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ABSTRACT: We show that 3-dimensional AdS spacetime can be semiclassically unstable
due to strongly interacting quantum field effects. In our previous paper, we have pointed
out the possibility of such an instability of AdSs by inspecting linear perturbations of the
(covering space of) static BTZ black hole with AdS, gravity dual in the context of holographic
semiclassical problems. In the present paper, we further study this issue from thermodynamic
viewpoint by constructing asymptotically AdS3 semiclassical solutions and computing free
energies of the solutions. We find two asymptotically AdSs solutions to the semiclassical
Einstein equations with non-vanishing source term: the one whose free energy is smaller than
that of the BTZ with vanishing source term and the other whose free energy is smaller than
that of the global AdSs with no horizon (thus manifestly zero-temperature background). The
instability found in this paper implies the breakdown of the maximal symmetries of AdSs, and
its origin is different from the well-known semiclassical linear instability since our holographic
semiclassical Einstein equations in 3-dimensions do not involve higher order derivative terms.
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1 Introduction

One of the important issues in quantum general relativity is whether spacetime is stable
under quantum effects. One approach to addressing such a problem is the semiclassical
approximation in which gravitational field is treated classically, while matter fields quantum
mechanically: classical gravity obeys the semiclassical Einstein equations sourced by the
vacuum expectation value of the renormalized stress-energy tensor for quantum matter fields.
In this approach, Minkowski spacetime, for example, was found to be unstable against a
certain type of quantum fluctuations [1-3]. However, it is in general difficult to analyze such
semiclassical problems for curved spacetimes, except for a few special cases (see e.g., [4, 5]).

Recently, the semiclassical Einstein equations have been reformulated in the holographic
context [6, 7], in which d-dimensional metric on the conformal boundary of (d+ 1)-dimensional
anti-de Sitter (AdS4.1) bulk spacetime is promoted to be a dynamical field induced by
boundary quantum conformal field theory (CFT). In this formulation, the d-dimensional
semiclassical Einstein equations can be viewed as a mixed boundary conditions for the (d+ 1)-
dimensional bulk classical metric, and the vacuum expectation value for quantum matter
fields — whose evaluation is one of the hardest parts of the job in semiclassical problems

— can be explicitly computed by exploiting the well-known formulas [11] of the AdS/CFT

correspondence [8—10]. In this way, the holographic approach considerably simplifies the
problem of how to set up the semiclassical Einstein equations, especially how to compute
the source term, and at the same time makes it possible to analyze the effects of strongly
coupled quantum fields on the dynamics of classical gravity.

In our previous paper [7], by taking advantage of the holographic approach mentioned
above, we have analyzed the semiclassical Einstein equations and shown that the covering space
of 3-dimensional static BTZ black hole is semiclassically unstable under linear perturbations
due to strongly coupled CFTs. We have introduced the universal parameter -3 which
determines the onset of semiclassical instabilities. We have also shown the existence of a
3-dimensional static asymptotically AdS semiclassical solution with a non-zero expectation



value for stress-energy tensor, which may be interpreted as an asymptotically AdS black
hole with “quantum hair”.

In this paper, we further study the issue of holographic semiclassical instability of
AdS3 from the thermodynamic viewpoint. For this purpose, we investigate perturbations of
semiclassical AdS3 with vanishing expectation value of the stress-energy tensor and evaluate
free energy by calculating the on-shell action at second order in perturbation. We find
that the only non-zero terms in our action for the holographic setting with AdS4 bulk and
AdS3 boundary are the 2-dimensional surface terms of semiclassical AdSs solution. By
adding appropriate counter term with respect to the 2-dimensional surface, we find that the
free energy for the semiclassical solution with non-vanishing stress energy tensor is always
smaller than that of the background AdSs solution with vanishing expectation values for the
stress-energy tensor. For comparison with our previous work [7], we perform the analysis
in both the covering space of static BTZ black hole (i.e., AdS3 background with Killing
horizon) as well as the global AdSs (i.e., the manifestly zero-temperature background with
no horizon). For both cases, we arrive at the same conclusion that AdSs as a solution to
the semiclassical Einstein equations with vanishing source term can be thermodynamically
unstable, of which onset is determined by the control parameter 73 introduced in [7]. In
particular, it is clear from the analysis of the global AdS3 case that the quantum field on our
AdS3 is in the conformal vacuum state. This instability implies that the maximal symmetries
of AdS3 break down spontaneously, suggesting that a phase transition occurs between the
semiclassical AdS3 solution with vanishing stress-energy tensor and that with non-vanishing
stress-energy tensor. This is a new instability, different from the well-known semiclassical
linear instability [1-3, 13, 14] since our holographic semiclassical Einstein equations do not
involve higher order derivative terms.

