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1 Introduction

In recent years there has been an increased interest in the physics of semimetals and particularly
semimetals where the valence and conduction bands have a linear crossing point. We focus
our attention on Weyl semimetals (WSM) which are a class of quantum materials hosting
Weyl fermions [1-3]. These materials enjoy an accidental chiral symmetry because the band-
touching points (the Weyl nodes) must always come in pairs of opposite chirality [4, 5]. The
nodes will generically lie on top of each other in momentum space, in which case we speak
of a Dirac semimetal, unless the underlying electronic system breaks either time-reversal or
parity. We are interested in these kinds of materials, because their low-energy excitations
can be described by relativistic quantum field theories typically used in high energy physics.
As such they allow for tabletop experimental probes of high-energy phenomena.

The high-energy phenomenon we are interested in is the U(1)4 x U(1)y anomaly of
massless relativistic fermions [6-8]. The anomaly is generated by co-linear electromagnetic
fields and, hence, strongly affects thermoelectric transport in WSMs [8—20]. More precisely,
we are interested in the anomaly’s effect on the negative magneto-resistance (NMR) of WSMs
in the hydrodynamic regime [10, 12, 15, 16]. The signature effect of the anomaly on the
NMR is the B? growth of thermoelectric conductivities, e.g. for the electric conductivity
0 ~ 0Drude + aB? at small B. Hydrodynamic behaviour in WSMs has been observed in [21],
while many experiments found NMR effects in electric and thermal transport compatible
with the axial anomaly [22-26].!

Although we have an excellent description of the NMR at small magnetic fields, there
are some open issues we need to address. Firstly, it was recently shown that changing the

'We use the term “chiral” interchangeably with “axial” throughout the paper.



hydrodynamic frame does change the explicit formulas for the NMR contribution to the
conductivities often found in the literature [27]. In addition, some of the models used have
conductivities that are not Onsager reciprocal and thus break microscopic time-reversal
invariance — even if we use the prescription advocated in [27]. While there are models where
the conductivities are Onsager reciprocal, they require that the WSM fluid loses energy,
electric and chiral charge at the same rate. This contradicts experimental expectations
in condensed matter systems, where energy and electric charge are expected to be almost
identically conserved, while chiral charge is expected to relax quickly to its equilibrium value.

In this work we show that both of these issues can be circumvented. In particular, we
avoid the hydrodynamic frame issue altogether by studying the NMR, using the zeroth order
hydrodynamics of an anomalous fluid [27]. Then, we show that it is possible to decouple the
relaxation rates for energy, electric and chiral charge, while still satisfying Onsager reciprocity.
We achieve this by introducing generalized relaxations that couple these charges as in [28].
Not all of the generalized relaxations are independent, instead they fall into families of
Onsager-reciprocal solutions that depend on at most three free parameters. Importantly,
the momentum relaxation rate can remain independent of all other relaxation times — as
expected — only if we relax the normal, non-anomalous charges of the fluid. This can be
justified by observing that the anomalous component of the fluid resembles a superfluid, i.e.
it does not produce any drag or entropy, and thus should not relax. This is what is usually
done in the context of kinetic theory [29, 30] and also in [15], albeit the momentum relaxation
is not implemented in terms of a relaxation rate, but via a disordered chemical potential.

Moreover, we supplement our phenomenological hydrodynamic approach via a kinetic
theory derivation of generalized relaxation times. Namely, we develop a novel relaxation
time approximation (RTA) for the electron-electron, electron-phonon and electron-impurity
collision integrals that allows us to relax the conserved charges to any equilibrium value
we want. Our RTA is based on the realization that relaxation times pick out a preferred
equilibrium that might differ from the local equilibrium used in the construction of our
hydrodynamic model. Operationally, this amounts to restricting the possible values of the
temperature and chemical potentials. Therefore, we use an RTA that picks out a reference
background equilibrium. In addition, we allow for energy-dependent relaxations, which is the
essential ingredient for obtaining generalized relaxation times. The relaxation times obtained
from our modified RTA are Onsager reciprocal by default, upon fixing the hydrodynamic
equilibrium to the one described by the reference Boltzmann distribution.

We begin with section 2 where we describe our hydrodynamic setup and show how it can
be used to derive the fluid’s thermoelectric conductivities. We then proceed in section 3 to
show how, at the level of hydrodynamics, different relaxation schemes constrain the relaxation
times. In the same section, we introduce generalized relaxation times that are consistent
with both Onsager reciprocity and phenomenological considerations. Finally, in sections 4 we
show how our generalized relaxation times arise directly from kinetic theory.

2 Hydrodynamic magneto-transport and the Onsager relations

In this section we briefly review the hydrodynamics of an anomalous fluid with two conserved
charges: a U(1)y electric and a U(1)4 axial charge, and we sketch out how to compute the



fluid’s longitudinal thermoelectric optical conductivities. We also discuss the constraints
on transport arising from the Onsager relations. These are constraints due to imposing
microscopic time-reversal invariance.

