PUBLISHED FOR SISSA BY 4) SPRINGER

1

RECEIVED: August 21, 2023
REVISED: December 11, 2023
ACCEPTED: January 21, 202/

PUBLISHED: February 20, 2024

The complete Kaluza-Klein spectra of A/ =1 and
N = 0 M-theory on AdS, X (squashed S7)

Joel Karlsson©¢ and Bengt E.W. Nilsson©®?

@Institute for Theoretical Physics, KU Leuven,
Celestijnenlaan 200D, B-3001 Leuven, Belgium

Department of Physics, Chalmers University of Technology,
SE-412 96 Gdteborg, Sweden

E-mail: joel.karlsson@kuleuven.be, tfebn@chalmers.se

ABSTRACT: The squashed seven-sphere operator spectrum is completed by deriving the
spectrum of the spin-3/2 operator. The implications of the results for the AdS4; N =1 super-
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the left-squashed vacuum. This includes an analysis of possible boundary conditions. By
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1 Introduction

Recently there has appeared a number of papers discussing various non-supersymmetric
AdS flux-solutions in ten- and eleven-dimensional supergravity aiming at determining their
stability properties, perturbatively as well as non-perturbatively. The interest in this issue is a
direct result of the so called swampland program [3, 4] and in particular the “AdS swampland
conjecture” [5, 6] claiming that any AdS flux-compactification without supersymmetry must
be unstable, either perturbatively or, if the solution passes this test, non-perturbatively. In



the former case, the Breitenlohner-Freedman (BF) stability criterion [7, 8] is easily checked
once the complete linearised spectrum, or at least some crucial parts of it, is known. In
the context of AdS/CFT, this stability corresponds, in the infinite N limit of the dual
field theory, to unitary conformal dimensions of single trace operators, and the vanishing of
the corresponding S functions. In non-supersymmetric scenarios, there have been concerns
raised in the literature (see, e.g., [9-14]) regarding the 8 functions of marginal multi-trace
operators that might be nonvanishing even if all single-trace 8 functions vanish.! If one could
find an example where this does not happen at leading order in 1/N, there could still be
subleading 1/N effects that destroy the conformal fixed point [15] (see also, e.g., [16] and
references therein). In the bulk, this corresponds to an instability caused by a tadpole of
a composite field that destroys the BF-stable non-supersymmetric vacuum. We emphasise
that the purpose of this paper is not to add to this discussion. Instead, one of the main
results of our work is the possibility to choose boundary conditions (in compactifications
on the squashed seven-sphere) in such a way that all marginal operators on the boundary
are eliminated. This possibility was first noted in the singlet sector in [17] and will be
explained in full detail later in this paper.

The above perturbative aspects of the stability question mean that one essentially needs
to have full control of the whole spectrum. At an even deeper level, one must discuss the
possibility of instabilities due to, e.g., bubbles of nothing [18] (see also the generalisation
discussed in [19]) and other non-perturbative issues. Note that even if it is possible to establish
stability under all known decay modes in a non-supersymmetric context, it might be very
difficult, if not impossible, to produce a strict proof of stability against all decay modes, known
or not. An interesting attempt in this direction has, however, been made recently in [20].

In this line of investigation there have also been efforts to find the complete spectrum
of certain compactifications that can be viewed as up-lifted stable extrema of maximal
supergravity theories in lower dimensions. With the improved knowledge of these spectra it
was possible, in some cases, to pinpoint certain massive modes in the Kaluza-Klein spectrum
that give rise to so called brane-jet instabilities [21].

In the same vein, there are also some special non-supersymmetric BF-stable solutions that
have been discussed recently. These include the interesting case of the non-supersymmetric
G solution first found in massive type II supergravity, see, e.g., [22, 23].2 This case seemed
for a long time to clash with the AdS swampland conjecture [26, 27] but was recently [28, 29]
shown to be afflicted by the non-perturbative phenomenon of nucleation of a bubble of
nothing first described by Witten [18]. Another attempt to find a solution of type IIB
supergravity in D = 10 that violates the AdS swampland conjecture is analysed in [30] based
on a non-geometric S-fold construction. This case is further discussed in the review [31],
where its chances of surviving all known decay modes is commented upon. It is probably
fair to say that its full stability is far from being demonstrated although it does possess
some novel and quite interesting features.

At the point in time when this is written all known non-supersymmetric AdS flux-
compactifications have been shown to be unstable (with a slight caveat for the last case
mentioned above) except for the skew-whiffed squashed seven-sphere solution discussed in [32].

'We are grateful to the referee for emphasising this issue and to Igor Klebanov for helpful discussions.
2For some more recent extensive searches for vacuum solutions, see, e.g., [24, 25].



The reason this solution of eleven-dimensional supergravity has not been fully analysed until
now is that the results in [1, 2] were still lacking the spin-3/2 eigenvalues on the squashed
seven-sphere and that the methods used in [33, 34] have not been applicable to vacua that
are not lifts from N = 8 supergravity in four dimensions. However, with the present work
and the recent results of [35], the shortcomings in both these cases have been overcome. For
further comments on the relation between our work and [35], see the end of this introduction.

In this paper we finish the work started in [1, 2] by completing the determination of the
spectrum in the sense that we have finally solved also the spin-3/2 equation and thus we have
now determined the spectra of all relevant eigenvalue equations on the squashed seven-sphere.
This result has already been reported on in the MSc thesis [36] by one of the present authors.
Applying this to the left-squashed case, we then provide a unique assignment of masses and
energies to the N' = 1 supermultiplets, up to some ambiguities related to boundary conditions.
As we will see below, this process produces certain degeneracies in the spectrum. We will,
towards the end of the paper, discuss this further without providing a clear answer as to why
this happens. This spectrum degeneracy is apparent both from the supermultiplet analysis
and the explicit construction of the two-form mode functions on the squashed seven-sphere.

The stability issue of the non-supersymmetric right-squashed seven-sphere can now be
addressed beyond its BF stability [37, 38]. Here, we analyse in detail which marginal operators
can appear that might lead to the kind of perturbative instability mentioned above. These
latter results generalise those for the singlet sector obtained recently in [17].

This paper is organised as follows. In section 2, we give some background to the whole
problem of finding the spectrum of eleven-dimensional supergravity compactified on the
squashed seven-sphere, following [32], and present new universal versions (derived in the MSc
thesis [36]) of some of the key coset space formulas used in [32] and particularly in the Ga
approach of [2]. This involves obtaining a more powerful group theoretic expression for the
action of the Weyl tensor on the various isotropy irreps appearing in the spectrum analysis.

In section 3, we rederive the operator spectra previously derived in [32] and [2] and
complete this by obtaining also the so far missing spectrum, namely the spin-3/2 one,
following [36]. Then, in section 4, all two-form modes are constructed explicitly and their
eigenvalues derived with some intriguing implications. In section 5, we use the now complete
information on the operator eigenvalues on the squashed seven-sphere to give masses and Ej
values to all the supermultiplets. We find here that supersymmetry does not prevent a certain
amount of ambiguities related to the possibility to choose different boundary conditions in
AdSy. These features are also analysed for the skew-whiffed theory without supersymmetry
which has a rather large number of fields with undetermined boundary conditions. This
section ends with a discussion on marginal operators and the implications for the issue of
stability. The eigenvalue degeneracy problem that arose in previous sections is addressed.
Finally, the situation is summarised and commented upon in the concluding section 6.

Some of the results in this paper, in particular the improved methods for computing
the eigenvalues of differential operators on coset spaces reported on in section 2 and the
eigenvalues of the spin-3/2 operator on the Einstein-squashed seven-sphere derived in section 3,
have already appeared in the MSc thesis [36]. A preliminary study of how the possible values



of Ejy fit into supermultiplets was also conducted in [36]. Here, we complete this analysis by
also studying the special cases that arise for non-generic isometry irreps.

During the final stages of this project, there appeared another paper [35], obtaining
results on the spectrum of Ey for low-lying levels in the bosonic sector of the squashed S7
theory discussed here. These results, derived in [35] by entirely different methods from the
ones presented here, coincide with ours where they can be compared. [35] provides one piece
of information not yet obtained by the methods in this paper, namely the connection between
Ej values and irreps of the Wess-Zumino multiplets which contain scalar fields related to the
Lichnerowicz operator on the squashed S”. This helps us resolve a final ambiguity in our
work related to the assignment of multiplicities for these particular Wess-Zumino multiplets,
as explained in section 5 (see e.g. figure 5). This information could have been obtained by
repeating the two-form eigenmode construction in section 4 for the metric modes on the
squashed S7, which has not yet been done. In contrast to [35], our methods automatically
provide the entire infinite towers in the spectra and we verify the presence of supersymmetry
for all supermultiplets with maximum spin 2, 3/2 and 1 by deriving the fermionic spectra
independently. Furthermore, we explicitly construct the complete infinite towers of two-form
Laplacian eigenmodes on the squashed S” for the first time. We also analyse the role of
boundary conditions and find that there are multiple choices that respect supersymmetry
in the left-squashed vacuum (see table 5). A limitation of our methods is that they rely
on a coset description of the internal manifold which does not seem to be the case for the
methods used in [35].

2 The squashed S7 eigenvalue problem

To make this paper relatively self-contained we will in the first subsection reproduce a few
tables from previous works, the review [32] and the more recent [1] and [2]. These tables
contain information of general validity and provide useful information for the discussions in
this paper, for instance how many supermultiplets of each kind that appear in the N/ =1
supersymmetric AdSy vacuum of eleven-dimensional supergravity on the left-squashed seven-
sphere [1]. One reason for studying the supersymmetric left-squashed case first is to be able
to establish the correct operator eigenvalue spectra which would be a much more intricate
task without the possibility to check the results using supersymmetry. Having done this, we
can then perform a skew-whiffing (i.e., an orientation flip) on the squashed seven-sphere to
get the complete field spectrum in the non-supersymmetric right-squashed case for which
the AdS, stability issue will be analysed in later sections.

In the second subsection we then briefly describe our method, as used in the literature so
far, to derive the eigenvalue spectra of the operators on the squashed seven-sphere appearing
in the compactification [2, 32]. The main purpose here is to present an improved formalism
by deriving new more general and powerful versions of some of the coset space formulas, the
implications of which are presented in the next section, largely following [36].



Type A: Wess-Zumino multiplets for Ey > 1/2
D(FEy,0) ® D(Ey+1/2,1/2) ® D(Ey + 1,0)
Type B: Massive higher-spin multiplets for Ey > s+ 1, s > 1/2
D(Eyp,s)® D(Ey+1/2,s+1/2)® D(FEo+1/2,s—1/2) ® D(Eg+ 1,s)
Type C: Massless higher-spin multiplets for s > 1/2
D(s+1,5) & D(s+3/2,s+1/2)
Type D: Dirac singleton
D(1/2,0) & D(1,1/2)

Table 1. A =1 supermultiplets according to Heidenreich [39].

2.1 Review

The structure of N’ = 1 supermultiplets in AdS, is presented in table 1.

The spectrum of the AdS,; gravity theory based on the left-squashed seven-sphere
contains supermultiplets of all kinds appearing in table 1 except for the singleton one.
However, singletons do appear for the right-squashed seven-sphere without supersymmetry
due to a possible Higgs/de-Higgs relation of both squashed spectra to the round one as was
discussed in [1, 17]. The former of these also argues that the compactification on the round
ST must incorporate the N = 8 singleton to be consistent. As also established in [1] the

supermultiplet content in the left-squashed case is?
x (D(Ey,2T)® D(Ey—3,3) ©D(Eo+3,3) @ D(Ep,1%)), (2.1)
x (D(Eo,3) @ D(Ey— %,1%) @ D(Ey + 3,17) @ D(Ey, 3)), (2.2)
x (D(Ey,17)® D(Ey — 3,3) ©D(Eo+3,3) @ D(Ep,07)), (2.3)
x (D(Eo,1") @& D(Ey— 1,1) @ D(Ey+3.3) @ D(E,0M)), (2.4)
14 x (D(Eo, 1) @ D(Ey—1,0%) @ D(E, + 3,07)), (2.5)

where the multiplicity (number in front) refers to the number of towers that appear for the
given supermultiplet. The reader is advised to consult the appendix in [1] where a tower is
given by a cross diagram where each cross is representing an isometry group irrep with the
Spe x Sp; Dynkin labels (p, ¢;7) (see also section 4 of this paper). We emphasise that every
isometry irrep in all towers is accounted for by the list of supermultiplets above.

In order to connect the dimensionless energy values Ej for each spin to the operator
eigenvalue spectra (see the next subsection or the next section) we need two sets of data: the
relation between the Spin(2, 3) irrep data D(Ep, s) and the AdS; mass parameter M? (or
M for spinor fields) given in table 2 and, secondly, the relations between the mass M? or
M and the operators on the internal manifold as given in table 3, valid for Freund-Rubin
compactifications.* Here, m is the inverse of the curvature radius of the internal space (i.e.,

3Note that the Spin(2, 3)-irreps D(Fy, s) are reordered with the highest spin first compared to table 1.

“Note the change of notation compared to the review [32]: 0T — ()(+_) and 07® — O(++) where the new
notation used in this paper shows explicitly which branch of M?(0%) is used. Note that M?(0(})) is here
sometimes written as Mfi)(OJr)A
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Table 2. E; for AdS, fields of given mass M and spin s (in Spin(2, 3)-irreps D(Ey, s)) and the
corresponding unitarity bounds.

spinP¥%  Mass operator (giving M or its square)

2+ Ag

%(:H —2'1,7)1/2 + 77m

15, Ap+12m? £ 6mvAL +4m? = (VAL +4m? £ 3m)? —m?
1t Ay

%(i) _ilplﬂ - 97m

2 iDs)2 + %5

0% Ao + 44m? £ 12myv/Ag + 9m? = (VAg + Im? + 6m)? — m?
0t Ap —4m? = (Ap — 3m?) — m?

05, Q% +6mQ +8m? = (Q + 3m)? — m?

Table 3. Mass operators in Freund-Rubin compactifications, see for instance [32]. For spins with two
tower assignments, the subscripts (&), the plus and minus signs refer to branches of the M? formulas
or to the positive and negative parts of the spectrum for linear operators. Note the change of notation
relative [32] where superscripts (1), (2) etc. were used instead of the (£) notation of this paper.

R(7) = 42m2), Fvp6 = 3mé€uupo is the flux of the Freund-Rubin solution and the inverse of
the curvature radius of AdSy is 2m (i.e., Ry = —12(2m)?). We define the orientation of
AdSy such that m > 0 and use conventions in which the bosonic Lagrangian reads [32]

1
okl — R — = VPO FMVFQ | %6M1-..MllAM1M2M3FM4‘..M7FM8-.‘M11_ (2.6)

With the information in tables 2 and 3 at hand, we can start discussing how to obtain
the various spectra of the operators on the squashed seven-sphere. The spectrum of Ay and
the Dirac operator were derived for general squashing in [40]. While that derivation is a bit
different from the one we present in section 3, it essentially coincides with the one given in
section 4. The result for the square of the Dirac operator obtained in section 3 was derived
in [2] but then only for the squashed Einstein case, in contrast to [40].



Turning to the Hodge-de Rham and Lichnerowicz operators, we note that the former
ones are positive definite and defined by

A, = dd + do, (2.7)

whereas the latter, which is not manifestly positive definite, acts on transverse and traceless
metric modes and is defined by

Aphgy = —0hgp — 2Racbdhcd + 2R(achb)c = —Uhg — 2Wacbdhcd + 14m2hab. (2.8)

In the last expression, the presence of the Weyl tensor W4 gives rise to complications when
solving the eigenvalue equations. This problem was addressed in [2] case by case and will
in this paper be discussed again in the next subsection where we derive a universal group
theoretic formula for the Weyl tensor eigenvalues reducing the work needed and providing
a much better understanding of the whole issue.

2.2 Improved methodology

We now turn to the improved formalism that will facilitate the eigenvalue analysis. This
subsection follows [36], where some additional details can be found.

Since we are interested in eigenvalue equations involving the Laplacian we start from
its standard expression A = d§ + dd and rewrite it as

A= —0—[Dg, Dp]5% = —0 — Rypeg 805, (2.9)

which we will refer to as “the universal Laplacian” since it cannot only act on p-forms but
any tensor field. Here and below, %% are the Spin(7) generators. To see how the right-hand
side arises just consider the following p-form identities

b
ApOéou...ap = (d(; + 5d)aa1...ap = _Daal...ap - p[D[a1> D|b|]a as...ap|
= —Oag, .. — [Dcl,DCQ]pa[C;fﬁb'abaMp} = —0ag,..ap — [Dery Doy |50, a,. (210
This operator is the relevant one for transverse p-forms and becomes the Lichnerowicz
operator when acting on traceless and transverse second rank symmetric tensors. It also

appears when squaring the Dirac operator acting on spinors as well as on transverse and
gamma-traceless vector-spinors. In fact,

(lm)21/) = A'¢ + %m%ﬁ, (im)2¢a = A@ZJCL - %meaa (2'11)

for Einstein spaces with Ry, = 6m2d,.

The next ingredient we need is the coset structure G/H of the internal manifold on
which we perform the compactification. As usual we will use a reductive coset which means
that the structure constants satisfy (see, e.g., [32])

H,H|=H, [HT) =T, [ILT|=H®T. (2.12)

We use the index split A = (a,i) where A and i are adjoint indices of G and H, respectively,
while a is a vector index in the tangent space of the coset (a =1,2,...,dim(G) — dim(H)).
Hence, the independent non-zero structure constants are

Fa8S = (fif*, fid® fab's Far©)- (2.13)



It is then straightforward to show that the Riemann tensor of the coset manifold G/H can
be expressed in terms of the structure constants in the following way [41]:

% 1 e 1 e
Rcdab = fed fiab + ifcd feab + 5f[c|a\ fd}eb' (214)

Usually, one lowers and raises indices on the structure constants using the Killing form and its
inverse. In this paper, we do not do this. Instead, we assume (already in eq. (2.14)) that the
coset is normal homogeneous, i.e., that there exists a G-invariant g4p which is block-diagonal
over H @1 with blocks d,, and g;; and use these and their inverses to raise and lower indices.?

The key equation needed to compute spectra of operators on the coset is the so called
coset master equation which expresses the H-covariant derivative algebraically in terms of

the G generators in the tangent space directions Ty [32, 42]:
1
DoY + 5 fape XY = ~T,Y. (2.15)

This is a schematic equation, see eq. (2.18) for a more precise version. The reason why this is
not precise is that the left-hand side is well-defined only for a Spin(7) tensor field Y while
the right-hand side requires a field Y transforming in a representation of G. The equation is,
however, still very useful since both Spin(7) and G representations can be decomposed into
H-irreps. Hence, it can be used literally with tensor fields if it is first manipulated in a way
such that the operators become block-diagonal over H-irreps, as we will see below.

To get a clear picture of the above relation between a differential operator and algebraic
quantities like group generators we consider a G group element representing a point on the
coset manifold with coordinates y®

L,=e'T, (2.16)

where gy - T is just a sum over products of coordinates y* and tangent space generators Tj,.
Then clearly the one-form L, 1dL, can be expanded as follows:

L, dLy = T, + Q'T;, (2.17)

where d = dy™0,,, e* are one-form vielbeins on the coset space and Q' are H one-form
gauge fields. By harmonic analysis on the coset, fields transforming in an irrep of H can
be expanded using p(L, 1), where p runs over all irreps of G containing the H-irrep [42].
The equation eq. (2.17) can then be expressed as

Dap(Ly '@ = (00 + 2 T)p(L, )P Y = —(To)pp(Ly '@, (2.18)

where ﬁa is a H-covariant derivative. Note that we have here been careful and indicated
with parentheses that the upper index (Q) is not affected either by the generators T, or
the H-covariant derivative D,. We emphasise also here that the upper G-irrep index in
parentheses is the isometry index while the lower G-irrep index without parentheses should

5This assumption is not strictly necessary here, see [36], but will be crucial later. The squashed seven-sphere
is normal homogeneous.



be split into H-irreps so that the H-covariant derivative can act according to each of the
H-irreps in the split.

However, in the present application to the squashed seven-sphere, constructed as the
coset Spy x Sp§/(Spgt x Sp?JrO), the tangent space group Spin(7) is not the same as the
isotropy group H = Spi4 X Spf +C This means that in order to apply the fundamental coset
equation in this case, with all eigenvalue equations expressed in terms of Spin(7)-covariant
derivatives on the tangent space, one has to split each Spin(7)-irrep of the fields on the
coset into H-irreps, apply the fundamental coset equation and reconstruct the tangent space
irreps of the fields. This is done as follows (see [32]). Acting with an exterior derivative on
eq. (2.17) we get a Maurer-Cartan type equation which can be divided into two equations
along the different generator directions. We find

1 ) ) 1 A .
de® = _er Aefoe — e ANQY f®,  dQ = _§€a Ne fan' — 5(2] A Qs fi" (2.19)

Comparing the first of these equations to the definition of w®, the torsion-free spin connection,
0 = de® + w% A €, we find

a 1 a 7 a
Wb = —§be — W flg® (2.20)
which implies
1 i
Wabe = _ifabc — QafibC' (221)

Inserting this result into the definition of the H-covariant derivative, Da =0, + QQTZ-, we
see that it can be written in terms of the ordinary tangent space covariant derivative as follows

Y 1
Da = Da + ifabczbca (222)

when acting on an so(7) representation. Note that, using the H-covariant derivative, the
coset master equation reads simply

DY = —T,Y. (2.23)

We now address the point raised above, namely that we must first get an equation where
the operators split over H-irreps before we can apply it to tensor fields. The left-hand side
has already been addressed by writing the equation using D instead of D but T, cannot be
restricted to an irrep of H. Hence, we must return to the p irreps of G since any action of
a T, will mix all H-irreps in the G-irrep. We then see that

T Typ(Ly, ") = =Ta(0s + UT)p(L, ") = —(0p + QT Tup(L, ) — Q' [To, Tilp(Ly, ). (2.24)
Using [T,, T;] = — fia"Ty and eq. (2.18) we find that the operations are being reversed, i.e.,
T.Top(L,") = DyDap(L,"). (2.25)

Note that the commutator term above is needed to get the derivative Dy to also act on the
index @ on the second derivative. Here, we see that if we contract with 6%°, the operator on



the left-hand side becomes the difference between two Casimirs and hence split over H-irreps.
Thus, since every tensor field Y can be split into H-irreducible parts and the above equation
applies to each H-irrep separately, we get

~0Y = ~T,T°Y = (Cy — Cp)Y, (2.26)

where Oy = —gABT,\Ty and Cy = —g" T;T; are Casimir operators of the two groups in
the coset G/H.

The operator equations we aim to solve below contain the universal Laplacian A, which
in turn can be written using [J = D®D,. Hence, we need the explicit relation between [
and [J. It can be obtained as follows: consider first

. 1 y 1 §
(1= Do (Da +35 fabcsz) = D"Dy + fodes . D, (2.27)

where we used the fact that %, f.,;. and X% (in any irrep) are all H-invariant objects
and hence commute with the H-covariant derivative D Expanding also the remaining De
operator this expression can be written

. .1
O =0+ fap.2*D* — 1 fape fOER0T .. (2.28)

Note that in the last term on the right-hand side the two so(7) generators act successively on
any object to the right of them. However, the order of them is not important since the action
of the first one on the second one vanishes as is easy to check (in any irrep).

Finally, in order to obtain a useful expression for the universal Laplacian A, whose
eigenvalues we are interested in, we combine the last equation above with eq. (2.9) and
eq. (2.26). The result is the following key formula

v 1
A= Cg =+ fabczach - 1(3fabcfade - 2fabdface)zbczde~ (229)

The next step is to introduce some explicit expressions obtained from the analysis of the
squashed seven-sphere as the coset G/H with G = Spy x Sp§ and H = Spi! x Sp§B+C) where
the group Spo has been split into Spi! x SpP making it possible to form the diagonal subgroup
Sp’lB +C appearing in H, see, e.g., [41]. There is a one-parameter family of squashed seven-
spheres with this isometry group but, except for the round sphere, only one is Einstein. This is
the squashed sphere we are concerned with here and it has a special role in the one-parameter
family; it is not only normal homogeneous but standard homogeneous (gap = —kap/6) [36].

