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1 Introduction and conclusions

The supersymmetric index [1-8] is an invaluable tool to study the infrared (IR) behaviour
of the three dimensional (3d) supersymmetric theories. It counts the protected operators
and can be used to check various dualities, study the moduli spaces of vacua, and etc. One
particular application of the index is to study the possible enhanced symmetry in the IR.
If there are enhanced global symmetry or supersymmetry in the IR, one can usually read
of multiplets corresponding to these extra symmetries from the index.



We are interested in 3d N/ = 3 Chern-Simons theories coupled with N' =4 SCFT T to a
global symmetry group, and we are interested in the SUSY enhancement of those theories.
Let the flavor symmetry of 7 be G1 X G2 X ... X Gj, and let y; be the moment map of
Gi. It was argued in [9, 10] that if

Trpd = Trpg = - = Tepd, (1.1)

one can gauge each G; with an N' = 3 CS vector multiplet at level k;, and the resulting
theory enhances to /' =4 in the IR if the CS levels satisfy the following balance condition
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It was found in [9] that bi-fundamental hypermultiplets or twisted hypermultiplets satisfy the
momentum map relation (1.1). Interestingly, many strongly coupled N'= 4 SCFT derived
from compactification of 4d N' = 2 SCFT satisfy the momentum map relation. These theories
include 3d T theory [11], and Argyres-Douglas matter [12-14], so naturally one get a large
class of new N/ = 4 Chern-Simons matter (CSM) theories [10, 14].

The purpose of this paper is to use the supersymmetric indices to study various properties
of these newly discovered N' = 4 CSM theories. The idea is to first compute the N = 2 index
while keep track of the U(1) R-symmetry which will be the U(1) z—¢ (R symmetry on the Higgs
or Coulomb branch) after the enhancement. Because the index is invariant under the RG flow,
this will also be the N' = 4 index of the IR theory. Once the N’ = 4 index is obtained, we can
then take the Higgs/Coulomb limit! of the index to study the Higgs/Coulomb branches of the
corresponding theory. One consistency check is that the Higgs/Coulomb branches of N/ = 4
theories are hyper-Kahler manifolds, therefore our Higgs/Coulomb indices should reflect this
(e.g. the complex dimension of the moduli space read from the index should be even).

We work out the indices for CSM theories with bi-fundamental matters, CSM theories
of linear quivers, and CS theories coupled to multiple T5 theories, and use the results to
study their moduli spaces.

1. We first compute the index for some abelian CSM theories, and found the Higgs/Coulomb
limit. This provides verification of the duality proposal made in [15]: a CSM theory is
dual to a SCFT defined by usual N' = 4 gauge theory. We also find interesting CSM
theory whose Higgs branch and Coulomb branch are both the same, which deserves
further studies.

2. We then study non-Abelian U(N7); x U(Ny)_r CSM theories. Our result shows that
the moduli space receives quantum correction and we compute its exact Higgs branch
index. We also generalize these results to non-Abelian CSM theories of a linear quiver,
and provide a gluing formula for their Higgs/Coulomb indices. These gluing formula
helps us to find new mirrors between CSM theories and usual N' = 4 gauge theory.

!For CSM theories, there is no usual N’ = 4 Coulomb branch defined by turning on expectation value of
scalar in A = 4 vector multiplet. However, the R symmetry of a A/ =4 SCFT is SU(2)4 x SU(2)p and one
can have two distinct type of branches in the moduli space depending on which SU(2); symmetry acts on. We
use the name Higgs/Coulomb to distinguish these two types of branches.



Figure 1. U(1); x U(1)_; N =4 CSM theory with one bifundamental hypermultiplet (X, X).

3. Finally, we study the index of CSM theories coupled with 75 theories. The Higgs branch
is conjectured to be C2/ D p+1, and D is determined by the three CS levels.

One of the major challenge is to compute the index of CSM theories built from Ty
theory and other type of theories constructed from 4d A = 2 theories. The theory space
of N' =4 CSM theory is much larger now and we hope to learn more features of this class
of theories in the future.

The paper is organized as follows. In section 2 we use Abelian CSM theories which
enhances to N' = 4 as warm-up examples to illustrate the computation of the full indices
and its implication on Higgs/Coulomb branches. Section 3 is devoted to Non-Abelian CSM
theories of a linear quiver which enhances to A/ = 4. Information on the Higgs and Coulomb
branches can be extracted from indices, and we will see that the Higgs branches get quantum
corrections and can be described by Coulomb branches of certain 3d SYM theories without
CS terms. In section 4 we discuss indices and moduli spaces of T, theories coupled to CS
gauge theory. Reviews of 3d indices and some technical details are put in the appendix.

While this manuscript is prepared, we notice that another paper [16] also discusses
indices, moduli spaces, and one-form symmetries of T theories coupled to CS terms. Our
results agree with each other and it would be nice to also apply techniques used in [16] to
study other CSM theories discussed here.

2 Abelian N = 4 CSM theories

In this section we work out the indices of different abelian CSM theories which enhances
to N =4 in the IR, and their Higgs/Coulomb limits. The full indices provide good checks
for mirror pairs between CSM theories and SYM theories discussed in [15]. One can also
read off the Higgs/Coulomb moduli spaces from the index.

2.1 U(1)r x U(1)_r CSM theories

The simplest example is the U(1); x U(1)_x CSM theories with an A/ = 4 bi-fundamental
hypermultiplet as in figure 1. Its index (see appendix A for the details of 3d N' = 2 index) is
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where k; = —ky = k > 0 and (azT;2?%) = (az;2?)(az"';2%). Notice that if we change the
gauge fugacities to u = z1/z2 and v = z1 22, integration of v imposes the constraint m; = mag,
so only monopoles with charge (m,m) contribute to the index.

Usually it is more convenient to write the result in terms of the single letter index rather
than the full index. Define the normalized single letter index Z by

7 =(1-2%PLog[Z], ie. I=PE [1 _Ile , (2.2)

where

PLOg[f(SU,y,Z, T )] = i Iu;n) (:En?yn,zn’ e ) (23)
n=1

Here p(n) is the Moebius p function. The the normalized single letter indices for the first
few values of k are

ZUO1xU@) -1 - t(w + wil)x% —t (w + wil)x% + O(z1h),

ZVM2xUM—2 — 21 4w Nz — (2 + (w+ 2+ w )2 + (2 (w + 34+ w™h) +t72)28
—(t*Qw+3+2w )+ Bw+4+3w )zt + .-,

FU@sxUW=s — 2 4 B3+ w V)2 — 22% — t(w +w w2 + (=6 + 12 + t72)23
+ 3 (w + w’l)x% + (@2t =32t -,

(2.4)
where w = wijws and the overall topological U(1) is decoupled. From the index one can see
that U(1); x U(1)_1 CS theory with hypermultiplet is the same as a free hypermultiplet.
2.1.1 Higgs and Coulomb branch

Unlike the full index, the Higgs and Coulomb index have closed form expressions. First
rewrite the index (2.1) in terms of ¢ and ¢

U xU(1)_p _ m, km ngu *599) 2.5
Z /27”“ (q2u*iqq) 29

It is obvious that the Coulomb limit of the index (¢ — 0) is 1. On the other hand, the
Higgs limit of the index is non-trivial

