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1 Introduction

Recently, there was a discovery of novel class of anti-de Sitter solutions obtained from branes
wrapped on an orbifold, namely, a spindle, [2]. The spindle, ¥, is an orbifold, W(DIP[lnﬂmr],
with conical deficit angles at two poles. The spindle numbers, n_, ny, are arbitrary coprime
positive integers. Interestingly, these solutions realize the supersymmetry in different ways
from very well studied topological twist in field theory, [3], and in gravity, [4]. It was first
constructed from D3-branes, [2, 5, 6], and then generalized to other branes: M2-branes, [7—
10], M5-branes, [11], and D4-branes, [12, 13]. Furthermore, two possible ways of realizing
supersymmetry, topologically topological twist and anti-twist, were studied, [14, 15].

The spindle solutions were then generalized to an orbifold with a single conical deficit angle,
namely, a topological disk. These solutions were first constructed from M5-branes, [16, 17],
and proposed to be a gravity dual to a class of 4d N' = 2 Argyres-Douglas theories, [18]. See
also [19] for further generalizations. Brane solutions wrapped on a topological disk were then
constructed from D3-branes, [20, 21], M2-branes, [10, 22], D4-branes, [23], and more from
Mb5-branes, [24]. See also [25] for defect solutions from different completion of global solutions.



An interesting generalization would be to find AdS solutions from branes wrapped on an
orbifold of dimensions more than two. Four-dimensional orbifolds are natural place to look
for such constructions and some solutions were found. First, by uplifting AdSs x ¥ solutions,
where ¥ is a spindle, [6], or a disk, [21], AdS5 x ¥ x 54 x S* solutions from M5-branes were
obtained where ¥ is a Riemann surface of genus g. Also AdS> x ¥ x ¥, solutions with
spindle, ¥, from D4-branes were obtained, [12, 13]. More recently, performing and using a
consistent truncation on a spindle, AdS3 x ¥1 X ¥5 solutions from Mb5-branes wrapped on
a spindle fibered over another spindle were found, [26]. Also AdS3 x ¥ x ¥ solutions on
a spindle fibered over Riemann surface were found, [26].

In this work, we fill in the gaps in the literature. First, we construct multi-charged
AdS3 x ¥ x ¥g solutions from M5-branes. Employing the consistent truncation of [1], we obtain
the solutions by uplifting the multi-charged AdS3 x ¥ solutions, [6], to seven-dimensional
gauged supergravity. When the solutions are uplifted to eleven-dimensional supergravity,
they precisely match the previously known AdSs; x ¥ x ¥4 x S solutions in [6] and [21], which
were obtained by uplifting the AdS3 x ¥ solutions of five-dimensional gauged supergravity.
However, it is the first time to construct the AdS; x ¥ x 3 solutions in seven-dimensional
gauged supergravity.

Second, we construct multi-charged AdSs x X x ¥4 solutions from D4-branes. Inspired by
the consistent truncation in [27], we construct them by uplifting the multi-charged AdSy x ¥
solutions, [14], to matter coupled F'(4) gauged supergravity. Our solutions generalize the
minimal AdSs x ¥ x 34 solutions in [12] and also the solutions obtained in [13]. We then
uplift the solutions to massive type IIA supergravity to obtain AdSs x ¥ x Xg X G4,

Finally, we perform the gravitational block calculations and, for the AdS3 x ¥ x ¥,
solutions, the result precisely matches the holographic central charge obtained from the
supergravity solutions.

In section 2, we construct AdS3 x ¥ x 34 solutions from M5-branes. We uplift the solutions
to eleven-dimensional supergravity and calculate the holographic central charge. In section 3,
we construct AdSs x ¥ x Xy solutions from D4-branes. We uplift the solutions to massive
type ITA supergravity and calculate the Bekenstein-Hawking entropy. In section 4, we present
the gravitational block calculations. In section 5, we conclude. We present the equations of
motion in appendix A and briefly review the consistent truncations of [1] in appendix B.

2 Mb5-branes wrapped on ¥ X X

2.1 U(1)%-gauged supergravity in seven dimensions

We review U(1)2-gauged supergravity in seven dimensions, [28], in the conventions of [26].
The bosonic field content is consist of the metric, two U(1) gauge fields, A2, A3* a three-form
field, S°, and two scalar fields, A1, Ao. The Lagrangian is given by

L= (R—V)V017—6*d)\1/\ dM\ — 6 xdXo A dho — 8 x dA1 A dXs
. %6—4)\1 ” F12 A F12 _ %e—4>\2 " F34 A F34 _ %6_4)\1_4)\2 " S5 A 55
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where F'2 = dA?, F3* = dA3* and the scalar potential is

1
V — 92 5678()\14»)\2) _ 462()\1+)\2) _ 2672(2A1+)\2) o 2672()\14»2)\2) . (22)

The equations of motion are presented in appendix A.

