h(z) — hp(z) — hg(2) (C.42)

is an entire function since the set of poles of h(z) is Ay U A, and all the poles in the r.h.s.
are exactly cancelled. In addition, the following two functions are also entire functions:

f(2) = g(2)(hg(2) +7(2)),  9(2) = f(2)hs(2) (C.43)

where all poles of hy(z) and hy(2) are cancelled with the corresponding zeros of f(z) and
g(z), respectively. By multiplying h(z)~! = f(2)g(z) to the both side of eq. (C.42), we find
that

1= f(2)f(2) + 9(2)(2). (C.44)

Here the pair (f(2),§(z)) constructed above is not the general solution but a special solution.
Different point sequences A’f and Aj obtained by switching the order infinitely many times
can give a different solution. O
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As an example, let us consider (f(z),g(z)) = (sin®(z),cos(z)), hf(z). The functions
hf(z), hg(z) and r(z) are given by

o
1 1 1 1 1 1 1 1
hf(z) - z73+;+zl ((z—mr)3 +z—n7r+ (z+nm)3 +z+n7r> ~ tanz <1+sin22) ’
n—=

hg(z)=— Z (Z_(nl_;)ﬂ+z+(nl_§)7r> =tanz, r(z)= chos(z)—hf(z)—hg(z) =0,

and thus a special solution of (f(2),§(z)) is given as

f(z) = cos(2)hy(2) = sin(z), §(z) = sin®(2)hs(2) = cos(z)(1 + sin®(2)). (C.46)

Theorem C.2. For a pair of entire functions (f(z),g(z)), there is an element V(z) of
Gaolz] such that

W) € Goolel, Fp(z), V() (g é;) - (p([?) , (C.47)

where p(z) is a certain entire function whose set of zeros is the intersection of those of f(z)
and g(z) including their multiplicities. In particular, the first row of the above equation
indicates that their is a pair of entire functions, (f(z),§(z)) such that

F(2)f(2) + 9(2)9(2) = p(2). (C.48)

Proof. Let A(f,g) be an intersection of sets of zeros of f(z) and g(z) including their multi-
plicities. According to Weierstrass factorization theorem, there exists an entire function p(z)
whose set of zeros is A(f,g). Then, functions fo(z) and go(z) defined by

1 st
fo(2) 2(2) go(2) = o)’ (C.49)

are entire functions without common zero, and hence we can apply the above lemma to find
a pair of entire functions (f(2),§(z)) satisfying

fo(2)f(2) +90(2)3(2) =1 = f(2)f(2) +9(2)3(z) = p(2). (C.50)

Then, we can construct the matrix V(z) € G o[z] satisfying (C.47) as

_( Fz) a2
Vi) = (90(2) f0(2)> . (©.51)

C.2 Moduli space M of the hal-ADHM data

In this subsection, we discuss the moduli space of the half-ADHM data, which is given by
the GL(N, C) quotient of the vector space of matrices {Z, U}

M= {(zw) ‘ {2, 0} on which GL(k, C) action is free | /GL(k, C), (C.52)
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where Z k-by-k matrix and ¥ is a n-by-k matrix on which GL(k, C) acts
Z— g 'Zg, U — Ug. (C.53)

The condition that the GL(k, C) action is free means that there is no non-trivial g € GL(k, C)
that fixes (Z, V). To examine the moduli space M, it is convenient to rewrite the GL(k, C)
free condition as we show below.

C.2.1 Two expressions of GL(k,C) free condition

The moduli space of the half-ADHM data is the GL(k, C) quotient of the space of matrices

{W, Z} on which the GL(k, C) action is free. There are two equivalent conditions for (¥, Z)

to be a pair of matrices on which GL(k,C) action is free:?”

Ci(U,2): for X € gl(k,C), VX =0, [Z2,X]=0= X=0, (C.54)
Co(V, Z) : for 7 € CF, UZ% =0 for a=0,1,...k—1 = 7=0. (C.55)

To show the equivalence of these conditions, let us consider the inclusion relation between
the following two sets

Flz{(\II,Z)|Cl(\I/,Z)}, FZE{(\I/’ZHCQ(\II?Z)}' (0'56)

Proof of Fo C Fy. If ¥X =0 and [Z, X] =0 for X € gl(k,C), it follows that ¥Z*X = 0 for
a=1,2,---. For an element (¥, 7) € Fy, ¥Z*X = 0 implies that X = 0 and hence

UX =0, [Z,X]=0 = WUZ°X =0 for a=12,... = X=0. (C.57)
This shows that (¥, Z) € F» = (U, Z) € F1, or equivalently F» C F}. O

Proof of F, D Fy. Here we prove that F, O F| by showing that F, C Fy, where Fy and
Fy are the complements of F; and Fy, respectively. To show Fy, C Fj, we show that
there exists a nontrivial X € gl(k,C) satisfying ¥X = 0 and [Z, X]| = 0 for any element
(U,2) € Fy = {(V,Z)}\Fy. If (¥, Z) € Fy, there exist a set of [ linearly independent column
vectors {Up|p = 1,...,1 < k} satisfying WZ%j, = 0 for all a € Z>. After an appropriate
GL(k, C) transformation, therefore, WZ° take the following form

w70 = (* ( ok_by_l) fora=0,1,....k—1. (C.58)
Under this gauge choice, Z takes the following form

Z, 0
Z = <V; Z_) (C.59)

2TIt is convenient to rewrite the second condition, Cy (U, Z2), as

<L
Il
o

37 : a column vector ,Vz € C, W(zl,—2) 'd=0 =
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where Z, € My -1, Z— € My and W € My (My,m: space of n-by-m matrices). Let h
be the endomorphism on M ;_; given by

h:B + h(B)=Z_B-BZ,. (C.60)

If dim(Ker(h)) # 0, then a non-trivial X € gl(k,C) can be constructed as

X = (go g) with By € Ker(h)\{0}. (C.61)

This non-trivial element X € gl(k, C) satisfies

WX =0, [Z,X]= (h(?so) g) _o. (C.62)

If dim(Ker(h)) = 0, a squared matrix X can be constructed by using the inverse map h~1.
For example,

0 0
X = 0 C.63
<h1(W) 1) 7 (C-63)
satisfies
VX =0, [Z,X]= 0 M _o (C.64)
- o \zZzont W) -t Wz -wo) '
Therefore, we can always construct a nontrivial X € gl(k, C) satisfying VX = 0 and [Z, X] =0
for any element (¥, Z) € F,. Thus we conclude that Fy C F, that is, Fy D Fy. O

Combining these two facts, F} 2 F5 and Fo O Fp, we conclude that F; = F5.

C.2.2 Atlas {(qu,./f\/tv)\)} of M from {Z,v}

Using the spaces F or F» given in eq. (C.56), we can rewrite the definition of the manifold M as
M = F,/GL(k,C) = F,/GL(k, C). (C.65)

The atlas of this manifold is given as follows. Let A be the same index set A as that
given in eq. (C.8)

A:{(ll,lg,---,ln) la € Z>0, Zla:k}. (C.66)

a=1

For A € A, let M » be the subspace of M given by the equivalence classes of the data
(U, Z) of the form

P Ui - Uy A Z11 - Zin

2N T I e i EEE /= TR [ ISP P
wn \Ijnl \Ijnn Zn an Znn

(0.67)
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where 1, are l,-component row vectors, ¥, are [y-component row vectors, Z, are l,-by-l,
matrices and Z,;, are l,-by-l, matrices such that

la I
1 0 --- 0
= . la+1, = . S la+1. C.68
(4 1 )l (c69
0---0 Tapa -+ Taby,

To check that GL(k, C) action is free on (¥, Z) given above, it is convenient to map (¥, Z)
into the infinite dimensional Grassmannian G(k,o0) given by the set of an infinite number
of k-component row vectors constructed from the rows of ¥ZP~! with p € N. As shown in
section C.2.1, the GL(k, C) action is free on (¥, Z) if and only if the image of the mapping
to G(k,o0) contains a bases of the k-dimensional vector space. Let us define k-component
row vectors {e,p} as