The metric on the squashed seven-sphere can be written as [32]

2 2, 1 .9 ~\2 A2 ~ ~\\2
ds® = dpu + 7 sin p(o—a) +Z((O'+O')+COS,U,(O'—O')) , (2.30)
where 0 < 1 < 7, A is the squashing parameter and ¢ and &° are left-invariant one-forms on
two copies of SU(2) ~ S3, satisfying do’ = —%eij kajak. The round seven-sphere has A =1
while the Einstein-squashed one, which we focus on in what follows, has A = 1/ V5. Note
that the above metric is dimensionless. To make R(7) = 42m? with the Einstein-squashed
metric, one has to use units m = 3/(2v/5). This is implicit in what follows.
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From the metric, we see that an orthonormal frame is given by

e = %(( "4+ 6" +cosp (o — ), e = du, e = %sin,u, (" —&"). (2.31)
The orientation defined by this frame and the index split a = (2, 0,14) is that of the left-squashed
seven-sphere. The right-squashed seven-sphere is obtained by flipping the orientation. For
equations that depend on the orientation, we focus on the left-squashed sphere if nothing
else is specified.
One key feature of the Einstein-squashed seven-sphere is that the holonomy of the
derivative entering in the Killing spinor equation is Gy [32, 43] and that the structure
constants become related to the octonions [41] via

1
b = ———a’, 2.32
Jab N (2.32)

where aqp. are given by the octonionic multiplication table (see appendix A). Now we can

also see one reason why the covariant derivative D, is of interest to us:®

v

Daabcd =0. (233)

Below we will take full advantage of this fact when expressing the eigenvalue equations we
want to solve entirely in terms of Gy quantities making the equations and the analysis of
them fully Ga-covariant. The first steps in this direction were developed in [2]. The usefulness
of this formulation is related to the following fact: when splitting the indices of tangent space
irreps on the tensor fields into H-irreps it goes via G2 (as realised already in [32])

Spin(7) — Go — H=Spit x SpB*e. (2.34)

As mentioned above the appearance of G5 has many implications and can be incorporated
into the formalism in a significant way as we will now show. First, consider the Weyl tensor
which will appear in the eigenvalue analysis later. It can be expressed as follows:

9 . 1 1 9
W = R, — Eégg = (T o (T3) + Eaabea;‘d + Ea[a“ab}ed — Toaggf. (2.35)

Using the identity
a[aceab]ed = —52(5 + Cade, (2.36)
we find that this can be written in terms of the Go 21 — 14 projector (P14)ab‘3d as

, 6
Wap® = (T7) o (T3)*4 — 5(P14>abcd. (2.37)

Since the Weyl tensor is the source of the Go holonomy it vanishes when contracted by aqp.
over the first or last pair of indices. Naively, one might have expected it to be proportional to

5The squashed seven-sphere has an H-structure, i.e., a reduction of the structure group Spin(7) to H, due
to it being a coset G/H. Since H C G, it follows that the H-covariant derivative ﬁa of the Ga-invariant aqpc
vanishes. The H-structure has torsion, see eq. (2.22), eq. (2.32), which is related to the fact that the squashed
seven-sphere is only a weak G2 manifold [44].
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the projector P4 onto the adjoint of G2 but, as we see here, there is an extra term. Since H is
a subgroup of G, this extra term is not in contradiction with the G5 holonomy. Furthermore,
since the projector (Pi4)q° actually defines Go inside SO(7) we find that

6

—Cyy, — Ch, (2.38)

Wabchab ch — -

where 6
Cpo = —(P1a)abcaSVE,  Cp = —TiT" = 2C 0 + 5 Cappee (2.39)

This expression for the Weyl tensor is one of the key results of [36] since it eliminates in
one stroke the rather cumbersome analysis to obtain the Weyl tensor eigenvalues for the
various tensors on the squashed seven-sphere performed in [2].

In the application of the master coset formula to the computation of operator eigenvalues
the first step is, as done above, to square it to produce A. However, as we saw in eq. (2.29)
to actually find the eigenvalues the appearance of the operator Aape DU D seems to require a
second squaring procedure. Inserting the octonionic information from the coset construction
above into eq. (2.29) we get

1 ab e 6 3
—ﬁaabcz D¢ = A — Cg - 5050(7) + 5092, (240)

where the g = sps @ sp{ Casimir is (see appendix B.2 for Casimir conventions)
Cy(p,q;7) = —TATA = 2Cp, (p,q) + 3Csp¢ (r). (2.41)

This group theoretic expression for aabcEabbc is in the spirit of the Weyl tensor result above
and constitutes the second key formula appearing in the improved formalism applied to
the squashed seven-sphere.

In addition to these two key equations there is another very useful one, namely the
Ricci identity for Gy derivatives

.. . 1 . 6 1 v
[Daa Db] = (Tl)abTi - %aabch = (Wade + 5<P14)ab0d) 2cd - %aabch- (2'42)

An especially useful form of this Ricci identity is

3 .
b (2.43)

In the next section we will derive the eigenvalue spectra of all the operators relevant for

aabCDch = -

the squashed seven-sphere compactification of eleven-dimensional supergravity. The cases of
A, forp=0,1,2,3, Ar and lD1/2 have been obtained before in [2] (for A, with p = 1 already
in [45], 119 in [40] and for Ag in [32]) but the derivations will here be streamlined quite a
bit using the novel group theoretic formulas, eq. (2.38) and eq. (2.40). In addition, with these
new forms of the key equations, we can rather easily add the so far missing one (presented
also in [36]), namely i) /2, to the list, thereby making it complete. It is then possible to
conduct a search for the full set of supersymmetry irreps as indicated in the previous papers
on this subject [1] and [2]. This will be the goal of section 5.
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It might be of interest to the reader to know already here that the supersymmetry
analysis will come short of providing a full understanding of the supersymmetry multiplets:
there will remain both ambiguities and a degeneracy of eigenvalues which will require further
studies. An initial result in this context will be presented in section 4 where we give a novel
construction of all modes of the Yy, as well as their eigenvalues.

3 Derivation of all operator eigenvalues

In this section we start, in section 3.1, by briefly showing how to derive previously known
results using the more powerful methods presented in section 2. Then, in section 3.2 we apply
these methods to the novel case of spin 3/2. This case was left undone in [2] but the analysis
of the spin-3/2 equation on the squashed seven-sphere, including finding its eigenvalues, have
already been reported on in [36]. If the reader find the following account too brief more
details can be found in [36]. The master formula used repeatedly below is eq. (2.40).

3.1 All operator equations except spin 3/2

Zero-forms. The equation to be solved in this case is

AgY = K3Y. (3.1)
The master formula eq. (2.40) for A immediately gives (using Cg, = Cyo(7) = 0)

AP = c,, (3.2)

when applied to scalar modes.” Note that agm2®DY = 0 in eq. (2.40) since Y is a scalar
and the action of X% on the c-index on D¢ also vanishes due to the contraction with Agbe-

One-forms. The equation for transverse one-forms (DY, = 0 or, equivalently, Doy, =
0) reads

AY, = k1Y, (3.3)

Again using eq. (2.40) we get, now with Cyo7)(7) = 3 and C,(7) = 2,

. § 3
D1Y, = a,”D.Y; = JE(CQ — K3+ 5>Ya. (3.4)

The standard procedure at this point is to square the operator, i.e., act with Dy again,
which gives
" 24 1

(D1)2Y, = —CIV, + DPDyYy + e Dy DYy = (cg ~Cnt % - ﬁﬁl) Y, (3.5)

where we have used that Y, is transverse. We have also used the Ricci identity on one-forms

.. 6 1 .
[Da, Dy)Y, = (Wabcd + 5<P14)abcd) Vi— oD (3.6)

"We will in the following denote the eigenvalues by a superscript on the operator, as in eq. (3.2).
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and the following two direct implications of it:

L 15
D’ D,]Y, = Y + — 3.7
[ ] \/5 (3.7)
and 19 5
bed 19 15 S
LDy DYy = =Y, — —=DY,. 3.8
¢ pDe¥a = N (3-8)

It is interesting to note that C}, reappeared in the above calculation of (251)2}/@ but that the
formula for the Weyl tensor eq. (2.38) applied to one-forms gives rise to a contracted Weyl
tensor which vanishes and hence gives (also obtained in [32])

(152 _ ch) 0. (3.9)

Hence, the eigenvalue equation eq. (3.5) becomes
12 3 3\
Cg+5—(C’g—m%+5>:5<Cg—/€%+5) , (3.10)

which is solved by x? = Agl)i

7 1 49
A= :cg+ﬁiﬁ,/cg+%. (3.11)

Two-forms. We now turn to two-forms and the eigenvalue equation

, wWhere

AQYab = H%Yab- (312)

In the previous literature the additional technical issues that start to appear here were
handled on a case-by-case basis, leading to poor understanding and long calculations. In [1],
for instance, equations like eq. (2.40) were derived for the different types of fields separately.
Moreover, they still contained C, and the Weyl tensor, presenting further technical difficulties,
since the latter appears when acting with A, on a p-form, cf. eq. (2.9), and its expression in
terms of Casimirs, eq. (2.38), was not known. Using the novel version of the key equations
eq. (2.38) and eq. (2.40) this computation will be much easier as we now show.

In the improved formalism of this paper eq. (2.40) takes the following form when applied

to transverse two-forms®

~

. V5
’D[Q}Yab =ay dD|d}/C|b] = T(Cg — /i% + 3P7) Y. (3.13)
Here we have used Cyo7)(21) = 5, Cy,(7) = 2 and C,(14) = 4. Note that the reason P;
appears in the last expression is that the two-form splits under Spin(7) — G2 into 14 and

7 which have different Cgy,-eigenvalues. Note also that the transversality constraint reads,
with Ga-covariant derivatives,

D, = QapeY . (3.14)

b
25

8The reason for the square bracket on the index 2, here and below, is that the free indices are antisymmetrised.

The same differential operator but without antisymmetrisation or with symmetrised indices will be used below.
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In order to proceed it is very convenient to define a second linear operator
DiyYab = a1 Dy Yea = —D|, Yy, (3.15)
where we in the last equality have defined the vector Y, associated to the two-form by
Yy = 0"V (3.16)

Note that this vector field is not transverse a priori (as it is in the one-form case above),
a fact that will become important below.

One can quite easily derive a relation between the two linear derivative operators defined
above. It reads

. 3 3 N
cav” Dy Yed = —=PrYop + 2Djg Yoy, — 2D Yo, (3.17)

V5

By writing ¢ in terms of (5% and (P7)q°?, this can be rewritten as

~ ~ 3
DY = (2 = 3P7)Dy Yoy + —=FPrYa. 3.18
2 Yab = ( 7)Diz) Yab N (3.18)
This equation implies that, if Y,; has no 7-part, it will satisfy 75[2] Y. = 0 since, in that case,
75[2] Y =0 = P;Y, and 2 — 3P5 is invertible when acting on two-forms.

Combining egs. (3.13) and (3.18) leads to the following much simpler equation for the

. 5 4
DYy = _\2[ (2(Og — K3) — 3<Cg — K3+ 5>P7) Yab- (3.19)

eigenvalues

The reason this is simpler than the original eigenvalue equation is that it becomes an eigenvalue
equation for one-forms when the Gy part 7 of the Spin(7)-irrep 21 is extracted by contracting
with agpe. Doing this we find (for D; see the one-form analysis above)

« 5 12
Dlya = —? <Cg — K‘% —|— 5> Ya. (320)

To deal with the lack of transversality of the one-form Y, we contract the last equation
above by D% and find that either DY, = 0 or (again denoting the eigenvalues by indexed

operators)
18

5
In the former case, Doy, = 0, we repeat the one-form analysis starting from eq. (3.20)
and find that either Y, = 0 or

@: _o M2 o 49
A ng+5i\/g Cy+ 55 (3.22)

When Y, = 0 then also ﬁ[Q]Yab = 0, as remarked above, and we see from eq. (3.13) that
the last set of eigenvalues are given by

AV =c,+ (3.21)

AP =c,. (3.23)
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Lichnerowicz. We now turn to the case of symmetric transverse and traceless rank-2
tensors which we will denote as X, ;. Thus X, satisfies

AXy = K2 Xy, X% =0, DXy =0 < DX, = 0. (3.24)
Using Cyo7)(27) = 7 and Cy,(27) = 13—4, the master formula becomes

v

cd 715 \/g 7
D(2)Xab = a,(a dD|dXC|b) = 7 (Cg — K)% =+ 5>Xab7 (325)

where we have introduced the differential operator 75(2), which clearly is the object we need
to study and if possible relate its action on X to KZ% and X itself.
It turns out, however, that it is much more convenient to start by considering the operator

(ﬁgX)ab = CLaCdDchb, (3.26)

without any kind of symmetrisation. The reason for this is that one can rather easily derive
a nice equation for its square (D22X)gp.

To proceed we note that (752X )ab is traceless and has vanishing 7-part and hence contains
only the irreducible parts 14 and 27. The latter, (15(2)X )ab, Was defined above while the
former will from now on be denoted

Vb = (D X)ab = (D2 X)ap — kX, (3.27)

where k is the coefficient on the right-hand side of the master equation, eq. (3.25). It is easy
to show that D® (152X Jab = 0, which by the above equation implies that Y, is transverse
(D% = 0) since Xy is transverse and Yy, has no 7-part.

It is now fairly easy to compute (1522X Jab- In fact, from eq. (2.38) we find

2
IW, 0 X g = (58 - Ch) Xap (3.28)

(found earlier in [2]) which together with the Ricci identity for D, makes it possible to
show that C}, cancels and that
v v v oy v v 1
(DQQX)ab — _DXab + DCD(zch + CacdeDchXeb = CgXab — ﬁ(DQX)ab' (329)
Finally, by combining this equation with the one defining Y,; above we find

k . 1
I<:2+—C>Xa:—<D +I<:+>Ya. 3.30
(K 2= =) X = = (Bot b+ 22 )i (3.30)

To solve this equation we consider first its antisymmetric part which reads

. 1 NG 9
D[2}Yab = (k‘ + \/5>Yab = Y (Cg - I{% + 5>Yab' (3.31)

However, ZV)[Q]Yab = 0 since Y, has only a 14-part, as already noted above when solving for

the two-form eigenvalues. Thus either Y, = 0 or KJ% = AS-}) =Cy+ %.
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When Y, = 0, we have, by eq. (3.30),

(k2 + \I/% — Cg>Xab =0. (3.32)

Inserting the expression for k£ above and solving this equation give the remaining two sets
of eigenvalues, A(LQ)i.
To summarise, we have found that the eigenvalues of the Lichnerowicz operator are just

the following three sets (reported without derivation already in [32])

A =, + g (3.33)

2 8 2 1

Three-forms. Following the by now standard procedure, we start by presenting the master
formula applied to three-forms, in the irrep 35 of so(7). Thus, since its Ga-content is given
by 35 — 1 ® 7 @ 27 we need Cy7)(27) = 7, Cg,(7) = 2 and C,(27) = 13—4. Using these
facts and the eigenvalue equation for transverse three-forms

AYpabc = ﬁgyaba DaYabc = 07 (335)

the master formula becomes

. 36
3a[ad6D|6Yd|bc] = \/5 (Cg — KZ% + g - 3P7 - 7P27> Yabc~ (336>

With some care when imposing transversality we can make use of previous results, in particular
the ones related to Lichnerowicz discussed just above.

To split the three-form into its G2 parts according to 35 — 1 & 7 @ 27 we use the
projection operators in appendix B. This leads to

1 1 3
Yabe = Eaabcy + ﬂcabcdyd + Za[abch}d> (337)
where
— ,abc — bed — cd 1
Y =a"Yape, Ya=—caVoed, Xab = 03" Yopea — 20abY- (3.38)

The transversality condition D%Y,,. = 0 in terms of Da translates into

- 1
DY eap = 7a[a0dy;)}cd' (339>

V5

The key equation eq. (3.36) above splits as the three-form itself into three pieces.
Considering first the parts 1 and 7 we get

Ny 36
3DY, =5 (Cg — K3+ 5>Y, (3.40)
%DQY — %aabCDbYC — 3D X, = — (Cg — K2+ 251>Ya. (3.41)
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To extract the eigenvalues connected to these two equations we note that the term DbXba in
the latter one is also occurring in the 7 part of the transversality condition and can thus be
replaced by terms involving only Y and Y,. Doing this, eq. (3.41) gives rise to an equation
which we contract by D and use eq. (3.40) to eliminate D®Y,. The final result is

%CgY = (Cg — K3+ g) <Cg — K3+ 356)1/, (3.42)

which, if Y # 0 gives the eigenvalues k3 = A§3)i

AP = ¢, +5 J f\/ . (3.43)

If instead Y = 0 we see from the above equations that DY, = 0, which implies DY, = 0,
and that Y, satisfies an equation which, apart from having different constants, is identical
to the one-form one above. Repeating the steps taken there we find the following result for

the eigenvalues associated with Y, in the present case:

5 1 19
NS :Cg+§iﬁ\/0g+%. (3.44)

Finally, if instead of getting the previous set of eigenvalues also Y, = 0 then only X
is left in Ygp.. Now the transversality condition gives

DX, =0, Pu(Dg X)ap = 0, (3.45)

and the master equation eq. (3.36) reduces to
« 1
(DaX ), = _\/5<Cg — K3+ 5)Xa,,. (3.46)

The situation has now become similar to the one for the Lichnerowicz operator but with the ad-
ditional information that what we there called Yy, = (b[Q}X )ab vanishes since P14(13[2]X Jab =0
and the 7-part of Y,; always vanish for transverse X,;, as noted above. Hence, we only get
the case analogous to eq. (3.32), not eq. (3.31). Changing the constants of the Lichnerowicz
analysis appropriately, this gives the two eigenvalues in eq. (3.47).

Thus we have found the following three branches of eigenvalues for the three-forms:

Agl)i = Cy+ i £ \}»\/CQT, (3.47)
2 + f\/i (3.48)
AP =+ s f\/i (3.49)

When we summarise these results at the end of this section we will instead give the eigenvalues
of the linear operator @ related to A3 by A3z = @Q?. This will force us to choose one of
two possible signs which, however, can be done using supersymmetry as will be clear from
the analysis in section 5.
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Spin 1/2. When we now turn to operator equations on the squashed seven-sphere for
modes in spinorial tangent space representations we follow the strategy in [2] of squaring the
corresponding Dirac equation. For the spin-1/2 case we thus consider

AY = K3 )b, (3.50)
where the universal Laplacian in eq. (2.9) is related to the square of the Dirac operator by

189

A = (i) — 250 (3.51)

As in [2] we will make heavy use of the Go-invariant Killing spinor 7 which satisfies
Dan = 0. (3.52)

Using 7, we can define the projection operators needed to split the Spin(7) spinor irrep 8
into Go parts according to 8 — 1@ 7:

P, = i, P; = TiT,. (3.53)

These projection operators satisfy P, + P; = 1 (which is just a Fierz identity) which leads
to the following splitting of the spinor:

Y =Yn+iY, . (3.54)
where we have defined two real tensor fields
Y =y, Y, = —inlg. (3.55)
Using the fact that Cy,7)(8) = 21/8 we find that the master formula reads

y 63
aape DD = 4V/5 (Cg — Ky + %

5 3P7> b (3.56)

This equation can be projected onto its scalar and vector parts leading to the following
two equations

. 63
3DaYa = 2\/5 <Cg — I{%/Q —+ 20> }/, (357)
. . 3
3DQY + aabcDCYz = —2\/5 (Cg — KZ%/Q + 20) Ya. (358)

Here, we see immediately that if Y = 0 then Y} is a transverse one-form satisfying an equation
of the form DY, x Y. Thus, we first want to use the two equations above to derive the
eigenvalues in the Y # 0 case to then be able to reuse the analysis of the one-forms.

This is done as follows. We contract the latter of the two equations above by D% and
use the first equation to eliminate the DY, term. This gives

9 9 63
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Thus either Y = 0 or the eigenvalue /@% /2 is given by the solution to this equation, which reads

9. 3 81
A§1/)2:Cg+§iz—\/5,/cg+2—o. (3.60)

On the other hand, when Y = 0 the above equations egs. (3.57) and (3.58) reduce to the
equations for a transverse one-form analysed previously. Reusing that computation we find

11 [ A9
AP 4 - .61
e AN TN A AT (3.61)

The final step is to solve for the eigenvalues of the Dirac operator i), /2 from eq. (3.51).

The result is given as 2],7551/); and zﬂ)gz/); in section 3.3.

3.2 The novel case of spin 3/2

The last operator equation to discuss is the spin-3/2 one. This is also the one that has not
been solved previously in the literature (see however [36]) but which can now be dealt with
using the more efficient methods presented in the previous section. As we will see below
the analysis of the spin-3/2 eigenvalue equation will contain most of the intricate features
encountered, and resolved, in connection with the cases discussed above.

The starting point here is the same as for the other cases above: write out the master

formula, that is eq. (2.40), using Cy,(7)(48) = 42, Cg, (7) =2, Cy,(14) = 4 and C, (27) = 4,

147

. 1 .
aabchd}b + ZadecrdeDcd}a = \/5 (Cg - 53/2 + % - 3P7 - 6P14 - 7P27> ¢aa (3'62)

which is satisfied for transverse and gamma-traceless vector-spinors v, i.e., D%, = 0 and
I'*), = 0. Here mg /2 is the eigenvalue of the universal Laplacian which is related the square
of the spin-3/2 operator ing/g, i.e., we have,

Mo =t Ao = (DY + 2t (3.63)

When giving the result of this subsection in the summary at the end of this section it is
the eigenvalues of D4 /2 that are quoted. This step requires taking the square root of the
result for (i) /2)2 giving a sign ambiguity that is resolved by requiring that the eigenvalues
must be consistent with supersymmetry in the case of the left-squashed S” compactification.
This is analysed in detail in section 5.

Irreducible Gs-components and transversality. The strategy we will adopt to analyse
the above spin-3/2 equation will rely on the fact that the Ga-content in 48 is 714 @27 which
corresponds precisely to a traceless two-tensor without symmetrisations: the antisymmetric
part, denoted Yy, corresponds to 7 @ 14 while the traceless symmetric one, X, corresponds
to 27. This makes it possible to translate the present spin-3/2 problem into problems involving
two-tensors and hence to use knowledge obtained from the previous subsection. As in the
spin-1/2 case above, we can use the Killing spinor 7 (and the Fierz identity T';nnl'® = 1 — nn)
to define the split [32, 37, 41]

% = Yan + inZbana (3'64>
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where the two (real) tensors are given by
Y, = ﬁwm Zab = _iﬁrawb- (365)

Note that the two-tensor appearing here has no specified symmetry on the indices. However,
from the gamma-tracelessness of the spin-3/2 field, I'*1), = 0, we see that Z,% = 0. Thus,
the only remaining issue is whether or not there is an independent 7 piece in Zg . To
clarify this point we compute

aabCZbc — ﬁrabcnﬁrbwc _ _,ﬁracwc — Ya) (366)

where we have used the above Fierz identity for n together with I'*s), = 0 and the relation
Agpe = 1L qpen (see appendix A). Thus it is convenient to define the G irreducible parts of
Zap as follows (for the projection operators, see appendix B)

Xab = Ziap), Yob = Ziays Y = PYy, Y = PiuYy, (3.67)

a

where Ya7b = %aachc. Thus we see that the content of independent tensors in the spin-3/2
field v, is exactly one vector (7), one 14-part of an antisymmetric two-tensor and one
traceless symmetric two-tensor (27).

Before attempting to find the spin-3/2 eigenvalues /i% /2 defined in eq. (3.62), we also need

to analyse the transversality condition of 1,. In terms of D, the transversality condition reads
. 1
D%y = —Tﬁaabcralﬂ/’c' (3-68)

By contracting with 77 and nl'y, we can extract its 1 and 7 parts, respectively,
o " " " 1
DY, =0, D'Z,, = D' Xy, — DY, = —=Y,, (3.69)

V5

where we have used
iT oDy = oMYy + €% Zoy — 06 2% + 622¢, (3.70)
which follows from eq. (3.64). These equations will be used below.

Deriving the eigenvalues. To find the eigenvalues associated to the various tensors
obtained in the above decomposition of v,, we start by converting eq. (3.62) into an equation
for Z,.° Contracting it with I, and using eq. (3.70), we find

3 v 1 N 1
——_DoYy + —=apDgZge — —=
2\/5 alb \/gb d%ac 2\/5

Here we note that the first term contains Y.