2.2 Multi-charged AdS3 X Y solutions

We review the AdS3 x ¥ solutions of U(1)3-gauged N/ = 2 supergravity in five dimensions, [6].
These solution are obtained from D3-branes wrapped on a spindle, ¥. The metric, gauge
fields and scalar fields read

1 P
dsi = HY3 |dsh g, + —dy? + —dz?| |

4P H
_ H1/3
AD = Y2 4 xH= 2 2.3
y 13K y 1 3K; (2:3)
where I = 1,...,3 and the functions are defined to be
H=(y+3K)(y+3K) (y+3K3), P=H-(y—a), (24)

where K; and « are constant and satisfy the constraint, K1 + Ko + K3 = 0.

In the case of three distinct roots, 0 < y; < y2 < ys3, of cubic polynomial, P(y), the
solution is positive and regular in y € [y1,y2]. The spindle, ¥, is an orbifold, WC[P[lnﬂM],
with conical deficit angles at y = y1, y2, [6]. The spindle numbers, n_, ny, are arbitrary
coprime positive integers. The Euler number of the spindle is given by

n_ +ng

(2.5)
n_ny

1
»: = — 1 =
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where Ry and voly are the Ricci scalar and the volume form on the spindle. The magnetic
flux through the spindle is given by

_ 1 . W—y)(a+3K) Az _ pr
Qr=— = — = , (2.6)
2 Jx (y1 +3K7) (y2 +3K1) 2r n_ny
and we demand p; € Z. One can show that the R-symmetry flux is given by
+p2 + p: — e
Q1+ Q2+ Q3= P PP _ At — TRl ; (2.7)
n_n4 n_n4
where the supersymmetry is realized by, [14],
Anti-twist : (m,m2) = (+1,41),
Twist : (m,m2) = (=1,41). (2.8)

In minimal gauged supergravity, K1 = Ko = K3, only the anti-twist solutions are allowed.
Otherwise, both anti-twist and twist are allowed.

One can express Az, y1, yo, and the parameters, K7, «, in terms of the spindle numbers,
n_, ny, p1, and pe, [6]. The period of the coordinate, z, is given by

Az (nm —ny) (p1+p2) +n-ny — pt — p1p2 — P}
27 n_ny (n_ +n_) '

(2.9)



In the special case of
Ki=K,, XUW=x®_ A0 =403 (2.10)
expressions of y1, y2, and K1 = Ky are simpler,

g (ns +q) [2n2 — 2n_ (ny + 4q) + ¢ (514 + 99)]
3[n— (ny +2¢) — q(2ny + 3q))?
gy — L= =) 20 — 2ny (n- —4q) — ¢ (5n— — 9g)] |
3[n— (ny +2¢) — q(2ny +39))?
Koy~ 10— 30t (0 —0) o)
9[n— (ny +2p) — ¢ (2n4 + 3q)]
where we define ¢ = p; = p2. For the expression of «, we leave the readers to [6]. For
this special case, the AdSs x ¥ solutions are also solutions of SU(2) x U(1)-gauged N' =4

supergravity in five dimensions, [29]. The solutions can be uplifted to eleven-dimensional

i

supergravity, [30], as it was done for a spindle, [6], and for a disk, [21].

2.3 Multi-charged AdS3 X ¥ X ¥4 solutions

A consistent reduction of seven-dimensional maximal gauged supergravity, [31], on a Riemann
surface was performed in [1]. Empolying the consistent truncation, we uplift the AdSs x ¥
solutions in section 2.2 with

K|y =Ky +# Ks, (2.12)
to U(1)%-gauged supergravity in seven dimension. We briefly summarize the uplift by
consistent truncation in appendix B. As a result, we find the AdS3 x ¥ x ¥, solutions,

1
4P
e~ BN — 23y e3M2 — /3 x o100 _ 91/3x

S5 =223 (3K 4 a) volgg, ,

_ P 1
ds? = e ¥ H'Y3 (d3,24d53 + —dy* + Hd22> + g—ze&"dszgl )

Fl2 — ;CZ/ <yy_|_30;{3) dy N dz + ;VOIEG ,
where ¥; is a Riemann surface and we define
H = (y+ 3K,)? K P=H— (y—a)? X:X(D:X&):Lﬁ’
y+3K1)" (y + 3K3) (y—a)”, Yok
(2.14)

and gzL?MS5 = 2%/3_ The gauge coupling and the radius of asymptotic AdSs are fixed to
be g = 22/3 and L aqs; = 1, respectively.
The flux quantization through the Riemann surface is given by

g 12
== F~=2(1- e 7,
51 o Ju, ( g)
g 34
= 2 F°* =0 2.15
2 2w Yo ’ ( )



where we find 51 4+ 89 = 2 (1 — g). Fluxes through the spindle are quantized to be

n=-2 [ pr2__ (y2—y1) (@ +3K3) Az p3
o 2m )y (y1 + 3K3) (y2 + 3K3) 27 n_ny ’
- 3K1) A
My = _9 [ p3a_ (y2 —y1) (a+3K1) Az _ o P 7 (2.16)
21 Jx (y1 +3K1) (y2 + 3K1) 2m n_mn,y

where p; and p3 are introduced in (2.6) and p; € Z. The minus signs in the definition of
n; are introduced for later convenience in the gravitational block calculations. By (2.7) the
total flux is obtained to be

2 -
g+ 20y = — 1;1;133 - mn; n772” : (2.17)
—ny Ny

where 71 and 7, are given in (2.8) and, thus, both twist and anti-twist solutions are allowed.