€q,p = the a-th row of vzPl a=1,---,n, p=1,--- k. (C.69)

From (¥, Z) given in eq. (C.68), we can construct the following (I, + 1)-by-k matrix for each a,

€4,1
0 0 1 0 0
= ba , (C.70)
€a,l, _ — — = =
€q,l,+1 Ta,l ‘Ta,a—l ‘ Ta,a ‘ a,a+1 ‘ ‘ a,n
with a [p-component row vector fab = (Tap1, -+ »Tapy,)- By correcting the first [, rows for
all a, we find the identity matrix
e1(l) €q,1
_ éx(l) A €q2
Ey=1, with FE,= ) and €é,(m) = _ (C.71)
én(ln) €a,m

which immediately indicate that the GL(k, C) action is free. All the moduli parameters in
(¥, Z) are contained in {eq;,+1]a=1,...,n} ~C* as e, ;,+1 = (T:Ll e fan) and all the
entries are independent. Therefore, the local coordinate system on the coordinate patch
(chart) My with A = (I1,--- ,1,) is given by

Pr(M}y) ~ {Tﬁml <a,b<n,1 Smglb} ~ Ckn, (C.72)

The coordinate transformation to another patch M » can be constructed by using the matrix

g € GL(k,C) defined by
g=Ey with N =0, - ,0) (C.73)

Using the matrix g, we can read off the coordinate transformation f/\/ = q~5>\/ o (5;1 from

the relation

(', 2") = (Vg t,9Zg ") € My My. (C.74)
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Gluing all the coordinate patches M A, We obtain a complex manifold

AEA

la € Zx0, Y la= k:} : (C.75)

a=1

This is a submanifold of M since M A C M for all A € A. In subsection C.2.3, we show
that M can be decomposed into a disjoint union of subspaces MY such that MY C M,.
This fact implies that M is a subspace of M’:

M= || M¥C|JMy=M. (C.76)
AEA AEA

Since M’ C M and M’ D M, we conclude that M = M’ and {(qz~5>\, /K/IVA)} gives an atlas of M.

C.2.3 Decomposition into disjoint union

Here, we show that M can be decomposed into a disjoint union of subspaces ./K/lvg\ri such
that MU C M.

The manifold M is the space of equivalent classes of the matrices [(V, Z)| satisfying
the GL(k, C)-free condition (C.55). For each equivalence class, we can associate a set of
integers A = (l1,l2, -+ ,1,) as follows. Let (¥, Z) is an representative of a equivalence class
and e, ;, be the £ component row vectors defined by

e, = the a-th row of U271, (C.77)
Let V, (a=1,---,N) be the vector spaces spanned by e, with b=1,--- ,a
]7a:span{eb7p]p€N, b=1,---,a}. (C.78)
These vector spaces form a flag
{0} =V CViCVC---C V. (C.79)
Then, we define [, as

l, = dimeV, — dime V,_1. (C.80)

Since (¥, Z) satisfies the GL(k, C)-free condition (C.55), it follows that

dimeV, =l + -1, = k. (C.81)
Since the set of integers A = (I, - , 1) is invariant under the GL(k, C) transformation, each
equivalent class [(¥, Z)] has unique A. Therefore, M can be decomposed into the disjoint
union of the spaces of equivalence classes MY classified by A = (I1,--+ , 1)
M= || MY (C.82)
AEA

We can determine dimg ﬁa by constructing the basis of lja. It can be obtained inductively
from the basis of V,—1 by adding the vectors e, 1,--- ,e,,. Here, [, is the maximum number
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such that e, , is linearly independent of {e,1,---,€q;,-1} and any element of 17(1_1, or
equivalently, [, is the minimum number such that

€ulot+q € V1 U span({eqp|p=1,---,l,}) forg=1,2,---. (C.83)

Next, let us show that ./K/lvt)\ri is a subspace of M A Let Ey be the k-by-k matrix whose

row vectors are €,

é1(h) €q1
és(l2) €42

E, = . with  é&,(m)=| . (C.84)
én (ln) €a,m

Since E) is the basis of V,, & C¥, there is an element of GL(k,C) such that
E\, — E)yg=1;, g < GL(k,(C) (0.85)

After fixing the GL(k,C) redundancy as E) = 1j, e, take the form

€q,1

: _ ol ... 0 1, |0 --- |0 | (C.56)
€a,l,
eaterr)  \Taa| -+ [Taama] T [0] - [0

where “0”s in e, j, 11 are due to the property in eq. (C.83). From the above set of row vectors

{eapla=1,...,n;p=1,...,lg+ 1}, the two matrices ¥, Z can be reconstructed as
el é1(h) 2 €2
€21 &(l2) Z :
v=| |, Z=EZ= , with &,(l)Z=| * |. (C.87)
: Ca,lq
€n,1 én(ln) A €a,l,+1

From these expression, we find that ¥ and Z take the block lower triangular form ¥ = \Ilg\ri
and Z = Zf\ri with

y vy, 0 - 0 7 Z11
1 ) ) 1 ) .
wl— n Wy Woy . L 7= " Zor Zap - 7
/17/)'"4 : E 0 Z7L : K 0
W,y oo e oy e e T

(C.88)
with ¥, Yap, Za, Zap given in eq. (C.68). Since MY is the space of (¥, Z) of these forms, it
is a subspace of M, the space of matrices of the form (C.67)

MY C M, (C.89)
This fact implies that M is a subspace of M
M= || MFC|)My=M. (C.90)
AEA AEA

Since M’ C M and M’ D M, we conclude that M = M’ and {(¢x, M)} gives an atlas of M.
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C.3 Equivalence of M and M
C.3.1 Mapping from M) to M through the half~ADHM mapping relation
Let us recapitulate how to extract the data (¥, Z) from ©(z), J(z) through the half~ADHM
mapping relation. The half~ADHM mapping relation is given by

D)V =J(2)(z1; — Z2), (C.91)

which is covariant under both of the V' transformation and GL(k, C) transformation. Therefore,
this relation defines a mapping between the equivalence classes [D(z)] € M — [(U, Z)] € M.
For a point in the A = (I,ls,- - ,1,)-patch of M, where D(z) takes the form (C.5), the
corresponding matrix J(z) is given by

J Ji11 o Jin
Inlz) = o (C.92)
Jn Jn1  Inn
where j, and Ju are the following block matrices (row vectors with [, and [, components,
respectively)
lh—1 ly—2
Ja= <zla—1,zla—2,... ,1>, Jab=— (Z Tab 12" Y Tapma2z™ oo, Taby, s 0)
m=1 m=1

(C.93)
Since J(z) also depends on the gauge choice of GL(k, C), taking J(z) in this form implicitly
means that we have chosen a certain coordinate patch for M. Noting that J,;, satisfies

the relation

23ab = —Pap(1,0,- -+ ,0) + (Tap 1, Tav2, -+ > Tap,) + Jab , (C.94)

we can read off (U, Z) from the half~ADHM mapping relation (C.91) and the resulting
(P, Z) turns out to be exactly equal to those of ¢»(My) given in eq. (C.67). Therefore the
half-ADHM mapping relation defines a one-to-one map between the coordinate patches

ix: oMy = da(M)), (C.95)
dloixodr: My — My (C.96)

for all A € A. Furthermore, since the half-ADHM mapping relation is covariant under the V-
transformation ®’(z) = V(2)®(z) and the GL(k, C) transformation, (¥, Z') = (Vg,g ' Zg)
as

DU =32)(21-2) = D)V =J(2)(21-2"), with J'(2)=V(2)J(2)g, (C.97)

we find that the following diagram commutes: for \,\' € A, \ # X,

D(2) € dr(Mr N My) D (T, Z) € pa(Mx N My)
fax=éxooy' | L foa=dnody!
D'(2) € pA(MAN My) & (W', Z') € op(Mrn My) (C.98)

,75,



This fact indicates that two different maps 7,7y with the domain My N M, are consistent
QAZ)';IOZ'AOQZ))\ :ng,loi/\/ogzb)\/ : M/\ﬂ./\/l)\/ — M)\HMV)\/ (099)

and the transition function fy on the manifold M induced by the GL(k, C) transformation
is consistent with fy/) on the manifold M induced by the V-transformation,

Fux=ivofinoiyt s (MANMy) — oy (MynMy). (C.100)

Therefore, we conclude that the two complex manifolds M and M are biholomorphically
equivalent

M~ M, (C.101)
and the ADHM relation defines the unique one-to-one map between them.