An anomalous chiral fluid is characterized by the following (anomalous) conservation
laws for energy-momentum, electric and chiral charge

9, T = F" Ay, (2.1a)
" =0, (2.1b)
O Jt =cE-B, (2.1c)

with ¢ being the anomaly coefficient, T*” the fluid’s energy-momentum tensor and J* and
JL the vector and chiral currents, respectively. The external electric E* and magnetic B*
fields are defined in terms of the Maxwell field strength F** and the fluid’s four-velocity
ut as BV = FMy, and B* = $e#P7y,F,,. To make use of (2.1), we must write down
the constitutive relations for T#, J* and JE. To do so, we restrict ourselves to the case
of an ideal fluid and a magnetic field B which is O(1) in the hydrodynamic derivative
expansion. This is the minimal and correct setup for discussing anomalous magneto-transport
as shown in [27]. The ideal constitutive relations for 7%, J#* and J.' in a strong magnetic
field are then given by?

T = eut'u” + PA" 4+ & (BMu” + B"ut") , (2.2a)
JH =nut + B, (2.2b)
JE = nsut + & B (2.2¢)

where AMY = nt” + ytu” is the projector orthogonal to the velocity and P, e,n and ns are the
fluid’s pressure, energy density, electric charge density and axial charge density, respectively.
The £ coefficients are sourced by the anomaly and read

§=cus, & =cp, & =cups, (2.3)
where p is the electric charge chemical potential and pus is the axial charge chemical potential.
A non-zero axial chemical potential is seen in systems with asymmetrically filled Weyl cones.
Such a situation does not render the system open, despite the resultant non-zero anomaly
term, even though axial charge is not conserved. This should be compared to the relaxations
we will introduce in the rest of the paper. Also, notice that there are no contributions from
the mixed-gravitational anomaly in the magnetic field sector.

To derive the magneto-conductivities using hydrodynamics, we use linear response theory
and consider the linearization of the equations of motion (2.1) around an equilibrium solution.
In particular, we consider an equilibrium with constant temperature and chemical potentials,
T = const, = const, s = const. The fluid is considered at rest u* = (1,0) in the presence
of a constant magnetic field B¥ = BZ and a vanishing electric field £ = 0. In terms of
this background, the linearized equations of motion can be derived and solved to obtain
the conductivities directly. Namely, we have

5Jz o Oij TOéij (SE]
<5Qi> - <T@ij Tﬂij) (5 (—BJTT>) ’ (2.4)

2We have deliberately neglected some magnetization terms that are irrelevant for longitudinal transport to

simplify the presentation.



where Q" = 0T% — udJ* — usdJi is the canonical heat current and the matrix on the
right-hand side contains all the thermoelectric conductivities.

Apart from the conductivities, the linearized equations of motion also provide us with
access to the Green’s functions between the conserved charges. To be more precise, consider
the linearized equations of motion for a two-charge fluid without anomalies. They can be
written in a compact form via a spatial Fourier transform,

atSOa(t7 k) + Mab<k)()0b(t7 k) =0, (25)

with ¢, = (¢, dn, dns, o) the fluctuations of the conserved charges. Here, 7’ is the fluid’s
spatial momentum while M, is a matrix whose specific expression depends on the constitutive
relations and the equations of motion. Subsequently, we can write down an analytic formula
for the retarded Green’s function G in linear response theory, namely [31]

GE(2,k) = —(1 4+ i2zK4(2,K))acXeh » (2.6)

where z = w — in with n — 0, K = —i204 + Map(k) and xaqp = g“/‘\"; is the thermodynamic
susceptibility matrix?

Ton+ug vusge o 5= 0 0 0
To +udt+pusd g2 fe 0 0 0
vy — | TFF G F s GE G 0 00 (2.7)
0 0 0 P+e 0 0
0 00 0 Pt+e 0
0 0 0 0 0 P+e

For later use, we also denote the 3 x 3 upper-left block of y.;, whose entries are the energy
and charge susceptibilities, by x.

For our purposes, the Green’s function (2.6) are useful because they allow us to enforce
time-reversal covariance, i.e. the Onsager relations, on the hydrodynamic transport coefficients.
Namely, following [31], we require that

G (w,%; B) = namGf,(w, —k; —B) , (2.8)
where 7, is the time-reversal eigenvalue for the field ¢,. This leads to the constraint*
X(B)SM™(~k; —B) = M(k; B)x(B)S, (2.9)

with S = diag(1,1,1,—1,—1,—1) the matrix of time-reversal eigenvalues of the gs. Note,
that (2.9) also takes into account that B is odd under time-reversal.

One particular consequence of (2.9) is the requirement that & = & in the thermoelectric
matrix defined in (2.4). Onsager relations have important consequences when we consider
the DC limit of the thermoelectric conductivities, as we discuss in the following section.