2.4 Uplift to eleven-dimensional supergravity
We review the uplift formula, [32], of U(1)?-gauged supergravity in seven dimensions to
eleven-dimensional supergravity, [33], as presented in [26]. The metric is given by

1 2
L72ds3, = AY3ds? + g—QA—z/?’ {e4A1+4A2dw8 +e N {dw% +wi (dxi - gA?) }

2
+ g7 [dw% + w3 <dX2 — gA34> ]} , (2.18)
where
A = 674)‘174)‘2dw(2) + 62)\171)% + 62/\211)% , (2.19)
and L is a length scale. We employ the parametrizations of coordinates of internal four-
sphere by
pt +ip? = cos& cos et w4 ipt = cos € sin 0 eX? | u’ =siné¢, (2.20)
with
wo = sin &, wy = cos&cosh, wy = cos&sinf, (2.21)

where w2 + w? + w3 = 1 and € € [-7/2,7/2], 6 € [0,7/2], x1, X2 € [0,27]. The four-form
flux is given by
wi1wW9

L_3F(4) = UA2dwy A dws A (dX1 — gA12> A (dxg — gA34)

g3w0

9 2,2
+ %A—%”ﬁ% (dh = da) A (dxi — gA™2) A (dxa — gA*) A dug

2
S 72712 A (3dAs + 2d00) — e 2wpdun A (2dM1 + 3As)]
g
A (dya = gA™2) A (dya — gA*)
1
+ —2A*1F12 A {wowge*“l%/\?dwg - wgeZ)‘deo] A (dxg — gA34)
g
1
+ —2A*1F34 A {wowle*“l%/\?dwl - w%e”‘ldwo] A (dX1 — gAlQ)
g
1
— woe M2 4 G5 L 265 A duyg, (2.22)
g



where
U— (678)\178)\2 _9e~2M—4X2 _ 2674,\17»\2) w%

. (6—2,\1—4>\2 + 262,\1+2>\2) wf - (6—4/\1—»2 + 262>\1+2>\2) w§7 (2.23)

and x7 is a Hodge dual in seven dimensions.
We find a quantization condition of four-form flux through the internal four-sphere,

1 L3 WL Wy
— | Fy= UA2dwy A dws A dy1 A d
(2nl,)° /54 D= 2n1,) Js gPwo P AR A XA X
L3
=~ _=N¢ecZ, 2.24
gl (2.24)

where [, is the Planck length and N is the number of M5-branes wrapping 2 x .
For the metric of the form,

dst, = €2 (dshas, + dsiy, ) (2.25)

the central charge of dual two-dimensional conformal field theory is given by [34, 35], and
we follow [6],

3 3 / 94
3 11 8
260 26\ s
. . , oL . (11) (2m)81?
where the eleven-dimensional Newton’s gravitational constant is G’ = —g-*. For the
solutions, with (2.11), we find the holographic central charge to be
LAz Az 5
c= 854013 (y2 —y1) vols, = 5N (Y1 — y2) vols,
4¢* (n— —ny —2
- g (n—ny - 2) (1) N?, (2.27)

~ nong [n- (ng 4 2q) — ¢ (2ng4 + 3q)]

where voly, = 4m (g — 1). This precisely matches the result obtained from the solutions by
uplifting AdS3 x ¥ to eleven-dimensional supergravity, [6].

3 D4-branes wrapped on ¥ X X4

3.1 Matter coupled F(4) gauged supergravity

We review F'(4) gauged supergravity, [36], coupled to a vector multiplet in six dimensions, [37,
38], in the conventions of [12]. The bosonic field content is consist of the metric, two U(1)
gauge fields, A;, a two-form field, B, and two scalar fields, ;, where ¢ = 1,2. We introduce
a parametrization of the scalar fields,

Xp=e 2P = (2V22712) 0y = (—2l/20712) (3.1)

with
Xo = (X1X) %2 (3.2)



The field strengths of the gauge fields and two-form field are, respectively,

F, =dA;, H=dB. (3.3)
The action is given by
1 1 1
S=— [ =g |R [ —V = Sldg? — = Y XRP - < (X0 Xo)? [HP
167 G 2 2= ! 8
2 . ) 1 E,ul/pcﬂ')\ 2
_T (X1X2) |B| 16 \/—g ;w <FlpaF27—>\ + BpO'BT>\>‘| ) (34)
where the scalar potential is
V =m?X§ — 4¢° X1 Xy — 4gmXo (X1 + Xo) , (3.5)

and ep12345 = +1. The norm of form fields are defined by

1
\(,u|2 = me,._#pw”l“'“p. (3.6)

The equations of motion are presented in appendix A.