C.3.2 Examples

Let us see an example in the case of k = 2 and n = 2. In the (2,0) patch (A = (2,0)), the
matrix ©(z) and the corresponding matrix J(z) are given by (see egs. (C.5) and (C.92))

22 —asz—a1 0 N z—as 1
D0)(2) = ( e b 1) Je0)(2) = b 0] (C.102)
From the half-ADHM mapping relation, the data (Z, ¥) can be read off as
10 01
\\ = Z = . C.103
(2,0) (bl by ) ’ (2,0) (al a2> ( )

These matrices correspond to those in eq. (C.67) with

wlz(m), \1111:<()0), \1121:(b1b2>, le<8(1)>, le:(;)laz)‘

(C.104)
One can move to the (1,1) patch (A = (1,1)) by performing the transformation
~ ~ 0 —w
Dan(z) =V(2)Den(2),  Janz) =V(2)J20(2)9 V(z) = <b2 L a) ,
(C.105)
as
zZ—u —v N 10
D11)(2) = ( T u) S ) = (0 1) , (C.106)
where
bl - bl 1 . bl
- _= = — = — = — — . 1
u by U =as+ by V= 0= aiby — by (a2+ 62> (C.107)
The corresponding half-ADHM data are given by
10 U v
Ui = <0 1) . Zagy = (@ u) : (C.108)
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These matrices correspond to those in eq. (C.67) with

Y=y =1, V; =0, Z;=0 (i=1,2), Zi=u, Zip=v, Zog=70, Loy="71.
(C.109)
These data in the (1,1) patch is related to that (2,0) patch by a GL(2,C) transformation

- 10
‘I’(1,1) = ‘P(Q,o)g» Z(1,1) =9 1Z(2,0)97 9= (u U> € GL(2,C). (C.110)

Similarly, we can show that the data (0,2) patch is also related to (Z(20), ¥(2,0)) and
(Z1,1), ¥Y(1,1)) by GL(2,C) transformation.

D Condition of non-singular instanton solution

In this appendix, we discuss the condition for £(z) and (Z, U, ‘iv/) to be the data for non-singular
sigma model instanton solutions. Throughout this section, we focus on the L = 1 case.

D.1 Local-semilocal decomposition

Let us define the moduli space of semi-local vortices Mgemi Zm as the following subspace
of the moduli space of vortices Mty Zm
Meemi 7" = { [£(2)] € Myix ™ |rank(€(z)) = n for Vz € C} C My ™. (D.1)

In this subsection, we prove four lemmas D.1-D.4 which will be used in the later subsections.
Lemma D.1. Any matriz (z) such that [{(2)] € My " can be decomposed as

£(2) =D2) E™(2)  with D'°(2) € Gurlz] and [€™(2)] € Msemi) ™ (D.2)
where | is an integer such that 0 <1 < k.

Proof of Lemma D.1. Applying the method used in section C.1 to the rows of £(z) =
(D(2),D(z)) instead of columns, we can find matrices V(z) € Gnimolz] and D¢(2) €
Gn.l2] (0 <1< k) such that

£(2) = (D°(2),0) V(2). (D.3)
Then, this matrix £(z) can be rewritten as
£(z) =D(2) &™(z) with €™(2) = (1,,,0) V(2). (D.4)

Since det V(z) # 0 for all z € C, it follows that rank(£5™(z)) = n for all z € C and hence
[gsm(z)] € Msemi ZTZ ]

Note that the decomposition is not unique since the following transformation does not
change the matrix £(z)

’ch(z) — @lc(z)V/(z)fl, Esm(2) = V(2)&m(z) with V'(2) € Gpolz]. (D.5)

We can show the equivalence class [{sm(2)] is unique.
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Lemma D.2. The decomposition in Lemma D.1 is unique up to V -equivalence relations (D.5).

Proof of Lemma D.2. Let us assume that [£(2)] € Mgemi), " is rewritten in the two different
ways as

£(z) = DY (2)E(2) = DF(2)&™(2)  with &™(2) = (1,,0)Vi(2) (i=1,2).  (D.6)
The above equation can be rewritten as
(DF(2),0) = (D (), 0 Va(2)Vi(2) ", (Va(2)Vi(2) " € Guymol]). (D7)

This implies that Va(2)Vi(2)~! takes the form

xaamwrl=(““”°>, (D8)

* *

where Via(z) € G 0[2] and *’s are undetermined entries. From this equation, we find that
Dl(2) = D2(2)'° V12(2) and hence &™(2) and &™(2) are related as

T(2) = Via(2) 715 (). (D.9)
Therefore, the decomposition £(z) = D'°(2)6(z) defines an unique equivalent class
[gsm(z)] € Msemi Z’m- ]

Lemma D.3. Any element [ (2)] € Mgemiy " can be written as
&M(z) = (1,,0) V(2) with V(2) € Gpimolz]- (D.10)

Proof of Lemma D.3. If det ®'°(z) has a zero, then rank of £(z) decreases at that point. Equiv-
alently, if £(z) has the maximal rank everywhere ([{(2)] € Mgemip "), then det D'¢(2) must
have no zero (D'(z) € G, 0[z]) and hence D'°(2) can be absorbed by the V-transformation
V(2) € Gnolz]. Therefore, for any [£(2)] € Msemi ' there is a representative £(z) of the form

£(z) = (1,,0) V(). (D.11)

O]

Lemma D.4. If two equivalent classes [£(2)] = [(Di(2), Di(2)] € Maemi ™ (i = 1,2) satisfy

D71(2)D1(2) = D3 (2) Da(2)  or equivalently D7'(2)&1(2) = D3 (2) &a(2),  (D.12)
then, they are equivalent

ki =k, [&(2)] = [&202)]- (D.13)

Proof of Lemma D.4. By applying Lemma D.3 to [£;(2)] € Msemiy, ", the assumption (D.12)
can be further rewritten as

D1(2) " (1n, O)VA(2) = D2(2) " (1, 0)Va(2). (D.14)
This equation can be rewritten as
D5(2)D1(2) " (1, 0) = (1, 0)Va(2)Vi(2) ", (vz(z)vl(z)*l € gn+m,0[z]). (D.15)

Applying the same argument as Lemma D.2, we conclude that D2(z) = Vi2(2)D1(2) with
Vi2(z) € Gnolz], and hence &2(z) = V(2)&1(2), which means that they belong to the same
equivalent class. O
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D.2 Condition of semilocal vortices

For [£(z)] € Myix ™, the condition that [£(z)] belongs to the semilocal vortex moduli
space Mgemi Zm is given by

Coemi(€(2)) : det&(2)E(2)T #0 for VzeC. (D.16)

This condition on £(z) can be translated into the following condition on the corresponding
half-ADHM data (Z, ¥, V)

Chee(Z, W) : If 37 € CF (row vector) s.t. 7Z2P 10 =0forVpe N = 7 =0. (D.17)
In this subsection, we prove the equivalence of the two conditions Ceemi(€(2)) and Cpree (Z, ¥).2
Theorem D.1. The conditions Csemi(£(2)) and Ceee(Z, ‘Il) are equivalent.