. 1
ZoOX UMk _ 5, /27% k (1 - q%u) (1 - q%u—l)’ (2.6)

meZ

with w = wyws. Define g1(g;m) as

du ., 1 qz
gi\g;m) = —U = s 2.7
(@m) = | 5 () (1 gut) 1-a 2.7)
then the Higgs index is
UL)rxU(1 1—g"
IH Z w™ gl q, km) & & 0\’ (2'8)
mez, (1-4q) (1—q2w) (1—q2w‘)



Figure 2. The quiver diagram of the U(1), x U(1)_; xU(1); CSM theory. (X, X) is the hypermultiplet
and (Y,Y) is the twisted hypermultiplet.

which is the same as the Hilbert series of the coordinate ring of C?/Z;. We deduce that the

Higgs branch of the U(1), x U(1)_j CSM theory is C2/Z;, from the index. The ideal defining
1qu

(1-)(1-g3 w)(1-gTw 1)

here the charges of the coordinates are u = (%,1),v = (4,-1),2 = (1,0).

the coordinate ring of C?/Zy, is uv+2F = 0, and its Hilbert series is just

)

2.2 U(1)r x U(1)_g x U(1)r CSM theories

Now we consider the index of NV =3 U(1); x U(1)_x x U(1)x CSM theories with a hyper-
multiplet of U(1)? charges (1, —1,0) and a twisted hypermultiplet of U(1)? charges (0, —1,1)
(figure 2) which enhances to N/ = 4 in the IR [15]. Its superconformal index is

3 3
dz; ki
TV = Z /H > Hw;nlzfzmlsz({zhmi})
m; EL =1 Qﬂ-ZZi i=1 (29)
* Zngp({z1,m1}, {22, m2}i8) Zngp({z2, ma}, {23, ma}; t7),

with k1 = —ky = k3 = k > 0.
When k = 1, the superconformal index can be worked out as a power series of z,
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Out of three w;’s only combination wjwe and wews appear in the index, since the overall
topological U(1) is decoupled. Its Higgs and Coulomb branch indices have the following form,

U1 k=1 1—¢?
IH — —1 —1\?
_ 1 — g2 '
IICJ(1)3’,k71 _ q

(1—@)(1 — quaws)(1 — quy ' wy ")’

These results confirm that both the Higgs and Coulomb branches of U(1); x U(1)_; x U(1);
CSM theory are C2?/Zy [15]. Moreover, this theory is self-mirror and is proposed to dual



to the N/ = 4 QED with two flavors [15]. Both the Higgs branch and Coulomb branch of
this theory is C2/Zs. We have checked that its full index is indeed the same as the index
of the N' = 4 QED with two flavors order by order.

For generic integer level k, one finds that the Higgs and Coulomb limit of the index is

Uk _ 1—ghtt
H = [=5] BT 1 1)
(1—-gq) (1*(1 2 w1w2) (1*61 w11w21>
Uy I 212
ZC ’ — 1

(1—®(1—q@%mw9(1—q“

The indices confirms that the U(1) x U(1)_x x U(1)x CSM theory is again self-mirror with
both Higgs and Coulomb branch being C2/Z; 1 [17]. We are not aware of usual N' = 4
theories with such self-dual moduli space, and it would be interesting to further study them.

-1 -1\

2.3 U(1)1 x U(1)-1 x U(1)1 x U(1)—1 CSM theory

As a final example of Abelian CSM theories we consider the index of N' =3 U(1) x U(1)_j X
U(1)r x U(1)—r CSM theories with two twisted hypermultiplets of gauge charges (1, —1,0,0)
and (0,0,—1,1) and a hypermutliplet of gauge charges (0, —1,1,0) (figure 3). This theory
enhances to N' = 4 in the IR [15], and its superconformal index is

dz; 1 mi ki
IU(1)4 Z /H27TZZ H ‘ k Zvec({zwmz})

m;EZL
X Znyp({21,ma} {22, ma}it ™) Znyp({22,ma}, {ms, 23}5t) Znyp ({23, ms3}, {24, ma}it ™),
(2.13)
with k&1 = —ko = k3 = —kqg = k > O.
When k£ = 1, the (unrefined) full index is
TUMNk=1 @2l (2 4 82 4 28323 + (¢4 — 10 + 27t 4)a? 1)
F (265 — 2023 + (315 — 4672 + 64t 75)2d + - . '
Its Higgs index is simple
_ 1—¢3
o= a (2.15)

(1—gq) (1 — qgwgwg) (1 — q%wglwgl) '

This results confirms that the Higgs branch of this U(1)* CSM is C?/Z3, which is the same as
the Coulomb branch of N’ =4 QED with Ny = 3 [15]. The Coulomb index is the infinite series

U(1)%,k= ~n. SU 2 S SU(3
IC(I) 1 Z X[mg?)) 1+QX8 ()+Q2X27( )+Q3X64( ) 4.
(2.16)
— PE [QXs 3) —52(1+X§ @3 ))+2q3 SU(3 )+‘_,}’
where X%U(g) is the character of the representation R of SU(3). One can check order by order

that Ig(1)4’k:1 is the same as the Higgs index of N' =4 QED with Ny = 3, therefore the



Figure 3. The quiver diagram of the U(1), x U(1)—x x U(1) x U(1)— CSM theory. Here (X, X)
and (Z, Z) are twisted hypermultiplets, and (Y,Y) is a hypermultiplet.

Figure 4. N =4 CSM theory with one bifundamental hypermultiplet.

Coulomb branch of this U(1)* CSM at k = 1 is the same as the Higgs branch of N' = 4
QED with Ny = 3 which is the hyperkahler quotient

3
{Z(\Q# Q%) =0, ZQZQZ = 0} /U, (2.17)
i=1 i=1
which indeed has an isometry of SU(3). One can also see that full indices of thest two
theories indeed exchange to each other under the transformation ¢ — t~', which provides
further evidence that the U(1); x U(1)_; x U(1); x U(1)—; CSM theory is mirror to the

N = 4 QED with three flavors [15].

3 Non-Abelian N/ = 4 CSM theories

Now we study the indices of non-Abelian CSM theories which enhance to N’ = 4 in the IR,
and their Higgs/Coulomb limit. We will see that in many examples their Higgs branches
receives quantum correction and are the same as Coulomb branches of certain SYM theories
without CS terms.

3.1 AN =4 CSM theories with bi-fundamentals

First let us look at the indices of non-Abelian CSM theories with gauge group U(Np)g, X
U(N2)g, and a bi-fundamental hypermutiplet (figure 4). These theories enhance to N' =4
if ki = —ko = k > 0 [9]. The N' = 2 indices of these theories were discussed and used to
check some dualities in [18]. Using the N' = 4 indices, we also confirm these duality; the
Higgs and Coulomb branches of these theories are also discussed.

This U(N1)r x U(N2)_x CS theory is good or ugly in the sense of [19] when k > N +
Ny — 1 [18], and we compute indices only for non-bad theories. The result is:

IU(Nl)kXU(NQ)fk

_ 1 dy dz ar w™i kmz - —ng ,—kn;
= X > W(m)W(n) ) 2riy 2riz 1:[ g” K

M12Mme2>-2MmpNy N12N22 2NN,

X Zyee({y, m})Zhyp<{Ya m}, {z,n})Ze.({z,n}).