3.2 Multi-charged AdS2 X Y solutions

We review the AdSs x ¥ solutions of U(1)*-gauged N/ = 2 supergravity in four dimensions, [10,
14]. These solution are obtained from M2-branes wrapped on a spindle, ¥. The metric,
gauge fields and scalar fields read

1 P
ds2 = H'/? dSAdS2 + —dy? + —d2?|

P 4H
H1/4
AD = Y g, xO- 2 (3.7)
Yy +aqr y+ar
where I = 1,...,4 and the functions are defined to be
H=@y+q)y+a)y+a)yta), P=H-4. (38)

In the case of four distinct roots, yo < y1 < y2 < y3, of quartic polynomial, P(y), the
solution is positive and regular in y € [y1,y2]. The spindle, ¥, is an orbifold, W(D[P[m na]’
with conical deficit angles at y = y1, y2, [10, 14]. The spindle numbers, ni, ng, are arbitrary
coprime positive integers. The Euler number of the spindle is given by

n1 + no
ning

x(X) = ﬁ /z Ryvoly = (3.9)

where Ry and voly are the Ricci scalar and the volume form on the spindle. The magnetic
flux through the spindle is given by

1 A 2
Qr = 7/ FO = ( 2 __ 9 ) 2F _ A (3.10)
2r Jx y2+qr i+ q/) 2n ning




and we demand p; € Z. One can show that the R-symmetry flux is given by

1 +p2+p2+ ng — MNan
QR:*(Q1+Q2+Q3+Q4)ZPI P2 T P2 p4:7712 72 1’ (3‘11)

2 ning ning

where the supersymmetry is realized by, [14, 15],

Anti-twist : (m,m2) = (+1,41),
Twist : (m,m2) = (£1,F1). (3.12)
When parameters, q;, I = 1,...,4, are all identical or identical in pairwise, only the anti-

twist solutions are allowed. Otherwise, for all distinct or three identical with one distinct
parameters, both the twist and anti-twist solutions are allowed.

Unlike five-dimensional U(1)3-gauged supergravity which has a unique U(1)? subtrun-
cation, there are two distinct U(1)? subtruncations from four-dimensional U(1)*-gauged
supergravity,

ST? model : AL = 4®?) + AB) = AW xM = x@ # XG = x®
T3 model: AW =A@ = 40) 2 A® — xO = x@ = xO 2 x® = (3.13)
and their permutations.

3.3 Multi-charged AdS2 X ¥ X ¥4 solutions

A consistent reduction of matter coupled F'(4) gauged supergravity on a Riemann surface was
performed in [27]. Inspired by the consistent truncation in [27], the AdSs x X x ¥ solutions
in (2.13), and the minimal AdSs x X x ¥ solutions in [12], we construct the AdSs x ¥ x ¥
solutions. However, only the T% model is obtained from the truncation of F(4) gauged
supergravity and not the ST? model. Thus, we only find solutions by uplifting multi-charged
AdSs x ¥ solutions in section 3.2 with

G =q2=q3F# qa, (3.14)

to six dimensions. After some trial and error we find the solutions to be

1 1 P
dS% = eich%dS4H1/2 stidsz + de2 + Ed22 + ezcdS%g y

H1/4 o H1/4 /4
Xl = k;/sk;/zi 9 X2 = ké/8k2 1/27 5 6’_20 = m2k§/4k:4
y+a y+aq y+q
1/2
9k
B=q 4;2 volags, ,
pL/21/2
F1:3 8 2 n sdy N\ dz + volg, ,
29 (y+aq)
S22 g, -
Fy= =22 dy A dz + voly, | 3.15
29 (y+a)? 29 (3.15)
where we define
H=@w+q)y+au), P=H-47 (3.16)



and

1/4,-1/2
3m kg “ky
9=—~> Laws.=—5— (3.17)
There are parameters, k = 0, £1, for the curvature of Riemann surface, and, z, which define
3z + VK% + 8z2 16k 18
ey = zZ+ VK + 3z 7 kg = 2 - ky = ) (318)
Z— kR 9(1+ ko) =3k + VK? + 822

If we set ¢1 = ¢2 = g3 = qu, it reduces to the minimal AdSs x ¥ x ¥4 solutions in [12]. For
our solutions, in order to satisfy the equations of motion, we find that we should choose

k=-1, z=1, (3.19)

and we find ko = kg = kg 1 — 3. Then the solutions are given by

1 1 P
ds2 = e_QCL%dS4H1/2 stzAdSQ + —dyz + ——d2?| + ewds%g )