This paper is organized as follows. In section 2, we will provide a general prescription for
deriving the second variation of the on-shell action. In section 3, we give analytic semiclassical
AdS solutions with non-zero expectation values of the stress-energy tensor within perturbation.
In section 4, we evaluate the free energy of the analytic solutions based on the prescription in
section 2. Section 5 is devoted to summary and discussions. The notation and conventions
essentially follow our previous work [7].

2 The second variation of the on-shell action

In this section, we evaluate the second-order variation of the effective action by using the
AdS/CFT correspondence. We consider a 4-dimensional AdS bulk spacetime with the metric

ds? = Gyn(X)dxXMax™
= Q7 2(2)dz* + g (2, v)dztdz”
= Q_2(z)(d22 + g (2, x)dxt dz”) (2.1)

where XM = (z,2#) and Q is a conformal factor which vanishes on the AdS conformal
boundary at z = 0. The conformal boundary metric G, is defined by

G () == lim Q*(2)G (2, 2) = li_r)r[l)gw,(z, x). (2.2)

z—0



Figure 1. A time-slice of the (conformally compactified) AdS bulk spacetime foliated by z = const.
hypersurfaces X, (denoted by the dotted curve), each of which itself is an asymptotically AdS spacetime
one dimensional lower than the bulk AdS. The conformal boundary of the bulk AdS is divided into the
left-part X p and the right-part 3¢, and these two are matched at the corner 9%y. On the-right part
Yo, the boundary metric is supposed to satisfy the holographic semiclassical Einstein equations, or in
other words the mixed boundary condition is imposed on the bulk metric. For definiteness we assume
that on the left-part ¥ p, the Dirichlet boundary conditions are imposed on the bulk metric. When
Y includes a 3-dimensional boundary black hole, the bulk spacetime also includes a 4-dimensional
black hole with a horizon H inside the bulk. The two hyperbolic curves denote one of the possible
bulk horizons.

We assume that each z = const. hypersurface — denoted by ¥, — with the metric
G (2, x) is asymptotically AdSs and that the AdS, bulk spacetime is foliated by a family
of ¥, as shown in figure 1. Then, the limit hypersurface g := lim,_,o X, is a portion of
the conformal boundary OM. We are concerned with the dynamics of ¥y which, in our
setup, satisfies the holographic semiclassical Einstein equations. Following [7], we shall
impose the Dirichlet boundary condition at the other part of the conformal boundary
Yp = 0M\{XoU0%0} (see figure 1). The semiclassical Einstein equations are represented as
a mixed boundary condition at Y for the bulk metric Gjsny. Depending on the geometry of
Yo, (e.g., when ¥y includes a 3-dimensional black hole), the bulk spacetime may admit an inner
boundary H (e.g., the horizon of a 4-dimensional bulk black hole or black string). See figure 1.

The total effective action S for a 3-dimensional semiclassical problem is constructed by
the 3-dimensional Einstein-Hilbert action Sgpg, the 2-dimensional Gibbons-Hawking term
SaHl, the 2-dimensional counter term S, and the effective action I' for 3-dimensional CFT as

S =8 +Scu + S+ T, (2.3)
where
1
= dBa/— —2A 2.4
Sen T6mGs Ju, O 0 Gg(R 3) (2.4)

with G, R, and A3 being, respectively, the 3-dimensional gravitational constant, the scalar
curvature, and the cosmological constant on (X9, G, ), and where I' gives rise to the expec-



tation value of stress-energy tensor for CFT:

2 6r
V=G 5Gm
According to the AdS/CFT correspondence, the effective action I' for CFT in (2.3) is
given in terms of the bulk gravity dual. More precisely, I' is identified with the on-shell value

(Tow ) = (2.5)

of the bulk action Spyuk, composed of the 4-dimensional Einstein-Hilbert action Sgg, the
3-dimensional Gibbons-Hawking term Sqy, and the counter term S, as