3The Ao are given by A\, = (‘%T,d,u — &OT, dps — 2267, &)i) .
4Recall the susceptibility matrix is symmetric, Xas = Xba-



3 The DC limit and relaxation terms

In the present section we want to focus on the DC, i.e. zero frequency, limit of the magneto-
conductivities derived via hydrodynamics. It is now well known that the anomalous conductiv-
ities become divergent in this limit [10, 15, 16], even when the magnetic field is treated as order
zero in the derivative expansion [27]. This divergence is a standard feature of non-anomalous
hydrodynamics as well and arises due to the presence of an ever increasing total momentum
generated by the external electric field. For non-anomalous hydrodynamics this issue can
be resolved by simply adding momentum relaxation terms into the hydrodynamic equations
(see for example [32, 33] and citations therein).

Operationally, turning on momentum relaxation introduces one additional parameter
into the system, the momentum-relaxation time 7,,. For anomalous hydrodynamics, however,
additional relaxation times besides 7, are necessary. In particular, including axial charge, 75,
and energy relaxation, 7., times into the equations of motion is also necessary [10, 15, 16].
Where the need for these extra relaxations arises is clear from linearised hydrodynamics.
As we mention above, in the presence of a constant electric field it is well understood that
the Lorentz force, F0.Jy = § E'n, adds momentum without bound to the system, therefore
momentum relaxation is necessary to avoid a blow-up. On the other hand, in standard
non-anomalous hydrodynamics, the Joule heating §(F%.J;) = §E - §J o< §E - §v enters only at
order two in fluctuations, hence energy relaxation is usually not necessary. However, in the
anomalous case in the presence of a constant magnetic field B, there is a non-zero current in
the background (J = ¢B), so that the Joule heating appears at linear order in fluctuations
§(FYJ;) < 0E - B. Thus, energy relaxation is also necessary in anomalous hydrodynamics to
avoid infinite heating and obtain finite DC conductivity. Finally, axial charge relaxation is
needed to balance the — otherwise infinite — axial charge injection caused by the anomaly
itself B - 0E. The additional relaxations act like a soft cutoff for their respective conserved
quantities, rendering the conductivities finite.

The existence of additional relaxation times besides 7,, can also be understood from a
microscopic point of view in the case that anomalous hydrodynamics is realized in WSMs.
In such systems, the axial charge relaxation time 75 is always present, because the chiral
symmetry is only approximate. In particular, the bands become non-linear beyond a particular
value of the momentum, which renders the WSM quasiparticles massive and kills the anomaly.
Furthermore when there are multiple Weyl nodes (required by topology in Weyl semimetals [4,
5]), inter-valley scattering can deplete the axial charge. Energy relaxation is usually less
relevant, but scatterings with phonons and inter-valley scattering can lead to energy relaxation.
For completeness, we note that momentum relaxation 7, is always present in condensed
matter systems, due to the presence of impurities and phonons that take momentum away
from the electron fluid.

While the inclusion of finite 75, 7,, and 7. are sufficient for obtaining finite conductivities,
they are not necessary. It is possible to modify the relaxation terms by introducing additional,
mixed relaxation times that couple e.g. the energy and chiral charge equations of motion. In
addition, we could keep only energy, momentum and chiral charge relaxation, but modify
the charges which we relax (examples of this are given below). Both of these approaches
modify the steady state and hence the short frequency response of the fluid. As a result,
they generically give distinct DC conductivities.



At the level of hydrodynamics, which approach we use is dictated by fundamental as well
as phenomenological criteria. The fundamental criteria involve constraining the relaxation
times such that the fluid is time-reversal invariant, satisfies the second law of thermodynamics,’
has finite DC conductivities and that electric charge is conserved. The phenomenological
constraints take into account differences between relaxation times as observed in experiment,
e.g. typically 7. > 75. In the subsections that follow we present several different realizations
of relaxation terms in anomalous hydrodynamics and the DC transport they lead to. We
show that only transport involving generalized relaxations can be made consistent with all

fundamental and phenomenological constraints described above.

3.1 Case 1: Canonical charge relaxation

In the simplest case, used e.g. in [10, 16, 34|, we choose to relax the local charges as defined
by their respective charge densities. For example, in order to relax the chiral charge, we
can introduce a relaxation term into the equations of motion proportional to the chiral
charge density as measured by the equilibrium observer, §J9. The linearized equations of
motion are subsequently modified to

0,070 = §(FO*Jy) — :EéTOO, (3.1a)
0 0TH = §(F™Jy) — ;5T0@' : (3.1b)
OubJH = —TlnéJO, (3.1c)
0u,6J = ¢SE - B — 7155Jg : (3.1d)

While we have added an electric charge relaxation term, and a corresponding charge relaxation
time 7, to the right hand side of (3.1c¢) this relaxation time does not appear in the AC
conductivities and we can safely set it to zero.

The DC conductivities corresponding to (3.1) have several interesting qualitative features.
First of all, the DC thermoelectric conductivities contain terms generated by the anomaly.
These terms induce a non-trivial magnetic field dependence, which differs from the usual
B? dependence found in the literature. The B? dependence is, however, found in the limit
that B is “small” in amplitude. Furthermore, we confirm the results in [16], where a system
with a single axial current is considered in the limit of vanishing chiral chemical potential

(s =ns = %{’ = %% = 0). Namely, in the pus = 0 limit the DC conductivities become

n2dns - 4 B2c2 (sT'15 — npuTm)

Ous
o= , (3.2a)
—gzg (P +¢)— B2c2u?
29
_ e (3.2b)
9ns (Pt g) — B2e2p? '
ous

SViolating the second law of thermodynamics is not such a grievous offense in general, as the relaxation
terms can be thought of as rendering the fluid an open system.