. 7
aacdDchb = <Cg — K’%/Z + 20 + P4+ 4P7> Zap- (3.71)

In order to get further equations involving Y, we need to discuss the various divergences
(see, e.g., eq. (3.69)). Note first that

y 1 1«
Dby = 6%C’)Dbyc = sDiYa, (3.72)

9The eigenmodes and eigenvalues are not strictly associated to the Ga-irreducible pieces since A is

block-triangular rather than block-diagonal over these, as we will see below.

— 21 —



and that eq. (3.69) relates the divergences of X, and Yy, to Y,. To get other equations relating
the divergences of the two-index tensors, we can contract eq. (3.71) with D and DP. This will
lead to a situation resembling the analysis of one-forms carried out in the previous subsection.
Note that Y, satisfies the transversality condition eq. (3.69) which implies D*Y, = 0.

By contracting eq. (3.71) with Db we get a second relation between the divergences

of Y1, Y} and X,. Combining this with the transversality condition for 1, eq. (3.69),
we can solve for two of them as
. v 5 81
Db}/blall — —SDb}/bZL + { (Cg — /ﬁ}g/Q + 20>Ya, (373)
. . 5 93
DbXy, = —2D%Y,! + \3f (Cg — K5+ 20>Ya. (3.74)

Next, we contract eq. (3.71) with D®. The calculation is a bit involved, more details
can be found in [36], but again gives an equation relating the divergences of the two-index
tensors. Using egs. (3.73) and (3.74) to eliminate D'Y;* and DX !4 and eq. (3.72) to convert
DbY}L to ﬁlYa, the result can be written as

109 \/5 57\" 1 12

To find the eigenvalues from this equation we recall the analysis of the one-form above, in
particular egs. (3.4) and (3.5). It is then easy to see that in the present case it leads to
a fourth-order equation in /152,) /2 with solutions

(3) lc, (4) _ lc,
A = +—i2\[ A =Cy +—i2\[ (3.76)

if Y, # 0.

If, on the other hand, Y, = 0, then both X, and Y}} = Y, are transverse by eqs. (3.73)
and (3.74). Now, the situation is a bit similar to part of the three-form analysis, where
we also had 14 and 27 pieces. To proceed, we pick out the symmetric and antisymmetric
pieces of eq. (3.71), giving

. . 7

D(Q)Xab — B(D(Q)Y)ab = 2\/5(09 — Iig/Q + 20>Xab7 (377)
. . 27

_3('D[2}X)ab + D[Q}Yab = 2\/5(09 — Rg/Q + QO)Yab‘ (3.78)

Recall, again, from the two-form analysis the very useful fact that a transverse two-form
without 7-part satisfies 15[2] Yap = 0. Thus, we can form a linear combination of egs. (3.77)
and (3.78) only containing the operator Dj as

y . 7 21/5 27
(Do X)ap — 3(DaY )y = 2\/5<Og — K59 + 20>Xab -5 ((Jg — K39+ 20>Yab. (3.79)

To see why this is useful, we recall another piece of analysis from the previous subsection,
namely for the Lichnerowicz operator, and in particular the equation eq. (3.29)

L (ByX)ap, (3.80)

DX )y = CoXap — —=
(D2 X)ap g Xab = 5
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for transverse traceless symmetric rank-2 tensors Xgp. A short calculation shows that the same
relation also holds for transverse two-forms. If we act with Dy on eq. (3.79), use this relation
and then pick out the antisymmetric part, we get an equation relating Yy to (ﬁ[Q}X )ab, Damely

2V/5 9
CgYab = _T (Cg - K/?‘}/Q 20) (D[Q]X) (381)

Importantly, since we used eq. (3.80), this equation is linearly independent from eq. (3.78)

and they can be combined into

20 9 27
C Yab 9 (Cg - K?)’/Q + 20) <Cg - li%/z + 20>Yab. (382)

Thus, either Y,; = 0 or

NN 2[’ lc, (3.83)

In the last case, Yy, = 0, when only the 27-part is non-vanishing egs. (3.77) and (3.78)
gives us the Lichnerowicz situation reviewed above but with the additional information that
(ZV?[Q]X Jab = 0. As it turns out, this is exactly the situation from the three-form analysis with
only a non-vanishing 27-part, also reviewed in the previous subsection. The implication from
that analysis is then, again, that we only get two eigenvalues, given in eq. (3.87) below.

In summary, we have found that all eigenvalues of A3/, fall into one of the following sets:

14 1 19
A, :Cﬁ—iz\—ﬂ/(}ﬁ—, (3.84)
Al = ¢, +—i \/Cy 3.85
3/2 \f ( )
@2 _ /
A3/2_Cg+1—j:27 Cg+—, (3.86)
Gy =Co+= 12\[,/ (3.87)

AD _

Using eq. (3.63), and supersymmetry to fix the sign ambiguity, it is possible to determine the
eigenvalues of ’Lng,/Q, which are denoted 2123/2 ,t=3,4,2,1, in the summary below.
3.3 Summary: the entire squashed S7 operator eigenvalue spectrum

In section 5 we will use the results of this section, and the next, to specify the content
of irreps D(Ey, s) of all supermultiplets in the left-squashed vacuum. To facilitate that
discussion we here summarise the results on the left-squashed seven-sphere operator spectra
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we have obtained in this section:

2

AP = % 20C,, (3.88)

(D) m2 m2 2 9

AV = T (200, + 14220200, +49) = 7o (V20C, +49 £ 1) —4m?,  (3.80)
2

A = % (20C, + 72), (3.90)

(2) m2 m2 2

N (2009 + 44+ 43/20C, + 49) = =5 (V200 +49+2)° — m?, (3.91)
2

AP = % 200, (3.92)
2

AP = % (20C, + 36), (3.93)
2 2 2

AP = % (20C, +32 £4/20C, + 1) = % (V20C, +1+2) +3m?, (3.94)

o+ — %(—1 + /200, +1), (3.95)

O+ — %(1 +/20C, + 49), (3.96)

QB+ — %(3 + /200, +81), (3.97)

iy =" (2 /200, + 81), (3.98)

@ m( 1

inyy == (2 + /200, + 49), (3.99)

1
iy =" (2 1+ /200, + 1), (3.100)
Upg%i - % (2 +/20C, + 9>, (3.101)
1
upg%i — % (2 +/20C, + 49), (3.102)
iy =" (2 + m) (3.103)

Note that all linear operators have a sign ambiguity from the calculations above since those
analyses used quadratic operators and gave the squares of the eigenvalues of the linear
operators. However, as we will see in section 5 using supersymmetry, and for spinors already
in section 4, these signs can be determined uniquely and these results has been used when
quoting the eigenvalues above.!?

In section 5 we will fit all these eigenvalues into the supermultiplets that were established

to be present in the left-squashed seven-sphere spectrum in [1]. These supermultiplets are

0T here is one exception were this sign ambiguity is not resolved uniquely, namely the (p, ¢;r) = (0,1;0)
isometry irrep in which QM- = —10m/3 and —QW+ = —8m/3 give rise to the same M? using the formula
in table 3. We conjecture that the former is the correct eigenvalue based on the methods of the next section
but either way this has no bearing on the AdS4 analysis of section 5.

— 24 —



one spin 27, six spin 3/2, six spin 17, eight spin 1~ and 14 Wess-Zumino supermultiplets.
This procedure shows that there are degenerate Ey values of supermultiplets as well as
operator eigenvalues that are associated with more than one set of modes. This curious fact
requires a deeper analysis of these modes. One such analysis is carried out for two-forms in
the next section proving explicitly that the degeneracy deduced from the supersymmetry
analysis is realised in this case.

4 Associating isometry irreps with eigenvalues through eigenmodes

The purpose of this section is to provide a better understanding of the connection between
isometry irreps and eigenvalues, i.e., which eigenvalue formulas from the previous section
apply to which isometry irreps, through individual eigenmodes in the various operator spectra.
The eigenvalue results in the previous section and in previous works like [2, 36] were obtained
using methods that did not rely on writing down explicit modes and hence could not give
a precise relation to the spectra of isometry irreps, which was derived in full detail in [1].
Exceptions to this where explicit modes have been constructed are spinors [40], one-forms [45]
and the entire singlet sector [17].

Lacking this connection between eigenvalues and isometry irreps has led to a potential
problem, namely that there seems to be fewer distinguished eigenvalues than isometry irreps.
For instance, for two-forms, which is the first instant where this phenomenon arises, we found
in the previous section four different eigenvalues that should be related to five different modes
all having the same isometry irrep, namely the five r = p cross diagrams for two-forms in
the appendix of [1]. Similar properties can be identified for the Lichnerowicz operator (three
eigenvalues and six modes), three-forms (six eigenvalues and eight modes) and vector-spinors
(eight eigenvalues and twelve modes). However, the eigenvalues found in the previous section
are consistent with supersymmetry for all modes in the left-squashed vacuum, as will be clear
from the next section, indicating that there might not be a problem after all.

To get a better understanding of this issue we will construct all eight sets of two-form
modes and compute their individual eigenvalues in this section. The results obtained provide
strong support for the existence of these degeneracies which are made explicit in the next
section. We start the discussion in this section by reviewing the one-form and spinor cases
which will also define our notation and explain our approach, which is in the spirit of the
spinor analysis in [40].

The modes will, in all cases, be constructed by letting differential operators ) (of orders
zero,'! one and two) act on a scalar mode functions ¢. From [1], we know that the isometry
irreps in the scalar Fourier expansion are (p, ¢;p) with p > 0 and ¢ > 0 (all of multiplicity one)
which we illustrate diagrammatically in a cross diagram in figure 1. As is well-known, the
zero-form eigenvalues are A(()l) = %2 200, (see section 3). In what follows, it is understood
that these cross diagrams should be infinitely extended in the two positive directions and that

they are always made large enough to account for all special cases that arise for small p or q.

"The zeroth order differential operators are just constants, like yé"’” =5," in eq. (4.2).
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Figure 1. Scalar cross diagram. Each cross corresponds to an isometry irrep (p,q;r), for p > 0,
q > 0, of eigenmodes ¢ of Ay with eigenvalues A(()l) = %2 20C,, as given in eq. (3.88).

4.1 Warm-up: one-form and spinor modes

One-form modes. We want to construct the transverse, D*Y, = 0, eigenmodes Y, of Aj.
We will again make use of eq. (2.40) but this time write it as

AY, = C,Y, \}gaabCDCY}; + gya, (4.1)
which tells us that we only need to act with one derivative on Y, to obtain the eigenvalues of A.
The first step in this analysis is to construct a basis for all one-form modes spanning
the entire set of isometry irreps. Equivalently, we can write down an expression for the most
general one-form mode in the isometry irrep (p,q;r) which can be done using a scalar ¢
and a one-form differential operator },. Since scalars only exists for r = p, see, e.g., [1],
the scalar will be in the isometry irrep (p, ¢; p) which implies that we have to consider ),
in non-trivial representations of splc to get one-forms with r #£ p.
Not yet enforcing transversality, the one-form isometry irreps from [1] consists of one
1 e and two 351910' With this, we mean that the isometry irreps are obtained by decomposing
(P, 4:p) ® (Lo @ (2 x By,¢)) into irreps, i.e., there are three cross diagrams with r = p and
two each with r = p & 2 by standard addition of angular momentum.'? Hence, we need one
singlet ), and two triplets Vi, for which we use

v

YV =Dy YP=51 YO =ats D, (4.2)

13 We normalise them

Here, s, are the components of the sp{ Killing vectors, see [40].
such that [s, s7] = €*s;, where s' = 5,°0%, which one can check explicitly using that the

only non-vanishing components are

Sfj 1

S
7 \/5 (2

where we have used the index split a = (f, 0,7) as in appendix A and [36]. We will need the

(4.3)

H-covariant derivative of the Killing vector components [40] (see appendix A),

Dasyt = —3€ijksajsbk. (4.4)

12There are sometimes special cases for small p or ¢ where there are fewer isometry irreps than indicated
here. These details will provide a consistency check presented below.
3 Note that the index 7 in this section refers to sp1 and is not the same as the h-index i in section 2.
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A general one-form in the (p, ¢;7) isometry irrep can now be written as a linear combina-
tion of P,YM ¢, P,Y?i¢p and P,Y 3¢, where P, projects onto the sp{-irrep ()c. Note that
since P, acts on the sp{ indices of the differential operators and the (suppressed) isometry
irrep index of ¢, it clearly commutes with A, which is also obvious from the fact that the
eigenmodes of A fall into isometry irreps.

The projection operator P, can also be implemented as a differential operator. As a
first step in this direction, note that Ppyiqb x Y7 sjsiqb since the latter clearly only contains
a r = p piece. More generally, the projector is given by

Copg — Cop (1)

P?" = )
e cm=cm

(4.5)

where 7/ runs over all sp{-irreps except (r)c, since the right-hand side clearly vanishes on any
other irrep than (r)c and becomes the identity when restricted to this sp$-irrep.'* In this
equation, Cgp¢ (1) is just the eigenvalue of the Casimir on the ()¢ irrep but to use it in practice,
we also need the action of the Casimir operator on Y¢. As an example, when the differential
operator is a 3¢, ie., V!, we have (irrespective of the suppressed so(7) index on )?)

Cope V' = —(ThT* V)¢ = VATLT ¢) — 2(Tu V') (T ¢) = (Chio +2) V' — 2¢' 1V, (4.6)

where T}, are the sp{ generators and the 2 comes from Cope (3) = 2.19
The next step is to compute the action of A using eq. (4.1). To this end, we first compute

be 17 1) _i i
Qq Dc(yb ¢)*\/5 \/5

. L 6 . .
Salgb + aabcsszc¢ — ﬁy(g?)lqb + yC(LB)’qu’ (48)
aabcbc(yzgg))id)) = Da5i¢ - Sailjd) - 6€Z‘j'lc3aj5k(lS - laabcsbibdZ)

V5

. 4 7 ;
= YWsip+(Cy— 6)YPig — ﬁy@%, (4.9)

where, in the last step, we used that Clp = —C’g)qﬁ, eq. (2.41) and eq. (4.6). Putting eq. (4.1)
and eqgs. (4.7)—(4.9) together we get

Dad) - yc(zl)(b? (47>

aabcbc( éz)zqs) =

Sle

C’g‘ 0 —%si
(1) 4)(2-3)i — (1) 4)(2-3)i
AP (W Y ) o=P (V0 ¥E ) 00,8 —L(C,-6) o (410
0| —L Cy+2
NG g

where we have indicated the splc—irrep block structure of the matrix and yﬁf*‘)i should be
understood as the block ( (52) ! yc(f’”) so that the matrix multiplication between the row vector
containing the differential operators ) and the matrix on the right-hand side makes sense.

“Note that the projector is unique as long as the sp$-irreps are non-degenerate. This is true in our setting
since P, will act on Y¢ and the tensor product of two sp§-irreps has a non-degenerate irrep decomposition.

5We write Cfplc = Cs¢(p) and C¢ = Cy(p,q;p) for the eigenvalues of the Casimirs Csp¢ and Cy,
respectively, on the irrep (p, q;p) of ¢.
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Note that the lower left zero block occurs since no splc index can appear when computing AY¢
for an splc singlet ). This block triangular structure is a generic feature that will reappear
in the spinor and two-form analyses below. The above matrix can easily be diagonalised
to obtain the eigenmodes and their corresponding eigenvalues.

Here, we are only interested in the transverse eigenmodes. From [1], we know that
imposing transversality reduces the one-form isometry irrep content from one 1 sp¢ and two
38p1c to just two 3sp1c. Computing the divergences we find

Dy =0, (411)
DYYPig = sig, (4.12)
DUYBig— — 3 gy (4.13)

V5
which may be written, using that CgPTyél)si¢ = Cgpryé”s% since Pr;,,gpy(gl)s"qb =0, as

DB (YN YE V=P (Cy|st s ) o, (4.14)

where the vertical bar on the right-hand side indicate the sp{ block structure that is manifest

on the left-hand side. From this, we see that the expectation from [1] is borne out; y§1)¢ is

not transverse but can be combined with yf’?’”qb to make them transverse.
Diagonalising eq. (4.10) and then using eq. (4.14), we find the transverse eigenmodes

P, ~,§1)ii¢) of Ay and their corresponding eigenvalues Agl)i, where
o . 1 4 .
YD+ = 2/5ygi 4 NG (10C, — 21 % 3y/20C, +49) V" — (74 /200, + 49) V',
(4.15)
A = mz(zoc + 14+ 2y/20C, + 49) (4.16)
1 - 9 g g 9 .

which agrees with the eigenvalues in eq. (3.89).

As mentioned above, there are some special cases of isometry irreps that can occur when
either p or ¢ is small [1]. To see for exactly which (p, ¢; ) the eigenmodes and their associated
eigenvalues exist, we compute their norms

1PV = [ vol (<0) P (31747 (4.17)

where the integral is over the squashed seven-sphere. Note that either all or none of the
eigenmodes in each copy of an irrep (p,¢;r) vanish since the representation is irreducible,
hence we have contracted the sp? indices in the above equation without loosing information
about which eigenmodes exist.

To proceed, we use eq. (4.5) to write the projector in terms of the Casimir operator.
In the case at hand, we are dealing with 351710 operators, so r = p, p £ 2 and 7’ takes the
two values different from r out of these three. Hence, we have to act with the Casimir Cgp¢
twice on the modes. We already saw in eq. (4.6) how to act once. When acting with the
Casimir operator again, we also get a term

€ k(€ mpY™s™)s" = —Y's? + ifzjkyjsk + YV;s¥, (4.18)
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where s = s(is7). Thus, the squared norms ||P,Y(M+¢||? can be written as linear com-
binations of

Ymig 5, yMigy (YMig e Y Miskey  (pmig yMig by (4.19)

where m,n = 1,2, 3 are labels (not sp? indices) and yi = y)gi,
To compute the norms of the eigenmodes we note that it suffices to compute the one-form
scalar products

(YW, yWg) = Cyl|gI1%,
3

YWo, Y@isig) = Chelgll’, (VMo Yisi0) = —ﬁC?pglrW, (4.20)
W0 YD) = 20.690),  PD0IVg) = Z(o.Fag), (@2
(Y9, YD) = ZC31,094) — 106, s0) + (6,5), (1.2)
by using that (Vsie,V'¢) = —(V,V's'¢), which follows from the spC-irrep of ¢ being

unitarity, where ;) are differential operators (that may have suppressed splc indices).
Apart from these, we have to compute the zero-form scalar products that appear when
putting the above together, e.g.,

. 1
(0.57s59) = Che (Che = 3 )91 (4.23)

Putting everything together to compute the norms in eq. (4.17), i.e., the eigenmodes
from eq. (4.15), the projector from eq. (4.5), the action of the Casimir from eq. (4.6) and
eq. (4.18), the one-form scalar products from eqs. (4.20)—(4.22) and the zero-form scalar
products like eq. (4.23), we get

1P, 12 Y% 6] o %(p +2)(p+3) ((ZOq(p +q+3)+ (5p+6)°) (20q(p + g + 3) + (5p + 13)°) o

T+ (20g(p + g+ 3)(5p — 1) + (5p + 6)*(5p + 13)) /20a(p + ¢ + 3) + (5p + 13)2),

1BV o %p(p +2) ((5q(p +q+3)+ (5p+ 14)) (20g(p + ¢ + 3) + (5p + 7)°) (4.25)

+ (55q(p+ q+3) + (5p + 14)(5p + 7)) v/20a(p + ¢ + 3) + (5p + 7)2),

i 1
1Bp—2 V=] o< ep(p — 1) ((20q(p +q+3) + 5p(5p + 16) + 56) (20¢(p + q + 3) + 5p(5p + 2) + 49)

£ (20q(p + g + 3)(5p + 11) + 25p*(5p + 13) + 8(75p + 49)) V/20q(p + q + 3) + 5p(5p + 2) + 49)7
(4.26)

where we have dropped the denominators in eq. (4.5) except for the sign to make sure that
the proportionality coefficients are positive. Using the same equations, we have also verified
that the eigenmodes are orthogonal, as a consistency check. Examining for which (p,q)
they vanish, we arrive at the cross diagrams in figure 2, which are consistent with [1]. Note
that one immediately sees why there are columns without crosses (i.e., constant p) from the
representation theory. For instance, if ¢ is an sp{ singlet, J'¢ transforms in the 3 ® (0) = (2)
of sp{’. This (2) corresponds to the p = 0 columns in the r = p + 2 diagrams and the fact
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1

a, r=p+2 q r=p+2

4 X XXX 4 X XXX
3 X X X X 3 X X X X
2 XXX X 2 X X X X
1 X XX X 1 X X X X
0 6% O+——T7
01 2 3 4P 012 3 4P
q, r=p q rT=p

4 XXX X 4 XXX X
3 XX XX 3 X X X X
2 X XXX 2 X X X X
1 X XXX 1 X X X X
0Oo+————+ 0 +—%—x—x—x>
012 3 4P 1 2 3 4%
a, r=p—2 q r=p-—2

4 XXX 4 X X
3 X X X 3 X X X
2 XXX 2 XXX
1 XXX 1 XXX
0 +——x—x—x» (1 e ——
01 2 3 4P 012 3 4P

Figure 2. Transverse one-form cross diagrams. Each cross corresponds to an isometry irrep (p, g;r)
of transverse eigenmodes, listed in eq. (4.15), of Ay with an associated eigenvalue given in eq. (4.16).
Both columns have a unified 3opC one-form differential operator generating the eigenmodes and a
unified expression for the eigenvalues.

that 3 ® (0) does not contain a (0) when decomposed into irreps corresponds to the fact that
there are no p = 0 crosses in the » = p diagrams. Note also that it is easy to see why there
are columns without crosses from the prefactors in egs. (4.24)—(4.26).

In the formalism we use here, there is however no manifest reason for why there are rows
without crosses (i.e., constant ¢). Again looking at eqs. (4.24)—(4.26), we see that this requires
that the expressions under the square roots become perfect squares for particular values of ¢,
namely ¢ = 0 in the examples at hand, and non-trivial cancellations between the terms.

Spin-1/2 modes. Turning now to the spinors, we want to find the eigenmodes of ilDl/z.
Since this is a linear operator, we will not use eq. (2.40) here but instead just act with i), /2
directly. The structure of the analysis is very similar to the one-form case presented above so
we will just present the results, skipping most of the calculations.

The spinor isometry irreps from [1] consists of two 1 spC and two 3 spC- Following [40],
we first define

¢ =il s, (4.27)
where 7 is the Ga-invariant spinor as above, and then let

YW =n, YO =irD,, Y=g, YV =% D, (4.28)
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The H-covariant derivatives of n and &' are [40] (cf. eq. (A.6))

v

Dan =0, D& = 3¢ s €,

(4.29)

where the former follows from 7 being Gs-invariant and H C G5 and the latter follows

from the first one and eq. (4.4).
Next, we act with iwl/Q to obtain

21 2
3v5
lep( P(1-2) (34 )¢ P, (y(172) y(374)i> 1 4 0 0
0 0 |-3% C—6
0 0 1 5

(4.30)

where we have used the same tricks as in the one-form case and the notation with the sp$’ block

structure is also the same. Diagonalising this, we find the differential operators generating

the eigenmodes and their associated eigenvalues, which are consistent with egs. (3.98)—

(3.99) above,

YW= = (94 /200, +81) YN 4 259
yAxi — (7i V20C, + 49 ) )st 4245y gi

t (1009 —2lF 3¢m)y<3ﬁ ¥ (7 n \/m)ng
il =3 (5 = VARG, ¥ 1),

P = (_ + m)

Lastly, we compute the scalar products

(M ¢,y<1>¢> H¢>Il2 (YWe, Y@y =0,
(YW, yDisip) = (YW, yWisip) = Coell4ll?,

Y y%> C“’H¢H2
(YPo, yDisip) = Chellgl?, (VP p, Y WDisi0) = 70;*21 cllg]?,
(YB)ig y@ig) = 5<¢, 59y, (YPig, yWigy = —ﬁ(@ € spp),

; , 1 g 7T
(Y Wig, YWip) = 2CP(6,670) — (6, P i),

(4.31)

(4.32)
(4.33)

(4.34)

(4.35)

(4.36)
(4.37)

(4.38)

to investigate when the eigenmodes above exist and find the results presented in figure 3,

which is consistent with [1].
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q, r=p-+42 a, r=p-+2
4 X X X X 4 X XX X
3 X X X X 3 XXX X
2 X X X X 2 X XX X
1 X X X X 1 X X X X
0 ¥—6—%—x—% 0+—
01 2 3 4P 01 2 3 4P
q a, T=p a, T=p
4 4 X X X X 4 X XXX
3 3 X X X X 3 X X X X
2 2 X XXX 2 X XXX
1 1 X XXX 1 X XXX
0 0Oo+———— 0 +——6—x—x—x>
01 2 3 4P 01 2 3 4P
q, T=p-2 q, T=p-2
4 XXX 4 XXX
3 X X X 3 X X X
2 XXX 2 XXX
1 XXX 1 XXX
(1 e — 0 +———x—x—x»
01 2 3 4P 01 2 3 4P

Figure 3. Spinor cross diagrams. The corresponding eigenmodes of 1D, /2 are listed in eqgs. (4.31)—
(4.32) and the associated eigenvalues in eqs. (4.33)—(4.34).