(3.1)



Here u and v are fugacities of the two U(1) topological symmetries. Similar to the U(1) case,
integrating over the decoupled gauge U(1) imposes the constraint

Zmi = an, (32)

which means that one topological U(1) is decoupled, only the combination w = u/v appear
in the final index.
The index of the monopole operator Vi n can be read-off directly from (3.1) as

1 1 1 1 1
v ( " sz"]> g F DMl = 3 D e D el =33 meml=3 3 e
i j
i

J

k]

(3.3)
which encodes the quantum corrected values of A — Ro, A — Ry, gauge charges and etc of the
monopole operators Vip n. This information will be crucial when taking Higgs/Coulomb limit.

3.1.1 Examples of full indices of U(IN1); X U(N2)_r CSM theories

First consider N1 = 2 and Ny = 1, and the theory is non-bad when £ > 2. When k£ = 2
the full index is

S|
U@V —pp |2 TR | 4 0@, (3.4)

which is the same as the index of a free hypermultiplet with no background flux up to O(x'1)

(wt_la:% ; xZ)oo(w_lt_lx%; 7?) 0

Zlfhyp - (3'5>

(wtmé;ﬂ)o@(w—ltm%; %) o
This result further confirms the proposal that U(2)s x U(1)_; CSM theory is dual to a free
hypermultiplet [18]. The Higgs index for this theory is also the Hilbert series of C2.

When k > 2, the full index lacks a closed form expression as in k = 2 case. For example
when £ = 3 and 4, the normalized single letter indices are

ZV@sxU)-s PAl+w+w e -t +24+w+w)z?
+#EB+w+w )+t 2+,
ZV@axUM)-a — 424 4 t3(w + w_l)x% —22% —t(w + w_l)x%
+ (=t 2t
When N1 = Ny = 2, the theory is not bad if £ > 3. For the first few values of k, the

normalized single letter index is

(3.6)

ZV2)sxU2)-s — t(w+w_1)x% +t2z+ (£ ft_l)(quw_l)x% —22?
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(3.7)



In all these examples, one can take the Higgs/Coulomb limit of the full index and in next
sections we will provide closed form expressions for Higgs/Coulomb indices.

We also checked that the ratio of the N' = 4 index of the U(2)3 x U(2)_3 CSM theory
and that of the U(1)3 x U(1)_3 theory is the index of one hypermultiplet up to O(x°)

IU(2)3 ><U(2),3

TOR UM = Tihyp & FU2)sxU(2)-s _ FU1)sxU(1)-3 _ (mi _ tflx%) (w+w ) +0(5),

(3.8)
which confirms the duality of [18] using the N/ = 4 index.

3.1.2 The Higgs index

Let us work out the closed form expression of the Higgs index. Firstly consider the case
N1 = Ny = N, the index of the monopole operator Vi, n is
WS <H ykmz—kn> o3 Dy sl g 3, =gl X0, (s s )
i
(3.9)
Using the inequality |m; — nj| + |n; — mi| > |m; — my|, we see that the A — Ry of Vinn
(power of §) is always non-negative

Do Ami—nil = Y (lmi —myl + ng —ny)) >0, (3.10)
1<ij<N 1<i<j<N

therefore we can safely taking the ¢ — 0 limit before the integration over gauge fugacities y
and z in (3.1). We find out that the Higgs index receives contribution only from monopoles
Vm,m, because only when m = n the monopole operator is in the Higgs branch and massless
bifundamentals exist. Denoting m = (my, ma,--- ,my) by

m:(slllsl;”'sgj)v l1+l2++lT:N7 (311)

with s > s9 > -+ > s,, the Higgs index with a background monopole charge (m,m) is

Ty MO g e g (g Kl (312)
i=1
where
= 0% (3.13)
q\qg;m) = —r—— .
[T (1— )
is to the [-th symmetric power of g;(q;m) defined in (2.7),
1 v
gi(q; lm) = Sym'gy (q;m) = Res,—o 7= exp (Z —g1(d"; m)) : (3.14)
n>0

Notice that the condition kK — 2N > —1 for the theory to be non-bad ensures that there is

no negative powers of ¢ in IE(N)"'XU(N)""’m.



(N)ixU(N) —g,

The Higgs index is then the sum of IE ™5 over all possible monopole charges,

IEI(N)kXU(N)—k _ Z IE(N)kXU(N)—kvm
mi>ma>-my
r (3.15)
= wXimig X I g (g R si)-
mi2>ma>-my i=1
Surprisingly, after summing over m’s, the result has a simple form
N k+1—i
1 —
IE(N)kXU(N)—k - 11 q (3.16)

=1 (1—¢q% (1 _ q§+14w) (1 — qgﬂﬂ'w—l) )

The classical Higgs branch of U(N); x U(N)_j CS matter theory is argued to be the N-th
symmetric power of C?/Z;, (Sym™C?/Z;) [18], however, the Higgs index is not the Hilbert
series of the coordinate ring of Sym”™C?/Z;, because

SymNzy UMk =S S T g, (g ki) # T O VN 3
=1

mi>ma>-my

(N)ixU(N) g,

I

~™5 factor in IEI ™ which counts the

quantum corrected A — R charge of monopole operators. This is an example that the Higgs

The discrepancy comes from the ¢ 2

branch got quantum corrections. This is different from ABJM theories.
If we look more carefully, equation (3.15) is actually the same as the Coulomb index of
the 3d U(N) SYM with k& fundamental hypermultiplets, so we conjecture that

MUMIXUW)—i ) qUCN) with & yper (3.18)

up to some decoupled hypermultiplets when the theory is ugly. Using results in [20, 21], we
conjecture that the Higgs branch of U(N)x x U(N)_j CSM theory is the following intersection

ME(N)kXU(N)—k = SN NN, k>2N,

(3.19)
MYV ke — €2 g AN, k=2N —1,
where N}, is the nilpotent cone of SU(k) (closure of the principal nilpotent orbit 6[@ of
SU(k)) and Sp,_n,np is the Slodowy slice corresponding to the nilpotent orbit f = [k — N, N].
Note that this does not mean that the U(NN), x U(N)_j CS theory is mirror to U(N) SYM
with £ fundamental-hypers as the Coulomb branch of the former is trivial while the Higgs
branch of the later is non-trivial.
When N; # Na, the A — Ry charge of the monopole operator Vi, n is
1 1 1
5 Z Z ]mi—nj\—i Z |mi—mj\—§ Z ]ni—nj], (320)

1<i<N; 1<j<N2 1<i<j<Ny 1<i<j<N

which is again non-negative, so the Higgs index contribute only from monopoles with 0 A— Ry
charge dress with massless bosons. Without loss of generality one can assume Nj < Ns, and

,10,



one finds that this requires n to be m with No — N7 0’s added, then the computation of the
Higgs index is the same as N; = Ns. In the end, the Higgs index when Ny # Ny is

U(N1) xU(N2) min(HNl’Nz) 1 — gFmINi=Nalt1=

k K

Ty - ) koINi=No| /4 . FoINy =Nyl | . )
=1 (1-¢") <1 -q =z ° ’w) (1 —q¢ =z T Zw—1>

(3.21)
which is the same as the Higgs index of U(N); x U(N)_; CSM theory with N = min(Ny, No)
and the effective CS level & = k — [Ny — Ny|. This is because that at generic point of
the moduli space, there are net 2|N; — Ny| fermions gain negative masses, their one-loop
contribution shift the CS level by —|N; — Na| in total. And we also conjecture

Mg(Nl)kXU(NQ),k ~ Mg(min(Nl,Ng))) with k—|Ni—Na| hyper’ (322)

up to some decoupled hypermultiplets when the theory is ugly.