Proof of Ciee(Z, W) = Csemi(£(2)). Let us prove the contrapositive— Csemi (€(2)) = =1 Chree(Z, V).
If [£(2)] € Muyix ™ does not satisfy the condition Csemi(€(2)), then Lemma D.1 in appendix D.1
implies that the matrix £(z) can be decomposed as

£(2) = (D(2),D(2)) = D1e(2) Do (2) Doma(2)) = Dic(2)ésm (), (D.18)
where the n-by-n matrices D (), Dic(2), Dsm (z) and the n-by-m matrices D(z), Dgm () satisfy

det ©(z)
det D (2)"'D(2)

O(ZF),  detDie(z) = O(z)),  detDgm(z) = O(2F),
O™,  detDgn(2) ' Dem(z) = O(z7Y), (D.19)

with a certain nonzero positive integer [ > 0 and ¥’ = k — [ > 0. For these matrices, we can
obtain (Z, ¥, V), (Zi, Vic) and (Zsm, Ysm, Ysm) through the half-ADHM mapping relations

23(2) =D (2)V + J(2)Z, D(z) =J(2)7, (D.20)
231e(2) = D1e(2) Vi + J1e(2) Zie, (D.21)
zﬁsm(z) = Qsm(z)qjsm + Jsm(Z)Zsma 5srn(z) = :‘sm(z){i}sma (D22)

where J(2), Jic(z) and Jsm(z) are matrices satisfying
D(2)713(2) = 0™, Die(2) 1Fe(2) = 0(z7Y), Dem(2) 1Fem(z) = O(z71).  (D.23)
Note that the matrices are related as
D(2) = D1e(2)Dem(2),  D(2) = Dice(2)Dem (2)- (D.24)
The matrix J(z) can always be chosen as

3(2) = (:‘lc(z)a@lc(z)ﬁsm(z))- (D25)

28The proof here is a more concise version of the one given in appendix C of [66].
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We can check the condition ®(z)1J(2) = O(z7!) as

@(z)_ljlc(z) = :Dsm(z)_lo(z_l) = 0(2_1)7 CD(Z)_%QIC(Z):jsrn(Z) = i)sm(z)_lgsrn(z) = 0(2—1)7
(D.26)

where we have used the transformation (D.5) to fix Dgy(2) to the form (C.5) so that it
satisfies Dgm(2) 1 = O(1). From the half-ADHM mapping relations eqs. (D.20)—(D.22) we
find that

23(2) = (231c(2), D1c(2) (2Jsm (2))) = (D1 (2) Vie +J1c (2) Zic, Dic(2)Dsm (2) Yom +D1c (2)Jsm (2) Zsm) -

(D.27)
Using the constant matrices P2, P3. defined by
1y, = D (2) Py + Jsm (2) P (D.28)
Eq. (D.27) can be further rewritten as
23(2) = D1e(2)Dsm (2) (P2 W1e, ) + (J1e(2), D1e(2)Tsm(2)) <p321§, ZO ) . (D.29)
smY¥le Zsm
In addition, we find the following relation for D (z)
()W =D(2) = Die(2)Dsm(2) = Dic(2)Fom (2) ¥om = (Jre(2), Drc(2)Jom (2)) (@°m> -
(D.30)

From eqs. (D.29) and (D.30), the half-ADHM data (Z, ¥, ¥) can be read off as

Zie O ~ 0
U= (P2, U), Z= ¢ U=~ ). D.31
( s ¢ Sm) (Pssm\plc Zsm) <\Ilsm> ( )

Using these data, we find that

~ 0
Zr 1y = ~ |, withp=1,2,---. D.32
(Zé’nzlifsm> (D-32)

From this expression, we find that there are nonzero row vectors such that 7P~ = 0.
Therefore, we find that the contrapositive “— Csemi(§(2)) = = Crree(Z, ¥)” is true and hence
the lemma “Cree(Z, ¥) — Csemi(§(2))” is also true. O

Proof of Csemi(§(2)) = Ctree(Z, \IJ) Let us prove the contrapositive —1Cee(Z, \i') — Csemi(&(2)).

—

If GL(k, C) does not freely act on (Z, \Il), that is, there exists a certain non-zero row vector o
satisfying

GZP7' =0 for VpEN (~Chee(Z, D) is true), (D.33)

(Z, 9, \f/) can be transformed by a GL(k,C) transf into the form

Ze O = 0
U= (U, Vy), 2= U=~ |, D.34
(Yie: Fem) (vvls Zsm> <\Dm) (D39
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where Zgm, Uam and Wy, are k/-by-k’ (k' < k), n-by-k" and k’-by-m matrices, respectively.
The set of matrices (Zgy, \Ilsm,{flsm) can be regarded as the half-ADHM data satisfying
Cree(Zsm, \flsm) with a smaller vortex number k'(< k) since there is no k’-component column
vector @ such that Wy, ZE-15 = 0

0 0
U Zblv=0 — Wz || = .]=0 — ¥=0 (D.35)
0] WemZb "0

According to the lemma “Cryee(Z, \i) — Csemi(&(2))” shown above, the condition Cree(Zsm, \Ifsm)
immediately indicates that the equivalence class of the corresponding matrix [{m(z)] is an
element of Mgemi . Furthermore, we can show that for &m(2) = (Dsm(2), ﬁsm(z)) and
¢ = (9(2),D(2)) Correspondlng to (Z,W, W),

Dem(2) Qe (2) = Ve (21 — Zom) W = U(21;, — 2)7'0 = D(2)7'D(2), (D.36)

where we have used eqs. (D.20), (D.21) and the relation ¥ ZP~ 10 = ¥y, ZP~1W . which follows
from eq. (D.34). The relation Dgm (2) e (2) = D(2) 1D () implies that [€(2)] & Msemi ™

This is because if the opposite is true ([£(z)] € Msemi) ), Lemma D.4 implies that the
relation (D.36) leads to [£(2)] = [€sm(z)] and k = K/, which is inconsistent with &’ < k. Thus,
we find that “= Cree(Z, ¥) = = Csemi(£(2))7, and hence the lemma “Coemi(€(2)) = Crreo(Z, ¥)”
is shown. O

D.3 Instanton solutions in the Grassmannian sigma model

Any semilocal vortex solution becomes a instanton solution in the sigma model limit g — oo.
In this subsection, we show that there is actually a one-to-one correspondence between the
semilocal vortex and instanton solutions.

Theorem D.2. Let ¢ = ¢(z, Z) be an n-by-m matriz valued field (inhomogeneous coordinates
of G(n,n+m)) on the base space C. If v satisfies the BPS instanton equation

0z0(2,2) =0, lim ¢(z,2) =0, (D.37)

|z]—o00

and each matriz entry of (z) has a finite number of poles, one can uniquely determine the
corresponding equivalent class [€(2)] = [(D(2),D(2))] € Msemi }"" and the half-ADHM data
[(Z,U,W)]. Explicitly, the instanton solution ¢(z) can be always written as

() =D(2)'D(2) = U(z1y — 2) ', (D.38)

Proof. The solution of eq. (D.37) can always be written in the following form

=> Z (D.39)

it (z — za)P

with n-by-m constant matrices Cy . For this solution, let us consider an n-by-(n +m) matrix
¢'(z) given by

€(2) = (), p(2)p(2)) with p(z) = [[(2 = 2", K =3 k. (D.40)

[0}
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Note that all the entries of a matrix p(z)p(z) are polynomials since all the poles in ¢(z) are

cancelled with zeros of p(z). The equivalence class [£'(z)] is an element of My ;' and hence,

according to Lemma D.1, there exists a unique equivalence class [£(2)] = [(D(2), D(2))] €
Memi Zm with an integer k € Z>¢ such that