Spuik = Sen + Scu + St
_ 1
- 167Gy

1
Sen=——— | doy—gK
GH 87TG4/ A

Set = _16716*4 /d3x\/jg <;1; + LR(g)> , (2.6)

/ > Vel (R(G) + 6> :

SEn 72

where G4 and L denote the 4-dimensional gravitational constant and the curvature length,
respectively, and where R(G), R(g) the scalar curvature of the bulk metric G/ and that of
the induced metric g,,, on Y., respectively. Here, the extrinsic curvature K, is defined by

Q
K,uy = _iazg/uz . (27)

Since our effective action (2.3) includes the Einstein-Hilbert term (2.4) on the conformal
boundary Y, the conformal boundary metric G,, becomes dynamical [6]. Therefore, by
varying the bulk metric Gy and G, independently, we can obtain both the bulk Einstein
equations and the boundary semiclassical Einstein equations:

1 3
Run — 5R GuN — ﬁGMN =0,
R 1
29

where ¢ is the curvature length ¢ = —1/A3 and ( 7, ) is given by (2.5).
As shown in [7], the solution is obtained perturbatively by expanding the conformal

R;uz - g;w - 87TG3< 7711/ > =0, (28)

(unphysical) metric g, (2, z) as
(2, ©) = G () + ehyu (2, ) + O(?), (2.9)

where € is an infinitesimally small parameter and g, (r) = G, (z) is the background bound-

ary metric:

2 27 2
N ¢ o Ldy —
dsz = _Edt + mdu + o fi=1-8rG3Mu (2.10)
with some constant M, satisfying
_ 2 _
,unl/ = _ﬁg/“/ . (211)



Here, the case M > 0 corresponds to the BTZ metric if ¢ is 2m-periodic, while 871G M = —1
to the global AdSs metric. Note that the case M = 0 corresponds to (a locally) AdSs
in the Poincare chart and case M < 0 (but 87G3M # —1) to (a locally) AdSs with a
conical singularity (if ¢ is 27-periodically identified), and in what follows, we do not consider
these two cases.

By using eqgs. (2.8) and (2.11), the conformal factor Q is determined by

Q(z) = %smg , (2.12)

where Yy and Xp in figure 1 are located at z = 0 and z = 7/, respectively. Note that in the
unperturbed case, € = 0, the expectation value of the stress-energy tensor ( 7,, ) vanishes,
and therefore the semiclassical equations in egs. (2.8) are trivially satisfied.

Now we holographically evaluate the second order variation of the effective action I’
in (2.3) by inspecting the action for the gravity dual (2.6). Let us first examine the bulk
Einstein-Hilbert action,

_ 1 4 _(R(G) 1207 69" 6 6
SEH_leGJdX[H( 2 - ot ootV (213)

where R(é) is the scalar curvature of the conformal metric Gyn = Q2 Gy and the prime
denotes the derivative with respect to z.

As our variation, we consider the tensor-type perturbations of the bulk metric which
satisfy h,, = h,, = 0, and

hy' = hug'’ =0, D¥hy, =0, (2.14)

where D# is the covariant derivative with respect to the unperturbed boundary metric g, .

By using egs. (2.14) and (A.1), it is easily checked that the first variation of the bulk
action (2.13) vanishes. With the help of the formulas (A.2) and (A.3), we obtain the second
variation of the bulk action as

2 € 4 ~| 3 , 3 vy
6°SEn = T6rC, /d X\/ig[mlhwhﬂ _ W(h’“’h# )
52{—’“;3’” + %h“”(DQhW +h,) + %(hwh“”)” + DNV“)H , (2.15)
where V# is defined by
VH = Zbﬂ(haﬂhaﬁ) — Dy (W"*hyY) . (2.16)
Using the following relations
o = —%, “LZLS(?’Q _ Eig B = %(hwh“”)’, (2.17)



we can rewrite (2.15) as

2 /
2 _ € 4V w ) 02 h;w ( 2 2>
6SEH_327TG4/dXQQh {Q (Q2> D+£2 h

= . 3 Qf AR
Xv—=-0g|{ —=(h*h,,) — —h*" — D YV~
+167TG4/d g[{m?(h hy) = " }+Q2 “V}

. 62 /d4X\/7|:{3(h,’uyh )/ &/
~ 167Gy a2\ M) T s
where in the second equality, we have used the perturbed bulk equation derived in ref. [7],

20 2
hl, — Qh;w <D2 BQ)h =0. (2.19)

v ' 1 -
B hu,,} 4 Q2Dﬂw] . (@218)

As expected, only the surface terms are left on the evaluation of §2Sgy under the on-shell
condition.