One consistent check of our Higgs index is the duality between U(N7), x U(N3)_j and
U(k — N2) x U(k — Ni)_, theories. To make both side of the duality non-bad, Ny, N2
and k; must satisfy

k— N1 —Ny=1,0, or —1. (3.23)
Without lose of generality, we can further assume N; < No. When k— N1 — Ny = —1, we have

U(N1)Ny+Ny—1XU(N2) - Ny —No+1 1 U(N1—=1) Ny 4Ny —1 XU(N2—1) - N — Ny +1
IH - 1 1 IH .
() (-t
(3.24)

On the other hand, when & — Ny — Ny = 1, we have the opposite. The index confirms that
U(N1)k x U(N2)_r and U(k— Na)k x U(k— Np)_j, are dual theories up to a free hypermultiplet.

3.1.3 The Coulomb index

From examples in section 3.1.1 one notices that the Coulomb indices are all 1 up to the order
of the expansion of . Actually one can prove that the Coulomb indices are exactly 1, and
it is also a good example to illustrate that monopoles with negative A — R¢ charges will
not contribute to the Coulomb index after integration.

Firstly consider the case m; > mg > --- > my, and n; > ng > --- > ny,, the A — R¢
charge of Vinn from equation (3.3) is

1 1
- = Z ]mz - mj\ - 5 Z ]nz — nj], (3.25)

1<i<j<Ni 1<i<j<No

together with the U(1) charges which are labelled by the index va ! yfmi H;y:"’l z;knj . To
get a gauge invariant combination, one needs to compensate the index of the monopole
with operators with gauge index va Yy kmi Hj-vil z]l-mj . The index (A.11) indicates that each
bosons or fermions in the bifundamental hyper with gauge charge either aziyj_l or T; 1yj have
a A — Rc charge strictly greater than |m; — n;|. Therefore the total A — R¢ charge of the

gauge singlet constructed from Vi, n dressed with bosons and fermions is greater than

kY imi—ngl— > (Jms —my| + |ni —nyl), (3.26)

1<ij<N 1<i<j<N
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Figure 5. Upper: a linear quiver with A" = 4 CSM theories in the IR. Each node represents a U(XV;)
CS term with level (—1)**1k. Each line represents a bifundamental hyper or twisted hyper. Lower:

its mirror quiver, with hypers and twisted hypers interchanged.

which is always positive when k > 1. Therefore after taking ¢ — 0 limit, no gauge invariant
operator will contribute to the Coulomb index. One can also use similar argument to show
that even when some m;’s or n;’s are equal, the monopole operator with dressing still does
not contribute the Coulomb index. This leaves only the contribution from vacuum only, hence
the Coulomb index has to be 1, indicating a trivial Coulomb branch which is expected as
the free bifundamental hyper has no Coulomb branch in the beginning.

3.2 N =4 CSM theories with linear quivers

Now we term our attention to the index of CSM theories with linear quivers as shown in
figure 5 which is a generalization of Abelian theories discussed in section 2.2 and 2.3. For
the theory to have N' = 4 SUSY in the IR, the CS levels should alternating between k
and —k, while the matters should alternating between bifundamental hypermultiplets and
twisted hypermultiplets. Apparently this theory is mirror to the theory with all hypers and
twisted hypers interchanged as shown in the lower part of figure 5. Moreover, the theory
is self-mirror when [ is an odd number and N; = N;;1_;, and this provides a systematical
way of constructing self-mirror theories.
The index of the upper theory in figure 5 is

o m®
1= Z H /H 2miy l) H H ( I R k) J (3.27)

m® o i=1 W

ZveC({y(l)v m(l)}) H Zhyp({y(i_l)a m(i_l)}7 {y(i)’ m(i)}; t(_l)z)ZveC({y(i)> m(i)})7
1=2

with y®, m® and u(® being the collection of the gauge fugacities, monopole charges
and fugacity of the topological U(1) corresponding to the U(N;) nodes. Usually it is
computationally heavy to work out the full index order by order, however, in the next section
we will present a simple gluing formula for the Higgs and Coulomb index.

3.2.1 The gluing formula of Higgs and Coulomb indices

As shown in the theory with only 1 bi-fundamental hypermultiplet, if one can figure out
monopole operators contributes to Higgs/Coulomb indices before performing the integration
in the index, it will greatly simplify the computation and final results. A general rule of
thumb is that a hypermultiplet contributes positively to A — Ry and 0 to A — R¢, a twisted
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hypermulitplet contributes 0 to A — R¢c and positively to A — Ry, and finally an N = 2
vector multiplet both negatively to A — Rc and A — Ry for the same amount. If the total
quantum A — Ry (A — R¢) charge of any monopole is always non-negative, one can then take
the § — 0 (¢ — 0) limit in advance and the integrand of the index is greatly simplified. If
the total quantum A — Ry (A — R¢) charge of certain monopole is negative, one can always
exclude the contribution of such monopole in the full index using the argument in 3.1.3.

Now we compute the Higgs index of the upper theory in figure 5. When [ = 2r is a even
number, the theory can be viewed as r U(V;) x U(N;41) CSM theories with 1 bifundamental
hypermultiplet glued by r — 1 twisted bifundamental hypermultiplets, and the quantum
corrected A — Ry of a monopole is roughly r copies of the charge in (3.10), so is always non
negative. Therefore the monopole Vi1 2 ... m2r—1 m2r may contribute to the Higgs index if
its monopole charges satisfying the following constraints

m2k-1 — m2k’ k=1,2,--- .1 (3.28)

1 2k

Here by m?*~! = m?* we mean that m?*~!

= m?* when Nyj_; = Noi, while m?*~1 is the
same as m?* with N; — Ny 0’s inserted in the correct position when Noj_q > Ny, and vice
versa. When [ = 2r+1 being an odd number, there is an extra contribution to A— Ry from the
N = 2 vector multiplet of U(Na,11), we see that gauge invariance further fix m* ! to be 0.