€(2) = Die(2)E(2) = Die(2)(D(2),D(2)), 0<k <k, (D.A1)

with D1e(2) € Gy i —k[2] and D(2) € Gy, k[2]. These matrices are related as

P(2)1n = D1e(2)D(2),  p(2)p(2) = Die(2)D(2). (D.42)

In terms of the matrices (D(z),D(z)), the instanton solution ¢(z) can always be rewritten as
p(2) = == (p(2)p(2)) = (Die(2)D(2) ' Die(2)D(2) = D(2) ' D(2). (D.43)

Furthermore, using the half~-ADHM mapping relation, we can rewrite ¢(z) in terms of the
corresponding half-ADHM data (Z, ¥, ¥) as,

0(2) =D(2)71D(2) = D(2) 1 J(2)¥ = (21, — Z2)" 1. (D.44)

n,m

According to Lemma D.4, for a given ¢(z), the equivalent class [(D(z), D(z))] € Meemi j,
satisfying the above is unique, and the equivalent class of the half-ADHM data [(Z, ¥, ¥)]
satisfying Cgee(Z, ¥) is also unique. O

E Embedding of Grassmannian case
In this appendix, we discuss vortices obtained by embedding from the L = 1 case.

E.1 Embedding of vortices from L =1 to L =2

Let us consider first consider the embedding of the matrix £ from L =1 to L = 2. For
example, in the case with (k1,k2) = (k,0), & are given by,

6() = (0(:).D(21,0), &)= (131 . 3) , (B1)

where £ = (D(z),®(z)) is the matrix for the L = 1 case withn = Ny =nj and N = Ny = n; +
ny. For the case with (ki, k2) = (0, k), one can find that the general solution turns out to be

6()= (1,,0,0), &)= (1(; o 5‘(’2)> , (5.2

where D(z) and D(z) are those for the L = 1 case with n = ny and N = ny 4 ng. Thus,
we find that the moduli spaces of vortices for (ki,k2) = (k1,0) and (k1,k2) = (0, k2) are
identical with those of the L = 1 case

ni,n2,mn3 ni,n2 ni,n2,n3 n2,n3
Mvtx k17k2:0 ~ Mvtx kl 5 Mvtx k1:O,k:2 ~ Mvtx kQ . (E.3)
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For (ki,k2) = (k, k), there exist a subspace in the moduli space where £ of the L = 1 case
can be embedded as

&) = (9(2),0,00), &) = (Qé) . géﬂ 7 (5.4)

where D(z) and D(z) are those for the L = 1 case with taking n = n; and N = ny + ns.
This means that the moduli space of vortices with (ki,ks) = (k,k) contains the L = 1,
k-vortex moduli space

n1,n2,n n1,n
Mot oy D gt O Mt 7 (E.5)

Embedding of half~-ADHM data. The half-ADHM data can also be obatained by
embedding that of the L = 1 case.

o (ki,k2) = (k,0). If (k1,k2) = (k,0), we can determine ®; and D, from the condition
deg(det@i) = k‘z

k-1
1
D) = 2F + Z anz", Doy = (0 (1)> , (up to V-transformations). (E.6)

n=0

From the relations
& = (91,91) = q1qo, 2 = (D2, D2) = go, D719, = 0(z7Y), (E.7)

the matrices qi1, qo, D1 and D, can be determined as

a1 = (P(2),Q(2)), Q@ = (é (1) 8) : D1 = (Q(2),0), Dy = <0> : (E.8)

where P(z) and Q(z) are polynomials of the forms
k k—1
P(z) = 2% + Z anz", Qz) = Z bpz". (E.9)
n=0 n=0
The k-component row vector J;(z) can be determined from the condition ©7'J; = O(z71) as
_ B R _ l
J1=(Bpe1, Pz, By), with Pr=)" apip2" (E.10)
n=0

Note that the No-by-ko matrix Jo does not exist since ko = 0 in this case. From ®q, ’}51
and Ji, the matrices Z1, Y1 and Y5 can be determined as

01 b1
. . ~ 62
Zi=1 . ’ le(lo---o), T =] |, (E.11)
0 1
ap | ay Ar—1 bk
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where b; (I = 1,---,k) are constants such that
k ~ ~
Qz) = S hiB (E.12)
=1

Note that (Zz, T2, T2) and (W1 W;) do not exist since ky = 0 in this case. All these moduli
data are identical to those of U(1) semi-local vortex (L = 1, Ny = 1, Np = 2) with

@ = (P(2),Q(2)).

e (k1,k2) = (0,k). For (ki,ko) = (0,k), the matrices ¢; and ¢y are given by

a1 = (1,0) Q@ = <(1) P(()z) Q?z)) : (E.13)

where P(z) and ((z) are polynomials of the same form as the previous case (E.9). The
matrices & = (9;,9;) take the forms

&=(1,0,0), §o = (é p(()z) Q(()z))’ <®1:17 D1=(0,0), D= ((1) P(()z)>’ 52:(@? ))

The matrix J1(z) does not exist and J2 can be determined as
0 0 ---0
Jo=1[ = - -, E.15
(Pk;—l Py - Po) ( )

where P, (1=0,---,k — 1) are the same polynomials as (E.10). Since k; = 0, the matrices
(Z1,Y1,Y1) and (W1, W7) do not exist and (Z2, T2, To) are given by

01 by
: . . - 52
=] R i U S o (E.16)
0 1 10---0 :
aglar - ar—y i
where b; (I =1,--- , k) are constants defined in (E.12). Again, the moduli data are identical

to those of U(1) semi-local vortex (L =1, Ny =1, Np = 2) with ¢; = (P(2),Q(2)).

E.2 Embedding of vortices from L = 1 to general L

Let I, J be integers such that 1 < I < J < L+ 1 and prepare a nj-by-n; matrix D(z) and
a nr-by-ns matrix ®(z) satisfying det D(2) = O(2*) and D(2)7'D(z) = O(z7!). Next, let
us embed these matrices into ¢j_1 as

1y, O 0 0
(

qi-1(z) = 0 D(z) 0 D(z) |, (E.17)
0 0 1n, ,—n,| O
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and set the other ¢; to be trivial ¢; = (1n;,,0) for i # J — 1. This setting gives

for iel[l,J—1], (E.18)

and &(z) = (1n,,0) for i & [I,J — 1]. The vortex numbers are given by

<k17k27'” 7k;L) = (07 707]{:7]{77'” 7k707"' 70) (Elg)
—_——— ———

-1 J-I
In the case of d = 1, this construction gives general configurations with &k elementary vortices.
In cases with d > 2, however, the above construction gives special configurations where each
of k objects can be regarded as a composite state of J — I types of elementary vortices. This

construction also gives the following sigma model instanton solution
pij = 610D (2)7'D(2), (E.20)

where ¢;; are inhomogeneous coordinates of the flag manifold defined in eq. (2.18).
The corresponding half~ADHM data takes the form

Ti=0 fori#I, YT;=0 fori#.J—1, (E.21)
Zy=Ziy1 = =2Zj_1, (E.22)
Wr=Wi = =Wj_o=14 (E.23)

Here d = J — I implies a level of compression of vortices and turns out to corresponds to
height of the Young tableaux.