Similarly, we obtain the second variations of Sgy and Sc; in (2.6) with respect to the
tensor-type perturbations (2.14) as

2 =
¢ / d3x g
167TG4 02

2
2 = 3 % 2 . i 20 v — u
S =5 /Eod Vg [h (22 + 2 ) <€2+QQ Wby + DV (2.21)

where we have used R(g) = Q*R and the second variation of R in (A.4).
Combining egs. (2.15), (2.20), and (2.21), we obtain the second variation of the effective
action I' in (2.6)

21, V=7 2 1
21-\ — € / 3 Qv ( ) L — Qv , l
0 167Gy o h + 5 ) = g (" )

200 1 207 5
i (o e

o L[ 3 (2 - ) o~ g - B
Q 2

3

5°Sau= {(h“”hw)’ - Qh“”hw] : (2.20)

+E(Ip+Ip+ 1)

167Gy 9z L) ™ P2A+LY) A1+ LY)?
+ E(Ip + I.), (2.22)
where
1 V=i Q
Ip= R hy) — =By, b 2.2
D= 16nGy )y, 2 {4( ) = } (2:23)
1 V=7 -
Ip = d*X D p
B 167rG4/ oz PnV
1 V—h 1 V-
= n, VH + nMV , (2.24)
167Gy Jox, $? 167Gy Jug Q2
L V=7 - L n, VH
I —— D, VF = / iy (2.25)
167Gy Jy, € 167Gy oy, 2



where n# is the unit normal vector to the boundary surfaces, OM \ {Xp U X}, 0%, and H.
Here, H denotes an inner boundary, such as the horizon of a black hole, if exists. Note that the
boundary integral of Zg is performed first inside the bulk and then is taken the limit toward
0Y9, whereas the integral of Z. should be taken on the boundary Y and taken the limit to 9Xg.

In the second equality of eq. (2.22), we used the fact Zp = 0 by the Dirichlet boundary
condition imposed on ¥p, and the derivative operator D? is eliminated by eq. (2.19), and
used the second equation in (2.17).

Near the conformal boundary ¥g, hj,, can be expanded as a series in z as

huv(z, ) = B (@) + 223 (x) + 2R (x) + - - . (2.26)
Substituting (2.26) into the square brackets in the second equality of eq. (2.22), we obtain
sor = 3€L” dry/=7 [hg) (@)h3)(2) + O(2)] + T + 7, (2.27)

327TG4 S (O) uv C .

where, noting the fact that the on-shell h,(f’y) contains the first order terms of h,(f), we have

used the formula:

3el?
O T ) = Tgnczs i (@) (2.28)

In the limit z — 0, the surface term Z. diverges, and we should discard this term when

evaluating the free energy in the next section. Zpg is also a surface term perpendicular to
each z = const. surface, or on the horizon H. In the spirit of the AdS/CFT correspondence,
we should also discard this term because I' should be a functional of the AdS boundary .

3 The linear solutions

In this section, we construct two regular static solutions satisfying both the bulk Einstein
equations and the boundary semiclassical Einstein equations (2.8). We make the following
ansatz for separation of variables for the perturbed metric h,, (2, z) in eq. (2.9) as

By (2. @) = (=) Hp (). (3.1)

Then, the perturbed bulk equations (2.19) are decomposed into the 3-dimensional part

— 2

D*H,, + o = m*H | (3.2)
and the radial part [7]

d? O d

with a separation constant m?.
We express our perturbation variable H,,, in eq. (3.1) in terms of three functions (7, Y, U)
of u as follows,

ds3® = (G + €Hyy)datdz”
2

= L er@par + Lo+ evruyay +

” - 2] (1 + eU(u))du?, (3.4)



where f(u) = 1 — 81GsMu as defined before, y is related to the angular coordinate ¢
as y = Ly, and the 2-dimensional boundary (u = 0) corresponds to 0% in figure 1. The
transvers-traceless condition (2.14) reduces to

U+T+Y =0,

d 3 wf’

@4 9 o uv-—1)y=0. )
(udu 2)(]+-2f(U’ ) =0 (3.5)

Combining eq. (3.2) with egs. (3.5), we obtain the following master equation
d? 2 d m?-8
-z _ == - = .6

(du2 ufdu  4uf >U 0, (36)

where m? = 2m?.