L s (ng—zz — BQCQ,U,> Tim (3.20)
g—ZE(P +¢e) — B2c?u?

In addition, (3.2) shows that energy relaxation is not necessary to obtain finite DC con-
ductivities in the non-chiral regime, as the conductivities do not depend on 7.. From our
above argument, this is expected as when ps = 0 there is no current in the background
J = 0 and no Joule heating occurs.

Finally and most importantly, we note that for s # 0 one finds that o and x depend
only on 7,,, while ¢ and & depend also on 7. and 75. Thus enforcing Onsager reciprocity on
the conductivities leads to constraints on the relaxation times. In particular, all relaxation
times must be equal 75 = 7, = 7. = 7, [16, 28]. This result is very difficult to justify
phenomenologically as momentum relaxation is always present in metals and it should not be
related to the axial charge recombination rate. Also energy and electric charge relaxation (if
present at all) are usually much weaker effects. This disconnect with experiment suggests
that we must modify the relaxation terms we included in the equations of motion. Such
modifications are considered below.

3.2 Case 2: Non-anomalous charge relaxation

A minimal modification of the relaxation scheme in 3.1 is to relax only the normal charge
densities, without including the anomaly-induced charges. This suggestion stems from the
fact that the anomalous flow does not produce entropy, nor does it create drag or heat [35, 36].
For example, a chiral fluid in a constant magnetic field in the presence of impurities will
relax the momentum such that the equilibrium velocity is zero. In contrast, the anomalous
superfluid-like current will keep flowing without dissipation [35, 36]. Within this approach,
the relaxation terms take the form

1 1 1
—6T% = — (6 + 2cpusB - v) — —oe, (3.3a)
Te Te Te
1 ; 1 : ; 1 ,
—oT" = — (e + P)ov' + Ble(usop + pops)|  — —(e+P)sv’,  (33b)
1 1 1
—6J% = — (6n + cusB - 6v) — —on, (3.3c)
Tn Tn Tn
1., 1 1
—0J5 = — (0ns + cuB - dv) — —ons . (3.3d)
5 5 5

This partially resolves the issue of equal relaxation times from the previous section. In
particular, the momentum relaxation time 7,, now decouples from the rest and is not
constrained by time-reversal invariance. However, Onsager relations (2.9) still impose that
energy, axial and electric charge all relax at the same rate 7, = 75 = 7. (this time 7,, appears
in the conductivities). Again this is hard to justify from a microscopic picture, not only
because energy and chiral charge are expected to relax at different rates, but also because we
expect electric charge to be conserved identically. In other words, after all constraints have
been imposed, we would like to be able to set 7,1 = 0 without issue.



Finally, as in the previous subsection, we can arrive at finite DC conductivities without

including energy relaxation in the non-chiral limit, us = ns = %—TE’ = % = 0, where
2 2.2
n°Tm Bec*ry
=5 s s (3.4)
Opus

This is where the similarities to the previous case end however. In general the AC conductivities
due to the non-anomalous charge relaxation terms (3.3) depend on all four relaxation times.
Furthermore, in the DC limit they all take the non-anomalous hydrodynamic form,% except for
the electric conductivity which remains anomalous even at w = 0 with a simple B? dependence.
This can be understood from two related observations: first, the linearized heat current
is not anomalous (i.e. §Q = sTdv'), and second, the anomalous non-dissipative transport
coefficients (2.3) do not have any T-dependence induced by the mixed-gravitational anomaly.

We see that relaxing the normal charge has had some interesting consequences. For
example, in other theoretical studies where the DC conductivity is explicitly reported [12,
15, 37-40], the anomaly appears in the thermo-electric conductivity from hydrodynamic,
lattice and kinetic theory approaches; whether it appears in our thermal conductivity
depends on definition (see footnote 6). To our knowledge this is because the authors relax
the total charge, and use differing assumptions such as having two distinct fluid velocities
(see e.g. [15]). In principle this difference is open to experimental verification [22, 25, 26].
However, a difficulty in doing so is that the one of the accepted signatures of the anomaly,
NMR, can be generated by other mechanisms.

The general message to take away from this section is that we can decouple momentum
relaxation from all other relaxing charges by neglecting the anomalous contributions to said
charges. This, however, forces charge relaxation into the equations in order to generate
Omnsager reciprocal conductivities. These results in conjunction with those of section 3.1
suggest that we must consider a more exotic version of charge relaxation in order to conform
to both fundamental and phenomenological constraints. We do so in the following section.