F Brane construction of vortices

In this appendix, we discuss the D-brane construction of BPS vortices. By embedding
our system into a 4d N' = 2 supersymmetric gauge theory, we can identify the D-brane
configuration corresponding to the BPS vortex configurations. For L = 1, the D-brane
construction of the vortex moduli space has been mentioned in [7] and for L > 1 with
Ny = --- = Nr = N, the D-brane configuration for the local vortices has been discussed
in [98]. The left figure in figure 6 shows the brane configuration for the Coulomb branch of
the model. The 4d A/ = 2 quiver gauge theory corresponding to our system can be realized
as the worldvolume effective theory on D4-branes attached to NS5-branes. There are N;
D4-branes between neighboring NS5 branes and they correspond to the U(N;) subgroup
of the gauge group. The gauge coupling constants 1/g? (i = 1,--- , L) are proportional to
the separations of the NS5 branes A:E%SM = x%sm 1 xﬁNS57Z-. The bi-fundamental fields
Q; (i=1,---,L) (hypermultiplets) corresponds to the fundamental strings stretched between
D4-branes in the i-th and ¢ + 1 intervals. In the presence of the FI parameters, which

correspond to Aajgg’;i = 3717\173%9,1‘4-1 — xﬁgfﬂ- (¢=1,---,L), the vacuum is in the Higgs phase
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20 b 2?23 2t b ab 2T 2® 2f
D4 | x X X X X
D6 | x X X X X X X
NS5 | x X X X X X
D2 | x X X

Table 1. Brane configuration (x’s indicate the directions in which the branes extend).

as shown in the right figure of figure 6. There are n; = N; — N;—1 D4-branes attached
to the i-th NS5-brane. Figure 7 shows an example of the D-brane configurations for BPS
vortices. The vortices with ¢-th magnetic flux correspond to D2-branes stretched between
the i-th and (7 + 1)-th D4-branes. The vortex worldsheet theory is a 2d N' = (2,2) quiver
gauge theory on the (z°, z') plane in table 1. The matrices (Z;, Y}, Y, W, W) are identified
with the component fields of the chiral multiplets which are identified with the degrees of
freedom in the brane configuration as follows

Z; : positions of i-th D2-branes on (22, 23) plane.

(]

T, : F1 strings between i-th D4-branes and i-th D2-branes.
« Y, : F1 strings between (i + 1)-th D4-branes and i-th D2-branes.

W, W : F1 strings between i-th and (i + 1)-th D2-branes.

The moduli space of BPS vortices are identified with that of vacua of this quiver gauge
theory determined by solving the D-term condition and the F-term constraint coming from
the cubic superpotential

W= Lz_l Tr {Wz (TiTi+1 — Z;W; + WiZi-i-l)} . (Fl)
=1

If we turn on hypermultiplets masses, which correspond to the positions of D6-branes on
the (z%,2°) plane, only the fixed points of the SU(N) flavor symmetry are left as stable
BPS configurations. Figure 8 shows an example of the D-brane configurations for such
fixed point configurations. In the presence of the {2-deformation on the (z°,2!) plane, all
D2-branes are localized at the origin and they form clusters which are characterized by Young
tableaux. Such configurations are the fixed points of the torus action, which are relevant
to the supersymemtric localization.

G Smoothness of the moduli space
The moduli space of vortices for L > 1 is constructed from the space of matrices satisfying

the constaraitns (4.39). In this appendix, we show that those constraints do not cause any
singularities on the moduli space.
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Figure 6. D-brane configurations for the Coulomb branch (left) and the Higgs phase in the presence
of FI parameters (right).

NS5

x* ‘
X789 NSs \
72, Dq
x6

NS5

NS5

Figure 7. D-brane configuration for BPS vortices. This example shows (k1, k2, k3) vortices in 4d
N =2TU(ny)xU(ny +nso) X U(ny +no+n3) gauge theory with Ng = ny +ns +ns +mny4 hypermultiplets.

G.1 Singular points on algebraic varieties

Let us first recall that a singularity on an algebraic variety is a point where a tangent space is
ill-defined. For example, for a subspace Mg in CX = {¢1,--- , ¢} defined as the intersection
of the zero loci of polynomials Fj(¢1, -+ ,¢x) (I = 1,2,---,n'), a singularity on M, is
defined as a point where the rank of the matrix (Jr);* = 0F;/0¢; decreases. Let H;; be
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X45 \\
x7’8’9 \ _——
X6 T o

Figure 8. D-brane configuration for BPS vortices in the massive theory. The positions of D6-branes
in the x4 and x5 directions correspond to hypermultiplet masses. In the presence of the (2-background,
each cluster of D2-branes (pink line) corresponds to a composite of vortices characterized by a
Young tableau.

the hessian of the function V defined as

9V : ;
vV =>|F? H;j = — = (Jp)i(JE). (G.1)
ZI: ! T 9¢:06; XI: PSR

Then, at the singular point, an extra flat directions (zero eigenvectors) appears since H;;
has a lower rank. If there is a symmetry group G that preserves V, the equation F = 0
reduces to a constraint equation F' = 0 that defines a subspace M in the quotient space
(CK —{0})/G. Since rank Jz = rank Jp for any smooth quotient space, singularities of M
can be determined by looking at the rank of Jp on My. In particular, M is smooth if the
rank of Jp is constant everywhere. If Jr has the maximal rank n’ everywhere, that is,

_ ONFy

0= AI(JF)Ii T implies A’ =0 for all points on Mo, (G.2)

all the constraints F; = 0 are linearly independent and hence M is a (K — dim G — n’)-
dimensional smooth manifold.

G.2 Constraints and smoothness of vortex moduli space

The constraints in eq. (4.39) implies that the vortex moduli space for L > 1 is the intersection
of the zero loci of Fr = Y; Y41 — Z;W; + W;Z;41. These constraints can be introduced
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by turning on the potential

V= lle" [‘Wlﬁ + Zf/‘v/l (TiTi—i-l —ZW; + WiZi_;,_l) + (C.C.)} s (G3)
=1

where the k;;1-by-k; matrix WZ are an auxiliary fields which give the on-shell potential

L-1
V= Z Tr ‘I//IV/Z
i=1

o Lzl 2
i=1

The variations with respect to the other degrees of freedom give

oV ~ =

0= =W;Y;, G.5
011 (65)
)% ~
o7, +1 (G.6)
9% ~ =

0= oW, =Zi W — Wi Z;, (G.7)

for 1 < i< L -1 and
o _ —
0= 97 = W;_1Wi—1 — W;W;  with W(]’L = WO,L =0, (G.8)

for 1 <i < L. As we have seen in eq. (G.2), the moduli space has no singularity if and only
if W; always vanishes when eqgs. (G.5)—(G.8) are satisfied. For any solution, we can show

(0 Wi Wy - Wizl ) W E 0wy Wi Wiz

eq.(G.8)

1)

YW AW Wy Wy 2P

eq.(G.6)

I

0, (@.9)

for 1 <j <iand 1< p<k. Under the [T~ GL(k;, C) free condition (4.41), this equation
implies that W; = 0 for all i. Therefore, the vortex moduli space is smooth and all the
elements of the constraint (4.39) are independent, that is, the number of degrees of freedom

suppressed by the constraints is the same as that of the components of {Wl}

H The torus action on the moduli spaces and on the Kihler quotient

In this appendix, we summarize the BPS vortex solutions in the presence of the omega
background and the mass deformation. In such a case, BPS configurations have to minimize
the deformation terms induced by the omega background e and mass parameters M =

diag(m', - ,m")

L
oL = Z ‘ZE(ZDZ — EDg)qi + Xq; — ini_,_l\Q with Yp41 = —M, (Hl)
=1
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where 3; (i = 1,---, L) are SU(N;) adjoint scalar fields.?® Since §L is positive semi-definite,
it is minimized when 6L = 0, that is

iE(ZDZ — Epg)qi + 35q; — ¢i2i41 =0, (Z =1,--- L, Yp41 = —M) (HQ)

This condition implies that the vortex configuration must be invariant under the (infinitesimal)
spatial rotation and the flavor rotation up to gauge transformations ;. Such fixed points
are classified by a set of N Young tableaux Y ¥®) where o = 1,--- ,n; for each j =1,--- , L.
The height of YU is L — j 4+ 1 and we denote the length of i-th row as lz(i?zb i.e.