4.2 Two-form modes

When we now set out to find explicit expressions for the transverse (DY, = 0) two-form
eigenmodes Y, of Ao, we will face several technical challenges beyond those found in the
one-form and spinor analyses. In order to only have to act with one derivative, we will again
make use of eq. (2.40), this time written as

2 o
Ag = Cg + 3P; — ﬁ’D[Q], (4.39)

where ﬁ[Q]Yab = a[aCdDMYVc‘b}, as before.

As in the analyses above, the first step is to construct a basis for the two-forms in a
generic isometry irrep (p, q;r). Before implementing transversality, the two-form isometry
irreps consists of one 1 spC five 38p1c and one 5Sp1c, according to [1]. The appearance of a
5 spC here is new compared to the previous cases and is, in fact, the largest splc—irrep needed
for all of the so(7)-irreps relevant to the supergravity compactification [1]. This is one of

the technical complications referred to above.
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After some algebra we arrive at the following set of differential operators to generate
the two-form eigenmodes

yc(;)) = aabcbw (4.40)
Vi = aws, V' = € rsal si”,

yc(ﬁ)i = S[aibb]a ygiﬁ' = cap™s Dy, (4.41)
yég)i = a[aICdscibdw]a
yg)ij _ S[a{“ab]CdSc'j}Dd, (4.42)

where the braces around ¢, j on the last line indicate the symmetric traceless part, i.e., the
55p1c in 3Sp1c ® 3sp1c. Note the appearance of the differential operator

v

Day = D, Dy, (4.43)

which is the symmetrised composition of two derivatives, in the expression for yé?,)i. That
the corresponding mode is necessary is a fundamental result of the analysis presented here.
To establish that this mode is needed one can compute 75[2] on the more standard mode
functions obtained from yg”' and verify that the mode function yfjj”qb gets generated, as we
will see below. The acceptance that the mode functions ygz)iqb are unavoidable is the key
that makes it possible to complete the analysis of the two-form modes.'©

Of course, one has to make sure that the mode functions constructed here are independent.
One such concern could involve

eijks[ajab] gk Dy (4.44)

that seems to give an additional mode function independent of the above ones. However,
the identity

1
]ka[a sb] Sck ) jkaab Sc dk (445)

2\/>Cab Sc

shows that the above expression is in fact a linear combination of € jky b Tk and y (4)i,

Next, we compute the action of D[Q] and P; and put everything together using eq. (4.39)
to obtain

AP (D) VGO v Jo=P (VG G VT )Mae (446)

6Mode functions can also be constructed using I'® matrices but these must then be decomposed into
octonionic quantities and Sp{ Killing vector components in order to check that different mode functions are
really independent. One example is Yaii =0T 087 }chb where the right-hand side can be rewritten using
the identity ig{if‘abcfj} = 6$[a{i|abc]dsd‘j}.
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Ma, = (4.47)
Co+%#| 0 0 0 Zs st 0
0 |Co+% L=@2-A0) FAc Zcy (44C9 — 8TAC) Lol sk
0 - Cy— & 0 0 —53=(208 - 3AC) | —ZaVsM
0 —2 0 Co—f5 & —5L=(20C8 +30AC - 33) | — =55
0 * 3 L c+i — 5075 (10AC - 7) 0
0 0 0 _% _% Cy— 15 0
0 0 0 0 0 0 Cy

and we have defined AC' = Cy,¢ — Cg’plc — 2. Note the appearance of Cy, Cg) and AC in this
expression, which makes it structurally more complicated than the one-form and spin-1/2
cases above where only Cy enters in the analogous matrices. In fact, one might be worried that
all three of them will also enter in the two-form eigenvalues, since we know from section 3 that
the eigenvalues should not contain either Cg’ or AC. As we will see below, the eigenvalues do
match what we found in section 3 but some eigenmodes contain C’j and AC.'7

One complication in this calculation is the appearance of the Weyl tensor so we should
recall that eq. (2.38) relates the Weyl tensor acting on two-forms to the Casimirs of g, and
h. However, while C}, only has one eigenvalue on 7,,, it has several when acting on 14,
in 21,,7), and hence one has to construct the projectors onto the various h-irreps using
Sa’y Gape and cqpeq- These projectors and some identities that facilitate the calculation can
be found in appendices A and B.

Since we are only interested in the transverse eigenmodes, we also compute the divergences

PPV VIO YR ) e =P (D 28

0| 0 0 st 0 ~ 1S 0
® 3\f 3 s{ik , 4.48
3 — = Co 4 BEAC| 3608 | 9 (4.48)

ol 1+3AC 1CP 3AC
0| 1 0 0 -2v5 log+3ac—1 | Lelsk

where yél) and yf’?’)i are the one-form differential operators from eq. (4.2).

The eigenmodes of Ay are found by diagonalising eq. (4.47). We then use the above
equation to check which of these are transverse. This results in eigenmodes P,Yp¢ and

""Note that Cy = C + 3AC + 6, which follows from eq. (2.41), enables terms containing C and AC to
cancel.
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associated eigenvalues given by

I =%, (4.49)
. 1
Y+ _—0( 5Cy — 21 F 3v/20C, + 49) V()

- ch (Cy+Cf +20 2200, + 49)

3
+ch(13i\/2ocg+49)y§§ 2\[0 YL
4\/5 (15i\/200 +29) V5" + CR, (4.50)
Y — 3160 (5AC + 16)Y) s
+ 1(2092 — C,(TAC + 16) — 3(AC + 2)(3AC — 4)) Y2
- f(ch —3C,(3AC + 8) 4+ 36(AC +2)) Y2
1 (4)i
—_(C4(10AC + 13) — 57(AC + 2
+m< J(10AC +13) = 5T(AC + 2)
4 \[( ,(BAC +6) — 30(AC + 2) Y0V — (€, +3(AC +2)Y\P" (4.51)
T = 2(AC+ 2V + 2 (0, - 2AAC +2) P
VB (a0, — 9(AC +2 YOG L /BAC +2)y D)
_7(9_( +))abs+( +)abs
- @(Acm)y("’)“sﬁ — (Cy +3(AC +2) YD (4.52)
ab g ab
Al = %(200 +72), (4.53)
@s _ m’
AS (200 +44 +4/20C, +49), (4.54)
2
AP = ?2009, (4.55)

which is consistent with egs. (3.90)—(3.92).

Lastly, we compute the norms of these eigenmodes to see for which (p, ¢;r) they exist.
We employ the same strategy as in the one-form case above, using eq. (4.5) to implement the
projectors P,. The calculatlon is a lot more involved, partlcularly because of the symmetrised

(Dij The latter implies that there, in

derivatives Dab in y * and the 5, e mode operator )V,
some cases, are four factors in eq. (4 5), so we need relations like eq. (4.18) for differential
operators transforming in 5SP1C with up to four s’ instead of just two.

Using the results of the scalar product computations (see appendix C), we derive for
which isometry irreps the eigenvalues exist. The result, which is consistent with [1], is
presented in figure 4.

It turns out that P, y

at the correct cross diagrams, we compute the norm of a linear combination of Prj)g)iqb and

3”(15 and P, y(3) g ¢ are not orthogonal for r = p, p + 2. To arrive

Prjéi)"’j ¢ orthogonal to the former. This results in some arbitrariness in the split of the 3

,35,



qlr:p+4
4 XXXXX
3 XX X X
2 X XXX—X
1 X X—XXX
0 P
Agz)f A52)+ Aég) 012 3 4
q‘r:p+2 q r=p+2 q‘r:p+2 q‘r:p+2
4 KX XX—X 4 X X X X X 4 XXXXX 4 XXX —X
3 X X X X X 3 X X X X X 3 X X X X X 3] X X X X
2 XXXXX 2 XXXXX 2 X XXXX 2 XXX
1 XXX X 1 XX XX 1 X X X X 1
0+—m——~ 0 > 0 > 0
Aél) 01234P 01234P 01234P 01234P
g Tr=p q, r=p q T=p q, T=p a, r=p
4 X X X X X 4 T X X XX 4 T X X X X 4 1T %X X X X 4 XXX
I X X X X X 3] X X X X 3] X X X X 3] X X X X 3 XXX
2 X X X X X 21 X X X X 2 1 X X X X 2 1 X X X X 2 XXX
1 X X X X X 1| X X X X 1| X X X X 11 X X X X 1 XXX
0 - S 0 0 > 0 > 0
012347P 012347P 01234P 012347PF 012347P
q,r=p—2 q,r=p—2 q,r=p—2 q,r=p—2
4 XXX 4 XXX 4 XXX 4 XX
3 XXX 3 XXX 3 XXX 3 XX
2 XXX 2 XXX 2 XXX 2 XX
1 XXX 1 XXX 1 XXX 1 XX
0 +——x—x—x 0 > 0 > 0+———
01234P 01234P 01234P 01234P
g r=p—4
4 X
3 X
2 X
1 X
001234p

Figure 4. Transverse two-form cross diagrams. The corresponding eigenmodes are listed in eqs. (4.49)—
(4.52) and the associated eigenvalues in egs. (4.53)—(4.55). Note that the last column is associated to

a linear combination of the eigenmodes formed from 3}5113))1' and 375?'”’ which is orthogonal to Prjif;’)%.

and 5 cross diagrams corresponding to the same eigenvalue, Aé?’) = Ag3)/. Specifically, it is

arbitrary whether the r = p — 2, ¢ = 0 crosses, r =p, ¢ =0 crossesand r =p+2, ¢ <1

crosses in the three Ag)’) cross diagrams are placed where they are or at the corresponding

places in the five Agg) cross diagrams since there exists a differential operator transforming
in 581310 with such cross diagrams. Note, however, that for instance the p = 1 crosses in

the r = p diagram of Ag)’) cannot be moved to Aég)/ since P,Yg¢ vanishes for r = p =1

for any ) transforming in 5Sp1c.
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4.3 Isometry singlet modes

We end this section by giving the singlet mode functions, constructed recently in [17], in the
notation of this paper. The singlet modes that have not yet been constructed in this paper
belong to the spectra of i)4 2, Az and Q. These singlet modes will be further discussed
in the next section.

To construct the isometry singlet modes, we use that isometry irrep singlet fields are
constructed from isotropy singlet tensors in a one-to-one fashion. Thus, the G-singlets are
obtained by decomposing the Spin(7)-irrep of the field into H-pieces and then using the
resulting H-singlets. The relevant decompositions can be found in, e.g., [1], from which we
see that the only H-singlets are one in 1,4, and one in 27,,. Hence, all G-singlets can be
constructed using the G2 singlets and the additional H singlet in 27,,, which is the traceless
part of s,'sy;. Using this method, we must check transversality of the singlets explicitly.

Explicitly, the scalar singlet is obviously a constant, ¢ = 1, with eigenvalue

Agl =0, (4.56)

while the spinor is the Ga-invariant 1 with

. ™
iy = B (4.57)

There are no one-form or two-form singlets since neither 7,4, nor 14,4, contain any H-singlets.
Turning to 27, there is one singlet given by

) . 3
hab = 5(a"Sbyi = Sa'Sbi — %&zba (4.58)

as mentioned above. A short calculation shows that this is transverse and, using eq. (2.40), that

28m?
9

Turning to three-forms, there is one singlet, a.., appearing already when decomposing

Aphay = hap. (4.59)

35 under Spin(7) — G3. From Dyapeq = 0, it easy to see that da = 4mc and hence
Qa = 4ma. (4.60)

There is another three-form singlet since there is a 27, in the G2 decomposition of 35,,7).
Using what we saw in section 3, this can be written as a[abdhc]d, where hg;, is the 27 singlet
from above, and a calculation gives

2m
Q(a[abdhdd) = _?a[abdhc]d‘ (461)

Lastly, there is one vector-spinor singlet since the decomposition of 48,,7) contains 27, .
Again using the decomposition presented in section 3, we can write it as il'’hy,n and compute
the eigenvalue

iD3/2(iT"hyan) = 5 T hpan. (4.62)

These results agree with [17].
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5 Implications for the N' =1 and N = 0 vacua

The full content of isometry irreps of the squashed seven-sphere compactification, including
the structure of the supermultiplets in the left-squashed case listed below, was derived in [1]
and presented there in the form of cross diagrams, like those in section 4 (see the appendix
of [1]). While this reference gives no information about the possible values of Ey, with the
results obtained in [2] and in the previous sections of this paper we can finally associate these
supermultiplets with their proper mass and energy values Ejy. There are general formulas
for these values covering infinite sets of supermultiplets but some Wess-Zumino multiplets
with a low value of the Casimir Uy require a separate scrutiny since they may be associated
with some unusual sign choices. In the right-squashed vacuum, the fields in these multiplets
also give rise to ambiguities concerning their boundary conditions as was demonstrated
recently for the Cy; = 0 Wess-Zumino multiplets in [17]. This last issue appears also in the
left-squashed supersymmetric vacuum but in a more ordered fashion as we will see below
when we study the Wess-Zumino multiplets with C; > 0.

We present the results for the general cases in the tables in section 5.1, which ends with
a discussion of the special low C, cases. How to arrive at these results are explained in
appendix E. The spectrum of the right-squashed non-supersymmetric AdSy theory obtained
by skew-whiffing, or flipping the orientation flipping of S7, is discussed in section 5.2. In
section 5.2.3 we analyse some implications for the boundary theory, in particular the potential
presence of marginal operators relevant for the issue of stability of the skew-whiffed theory.

5.1 Supermultiplets in the left-squashed vacuum

In terms of the Spin(2, 3)-irreps D(Ey, s), the N' = 1 supermultiplets that appear in eleven-
dimensional supergravity compactified on the left-squashed seven-sphere are [1]:'8

1x (D(Eo,2") @ D(Ey — 1,3) @ D(Ey+1,3) @ D(Ey, 1)), (5.1)
6 x (D(Eo,3) ® D(Eg— 3,1%) ® D(Eq + 2, 17) @ D(Ey, 3)), (5.2)
6 x (D(Eo,17) & D(Ey— 3,3) @ D(E+ 2, 3) @ D(E,07)), (5.3)
8 x (D(Eo,17) @ D(Eo — 3.3) @ D(Eo+3,3) @ D(Eo,0")), (5.4)
14 x (D(Eo, 3) @ D(Eg — §,0%) ® D(Ep + §,07)), (5.5)

As explained in [1] the multiplicities (numbers in front of the multiplets) refer to the
number of cross diagrams connected to these multiplets as given in the appendix of [1]. In
the following we will refer to these Heidenreich supermultiplets [39] by their highest spin
component, except for the last case, the Wess-Zumino multiplets.

Using the results of this paper, we can associate masses and energy values Fy to the
supermultiplets listed above, see appendix E for details on how this can be done. The results
are given in two tables, table 4 for those with maximum spin 2%, 3/2, 1~ and 171, and table 5
for the Wess-Zumino supermultiplets with Cj; > 0. The two special cases, the Wess-Zumino
multiplets with C; = 0, are given separately after these tables, in table 8. These latter
multiplets were also discussed recently in [17].

18Note the order of the Ey values, i.e., (Eo, Eo — %, Eo + %, Ey) chosen so that short gauge supermultiplets
contain only the first two entires.
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s Ey E,-1 Ey+1 Ey Splc Ey values
ot otal)y  3aply) ety tral)) 1 24 by200, + 81
(A7) 5Dy ) 5(idDy5) (A37) 31T 5 9T

5, 36pYy) ) 1@l S6pSy) 8 (4 3+ Ev20C, T 49
3, apyy) 1o,y haf) LapSy) 3 -3+ L0049
1T 15,AM) Lapiy) a5y 0 (@) 3 3+ 3+ L3200, + 49
Lo 150 36T 36RSy) 07 @) 8 -5+ 1200, + 9
@) ey apy)  oral) 3 3+ 1200, 49
@) geply)  seph)  0t@al) 5§+ 3vac, o

Table 4. Supermultiplets with maximum spin s = 2, 3/2, 1 and parity p. Here, each entry,

represented by s(operatorfrili‘zr;vf;%i), corresponds to a specific spin component of a supermultiplet.

The notation indicates also the relevant cross diagrams of A, for p =0, 1,2, and i), /2 as given in
section 4. The sign subscript on 1, shows which branch of the mass formula for spin 1~ in table 3
that is being used. All operator eigenvalues are listed in section 3.3. The Sp{ entries specify the
number of cross diagrams belonging to the supermultiplet. The short, i.e., massless, supermultiplets
are 2% for (p,¢;r) = (0,0;0) and 15 for (2,0;0) and (0,0;2).

The irreps in the Sp{ column in table 4 correspond to the sets of cross diagrams (see
section 4 or the appendix of [1]) relevant for each supermultiplet: that is, 1 means that
there is just one cross diagram with r = p, 3 that there are three cross diagrams with
r = p, r = p=£ 2 and finally 5 implies five cross diagrams with » = p, r = p £ 2 and
r = p £ 4. More precisely, it corresponds to the splc—irrep of the differential operators
generating the modes. In the process of finding which cross diagrams belong to each of these
sets of supermultiplets they are also given a specific operator eigenvalue. How to obtain
this information is explained in appendix E.

The last two supermultiplets 1] and 15 in table 4 contain fields with identical isometry
irreps (for r = p and r = p + 2) and with the same values of Ey. However, as shown in
section 4, the eigenmodes of As in the two cases are nevertheless different, as indicated by
the superscripts on Ag‘s) and Agg)l, but with the same eigenvalues (see egs. (4.49)-(4.55) and
figure 4). This phenomenon appears twice also in the table for the Wess-Zumino multiplets
with Cy > 0, table 5. It is tempting to try to tie this to the appearance of Ay in all these
supermultiplets but we leave this issue for future work. We also note that none of the scalar
and Dirac fields in table 4 have Neumann boundary conditions since they all have Ey > 3/2
(all irreps in the spin 17 cross diagrams have Cy > 19/4). In fact, it is easy to see from the
supermultiplet structure and the unitarity bounds that higher-spin supermultiplets never
admit Neumann boundary conditions.

We now turn to the six infinite sequences of Wess-Zumino multiplets with Cy > 0 in
table 5. The cross diagrams and operator eigenvalues for the first two Wess-Zumino multiplets
in this list are specified by the spin-1/2 entries, see figure 3 and eqs. (4.33)—(4.34). Note that

19For massless vector supermultiplets, the spinor has degenerate boundary conditions (Fo = 3/2).

-39 —



Mult. Ey EO—% Eo—i—% Splc Ey values

Wzl LGBYY) 07(@Q®)  of,(alY) 1 3+ 3+ §v20C, T 81
wz2  36BYy) 05, (A) ¢ 0 (QW-) 1§ (=5 + Lv20C, T 81)
wz3  LapLy) ot(aPt) 0m@Me) 1 d+ 3+ LvaC, F1
Wza  AGDSY) 0tAPY) 0m(@WY) 5 d4241ya0c, F1
W5 LGDL) 07D 0F(AP) 1 §- 3+ 1
wz6  S6Dy5) 0m@YY) or(a) 5 §-F+Lya0,¥1

Table 5. Wess-Zumino supermultiplets for Cy; > 0. See table 4 for definitions. The upper sign in the
WZ2 Ey value corresponds to (D, D, D) boundary conditions for p+ ¢ > 3, (D, N,D) for p+ ¢ =2
and (N, N, D) for p+ g = 1. The scalar 0T and pseudo-scalar 0~ should change places in the WZ2
supermultiplet if the lower sign in the Ey formula is used, as indicated by the arrow. The lower sign
is only valid for p+ ¢ =2 and p + ¢ = 1 and then corresponds to (N, N, D) and (D, N, D) boundary
conditions, respectively. The subscript on 0('3 indicates which branch of M?(Ay) is used.

the isometry singlet mode of Ay should be removed from O(Jr_)7 but not from Ot), as explained
n [32]. Looking at WZ1-2, this is consistent with the fact that the (0,0;0) eigenmode of

ilDl/Q has an eigenvalue given by legl/); and there is no (0,0;0) eigenmode of iID1/2 with

eigenvalue zlbgl/)z_, see figure 3.

For the Wess-Zumino multiplets numbered 3 to 6, on the other hand, it is not possible,
with the information obtained in this paper, to group the remaining twelve cross diagrams,
for each of the operators i) /2, Ar and @, in the appendix of [1] into two separate sets
of 1 + 5. However, by invoking also results from [35] this can be done.?? The result is
presented in figure 5. If one constructs the corresponding eigenmodes, we expect that the
crosses below the boxed crosses cannot uniquely be assigned to the 1 or the 5, similar to
what we found in section 4.2.

From the general structure of a Wess-Zumino multiplet D(%, Ey) @ D(0*, Ey — %) >
D(0F, Ey + 1), we see that there can be no Neumann boundary conditions if Ey > 2. For
% < Ey < 2, the boundary conditions are (D, N, D) and if all boundary conditions are
flipped the fields fit into a supermultiplet (%, 0F, Oi) where the scalar and pseudo-scalar have
switched places and the boundary conditions are (N, N, D).%!

That only irreps with Cy > 4 occur in figure 5, except for the isometry singlet with
Cy = 0, implies that Neumann boundary conditions are never possible in WZ3-6, only in
WZ2. This happens for the five irreps with p 4+ ¢ < 2 and Cj values given in table 6.

Specifically, the (1/2,07,07) WZ2 supermultiplet as given in table 5 have (D, D, D)
boundary conditions for p + ¢ > 3, (D, N, D) for p+ ¢ =2 and (N, N, D) for p+ ¢ = 1. For

2ONote that the A of [35] is the lowest conformal dimension of a given supermultiplet and, hence, shifted
compared to the Ep-value we use here, A = Ey — 1/2, see Footnote 3.

21The case Ey = 3/2 is identical to the 3/2 < Ey < 2 one except that the boundary conditions for the spinor
now stay the same if the boundary conditions for the scalar and pseudo-scalar are flipped.
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4 X 4 X X 4% X XXX 4 1T X X X X 4 X XX X X
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1 X 1 X X 1 x XX X 1| X X X X 1
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01234P 01234P 01234PF 01234PF 012347PF

WZ5-6

g r=p—4 q T=p—2 q T=p q T=p+2 q

4 X 4 X X 4x X XXX 4T X X X X 4

3 X 3 XX I X XK XX 31 X X x X 3

2 X 2 X X 2x X KX KX 2 1 X X X X 2

1 X 1 XX 1 XXX 1 %X %X XX 1
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Figure 5. The cross diagrams in the appendix of [1] that remain when all other supermultiplets with
their respective cross diagrams have been removed. These twelve diagrams correspond to two sets of
1® 5. The displayed division into two different sets, see table 5, relies on the results of [35] for small
p or ¢q. The multiplicities of the isometry irreps are one for crosses and two for boxes with crosses.
The single encircled cross, in the irrep (0, 0;0), is the Page supermultiplet (see below) containing the
mode “coming from nowhere” in the analysis of [1, 17].

(p,g;r) | (0,1;0)  (1,0;1) (1,1;1) (0,2;0) (2,0;2)
(d,dy) | (5,1)  (4,2) (8,2) (14,1) (10,3)
C, 4 19/4  39/4 10 12

Table 6. Irreps with r = p and C; > 0 for which Wess-Zumino multiplets in WZ2 admit both
Dirichlet and Neumann boundary conditions. The implications of this are explained in the text. Here,
(d2,dy) denotes the dimensions of the spo- and sp§-irreps.

p+q = 2 (last three entries in table 6) and p+¢ = 1 (first two entries in table 6) the boundary
conditions of all three fields can be flipped and they then fit in a (1/2,07,0") supermultiplet
with boundary conditions (N, N, D) and (D, N, D), respectively. Note that the Ey value of
the supermultiplet given in the table should be replaced by 3 — Ey in these cases.