4H
X_33/8H/ X_3 5/8H/ 67202@[11/4
y+aq’ y+a’ By +q
3x/§
B = 4 3 VOlAdS2 y
3 Q1
=" _dyndz,
29 (y +q1)?
1 q4 1
Fy = 7d A dz — —vol 3.20
2= g e ol (3:20)
where we have
3m 35/4
E—— L = 21
9="5 Ads = o3 (3.21)

Notice that the components of F; on the Riemann surface is turned off by the choice of (3.19).
The flux quantization through the Riemann surface is given by

9

51 o o) 1 )
=2 | B=201-g) € Z, (3.22)
2m Jx,
where we find s + 52 = 2 (1 — g). Fluxes through the spindle are quantized to be
3 A 3
3n = 2 F1:< 2w )z: P
2m Jx v2+q  yitaq/) 2 mang
1 A
IIQEg/F2:< I )Z: o ) (3.23)
2r Jx 2\y2+aqs yitaq/) 2m nng

where p; and p4 are introduced in (3.10) and p; € Z. By (3.11) the total flux is obtained to be

3 _
3y 4y = D1+ D4 _ mng — 21 7 (3.24)
ning ning

and both the twist and anti-twist solutions are allowed.?

We would like to thank Chris Couzens for discussion on this.



3.4 Uplift to massive type IIA supergravity

We review the uplift formula, [39], of matter coupled F(4) gauged supergravity to massive
type ITA supergravity, [40], presented in [12]. Although the uplift formula is only given
for vanishing of two-form field, B, in F'(4) gauged supergravity, it correctly reproduces the
metric, the dilaton and the internal four-sphere part of four-form flux. The metric in the
string frame and the dilaton field are

dsZ = Ny (X1X0) " { AV dst

+g ATV (X g + X7 (dpd + pdod) + X5t (dud +4303)|} . (3.25)
e® = A2y /O AVA (X Xp) 08 (3.26)

where the function, A, is defined by

2
A=Y X2, (3.27)
a=0

and the one-forms are o; = d¢; — gA;. The angular coordinates, ¢1, ¢2, have canonical
periodicities of 27. We employ the parametrization of coordinates,
1o = sin&, 1 = cossiny, e = cos&cosn, (3.28)

where Y2_ u2 = 1 and 5 € [0,7/2], € € (0,7/2]. The internal space is a squashed four-
hemisphere which has a singularity on the boundary, £ — 0. The four-form flux is given by

_ 1SN 1S
A I*F(4) = ngol(g—g—2 ZXZ- 211 (*GFZ-)/\dui/\ai—F; Z X, Yig (x6dX o) Ndpig (3.29)
i=1 a=0

where the function, U, is defined by

2
4
U=2> XZu: - [3X0+2(X1 +X2)} A, (3.30)
a=0
and ¢ is a Hodge dual in six dimensions. The Romans mass is given by
29

The positive constant, A, is introduced from the scaling symmetry of the theory. It plays
an important role to have regular solutions with proper flux quantizations, [12]. The uplift
formula implies m = 2g/3.

The relevant part of the four-form flux for flux quantization is the component on the
internal four-sphere,

g U papia
A A o

F(4): dpi Ndus Aoy ANog + ... . (3.32)

We impose quantization conditions on the fluxes,

1

27ls) Figy =ng € 7, o —
(2s) Flo) = no (271,)? /s

Fuy=Nez, (3.33)

,10,



where [ is the string length. For the solutions, these imply that

1 1876 {72
8 8
= ————, = —, 3.34
g (QWZS)S N3ng 9Nng ( )

where we have ng =8 — Ny and Ny is the number of D8-branes. These results are identical
to the case of minimal AdSy; x ¥ x ¥ solutions in [12].
For the metric of the form in the string frame,

ds2y = e (dshgs, +dsty,) (3.35)

the Bekenstein-Hawking entropy is by, [34, 35], and in [12],

1 82
Spn = = / e 2%v0lpy, . (3.36)
169 (2nl)’ *

For the solutions, we obtain the Bekenstein-Hawking entropy to be

1 9(3mA)* kL2 L V33N
(27l,)® ( 20923k48 dmr (1 —g) Ap = 2l 2(098 ) drk (1 —g) An,  (3.37)

where the area of the horizon of black hole, multi-charged AdSs x ¥, in (3.7) is

SpH =

1
Ap = B (y2 — 1) Az, (3.38)

and y; and ys are two relevant roots of P(y). The free energy of 5d USp(2/N) gauge theory
on S% x X is given by, [12, 41, 42],

1673 ,
Fssxs, = 7(27” E / 3472250l
S

167k (1 — g) N%/2 (22 — /@2)3/2 (\//42 + 822 — /{)
- 3/2 :
58— Ny (nVk? + 827 — k2 + 42) /

By comparing (3.39) with (3.36), we find the Bekenstein-Hawking entropy to be

(3.39)

1
SBH = %‘FSSXEgAh
8k (1 — g) NO/2 (22 — 52)* (\/:‘Q2+822—I€>A (3.40)
_ 3.40
3/2 h7
5/8 = Ny (kv/i2 + 822 — k2 + 422) /

and, for Kk = —1 and z = 1, (3.19), we obtain?