Y(j,a) — (l]('j’a)al](‘iﬁ)7 ... ,lgj’a)> , l;jﬂ) > l](j-‘,’-oll) > > lg’a) > 0. (H3)

()

The integers [; are related to the magnetic flux at the fixed point

o / Fi = block-diag(t},-- 1)  with & =diag (1", 17, (H4)
T

where lg is the nj-by-n; diagonal block of the SU(N;) magnetic flux of the i-th gauge group.
They are also related to the winding numbers of the scalar fields

qzl 0 ---0
g = SRS with qg:fg(r) exp (iu{@), V{Elg—lg_,'_l,
g |0 -0
(H.5)
where f{ (r) and V{ are diagonal matrices of profile functions and winding numbers, respec-
tively. We can confirm that ¢;(z) is invariant under the torus action (the combination of the
spatial rotation and the Cartan part of the flavor rotation) up to V-transformations

ai(2) = Vigi(e*z) Vi1, Vi = exp(i%;), Vi41(2) = exp(—iM). (H.6)

Note that the left hand side of the fixed point condition (H.2) is the infinitesimal version of
this transformation. The element of the V-transformations are specified by the fixed point
values of the adjoint scalar ¥;, which take the forms

»; = block-diag (o}, --- , o) o) = diag (ai(j’l), e ,agj’nj)), (H.7)

)

with the eigenvalues

Ul(j’a) = —mU®) — lgj’a)e, (H.8)
where we have labeled the eigenvalues of the mass matrix as
M = block-diag (m!,--- ,mF*1), m/ = diag (mUY, ... mni), (H.9)

In 2d N = (2,2) models, ¥; can be interpreted as the adjoint scalar fileds in the vector multiplets and
become auxiliary fields in the nonlinear sigma model limit.
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H.1 Half~ADHM data at fixed points

We can show that the vortex data corresponding to the fixed point specified by the Young
tableaux Y% take the form

G0 l(]',"j) ~

D; = block-diag (®},--- , DY) with ’)Dg =diag(z ,---,2% ) and D;=0.
(H.10)
This implies that each diagonal component represents axially symmetric Abelian vortices
with flux lZ(j ) and hence all the matrix data can be obtained by embedding those of Abelian
vortices. For an axially symmetric Abelian vortex configuration ® = 2!, the vortex data
satisfying ®¥ = J(z1; — Z) are given by (see section C.1)

J) = A2, T(l)=(1,0,---,0), Z(l) = l.
(H.11)
By embedding these matrices, we can construct the matrices satisfying ©;V; = J;(21x, —Z;) as
J; =block-diag (3},---,J}), ¥;=block-diag (¥}, --,¥!), Z;=block-diag(Z;, --,Z}), (H.12)
with

3 =diag3U"V), - 30P)), ] =diag(RAY), - W), 2] = diag(Z2(00Y), - Z07)).
(H.13)
Note that \iz = 0 since ”}SZ = 0 for the fixed point configurations. The matrices T; and TZ
defined in (4.22) can be extracted from ¥; and ¥; as

T = (Oni,k’i—l‘I’é

), Y;=0. (H.14)
The matrix W; can be determined by solving the constraint Z;W; — W;Z; 1 = TZ-TZ-H as
1) 50,1
w! 0 - 0 w19

W = Co ], Wi =

wio --- 0 W(lgj’nj),lgﬂlj))
(H.15)

where W (1,1") is the matrix satisfying Z(1)W (1,1") — W (I,1I")Z(l") = 0, which takes the form

W(l,l’):( Ly ) (H.16)

O—vy
Note that WZ = 0 as shown above.

H.2 Torus action on hal~FADHM data

The above set of matrices {Z;, 1, Y, W;, WZ} corresponds to the BPS configuration in the
presence of the deformations. This satisfies the fixed point condition of the torus action

oy 74 —i®; —ie i®; —iY; i®; —id;—ie~ _iY; —i®; id; —i®; 1717, i P Fie
{Zi,Ti,Ti,Wi,Wi}%{e Zie ,€ Tie ,€ Tie +1,€ Wie +1,€ JrIVVZ'(B },

(H.17)
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where ®@; are the elements of gl(k;) given by

®; =block-diag(®!,--- ,®!), ®/ =block-diag(®"",... 9"y o) = diag(¢ >V ... @)y
(H.18)

with the eigenvalues®’

qbgj:a’p) — m(j’a) + (p — 1)6 (ng)

These eigenvalues at the fixed point correspond to the poles of the integrand for the vortex
partition function (6.11), whose residue give the contribution of the fixed point configuration.
The fixed point condition can also be rewritten by using the infinitesimal form of the torus

action as
[(I)i, Zz] —eZ; =0, MY, —Y;®;, =0, (I)i:fi - :fiMi—&-l + ETZ‘ =0, (H20)
oW, — W;®41 =0, (I)7;+1W~/i — WNfiq)i + EWi =0. (H.Ql)

One can exphcltly check that the torus action on the half-ADHM data is consistent with
that on (D;(z),Di(2)) as follows. With M; and M defined by

A~

M; = diag(m1,mg,--- ,m;), Mj = diag(mj41, -+ ,mp, mry1), (H.22)
the torus action on (Qj(z),ﬁj(z)) can be read off from that on ¢; as
®i(Di) > (@(2.85(2) = V) (D™ By ™). (H23)
Since J’;(2) must satsify
O(=) = D)(2) 713 (2) = e D (e2) 7 (Vi(2) 7 (2)), (H.24)
we find that J(z) is given by
B = VB, (D275 = 0Y), (1.25)

where @, € gl(k;,C) is a certain constant square matrix. Since the torus action on
(Z5,9;,9;) — (Z;, W, V) must be consistent with the half-ADHM mapping relation

()W) = ()1 - Z)). D)(z) = I ()T, (1.26)
it follows that
(e z)e i ie " =3 (e"2) (21 — em;’ZJ’-e_iq);‘), Dj(ez) = Jj(e“z)ei@;’ \I'Q-e*“%.

(H.27)

30The matrices <I>z(.j **) can be determined by solving the equations

(@), 20 ez =0,  mwP —wel =0, 9P @ =0 (forj=1,---,i).
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Comparing with the original half-ADHM mapping relation D; j(2)¥; = J,;(2)(21 — Z;) and
of j(2) = 3z )\IIJ, we obtain the torus action on {Z; \Il],\Il } as

(Zj, 0;,9;) — (2, q/;,\ff;):{e—@j—ifzei@j,e—ianjei@a‘,e—i%—i@jeiﬁj}, (H.28)

where we have defined ®; = @’ — e1. The torus action on (1}, TZ) can be read off from
that on (\I’j,\llj)

(Ti, Ti)  —  (Z], X}, X)) = (e "7t Z,e'® | e7tMi;ei®i | ¢ i ®imiey oiMiv1) - (H.29)

The torus action on (W;, W;) can be obtained from 4;(2)Ji41(2) = Ji(z)W], which can be
rewritten as

Gi(€2)Ji1 (e52) i Pir1HiE = 3, (efe )i ®itiepy, (H.30)
Comparing with ¢;(2)Ji+1(z) = Ji(2)W;, we find that
Wi, Wi) = (WL, W) = (e ®iW;ei®itt | e ity ei®iticy, (H.31)
where we have determined the torus action on W; so that W in eq. (G.3) is invariant.

