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1 Introduction

General relativity (GR) by Einstein is a mathematically beautiful and physically successful
classical theory. It is constructed by two fundamental principles, general coordinate invariance
and equivalence principle, and is described in terms of Riemann geometry where the metric
tensor is regarded as fundamental dynamical variables. Since general relativity can account
for many astrophysical and cosmological phenomena without any conflict with observations
and experiments done so far, there is no need for modifying it at least at large distance scales.

On the other hand, it is a well-established fact that the physics must be described by
quantum field theory (QFT). Unfortunately, it seems to be difficult to construct a quantum
field theory of general relativity owing to its nonrenormalizability although the perturbative
non-renormalizability has nothing to do with the consistency of the theory. In the interest
of renormalizability, it is natural to alter the Einstein-Hilbert Lagrangian by adding to it
the most general quadratic Lagrangian £ of dimension four at most:

1 r 1

V=g ~ 167G

which is known as a renormalizable gravitational theory [1]. However, a notorious problem

(R—2A) + a,R* — a.Clype CM77, (1.1)

happens and it is associated with the last term involving conformal tensor C),,,,: as far as
this term exists in the Lagrangian, we have a spin-2 massive ghost which makes not only the
classical theory be unstable because of unbounded energy from below but also the quantum
theory be non-unitary owing to the ghost with negative norm.



At extremely high energies, it is expected that the kinetic term dominates the mass
term and as a result all particles can be effectively regarded as massless particles. In such a
situation, a global or local scale symmetry naturally appears in addition to general coordinate
invariance. Since the global scale symmetry could be broken by the no-hair theorem of black
holes in a curved space-time [2], it is plausible to suppose that the local scale symmetry,
which we call Weyl symmetry, plays a role at high energies.! Moreover, the standard model
of elementary particles has been accomplished by local gauge symmetries with the help of
their spontaneous symmetry breakdown, so it is desirable to include gravity in this framework
by promoting the global scale symmetry to the local Weyl symmetry. Finally, it is pointed
out that only a Weyl invariant gravity can account for black hole complementarity [3].

If we impose the Weyl symmetry on the Lagrangian (1.1) and assume that Einstein’s
general relativity is restored at low energies, we would have the following Lagrangian:

\/1_795 = %&R + %g’“’auqﬁa,xb — 0 Clupe CHP7 (1.2)
where in the unitary gauge ¢ = \/% the terms except for conformal gravity on the right-
hand side (r.h.s.) produce the Einstein-Hilbert term.

In this article, as the first step for understanding the problem of the massive ghost, we
wish to construct the manifestly covariant canonical operator formalism of the Weyl invariant
gravity as defined in the Lagrangian (1.2) on the basis of the Becchi-Rouet-Stora-Tyupin
(BRST) formalism [4]. We will see that this construction is very subtle since we have to
carefully pick up gauge fixing conditions in order to introduce as many independent BRST
transformations as possible.

The paper is organized as follows. In section 2, we review the classical theory where the
Lagrangian is constructed out of the well-known conformal gravity and the Weyl invariant
scalar-tensor gravity. In section 3, we shed light on quantum aspects of our theory. We will
find that the existence of the Stiickelberg symmetry makes it impossible to construct three
independent BRST transformations and it allows us to make only two independent BRST
transformations. In section 4, we perform the canonical quantization. In section 5, on the
basis of the canonical formalism in section 4, we derive various equal-time (anti)commutation
relations. In section 6, we analyze asymptotic fields by expanding not only the metric
around a flat Minkowski metric but also the scalar field around a constant background. In
section 7, we derive the four-dimensional (anti)commutation relations from the equal-time
(anti)commutation relations and clarify that the physical modes of our theory are composed
of a massive ghost with indefinite norm and a massless graviton, and the other modes belong
to the BRST quartets which appear in the physical subspace only as zero norm states. The
final section is devoted to discussion.

Two appendices are put for technical details. In appendix A, a derivation of the equal-time
commutation relation between A# and b, is given, and in appendix B we present various
equal-time (anti)commutation relations which are necessary in deriving the four-dimensional
(anti)commutation relations in section 7.

'There is one caveat: in a general quadratic gravity without the cosmological constant, there is a no-hair
theorem for spherical black holes, thereby rendering R = 0. However, it is not clear at present how the black
hole no-hair theorem gives rise to violation of the global scale symmetry.



2 Classical theory

In this section, we consider a classical gravitational theory which is invariant under both
general coordinate transformation (GCT) and Weyl transformation (or equivalently, a local
scale transformation) in four dimensional Riemann geometry. Our classical Lagrangian
consists of Weyl invariant scalar-tensor gravity [5] and conformal gravity?

Lo = Lwist + Lo, (2.1)
where
1 2 1 N2z
Lwist = —g E(ﬁ R+ 29 0u90,9 | ,
Log = —v *gacc,uupgc'uypg- (22)

Here ¢ is a real scalar field with a ghost-like kinetic term, R the scalar curvature, o, a
dimensionless positive coupling constant (o > 0) and C),,,¢ is conformal tensor defined as

1
Cuupo = R/u/pa - i(gupRl/a - gMGRVp - gl/pRp,o + gl/URup)

1
+ g(gupgua - guogup)R- (23)

In order to perform the canonical quantization, it is more convenient to introduce an
auxiliary symmetric tensor K, = K, and a Stiickelberg-like vector field AM,?’ and rewrite
Lcog, which is the Lagrangian of conformal gravity, into a form [6-9]:

) = \/—g{vGWK“” +a[(Ku — VA, — V,A,)? — (K — 2VPAP)2]}, (2.4)

where G, = Ry — %gWR denotes the Einstein tensor, and v and « are dimensionless
coupling constants which obey a relation

Qe = =—, (2.5)
where o > 0. It is easy to see that carrying out the path integral over K, in ﬁ(CKG) produces
the Lagrangian of conformal gravity Lcg. Actually, taking the variation of K, leads to
the equation

Koy — VA, — VA, — g (K — 2V,AP) = —%GW. (2.6)
Moreover, taking the trace of this equation yields

K — 2V, A° = —&R. (2.7)

2We follow the notation and conventions of Misner-Thorne-Wheeler (MTW) textbook [2]. Lowercase Greek
letters p, v, ... and Latin ones 4,7, ... are used for spacetime and spatial indices, respectively; for instance,
pw=20,1,2,3 and ¢ = 1,2,3. The Riemann curvature tensor and the Ricci tensor are, respectively, defined by
R ouy = 0,18, — 0,15, + Fiurgu — T4, and R, = R?,,,,. The Minkowski metric tensor is denoted by
Tuvi Moo = —M11 = —n22 = —nz3 = —1 and nuy = 0 for p # v.

3The Stiickelberg-like vector field A, is introduced to avoid the second-class constraint.



Inserting (2.7) to (2.6) gives us the expression of K,

1
Koy = VA, +V,A, - % <RW - GgWR) . (2.8)

Finally, substituting eqgs. (2.7) and (2.8) into the Lagrangian (2.4) and using the relation (2.5),
we can arrive at the Lagrangian of conformal gravity, Lcog in (2.2) up to surface terms. This
can be achieved by use of the identity

2
2 _ 2 2
C’Wpa =71+ QRW - §R , (2.9)
where I is defined as
_ 2 2 2
I= Ruvm — 4R/w + R, (2.10)

which is locally a total derivative in four dimensions.
From now on, as a classical Lagrangian £, we take a linear combination of Ly ;g7 and E(CKG)

Le=LwrsT + C(CKG)

1 1
= V=9 G R+ 59" 0u000 +1Cpu K
o [(Kpw = VA, = V,A,)7 = (K = 2V,4°)] }. (2.11)
The classical Lagrangian L. is invariant under three local transformations, those are, infinites-

imal general coordinate transformation (GCT) 6, Weyl transformation 6 and Stiickelberg
transformation 6®. Concretely, the GCT takes the form