G (3)3/2 32 (g — 1) N°/2

PHT AR 58— Ny

Although formally the Bekenstein-Hawking entropy is in the identical expression of the one
for minimal AdSs x ¥ x ¥4 solutions in [12], note that the black holes that give the area, Ap,

are different: it was minimal AdSs x ¥ in [12], but now it is multi-charged AdSs x ¥, [14].
We refer [15] for the explicit expression of Aj for the multi-charged solutions.

(3.41)

2We would like to thank Hyojoong Kim for comments on this limit.
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4 Gravitational blocks

In this section, we briefly review the off-shell quantities from gluing gravitational blocks, [43],
and show that extremization of off-shell quantity correctly reproduces the Bekenstein-Hawking
entropy, central charge, and free energy, depending on the dimensionality, [12]. Then apply
the gravitational block calculations to the solutions we constructed in the previous sections.

Depending on the dimensionality, the Bekenstein-Hawking entropy, central charge, and
free energy are obtained by extremizing the off-shell quantity, [12],

Fdi (Aj,e;n,np,n_ o) = %(]:d (Aj) + Fy (A;) ) , (4.1)

where F,; are the gravitational blocks, [43]. We also define quantities,

A = ¢, + ne, (4.2)
and
T Ny — ON_
nyn—
where 0 = +1 and ¢ = —1 for twist and anti-twist solutions, respectively. The expressions

of gravitational blocks are

T3 = b3 (A1 A ASANY? | Fu=by (A1 AAs) . Fs =bs (A1 A)Y? | Fo = bs (A1A2)?

(4.4)
and the constants, by, will be given later. The relative sign for gluing gravitational blocks
in (4.1) is —o for d = 3,5 and — for d = 4,6. The twist conditions on the magnetic flux
through the spindle, n;, is given by

0
S ny = eI (4.5)
i— nyn_—

where ny and n_ are the orbifold numbers of spindle and 0 is the rank of global symmetry

group of dual field theory, i.e., 0 =4 ford = 3, 0 = 3 for d = 4, and 0 = 2 for d = 5,6.
The constants are constrained by

> ori=2, (4.6)

and they parametrize the ambiguities of defining the flavor symmetries. The U(1) R-symmetry

flux gives
1 _
— [ dAR = Ny Fon- (4.7)
27 Jy nyn_
and the fugacities of dual field theories are normalized by
0
A =2, (4.8)
i=1
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The off-shell quantity can be written by

1
F (piven) = — (Fa (i +mie) £ Fa(pi = mie) ) (4.9)

where the variables satisfy the constraint,

Zsol o, (4.10)

nyn—
which originates from (4.6) and (4.8).

4.1 Mb5-branes wrapped on Y X X4

For the AdSs; x ¥ x 34 solutions, there is standard topological twist on 34 for the magnetic
charges, 5;, and anti-twist on ¥ for n;. Then the off-shell central charge is given by

S(pi, €1, €514,8;) = — [fB(SOi + njer + s;€2) — Fo(pi — nier + 5i€2)

deqeg
— ]:6(<Pi + n;e1 — 51‘62) + ]:6(901‘ —n;€e1 — 5162)} N (4.11)
with the constraints,
Ny —n_ ny +n—
n1+2n2:+7, 51—|—52:2(1—g), (p1+2(p2—+761:2. (4.12)
nyn_— nyn—

For the calculations, we employ

by = —%N2, bg = —N3. (4.13)

Extremizing it with respect to €2 gives e = 0 and renaming €; > €, we find the off-shell
central charge expressed by

S(pi, €4, 8;) = 2N3s5; (1114/32903 + pin2p3 + p1pans + n1112t1362) |32
+2N3sy (nlsows + p1naps + prepang + n1n2n362) |31

= 9N3 —F 2N3 ( F)
51( 3N2 4)392—*— 59 3N2 4

We have started with the d = 6 gravitational blocks, Fg, and we observe the d = 4 structure,

(4.14)

3—1

F,", naturally emerges. See section 5.2 of [12] for the calculations of d = 4 gravitational
blocks. From the d = 4 point of view, the s; term of S(g;, €;n;,8;) in (4.14) is the off-shell
central charge for ny # ns = ng and the so terms is for ny = n3 # ny. Thus, extremization
gives disparate results for each term. However, for the solution, as we have

si=2(1—g), =0, (4.15)
the solution chooses the s; term in the off-shell central charge. Extremizing this we find
the values,
ny—on—
_ nyn_ _ ng (ng —ng —ny)
6_2(” —(nn—I—nn—i—nn)) 7(/)2_2<" —(nn—l—nn—I—nn))
s N2+ N2f3 03Ny )| nn N2 + Nong + ngny 3()2 |
4.16