Also for the Cy values in the range 12 < Cy < 25 (p+¢ = 3) both Dirichlet and Neumann
boundary conditions are possible in WZ2 but now only for the scalars 0. A complete list
of fields with Fy in this window is provided in table 9 below. After skew-whiffing there
seems to be no reason for choosing one or the other of the boundary conditions for these
0T fields. The supermultiplets in the left-squashed case containing these scalar fields can,
however, only be of the kind (D, D, D).

It would be interesting to find a way to discriminate between the different boundary
conditions respecting supersymmetry. This could potentially be achieved by relating the
squashed vacuum to the round one with N/ = 8. In this context, we note that if one
squashes the seven-sphere continuously and follows the spinors in the isometry irrep (0, 0;2)
of G = Spy x Sp§, which comes from the Spin(8)-irrep (0,0, 1,0) on the round sphere (see
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table 17), the relevant eigenvalue is [40]

, VT 10M2 +25
iD12(0,052) = T Vit 2)\47”()\)7 (5.6)
where ) .
148X — 2\
2 _
m2(\) = TIE (5.7)

comes from demanding that R = 42m? for all values of the squashing parameter \. From this,
we see that the associated AdS, field starts out as a fermionic singleton, with i1, /2(0,0;2) =
JTm and Fy = 1, in the round sphere vacuum (A\? = 1) and ends up as the massless spin-1/2
companion of the gauge field in the short massless supermultiplet related to the Sp§ isometry
after squashing (A2 = 1/5), with legz/)Q_ (0,0;2) = =2 and Ey = 3. Hence, this is one
example of Higgsing involving a singleton and, thus, also a change of boundary conditions
triggered by squashing.??

Another relevant point is that there can be exactly marginal singlet operators that can
be used to deform the dual CFT, as discussed in, e.g., [9]. We will return to the issue of
marginal operators in section 5.2.3 where we give the full content of marginal single- and
multi-trace operators for the theory discussed in this paper. A perhaps relevant fact here
is that the right-squashed spectrum does not allow for any single- or double-trace marginal
operators. If these considerations are applied to the left-squashed case, such deformations
will break supersymmetry.

As an example where different boundary conditions are possible, we consider the irrep
(1,0;1) (with dimension (4,2)) in the Einstein-squashed spectrum. The scalar 0 in this
multiplet has M?(0,) = 95m?/9, from which we see that

301 1
0, (A w0y Fo= 5 £ 5 (18—4VIT) > 7, (5.8)

(@)

which is compatible with both Dirichlet (Ey > 3/2) and Neumann (1/2 < Ey < 3/2) boundary
conditions. For the other two fields in this Wess-Zumino multiplet we have

1, - 3 1

SEPUS ooy Bo=3= (15 —4VID) > 1, (5.9)
1 1

07 Q% )101):  Eo= ; - 6(4‘/11 —12) > 5 (5.10)

which also allow for both types of boundary conditions. One should note here that the
three fields in a supermultiplet must have the same sign of the square root term in Ey, due
to supersymmetry, which implies that the supermultiplets will involve fields with different
boundary conditions as described above.

Remarkably, it is not consistent to assume that all fields will retain their boundary
conditions when squashing the seven-sphere from the round S7 to the Einstein-squashed
one, even though the spectrum can be understood in this way through a Higgs/de-Higgs

22The language used here describes what happens when going from round to squashed, for consistency
with [1, 17], even though the round vacuum has to be in the IR of the squashed one for any potential RG-flow
connecting the two, see section 6.
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Spin  Eigenvalue Mass Ey
bk Mo ¥
1 (D 4 13
2 le3/2 =—%5 M= 6
or A =o M2, =80m2 6
(2)- _ 28m? _ _8m? 341
0F AT = MP=-%F Jxg
0~ QB+ =4m M2=48m2? 5
- - _ _2 2 _ 40m? 8
0 Q- =-2p M?=1g= ¢

Table 7. AdS, spin, operator eigenvalues, masses and Ey values of isometry singlet (Cy = 0) modes
and the associated AdSy fields. The plus subscript on M? indicates the branch of the mass formula in
table 3. The + in the Ejy column corresponds to different boundary conditions. Below, we will see
that supersymmetry fixes the plus sign.

Mult. Ey Ey —% Ey —i—% Spf Ey values

(Wz1)o 3GBYY) 07(@®+) ofAl) 1 S4a=1
. 1)_ _ _

L) or@aP) 0@ 1 §+2-1

Page

Table 8. Wess-Zumino supermultiplets with Cy = 0.

mechanism [1, 17]. This fact is clear from looking at the irrep (0,2;0) for which all three
fields come from fields with Dirichlet boundary conditions in the round sphere vacuum which
leads to an impossible set of boundary conditions (see table 6) in the left-squashed case if
supersymmetry is kept intact. In fact, also for the irrep (1,0;1) it is clear that one cannot
keep the boundary conditions when squashing since the spin-1/2 field comes from the massless
field (1,0,1,0) with Ey = 3/2 in the round spectrum. This field has neither Dirichlet nor
Neumann boundary conditions, as discussed in, e.g., [9].

The last supermultiplets to account for are the Wess-Zumino ones with C; = 0. There
are only two such multiplets, see table 8, which is clear from the cross diagrams in [1]. We
have listed the two Wess-Zumino multiplets that exist for C; = 0 separately since all the
relevant mode functions can be constructed explicitly as done recently in [17] and reproduced
in section 4.3 of this paper. The results obtained there are summarised in table 7.

The fields corresponding to isometry singlet modes (see table 7) fit into two Wess-Zumino
supermultiplets uniquely, given in table 8. All three fields in both these supermultiplets have
Dirichlet boundary conditions, which in the case of the Page multiplet is a consequence of
supersymmetry. This is most easily seen by noting that the spin-1/2 fields have Fy > 2.

After skew-whiffing the situation is a bit more complicated since there is no supersymmetry
in the right-squashed vacuum and several choices of boundary conditions become possible [17].
We shall return to this issue below.

While the (WZ1), value Ey = 3 + 4 fits into the general Ey formula for WZ1 this is not
the case for the Page multiplet which does not fit into any of the Fy formulas in table 5.
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However, it does nevertheless belong to WZ5-6 as we will now explain. The reason for
the odd behaviour of the Page multiplet is that it utilises a special property that arises for
Cy = 0 in the Fy formulas for all three fields in the multiplet, similar to the five cases in
table 6. These formulas are of the form % + |[v/20C,; + 1 — X| where the argument of the
absolute value is negative only for the singlet isometry irrep. This leads to the scalar and
pseudo-scalar of the Page multiplet changing places relative to WZ5-6 and the Ey value
being reflected in 3/2 relative to the formula in table 5.

Note that if the Ejy value of the spinor in the Page multiplet would have been less than
2, the boundary conditions of the fields could have been flipped and the multiplet would
have fitted exactly into WZ5—6 as given in the table. Attempting this with the actual values
of Fy leads to a violation of the unitarity bounds.

The Page WZ-multiplet contains the scalar that was discussed by Page in [46]. This
scalar is the squashing mode of the S7 compactification and was shown by Page to have
M? = —%m2 (just above the BF bound) in the Einstein-squashed case.

Clearly there are no singletons in the spectrum of the left-squashed seven-sphere [1].
The singleton that exists after skew-whiffing to the right-squashed vacuum [1] will be dis-
cussed below.

5.2 Boundary conditions and marginal operators in the =1 and N =0
vacua

One reason for constructing the entire operator spectrum of the left-squashed seven-sphere
is that one can use supersymmetry as a consistency check of the results and then flip
its orientation, i.e., perform a so called skew-whiffing [32], to produce the right-squashed
compactification with no supersymmetry. This solution is known to be BF-stable [37] despite
having no supersymmetry and there should therefore exist, in view of the swampland AdS
swampland conjecture first discussed in [5], some other decay mode with respect to which
the right-squashed vacuum is unstable.

One possible such decay mode is related to special composite operators in the boundary
theory of the AdS, gravity theory and condensation of scalar composites in the bulk. As
discussed in the Introduction (and in the references cited there), if marginal operators exist
(A = 3), either single, double- or multi-trace, that may signal an instability of the AdSy
theory. For the gravity theory in the bulk, this corresponds to looking for composite scalar
gauge singlet states with total Ey = 3.

Such trace operators can be of only a few kinds, namely, (schematically) \2¢™ for
n=20,1,2 and ¢" for n =1,...,6, with the spinor A and scalar ¢ representing both the bulk
fields and their dual single-trace operators (with A = Ejp). Note that in the last cases in
these lists the fields have to be singletons and scalar singletons are known to exist only in the
round sphere case [1]. There is also a spinorial singleton with Ey = 1 in the right-squashed
spectrum [1] which could play a role here. In fact, in the recent analysis of the singlet sector
of the right-squashed spectrum in [17] the fields in this sector were found to either give rise
to two kinds of marginal triple-trace operators, of which one involved the fermionic singleton
mentioned above, or to give rise to no marginal operators depending on which of two possible
choices of boundary conditions one imposes on the fields.
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Here, we will generalise this analysis to all fields by including also the ones coming from
modes with C, > 0, i.e., non-singlet modes. These fields have non-trivial properties even in
the left-squashed supersymmetric case which were analysed in section 5.1. In section 5.2.2,
we will therefore perform a complete analysis of all fields which can have Neumann boundary
conditions in both the left- and right-squashed vacuum, after discussing skew-whiffing and
the right-squashed spectrum in section 5.2.1. Marginal operators will be discussed in detail
in section 5.2.3. There we will find that, since there exist several fields in the squashed
vacua with Fy < %, bound states containing different fields may give rise to large numbers of
marginal operators depending on the boundary conditions. In fact, one such mixed example
was discussed recently in [17].

5.2.1 Skew-whiffing and the spectrum of the right-squashed vacuum

To see the effects on the spectrum of an orientation flip, we should recall how it is implemented,
see for instance [32]. The definition of the linear operators Q, ilp, /2 and i) /2 are sensitive
to the orientation and, as explained in [32], the sign of their spectra are flipped when the
orientation is changed.?® Thus this has implications only for the AdS, fields with spin 3/2,
1/2 and the pseudo-scalars 0~. In practice, we can implement this conveniently by only
referring to the operators, eigenvalues and cross diagrams of the left-squashed seven-sphere
and flip the signs of the linear operators in the mass formulas as follows (cf. table 3):

m

%&)(Upl/?): Mp = ilD1/2 + o (5.11)
. . 9m

%(i)(zwlﬂ): Mp = ilpy 3 — o (5.12)
. . 3m

%&) (Z¢1/2): Mp = _Z¢3/2 + DR (5.13)

0,(Q): M3 = (Q —3m)? —m?, (5.14)

where we have introduced the following notation for masses of scalar and spin-1/2 fields in
the left- and right-squashed vacua: we keep the standard notation M? and M in the cases
where the orientation does not matter, while, when it does matter, we from now on use the
notation M? or My, and Ml% or Mg for the left- and right-squashed cases, respectively. The
right-squashed masses have several interesting consequences. The first one is that the spinor
n, satisfying 10, /2N = 77’"77, is no longer a Killing spinor and hence does not lead to a massless
spin-3/2 field in AdS, gravity theory and supersymmetry is therefore lost. Furthermore,
when using this spinor for the spin-1/2 fields one finds a field with mass M = —m which, if
given Neumann boundary conditions, will have Ey = 1. This spinorial singleton is known
from [1] to exist in the right-squashed case (see also [17]).

5.2.2 Possible boundary conditions for the fields in both vacua

We will here tabulate the scalar fields in AdS; in the mass range —m? < M? < 3m?
and the fermions having |[M| < m. These are the only masses for which fields with both

ZThis way to implement skew-whiffing is designed to keep the AdSs the same when flipping, including the
flux determined by m. One way to do this is to leave the vielbein, the epsilon-tensor and the gamma-matrices
intact on S” and produce the sign flip in the volume form by letting the coordinates y° go to —y*. The same
effect can be obtained by changing m — —m and keeping the S7 intact.

,45,



Dirichlet and Neumann boundary conditions are possible. Since the boundary conditions
affect the conformal dimension of the dual operator, this is crucial for the analysis of marginal
multi-trace operators in section 5.2.3.

To list these mass values we need the C; Casimir

1 3
Cy(p,q;r) = 5(]32 +2¢% 4+ 4p + 6q + 2pq) + ZT(T +2). (5.15)

We will specify the irreps using the Dynkin labels (p, ¢;r) as above. The dimensions of the
spo- and spi-irreps can be obtained from these as

dQ(p,q):é(p+2q+3)(p+q+2)(p+ (g +1), (5.16)
di(r) =r+1, (5.17)

respectively.

The issue of stability, and as we saw above its connection to the existence of fields with
Ey < %, is thus related to when Neumann boundary conditions are possible on AdS, for
scalar and Dirac fields. This is clear from their energy formulas

3 M? 1 1\ 3 1|M
E0(5:0i):§j: 1>, E0<s:>:2j:2‘m‘21, (5.18)

= +

2\ m2 - 2

where the bounds are due to unitarity. Note also the immediate implication that for scalars
M? > —m? which is the BF bound. This implies that Neumann boundary conditions are
possible, implementing also unitarity, provided that

Scalars: —m? < M? < 3m?, Spinors: —m < M <m. (5.19)

Inserting the various operator spectra into the formulas for the mass matrices we can
check if there are modes that satisfy these bounds. We might suspect from experience with
the round S7 spectrum that such states are quite rare. In fact, for the round S7 the only
such fields are the (2,0,0,0) (i.e., 35, of s0(8)) scalars in the Spin(2,3)-irrep D(1,0") and
the supersingleton® in D(3,0) & D(1, 3) in the so(8)-irreps (1,0,0,0) and (0,0,1,0) (i.e.,
8, and 8.) as shown in [1]. There are also some fields in the round spectrum with Ey = 3
that hence have neither Dirichlet nor Neumann boundary conditions. These are scalars
from the first massive level in the irrep (3,0,0,0) (or 112,) and spin-1/2 fields in the irrep
(1,0,1,0) (or 565). There are no pseudo-scalars of any similar kind. However, we find here
(see below) that in the AdSy spectra coming from the squashed sphere, fields of these kinds
are quite abundant. The exception here is the singletons which exist only in the form of
a singlet in the right-squashed vacuum [1, 17].

We list, for the squashed sphere vacua, the scalar, pseudo-scalar and spinor fields in
the mass ranges specified above, that is, the isometry irreps for which both Dirichlet and
Neumann boundary conditions are possible, in tables 9-11, respectively. The analysis

#4Singletons belong to the lower (minus) branch of the Fy formulas for scalars and spin-1/2 fermions but have
a more intricate behaviour near the AdSs boundary than ordinary fields with Neumann boundary conditions.
Often, singletons are considered as fields confined to the boundary.
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in the left-squashed case will show that whenever there are two branches (either in the
operator eigenvalues or in M?) only the minus branch will have any irreps in these ranges.
Similarly, only the plus branches of eigenvalues appear in the right-squashed part of the
pseudo-scalar and spinor tables. The scalar fields closest to the BF bound are the ones
in the (p,q;r) = (2,0;2) isometry irrep of Ozr_)(A((]l)), both in the left- and right-squashed
case. These have M? = —(121/321 — 212)m?/3, which is less than one part per mille above
the BF bound —m?.

Here we note that the singlet spin-3/2 mode, which belong to the spectrum of leél/)Q_,
is not present in neither the left- nor right-squashed part of table 11 due to it having
Ey=13/6 > 2 and Ey = 7/3 > 2, respectively. Even though the Ej formula corresponding
to this eigenvalue in the left-squashed case is 3 & %| — 5+ /20C, + 1|, where the square root
could a-priori make Neumann boundary conditions possible, Neumann boundary conditions
are in fact never allowed by unitarity due to which values of C, occur in the cross diagram
associated to this eigenvalue.

In the right-squashed vacuum we find the members of the (WZ1)y multiplet that were
discussed above and in [17], namely the singlet ones in 1/ 2(le§1/)2+) and 0~ (Q®+). The
issue of instability due to possible marginal operators constructed from these two singlet
modes was discussed in [17] with the conclusion that marginal operators can either appear
or not depending on the boundary conditions of the corresponding fields. We will discuss
this further in section 5.2.3.

We might add here that in general it is not possible to demand that a given eigenmode
of an operator should generate fields in the left- and right-squashed vacua with the same
boundary conditions. In the left-squashed vacuum, we know from section 5.1 that either

3)- need to

the spinors associated with legl/)Qf or the pseudo-scalars associated with Q(
have Neumann boundary conditions for the isometry irreps (0,1;0) and (1,0;1) to respect
supersymmetry. However, we see from tables 10 and 11 that the fields associated with these
modes in the right-squashed vacuum can only have Dirichlet boundary conditions. Some fields
must be allowed to change boundary conditions also when squashing, as was mentioned already
in section 5.1 where the example of the WZ2 supermultiplet in the irrep (0,2;0) was given.

The spin-3/2 fields are also affected by skew-whiffing but, in this case, only what happens
to the Killing spinor mode leads to anything interesting and this was already discussed above.

The scalar fields with % < Fp < 3 and the spinor fields with 2 < Ey < 3 might also
be of interest since they too are dual to relevant single-trace operators. These have masses

2 < M? < 8m? and m < |M| < 3m, respectively, and can thus only have

satisfying 3m
Dirichlet boundary conditions. We list these in appendix D.

The implications for the issue of possible instabilities due to marginal operator appearing
in the right-squashed vacuum are discussed in section 5.2.3. Having tabulated all fields with
small masses we note that some of them have indeed negative values which is in accord

with the assertion of [47].
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Field (p,q;r) Cy M?/m? Ey

05, AaM) (0,100 4 1(476 — 36y/161) 34 1(18 - 161)
(1,0;1)  19/4  $(491 — 144V/11) 34+ 1(9-2v11)
(1,1;1)  39/4  —1(24v/69 — 197) 3+£1(9-+69)
(0,2;0) 10 —5(36v281 —596) 3+ 1(18 - /281)
(2,0;2) 12 —1(12v321 —212) 34+ 1(18—/321)
(1,2;1)  67/4  —35(144V26-731) 3 +1(2v26-9)
(0,300 18 0 3+1
(2,1;2) 18 0 3+3
(3,0;3)  87/4 (277 —24V/129) 3+ 1(V129-9)

2)_
ota®-) (00,00 0 -8 841

Table 9. Scalars that can have both Dirichlet and Neumann boundary conditions. The listed fields
and their properties are the same in the left- and the right-squashed vacuum. Note that only the
five first rows can respect supersymmetry with Neumann boundary conditions in the left-squashed

vacuum, see section 5.1. All brackets are positive.
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Field (LS7)  (p,q;r)  Cy M?/m? Ey

0~ (Q®-) (1,1,1) 39/4  3(67—8v61) 3+ 1(V61-5)
(0,1;2) 10 2 (17— v249) 3+ £(v249 - 10)

0= (Q®)-) (0,1;0) 4 —5(3v/161 — 37) 3+ 1(V161 - 12)
(1,0;1)  19/4  —§(96v11-311) 3+ 2(V11-23)
(1,1;1)  39/4  1(137-16V69) 3+ (V69 -6)
(0,2;0) 10 8 (52— 3/281) 34+ (V281 —12)
(2,0;2) 12 8(19—v/321) 3+ 5(v321-12)

Field (RS7) (p,q;r) Cy M3 /m? Ey

0= (QM) (0,1;0) 4 ~5 sEs
(1,1,1)  39/4 I 342
(0,2;0) 10 3(73 —5v/201) 3+ (V201 - 10)
(2,0;2) 12 (83 —5v/241) 3 4+ (V241 - 10)
(3,0;1)  51/4 3 341

0= (Q@+) (1,0;1)  19/4 1 312
(2,0;0) 6 8 313

07 (Q¥+) (0,0;0) 0 0 3+1

Table 10. Pseudo-scalars that can have both Dirichlet and Neumann boundary conditions. The

list is divided into the ones occurring in the left-squashed vacuum (LS7) and those belonging to the
right-squashed vacuum (RS”). Some details about which (p, ¢;r) belong to which branch of 0~ (Q™M=)
have been collected from [35] and used here. Note that the last entry for 0~ (Q(}+) is special since

the option with a minus sign in Ejy, corresponding to a singleton, is not possible in the RS7 vacuum.
This follows from the results in [1]. Note also that Neumann boundary conditions for 0~ (Q®-) do
not respect supersymmetry in the left-squashed vacuum, see section 5.1. All brackets are positive.
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Field (LS7) (p,q;r) Cy My /m Ey
1Gpty) (0,1,0) 4 ~1(15—VI61) 2+ 1(15— v/I61)
(L,o;1)  19/4 —3(15—-4V11) 34+ 3(15—-4V11)
(L,1;1)  39/4  3(2V69 — 15) 3+ 5(2v69 —15)
(0,2;0) 10 (V281 —15) 3+ (V281 —-15)
(2,0;2) 12 (V321 - 15) 3+ 1(v321-15)
By (2000 6 0 §
(0,0;2) 6 0 3
(L,1;1)  39/4  1(2V61-13) 3+ 1(2v61-13)
(0,1;2) 10 3(v249 —13) 34+ 1(v249 —13)
Field (RS") (p,q;m) Cy Mp/m Ey
Wiyy) 000 0 23
(0,1;0) 4 $ (V161 —12) 3+ 1(V161 —12)
(1,0;1)  19/4  3(V11-3) 3+2(V11-3)
WGpYy) (Lo 194 -2 g1
(2,0;0) 6 -1 311
(1,1;1)  39/4  2(V61-7) 34+ 4(V61-7)
(0,1;2) 10 (V249 — 14) 3+ 5(V249 —14)
(2,0;2) 12 1 $+3
(2,1;0) 12 1 3+1

Table 11. Spinors that can have both Dirichlet and Neumann boundary conditions. The special
entries are of two kinds: 1) The one in the LS” part of the table with Ey = %7 which have neither
Dirichlet nor Neumann boundary conditions (see [7]). 2) The first and last entries in the RS” part
of the table where only one sign in Ej is given as dictated by the fact that the only singleton that
exists belongs to the RS vacuum and is a singlet [1]. Note that Neumann boundary conditions for

%(21252/)2_) do not respect supersymmetry in the left-squashed vacuum, see section 5.1. All brackets

are positive.

5.2.3 Marginal operators in the dual CFTs

Having obtained a detailed understanding of the spectrum of the non-supersymmetric right-
squashed vacuum in the previous subsection, including the ambiguities due to the many
possible choices of boundary conditions, we can now analyse the question of marginal operators.

As a preamble we consider the left-squashed spectrum of fields and list the possible
marginal operators. It should be noted that these operators cannot, of course, lead to
instabilities since stability is in this case guaranteed by supersymmetry. However, despite
being part of supermultiplets, the boundary conditions of the fields involved, and hence their
Ey values, are not uniquely determined as we saw in the previous subsections.

The scalar spy X splc—singlet marginal operators, depending on the boundary conditions
and even for boundary conditions that do not respect supersymmetry, in the left-squashed
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#1P  Field 1: By

3 050 gt 1 0 (A ) 1 05,8010y 1

1" 0?2)(AE)1))(_,3;0): 1 Ot)(Aél))(_Q,l;Q): 1 Ot)(A((Jl)>(_2,1;2): 1

2 05 )G 1 0T@QP )G 5-yE 05O VB S
1= 0t>(AE)1))(_0,3;0) 1 Oi(Q(S)_)(_ll;l) %‘\/? Ot)(A((Jl))(_l,m): %_%
1 05, gt 10T @P ) g0 55V 0 (A) g0 6321 -
1" %(mg)z_)(zo;m 3 %(Upf/)z_)(zo;m 3

1T BT oo 3 %(1128)2’)(0,0;2) 3

Table 12. Possible scalar g = sps x sp{ singlet marginal operators with parity p in LS” depending
on the boundary conditions. The subscripts after the eigenvalues indicate the isometry irreps (p, g;r)
while the superscript indicates the boundary conditions when applicable (4 for Dirichlet, — for
Neumann). The leftmost column gives the number of g-singlets in the composite. Note that only
the ones containing two spinors are compatible with the boundary conditions that preserve N =1
supersymmetry.

case are given in table 12. With boundary conditions preserving supersymmetry, the only
scalar singlet marginal operators are those guaranteed by supersymmetry, formed from the
spinors with Fy = 3/2 from the massless vector supermultiplets.