5(1)g;u/ = _(vufzj + vugu) = _(faaagw/ + aufagau + &/fagau)a
6(1)¢ = _§a8a¢a 5(1)Kw/ = _gavaK;w - vugach - V,,faKua,
WA, = —€9V,A, — V,E%A,. (2.12)

As for the Weyl transformation, we have
6(2)9;“/ = 2Agum 5(2)¢ = —A¢,
sDK,, = gvaVA — 2(Au0A + Ay — g Aad®A),
5@ A4, =0. (2.13)

Note that 6 K . has been obtained via eq. (2.8). Finally, the Stiickelberg transformation
is given by

5(3)9W — 5(3)¢ =0, 5(3)KW = V,ueo + Viep,
A, = ¢, (2.14)
In the above, {,, A and ¢, are infinitesimal transformation parameters.
To close this section, let us count the number of phyical degrees of freedom since it is known

that this counting is more subtle in higher derivative theories than in conventional second-
order derivative theories [10, 11]. In the formalism at hand, however, the introduction of the



auxiliary field K, makes it possible to rewrite conformal gravity with fourth-order derivatives
to a second-order derivative theory, so we can apply the usual counting method. The fields
v @, K and Ay, have 10, 1, 10 and 4 degrees of freedom, respectively. We have three kinds of
local symmetries, those are, the GCT, Weyl and Stiickelberg symmetries with 4, 1 and 4 degrees
of freedom, respectively. Thus, we have totally (10+1+10+44) — (44 1+44) x 2 = 7 physical
degrees of freedom, which will turn out to be the massless graviton of 2 physical degrees with
positive-definite norm and the massive ghost of spin-2 of 5 degrees with indefinite norm.

3 Quantum theory

To fix three local symmetries and obtain a BRST invariant quantum Lagrangian, we have
to introduce three kinds of gauge fixing conditions and the corresponding Faddeev-Popov
(FP) ghost terms in the classical Lagrangian (2.11). In our previous papers [12-14], we have
constructed two independent BRST transformations corresponding to general coordinate
transformation (GCT) and Weyl transformation in the sense that the two nilpotent BRST
charges anticommute with each other. To do so, it has been emphasized that a gauge
condition for one local symmetry must respect the other symmetry [13]. Concretely speaking,
a gauge condition for the GCT must be invariant under the Weyl transformation while a
gauge condition for the Weyl transformation must be so under the GCT. We would like to
stress that the existence of independent BRST transformations makes it easy to derive many
equal-time (anti)commutation relations with the help of the canonical (anti)commutation
relations and field equations as can be seen in section 5.

However, it will turn out that we cannot find such suitable gauge fixing conditions in the
present formalism since the gauge fixing condition for the Stiickelberg gauge transformation
necessarily breaks the Weyl symmetry. Thus, in this article, instead of making three
independent BRST charges we will construct only two independent BRST charges, by which
physical states and observables are defined consistently.

The suitable gauge condition for the GCT, which preserves the maximal global symmetry
as will be seen later, is given by “the extended de Donder gauge condition” [13]:*

Ou(g" ¢%) = 0, (3.1)

where we have defined g = /—gg"”. This gauge condition breaks the GCT (2.12) but is in-
variant under both the Weyl transformation (2.13) and the Stiickelberg transformation (2.14).
As the gauge fixing condition for the Weyl transformation, we shall choose, what we

call, “the traceless gauge condition”:’

K —2V, A" = 0. (3.2)

4Let us note that this gauge condition breaks the general coordinate invariance, but it is invariant under
the general linear transformation GL(4). It is also straightforward to show that gauge conditions for the
other local symmetries, which will be discussed later, do not violate the GL(4) symmetry. Thus, the quantum
Lagrangian is also invariant under the GL(4).

5As seen in eq. (2.7), this gauge condition is equivalent to the condition of the vanishing scalar curvature,
R = 0 at the classical level [15-17].



Let us note that the traceless gauge condition is invariant under the GCT (2.12) and the
Stiickelberg transformation (2.14).
Incidentally, what is called, “the scalar gauge”:

(3" 90,¢) =0, (3.3)

which, together with the extended de Donder gauge condition (3.1), assures the masslessness
of the dilaton, turns out be inappropriate since it does not fix any dynamical degree of
freedom associated with the gauge field A,,.

Finally, let us consider the gauge fixing condition for the Stiickelberg transformation.
It is here that we cannot find the gauge fixing condition which breaks the Stiickelberg
transformation but is invariant under both the GCT and the Weyl transformation. Let us
argue this issue in detail since this problem is interesting in its own right. For instance,
the gauge fixing condition for the Stiickelberg transformation which is invariant under the
GCT and the Weyl transformation would be

Viu(V=gF"") = 0u(vV—gF"") = 0, (3.4)
where F),, is the field strength of the Stiickelberg vector field A,, defined as
F.=V,A, -V,A, =0,A, —0,A,. (3.5)

However, the existence of the identity 0,0, (v/—¢gF*") = 0 implies that the gauge condition
gives us only three independent equations. To supplement one more equation, we further
impose a gauge-fixing condition

V(% Ay) = 0u(3" $*A,) = 0. (3.6)

At first sight, the gauge conditions (3.4) and (3.6) might be a suitable choice as the gauge
condition for the Stiickelberg transformation but after integrating over the auxiliary symmetric

tensor K, we can restore the term C? This fact implies that since the Stiickelberg vector

nrpo
field A, plays no role in removing the second-class constraint, the gauge conditions (3.4)
and (3.6) do not do the job for quantizing conformal gravity properly, and we are therefore

led to imposing the gauge condition on K. Then, a natural gauge fixing condition reads
V. K" =0. (3.7)

Since this gauge condition is manifestly invariant under the GCT but is not so under the Weyl
transformation, we cannot define three independent BRST charges, but only two independent
BRST charges. We will call this gauge condition (3.7) “the K-gauge”.

The BRST transformation corresponding to the GCT, which is called GCT BRST
transformation 5g), can be obtained from (2.12) by replacing the transformation parameter
¢" with the Faddeev-Popov (FP) ghost ¢

80 g = —(Vuew + Vuen) = —(*0abw + 0 gow + 00 Gap),
SV = —c00p, 0 Ku = —"VaKu — V" Koy — Vi K,
0V A, = VoA, =V An,  SH) M = 0t
0, =iB,,  6WB,=0,  §9b, = —c*Oaby, (3.8)



where ¢, and B, are respectively an antighost and a Nakanishi-Lautrup (NL) field, and
a new NL field b, is defined as

by = By — ic®0u, (3.9)

which will be used in place of B, in what follows.
On the other hand, because of the K-gauge condition (3.7), in order to construct another
BRST transformation which is independent of the GCT BRST transformation (3.8), we make

a BRST transformation in a such way that it involves both the Weyl and the Stiickelberg
(2)

transformations simultaneously. This new BRST transformation ¢;’, which we call “WS
BRST transformation”, can be made by replacing A and ¢, with the FP ghosts ¢ and (,,
respectively, as follows:

5§32)9W = 2¢9u, 5g)¢ = —co,
0Pk, = gv#vyc — 2(A,dyc + Ayduc — GuAadc) + Vo + Vil
024, =¢, Pe=iB, Pe=sPB=0,
090G =By 05)¢, =658, =0 (3.10)

where ¢ and ¢ . are antighosts, and B and 3, are NL fields. In place of (,, it is more convenient
to introduce a new FP ghost Q:;u which is defined as

; 8]
Cu="Cu+ %8;16- (3.11)
In addition to it, we introduce a new NL field b which is defined as
b= B + 2icc. (3.12)

Using the new FP ghost @ and the new b field, the WS BRST transformation for K, 4, 5#
and b can be written as
8K =Vl + Vo — 2(Au0,¢ + Aydyuc — guy Agdc),
024, =¢, - %aﬂc, 02, =0, 6P =—2bc. (3.13)
In order to make the two nilpotent BRST transformations be anticommutative, i.e.,
{5591), 5%2)} = 0, we must determine the remaining BRST transformations: as for the GCT
BRST transformation, the BRST transformations on fields, which do not appear in (3.8)

but appear in (3.10) are determined in such a way that they coincide with their tensor
structure, for instance,

51(91)0 = —“0,c, 51(91)5# = —cavaéﬂ — V“cafa. (3.14)

On the other hand, in cases of the WS BRST transformations, one simply defines the
vanishing BRST transformations, e.g.,

§p, =6 er = 5Pz, = 0. (3.15)



Now that we have chosen gauge fixing conditions and established BRST transformations,
we can construct a gauge fixed and BRST invariant quantum Lagrangian by following the

standard recipe:
Ly = Lo+ i0W(37620,2,) + i02{y/=gle(K — 2V, AM) + L,V K]}
— V] 38R+ 59" 0,60,6 + 1G K+ al(Ky - VA,
CVLAL)? — (K - 2VpA”)2]} GGy + i0,e0yc)
— V=gb(K — 2V, A") + %gwaﬂaayc — V=gV, K™,
+i/=gVHPCY VG + Vil — 2(Au0,¢ + Ayduc — g And®c)]
—iy/=gCHM(2K 10" c — KO,c), (3.16)

where surface terms are dropped.