H.3 Fluctuation around the fixed points

Next, let us consider the fluctuation around the fixed point configuration discussed in the
previous subsection. Let us label the fluctuations of ¢; around the fixed point as

5q11 . 5q1] 5q'177:+1 6q(37 ) (kvl) . 5q(j’1)7(kvnk)
Sgi=| 1 .. : with  dgl" = : : :
. (H.32)
where 5%(] 2 kB) are polynomials of z. Similarly, we label the fluctuations of &; as
5511 . 6513 551,1'4-1' . 651,114—1 55@1)7(1%1) - 0E} (4,1),(k;nk)
dg=| it b with 0¢)" = A :
5511 . 5521 557;,24-1‘ . '667%,L+1 5§(j,nj),(k,1) . 55(]7”])?(&”1@)
' (H.33)
where 55? @ kB) are polynomials of z, which we denote
. s EB) for | <
5£’§]7a)1(k7ﬁ) — . (H34>
oY) Z(]’a)’( B for k >i+1

For aNﬁxgd point spacified by the Young tableaux Y (@) = (l;j’a), lj(-jﬁ), e ,Z(Lj’a)), 5©§j’a)’(k’ﬂ)
and 6©§]’a)’(k’5) are polynomial of degree lz(k’ﬁ) — 1 and ZZ(]’O‘) — 1, respectively.

Since & = q;€;+1, the fluctuations of & must satisfy the recursive relations

s PNk _ HPV-1ED 5B hB) 4 5o Gah k) LY (H.35)

— 03 —



This condition gives a constraint to the fluctuations d¢;. To find such constraints, let us write

5§(],Ol),(k,ﬁ) — Zc(jvo‘)r(kng)vnzn’ (H36)

)

5qz] a),(k Z (1('7 a),(k,8),n P (H37)

Then the recursive relation (H.35) can be written as

() (ef)n _ (i) (eB)n— 19 415 L gB0Blin= liif)'

¢ = e Z. (H.38)
Solving these equation, we find that
e tkBn g (for k<i and n > 17 (H.39)
an’O‘)’(k’ﬁ)’" =0, (for k>i+2, and n > 15“‘) —lgk’lﬁ)) (H.40)
afFenedin _ _ e L U 150 B <y B 30 ) _j(kp))
(H.41)
(4,00),(k.B),p

The coefficients a; satisfying these conditions can be regarded as the coordinates
around the fixed point. We can check that the number of the degrees of freedom agrees with

the dimension of the moduli space. They transform under the torus action as

aFIEBD _y (GNERD e [0 _ gD | e
= NP i [mU) D) (15 ) )] (H.42)

It is worth noting that the vortex partition function (6.26) can be obtained from these
transformation properties. Having solved the constraints for the fluctuations of (D, 35), we
can determine those of the half ADHM data satisfying the constraints through the linearized
version of the half~ADHM mapping relation.

I Vortex partition function

In this appendix, we derive the integration formula for the vortex partition function (6.11).
The vortex partition function is given by the determinant of the torus action on the moduli
space (6.10), which can also be obtained from the torus action on the fluctuation (H.42)
or that on the half~-ADHM matrices.

Let us first consider the character of the torus action on the fluctuations around the
fixed point specified by each Young tableaux (H.3). The contributions of (Y;, Ty, Z;, W;) to
the character can be read off from the torus action (H.17) as

i ny 1609

=22 Zexp [zm” +i(p —1)e—zm<w>}

a€e); j=1 =1 p=1

. (4,a)
7 n; li N1

i) = Z Z Z Z exp {im(iﬂ’ﬁ) — im0 — ipe} ,

j=la=1 p=1 p=1
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\(52;) = zzzz S exp [im 9 — im0 4i(q — 19 1)
j=1ae), k=1b=1

q=1
iy 10 i1 WY .
X(6W;) = EIEI >~ exp [im®D) — im0 4 i(q — p)e] , (L1)
j=la=1 p=2 k=1p=1 ¢=1

where \; = {a|1 < a < ni,ll(i’a) =0}and \; = {a]1 < a < ni,lgi’a) # 0}. Note that
contributions eliminated by the constraints (4.39) must be removed from these characters.
We can see from the “superpotential term” in eq. (G.3) that the contributions eliminated
by the constraints can be identified with that of W/Z-T

3 (k)
i m 17 i 3

= Z Z Z Z Z Z exp [im(k’ﬁ) —imU®) (g —p— 1)6} . (1.2)

j=la=1 p=1 k=1p4=1 q=1

In total, the character is given by

Xip = i(x(ari)jtx(éfnx (86Z: )+LZ_11 ] .
_ ;(X(m) +x(67) + x(5Z; )+Lzll( WT))
=§@wmmwwﬂz )+§( —x(W)))
=ggﬁﬂﬂwﬂk”Mﬂ+€“ﬂ%”ﬁhﬂém“k+&”“—DE%WWHE”QD
+ :1(1 — ) Tr[e! P+ Tr[e1®7], (L3)

where we have rewritten the characters of the fluctuations (x(67Y;),---) into those of the
matrices (x(Y;),---) by subtracting the contributions eliminated by the gauge GL(k;, C)
action x(U;) = Tr[e!®]Tr[e~*®!]. From the character, we can read off the determinant as

d
; 1 1
Xo =D € =11 (L.4)
= det M, oy Wa
where d is the dimension of the moduli space. Furthermore, by using the relation
dp 1
o) = P — , L5
F60) = f 35— 10) (15)

the determinant can be rewritten into a contour integral as

do; TF pz0 11 SWiv
detM %U Zl_Il H 2mie L_l_[lz 2i H 2 (16)
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Figure 9. Integration contours for the vortex partition function in the Abelian gauge theory with a
single charged scalar field (L =1, Ny =1, Ny =0,k = 3).
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Figure 10. Integration contours in the case of L =2, N3 =1, Ny = 1, k1 = 3, ko = 2).

where ZiT T ZZZCD and ZZ-W W are given by

7 k; n; 1 Ni41 1

Z = . . , (L.7)
ki ki 1 r s

Z7® = B L8

el G 9

~ ki kit1 S —(;577—6
ZWWEH H i+1 i

) 1.9
r=1 s=1 f‘f‘l - ¢: ( )

where []" indicates that the factors with o = 3 are omitted. The integration contour C,
is the path surrounding the poles corresponding to the fixed point values of ¢. Since the
integrand is common for all the fixed points, the vortex partition function can be obtained
by integrating the same integrand along the contour surrounding all the poles corresponding
to the fixed points. We can check that such contour is given by C (figure 5) as follows.
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First, let us consider the case of L = 1, Ny = 1, Ny =0, k = 3 (figure 9). In this case,
the contour Cf is the path surrounding the pole of ZZ»TT located at ¢ = m (= m(l’l)). If
we first integrate ¢;, the residue at the pole ¢ = m gives the poles at ¢ = m + € and the
pole at ¢ = m is eliminated due to the factor Z#®. Then, the integration of ¢ is given by
the residue at the pole ¢ = m + €. which has a pole at ¢ = m 4+ 2¢ whose residue gives the
final result of the integration. In this way, we can show that C’lJr is the contour surrounding
all the poles corresponding to the fixed points.

We can generalize the discussion to the case of L > 1. the contour C; can be decomposed
into the paths surrounding the poles at ¢ = m(1®) . Then, we can repeat the same discussion
as in the case of L = 1 to show that the integration of (ﬁgl’a’p) (a=1,---,n,p=1,--- ,l&l’a))

Lap) _ pp(ha) 4 (p — 1)e. The only new ingredient

1,a)

is given by the residues at the poles gbg
for L > 1 is the factors Z/VW which have zeros at ¢ = m(h®) + lg
to these zeros the integrations of d)z(-l’a’p ) (i > 1), which are again given by the residues at

€ (see figure 10). Due

¢§1,a,p) =ma) 4 (p — 1)¢, vanish if lgl’a) > lgl’a). Repeating this argument, we can show
that the contributions are nonzero only when ll(j @) < ll(,J ) for i > i'. In other words, the
nonzero contributions can be classified by the same Young tableaux corresponding to the
fixed points. In this way, we can show that C’Z-Jr are the contours surrounding all the poles

corresponding to the fixed points.
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