3.3 Case 3: Generalized relaxations

The previous two sections, 3.1 and 3.2, represent work either already in the literature, or a
slight modification thereof, and have the problem that normal charge relaxes if we desire
a finite DC conductivity. Our second suggestion (cf. section 3.2) for choosing appropriate
relaxation terms follows from the idea of generalized relaxations [15, 28]. Within this approach,
one adds mixed relaxation times that couple the various relaxing charges. These additional
relaxation terms provide us with enough parameters to allow for finite and Onsager reciprocal
DC conductivities, without requiring electric charge relaxation.

In keeping with the results of the previous section, we consider generalized relaxations
only between the energy, charge and axial charge equations of motion and include the usual
momentum relaxation time 7, in the momentum equation. Thus, consider the generic

S Although « is not anomalous in DC, the thermal conductivity measured in experiments is related to this
one by & = k — Ta?/o, thus & is anomalous in DC, due to o being anomalous.



relaxations that modify the r.h.s. of (3.1) to

energy: éée + %571 + i(ﬁ’%
charge: L e+ Lon+ L-6ns =7y, (3.5)
ne nn nn5

: .1 1 1
axial charge: T de + - on + T ons

where ¢ = (de,n,dns) and 7 is the 3 x 3 relaxation time matrix. The mixed relaxation time
Ten, Tepresents the energy relaxation due to charge fluctuations and similarly for the other
mixed relaxation terms. Notice that the mixed relaxations involving energy and charge do
not have units of time and they are not in general expected to have a definite sign.

As always, Onsager reciprocity constrains the relaxation times. Namely, 7 must satisfy

0— Xnns + Xnn - Xens i @ o @ . &, (368,)
Tens Ten Tnns Tee Tnn Tne
0 — Xn5n5 + Xnn5 _ X&‘TL{, + Xé‘n{, _ X&"I’L _ XSE , (36b>
Tens Ten Tnsns Tee Tnsn Tnse
0 — X7L5TL5 o Xnn5 + Xnng, o Xnn + Xz—:n5 o XETL , (36C)
Tnns Tnsns Tnn Tnsn Tne Tnge
or in matrix formulation
A A A T
Tox=({-x)", (3.7)

where T' denotes the matrix transpose and x is defined around equation (2.7).

Our goal now is to study the parameter space of these generalized relaxations to find
regions that allow for finite and Onsager reciprocal DC conductivities. Consider first the case
of a conserved electric charge, but relaxed energy, momentum and axial charge. In particular,
consider the minimal set of relaxations satisfying (3.7) after setting 7, = 7,/ = 7. = 0.
Thus, starting from 9 relaxations, we are left with 6 non-zero relaxation parameters and
3 equations (3.6). Only 3 parameters are independent, so we may assume Tee, Tpyn, and
Tnse are completely independent and express the remaining relaxation times in terms of
them. Interestingly, it is also possible to satisfy (3.6) after setting either 7_,! = 0 or Tgsln =0
leaving us with two independent parameters. Either choice leads by default to Onsager
reciprocal conductivities, however finiteness in the DC limit is not guaranteed. Computing

the thermoelectric conductivities, if only one of 7' or 7,,.},

is non-zero then we find finite
DC conductivities. However, if both are simultaneously zero then the DC conductivities
cease to be finite.

On top of this Onsager reciprocal solution, we can further try to satisfy the second law

of thermodynamics. The second law imposes three additional constraints on the relaxation

times [28]
1
0=— 1L _ (3.82)
Tee Tne Tnse
1
0= (3.8b)
Tens Tnng Tnsns
1
0=— -1 B (3.8¢)
Ten Tnn Tnsn



Hence we end up with 6 parameters and 6 equations, whose only solution is the trivial one.
Thus, with the structure we have here, we observe that it is not possible to have time-reversal
covariance, electric charge conservation and satisfy the second law of thermodynamics even if
generalized relaxations are considered. Put differently, a fluid consisting of one conserved
normal charge and one axial charge which satisfies Onsager reciprocity is always open.
Finally, we mention in passing that we can also have a minimal setup for the relaxation
times, that leads to Onsager reciprocal and DC-finite conductivities, if we allow for weak
electric charge relaxation (which if present must be parametrically small). In this case we
1 —1 -1 1 _

can, for example, impose 7, =7t =7

= Tne nan wns = 0. Subsequently, we again have five

non-zero parameters and three constraints from the Onsager relations. This leaves us with
two independent relaxation rates, which we can take to be 7, and 7,,. We have checked
explicitly that the DC conductivities derived within this setup are finite.

4 Kinetic theory of generalized relaxations

In the present section, we show that generalized relaxations satisfying Onsager reciprocity
can arise via microscopic considerations and particularly a modification of the relaxation
time approximation (RTA) in kinetic theory. Essentially, our RTA employs a reference
Boltzmann distribution function to which we relax the electron distribution function via
energy-dependent relaxation times. The reference distribution function is chosen consistent
with the hydrodynamic equilibrium we use in section 3.3. This approach is based on [29, 41],
where it was solely used to introduce momentum relaxation.