From the Lagrangian £, it is straightforward to derive the field equations by taking
the variation with respect to each fundamental field in order. All the field equations are
summarized as follows:

1 1 1 1
ﬁ¢2ny - ﬁ(vuvu - guuD)¢2 - 5 (E,uz/ - 29;WE)

1 o N N 1

— igw,[’prng + O‘(Kﬁa — Kz)] + V[QGP(MKV) p_ va(uKy) Py §DKW/
1 - 1

+ 2gw,v Vs KP7 + KN,,R RMVK (gw,D \YAY V) ]

+2a[K,(, K, + 2V, (A(,K,) ) — Vp(APR,) — KK — 2V, (K A,)

+guvvp(KAp)]+Kp 5p+ V( uwBP) vpr(;uBV)

G (vpKf"’ﬂa + 2K””Vpﬁg) + Ly — %ng + Ny (3.17)
ler B L g,3vs0,0) =0. (3.18)
6 Vi
K — gk = —%GW + ig;wb - iv(,ﬁy) + ii(%},ﬁy)c
— guw(,0°c). (3.19)
V(K — gu K) = i&,b + ii[(w{y +V,C0)0% — V,CP0,0). (3.20)
(3" ¢°) = 0. (3.21)
K — 2V, A" = 0. (3.22)
V, KM = 0. (3.23)
(g 6°0,c”) = (3" 90, Ep) = 0. (3.24)



8, (3" 8,¢) = 0. (3.25)

v 1 ~uv o = v ~ - -
L0 00) + 257 | (Vb £ V) A = VA
_ 1-
+ K — 2CI/K:| =0. (3.26)

VHIV .G+ Vil — 2(A,0,¢ + Ayd,uc — guyAnd®c)] + 2K, 00 c
— Kdye=0. (3.27)
VAV uly + Vily) =0, (3.28)
where we have defined the following quantities:
O=g¢""V,.V,,
B = = 30400,6 + 6*(Ouby +i0,030,6Y) + (1 5 ),
E=g"E,,
Ky =Ky — VA, —V,A, K=g"K, =K—2V,A”,
Ly = =b(Kyuy = 2V, Ay) = 2V (u(bAy) + 120,80,
L=g" Ly,
N, = —z‘%ngf’éa [V,,C:T + Vafp —2(A,00c + AgOpc — gpa A0 c)]
+i(V (G + VPV G + Viylp — 2(A)10,)¢ + Ay dpe — g,),A,07¢)]
—iVHCulV 101G + Viylp — 2(4)0,)¢ + Ay dpe — 9,),A4,07¢)]}
+ iV Vul + Vil — 2(A00c + Ayduc — g A,07¢)]}
iV, (V8 4 VPG — 5 (Vale + VuG)E] +i(T () ApPe
— V(P Au0y)c) — iCP |2K .0, ¢ — K Opc — %gw@Km@Uc — Kd,c)
— i((u(2K,),0°c — K8,)c). (3.29)

Moreover, we have introduced symmetrization with weight one by round brackets, e.g.,
AyBy) = 5(AuB, + ABy).
Based on these field equations, we can write down the simpler type of equations for

I

several fields. First of all, using egs. (3.21) and (3.24), it is easy to see that
9" 0,0,c” = " 0,0,¢, = 0. (3.30)

Furthermore, taking the GCT BRST transformation of the field equation for ¢, in (3.30)
enables us to derive the field equation for b, [14]:

9" 0,0,b, = 0. (3.31)

In other words, setting XM = {xH, by, e, cuts XM turns out to obey the very sim-
ple equation:

9" 0,0, XM = 0. (3.32)



This equation, together with the gauge condition d,,(g"" $?) = 0, produces the two kinds
of conserved currents:

P = g g2, XM = G2 (19, X M)
MPMN = g g2(x M5,y V), (3.33)

where we have defined XMBMYN = XMy, YN — (9, XM)YN. Using these currents, we can
show that there is a Poincaré-like IOSp(8|8) symmetry in the present theory as in Einstein’s
gravity [18, 19], which should be contrasted to the IOSp(10/10) symmetry in both Weyl
invariant scalar-tensor gravity in Riemann geometry [13] and Weyl conformal gravity in
Weyl geometry [14].

Here it is worth mentioning that this reduction of the global symmetry is relevant to
the fact that the Einstein’s gravity is in a sense similar to the quantum electrodynamics
(QED) while the quantum conformal gravity under consideration is similar to the quantum
chromodynamics (QCD). For instance, as a representative of the global symmetries, let
us consider the BRST charges. As is well known, in the QED, the BRST charge takes
the simple form

(QED) _ / d2(Bdye — 9y Be) / BB dge, (3.34)

where B and ¢ are the NL field and antighost for the U(1) gauge symmetry, respectively.
On the other hand, in the QCD, the BRST charge has nonlinear and interacting terms
as well as quadratic ones

SBQCD) = /d3a: (B“Doca — 0o B“c" + égfabcaoéacbcc> ; (3.35)

where B* and ¢ are the NL field and antighost for the nonabelian gauge symmetry, respec-
tively, D, the covariant derivative, g the coupling constant, and fu. the structure constant.

Analogously, in the Weyl invariant scalar-tensor gravity, the Weyl BRST charge is of
the form [14]

(Wevh) / Prg 62 Bo,c, (3.36)

whereas in the quantum conformal gravity, it turns out that the WS BRST charge has a very
complicated nonlinear structure.® In this sense, the quantum conformal gravity is similar to
QCD rather than the QED. Lastly, let us note that such nonlinear global symmetries cannot
be described by the generators of the Poincaré-like IOSp(8|8) symmetry.

4 Canonical commutation relations

In this section, we derive the concrete expressions of canonical conjugate momenta and set up
the canonical (anti)commutation relations (CCRs), which will be used in evaluating various

50wing to its long expression, we omit to write down the charge. Even in the Weyl limit (,,, (_H, Bu — 0,
the BRST charge has interacting terms such as §°*ccd,c.

,10,



equal-time (anti)commutation relations (ETCRs) among fundamental variables in the next
section. To simplify various expressions, we obey the following abbreviations adopted in
the textbook of Nakanishi and Ojima [19]:
[A, B = [A(2), B(&)]|so=g0, ~ 6° =6(T— ),
f 1 1
P = e

where we assume that "0 is invertible.