Therefore, the total Higgs index looks like the Higgs indices of U(N;)r X U(N;t1)—k
theories glued by the twisted hypermultiplets. Denoting the Higgs index of the U(N;) x
U(N;41)—k theory with background monopole charge (m, m) by Ig“N”l’k’m which is defined
in equation (3.12). The Higgs index of the upper theory of figure 5 is then computed by the
following gluing formula for odd or even number of gauge groups,

IE(Nl)kX'“U(N%-Jrl)k

1 3 2r—1
Ny Np k! ™! N N kom® Nop— 1 Nop hom2r—1 izr—1!
— Z IH7 sfvy q IH’ slvy X"'XIHT 9y Ty, q 3 ,
ml’mB’.,,,mQ’l‘—l
(3.29)
IU(Nl)kX'"U(NQT')k
H
13
_ ZNLN kom0 N NG T Nor 1 Nag b mi2r =
= Z o q o X oo X o X

ml 7m3_,_ 71,1,127"—1

Here )i is the collective notation for Zm’i >mi > >miy : which is the sum over all monopoles
‘m§2571>7m('25+1)|

of U(V;). The term ¢— 2z is the quantum correction to the A — Ry charge from
the s-th twisted hypermultiplet, and because of this term, the total Higgs index is not simply
a product of the Higgs index of all hypers.

Similarly the Coulomb branch can also be computed by gluing among the Coulomb
branch from twisted hypers between U(2i)_; x U(2i + 1),

Ig(Nl)kX"'U(N2r+1)k

2 ‘ ‘ 2 4 |

™ No.Ns.km? ~— 32 "' N, N kom?
_ Z qQIC»Squ 5 IC,Syv

Na,, N k,m?3"
N, Ic2r, 2r41,K,m

)

(3.30)
IU(Nl)kX"'U(N2T+2)k
C
!

X Ig2r»N2'r+l’kam2rq 2

|m

I Ng N km? <
=Y g Nekmlg i

m2’,,, ’m27'

Ny,Ns,k,m*
IC' N
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Figure 6. The index implies that the Higgs branch of the upper CSM theory is the same as the
Coulomb index of the lower SYM theory.

Actually, using the fact that Ig“N”l’k’m is the same as the Coulomb index of NV =4

U(min(N;, Nit1)) SYM with & — [N} — Na| fundamental hypermultiplets with monopole
charge m, the gluing formula (3.29) implies that the Higgs branch is the same as the Coulomb
branch of a N/ = 4 SYM theory with gauge group U(min(Ny, No) x U(min(N3, Ng)) X
+++ x U(min(Ng,—1, No,) with bifundamental hypermultiplets between adjacent gauge groups,
moreover each gauge group is dressed with k — | Nog_1 — Nog| fundamental hypermutliplets
(see figure 6 for an example). Similar statement can also be made for the Coulomb branch.

Example: as an example of our gluing formula (3.29) and (3.30), we compute the Higgs of
the U(1); x U(1)—1 x U(1); x U(1)—_1 theory discussed before. According to equation (3.12),
the Higgs index of the U(1); x U(1)_; theory at monopole charge (m,m) is

wmglml/2

I = w g (g ml) = = q

(3.31)

Then gluing formula (3.29) tells us that the Higgs index of the full U(1); x U(1)_; x U(1); x
U(1)_; theory is

In= Y wTQ‘qu\mfn\/gw?qI”'/Q

m,ne’ 1_q 1—(]

2 —1 —1 1 3 4 (3.32)
1+2¢9—¢q (w1+w1 +wa + wy~ +wiwe + (wiwz) " ) +2¢° +¢q

(1= qui)(1 — quit)(1 — qw2) (1 — quy ) (1 — quiwa)(1 — q(wiwz) ™)

Direct computation or using the identity in appendix B one can see that this is the same
as the Higgs index of U(1) SYM with 3 flavors.
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1 1 2

Figure 7. Upper: U(1)?" CSM theories with alternating twisted hypers and hypers. Lower: the
mirror theory is an N’ = 4 YM theory with linear quiver. All nodes except the first and last are
dressed with one extra hyper. The first and last nodes are dressed with two hypers.

3.2.2 Duality between N = 4 CSM theories and usual N/ = 4 gauge theory

One application of the gluing formula (3.29) and (3.30) and the full superconformal index
is to predict and check 3d mirror of N' = 4 CSM theories. Here we discuss mirrors of the
CSM linear quiver theories which generalize the results in [15, 22].

Starting with the CSM theories shown in the upper part of figure 7 with gauge group
U(1)?" and level +1. Followmg the glueing formula, its Higgs branch is

TTlglme-al/2

[mp—a—m,_1]/2 W |m7‘71‘/2
b

Ty= Y gmal/2 g™ q|m1—mz\/2L »

My, Me 1 1=q 1=q 1_q
o (3.33)
which is exactly the same as the Coulomb branch of A" = 4 U(1)"~! YM theory dressed
with flavors as depicted in the lower part of figure 7.
The matching between the Coulomb branch of the CSM theory and the Higgs branch of its

mirror is less trivial. According to the gluing formula, the Coulomb index of the CSM theory is

jimal/2 jimal/2. jimrl/2
Te= Y q1 — q|m1—m2\/2q1 e ghmeamml 2

mi, - My q q 1 _q

(3.34)

where we set the fugacities of topological symmetry to 1 for simplicity. On the other hand,
the Higgs index of its mirror is

Tpirror _ /Tl—[l ;r:zz _ gt i — - 1
i (1 — G2z ) (1 G2 (z2/21)* ) (3.35)
" 1 1 N 1 .
(1 - (ﬁzzi) (1 — d%(z:’,/zz)i) (1 .y Pl )2
One can show that the unrefined index Zo and I}{”W‘” are indeed equal
To =T, (3.36)

The details of this equality are summarized in appendix B.
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One can also check that the full indices of the CSM theory and its mirror are related by
t — t~1. For example, using (3.27) the unrefined N = 4 index of the U(1)® CSM theory is

TV =1+ (2t2 + ;) T+ <4t3 + ;) 232 4+ (5t4 4+ 26) 2

+ <8t5 + 8t — % + ig) /% 4 (14t6 612 — 4—2 + 88) P 0
The N = 4 index of the mirror YM theory is
Tmrer = 1 (22 T w4 (470 4 88%) M2 4 (57— 44 261 ) 2
+ (8677 4+ 871 — 8t + 406%) 22 4 (14470 — 6¢72 — 424”4 881%) 2% 4 -
(3.38)
Indeed we have
TU)° i)z'mirror, (3.39)

which gives strong evidence for the mirror symmetry. In [23] the authors also check this duality
using the S3 partition functions, our index computation provides a different perspective to
study dualities involving CS theories and YM theories.

The mirror pair in figure 7 can also be understood from brane moves shown in figure 8.
This construction is the generalization of the mirror pairs discussed in [22] to linear quivers.

4 N =4 CSM theories coupled with T, theories

We now shift our attention to CS theories couple to (3d compactification of) Ty theories (see
figure 9 for an example). The Ty theory is the basic building block of 4d class-S theories
with flavor group SU(N)3, and it was argued in [10] that after compactifying to 3d, one
can couple each flavor SU(NN) with CS term with levels k;, ko and k3. The resulting 3d
theory enhances to N/ = 4 in the IR if
1 1 1
[

One can also take multiple T theories and glue them to get more complicated N = 4

= 0. (4.1)

theories like what we did in bifundamental cases. We will mainly focus on cases when
N = 2 as T is free theory.