Turning to the more interesting case of the right-squashed non-supersymmetric vacuum,
there is a lot more freedom in choosing boundary conditions leading to a much longer list of
marginal operators. We present these in table 13. There are several features of this table
that deserve a comment. We use here the language of the boundary C'F'T5 theory although
the notation is from the bulk theory.

First, we note that in the right-squashed vacuum there are no marginal single- or
double-trace operators,?® while both marginal triple- and quadruple-trace operators occur.
Secondly, as observed in [17], in the singlet sector the two possible boundary conditions
for the pseudo-scalar generate either two marginal operators or none (see table 13). This
phenomenon generalises to the entire spectrum. In other words, instead of choosing the
Neumann boundary conditions on which almost all of table 13 is based, we can use Dirichlet
boundary conditions when possible and thereby eliminate all of the marginal operators. With
such boundary conditions, the theory cannot be afflicted by any instability issues related
to scalar singlet marginal operators.

Although they seem possible, it remains to be seen if such choices of boundary conditions
can be made freely or if they are constrained in some way. In any case, although this may
seem like a step towards proving stability it is just a small one since there may exist a number
of other decay modes we are still ignorant about.

25This fact might be of some importance, see for instance [48] for the role of such operators.
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#17  Field 1: E

1F 07 (@) 00 3 07(@P )00 3 0+(A(LQ)_)(+070;0) 3
1- 0_(Q(2)+)E,0,O) 3 0_(Q(2)+)E,0;0) 3 0_(Q(1)+)€5,1;0) 5
07Uy 5 0@y 3 0+(A(LQ)_)(_(LO;0): 3
1= 07(@WN) iy g 0@ a7 (@) 10 3
1- 07(Q(1)+)_1,0;1) : Of(Q(l)ﬂ_Ll;l) g 07(Q(1)+)(_71;0): 3
1+ 0_(Q(1)+)(1,0;1) 2 0‘(Q(1)+)6,0;1) 3 0+(A(LQ)_)@,0;0): 3
1= 07 (@) 00 5 07(@WN)G 0 § 0@ 0 3
1= 07 (@¥) 00 T 07(@F) 000 1 07 (@) 00 1
1~ 0_(Q(3)+)f,0;0) 1 0(+—>(A(()1))(,3;0) 1 0(+7>(A(()1))(7,3;0): 1
17 07 (QW*) 500 1 0<+—>(Aél))3,1;2) 1 0<+—>(Aél))3,1;2): !
1)\ — 1y~ 5

1t OT_>(A6 ))(0,3;0) 1 0?—)@6 ) 212)° 1 0<+->(A6 ) 212)° 1
3t 0(+7>(A(()1))72,1;2) 1 0(+7>(A(()1))72,1;2) 1 0(+7>(At()1))72,1;2): 1
I 07(@P) g0 5 07(QPH) 500 3

0—(Q(Q)+)(*2’0;0) 2 0_(Q(3)+)(7),0;0): 1
1- 0 (Q(2)+)(_2’0;0) % 0~ (Q(2)+)(_2,0;0) : %

_ — 1y—

0@ )on: 1 05 (A Npag: 1
g+ 0—(@(2)+)(—2,0;0) 2 0_(Q(2)+)(_2,o70 3

0@ )y 5 0@y 3
45 07@P )00 5 0@ )00 3

Oi(Q(l)-F)(_l,l;l) 5 07(62(2”)(_1,0;1)‘ 8
35 07QP) 500 5 0T (QP) 000 5

07 (@) pm 5 07 QP 0 §
1= 07 (Q¥) 00 1 S0P )00 1 2D ) 500y 1

Table 13. Possible scalar g = spy x sp{’ singlet marginal operators with parity p in RS” depending
on the boundary conditions, with notation as in table 12. Note that the lines without a number in the
leftmost column are continuation lines.
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6 Conclusions and comments

In this paper, we have reported on technical progress on the computation of the eigenvalue
spectra of operators on the squashed seven-sphere relevant in the compactification of eleven-
dimensional supergravity. The full isometry irrep spectrum was derived in [1], including the
structure of the AdSy supermultiplet spectrum for the left-squashed vacuum. With the results
of [36] and this paper on the solution of the spin-3/2 equation, these supermultiplets can be
associated with values of Fy, pinpointing the Spin(2, 3)-irrep D(Ey, s), thus providing a full
understanding of the left-squashed spectrum.?® This is the case also after skew-whiffing to the
right-squashed non-supersymmetric vacuum, whose spectrum becomes fully determined up to
a number of ambiguities connected to the possibility to choose either Dirichlet or Neumann
boundary conditions for a number of fields. Some ambiguities of this kind exist also in the
supersymmetric left-squashed case. These results are summarised in tables 4-13 of section 5.

This progress was made possible by deriving more powerful versions of some key formulas
used in solving operator equations on coset manifolds, see [36] and section 2, here the squashed
ST represented by the coset Spy x Sp{'/Sp1 x Sp1. Using these refined formulas, in particular
eq. (2.38) and eq. (2.40), we finally managed to solve also the spin-3/2 equation. These
results are summarised in section 3.3 but they were reported on already in [36] where some
additional details can be found compared to the presentation in this paper.

The structure of the results is to a large extent as expected apart from some surprising
features: we found degeneracies in the spectrum of two-forms, in the sense that different mode
functions have identical operator eigenvalues. We demonstrated this explicitly by constructing
all eigenmodes of the operator As, providing a direct means of calculating the eigenvalues.
These novel results are presented in section 4. This kind of degeneracy appears in (almost) all
supermultiplets that involve fields associated to the eigenmodes of the Lichnerowicz operator
on the squashed seven-sphere, as was shown in section 5.

We also found that supersymmetry alone is not enough to determine the boundary
conditions for a number of supermultiplets. This issue was discussed in section 5 where the
supermultiplet structure was presented in full detail.

The implications for the skew-whiffed non-supersymmetric right-squashed seven-sphere
compactification are discussed at the end of the previous section. Here, the boundary
condition ambiguities appear for many fields which implies that one can find a large number
of scalar singlet marginal operators in the boundary CFT3. This is of interest since the
right-squashed case is BF-stable and has, in fact, not yet been shown to be unstable, although
this is predicted by the swampland AdS swampland conjecture [5, 6]. However, in order
to determine the fate of the right-squashed vacuum one must analyse the corresponding
functions to determine whether a marginal operator leads to an instability or not. We leave
this for a future study. Interestingly enough, there are multiple sets of boundary conditions
for which no scalar singlet marginal operators exists. This phenomenon was recently observed
in [17] to be a property of the singlet sector of the spectrum.?” Another property of the space

26Note that, as explained in section 5.1, we use results of [35] to resolve some ambiguities that would
otherwise appear for the supermultiplets denoted WZ3—6 for small p or g.

?TGenerally, we believe that Dirichlet boundary conditions can always be chosen in non-supersymmetric
vacua such that the only possible scalar singlet marginal operators are single-trace operators or multi-trace
operators dual to composites containing a singleton or fields with Ey = 3/2.
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of singlet scalar marginal operators found in section 5.2.3 is that there are none that are
either single- or double-trace. The implications of this fact might be worth investigating.

The squashed spectra clearly also imply that the boundary theories contain a large
number of relevant operators which can generate RG-flows to other CFTs. For instance, a
double-trace operator constructed as the square of a single-trace operator dual to a scalar field
with Neumann boundary conditions generates a flow that leads, in the infrared, to the dual
scalar field having Dirichlet boundary conditions [9]. It would be interesting to investigate
whether there are RG-flows connecting the boundary conditions preserving supersymmetry in
the left-squashed vacuum. Another interesting potential RG-flow is one that corresponds to
a domain-wall interpolating between either of the squashed vacua and the round S7 vacuum
in the bulk, as discussed, but not found explicitly, in [49, 50] (see also, e.g., [9, 48, 51]) or
one that connects the left- and right-squashed vacua.

The operator corresponding to the field associated with the squashing mode (the Ap-row
in table 7) is relevant in the squashed vacuum and irrelevant in the round vacuum [17]. This
indicates that an RG-flow connecting the two would have to start from the squashed vacuum
in the UV and flow to the round one in the IR. Another argument for this is provided by
the F-theorem [52-54], which states that the S free energy decreases along RG-trajectories.
Holographically, the free energy is given by?®

2

Fss = Ipads = ;TéJN, (6.1)
where Ipa4g is the regularised on-shell action of Euclidean AdS, L? the AdS curvature
radius and Gy the four-dimensional Newton’s constant. By dimensional reduction, we have
G N o Ip”/ Vol(Mz7) where £p is the eleven-dimensional Planck length. The flux quantisation
condition gives the number of M2-branes as N o« Vol(Mz7)/(¢p®L). Putting this together
to eliminate fp;, we get Fgs oc N3/2L7/2 /+/Vol(My). Lastly, computing the volume of the
squashed S” and fixing the proportionality constant through the well-known round S” answer
or by properly keeping track of all numerical factors in the quantisation condition and the
dimensional reduction (see, e.g., [53]), we arrive at (cf. [46, 49, 50])

roun 77\/> squashe 77\/>
Flound) — ; V2 N2, Flpavashed) _ TV2 ,/ (6.2)

Note that the latter is about 20% larger than the former, consistent with the above assertion
that the RG-flow, if it exists, goes from squashed in the UV to round in the IR.

It would also be interesting to investigate if the marginal operators found in this paper
can be used to argue holographically for a manifold of non-supersymmetric dual CFTs, in
line with [9], which requires computing the § functions of the marginal operators. However,
no solid conclusions can be drawn without incorporating 1/N or finite N effects, which
currently seems out of reach.

The methods and results of this paper can also be used to analyse compactifications on
S7/Z;. Some AdS/CFT aspects in this context are discussed in, e.g., [16, 55].

281t should be understood that this, and what follows, is only valid to leading order in N or L?/Gx.
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From the results of this paper it is clear that all values of Ey in the squashed vacua
are of the form

3 1
E0:<2iz4>+6 200, + X, X =1,9,49, or8l, (6.3)

with a constant A that is also restricted to a small number of special rational values. The
simplicity of this result is striking, especially in view of how the various values of Ej arose,
potentially containing three layers of nested square roots, one each coming from the operator
eigenvalues, the mass formulas and finally from the formulas for Fy(s) as functions of M or
M?. Even more intriguing is the fact that also the operator eigenvalue spectra are given by
similar formulas, either with or without a square root term. From section 3 we see that the
general forms of the eigenvalues of operators quadratic in derivatives are

2

2
ey em), =" (o, AL BVRGER). (o

while for linear operators, the eigenvalues are all of the form
K = % (£A4+v20C, + X). (6.5)

It is interesting to note, however, that all eigenvalues of the form x> = %2(20Cg + A+
B\/20C, + X) can be expressed as a square minus a constant term proportional to m? which
immediately eliminates the square root in the corresponding formula for M?, as was noticed
already in [2]. In fact, looking at the table of mass matrices in section 2, we realise that
the same phenomenon will appear when using the mass formulas in the expressions for Ej.
The reason behind the universal simple results for Ey is then clear. This might nevertheless
point towards the existence of a more direct derivation of FEj.

In this context we should mention that the expressions for Ej for the various supermulti-
plets was recently derived by entirely different methods in [35], giving in addition a refined
version of the results in terms of a universal formula for Ej. Interestingly enough, these
methods do not involve solving the operator equations on the squashed seven-sphere but
instead rely on ExFT methods. The results of this paper partially overlap with those of [35],
in particular, the Ey results that were derived explicitly for finitely many levels in [35]. Note
also that the many ambiguities in the choice of Dirichlet or Neumann boundary conditions
we have found are not discussed in [35].

We end with an observation concerning the degeneracies mentioned above. There are
three pairs of identical supermultiplets, all containing a scalar sector governed by Ay, one
pair of 11 and two pairs of Wess-Zumino multiplets. We know from explicit calculations of
the spectrum of As-eigenmodes in section 4, which gives also Ejg, that an infinite set of pairs
of different eigenmodes (with » = p or r = p & 2) with identical isometry irreps appear with
the same eigenvalues and, thus, also the same Ej for the corresponding fields. We do not
have an explanation for this feature but hope to come back to it in a future publication.

Instead, we point out some facts related to the operator Aj which is involved in all
these cases. It is known from the work of House and Micu [56] that Ay, is related to a first
order differential operator, here denoted as )y, by

Ap —3m? = (Qr +m)?, (6.6)
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which implies
M2(07®) = Ap — dm* = (Qp +m)2 —m? — Eo(07®,Qp) = ‘QL + 1’. (6.7)

Note that this seems to imply that Az, > 3m? which, however, must be supplemented by a
precise statement about which modes of the two operators the House-Micu equation is valid
for. This is a rather non-trivial issue as we will indicate below.

One might interpret this to mean that the three known eigenvalues of Ay, could be used
twice, that is, that we should be able to use the positive and negative parts of the spectrum
of @ when taking the square root of the House-Micu formula. Thus we consider

2
A(Ll) _ %(200 +36) = Qr=-m= @\/m, (6.8)

(20C, + 32 +4y/20C, +1) = QL——mi< \/200 n ) (6.9)

A(2)+:m7
L 9
Afﬁ_%(mc +32 - 4y/20C, +1) = QL——mﬂ:‘—m‘F m\ (6.10)

However, this interpretation has a number of problems. First, Q1 = —m £ %1/20C, +9 is
not a possible set of eigenvalues for an operator like @ acting on transverse three-forms as we
saw in section 3. One issue here is that although the irrep 27 describes both the symmetric
second rank tensors and part of the three-forms, the transversality conditions act differently
on these tensors making the House-Micu formula difficult to apply. For instance, at least one
of the sets of suggested Q) -eigenvalues in eq. (6.8) could instead be relevant for non-transverse
three-form modes. Furthermore, only one of the two signs in eqgs. (6.9) and (6.10) give existing
Q-eigenvalues and these are precisely the eigenvalues of () that correspond to eigenmodes with
only a 27-part and that are used by the pseudo-scalars in the supermultiplets using Ag)i, ie

WZ3-6. So, @ does not resolve the analogous degeneracies of Az and since these Q-eigenvalues,
which should also be @Qr-eigenvalues, have cross diagrams that already cover all isometry

irreps of these supermultiplets, it seems like Q;, cannot resolve the degeneracies either.
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A Conventions on octonions, gamma-matrices and Spf Killing vectors

The octonions are elements of a non-associative algebra spanned by a real unit 1 and octonionic
imaginary units o,, where a = 1,...,7, with multiplication

0a0p = —0gp + aap 0c, (A.1)

where agpq (index lowered by d.4) are the completely antisymmetric octonionic structure
constants with independent components

Gape = 1 for abe = 123,257, 365, 437, 761, 642, 415, (A.2)

in a particular basis. By splitting the index as a = (2,0, ), where 2 = (1,2,3) = (1,2, 3) and

i = (5,6,7), the non-zero components of au. can conveniently be summarised as follows?’

U = €ijhs Qg = —€ijks g5 = —0ij, (A.3)

in terms of the standard totally antisymmetric €;;; and the Kronecker delta d;;. The Hodge

dual of agp., denoted cupeq, 1S

1
Cabed = EEabcdefg aefg7 (A4)

where the seven-dimensional epsilon tensor is totally antisymmetric with €1934567 = 1. This
implies that cqpecq has non-zero components

I U LKkl o5kl
Coijk = €ijk, Coijk = —Eijks G = 26;; - (A.5)

It is sometimes convenient to express the seven-dimensional gamma-matrices I'y, in terms
of Ggpe, Caped and the Killing spinor of the squashed seven-sphere, 7, satisfying®’

Dgn = —%mfan, m = 1. (A.6)

The octonionic conventions above lead then to the relations
agbe = 1Nl abeNs  Cabed = —NL abed (A7)
which are consistent with the gamma-matrices satisfying their defining relations
{La, Tp} = 20ap, Cabedefg = 1€abedefgl- (A.8)
The fact that the squashed seven-sphere is a weak G2 manifold is then encoded in the equation

Daabcd = M Cqbcd, (A9>

2The indices %, 5, k should be shifted to (1,2,3) to make sense of eq. (A.3).

30The octonions can be identified with Spin(7) spinors and the gamma-matrices I', realised through
multiplication by 0,. G2 is the automorphism group of the octonions or, equivalently, the subgroup of Spin(7)
leaving the unit octonion 1, identified with the spinor 7, invariant. See, e.g., [36] for more details on this
perspective and how to derive some of the following relations using it.
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which is a direct consequence of the above relations with the octonionic structure constants
and the Killing spinor equation.

The consistency of these conventions can be verified by explicitly writing out the seven
8 x 8 gamma-matrices, with spinor indices A, B,C,... taking the eight values A = (0, a),

as follows:3!

(Fa)BC: (Fa)bc = Z.aabca (Fa)bo = _Z.(sab' (AlO)

Note that all seven I', are purely imaginary and antisymmetric and that they satisfy eq. (A.8).

To derive and simplify the components of Iy and I'yp. we need some structure constant
identities. We list these and, for the convenience of the reader, some other structure constant
identities that are used heavily throughout the paper. We have

Agpe a°%€ = 2535 + cap®e, (A.11)
Aape 0" = 6(555, (A.12)
Aape A0 = 42. (A.13)

The analogous identities involving cupeq are

Cabed Cdefg = Qqbc aefg - gc[ab[efég}] - 6525(?,
Cabea ¢°%T = 852{: + 2¢ap’7
Cabed Cdee = —24(52,

Cabed €% = 168.

Some identities involving contractions between the aup. and cypeq structure constants are:

Cabed 0" = 6a[ab[e5£]]’ (A.18)
Cabed CLCde = 4aabea (Alg)
Cabed °% = 0. (A.20)
Two other identities that have been used in this work are
1
dabp = aaaCdabefccdef, (A21)
1
a[ab[dac]ef] = gaabcadef - 2C[ab[d65£]]- (A22)

These and the following identities may be verified directly by using the components in the
basis given above. By using the Fierz identity of the Ga-invariant 7,

Lonnl® =1 —nn, (A.23)

one can also prove egs. (A.11)—(A.21) more elegantly.

31Note that vector a,b,c,... and spinor A, B, C, ... indices are raised and lowered by da; and 645 (and their
inverses), respectively.
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Using the octonionic definition of the gamma-matrices (I'y) g% above we can express also
the antisymmetric matrices (I'gp)cp this way. We find

(Fab)CD: (Fab)Cd = _Cade + 252%7 (Fab>co = —Aghc- (A24>

Finally, for the symmetric matrices (I'g.)pr we have

(Tape)p”: (Tabe)® = —icpp™ ag st — ia[abe5§l] - Qia[abdff],
(Fabc)do = —iCabeds
(Fabc)()o = —1Ggbe- (A25)

The first one of these expressions can be simplified further using the identity (note the
order of the indices)

Clabla)’ aqr© = 6(5{2 apg”? Occt)|{ape- (A.26)
Then, the required symmetry property in de becomes clear:

(Fabc)de = i(aabcéde - 65(dabc]e))- (A27)

la

Finally, we see that Tr(I'®¢) = 0 as it must.

The relations above show that this representation of the gamma-matrices is consistent
with the definition of the structure constants a,p. in terms of the Killing spinor n. To clarify
this further we can solve the Killing spinor equation and get an explicit form of this spinor.
We know from the left-squashed S” compactification that the holonomy is G and hence that
the Killing spinor equation has one solution. Normalising it to 717 = 1 we for now assume
that, in the above basis, n has only one non-zero real constant component. Then

7
Dynp = _im(ra)BCnC:

1 ey ¢ ey 0 i c
B =1b: aanb + Zwade((rd )b Ne + (Fd )6077()) = _§m((ra)b Ne + (Fa)bon())

N 1 d i
B=0: 0+ Zwade(f‘ VoM = —im(f‘a)@cnc (A.28)
It is clear from these two equations that a spinor 1 with only a constant non-zero component
1o has a chance to be a solution. Assuming this to be the case, the second equation is solved
and the first becomes the single condition on the spin connection

1 m R m

*Wadeabde = —0ap - Wabe = = Qabe (A29)

4 2 3
where the hat indicates that there might be (and are in case of the squashed seven-sphere)
other terms that vanish when contracted with aqp. this way. This condition is in fact satisfied
but the easiest way to verify the assumed form of the Killing spinor is instead to consider

the integrability condition

Wap“T eqn = 0, (A.30)
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where W, is the Weyl tensor and the only linearly independent solution is
na = (1,0,....,0). (A.31)

Note that this explicit form of 1 and the gamma-matrices is consistent with nl'gp.n = —tagpe.
One can check that this n solves not only the integrability condition but also the Killing
spinor equation on the left-squashed seven-sphere but not on the right-squashed one [38, 43].
That the integrability condition eq. (A.30) has exactly one independent solution is equivalent
to the fact that the holonomy of the Killing spinor equation is Go, i.e., %Wadech generates
the Lie algreba ga.

There are also identities where structure constants are contracted with the Sp{ Killing
vector components

. . . . 1
Sa'7 — (5%‘7’ SUJa Si]) = (6] 07 O) (A32)

5

The Sp§ Killing vectors are used heavily in the mode calculations in section 4. From the
explicit realisation of aqp. and cgpeq given above one finds the following identities:

o 1 ..
aspist = %e”ksak, (A.33)
¢ Cdsisjzieija s,k — 251, 57 (A.34)
ab c od \/5 kUab Sc [a Sb]">» .
; 1 2v/5 o
Stal' 8”10 = 15 abe + Tfijk5a25b350k7 (A.35)

In addition, there is an important derivative relation given in [40] which in our notation reads

. 1 . S
D, syt = ——=ag°se’ — Sezjksa]sbk. (A.36)

2v/5
B G- and H projection operators and Casimirs

Projection operators picking out the various Ga-irreps occurring in the decompositions of
two-forms, three-forms, spinors and vector-spinors on S” under Spin(7) — Go are, for the
convenience of the reader, given below (the other so(7)-irreps of interest are also gs-irreps
and so do not need to be decomposed). For spinors, one- and two-forms, we also give the
projection operators onto the H-irreps occurring when decomposing Spin(7) — Gy — H.
This is relevant for section 4, in particular section 4.2 since C}, is not proportional to the
identity on 144, C 21,,7). In appendix B.2, we give our conventions for the Casimirs of
the various groups.

B.1 Projection operators

One-forms. The one-form irrep 7 of so(7) does not decompose when breaking so(7) to g.

However, when breaking to h = 31!)‘14 @ spjngrC C g2, it decomposes as 7 — (0,2) @ (1, 1). Since

5q's%; is a H-singlet and has rank three when seen as an operator acting on one-forms, we have

(P(o,z))ab = 5s4's";, (B.1)
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where we have fixed the coefficient by demanding P(072)2 = P(g2). It follows that the projector
onto (1,1) is

(Paay)a” = 65 — 5sa’s". (B.2)
Two-forms. The two-form irrep 21 decomposes into 7 & 14 under go. Since a,” can be
viewed as an intertwiner 21 — 7, we have
cd 1 e cde 1 cd cd
(Pr)ap™ = gaaba™t = 6(266“’ + cap™), (B.3)
1
(Pra)ap™ = (1= Pr)pp™ = 6(452‘5 — cap®). (B.4)
From this, we see that
cd __ cd
cap™ = (4Pr — 2P14) b, (B.5)

which is often useful in computations.