(4.1)

To remove second order derivatives of the metric involved in R and G, and regard
b, as a non-canonical variable, we perform the integration by parts and rewrite the La-
grangian (3.16) as

1_,, 1 _ o
Lq=—350" " (Tl50 — Thal'G,) = £00u0(5* T05 = §"T50)

1 ~ v VYA ple] a a a a4
+ igu 8,u¢81/¢ -7 _g(ruyacx - Fuaal/ + Fgarﬁu - FuaFlﬁxﬂ)Ku
+ av/=g[(Kuw — VA — V,A4,)% — (K — 2V, AM)?]
+ (3" 6y, — 1§ $20,,E,0,” — /—g b (K — 2V, AM) + %gwaﬂaayc
- \/TQVMKW : 51/ + Z.\/ _gvu@/[vué + VVCNM - 2(‘4#81/6
+ Ay0uc — guAad®c)] — i\/—gf“(QKﬂyayc — K0yuc) + 0, V", (4.2)

where K'W is defined as

K,uzz = K,uzz - gguuKa K= gw’K,uua (4'3)

and a surface term V* is given by

1, 5 i -
Vit = 6% (5Tl — 5" Tha) + W/ =g(T K7 — TG, KM)
— §" 6, (4.4)

Since the NL fields b,,b and 3, have no derivatives in £;, we can regard them as non-
canonical variables.

Using this Lagrangian (4.2), it is straightforward to derive the concrete expressions of
canonical conjugate momenta. The result is given by
_ 9L,
g

1
_ _ﬂ\/jg¢2 [_g(])\g;wgor . QOTgp)\gz/U o g()ogm—gu)\ + go)\g/,LTgl/O'

Y
Tg

1
+9"g" g + g"Wg g Orgor — V9 |6°%g"7 — g 6] 60,0

1
—~ 5\/—9(290(“9”)” — 9" g")(¢%b, + 2bA,)

_ 1 . 1 _ _
_ ’)’\/TQ [V(,uKV)O . §V0Kuu i 5gul/aO{I(Ooz . g,ul/FgIBKOa

— 11 —



_ ngagp(u;’('/)a + pga(gp(uj(v)o + go(IJ«KI/)p>:|

+ Qa\/fg[QKO(MAV) — KM A — K(2¢%04Y) — g“”AO)}
1

+ §H(ggo(uKV)ﬂ + g% KM — g,uI/KOp)Bp’

—iv/=g(29%gP ¢ — (g g)(V (up) — 24(00p)C + gapA,d7c)
— iy/—g[(VOCW 4 vl ) — w0,

oL _ . 1 o 0o
T = 875 = Oua;@ + 290M¢bﬂ + 6¢(_9 5I‘36 +g" Fgg)a
v a[’ vo 1 v _po 1 v 14 v o
T = = = —/—g Kg“”g —-g"g" )FSU — (g™ + g% " — 9" g )T,
0K, 2 2
1 12 1%
= V=g B + g™ ),
Miaﬁqi_ — 0 Op 7o ~0p
™ = — = —4do/—g(K g K)+2g"b,
0A,
oL 0w _ oL 0w
Tou = g = 00t 7L = 52 =g PO,
oL g _ . = = = . - =
Te = 86." = Z&go"@uc — 2i/=g[(VOCH + VHC") A, — V,(PAY) —iy/—g(2¢" K, ° — (°K),
oL Y -
Tz = Oic;q = —zago‘@uc,
w_ 9Lg . =0 07
w = S50 = iy =g(VRC0 + VOO,
oCu
oL . -
= =t = —iy/=g[VHC" + VO - 2(440% + A0%c — g A,000)], (4.5)
oCu
where we have defined the time derivative such as §,, = ag% = %gﬁ = Ooguw, and differ-

entiation of ghosts is taken from the right.
Next let us set up the canonical (anti)commutation relations:

a1
[9ys 7§V = (K 7] = 15(5,’153 +6,00)0°,

[, )] = i6°, [Ay, 7] = id6},6°,
{7} ={ey, 7ty =idhs®,  {eml} ={e 7} =id®,
{5;177['2_”} = {5;1,71'?} = i(SZ§3, (4'6)

where the other (anti)commutation relations vanish. In setting up these CCRs, it is valuable
to distinguish non-canonical variables from canonical ones. Recall again that in our formalism,
the NL fields b,,b and 3, are not canonical variables.

5 Equal-time commutation relations

Since we have presented the canonical (anti)commutation relations (CCRs) in the previous
section, we would like to evaluate various nontrivial equal-time (anti)commutation relations
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(ETCRs) which are necessary for the algebra of symmetries and computations in later
sections. In what follows, we will derive various important equal-time (anti)commutation
relations (ETCRs) on the basis of the canonical (anti)commutation relations, field equations
and BRST transformations. In deriving ETCRs, we often use a useful identity for generic
variables ® and ¥

(@, V] = 9y[®@, '] — [®, 9], (5.1)

which holds for the anticommutation relation as well.

To begin with, we wish to derive the ETCR between g,, and b,, which is one of the
important ETCRs and plays a role in proving the algebra of symmetries. For this purpose,
let us first consider the antiCCR, {c#,n’,} = i6#63, which gives us

{e", &} = —fo 204 (5.2)
Next, we find that the CCR, [gu,,] = 0 leads to

[y, €] = 0, (5.3)

where we have used the CCR, [gyy,¢),] = 0 and the formula (5.1). It then turns out that
the GCT BRST transformation (3.8) of the CCR, [g,u,¢),] = 0 yields

[gum b/p] = _Z‘ffz)iQ(fSngu + 539pu)537 (5'4)

where we have used egs. (3.9), (5.2) and (5.3).
From this ETCR, we can easily derive ETCRs:”

v s F =2 0 sv 0 3
(9", ,] = if ¢~ =(g""0) + "7 04)d°,
[, 6] = ife~2(g"08% + g0k — g 60)6°. (5.5)

Here we have used the following fact; since a commutator works as a derivation, we can
have formulae:

(6", ®'] = —g"*G"P [gap, ¥'],

1
[, @ = = (39" = 55" 9" ) [9ap, '], (5.6)
2

where ® is a generic field.
Now we would like to derive another important ETCR, [§,0,g),]- To this aim, let us
focus on the canonical conjugate momentum %, from which we can describe g;; as

2
— 5" Orgij)- (5.7)

2. 1 , 1 .
9ij = ;f [(gmgju - gz'jgw) K 29@'50] + f[5°*(Bigja + 9;gia)

"The latter ETCR gives us [¢°b,, §°'] = —i6},6°, which implies that ¢°b, corresponds to the canonical
conjugate momentum of §¥.
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This expression immediately gives us the ETCR

(935, 9] = 0. (5.8)
Here we have used the ETCR

(B0 9] = 0, (5.9)

which can be easily shown by taking the WS BRST transformation (3.10) of the CCR,

[Epv g;w] = 0.
In order to calculate the remaining ETCR, [gop, g:W], we utilize the extended de Donder
gauge condition (3.1), from which we can obtain the equation:

9"Th, =207 1g"0,0. (5.10)
This equation makes it possible to express o, in terms of gy and ¢ as follows:
P
. L. 4
9o = 5597 9ij + 550 o +...,
g007 T 500
. T ;.

where the ellipsis denotes terms without time-derivatives. Then, using eq. (5.8), we find
that [goi, g),] = 0 and

4 .
[90079111/] - @¢_1[¢7 g:u/} (512>

To evaluate the right-hand side (r.h.s.), we need to use the canonical conjugate momentum
Tg, from which we can express ¢ in terms of 7y, b, and §;; as

] ~01 ~ 1 ~0i 07 , ~00 ijy .+
¢ = f{% — %0 — 2% pb, — gqb[(—go 9" + %) gi;
+ (_gOpgio + gmgpg)aigpa]}‘ (513)

Then, with the help of egs. (5.4) and (5.8), eq. (5.13) enables us to evaluate the ETCR,
[6, 9] to be

[0, 9] = —4if* V=99~ 10,0)6°. (5.14)

From eqgs. (5.12) and (5.14), we have

. N
[9007921,1/] = —16¢ (900)2 f¢ 2625863 (515)

Hence, we can arrive at the result

1 -
[0+ 9] = —16i (472 Fo2600060600°. (5.16)
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Incidentally, we can also offer a different proof of eq. (5.16) on the basis of symmetry
of this ETCR. The ETCR, [§)0, g:w] has in general a symmetry under the simultaneous
exchange of (uv) <+ (po) and primed < unprimed in addition to the usual symmetry p <> v
and p <> 0. We can therefore write down its general expression