Notice that the relations between the generalized relaxations are independent of the
anomaly; as soon as we relax only the normal charge, we decouple the anomaly from the
relaxation rates. This means that from a kinetic theory perspective we can use non-chiral
kinetic theory. For this reason we first elucidate our novel RTA on a fluid conserving energy,
momentum and electric charge, which interacts with impurities and phonons. We then proceed
to a two-current model (representing the vector and chiral currents in a Weyl semimetal)
in section 4.2 to discuss the case of interest.

We will proceed by first postulating a reasonable RTA for our system that leads to the de-
sired relaxations, and subsequently justify it with a more refined microscopic collision integral.

4.1 Single current model

Consider first the Boltzmann equation for the one-particle distribution function f(x,p,t) = fp

of massless relativistic particles. In the absence of external forces it reads”

6tfp"‘P'pr :Icoll[fp]- (4.1)

I.on is the collision integral and is a functional of f,. Typically [42-45], .o for electron-
electron scattering is assumed to conserve energy, momentum and charge, i.e.

3
/ ((;71'1:))3 A(X, p)Iee[fp] =0 for A= {Ep, p, 1} , (4.2>

"External forces are responsible for the Maxwell term in the hydrodynamic limit and are not relevant when

discussing generalized relaxations.

,10,



where €, is the single-particle energy. In addition, it is assumed I respects unitarity, time-
reversal, parity symmetry and molecular chaos (i.e. the distributions of the incoming particles
are uncorrelated). Under these assumptions the electron-electron collision integral, vanishes
identically when fp is given by the distribution of local thermal equilibrium (LTE)

1

eq __
P = 14 el up /T’ (4.3)

where the Lagrange multipliers 7', u and u are functions of space (but not of momentum).
The equations of ideal hydrodynamics follow by multiplying the full Boltzmann equation
with energy, momentum or the identity and integrating over momentum after substituting
fp — fp'. In particular the r.h.s. of (4.1) is zero, hence energy, momentum and charge
are identically conserved.

To introduce relaxation, specifically momentum relaxation, we follow the approach
in [29, 41]. We start from the full LTE solution fp® — which we denote henceforth by fp
to simplify the notation — and expand it at small velocity as

(0)
of with (0 .

~ £0) . - -
fp ~ [+ (p u) 8<€p 14 elep—w)/T

(4.4)

Because of the linearization at small velocity, only the f(%) term actually contributes to the
equilibrium energy and charge, as the velocity dependent term drops out when integrated
in momentum space [29]. For the case of WSMs, the energy dispersion relation is €, = p
and the charges are

_15pt + 30w T2 + T T
°= 12072 ’

2 2
I T
4.5b
n_'u<67r2+6>7 (4.5b)

where energy and charge density are measured from the Weyl point.

(4.5a)

We can now introduce the appropriate RTA ansatz that relaxes momentum [29, 41]. In
general, within RTA we assume that the collision integral takes a particular simple form
that depends on the 1-particle distribution f, entering the Boltzmann equation (4.1) and a

reference 1-particle distribution to which flr)ef

0
I ~ Tt (4.6)

Tm

relaxes to. In our case, we assume that

The above RTA is quite different from the standard RTA in kinetic theory, in the sense that
both fp and f ©) in (4.6) are LTE solutions for the ideal fluid, i.e. they make the standard
electron-electron integral vanish by default. The physical justification for such a term is the
following: momentum relaxation behaves as an extra constraint on our theory and is such
that, of all the possible equilibrium solutions at constant velocity (related by boosts), only
one equilibrium is actually picked by the system — the one at zero velocity identified with
f (0). Hence while all LTE solutions are valid relaxation targets in principle (they all respect
detailed balance), we work with an ansatz for the RTA that selects only the zero velocity
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LTE as the solution for which I.o; = 0. This fact is reflected in the hydrodynamic equation

for momentum which now includes a momentum relaxation term®
, e+ P’
Oi(e + P)v' + -+ = _M_ (4.7)
Tm

An RTA of the form (4.6) can be derived by solving the detailed balance equation for certain
electron-impurity elastic collision integrals, see e.g. [45, 46]. In our case we can think of
the collision integral taking the form [45]

Icoll = Iee + Iei ’ (4'8>

where I is the standard electron-electron collision integral forcing LTE as a solution of the
Boltzmann equation, while I; describes elastic electron-impurity scatterings and takes the form

Iei = /d3p,Wp~>p’ [fo = forld(ep — &), (4.9)

with Wp_,p the electron-impurity scattering rate from electron momentum p to p’. Following
the usual approach, we look for distributions (among the spectrum of all LTE solutions)
that make I.; vanish. These are indeed the zero velocity distributions f(?). Then, assuming
I takes an RTA form, we are led to (4.6).