The general solutions to (3.6) can be obtained in terms of the hypergeometric functions
F(a, 8,7;x). Since the expression of the solutions depends on the chart chosen, we denote
with superscripts (&°Pal) and (BTZ) the solutions and related quantities in the global AdSs
chart and in the BTZ chart, respectively. The general solutions are given by

{7 (global) (1) = CfglObal)US_TpF (1 ;p’ 3 ;p’ 1—p; _u)
1 3
O (L2 25 ) (3.7
C(BTZ) 3—p 1-— 3— U
®12), - G " g (lop 3-p ._)
U™ (u) uH“Z(z’z’ .
C{BTZ) 1 3
+ 2 (R R - ) (38)

where uy := 1/8G3M and p:=+v1 + m?2. By imposing the regularity at the center, u = oo,
for the global AdS3 case, and at the horizon, u = ug, for the BTZ case, we obtain the

following relation between the coefficients Cfgbbal), Cégbbal), and CfBTZ), éBTZ) as
o) - T T(-8)
CF™ 1 T(1-B)T(3+D) (3.10)
oF™ (Aug)PT(1+5) T3 -5) '
As shown in ref. [7], the semiclassical solutions are determined by
_tanmvV14m?  tanmp (3.11)
V3 T /71 T 2 ™ ’ .
where 3 is the dimensionless parameter
Gz L?
== 3.12
8= G (3.12)



tan (7r 1+m2) - 6

™1+ m?

4 -6

Figure 2. The plot of tan 71+ m2/7v/1+ m2. When 73 > 1, there is only one solution in the
range —1 < m? < —3/4.

Under the Dirichlet boundary condition on ¥p and the mixed boundary condition on X,
the non-trivial solution exists only when 3 > 1 in the range —1 < m? < —3/4 (0 < p < 1/2).
See figure 2. Then, the ratio between C7 and Cs becomes negative, i.e.,

0102 <0 (3.13)
in both the global AdS3 case and the BTZ case.

4 The boundary free energy

To evaluate the total effective action (2.3), one needs to derive the second variation of the
boundary action Shay = Sgn + San + Sct, combined with the bulk calculation (2.27). The
2-dimensional GH term Sgp and the 2-dimensional counter term Sg; are defined by

9 (a7b:t? y)

u=

1
Sgu=——- /dtdyv —0 a“blCab
871Gy

Q@
Sct = 7/dtd e , 4.1
= 167G, S (4.1)
where o4, := Ggp and Ky is the 2-dimensional extrinsic curvature given by
1 U
Kap = — OuOab = \/7 OuGab , (4.2)

2N W1t el
and N is the lapse function of the metric (3.4). Note that the parameter « is to be chosen so
that the divergent terms in the total action (2.3) are eliminated. See below (4.15).

The second variation of the boundary Einstein-Hilbert action Sgp can be also evaluated

via the formulas (A.2) and (A.4) as

2 1 2 _
6%Sen = — /E d*x/=g [QMOW (D? - 52) his) + Duvu]
0

167TG3
__c / A3\ /—g h O (D2 + 2) hO) + 52Sy (4.3)
327Gs Jx, 2 wy ’



where G, (%) = g (2), G, () = h,(f),,) (z) == lim,—0 b (2, z). Here note that 6°Sy is defined
on the 2-dimensional timelike boundary 9% at u = 0 as

62

167[‘G3 0o

62Sy = dtdy/—a 1, V", (4.4)
where n# is the unit outward vector normal to the boundary 9%y. Note also that in general
there could be some contribution from H N g to §2Sy, but in the present case, we do not
have such contributions.