[Gp0+ 9] = {quag,w + c2(9ppgov + GovJou)
+ /=97 33005 G + 331809p0) + a(53890 + 6300901
+ 8900 g + 52529W)] + (V=g f)%552525253}53, (5.17)
where ¢;(i = 1,--- ,5) are some coefficients. To fix the coefficients ¢;, let us make use of the
extended de Donder gauge condition (3.1), which can be rewritten as
(979”7 = 296" )gpo + 46~ 9 0pd = (2097 = 977 9)Digpo- (5.18)
Using (5.14), eq. (5.18) yields
(99" = 299" G0 9] = 16@’9100 fo~2g"60506°. (5.19)
It then turns out that this equation provides us with relations among the coefficients:
c3 =2(c1 + ¢2), c4 = —Co, 2c3 — ¢5 = 16ifd 2. (5.20)

To fix the coefficients completely, we further take account of the CCR, [71'(;{’8 sG] = 0, which
can be cast to the form

[9°*(977 9% — g% g*7) + 9" (9”47 — 9%9"")N[dpo- 9] =0, (5.21)
where eq. (5.9) was used. Substituting (5.17) into (5.21) leads to
Cl = Cy = C3 = 0. (5.22)

Together with eq. (5.20), eq. (5.22) gives us all the vanishing coefficients ¢; = 0 except for
c5 = —16if¢ 2, so we have succeeded in proving the ETCR (5.16) again.
Next, we wish to calculate the ETCRs involving the b, field. First of all, we will show that

[, 0] = 0. (5.23)

This ETCR can be obtained by using the CCRs
[, )] = [¢, 7e,] = 0, (5.24)
and the GCT BRST transformation. In fact, the two CCRs in (5.24) provide the ETCRs
[6,¢,) = [,2,] =0. (5.25)

It is easy to see that with the help of eq. (5.25), the GCT BRST transformation of the former
CCR in (5.24) leads to eq. (5.23). By means of the same method, we can also show that

[@,0)] =0, (5.26)

where ® = {c#,¢,, ¢, c}.
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Similarly, we can calculate [K),,,b)] as follows: starting with the CCRs

A

[Kuua E;)] = [K;Wawép] =0, (5.27)
we can obtain that
(K, ) = [Ku, )] =0. (5.28)

Taking the GCT BRST transformation of the former equation in (5.27), we have
VK + Vi Koy + Vo Ky, &} + (K, iB) = 0. (5.29)

Using egs. (5.2), (5.28) and [¢,u, )] = 0, which is easily proved, we reach the ETCR between
K, and b,:

(K by = =i f ™0 K g+ 6,K )0 (530)
Along the same line of argument, we can prove that
[Aps b)) = =ifo720,4,0°,  [b,0,] =0, [Bu,b)] = —if¢ 26,8,
(G ] = —if720C0°, (G by] = —ifd 20,00 (5.31)

Now that we have established the type of the ETCRs, [®, b;,] with ® being several fields,
we wish to evaluate the ETCRs with the form of [®,5]]. First of all, the ETCR, [g,, b)]
has been already calculated by using the method developed in our previous article [12].
Only the result is written out as

Gy, ) = =i FS 2O + S G00 + 30G0)°
+ (55 — 200 F5° ) 9o + (1 & V)Ok(F&26%) |, (5:32)
or equivalently,
(g 8] = 1{ [F6 200 — 00(F6~2) (809, + 009,)]0°
+ (85 — 20075V gp + (1 > V)]Ok(Fo26%) }. (5.33)
Next, let us evaluate [¢, v)]. The CCR, [¢,7,] = 0 leads to the ETCR
[¢,¢] = 0. (5.34)
Taking the GCT BRST transformation of this equation gives us
{00, 2} + [¢,iB)] = 0. (5.35)
Here note that the second term on the L.h.s. can be simplified to
(0,1BL) = 0,8 — [6, - (¢*'Bac,)
= [¢,ib), (5.36)
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where we have used eq. (5.34) and the ETCRs
[¢,¢'] = [¢,¢,] = 0. (5.37)

Note that the latter equation can be derived the field equation g**0,0,¢, = 0 and eq. (5.34).
Then, it is easy to derive the ETCR

[6,b,] = —if™20,06°. (5.38)
Furthermore, following the derivation in appendix A, we find that
[Ay, V] = i(2f %60 — 61,)Ap0i (fo26%) — i fo (9, Au + 61,004,)5°. (5.39)
In a similar manner, we can also show that
[y U] = (125765 — 0,) Kpu + (1 > 1)]0i(f7%6%)
— if ¢ 2 (0p K + 600K py + 6900 K ) 5%,
[b, 0]

—if¢20,b8°, [ 0] = —if 20,5, [6,0)) = —if¢™20,2u8°,
[6,0)) = —if¢20pcs”, [6,b)) = —ifop20,e6°,

By, b,) = i(2f %65 — 61,)8,0i(fo~26%) — i f (0,8 + 61.00,)0°,
G, U] = (25760 — 61)Co0i(f26%) — ifp2(0pCu + 61100(,)6°,
[ b)) = (23760 — 51)Co0h (& 26%) — if b2, + 8900C,)5°. (5.40)

Following our previous calculation [12], we can prove

[bm b;/] =0,
by, 0] = i fp~2(Duby + Dyb,)S°. (5.41)
Finally, let us evaluate [§po, K ;/w]’ which is needed for later calculations. Let us start
with the CCR, [(,, K,,] = 0. The WS BRST transformation 5g) of this CCR reads

[ﬁpa K,/W] = —i{C_p, vué;// + VVE;’},}? (5'42)

where we have used the ETCR

{G ¢} =0, (5.43)

which can be easily obtained from the CCR, {ép,ﬂ'(l—:} = 0.
To calculate the right-hand side (r.h.s.) of eq. (5.42), let us first calculate the ETCR,

[gu,,,{”/’)]. The CCR, [gm,,wg/] = 0 leads to the equation

(9" g%" + g% ") guw» C51 = (9°'8°” + 6" ") gy, TL51C- (5.44)

Since from eq. (5.16) we can derive the ETCR

1 -
[9yurs Tog) = —8i 0P fo29"606,60035°. (5.45)
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Eq. (5.44) provides us with
. 1.
(900 o) = —8igyg 07 0u0,0,C°0° (5.46)
This ETCR enables us to evaluate the ETCR
_ I _
[Gus T5) = —4ZW fo2g%7606065¢%5°. (5.47)
Next, let us consider the CCR, {EM, TI'E,} = i5Z63, which can be cast to the form
\ /_g/(gua/goﬂ/ + QOa/guﬂ/){@“ Vafé} — _5553. (5.48)
This equation, together with eq. (5.47), yields the ETCR
1 s =0 =
()= (g,w -2 005253) 5 iy 6 (5.49)
Then, using egs. (5.47) and (5.49), (5.42) is calculated to
B Kpu) = 1 (80 + 80— 55050285 ) 0 (5.50)

With the help of eqgs. (5.7), (5.11), (5.13) and (5.50), it turns out that

1. 1
[gpaa ] ,Yf[gpagw/ - 2gp(,ugz/)a - gﬁ (gp0625 + guu(goéo)

2
+ 5o P (9p(;ﬂ5u)5 + 9o (u 53)52) -

0505050 3
3% )25p505u545

81'W Fo20060(60 K° , + 69K° ,)6°. (5.51)

To close this section, it is worthwhile to mention that any ETCRs can be in principle
calculated by using the CCRs, field equations, the BRST transformations and the ETCRs
presented thus far although we have not given all the ETCRs in this article.

6 Linearized field equations

In this section, we analyze asymptotic fields under the assumption that all fields have their
own asymptotic fields and there is no bound state. We also assume that all asymptotic
fields are governed by the quadratic part of the quantum Lagrangian apart from possible
renormalization.