The above suggests we can add energy and charge relaxation to hydrodynamics by
including an additional collision integral into I..; that depends on a 1-particle distribution
f© that picks an LTE with fixed energy and charge & and @ respectively. This is indeed
possible by using an RTA of the form’

_ £(0 _ f(0 _ £(0) (0) _ £
Ieon = Iee — fp f( ) - fp f( ) = lee — fp f( - f : f( ! 5 (410)

Tn Tm Tn

where )

() 4.11

f 1+ e(sp_ﬂ)/T ( )
depends on the reference values of temperature T and chemical potential . In the second
equality in (4.10), we redefined 7, in order to separate the relaxation terms with different
properties: the momentum relaxation term is zero on the energy and charge equation and
only relaxes momentum as desired. The second term instead vanishes in the momentum
equation, and relaxes energy and charge at the same rate 7,

Qe +...= —5;5, (4.12a)
. P i
(P + e +... = —(js)“, (4.12b)
On+t...=——1" (4.12¢)
Tn

8Energy and charge are identically conserved.
“We note that a similar collision integral has been suggested in [47]. The difference between our collision
integral and theirs is that their collision integral is first order in derivatives.
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Thus, we see that the relaxed hydrodynamic equations discussed in 3.2 follows directly from
an RTA of the form (4.10). From now on we denote with a bar thermodynamic quantities
computed with respect to f 0,

Similarly to the momentum relaxation term, the energy and charge relaxation terms
follow from microscopic considerations as well. Namely, the corresponding collision integral
for the electrons is schematically written as

Ieon = lee + Lei + Iep ) (413)

where the role of I and I.; were discussed around (4.8) while the electron-phonon collision
integral takes the following form [45]

Iep = /dngp’vqﬁp [for(1 = fo)ng — fo(1— for)(1+1nq)] 6 (ep — & — wg) +
+ /dSqu/ﬁp,q o (1= fo)(1 4 11q) — foll = for)ng] 6 (5p +w —y) . (4.14)

Here, wy and ng are respectively the energy and distribution function for the phonon, while W
is the effective scattering vertex. The first term represents processes in which a quasi-electron
with momentum p emits a phonon with momentum q and also the reverse process where an
electron with momentum p’ absorbs a phonon of momentum q. The second term corresponds
to absorption of a phonon by an electron with momentum p and the reverse process of
emission. Importantly, the sum of both contributions (absorption and emission from higher
or lower energy states) conserves the total electric charge. However, I, vanishes only when
fp is in global thermal equilibrium. This thermal equilibrium can be fixed by assuming, as
in [48], that the phonons are in thermal equilibrium and act as a bath for the electrons.

If we now want to write /o, in an RTA form, we should subtract from f,, the global
distribution £, so that the RTA takes exactly the form (4.10) and vanishes when fi and T
are in global equilibrium. This way we learn that i and T do not describe a generic LTE
distribution function, but rather a global one.

One comment here is in order, the electron-phonon collision integrals presented above
conserve the total electric charge because they vanish when integrated in momentum space.
This, however, is not true for their RTA form (4.10) which relaxes both energy and charge.
This is not an issue since it is well known that the RTA does not inherit all the properties of
the true collision integral [49]. The only property the RTA must have is that it vanishes when
the distribution function takes on values that set to zero the true collision integral. From this
point of view, charge relaxation is a feature specific to the RTA and not a property inherited
from a microscopic picture.'® This is in agreement with the results of section 3.2 where
time-reversal invariance forbids setting 7, ! to zero and forces us to introduce generalized
relaxations into the hydrodynamic equations.

Now, we want to generalize our RTA to include generalized relaxations. As in the
hydrodynamics section 3.3, we look for generalized relaxations between energy and charge,
but leave momentum relaxation decoupled from all the other charges. This means that we

190ne could obviously also consider scatterings with charged impurities that relax the total charge from a
microscopic point of view.
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need to modify only the last term in the collision integral (4.10). To motivate our RTA ansatz,
we note that the RTA is a very crude approximation for the collision integral in which all the
scattering dynamics is expressed in terms of a single constant parameter. In general however,
the scattering rate will depend on the energy and consequently a minimal modification for our
purposes is to assume that the relaxation time 7,, depends on energy [46]. Such a modification
is expected for electrons scattering with impurities and phonons, see e.g. [50].

To be precise our RTA ansatz follows by expanding the energy-dependent relaxation time
Tn(€p) for the charge, such that the collision integral takes the power-series form (modulo
momentum relaxing terms)

. £(0) _ £(0) 1 £0) _ £(0) 1 £0) _ £(0) (0) _ £(0)
Ion = Z#,u:ﬁf f —|—*f f —I—f f 4+ ... (4.15)
j>—2 Tj &Tp T—92 Ep T—1 T0

The terms with negative powers of €, are the only ones that lead to finite quantities when
integrated in momentum space for a linear dispersion relation &, = p. More precisely, (4.15)
leads to the following hydrodynamic equations

Qe+ ... =— - - - +ol, (4.162)
T—2 T—1 70 T1
A-A K-K —n -
dn+...=— - L L (4.16b)
T—2 T—1 70 T1

where K, L and A (and also the dots) represent thermodynamic functions that can be
analytically computed given a specific power of ¢, in the collision integral. For example,
the first few terms for massless relativistic fermions are

7
T2 (12 o2

k-2 <T2+3 7 (4.17b)
T4 2 2

L= 30:2 (H n ;2) (77r2 + 3%) . (4.17¢)

As already discussed in [28], the linearized hydrodynamic theory is agnostic on the full
non-linear form of the hydrodynamic equations. For this reason, in order to match the
generalized relaxations in (4.16) with those in section 3.3, we must linearize (4.16) around
a fixed background. We linearise around the reference values € and n with fluctuations
de and on to obtain

) 1)

Byoe +... = O (4.18a)
Tee Ten

o 4. — 2= o (4.18b)
Tne Tnn

where we defined the usual effective relaxation rates in terms of the microscopic 7; that
appeared in the kinetic theory collision integral, e.g.