4.1 N = 4 CSM theories with one T, theory

Consider only one T» theory, its index is

ptab S ([ s g i) ) 2, (12

W (m;) 2miz;
mi,ma,m3>0 ’ t

where Zr,({z;, m;}) is the index of the trifundamental hyper

Zr,({zi,mi})
B H <x>;|im1+jm2+km3 (( 1)zm1+Jm2+km3t 1x2+\zm1+]m2+kmglz Zzzk 2)00

37
t2 (( 1)zm1+]m2+km3tﬂg2+|Zm1+3m2+km3|zzZJZk T )

1,5, k==+1

In the computation we just set fugacities of any discrete symmetry to be 1.
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Figure 8. Brane moves to get the mirror pairs in figure 7. Upper: the upper theory in figure 7 is
the effective theory on the D3 branes intersecting several (1, 1)-branes and NS5 branes [24]. Middle:
T — 1= action sends (1, 1)-branes to D5 branes while leaves NS5 branes unchanged. Lower: one
further moves Dy branes [25] to get the lower theory in figure 7.

VAN

Figure 9. CS theory coupled to a single T theory.
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4.1.1 Examples of the full index

First we consider %1 = %2 = —ks = k > 0 so the balancing condition (4.1) is satisfied. For

the theory to be non-bad, k£ has to be greater or equal to 3. The normalized single letter
indices for the first few values of k are

7063 —(94* — 1)2? + (1° — 2 + 722 — (¢* + 1)a?
+ (1% = 3t%)a® + (=t + 3+ 3)ab + ..,
T E8=D (¢t — 1)2? + 47223 + (15 — D2t + (0 — ¢ — 2)2® + (5 + ' + 1)a®
+ (10— 25 — )T 4 (=Bt — DS -
Z7(01025) — (¢4 _ )2 447223 — 2t — 1220 + (12 + 1 + 1)af
P 10 )T (2 )8

(4.4)

The Coulomb limits of these indices are 1 and the Higgs indices have closed form expression
which will discussed later. Our results are the same as results in [16] up to the known order.
Another set of balancing k;’s are & = %2 = —%” = k > 0. For example, when

6
(k1,ka,k3) = (12,6,—4), the indices is

7T2,(12,6,—4) _ (t4 . 1):1:2 23t 25 (t12 4 1)3:6

4.5
+(t14—t10—t2)$7+(—t12—t4—1)l’8+"'. ( )

4.1.2 The Higgs branch

To study the Higgs index, again we first write down the index of a Vi, m, m,; monopole
in terms of ¢ and ¢,

3 ) . 3
(H Z@ka%) q Z?:l Imi'(ji Zi,j,k:il lim1+jma+kma|—> |mi|‘ (4.6)
i=1

Because 1 D i g1 |Tma + jma + kmg| — 23, |my| > 0, one can take the Higgs limit (§ — 0)
before integration. Denote by d the least common multiplier lem(|k1|, |k2|, |k3|) of ki, k2,
and ks, then the Higgs index receives contribution only from monopoles with magnetic
charge n(l1,l2,l3) = n(|d/k1|,|d/ka|,|d/ks|) with n being a non-negative integer. The full
Higgs index is then

D(ky,kz2,k3)—1)

ITz,(k‘th,ka) _ 1 + qn(
7 L= q2 n>0 1= q

1— q2D(k1,k27k3)

(1 _ q2)(1 _ qD(k:1,k2,k3)71)(1 _ qD(kl,kQ,kg))’

(4.7)

where D(ky, ko, ks) = d—l~lp—Ig+1 = lem([ky |, | ko, [ks]) (1 = phy = iy — gy ) +1. Interest-

ingly, the Higgs index is the same as the Hilbert series of the affine variety C2/ D D(k1,ka,ks)+1
with the defining equation [26]

w2 + 2w = wP F1k2,k3) (4.8)
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Figure 10. CS theory coupled to two Ty theories. Black nodes means T theory with opposite
Ry — Rc charges as the white one.

Here Do C SU(2) is the binary dihedral group generated by

) ()

with way, = €™/™ being the 2n-th root of unity. From the Higgs index, we conjecture that
the Higgs branch of the CS-T5, theory is (CQ/ZA?D(khk%k?))H

M?(h,k‘z,/w) — C2/ﬁD(k1,k2,k3)+17 (410)

which is also observed in [16].

Notice that the Higgs index only depends on D(kq, ko, k3), therefore theories with the
same value of D(kq, ko, k3) have the same Higgs branch although the CS levels can be different.
For example, (ki, ko, k3) = (8,8,—4) or (12,4, —3) both have D = 5, so

10
To,(8,8,—4) _ +T5,(12,4,—3) l—gq
T -7 = . 4.11
a " (1-¢®)(1—g"H(1-q°) (4.11)

Another example is (k1, k2, k3) = (10,10, —5) or (12,6, —4) which have D =7, so

B _ 1— 14
772(1010-5) _ 775,(126.-4) _ q (4.12)

(1-¢*)(1=¢%)(1—q")
However, their full indices are not the same, so although these theories have the same Higgs
and Coulomb index, they are not dual to each other.

4.2 N = 4 CS theory coupled to two T’s

Now we consider CS theories coupled to two Ty theories as shown in figure 10. Again, in
order to enhance to N = 4, the CS levels should satisfy the balancing condition 1/k; +1/ko +
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1/ks = 0, moreover, these two Ty theory should have opposite charges under Ry — R¢ [10].
All these theories should be self-mirror by construction and its index is

3
1 dz;
phlvkede) = %7 /(H > ZiQkimineC({zhmi}))
i Wimg) 2miz;

mi,mz,m3>0

(4.13)
X Zmy ({ziy ma}; ) Zr, ({zi,ma}s 1),

For N = 2, (ki,ka,k3) = (2k,2k,—k), we compute an example when (k1, ke, k3) =
(4,4,-2) or (6,6,—3),
T4 — g (P 1+ — (22 434272+
(3t =t 32 4372 — O 8t
+ (OO 5t 8 TS 0 e (414)
Z212(6673) — gy (P 4 1+t a2 — (22 + 3+ 272+t
(=2t 22 — 1272 -2t 4
Our results are the same as results of [16]. Apparently these indices are symmetric under
t — t~1, confirming the fact that these theories are self-mirror. Both Higgs and Coulomb

indices are

4k+2

2Ty, (2k,2k, —k 2Ty, (2K, 2k, —k 1-—
ZH 27( 34, ) IC 27( ) ; ) — q

(1—¢?)(1—¢*)(1 —g*+1)’

Since the twisted trifundamental also modifies the A — Ro charges of the monopole operators

(4.15)

so the Higgs branch is modified comparing to the single 75 case. In general the Higgs and

Coulomb index of two T5 theories with CS levels k1, ks, ks should be
2L+2
2Ty, (k1 ka,ks) _ 2To (ki koks) _ 2Ts,(2k,2k,—k) 1—q
T — 7T — 7T — : 4.16
" ¢ ‘ (DI M

where L(ky, ko, ks) = lem(ky, k2, k3). The moduli space is conjectured to be

M?Qa(klyk%’%) _ M%TQ,(kl,kz,l%) _ CQ/ﬁL(kl,kg,k3)+2- (4.17)
Our results on Higgs branches also matches with [16].