We define the gravitational field ¢, on a flat Minkowski metric 7, and the scalar
fluctuation ¢ on a nonzero fixed scalar field ¢y:

Juv = M + P, (]5 = ¢0 + (g (61>
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For sake of simplicity, we use the same notation for the other asymptotic fields as that
for the interacting fields. Then, up to surface terms the quadratic part of the quantum
Lagrangian (3.16) reads

1 1 L1 1, 1

Ly =150 <4<pWD<P“ = 1¥00 = 59" 0u0pp,” + S 8;@90)
1, - 1. - - 1
+ 6¢0¢ (—Up + 0,0, + 58;@8”?1’ =+ 57(2(%(%90”” — U
— 0,000) K" + o[(Kpy — 0uAy — 0,A,)2 — (K — 20,A")?]
~ 1 ) _
= (20008 — e + S0 ) b, — idh0,E, "
— b(K — 20,A") + i%@uéc‘?“c — 9, KM B, + i0"CY(0,Cy + 9uC,). (6.2)

In this and next sections, the spacetime indices u, v, ... are raised or lowered by the Minkowski
metric " = 1, = diag(—1,1,1,1), and we define O = 9**0,,0,, ¢ = "¢, and —f{/u/ =
Ky — %WVK .

Based on this Lagrangian, it is straightforward to derive the linearized field equations:

1 1 1 1 1
EQS(% (2‘3@/“/ - inuum@ - apa('ugoy)p + ia’uaugp + 277W(9p(90g0p’7)

1 ~ _ _ _
+ 500 (0D +0,0,) 6+ 2 (20,0, K,)* = DRy = 0,06 K*°)

1

+ o2 (8(Mbl,) - ana,,bp) =0. (6.3)
1 -

ggf)o(lj(p - 8u8,,g0“”) + ¢ + 2¢06Mb” =0. (64)

o 4o
28pa(,usou)p - DSO;W - auaucao - nuu(apaa()pp - D‘P) + 7 [K;w
2
— Ay — 0y A — (K — 2apAp)} + ;(_nuvb +0(ub)) = 0. (6.5)
0" | Ky — 0uAy — 0, Ay — mus (K = 20,A47)] — %a“b = 0. (6.6)
~ 1 1

8qu — §¢0 (ay@#y — 28u§0> =0. (67)
K —29,A" = 0. (6.8)
KM = 0. (6.9)
Oc* = Jé, = Oc = Té = 0. (6.10)
OC, + 0,0,¢” = 0, + 0,0,¢" = 0. (6.11)

Now we are ready to simplify the field equations obtained above. Before doing so, it is
more convenient to make use of the linearized BRST transformations in order to seek for the
linearized field equations for the NL fields b,,b and (,. Taking the linearized GCT BRST

)

transformation (5](91L ¢y = ib, of Oc, = 0 in eq. (6.10) gives us

b, = 0, (6.12)
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which is a linearized analog of eq. (3.31). Similarly, the linearized WS BRST transformation

(5gL)E = ib of Oc = 0 in eq. (6.10) produces

Ob = 0. (6.13)

Finally, the linearized WS BRST transformation 6%”@ = i3, of D@ + 0,0, =0 in
eq. (6.11) yields

D8y + 0,0,8° = 0. (6.14)

Of course, egs. (6.12), (6.13) and (6.14) can be also derived by solving the linearized field
equations directly.
Next, operating 0" on eq. (6.14) leads to

0o,5" = 0. (6.15)
Moreover, acting [J on eq. (6.14) and using eq. (6.15), we have
0?8, =0, (6.16)
which implies that 3, is a dipole field. In a perfectly similar manner, eq. (6.11) gives us
00,¢" = 0%, = 0, 00,¢" = 0%, = 0. (6.17)
Now it is easy to see that with the help of egs. (6.8) and (6.9), eq. (6.6) provides®
T+ Q0 A + - 0ub = 0. (6.18)
Given eq. (6.13), this equation shows that the gauge field A, is a dipole field obeying
00, A" = 0%A,, = 0. (6.19)
By use of eq. (6.8), this equation means that K is a simple field:
OK =0. (6.20)

Next, to exhibit that the scalar field ¢ is also a dipole field, let us take the trace of
eq. (6.5) whose result can be written as

D — 0,0,"" = —(4b — 9,8"), (6.21)

1
~
where eq. (6.8) was utilized. Substituting this equation into eq. (6.4) yields

_%

06 =
¢ 6y

(4b — B,B" + 1270,b). (6.22)

Operating O on this equation produces the desired result that ¢ is a dipole field:

02¢ =0, (6.23)

8Note that as a consistency check, the WS BRST transformation of this equation gives rise to the field
equation for ¢, in eq. (6.11) when we use the field equation e = 0.
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where we used egs. (6.12), (6.13) and (6.15). The divergence of eq. (6.7) takes the form

36 = 500 (0,00 - 500). (6.24)

Using three equations (6.21), (6.22) and (6.24), we can describe [y and 0,0,¢"" as

Op = ;7(46 — 0uBt — 670,b"),
0,0, " = 317(46 — 0uB! — 24v0,0"), (6.25)
which imply two equations:
0% = 00,0,¢" = 0. (6.26)

Here it is useful to express K, in terms of the other fields by starting with eq. (6.5) and
utilizing some equations obtained thus far, whose result is described as

g i p
1 1
 2a (n“”b + by — QUMV‘?po) : (6.27)

Finally, let us focus on the linearized Einstein equation (6.3). After some calculations
using several equations, it turns out eq. (6.3) can be rewritten into a more compact form:

1 4 4
0O — m?) g + gm?mw(z;b —0,87) — gauayb - gauayapﬁﬂ

1
+ 80,0, 0,V — 24m? (a(uby) - 6nuyapbﬂ> =0, (6.28)
where we have defined mass squared, m? = inc = g%%, which demands us to take the

positive a. as assumed before. Furthermore, operating O on (6.28), we can obtain the
gravitational equation for ¢,

DQ(D - mQ)%W =0. (6.29)

Eq. (6.29) implies that there are both massless and massive modes in ¢,,,. In order to
disentangle these two modes, let us act O on eq. (6.27):

0 1 0
O <KW — 0,y = 0,4, + 20,0, + ma(ugy)> = o2y, (6.30)

This r.h.s. can be further rewritten by using egs. (6.27) and (6.28) as

~ 1
0 (KW — A, — DA, + aioauam + ma(uﬁy)>

¢
:mﬂKM Oy — Ayt 0,008+ 0By + 1 (b — 9,5°)
v v v agg MY 20 whlr) T e P
+1aa(b—aﬁp—6wbp)+67(a by — © aw)] (6.31)
3am?2 *7" p ’ o \ WP = Gl
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Provided that we take a linear combination of fields given as

Y ~ 1 1
w;w =D — 8;LAV - aVA,u + %Q&L&/d’ + %a(uﬁy) + anuu(b - 8p5p)
1 6y 1
+ 30{77’)’1,2 8M(9,,(b — 8pﬁp — 6’}/8pbp) + ; (8(#1)”) _ 677/J«Vapbp> , (632)

we find that 1, corresponds to an infamous massive ghost of spin-2 of 5 physical degrees
of freedom since it satisfies the equations of motion

(D - m2)¢,uu = ¢,’f = 8V¢,uz/ = 0. (6.33)

On the other hand, if we choose the following linear combination

12~ 2 ~
huu = Puv — d)igdj;w + %n;w(b; (634)

we find that h,, obeys the field equation

4
Dh,uu = _Wauay(b - apﬂp - 678pbp) - 248(ubv)’
1
0"y, — 5000 = 0. (6.35)

Then, eq. (6.35) implies that h,, is a dipole field satisfying
O?hy = 0. (6.36)

Later we will show that two transverse components of h,, is nothing but a massless spin-2
graviton.