When restricting to H, the 7 decomposes as described in the one-form case above and
the 14 decomposes into (0,2) @ (2,0) @ (1,3). The projection operators projecting onto
the H-irreps in 7 can be constructed using ag,. and the projectors from the one-form case.
For instance, we see that (cf. eq. (B.1))

5 A
(Pogycr)ab™ = gaabesezsfi a; = 75(PrsPr) o™, (B.6)
where
b = s[a|zs[c|is‘b}]s|f] (B.7)

is a useful building block for constructing the projectors. One can verify that all four go-blocks
of ¢p°¢, viewed as a linear operator acting on two-forms, that appear when decomposing
21 — 7 & 14 have rank three. Since the 7 x 7 block is proportional to the projector
(Po,2)c7)ab™, the off-diagonal blocks intertwine (0,2) C 7 and (0,2) C 14 and the 14 x 14
block is proportional to (P(o,z)c14)ab0d. Working out the normalisation, we find

Ci 75 Ci
(Pl0,2)c14)ab 4 = ?(P14§P14)ab d, (B.8)

Another useful building block is (cf. eq. (B.2))

(0 —5¢)ap™ = (65' — 5s[a|is[c|i)s‘b]js|ﬁ], where 04, = 5%Z‘|S|b]is‘d} (B.9)

i

The off-diagonal go-blocks of (0 — 5¢) 5 vanish while the 7 x 7 and 14 x 14 blocks have ranks
four and eight which are the dimensions of (1,1) C 7 and (1,3) C 14, respectively. Hence, by
demanding that the projectors square to themselves to fix the normalisation, we find

(Paycr)a™ = 10P;(0 — 50 Pr, (P gyc1a)a™ = 10Piy(0 — 5¢)ap““Pra. (B.10)

The last projector is simply

(Pooyc14)a™ = (P — Po2)c1a — Pasycia)a™ (B.11)
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These projection operators can be used to get an expression for the Weyl tensor. Specifi-
cally, by using eq. (2.38) on two-forms we find that

1 1
Wy = 5 (4P1s + 8P )caa — 10P( 3)c14)ap™ = = P14(4 — 1000 + 800)as“ Pra.  (B.12)

In computations, we sometimes find it useful to rewrite this as

4
W = 35355 — 2004°% 4 160555 + 12(Pr0) 5™ — 120(Pr¢) ™ — 60(sPr)ap™d.  (B.13)

Three-forms. The three-form irrep 35 of so(7) decomposes into 1@ 7 @ 27 when restricted
to go. Clearly, agp. and c,"@ can be viewed as intertwiners from three-forms to scalars and
one-forms, respectively, which allows us to easily construct the projection operators onto 1
and 7. The projector onto the 27 is then obtained by subtracting the previous two from
the identity. Fixing the normalisations through P? = P, this gives

1
(Pl)abcdef - Eaabcadefa (B14)
1 1
(Pr)ape™ = _ﬁcabcgcgdef = ﬂ(ﬁéifif + 95[[Zcbc}eﬂ — agpea™’), (B.15)
1 d
(P27)abcdef = (1 - P - P7)abcdef = %(425325 - 215[[acbc]ef] + aabcadef)' (B'16)

Spin 1/2. The spinor 8 of so(7) splits into a singlet 1, the Killing spinor, and a 7 when
restricted to go. The projection operators are

Py =, Py = Tanil*, (B.17)

where 7 is the normalised Killing spinor (7m = 1) discussed in detail in appendix A.
The projectors can be written in terms of gamma-matrices as
1 7T
Pr= g+ o™, Pr=g— caad™, (B.18)

where we have used that agp. = in[qpen. This is seen by computing the traces Tr(PF(”))
where n = 0,1,2,3 indicates the number of indices on I'. The above proves the Fierz identity
Tgnnl'* = 1 — pn which is nothing but P, + Py = 1.

Lastly, we note that the projectors onto the H-irreps appearing in the decomposition of
the spinor under so(7) — h are immediately obtained from the above as

P(072) = F“n(5saisbi)ﬁ1“b, P(l,l) = F“n(ég - 5Sai8bi)77]rb. (B19>

Spin 3/2. Gamma-traceless vector-spinors, or spin-3/2 fields, transform in the 48 of so(7),
which decomposes into 7 @ 14 @ 27 under so(7) — go. From egs. (3.64)—(3.67) one can read
off the projection operators (with supressed spinor indices)

1 . _
(Pr)a” = 6(6527) +ia"Ten), (B.20)
(Pa)a’” = —(Pra)ac™Tniil g, (B.21)
(Por)a” = 80, Tnie, (B.22)

where (P14)q.% on the second line is the two-form projection operator.
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Casimir Adjoint

Cop, (r) = ir(r +2) Csm(?) =2
Capr(prq) = 300+ 2¢ +4) + 5q(q + 3) Copy(2,0) =3
Cy,(p,q) = 50(p + 3¢ +5) + q(qg + 3) Cyy(0,1) = 4

Csoy(psa,7) = 50 +2q+7+5) +qlg+r+4)+ 2r(r+6) Cyn)(0,1,0)=5

Table 14. Casimir eigenvalues on irreps specified by Dynkin labels with the adjoint representation
given explicitly.

B.2 Casimir conventions

In this subsection, we give our conventions for the Casimirs of the groups appearing in
the analysis. First, the isometry group (G = Spy X Splc) Casimir in the master formula
for A, eq. (2.40), is

Cy(p, ;1) = —TaT* = 2C4p, (p, q) + 3Csp (1), (B.23)

where (p,q) and (r) are the Dynkin labels of sps and sp{’, respectively, Cy,, and Csp, are
given in table 14 and, as in section 2, we raise and lower G-indices using —k4p5/6 and its
inverse, where k4p is the negative definite Cartan-Killing form. The Casimir of the isotropy

group, H = Spit x Sp%%c, is

; 6
Cp=-T,T" = QCSP{; + SCS,,113+C, (B.24)

where H-indices are raised and lowered using the restriction of —k45/6 to h and its inverse.
The Casimirs of Spin(7) and G2 also appear in eq. (2.40). These are defined by

Coorry = —SaS™,  Cgy = —(P1a) abea X" (B.25)

Formulas for their eigenvalues on irreps in terms of Dynkin labels are provided in table 14.

C Non-transverse modes and two-form mode scalar products

In this appendix we give the non-transverse eigenmodes of A; and As that, just like the
transverse ones, are obtained by diagonalising eqs. (4.10) and (4.47). We also provide the
two-form scalar products that are needed to derive the cross diagrams in figure 4 and below.
In [1], the isometry irrep spectra are first derived for the transverse and non-transverse modes
combined by decomposing the Spin(7)-irreps into H-irreps and, then, the non-transverse
pieces are subtracted to arrive at the transverse irrep spectra. Deriving the cross diagrams
for the non-transverse modes and combining these with the transverse ones of section 4 thus
provides a consistency check of this last step in [1] upon comparison.

From eq. (4.10), we immediately see that the non-transverse one-form eigenmode is
generated by

VD =y =D, (C.1)
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Figure 6. Non-transverse one-form cross diagrams. Each cross corresponds to an isometry irrep
(p, q;r) of non-transverse eigenmodes of A; generated by the differential operator in eq. (C.1) and
with the eigenvalue in eq. (C.2).

with eigenvalue
AP =¢, (C.2)
and norm
1YP ) = Cgllol*. (C.3)

Hence, this non-transverse eigenmode exists for (p, q;r) = (p, q; p) with (p, q) # (0,0) corre-
sponding to the cross diagram in figure 6. Note that the cross-diagrams in figures 2 and 6
combined exactly match the isometry irrep spectrum of (transverse and non-transverse)
one-froms obtained from the (0,2) and (1,1) H-diagrams in [1].3? This provides the first
consistency check of the type described above.

Turning to two-forms, the non-transverse As-eigenmodes obtained by diagonalising
eq. (4.47) are generated by the following differential operators with associated eigenvalues:

15AC — 13 £ /200, + 49 ) +7(13:F V20C, + 49 )

i 9. (5)i i
2\[<12:|: V200, +49) V)" — fy(i) + YO (C4)
AP =T (20(79 +14 4 2/20C, +49). (C.5)

9

V' = 20(

To compute the norms of these non-transverse eigenmodes, and also for the norms of the
transverse eigenmodes in eqs. (4.49)—(4.52) leading to figure 4, we need the scalar products
of the basic building blocks yé}j” from eqgs. (4.40)—(4.42). Hence, we compute

(YWe, yWe) =6C7| 9|17, (C.6)
(YW, YPisi0) = 6Co,e|lgll*, (C.7)
(YW, yBlis;p) = TCfpl cllo)?, (C.8)
YW, YWisig) = — 58|12, (C.9)

V5 S

32Recall that 7 — (0,2) @ (1,1) when Spin(7) — H.
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(YW, YPisip) = 4(YW g, yVisig), (C.10)

Y9, Y Visig) = 2T oo, (1)
(Y06, ¥ Didsi56) = — Che (4C%e —~ 3) 9], (C.12)
(YR, yPV) = <<z>, 57¢), (C.13)
(Yig, yEg) = 57<¢,6” o), (C.14)
(YPig, yWig) = 7<¢, ek spp), (C.15)
(Yig, YOy = 4(yPig, yWig), (C.16)
(Y2ig YO L) — 10¢<¢, 50 + (b, ), (C.17)
, , 1 g 1 g 1 g
(Y@, YOThs10) = —7-Ch0 (6,07 0) — 5 (0T sip) + 550057 ), (C.18)
(Vg Yy = = (9,570, (€19
(Vg YWi) = (6, ), (C:20
(Y®lig, YEi g = 550;(2)%, YWigy — 2(y®ig YWy, (C.21)
(Y, Y Oip) = \}gcfp? (6,8 0) + jgw, se), (C.22)
. . 1 y 1 .
<y(3)1¢7 y(7)Jk3kS0> = _T\/gcsd)plc <¢7 (S”QD> - T\/g<¢7 61]k8k¢> 30\[<¢7 SU90> (023)
(YWig, yWig) — Tocf (,0Y ) — (qﬁ, spp) + %<¢, s7¢), (C.24)
(YWig, yig) = —7<¢, T*sip), (C.25)
(VWi YOy = zolf( = 30C50) (6.67¢) + = (405 ~ 9)(6. )
11
4[ (¢, 57¢), (C.26)
, . A 1 .
<y(4)z¢7 y(7)]k5k‘10> = _Wcsmc (@, 5”‘P> - T\/g(‘gcfp? B 2) (o, 62]k8k50>
11
3of< s ), (C.27)
(Yig, yOlig) = 8(yWig, yWiy) 4 2(yWig, yBlig), (C.28)
Yo %7 Jso> =2(yWig, (3P, — 1)YDVip), (C.29)
Yo, YDk ) = 209 W6, (3P — DY D rsyp), (C.30)
(Y0, YOip) = (2005 —39)(6,875) — 55 (36C7 — 171){6, sy
1 g
+ 45 (207 = 3)(9, 57 ), (C.31)
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(YO, YMiksp) = — €40 (10C¢ — 47) (6,6 )

200
- M(W — 19C,c + 7) (¢, /¥ sp0) (C.32)
+ %(5(1‘75 — 100C%,c + 214) (¢, sV ), (C.33)

YD, Y e) = ! 5503~ 5C50) 0.0} 0) + 15506, 8fie s
<¢ 5{k31} J} ), (C.34)

where
7 4 1

y(6) 52)8 — % ( ) ‘04 76 jkya kL Vya _|_ Wy“ , (C.35)
Py _ y(b){’ it (C.36)

6 a
To compute scalar products and norms like (P,Y"¢, P,Y(™¢), we need to use eq. (4.5)
in cases where the differential operators are not sp{-singlets. For the 58p1c case, we need

some sp§ identities, such as

o 1 .. 1 .. 1. .
e(zklég,)n52)E(m‘prypqs‘n)qrsl _ gyz] §2 + 1523 yklskl _ ZE(ZklyJ)ksl

1 o 3 . A 1 g
_ Eyk(ZSk])(’r + 382) + §€(llkmykl5‘])lm + §ykl$wkla (037)
since eq. (4.5) requires four successive applications of the Casimir
Cope Vi = —(L, TV — Y9 (T THp) — 2Tu V) (T )
= (Cfplc +6) V7 — 4€l ks, (C.38)

where the 6 comes from Cs,¢(5) = 6. This reduces the computation of (P.Y"¢, P.Y™ )
to egs. (C.6)—(C.34) with ¢ substituted by one of

0ij b, €ijks" o, Sij, (C.39)
in the 3, c cases (of the form (Y'¢, V")) and one of

5000, e MM sme 550 e MMsp e, s, (C.40)

in the 5splc cases (of the form (Y7¢,Y},p)). Lastly, to put the above together, we need
identities like eq. (4.23) in the 351’10 case and, for instance,

. 5 23 4 2
(05t'5i10) = ~Coye (e — 23Che + 5 () )P ()

in the 5SP1C case.

Calculating the norms of the non-transverse As-eigenmodes using the above scalar
products, we arrive at the cross-diagrams in figure 7. Note that the cross diagrams in figures 4
and 7 combined exactly match the complete two-form isometry irrep spectrum obtained by
combining the relevant H-diagrams in [1], providing a non-trivial consistency check.3

33Recall that 21 — (1,1) ®2 x (0,2) @ (2,0) @ (1,3) when Spin(7) — H.
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Figure 7. Non-transverse two-form cross diagrams. Each cross corresponds to an isometry irrep
(p, q;r) of non-transverse eigenmodes of Ao, listed in eq. (C.4), with associated eigenvalues given in
eq. (C.5).

D Spin-0 fields with g < Ep < 3 and spin-1/2 fields with 2 < Ey < 3

We start by listing the bosonic and fermionic fields in the AdS, spectrum of the round S7 with
Ey < 3 [32]. These are, apart from the massless graviton (with Ey = 3), spin-1 gauge fields
(with Ey = 2) and massive 1~ vector fields from the levels n = 1 and n = 2 (with Ey = 3
and Fy = 3), the scalar, pseudo-scalar and spin-1/2 fermion fields listed in tables 15 and 16.

To facilitate the comparison between the squashed and the round cases, we present
the decomposition of some of the Spin(8) irreps under Spin(8) — Sps x Sp{, for both left-
and right-squashing when this is relevant (indicated by L and R on the arrow), in table 17.
Recall from, e.g., [32] that the left- and right-squashings can be defined by how the three
eight-dimensional irreps of Spin(8) behave. While 8, = (1,0,0,0) — (1,0;1) = (4,2) is
true in both cases the irreps 8. = (0,0,1,0) and 85 = (0,0, 0, 1) interchange their behaviour
when skew-whiffed, see table 17.

In the case of the AdS, spectra related to the squashed sphere, we here list the scalar
and pseudo-scalar fields in the range % < Ey < 3, see table 18, which complements tables 9
and 10 to provide a full account of all such fields with Ey < 3. These fields have masses
between M? = 3m? and M? = 8m? and can thus only have Dirichlet boundary conditions.
The analogous fermions have 2 < Ey < 3 and masses in the range m < |M| < 3m. These

fields can be found in tables 19 and 20, complementing table 11.
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Ot)(AO) O:—)(Q)

n  Spin(8) irrep M? E; B.c. Spin(8) irrep M? E, Bec.
-1 (1,0,0,0) = 8, 3m?* 1 sing.
0 (2,000 =35, 0 1 Neu (0,0,2,00=35, 0 2 Dir
1 (3,0,0,00=112, -m? 2 deg. (1,0,2,0)=112,, 3m? 3 Dir
2 (4,0,0,0) 0 2 Dir. (2,0,2,0) 8m? 3  Dir.
3 (5,0,0,0) 3m? 3 Dir
4 (6,0,0,0) 8m? 3  Dir

Table 15. Scalar and pseudo-scalar fields with Fy < 3 in the AdS, spectrum based on the round S7
where n is the level number. All massless (pseudo-)scalar fields in the spectrum are present in this
list. These fields are dual to relevant operators in the boundary C'FT5. We also specify whether the
fields have singleton (Ey = ), Neumann (3 < Ey < 2), degenerate (Ey = 3) or Dirichlet (Ey > 2)
boundary conditions.

% (lel/z) % ( 193/2)
n Spin(8) irrep M  Ey B.c. Spin(8)irrep M Ey B.c.
-1 (0,0,1,0) =8, -m 1 sing.
0 (1,0,1,0) =565, 0 3 deg.
1 (2,0,1,0) 2 Dir. (0,1,1,0) -3m 3 Dir.
2 (3,0,1,0) 2m % Dir
3 (4,0,1,0) 3m 3 Dir.

Table 16. Spin-1/2 fermion fields with Ey < 3 in the AdS; spectrum based on the round S7 where
n is the level number. All massless spin-1/2 fields in the spectrum are present in this list. These
fields are dual to relevant operators in the boundary CFT;. We also specify whether the fields have
singleton (Ey = 1), Neumann (1 < Ey < 3), degenerate (Ey = 3) or Dirichlet (Ey > 3) boundary
conditions.

Spin(8) —  Spy x Sp§
8,=(1,0,0,00 — (1,0;1) = (4,2)
35, =(2,0,0,0) — (2,0:2)&(0,1;0) = (10,3) & (5,1)
112, = (3,0,0,0) — (3,0;3) & (1,1;1) = (20,4) & (16,2)
294, = (4,0,0,0) — (4,0;4)® (2,1;2) ® (0,2;0) = (35",5) ® (35,3) ® (14,1)
8. = (0,0,1,0) L (0,1;0) @ (0,0;2) = (5,1) & (1,3)
=(0,0,0,1) Ly (1,0:1) = (4,2)
=(1,0,1,0) -5 (1,L1)&(1,0;3)® (1,0;1) = (16,2) & (4,4) & (4,2)
=(0,0,1,0) Ly1,01) = (4,2)
=(0,0,0,1) A 0,1;0)®(0,0;2) = (5,1) & (1,3)
56, = (1,0,1,0) 5% (2,0;2)&(2,0;0) & (0,1;2) & (0,0;0) =
(10,3) @ (10,1) & (5,3) @ (1,1)

Table 17. Decompositions of some Spin(8)-irreps into Sps x Sp{-irreps. The behaviour of the irreps
8. =(0,0,1,0) and 8; = (0,0,0, 1) define how the decompositions work in the left- and right-squashed
seven-sphere vacua.
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Field (p,q;r) Cy M?/m? Ey

07, (A8 (1,3;1)  103/4 90 _8\/149 34 1(y149 - 9)
(2,2:2) 26 96 _ 4,/601 3+ 1(V601 —18)
(0,4;0) 28 96— 4/641 3+ $(V641 - 18)
(3,1;3) 115/4 2 —16V41 3+ 1(2v41-9)

Field (LS7) (p,q;7) Cy M?/m? Ey

07(QM-)  (0,0;0) 0 2 5+6
(0,2;0) 10 15(16 — v/201) 3 4+ (V201 - 8)
(2,0;2) 12 S8(37 —2v/241) 3+ 1 (V241 -8)

07 (Q®-) (2,1;0) 12 o 5+%
(3,0;1)  51/4  3(79—16V19) 3 +1(2v19-5)
(1,0;3)  55/4 5 3+4

0= (Q®)-) (1,2;1)  67/4 $(551 —96v26) 3+ 2(v/26 —3)
(0,3;0) 18 8 3+3
(2,1;2) 18 8 5+3

Field (RS") (pyq;r) Cy Z\L,Q%/m2 Ey

0= (QM+) (4,0;0) 16 3(103 —5v321) 3+ 1(v/321 - 10)
(1,2;1)  67/4 $(427-80v21) 3+ 1(2v21-5)
(0,3;0) 18 8 $+4
(2,1;2) 18 8 i+3

0~ (Q@H+) (1,1;1)  39/4 $(299 —32v61) 3+ 1(v/61—4)
0,1;2 10 1619 — /249 3 4+1(,/249 -8

9 2 6

(2,0;2) 12 8 5+3
(2,1;0) 12 8 543

0= (Q®+) (0,1;0) 4 4(47 - 3/161) 3+ 1(V161 - 6)
(1,0;1)  19/4 $(203 —48v11) 3+ 1(2v/11-3)

Table 18. Scalars and pseudo-scalars with % < Ep < 3 in both the left- and right-squashed vacuum.
Note that the properties of the scalar fields are the same in the two vacua.
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Field (LS7) Cy Mp/m Ep
LGPy) 67/4  §(4V26-15) 3+ 1(av26-15)
18 2 s+1
18 2 41
87/4  +(2V129—-15) 3+ (2129 —15)
3P 2 15
51/4  1(4v19-13) 3+ 4(4v19-13)
55/4 3 2432
16 3(3v/41 — 13) 3+ :(3V41-13)
67/4  (8v6—13) 3+ 1(8V6—13)
18 A(VA09-13) 3+ (A0S - 13)
75/4  $(2v106 —13) 2+ 1(2V/106 — 13)
79/4  L(2vII1-13) 3+ i(2VI11 - 13)
20 HVES-13) 3+ 5(VIB-13
30Dy o3 115
S5}y ) 19/4 3+
o b
LGIG)y) 80/4 —§(2V61-7)  F+}(2v61-7)
10 —1(v249-7) 24+ 1(V249-7)

Table 19. Spinor fields with 2 < Ey < 3 in the left-squashed vacuum.
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Fleld (RS7) (p7 q; 7’) Cg MR/TI’L EO

By (L1 394 2(VE9-6) i+ (/B9 6)
(0,200 10 L(vBI-12) 34 1(/281-12)
(2,0;2) 12 1(W321-12) 2+ 1(v321-12)
(1,2;,1)  67/4  3(V26-3) 34 2(\/26 - 3)
(0,3;0) 18 3 343
(2,1;2) 18 3 843

LBy 0,2:2) 16 L(3vA1—14) 3 4 1(3V/41 — 14)
(3,0;1)  51/4  F(2V19-7) §+3(2V19-7)
(1,2;1)  67/4  5(4V6-7) S+ lav6-7)
(2,2) 18 L(V409 - 14) 2+ L(v409 — 14)
(1,1;3)  75/4  2(VI06—7) 3+ 1(/106—7)
(3,1;1)  79/4  2(VII1-7) 4 L(yvII1 - 7)
(2,2;0) 20 1(V449—14) 3+ (V449 — 14)
(3,0;3) 87/4 % 244
(4,0,2) 2 L(VA89-14) 34 1(/489 - 14)
(0,3;2) 24 3 343

Wamyy) (0,000 0 5 513

1
Wapsy)  (0.5,0) 4 -3 5.3
2
Wap) (L1 394 -3(VBI-3) 4+ A(/EI-3)
WpSy)  (0.0:2) 6 3 343

Table 20. Spinor fields with 2 < Ey < 3 in the right-squashed vacuum.

E Derivation of the supermultiplets

In this appendix, we explain, in detail, how one can associate Ey values and cross diagrams
to each of the supermultiplets as summarized in tables 4, 5 and 8.

In the process of explaining this we also obtain information of how to assign unique
operator eigenvalues to the various cross diagrams, or single crosses in some special cases.
Based on the results of [1, 36] we here use supersymmetry to carry this analysis as far as
possible but a second goal is to correlate these results with the ones obtained in section 4
where we provide a direct connection between cross diagrams and operator eigenvalues. This
is particularly important for the novel results concerning Ay which will give new important
insights into the structure of supermultiplets. Thus, we will use the notation for cross
diagrams and their eigenvalues introduced in section 4 and in some cases compare them
to the cross diagrams listed in the appendix of [1]. Alternatively, one can start from the
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results of sections 3 and 4 and arrive at the same results without using [1] except for the
cross diagrams of the supermultiplets only associated to mode types that were not analysed
in section 4, specifically the results in figure 8 below.

In what follows, we do not look for numerical coincidences that could give rise to
exceptional supermultiplets for small p or q. Although we do not present the details, we
have verified that no such exceptions are possible when accounting for the full spectrum
of supermultiplets.