From egs. (2.27) and (4.3), we obtain the second variation of the total effective action (2.3),

2g_ € 8., /7O _6<‘2 2) (0) _
) e /Eod x\/—gh [ ) D= + 7 by —87G36 ( Tuw )
+ 528\/ + 528(;}1 + 52Sct . (4.5)

The first and second order variations of Sqgg and S¢; are obtained as

€ / f /
— - L’ — 2 4.
Sen =gy [ dtdy{ 70+ L U)], (4.6)
2
2 _ _ 2 _ _ _
San =33 - dtdy[ 1+ T2 +2T(U-Y) - (U-Y)3U +Y)}
+Auf{(T+U = Y)T' + (Y +U =T}, (4.7)
and
o i
_ 4.
5t = Torggs o, M0 U (4.8)
2
0%Se = — o / atdy L (7 — v 4.
St 327T£G3 9% Y U ( ) ’ ( 9)

where we have used (3.5) in egs. (4.6), (4.8), and f" = (f — 1)/u in eq. (4.7). Since U
behaves near v = 0 as U ~ uB~VI+t19/2 a5 seen from egs. (3.7) and (3.8), and —1 <
m? < —3/4, we find

5ScH = 0S¢ = 0. (4.10)

Therefore the surface terms at O(e) do not appear when one evaluates the on-shell action.
At the second order, O(e?), we obtain

2
528y + 62Sap = m / dtdy [ HTT +YY' - 30T

+ %{3(1 +HU? = (f—)(T* =Y} + “l;fTY}
u—0
__ € 1+ f ,
= 167Gt / dtdy {uTY - (1Y) } . (4.11)

,10,



where we have used (3.5) and f' = (f — 1)/u in the second equality. From eqs. (3.5), (3.7),
and (3.8), we find that U, T, and Y asymptotically behave as

3—p 3+p
U~Ciuz +Cu2 |,
17

T ~ —p(C’lqu - Ogu1j

2)
)
1-p 1+p

Y ~p(Ciuz —Couz ). (4.12)

Substituting egs. (4.12) into egs. (4.11) and (4.9), one obtains

2,2
528y + 62Say = 16;23 ) / dtdy{—C2(1 + p)u? + 2C1Ca + O(uP)}

€ ap2
8%(;3€

528 e, = / dtdy{C?uP — 2C1Cs + O(uP)} . (4.13)

Thus, the total of the surface terms at O(e?) reduces to a finite term

62p3

52 52 828y = ————
Sv +6“Sau + 6“S¢t 87 Gl

/ dtdy C1Cy, (4.14)

if and only if one chooses the parameter o as

_1+p

5 (4.15)

(07

Note that & = 1 when the backreaction from the vacuum expectation value of the stress-energy
tensor ( 7, ) is negligible, i.e., when Gg — 0 by eqs. (3.11) and (3.12). This is the case for the
AdS/CFT correspondence in the 2-dimensional non-dynamical boundary theory [12]. Note
also that the coefficient « in the counter term Sc¢ in eqgs. (4.1) is not determined by the state
of the boundary theory, but by the dimensionless parameter 73 of the theory via eq. (3.11).

Summarizing the above results all together — in particular, the fact that the semiclassical
Einstein equations (2.8) yields that the integrand of the first line of eq. (4.5) vanishes, we
finally obtain the on-shell value 62895 of the second order variation of the total effective
action (4.5) as the right-hand side of the total surface terms (4.14).

The deviation AF' of the free energy of our static semiclassical solutions constructed
in section 3 from that of the corresponding (either global AdS3 or BTZ) background is
related to the total effective action by

AF = —ASOS//dt = — (895 - 8%) //dt. (4.16)

At O(e?), AF is evaluated as

AF—152305//dt— r’ /d C1Cy <0 (4.17)
D) T 16nGse ) VT2 '

by the inequality (3.13). This means that the free energy of the semiclassical solution
with ( 7., ) # 0 is smaller than that of the corresponding (either the global AdS3 or BTZ)
background solution with ( 7., ) = 0. Therefore the semiclassical AdS3 solution with
vanishing source term is thermodynamically unstable.