7 Analysis of physical states

Following the standard technique, we can calculate the four-dimensional (anti)commutation
relations (4D CRs) between asymptotic fields. The point is that the simple pole fields, for
instance, the Nakanishi-Lautrup field b,(x) obeying [0b, = 0, can be expressed in terms
of the invariant delta function D(z) as

Kl

b(z) = /d3zD(3: — )T bu(2). (7.1)

Here the invariant delta function D(x) for massless simple pole fields and its properties
are described as
)
D(z) =—
D(—z)=—D(z), D(0,Z)=0,  8uD(0,Z) = 5(z), (7.2)

/ Ak e(ko)5(k2)e™®,  OD(z) = 0,

where €(kg) = |Il%\ With these properties, it is easy to see that the right-hand side (r.h.s.)
of eq. (7.1) is independent of 2, and this fact will be used in evaluating 4D CRs via the

ETCRs shortly.
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To illustrate the detail of the calculation, let us evaluate a 4D CR, [h.(2),b,(y)]
explicitly. Using eq. (7.1), it can be described as

[hw/ (.’E), bp(y)]
= dgzD(y— z)%}é[hw(:r),bp(z)]

= / &2(D(y = 2)[hyu(), bp(2)] = 5 D(y = 2) [y (), by (2)] ) (7.3)

As mentioned above, since the r.h.s. of eq. (7.1) is independent of 20, we put z° = 2° in (7.3)
and use relevant ETCRs to obtain

[hw,(x), bp(z)] = i¢62(6277p1/ + 5877,0#)53@ —z),
[Py (), bp(z)] = —i¢62(5finpu + 5]rjnpu)6k53(x - z). (7.4)

Substituting eq. (7.4) into eq. (7.3), we can obtain the 4D CR

[y (), b (¥)] = 16 > (MupOs + MupOp) D(x — ). (7.5)

In a similar manner, we can calculate the four-dimensional (anti)commutation relations
among v, h,, and by, etc. To do that, let us note that since 1, obeys a massive simple
pole equation (6.33), it can be expressed in terms of the invariant delta function A(z;m?)
for massive simple pole fields as

V(1) = / P2A(w — 2m?) D 3 (2), (7.6)

where A(z;m?) is defined as
1

(27)3

A(—l‘;m2) = —A(l‘;m2), A(wa'a m2) =0,

Az m?) = — /d4ke(k0)5(k2 +m2)e*, (0= m?)Az;m?) = 0,

A0, ;m?) = 83(x),  A(x;0) = D(x). (7.7)

As for hy,, since it is a massless dipole field as can be seen in eq. (6.36), it can be
described as

= A4
o () = / @2 [D(x — 2) 0 §hyulz) + Bz — 2) 0§00 (2)] | (7.8)
where we have introduced the invariant delta function E(z) for massless dipole fields and
its properties are given by
7
(27)?
E(—z) = —FE(z),  FE(0,%) = 0yE(0,%) = 93E(0,%) = 0,

E(z) = —

/d‘*ke(ko)a’(k?)ei’“, OE(z) = D(z),

ORE0,%) = —63(x). (7.9)

As in eq. (7.1), we can also show that the r.h.s. of both (7.6) and (7.8) is independent of 2°.
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By using the ETCRs summarized in appendix B, after a lengthy but straightforward
calculation, we find the following 4D CRs among 9., by, &, bu,b, B, ct, ¢y, c and ¢

B3 [2
_ZW gﬂuzﬂ?m - 77u077u7' - nuTnl/O'

[wllV(x)v wa’r(y)] =
1
+ W <nuaaya’r + nu’rauaa + nuaauar + nyTauaa

2 2 4 9
- gnuuaaaf - 37707'auau> - wauauaaa‘r A(‘T —y;m ) (710)

12

[h,uu (:U), hor (y)] = zgg {77#1/7707 — NuoNvr — NurNvo

1
+ m2 <77MO'8V87 + n}LTaI/aU + 771/08;1,87’ + nVTauao'
2 2

4
— ST ds0r — 377076;@/) — 1 0,0,0,0;| D(z — )

12
+ Z? <77/,L061/87- + 77;“-81/60- —+ 17,}0-8“87. + 771,7_6“80,
0

- 3223#%8087)157(:6 ~y). (7.11)
[hyw (%), Yo (y)] = 0. (7.12)
[Yun(2),0p(y)] = [V (), b(y)] = [V (), By(y)] = 0. (7.13)
[y (), 0, (y)] = 15> (MupOu + MpOp) D — ). (7.14)
[y (), 0(y)] = [y (), Bp(y)] = 0. (7.15)
[6(x), d(y)] = —ilD(x — y) — 2m°E(z — y)]. (7.16)
[(x), Yo (y)] =0 (7.17)
[6(2), hor (y)] = 2i¢yy " o7 D (@ — y) + 20,0 E(x — y)]. (7.18)
[6(x),b(y)] = —i%%D(x - y). (7.19)
[6(2), bo(y)] = [¢(x), B,(y)] = 0. (7.20)
{¢"(x),&.(y)} = =658, D(x — y). (7.21)
fe(e),e(y)} = =Dl — ). (7.22)

In particular, note that the negative sign in front of the r.h.s. of eq. (7.10) implies that the
massive spin-2 field 1, has indefinite norm so it is sometimes called “massive ghost”.

As usual, the physical Hilbert space |phys) is defined by the Kugo-Ojima subsidiary
conditions [4]

QY [phys) = Q}} |phys) = 0, (7.23)
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where Q](31 ) and Qg ) are respectively BRST charges corresponding to the GCT and WS

BRST transformations.
The GCT BRST transformation for the asymptotic fields? is given by

8 =0, 6B = —(Oucs + 0uc),  05)d =0,
35)b, = 65)b =608, = 0,
096, =ib, 69t =5 =s3)c=0. (7.24)
And the WS transformation for the asymptotic fields takes the form
R I R e
82, =Py =62p, =0,
2e=iv, P =56, =sPc=0. (7.25)

Given the physical state conditions (7.23) and the two BRST transformations (7.24)
and (7.25), it is easy to clarify the physical content of the theory under consideration: the
physical modes are composed of both a spin-2 massive ghost 1, of mass m which has
five physical degrees of freedom, and a spin-2 massless graviton which corresponds to two
components of h,, (for instance, in the specific Lorentz frame p, = (p,0,0,p), the graviton
corresponds to %(hll — hg2) and hi2.). On the other hand, the remaining four components

of hyy, by, ¢ and ¢, belong to a GCT-BRST quartet while b, b, ¢ and ¢ does a WS-BRST
quartet. These quartets appear in the physical subspace only as zero norm states by the
Kugo-Ojima subsidiary conditions (7.23). It is worthwhile to stress that the massive ghost
with indefinite norm appears in the physical Hilbert space so the unitarity of the physical
S-matrix is explicitly violated in the present theory.

8 Conclusion

In this article, on the basis of the BRST formalism we have presented the manifestly covariant
canonical operator formalism of a Weyl invariant gravity where the classical Lagrangian is
constituted of the well-known conformal gravity and a Weyl invariant scalar-tensor gravity.
Once the unitary gauge, ¢ = \/% for the Weyl symmetry is taken, the classical theory
becomes equivalent to general relativity plus conformal gravity, so at low energies our theory
properly reduces to Einstein’s general relativity while at high eneries it reduces to conformal
gravity where a local scale symmetry, or equivalently the Weyl symmetry, emerges in addition
to the general coordinate invariance. This fact would give us some distict phenomenological
consequences from those obtained through only Einstein’s general relativity for inflation and
the scale invariant spectrum of the Cosmic Microwave Background (CMB) radiation etc. One
of the important ingredients in the present formalism lies in the choice of gauge conditions
for three local symmetries, those are, the general coordinate invariance, the Weyl symmetry
and the Stiickelberg symmetry. We have required that the proper gauge conditions should

9Recall that we use same fields for the interacting and the asymptotic fields. In this section, all the fields
describe the asymptotic ones.
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not only fix the gauge symmetries completely but also give us the maximal global symmetry.
As a result, we are led to selecting the extended de Donder gauge condition, the traceless
gauge condition and the K-gauge condition. We think that these gauge conditions are almost
unique up to terms involving the NL fields multiplied by the gauge parameters.