,13,



Then the off-shell central charge gives

ningng

S *f’ *;n« :4N3 -1
(gpz € z) (g ) _ (n1n2 + nong + nSnl)

: (4.17)
3—2

g
nyn_

which precisely matches the holographic central charge from the supergravity solutions, (2.27),
with ¢ = —1.
4.2 D4-branes wrapped on ¥ X 34

For the AdS> x ¥ x Y4 solutions, there is standard topological twist on 34 for the magnetic
charges, s;, and anti-twist on ¥ for n;. Then the entropy function is given by

S(pi, €1, €2;14,8;) = [7:5(%' +njer + 55€2) + F5(p — njer + s€2)

_46162
— F5(pi + njer — s;62) — F5(pi — njep — 51‘62)} ; (4.18)
with the constraints,
Ny —n_ nye +n_
n1+3n2:+7, 51—1—52:2(1—9), (,01+3(,02—+761:2. (4.19)
Nyn_ nyn_

For the calculations, we employ

2
by = —\/;TN?’/Q, bs =

25/27{' N5/2

— 4.20
15 /8- N; (4.20)

Extremizing it with respect to ey gives e = 0 and renaming €; — ¢, we find the entropy
function expressed by

S(piseni,s;) = g {51 (\/(801 +1n1€) (p2 + nge)” + \/(@1 —nie) (2 — ﬂ26)3)

+59 (\/(901 +1n16) (02 + nge) + \/(901 —n1€)” (2 — nQE))] ;o (4.21)

where we have

Var N3
C [
)

. 4.22
8— Ny (422)

We have started with the d = 5 gravitational blocks, F5, and we observe the d = 3 structure
naturally emerges. See section 5.1 of [12] for the calculations of d = 3 gravitational blocks.
From the d = 3 point of view, the 51 term of S(¢;, €;1;,8;) in (4.21) is the entropy function
for n; # ny = ng = ny and the s5 terms is for n; = ny = n3 # ny. Thus, extremization gives
disparate results for each term. However, for the solution, as we have

s1=2(1-g), 59 =0, (4.23)

the solution chooses the s; term in the entropy function. However, in this case, the algebraic
equations appearing in the extremization procedure are quite complicated and we do not
pursue it further here.
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5 Conclusions

In this work, we have constructed multi-charged AdS3 x X x ¥y and AdS> x X x ¥y solutions
from M5-branes and D4-branes. We have uplifted the solutions to eleven-dimensional and
massive type IIA supergravity, respectively. We have also studied their spindle properties and
calculated the holographic central charge and the Bekenstein-Hawking entropy, respectively.

Although we have only considered the AdSs 3 x ¥ x ¥ solutions for spindle, ¥, the local
form of our solutions naturally allows solutions for disk, ¥, by different global completion.
However, the AdS3 x ¥ x ¥4 solution for disk, ¥, was already constructed and studied in [21].
Thus, it would be interesting to analyze the AdSs x ¥ x ¥4 solutions for disk, ¥, from the
solutions we have constructed.

Unlike the minimal AdSy x ¥ x ¥y solutions in [12] where z is a free parameter, only
z = 1 is allowed for our multi-charged AdS> x ¥ x ¥ solutions, (3.19). We would like to
understand why it is required to fix the parameter for the solutions and if there are more
general multi-charged solutions with additional parameters.

The solutions we have obtained could be seen as generalizations of AdS3 x g, x 3,
solutions in [44] and AdSs x X4, x X4, solutions in [45-47]. In particular, via the AdS/CFT
correspondence, [48], the Bekenstein-Hawking entropy of AdS; x X4, x X4, solutions was
microscopically counted by the topologically twisted index of 5d USp(2/V) gauge theories, [42,
49]. It would be most interesting to derive the Bekenstein-Hawking entropy of the AdS>x ¥ x4
solutions from the field theory calculations.
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A The equations of motion

A.1 TU(1)%-gauged supergravity in seven dimensions

We present the equations of motion derived from the Lagrangian in (2.1),
1
ij = 68#)\16,/)\1 + 6aﬂ)\26,,)\2 + 88@)\18,,))\2 + gg,wV

1 1 1 1
4 e M <F12F12p _ gWFggFupa) 4 56—4)\2 <F34F34p _ g#VF§§F34pU>

2 s ¥ 10 S 10
1 2
et (8,870 — 2,,80,55%7) (A1)
1 1 _ 1 g> OV
ﬁalﬁ ( /_gglway (3)\1 + 2)\2)) + Ze 4’\1F53F12“V + Ee 41 4)\252Vp55/wp _ ZaTQ =0 ,
1 1 1 g% ov
b /—ad*’ ., (2 3\ = 4 F34F34ul/ =4 —4)e 55 S5ul/p _Jd T
\/jg u( 99 l/( 1+ 2))+4€ 0% + 126 wrp 4 (9)\2 )
(A.2)