4.3 N = 4 CS theory coupled to a web of T’s

Consider for example the quiver in figure 11. Let N = 2 and (ky, ke, -+ ,ke) = (—2,4,4,4,4,—2).
In this particular setting, the theory is enhanced to N’ = 4, self-mirror and its normalized
single letter index is

T2 = (2t 4342t 22 — (42 4t D)3 + (6t —9—6t ) x?
+ (42042267 422t 72 14t 0) 25 4 (242 3 1108 H 1410t B 42t )b
(4.18)

If one is interested in Higgs/Coulomb indices only, one can also work out a gluing formula
similar to the ones in 3.2.
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Figure 11. CS theory with for Ty matters. White/Black nodes indicating opposite Ry — R¢ charges.

4.4 Comments on indices of CS theories coupled to T

In this section, we discuss the general formula to compute the index of CS theories couple
to Ty or AD matters. For a web of T theories, the index in general takes the following
schematic form

107 =3 / ik H es({20mO}) Zuee {20, m})
> H o ( {z(u7m(i1)}’{z(i2),m(i2)}’{z(is)jm(is)};t)

(41,92,i3)
% H ZTf({Z(jl),m(jl)},{Z(jQ),m(jQ)},{Z(j3),m(j3)};t71).
(J1,J2,33)
(4.19)
Here T represent Ty theories with opposite Ry — R¢ charges respectively.
It is now important to compute the exact form of the indices of Ty theories and AD
matters, which could be computed using the mirror quiver theory and the relation

I(x,t) = TMirrer (z,¢71), (4.20)

and symmetries on the Higgs/Coulomb branch of the original theory becomes symmetries
on the Coulomb/Higgs branch of the mirror theory. One can then use the building blocks
in A to compute the indices of mirror quivers while keeping the fugacities and fluxes of all
topological symmetries. Once the N' = 4 indices of 3d mirror of Tl theories or AD theories
are known, they can be plugged in (4.19) to get the N' = 4 indices of the corresponding
CSM theories. However, as mentioned in [16], this computation is quite complicated and
we hope to figure out better ways in the future.
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Figure 12. The 3d mirror quiver of Ty theory. All nodes represent a U(l) N' = 4 vector multiplet
except the middle one which is SU(N). All lines represent bi-fundamental hypermultiplets.

A Review of 3d supersymmetric index

A.1 3d N =2 index

In this section we first briefly review the 3d N = 2 supersymmetric index (index) which is
the supersymmetric partition function on S? x S! [1-6]. Following the notation of [7, 8, 27],
it is the following trace over states on S? x R,

IN=2(z, 1) = Ty |(—1)*Pa+5 [ ], (A1)

where A is the energy times the radius of S? (A is the conformal dimension for a superconformal
theory), Js is the Cartan generator of the SO(3) isometry of S?, and T; are charges under
non-R global symmetries. The index receives contributions only from BPS states satisfying

A—R—J;=0, (A.2)

where R is the R-charge.
Localisation leads to the following compact form of the index

N =2 w.nl:z dZ
PV nbi) = 3

5in ——Z08Zvecmat- (A.3)
Here z is the collective notation for fugacities parametrizing the maximal torus of the
gauge group G, and m the corresponding GNO magnetic fluxes on S? which lives in the
coweight lattice Py of the gauge group G. Wy, is the order of the Weyl group of the
residual gauge symmetry in the monopole background with fluxes m. {w,n} are collective
notation for possible fugacities and fluxes for the background vector multiplets associated
with global symmetries respectively. Zog, Zyee and Zp,q¢ are contributions from CS action,
1-loop corrections of vector multiplets and chiral multiplets respectively. Each term can

be expressed explicitly.

e Zog: the classical contribution from CS action. Denoting by G the gauge group, k the
CS level, Zcg is of the form

rankG
Zog = H w™ kmlJrn (A4>
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with {z,m} fugacity and flux of the gauge symmetry, {w,n} fugacity and flux of the
topological symmetry.

o Zyee: the contribution from A = 2 vector multiplet of the gauge symmetry algebra g is
of the form,
[o(m)|
Zuee = [[ &2 (1= (—1)2tm)gogletml) (A.5)
acA

Here A is the root system of g, {z, m} fugacity and flux of the gauge symmetry.

o Zmat: the contribution from N = 2 chiral multiplets X transforming in the representa-
tion (R, Ry) of the gauge and flavor group is

= I [ (@war) dlemrte

pEWtRG oEWtRE
((—1)Pm)tom)g—pyy=0 g 2=rtlpm)+o ()], 52y (A.6)

((71)p(m)+a(n)pral‘r+|p(m)+o(n)|; -T2)oo ’

X

where wtRg and wtRp are weights of R and Rp respectively. r is the R-charge of
X. {z,m} are fugacity and flux of the gauge symmetry, while {w,n} fugacity and
flux of the background vector multiplets of the flavor symmetry. Finally (z;¢)o is the
g-Pochhammer symbol

ﬁ 1—2q") (A.7)
n=0

A.2 3d N =4 index

For N/ = 4 theories, one can first split A/ = 4 multiplets as N’ = 2 multiplets and then work
out the corresponding index. The R-symmetry of the 3d N' = 4 theory is SU(2)y x SU(2)¢.
Denoting by Ry and R¢ the Cartans of SU(2)y x SU(2)¢ symmetry, one chooses the N' = 2
subalgebra such that it commutes with the combination Ry — R, and the N’ = 4 index
can be written as a generalization of the N/ = 2 index

IN:4($, ¢, M) — Try (_1)2J3xA+J3t2(RH*RC) H :u'le . (A8)

And Try is summed over BPS states satisfying
A—Ryg—Rc—J3=0. (A.9)

t is the fugacity of 2(Ry — R¢), since the 3d mirror symmetry exchanges SU(2) g and SU(2)¢,
the mirror symmetry sends ¢ to ¢t~1.
For a Lagrangian theory, the index can be computed as the following

dz

N=4
5 2020 D (A.10)

IN=Y({w,n};z,1) Z !Wm\

The CS term Zgg is the same as N = 2 case, while the contributions from N = 4 hyper-
multiplets and AN = 4 vector multiplets are summarized below.
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o Zpyp: the contribution of a hypermultiplet (X, X) is of the following form.

. 2\ Slo(m)+o()| ((_1)p(m)+a(n)t—lZ—pw—axg-i-\t)(m)—&-a(n)\;12)00
hyp = H H <7§2> ((_1)p(m)+a(n)tzpwaxé+\P(m)+cr(n)\;xQ)OO

peEwtRg cewtREp

((—1)P(m)+a(n)t—lzpwawg—i—\p(m)-s-g(n)\ : $2)oo

((_1)p(m)+a(n)tzfpwfa$%+|9(m)+0(n)‘ : $2)

o0

(A.11)

Here X and X are the two N = 2 chirals transforming in the representation (Rq, Rr)
and (Rg, R 1) respectively under the gauge and flavor symmetries. We will also denoting
by (Rg, Rr) the representation of the full hypermultiplet (X, X).