Spin-2 supermultiplets. We start from the top of the list of supermultiplets, egs. (5.1)—
(5.5) above, and follow it downwards. The first one is thus the spin 2% supermultiplets

D(Eo,2% : No) ® D(Eg — 5,3 :ilp12) ® D(Eo + 3,5 1 i1 2) ® D(Eo, 11 : Ag),  (E.1)

where we have included the operators responsible for the different spectra. The values of Ey
are computed from the operator eigenvalues as follows: using table 3 and eq. (3.88) we get
M?(2%) = Ay with eigenvalues A(()l) = LQ”QCQ which gives (see table 2)

3 1 [/ M\? 3 1 /20 3 1
Ey2N) ==+ =4/ — 9=_-4+24/=C,+9==4=>/20C, +81 E.2
0(2") 2+2\/<m) H R R R g +8L (E2)

applicable to all isometry irreps in the cross diagram of Ay, that is, all irreps (p, ¢; ) with
p=r>0,q>0 (see [1] or figure 1). There is, however, a special case namely the short
massless supergravity multiplet in the irrep (0,0;0). Looking more carefully at the cross
diagrams for the different fields in the spin 27 supermultiplets one finds that the cross

diagrams of [1] are related as follows*

27 [Ao)(1), (3/2)y: [iD1)2)(1) = [A0](1), (3/2)¢s: [ilP172](2) = [Ao](1) — (0,0;0),
17: [Ag](24 3 — 1) = [Ag](1) — (0,0;0), (E.3)

where the bracket [...] enclosing the operator indicates that it refers to a cross diagram and
not an eigenvalue. Here [iD; /2](1) refers to the first cross diagram in the list of iy /2 in
the appendix of [1] while [A2](2 + 3 — 1) means that one should add the Ag cross diagrams
number 2 and 3 and subtract diagram number 1. Thus we see that the last two fields in the
supermultiplets have cross diagrams that do not contain the irrep (0,0;0) which therefore
gives rise to a short supermultiplet, the supergravity multiplet. In particular this means that
the Dirac eigenvalues are associated with cross diagrams as follows

. 301 1

iD1ja(1) = % + %\/2009 +81 = Bo=j5 -5+ V200, +81, (E.4)
3 01 1

iy 5(2) = % - %\/2009 +81 =  Ey=g+5+V200,+8L,  (E5)

which follows from the old results of [40] or the results in this paper.®®

34The signs appearing as indices on the 3/2 components refer to the sign in their energies Fo %

35Note that the sign in front of the first term cannot be deduced from the eigenvalue calculations in
section 3 of this paper, which are based on computing (i9; /2)2, but follows here instead from implementing
supersymmetry. The mode calculation in section 4, on the other hand, does provide the sign.
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Similarly, we conclude that, in analogy with Ag(1) = %2 20C,, we have

2 3 1
Ay(2+3-1)= %(2009 +72) = E(") =3+ V20018l (E6)

with the same Fj as for the spin 2 component, as required by supersymmetry.
Using the notation of section 4 we can summarize the result as follows: the four fields in
the 27 supersmultiplet make use of the following cross diagrams and eigenvalues

2, Saply), Sl 1), (E.7)
given in figures 1, 3 and 4. It is interesting to note that the combination of diagrams from the
appendix of [1] appearing in [Ag](2+3—1) = [A](1) — (0, 0;0) comes out automatically in the
mode calculation presented in section 4 as Agl). This will happen many times in the following
when comparing these two approaches but from now on we do not give any details on this
issue. We should mention that apart from combining entire cross diagrams it is also necessary
in some cases to move columns or rows, or just single crosses, between diagrams in [1] in
order to generate the ones that come out of the mode function analysis in section 4. This is
to be expected since the analysis of [1] only provides the mutliplicity of the isometry irreps for
the various operators; the split into separate cross diagrams in [1] is to some extent arbitrary.

Spin-3/2 supermultiplets. Turning to the next set of supermultiplets, the six spin-3/2
ones, we have

D(Eo,% : Zwl/Q) @D(EO — %,1i : AQorl) @D(EQ + %, 17 A10r2) EBD(E(),% : Zm3/2) (ES)

Here we must relate each of the two spin 1 parity assignments to three cross diagrams, a
fact that follows by checking how supersymmetry works starting from the six cross diagrams
for the spin-3/2 component. We conclude immediately that these are determined by the
six Dirac cross diagrams not already used above, all associated to the eigenvalues with a
v20C, + 49. The reason for this is that we must use up all the Dirac modes associated to
spin-3/2 fields, which is the first component of the spin-3/2 supermultiplet.

All the forty ilDs /2 cross diagrams in the appendix of [1] must appear a single time
each when looking at the entire spectrum. The fact that the spin-1/2 fields in the spin-3/2
supermultiplets are related to the i) /2 and not ilpy /2 is a consequence of supersymmetry
which uniquely gives this answer.

From the results derived in [40] (or in section 4 of this paper) we have

3 5 1
¢12)1/2(3,5,7):—%—%\/2005,%9 — E(3/2) =5+ 2+ V200, +49, (E9)

where the first spin-1 field in the supermultiplet is 1~ (see below), and

3 5 1
i]D1/2(4,6,8):—%4-%\/20094—49 = Eo(3/2) =5~ o+ V200, +49  (E10)

where the first spin-1 field is 1T (see below). In the notation of section 4 these are, respectively,
denoted 1128)27 and zlﬁf/);, see figure 3.
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To establish the results for the spin-1 components is here a bit more intricate than for
the 2% multiplets above. The spin 1 content of these six branches (cross diagrams) is three
each of 17 and 1. However, the six A cross diagrams are used twice since the mass square
operator has two square root branches, see table 3. The second occurrence of these six sets of
cross diagrams will appear in the six sets of 1~ supermultiplets discussed below. The two
sets of + signs gives four different sets of Ey values and all four are needed for everything
to work out. To see this we recall the derivation of the Fy(17) values here.

To obtain the Ey(17) values we start from table 2,

1
Eo(17) :;+§,/M2/m2+1, (E.11)

where M? has two branches (see table 3)3¢

M?(15,) = Ay + 12m® £ 6my/ Ay + 4m? = (VAL + 4m? + 3m)? — m?, (E.12)

where also A; has two branches, denoted Agl)i in eq. (3.89),

2 2
Ay = %(2009 + 14 +2,/20C, + 49) = ’%( 20C, + 49 + 1) — 4m?. (E.13)

Inserting the last expression into the one immediately above it gives

2
M2(17) = %(\/200g+49:|:1:|:9)2—m2. (E.14)

The sign choice associated with A; is the one that must be correlated to the different cross
diagrams as will be done shortly.

The four choices of signs in eq. (E.14) give —10,—8,8,10 to be added to the square
root in M?2. Using 10 and —10 we get®”

3 5 1
Ey(17) = §i§+6\/2009+49, (E.15)
while 8 and —8 give
3

Ep(17)

4 1
= 5 + V200, +49. (E.16)

The first set of Ep(17) values will be needed in the spin 1~ supermultiplets as demon-

T2

strated below while the second set fit into the spin 3/2 ones analysed here. This last statement

follows since the values to be added to % are :t% which arise as % - % = % and —% + % = —%

when relating the different values of Ej in the multiplet. We therefore conclude that the
content of the six 3/2 supermultiplets is as given above in terms of the numbered Dirac
cross diagrams.

Note that the six cross diagrams of A; are identical to the /20C,; + 49 Dirac ones. This

is clear from figures 2 and 3 which also correlates the signs in their operator eigenvalues.3

36Recalling from [32] that Ay > 7m? we see that /A1 + 4m2 > 3m.

3"Note that +/20C;, 4 49 > 10 for all irreps in the relevant Dirac cross diagrams.

38The same result is obtained by supersymmetry alone, namely that the A; cross diagrams numbered 1, 3
and 5 in [1] have eigenvalues from the minus branch and diagrams 2, 4 and 6 from the plus branch.
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This assignment of signs must be a consistent choice also in the 1~ supermultiplets which
it is as we will see below.

The 17 field in this supermultiplet has to come from modes with eigenvalues given by
Agz)i due to the /20C,; +49. For these, we have

2
m 3
AP+ = ?(2009 +44+£4y/20C, +49) = Ep(1*) = 5 ;2 stE \/200 +49. (B.17)

Hence, the fields associated to AgQ)i fit into the supermultiplet containing the spin-3/2 field
associated to le( )¥ . Note that the corresponding cross diagrams in figures 3 and 4 agree.

The i) /2" elgenvalues that should be used for the spin 1/2 components to fit into these
six spin 3/2 supermultiplets are (see eq. (3.102))

3

1
ipsy = 2’(2 +/20C, + 49) — By(1/2)=3 2 st e \/20(7 149,  (E.18)
where the eigenvalues with a plus and a mlnus are associated with, respectively, the same
cross diagrams as those with eigenvalues lel /2 and ZID?/); (see eq. (3.99) and figure 3).
We can summarise the situation for the six spin 3/2 supermultiplets, using the notation
of section 4, as follows (ordered as Ey, Ey — %, Ey + %,Eo)

3 2 _ R SPRE:

5. Sap), AP, 15,80, SGpSy). (E.19)
3 §w<2>+) 1= (AD+), 1+AR-) }(up(iﬂ_) (F.20)
29" 2 1/2 /5 H(=-H)\T1 ’ 2 D) 3/2 /- :

We emphasise that since for the spin 3/2 operator il)s /2 we have no independent way to
relate eigenvalues to cross diagrams (as was done in section 4 for i), /2, A1 and Ay) we have
here relied entirely on supersymmetry and used the cross diagrams of [1].

The 1~ supermultiplets. The six sets of 1~ supermultiplets are of the form
D(Eo, 17 : Ay)@D(Ey—3, 5 : iD1/2003/2)BD(Eo+3, 5 1 il3/2001/2)BD(E, 07 : Q), (E.21)

where i), /2 and i) /2 occur in a similar way to how in the previous case there were three
supermultiplets with spin-1 fields coming from A; and A,. That this happens here is a
direct consequence of supersymmetry and is easily established using the known eigenvalues
of the various operators.

The eigenvalues of the 3 4+ 3 cross diagrams of A; were in this case identified above as
the ones coming from 10 and -10 in the expression for Ep(17) in eq. (E.15). Thus

3 5 1

AW Ey(1) = 5 T3t V200, + 49, (E.22)
3 5 1

AN Ey(1) = 55T V200, 49, (E.23)

1)+

where the cross diagrams associated to the two sets of Ag -eigenvalues are specified in

figure 2.
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The last component of these supermultiplets is the pseudo-scalar 0~. Using the

V200, + 49 eigenvalues of @ in eq. (3.96)
QB* = %(1 +/20C, + 49), (E.24)

and the 0~ mass operator from table 3
M?(07) = (Q + 3m)* —m?, (E.25)
we find as expected that all six cross diagrams satisfy
Ep(07) = Ep(17). (E.26)

Finally, we must check that also the spin-1/2 fields fit into these 1~ supermultiplets. It
is interesting to note that we need to use both i), /2 and iDs /2 eigenvalues for this to work.
Let us start with the spin-1/2 energies Ey = 3 + 2|M/m| where the minus sign cannot occur
in these supermultiplets due to the unitarity bound Eg(1) > 2. The mass related to the i), /2
and ilD3, operators are (see table 3, eq. (3.99) and eq. (3.103))

. . 9m 13m _m
M(1/2,iP5) = il ) — o =g F /200, + 49, (E.27)
M(1/2,i5)5) = ilys + %m = %m + %\/zocg + 49, (E.28)

where we should note that it is the second set of \/20C, + 49 eigenvalues of )3 /2 that
must be used here. This produces the following two sets of energy values (for Dirichlet
boundary conditions)

Eo(1/2,iPy)

Eo(1/2,iB)5)

1
7 1
+ /200, + 49. (E.30)

_3

2
3

— 24 -
2 6 6

Hence the supermultiplets are (ordered as (Ey, Fo — 1/2, Ey + 1/2, Ep)), in terms of the

notation of section 4,

_ _ 1, @ 1. .
1 15,0, SRS, SRy, 07(QP), (E:31)
_ _ N Y N Y ') E
L 10,40, ST, S, 07(QP-), (E.32)

where as before the lower sign in the bracket 1, indicates which branch of M 2 is used.
These results for the cross diagrams imply that there are two short gauge multiplets when
Cy = 6, and hence Ey = 2, connected to the two adjoint irreps (2,0;0) and (0, 0;2) of the
isometry group Sps X Sp?.

The 1" supermultiplets. So far, A’ = 1 supersymmetry, together with the operator
eigenvalues derived in previous works and the result for the spin-3/2 operator obtained in [36],
have been sufficient to uniquely fix all relations between operator eigenvalues and isometry
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irreps (that is, cross diagrams). This nice state of affairs will no longer persist when we now
turn to the eight spin 17 supermultiplets, each with the content

D(E()v 1+ : AQ) P D(EO - %a % : ZlDS/?) 2] D(EO + %a% : leg/g) ) D(E070+ : AL)v (ESS)

where the potential ambiguity for the last entry, the 0" scalars, which could be given by
either Ag or Ay, is settled by supersymmetry.

It is clear that the remaining eight cross diagrams for Ag in figure 4 account for the 3
and 5 spin 1T components of these supermultiplets. These must therefore all be associated
with the eigenvalues eq. (3.92) and energies

2 31
By="5-20C, = Eo(1,Ay) = 5+ 2/200, +9. (E.34)

Now we understand that the spin-1/2 fields must be associated with i) /2 since the eigenvalues

of ilﬁl/g do not contain 1/20Cy; + 9.

Similarly, the scalar fields 01 are related to Ap-eigenvalues eq. (3.93) and the energies

2
Ap = %(2009+36) —  Ey(0",AL) = 7+ \/200 +9 (E.35)

The unexpected feature that appears here is that neither of the two sets of eigenvalues,
related to the 3 and 5 cross diagrams, have a negative square root branch (cf. Agz)i).
This means that there is a degeneracy in the spectrum since different modes in the same
isometry irrep must pairwise be associated with the same operator eigenvalue. This must
happen for all the fields in these 17 supermultiplets whose irreps are of the kind (p,q;r)
with either r = p or r = p + 2. As we will discover below when discussing the Wess-Zumino
supermultiplets, the ones containing scalar fields related to Ay, and only these ones, will
display the same phenomenon.

This being concluded here, we should now recall the results of section 4 on the Ag
eigenmodes and their eigenvalues which support this conclusion. In fact, in section 4
we identified explicitly the different mode functions that have the same As-eigenvalues,
Ay = %2 20Cy, and the modes are precisely the ones in the 3 and 5 cross diagrams given
above. The notation used in section 4 to make this clear was to denote eigenvalues associated
with the mode functions (and thus the cross diagrams) related to 3 by A;g) while those
related to 5 was denoted Agg)/ despite the fact that their eigenvalues (and masses and Ej)
are the same. Unfortunately, why this happens is not clear from the results we have obtained
so far. We mention here the fact (which is further discussed in the Conclusions, section 6)
that this degeneracy occurs only in supermultiplets related to modes of Ay,

To conclude the discussion of the 17 multiplets we need also the spin-3/2 eigenvalues

iP5y = =5+ V00, +9 = Bo(1/2iD5);) = fi st e \/200 +9, (E.36)

which completes the two 17 lines in table 4. The relevant cross diagrams are the same for
all four entries in each line 17 in table 4, and coincide with those specified in figure 4. It is
now clear that there are, as expected, no short multiplets in this case.

39However, not in all supermultiplets containing Ay since the ones in 5 with r = p £ 4 are not degenerate.
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The situation for spin 17 can be summarised as follows:

I AR, SR, S0P, 07 (al), (E.37)
15 ), SapSy), Sani), 0t ad), (E.38)

where we emphasise again that we in section 4 have derived the eigenvalues for the cross
diagrams of 3 and 5 and found them to coincide, hence the notation Agg) and Agg)/. For
the rest of the spins, on the other hand, the corresponding mode calculations have not
been done but it follows from supersymmetry that their cross diagrams are identical to
the 3 ® 5 ones of Aég)’(g)l.

The Wess-Zumino supermultiplets. There are 14 sets of Wess-Zumino supermultiplets
(see eq. (5.5)) of which two sets must be related to the remaining modes of the Dirac operator
with eigenvalues 1/20C, + 81. This fits nicely with the fact that also the two MZ,(07)
branches of scalars connected to Ag are left to account for. This explains the first two lines,
denoted WZ1 and WZ2, of table 5.

Thus the WZ1 and WZ2 multiplets have Fy and cross diagrams governed by the spin-1/2
fields. These have M (1/2) = —legl/)Q 9 with lel/2 = 2 4+ 2/20C, + 81 (see table 3
and eq. (3.98)) where the modes for the upper sign fills a whole cross diagram and similarly
for the modes with the lower sign except that the singlet is missing, see figure 3.

The Ey spectrum, valid for the upper sign on zlﬁgl/)zi and for all Cy > 0, is

3 5 1
Eo(1/2,i ¢1/2)— yM/ | = §+§+6\/2009+81, (E.39)

For the lower sign the situation is slightly different due to the absolut value on the mass
in Ey. Now Cy > 0 but [M| = | — 15 F /20C, + 81| depends on the relative size of the
two terms under the absolut sign. We get the following two cases

(1) 3 1 36
Eo(1/2,ilyjy ) = 2 3 37" 6‘/2009 +81, C,> 5 (E.40)

(1 3 1 3 5 36
Eo(1/2,iBy)y ) = S IM/m =+ - f\/200 8L, Cy< (E.41)

where the limit in the last case is only satisfied by the two values C; = 4, % (recall that

!M/m!

the spectrum here involves only irreps (p,q;p)). Note that we have here used only the
upper (Dirichlet) sign in Fy(1/2) = % + %|M/m| The other case, related to Neumann
boundary conditions, is studied separately in section 5.1 for the five possible values of C,
allowed by unitarity (which occur only for the lower sign in legl/); and not necessarily for
all the members of the supermultiplets). Further details on the cases allowing for Neumann
boundary conditions are given in section 5.2.

It is now interesting to compare the situation above for the spin-1/2 fields with the one
for the scalars. From table 2 and table 3 we see that A(()l) = mTQQOC’g gives a dependence
of M2(0") on the absolut value of \/20C, + 81 £ 18. This gives, for the plus branch (and

for Dirichlet boundary conditions),

3 1
Eo(0f,)) = g T3+ 6‘/2009 + 81, (E.42)
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while for the minus branch we again find two cases

3 1 243
Eo(07) =5 -3+ G V200, +81, Cy= =, (E.43)
L3 1 o 243

which contains the five values listed in table 6, that is, Cy = 4, %, %, 10,12. Here the signs
in the bracket on 0/, refer to the two branches of M?(0") in table 3.

This also fits with the /20C,; + 81 branch of eigenvalues for @ (see eq. (3.97) and table 3)

2
OB+ — m + %\/2009 81 = MY Q¥%) = (4m=+ %\/2009 +81) —m?,  (B.A45)

and hence Ey depends on the absolut value of \/20C,; + 81 + 12. This gives Ey values (for
Dirichlet boundary conditions), noting that 1/20C, + 81 > 12 for all irreps in WZ2,

3 3

1
Eo(0~,QB)+) = 5 + SV (M/m)? +1= 5 £2+ /200, +8L. (E.46)

Again the lower sign in Ej is not discussed here and the reader is referred to section 5.1
for more details.

These results lead to the two Wess-Zumino supermultiplets WZ1 and WZ2 in the Wess-
Zumino table for C; > 0 in section 5.1 which turn out to have a slightly different structure
(note the order of the fields (Eo, Eg — 3, Eo + 3)):

1,. _ 3 5 1

WZlc,>o: *(UPS);), 0-(Q®+), 07, (A, By =5+ 5+ V200, +81, (1.47)
_ 3 5 1

WZ20,5 2 121/2 ), 0F,(A), 07(Q®)-), By=3 —5+5V200, +81, (E48)

plus the special cases listed above to complete WZ2 for 0 < C, < 243 We note here that
without involving Neumann boundary conditions there are no Wess- Zummo supermultiplets
with Cy = 4, 1f, 349, 10,12. These five cases are studied in detail in section 5.1.

The @ cross diagrams relevant for fields in WZ1 and WZ2 can be found in the appendix
of [1].4° By supersymmetry, they have to be identical to the legl/); cross diagrams in
figure 3. Note that the singlet irrep (0,0;0) should be removed from the irrep spectrum of

O(t)(A(()l)) even though it appears in the cross diagram of A(l), as explained in [32], which
is consistent with the cross diagrams of legl/); One should note that there is only one
mode with Cy = 0 here, and that this mode belongs to the multiplet WZ1. The multiplet
WZ2 lacks the C; = 0 mode which it must to be consistent with unitarity. The Cy = 0
mode is discussed further in section 5.1.

The final twelve sets of Wess-Zumino multiplets are in some sense less intriguing since
the only special case is Cy = 0 (see [17]).%! Leaving this case for a separate discussion we
now explain the rows WZ3—6 in table 5. Checking which operator eigenvalues that have

4°The cross diagrams in the appendix of [1] are related by [iD1/5)(1) = [Ao](1) = [Q](1), [i]Dy,5)(2) =
[Ao](1) — (0,0;0) = [Q(6 + 7 — 5).

4INote that in all three expressions for the mass discussed here the square root term is larger then the term
without a square root when Cy > 0.
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not been used so far we find that they are all of the v/20C, + 1 form and occur only for
Ar, Q and ilD /2. The remaining cross diagrams in [1] are also precisely the ones that are
needed to form the Wess-Zumino supermultiplets denoted WZ3-6 in table 5. From the
results of [1] we conclude that these should be grouped into two Sp{ sets of 1 + 5. To verify
this we need the eigenvalues for these three operators Ay, @ and ilDs /2. We start with the
spin-1/2 ones (see eq. (3.100) and table 3)

iwg}éi:%i%\/m — M(1/2):¢m3/2+37m:4mi V200, +1 (E.49)

which give the spin-1/2 Ej values in all the WZ3—6 multiplets as

3 3

Eo(1/2) = §+7|M/m| fi st \/200+ (E.50)

where only the sign for Dirichlet boundary conditions is used. One can check that Neumann
boundary conditions are impossible due to unitarity.*?
The eigenvalues of the modes associated with the scalar fields are determined by eq. (3.94)

2 2
Ap = % (20C, + 32 + 44/20C, + 1)= % (V20C, + 1 +2)°+3m?,  (E.51)
and with M? = A; — 4m? table 3 we find

3 1 1
Eo(0T, AP#) = 5+ T V200,11, (E.52)

and the ones of the pseudo-scalars (see eq. (3.95) and table 3)

2
Q(l)i - _r :|: 1/20(} 1] = M2 07) = (8;1 + %\/2009 + 1) —m?, (E.53)
which leads to

3,4 1

For the scalars 0 Neumann boundary conditions are possible for the minus branch in their
expressions for Ejy above but since Neumann boundary conditions are impossible for the
spin-1/2 fields, as we saw above, supersymmetry implies that this is the case also for the
scalars. A full analysis of possible Neumann boundary conditions is carried out in section 5.2,
then for both the left- and right-squashed vacua.

The above facts clearly give rise to Cy > 0 Wess-Zumino supermultiplets of the following
two kinds (ordered as (Eo, Eg — 3, Eo + 3))

1 1

WZ3-4: §<img}/; ), 07(APH), 07 (W), By = g + % + V200, +1,  (E55)
1

WZ56: (D)), 07(@QU), 0H@AP), Ey= g o, ! \/200 T1. (E56)

The remaining cross diagrams cannot, with the available information from [1, 2, 17, 36, 40]
and this paper, be associated with WZ3—4 or WZ5-6 in a unique way so we have put all

42Recall that Neumann boundary conditions are related to irreps with Eg < %
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Figure 8. All isometry irreps of the twelve Wess-Zumino supermultiplet towers WZ3—6 (including
the Page supermultiplet), corresponding to two sets of 1 & 5. The colours at the intersections of the
grid lines indicate the multiplicities of the isometry irreps.

their irreps into one coloured cross diagram in figure 8. However, from the lists of cross
diagrams in the appendix of [1] it seems clear that each pair, i.e., WZ3-4 and WZ5-6, must
be connected to 1 + 5 worth of cross diagrams. This completes the explanation of all the
entries in the Wess-Zumino table for Cy > 0.

The analysis of the Wess-Zumino multiplets with Cy = 0 is carried out in detail in
section 5.1, following closely [17], and is hence not discussed here.

As should now be clear, using the results obtained in this section all supermultiplets
appearing in the left-squashed S7 spectrum (listed in the beginning of section 2.1 and
section 5.1), except the twelve Wess-Zumino multiplets that involve the Lichnerowicz operator,
can be uniquely associated with operator eigenvalues and groups of cross diagrams from
the appendix of [1]. Thus it is possible to decide exactly which cross diagrams these twelve
Wess-Zumino multiplets must be connected to in order that all the cross diagrams are used
in a consistent way. However, to be able to divide these cross diagrams in two groups and
associate them with the two branches of Ey values the information in this paper is not
enough. Fortunately, using input from [35] this can be done, i.e., the results of [35] allows us
to split figure 8 (which gives the isometry irrep content of WZ3-4 and WZ5-6 combined)
into the two rows in figure 5.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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