A question often asked in gravitational theories is that global symmetries such as the
Poincaré-like IOSp(8|8) symmetry are effective symmetries existing only at low energies or
exact symmetries holding even at high energies. To address this question, for instance, one
has to construct a renormalizable quantum gravity and show that such global symmetries still
exist in such a ultraviolet (UV) complete quantum gravity. Since quantum conformal gravity
under consideration is a renormalizable theory as long as the Weyl symmetry is free from
Weyl anomaly, the Poincaré-like JOSp(8|8) symmetry is not an effective but an exact global
symmetry. Moreover, this symmetry is closely related to purely quantum fields such as ghosts
and the Nakanishi-Lautrup fields, so it is not violated by black hole’s no-hair theorem [2].

As future’s works, we wish to comment on two important issues. One of them is of
course related to the issue of the massive ghost which violates the unitarity of the quantum
theory. Recently it has been clearly shown that the Lee-Wick’s prescription [20, 21] dealing
with the ghost fields does not work well at least within the standard framework of quantum
field theories [22]. Thus, if our theory makes sense as a quantum field theory, we cannot rely
on the Lee-Wick’s prescription any longer and should develop a new dynamical mechanism.
Regarding this problem, it might be useful to recall that as mentioned in section 3 the
quantum conformal gravity is in a sense similar to the QCD while the quantum Einstein’s
gravity is similar to the QED. It is known that in the QCD, gluons and quarks are confined
to the unphysical sector. Thus, we could conjecture that the global symmeties existing in
the quantum conformal gravity might play a role to make the massive ghost be confined
to the unphysical sector.

The other important issue is relevant to Weyl anomaly. More recently, this issue has
been considered in ref. [23] where it is mentioned that there is no Weyl anomaly in the
unbroken phase ({¢) = 0) but Weyl anomaly appears in the broken phase ({¢) # 0) in Weyl
geometry which is a generalization of Riemann geometry. We wish to understand whether
the similar results hold even in our theory formulated in Riemann geometry. Actually, the
fact that the Weyl symmetry could be maintained and manifest even at the quantum level
in Riemann geometry has been already discussed in refs. [24-27]. We would like to return
these two issues in future.
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A Derivation of eq. (5.39)

In this appendix, we present a derivation of eq. (5.39).
First, we make use of the translational invariance of the theory under consideration. The
translational invariance requires the validity of the following equation for a generic field ®(x):

[®(z), P,] = i9,®(x), (A.1)
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where P, is the generator of the translation defined as

P,= / dxg"*¢? b, (A.2)
Next, taking the specific case ®(x) = A,(x), we have
(@), Byl = [Au(@), [ a6 000) = i0, A (x). (A.3)
Then, putting 2° = 2 and using [A,(z), §%V¢*] = 0 produces
/ B/ GV S (A, O3] = 10, A (). (A.4)

By means of the extended de Donder condition (3.1) and eq. (5.31), eq. (A.4) can be
rewritten as

/ B/ GG (A, ) = i, A, + 0o(500%) Fo200A, ). (A5)
This equation can be easily solved to be
Ay b = 167 (0,4, + B0(a06N) Fo 2018 + FL,ou(F6 2%, (A6)
where F) k is an arbitrary function.

To ﬁX the function FF

1ip» let us impose the consistency condition

(9" 0, AL, b)) = (A.7)

This consistency condition comes from the following argument: first, note that since
V(9" ¢?A,) is a scalar, we have

[V,u(g" ¢ Ay), b)) = 0. (A-8)
Then, the extended de Donder condition (3.1) allows us to rewrite V,,(g"¢?A,) as
v 1 ~ UV 17
V(g9 A) = Z=0u(§" 9" Ar) = g POy, (A.9)

Thus, together with [¢, b;,] =0 in eq. (5.23), we find that eq. (A.8) provides eq. (A.7).
After some calculations, eq. (A.7) turns out to lead to an equation for the arbitrary
function F/’fp:

g FL, = —ig™ A, (A.10)
which has the unique solution given by
FY, = —i(2fg" ) — 6%)A,. (A.11)
Substituting eq. (A.11) into eq. (A.6), we can obtain

(A, B,) = —i(2F5" 6, — 6,) Ap0i(fo20%) +if 6210, As
+ 090(5%°0%) f~ 207,00 A,)5°. (A.12)

Finally, using eqs. (A.12) and (5.31), we arrive at the desired equation (5.39).
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B Various equal-time commutation relations in the linearized level

In this appendix, we simply write down various equal-time (anti)commutation relations
(ETCRs) which are useful in deriving the four-dimensional commutation relations (4D CRs)
in egs. (7.10)—(7.22). These ETCRs can be derived by using the canonical (anti)commutation
relations (CRs), the BRST transformations and the linearized field equations. (The details
of the derivation are omitted in this article.)

(D Plpr] = 16i652606000696°,

[Py, @] = 4ichy 1 53690°, [P, @] = —4i¢o_1(5253 + 5,353)5153,
s & ] = dicyy (= + 20050 + 8559,0;)8°,
. .. 1
[‘P,ul/a A;] =0, [SO;W, Arly] = _ign/wagdg?

) 1 2
[‘Pw/a K(/rr] = _7'§ NuwNor — NMpeMvr — NurMve + 77#1/5252 + 577075258

4
= (o2 + Mur03)8y = (o> + 1ur05)8,; = 20,6,0507 6%,

[, b;] = i¢a2(5277pv + 5377pu)537 G bfo] = —i¢62(5i?7pu + 5inpu)ai53=

. e
[@uwb/] =0, [Souwb/] = —2@;77#,,53. (B.1)

. —

6, ¢ =%, [$,d]=i(A—2m*),  [$,d]=6,0]=0,

< _ .%o ®o

/ Po 0 50y £3 ot 1 — ;PO c0i 05iy9. 53
[(Z)v KO'T] - 16’}/ (nUT + 5057')5 ) [d)? KO'T] ZG’Y (5057 + 5750)825 )
18K = 120 O+ 200002 451 520:0,)6°.
Y
6 AT =0, [ A = (6,4 =i 20000,
Y

it .¢0 . 3 = -(Z)O 0 3
11 P06 o r_,%0
[¢,AL] = 14750&6 , [p, A, ] 1275(,A6 ,
~ a = . a
(), b] = —i—d°, [}, 0] = i—poAS5. (B.2)
0 Y
[K v K/ ] = 1¢7(2) _277 vNor + NuoMvr + NurMve — 2(50507707' + 506077 V)
pvsy ot 12,}/2 3# % 1% 3#11 g T
4
+ 80 0anur + 0002100 + Ondgur + O + 552535252 5,
[KW,,A;] = [K,U«V’Agr] =0,
[K;un 5{7] = i(5277w + 519770u + 5251952)537
(K, B5) = i(60000% + 6,6,65 + 8,,6)80 + Nuody, + 1ob;,)0:6°,
(K B5] = (830,85 + 8,8, 00 + 8,805 + 1uo0y, + ey, )86,
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[Kulu ﬂzlr] = i[(égnua + 5277,uo + 2525852)A + (525252 + 5;252(%
+61,60,09)0:0;]6°,
(K, B 5] = i{[0!0vo + 0imue + 2(63008% + 696560 + 67,5060)] A

nov-o n-v-o nov-o
+6,03,650,0, }0;6° (B.3)
. 1 i 1 i i
[A/M Ai)’:l = Z@(T}uo + 5252)53’ [Auv Af:r] = Z@(égéa + 5;152)87;63’

(A &) = i [y + 20000 + 1520,0)6°,
[A,, V] = —%5253, [A,,b] = —i%é@&id‘g, (A, 0] = %52&53,
(A ) = =i (mar + 50080 ) 8%, (4 5] = 580, + L00)0i8"
(A 0] = =i |0 + 8208 + 500200, 8
[Au, B) = —i(800% + 6,00)0;A8°. (B.4)
(Guod == (4 50000 8% (GG} = —50008% + 5,008

(e, 2} = oy 2018°, @f@z—%ﬁ- (B.5)
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