,15,



d (6—4A1 *F12> Lo 65\ P34 _
d (674/\2 « F34> 4 65 A 12
dS5 — ge= =2 65 12 A 3 — (A.3)

A.2 Matter coupled F(4) gauged supergravity

We present the equations of motion derived from the action in (3.4),

1 1 1 1
523;1901'81/@1'_1‘/9#11_52)(1 2 (EupFiup_SguuFipaE pU)
=1 =1

m? _ 1 1 1
- (X)) ' <B#PBVp_89MVBPUBpU) 16 (X1X5) (HupaHu pa—6gMqua/\HpU>\> =0,

(A.4)
1 oV 1 1
——0, (vV=g9"0,01) — —— X2 F B "+ —= X5 2P, o =0,
v—9 u( g9 u@l) 3@1 2\[ 1’1 2\[ 2uvt'2
1 oV 1 1
——8, (V/—=gg"*d — X2 PP MY — = X5 2 o Py ™
V9 u( g9 u<P2) &pg 4\[ vl 4\/5 o Lol
2
3 (X1X2)™" B, B" + 24\[ (X1X2)2 H,pp H'P =0, (A.5)
D —2 v 1 UVPoTTA
V(Xl Fl ):ﬂ\/—gg FZZ/pHO'T)\a
— % ]-
D, (XQ 2F2 ,u) = ﬁ\/ _QEMVpUT)\FlupHaT)\ ,
1
D, ((X1Xa) ™" B ) = 51 V/=ge" "™ BypHoer
2 rpv 1 oo [ M2 2 1 puw
D, ((Xlxg) HP “) = — V=g - Buo Boa + Fipo Fira | — 2m* (X2 X) ™! B

(A.6)

B Consistent truncations of [1]

In this appendix, we briefly review the consistent truncation of seven-dimensional maximal
gauged supergravity, [31], on a Riemann surface in [1] and explain the setup to uplift our
solutions by employing the truncation ansatz.

The consistent truncation ansatz for the seven-dimensional metric on a Riemann surface,

Y4, is given by

1
ds? = e 4ds? + 9—266“’(1322g , (B.1)

which introduces a scalar field, ¢, in five dimensions. Also 92L124d55 = 24/3 for the gauge
coupling, g, and the radius of asymptotic AdSs, Lags,. The SO(5) gauge fields are decomposed

,16,



by SO(5) — SO(2) x SO(3),

Aab — EabA + lwab7
g

Aaa — _ A% — wlaea _ 1[)2a€ab€b,
AP = A8 (B.2)

where a, b=1,2, a, =3, 4,5, d32Eg = e%, and w™ is the spin connection on Yg. The
ansatz introduces an SO(2) one-form, A, SO(3) one-forms, A%?, transforming in the (1, 3)
of SO(2) x SO(3), and six scalar fields, 1% = (1% 12®), transforming in the (2,3). The
scalar fields are given by

Tab — 6—6)\60177 Tox — 07 Taﬂ — 64)\7'046 ’ (B3)

which introduces a scalar field, A, and five scalar fields in 7*? which live on the coset

manifold, SL(3)/SO(3). The three-form field is given by
S¢ = K(12) A et — e"“bK(Qz) A el
Sa = h«(()%) + Xt(xl) A VOIEg s (B4)

which introduces an SO(2) doublet of two-forms, K (‘12), three-forms, h’()‘3), and one-forms, X((Xl)‘

To be particular, we consider a subtruncation of the general consistent truncations
which reduces to SU(2) x U(1)-gauged N = 4 supergravity in five dimensions, [29], which
is presented in section 5.1 of [1]. In this case, we have the scalar fields to be

A=3p, 7;5 = (501,3, P**=0. (B.5)

From the three-form field, we have a complex two-form field,

Cioy = Ky + iy (B.6)
and a three-form field,
1
“hfyy = 3¢ PeasnF, B

with X?l) = 0.

In order to match with the special case of U(1)2-gauged supergravity in seven dimen-
sions, (2.10), we further impose Ay =0 and C5) = 0. In U(1)2-gauged supergravity in
seven dimensions, the scalar fields of are given by

T;; = diag (62)‘1 N ,6_4’\1_4’\2) . (B.8)
By matching it with the consistent truncation ansatz,
T;; = diag (6_6’\ Je O eth et e4>‘) , (B.9)
we identify the scalar fields to be
A1 = =3, A2 = 2. (B.10)

The non-trivial three-form field, S°, is given by h‘()‘g) in (B.7).

,17,



Finally, we compare the actions of SU(2) x U(1)-gauged N' = 4 supergravity in five
dimensions, [29], presented in (5.4) of [1] and in (2.1) with (3.1) of [6] to fix

X(l) — 2—1/3610<p , X(2) — 2—1/3610(p , X(3) — 22/36—2050 . (Bll)
With X = XM = X®@ | this determines the scalar fields to be
eTIM =3xS =olSx M= olx, (B.12)
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