. Z{,\ef,:: 4. an N = 4 vector multiplet is composed of an N = 2 vector multiplet and an

adjoint N' = 2 chiral multiplet, so its contribution to the index is

Nt _ ( (i) ™
A\

vec 2. 2
17225 2%) o

_la@m)]

_1\a(m)s2 . |a(m)|. .2
x 2 o am) e ja@m)) (=D)*™tTz% ;%) oo
< ]I <t2> (1 (-1)"2% )((_1)a(m)t—22ax\o¢(m)|;x?)oo

acA
(A.12)
A.3 The Higgs/Coulomb limit of the 3d N/ = 4 index
It is also useful to define the following combinations of fugacities
g=at?, G=at 2, (A.13)
and the N/ = 4 index (A.8) becomes
TN=A(w,t, 1) = Try |(—1)2sqPst P gls=le Hufi] :
’ (A.14)

= Try

(_1)2J3qA—ch-'A—RH H MTZ]
e
i
The second equality uses the BPS condition A — Ry — Re — J3 = 0.
The Higgs/Coulomb index is the following limit of the N' = 4 index [28]:

e Higgs: 2 — 0, t — oo (§ — 0), while ¢ = 2t? fixed,
e Coulomb: z — 0,t— 0 (¢ — 0), while § = xt~2 fixed.

One can show that the Higgs/Coulomb index is the same as the Hilbert series of the chiral
ring of the Higgs/Coulomb branch operators of the N’ = 4 theory when there is no extra
superpotential W in the theory. In the following, we will illustrate this point in the Higgs
limit and the Coulomb limit is similar.

The gauge invariant chiral operators of a 3d N’ > 2 theory are 't Hooft monopole operators
dressed by matter fields with zero effective mass. Denote a bare chiral monopole operator
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with magnetic charge m = (my,--- ,m,) by V. Let A be a gauge or global symmetry of the
theory, then the total A charge of the monopole operator Vi, after quantum correction is

Z Q;‘lmi

QalVin] = =) kajm; — % Zn: Qaltba] : (A.15)
J a=1

where kj4; is the CS level between the connection of A and the gauge connection A;, and the
sum runs over all fermion matter fields 1, and Q¢ = Q;[1,] are the gauge electric charges
of the fermions. The effective mass of a matter fields X in the monopole back ground is
|px (m)| where px is the gauge representation of X. Vi, can only be dressed with positive
powers of X with |px(m)| = 0.

In supersymmetric index, Zcg and the prefactors [], o HM(zpw"x“l)*%"““‘)*"(“)‘,

_ la@m)]

I, ()™ ™ and ], (&) ¢ in (A.5), (A6), (A.11) and (A.12) keep track of the
total charges of Vi, of the theory. If A — Ry > 0 for all Vi, taking the limit § — 0
selects the monopole operators in the Higgs branch. For the matter contribution, since

ta 3 Hem)l = q%+%|p(m)|cjé|p(m)| and 22 = ¢§, the limit § — 0 selects automatically matters
with zero effective mass [p(m)| = 0. Therefore, we see that

%ﬂ% Zcs(m) Zyec(m) Zpyp(m) (A.16)
counts Vi, with all possible dressing of matter fields with zero effective mass. Integration
over gauge fugacities keeps gauge invariant operators with m. In the end, we sum over all
possible magnetic charges m. The resulting is in the same spirit as the Hilbert series of chiral
operators in a theory without superpotental in [29], therefore is the same as the Hilbert series
of the Higgs branch chiral operators. The Higgs or Coulomb index are much simpler than
the full index and in many cases one can give closed form expression.

B The proof of a technical identity

In this section we prove an identity used to show that Zy = Ig””o’" in section 3.2.2. Define

A= ST g2l sl 2l al /2 el /2. gl 2l 2
(1-q) e i €L
(B.1)
and
B_/ﬁ dzi 1 1 1 1 1
- 2 2 1 [l 1 2’
oy 2mizi (1—q%zit> (1—q2(z2/z1)i) (1—q22§c) <1—q2(z3/22)i) (1_q%2f_1)
(B.2)

we need to show that A = B.

Firstly, expanding the (1 —¢q)~2"*! factor in terms of the geometric series, we rewrite A as

2r—1

A= Y [Lo#*m, (B.3)

(m,n)eS,y j=1
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where m = (mq,--- ,mo,_1) € Z** ' and n = (ny,--- ,n2,_1) € Zgo_l, and S4 is the
following set

Sy = {(m, n) € 2" x Z25  magj1 +maj —mgjp =0,1 < j<r— 1}- (B.4)

Basically we redefine mo;_1 = —m;, maj = m; — mji1, maji1 = —1Mjy1, and then imposes
the condition on mg;_1 + mgj — mg;+1 = 0 when summing over m.
k+1
Secondly, using the geometric series ﬁ =D 1150 qT+ 2k=l and the fact that the
lti 2 W
integrals pick up the coefficient of the constant term ((2122---2-_1)° term) in the integrand,
we can rewrite B as

2r—1 kit
B= > Jla=, (B.5)
(k,)eSp =1

where k = {ky, ko, -+ ,kor—1} and 1 = {l3,l2,--- ,lo,—1} and Sp is the allow set of (k,1)
which is

Sp = {(k, 1) € ZY5 % (kaj—1 — loj—1) + (koj — loj) — (ka1 —l2j1) =0,1 < j <7 — 1} :
(B.6)
Here we label k and 1 such that in the integrand the power of z; in the sum is (kgj—1 —
loj—1) + (k2j — l2j) — (k2j+1 — l2j4+1), then picking up the constant term in z; imposes the
condition (kgj_l — lgj_l) + (k‘Qj — lgj) — (k2j+1 — lgj.,.l) = 0.

To prove A = B, we then need to show that there is a bijection between S4 and Sp
which maps |m;|/2 + n; to (k; + 1;)/2. We define the map f : Zgoﬂ Y/ ZQZT(;1 by
_ kit li— ki — i

2 )
By definition f sends (k?l + ll)/2 into |mz|/2 + n; and (kgj_l — lgj_l) + (kgj — lgj) — (kgj.H —
l2j+1) = 0 is translated into maj;—1 + ma; — M2j4+1 = 0. Because ‘kl - ll| is either k‘l — ll

mizki—li, n; 1 §i§2’l“—1. (B7)

or l; — k;, n; is either I; or k;, hence a non-negative integer. Moreover, f is piece-wise
linear and invertible when k; > [; or k; < l;, therefore f is a bijection between S4 and Spg.
Combining all these facts we have

A=B. (B.8)

C U(2); x U(1)_o CSM theory: a non-example

In this section, we consider the index of a theory with non-balanced levels so that the theory
will not enhance to N/ = 4. Consider U(2)3 x U(1)_o CSM theory with levels k; = 3 and
ko = —2. The index (with fugacity of topological symmetry setting to 1) is

Tp@x VM= _ g 4 20 4 (4 = 2)a? 4+ (15 + ¢ 2)ad + (B — 2)2t + (10— 3¢2)ad + - . (C.1)

If we take formally the “Higgs” limit, the result is simply
1
1-¢
which means the “Higgs” branch is C. Since the resulting manifold is not hyper-Kahler,
the theory can not be N = 4.

(C.2)
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In [30], the author discussed necessary conditions on the indices so that the theory may

have an enhanced supersymmetry. However, in this example, the condition is not strong

enough to rule out the N’ = 4 susy from the A/ = 2 index only. The fugacity ¢ is important

here for checking the N' = 4 supersymmetry.
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