— 11 —



5 Summary and discussions

We have investigated thermodynamic instabilities of 3-dimensional asymptotically AdS
solutions to the holographic semiclassical Einstein equations by computing the free energies
of the solutions. We have considered AdS3 with AdS4 bulk dual as our background solution
to the holographic semiclassical Einstein equations with vanishing source term, ( 7,, ) = 0.
Then, by considering the tensor-type perturbations with respect to the AdS4 bulk dual,
we have analytically constructed static asymptotically AdSs solutions to the semiclassical
Einstein equations with non-vanishing CFT source term, ( 7, ) # 0. These new solutions
can be regarded as semiclassical AdS3 solution with “quantum hair”. We have constructed
two such semiclassically hairy AdSs solutions: the one with respect to the static BTZ black
hole background, which is the same as that found in [7], and the other with respect to the
global AdSs with no horizon. The free energies of these semiclassically hairy solutions have
been evaluated by inspecting the on-shell effective action composed of both the 3-dimensional
Einstein-Hilbert action of the boundary conformal metric and the AdS4 bulk action. We have
shown that the free energy of the semiclassically hairy AdSs solution is smaller than that of
the AdSs solution (with respect to either BTZ black hole chart or the global AdS3 chart)
when the universal parameter 73 in (3.12) exceeds the critical value, i.e., y3 > 1.

The existence of such non-trivial AdS solutions with quantum hair reminds us of sponta-
neous symmetry breaking, in which a less symmetric solution appears from a highly symmetric
one when one varies a control parameter of the theory. In our case, the parameter is the
universal parameter 73 in (3.12), and less symmetric solutions with “quantum hair” appears
when 3 exceeds the critical value. As discussed in [7], v3 is given by the ratio between the
magnitude of the stress-energy tensor ( 7, ) composed of the vacuum fluctuations and that of
the (classical) stress-energy tensor ’7;/}/ composed of the 3-dimensional cosmological constant.
Then, the phase transition is triggered when the vacuum fluctuations overcome the magnitude
of ’7;/}/ If this effect is universal, one expects that such a spontaneous symmetry breaking
should occur, regardless of whether the CFT is strongly coupled or not. It would be interesting
to construct semiclassical solutions in the framework of a free CF'T in curved spacetime.

One may wonder if such a phase transition occurs for other spacetimes, such as asymp-
totically flat or de Sitter spacetimes. In asymptotically de Sitter spacetime, for example, one
would obtain linearized semiclassical Einstein equations in asymptotically de Sitter spacetime,
just like the master equation (3.6). The regularity condition on the black hole horizon or
at the center determines the solutions uniquely, except the amplitude. So, one can expect
that the linearized solution would be generically singular at the cosmological horizon, and
therefore there are no static semiclassical solutions that become asymptotically de Sitter
spacetimes. Similarly, one may also expect that asymptotically flat spacetime would not
admit any static semiclassical solutions. It would be interesting to consider whether such
a no go theorem in asymptotically flat or de Sitter spacetimes holds.

There are other directions to extend the present work. For example, it would be interesting
to compare the present result with the braneworld quantum BTZ black hole [15] and its limit
toward the conformal boundary of the AdS4 bulk. It would also be interesting to explore
whether the similar type of instabilities found in this paper and associated phase transitions
can occur in the case of higher dimensional AdS spacetimes. For example, in 4 or higher
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even-dimensional AdS spacetime, there is a trace anomaly, where the length scale in the
highly symmetric phase would vary with the universal control parameter, v4. Furthermore,
in higher dimensional AdS, black hole with dimension d > 3, the black hole horizon radius
rg would affect the phase transition as a new additional control parameter.
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A Variation formulas

Under the tensor-type perturbation (2.14), the first order variations are

~ € = _ L
5(V—G):§v—gg“ h/w:O,

ORIG) = € (~hu RIGI + VMV N hayy = VMV ash)

2 v — — = =
= (hwi2 + D"D"h,,, — vaMh) =0,
- 1=., = 3
SR[G, = € (—QVMthW - phw) : (A1)

where V), denotes the covariant derivative operator compatible with Gsn. The second
order variations are

# (V) =~ GV Tk
5 (VMVNehay) = V=g {—; (hﬂ”hjw)' — Dy (B Do) - EDHD“ (hoﬁhﬁa)] :

5 (VM areh) = ¢ {— (h*has)" — D? (haﬁhaﬁ)} : (A.2)

Substituting these into the second variations of R[G], one obtains

. 1 1 _
*R[G) = 62{ = el 4 SH (Dhy + 1)+ (0 )"
3 N2 (1, 1V N N avy W@ 1 uvpl N/
+ 5D (W hy) = DDy (K hat) = S (1) (A.3)

Similarly, we also obtain the second variation of R as

1 2 _ L
R = é {211“” <D2 - 62) B + ZD2 (W h,) — DDy, (R hot) } . (A.4)
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