1 0A 1 oK 1 1
1,041 6K1 1, (4.19)

Ton ont_9 OnT_1 To
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The dots represent the contribution of terms in the collision integral with 7;, j > 2. We
observe that this final expression is reminiscent of Matthiessen’s rule. Having identified
the generalized relaxation times, we can now confirm that they respect Onsager reciprocity.
In particular, they identically satisfy

Xee  Xen + Xne  Xnn

Tne Tee Tnn Ten

=0. (4.20)

Note that as we found in section 3.3, the second law of thermodynamics is not necessarily
identically satisfied. From a physical perspective this should be expected since our system
interacts with phonons and impurities and is therefore weakly open.

All of the above confirms that our generalized hydrodynamic relaxations can arise from a
microscopic viewpoint and particularly kinetic theory, if we assume the generalized RTA (4.15)
for the collision integral. While we have proven this result for a relativistic dispersion relation
we expect it to hold for a generic dispersion relation ¢, and for scattering times 7 which
are suitable non-analytic functions of e,.

Before we proceed to the case of WSMs and two conserved currents, some comments are
in order. First, note that if instead of keeping the full series in (4.15) we had truncated it
to the first couple of terms, then we would still have found that the Onsager relations are
obeyed. However, in this case the four, a priori different, 7 of the generalized relaxations
would be functions of only one or two 7;. Hence, the generalised relaxations could actually
be expressed in terms of each other. These expressions cannot be detected by means of
hydrodynamics alone, and a fully microscopic approach is necessary in order to derive them.

Second, one might wonder what happens if we include energy corrections to the momentum
relaxation collision integral (4.6). In this case, one finds new functions of the thermodynamics
multiplying the velocity. However when we linearise these new relaxations can always be
written as (P + €)0v/7, by redefining 7,, appropriately. Hence, energy corrections do
not modify the linearized momentum (non-)conservation equation, they only change the
value of 7,.

Finally, we can ask ourselves whether we can enforce charge conservation within this
setup. In particular, can we impose

dp fO f(O FONEON
/(2#) Z / 273 ; 7 =07 (4.21)

This is not always possible within the RTA presented in this section. For example, if the

only relevant terms in the 7,(e)) expansion are 79 and 7y, then 7,,,, = 79, 7, = 71 and setting
charge relaxation to zero amounts to 7, L=0= = 1 However by including additional
terms in the expansion, we can in principle impose charge conservation by requiring that
the microscopic 7; obey a certain set of constraints. It is not obvious that these constraints

necessarily follow directly from the microscopics and might require some fine-tuning.

4.2 Two current model

We can now generalize our approach to the case of a system with one single conserved stress
energy tensor, but two conserved currents. In this case, we need to take into account two
different distribution functions fp x, with A = £ denoting the chirality of each species of
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electron located around its corresponding Weyl node [30, 51, 52]. The most general form
of the Boltzmann equation satisfied by fp x is [45, 53-55]

00V Fy = Lelfp) = (el L eol). 1.2

where f;, = (fp.+s fp.—)T. The mixing terms of the electron-electron collision integral on
the right hand side of (4.22) imply that fermions with opposite chiralities interact with
each other and hence thermalize simultaneously, whenever 11+ # 0. We assume that this is
always the case, which implies that only the total energy and momentum, given by summing
over chiralities, are conserved. In contrast, we assume that the chiral and electric charge
are separately conserved. With these assumptions in place, requiring le. to vanish makes
the distribution functions take an LTE form with a common temperature and velocity, but
distinct chemical potentials py = u + Aus,

1

U 1+ elep—wp—p\)/T " (4.23)
From here, we can compute the total energy, charge and axial charge in LTE to be
a3 77r2T4 TQ 24 2 1464202 4 1l

E_ZZ/ s - (MQ 15) | ngE) Hs (4.240)
(7r2T2 + u? + 3ud)

n= ZZ/ o) P o= 23 : (4.24D)
2T% 4 3p® +

ns = Z)‘Z/ 3fp)\ ba (m 3.2 - M5) (4.24c)

The first sum is over the two chiralities (the axial quantities are weighted by \), the second
sum is over particle and hole contributions. We have assumed that the two species have
the same linear dispersion relation ¢, = p as happens for Type I Weyl semimetals. These
quantities (4.24) obey the thermodynamic relation

P+ e =T +nu+nsus (4.25)

— _ 0P
where P = ¢/3 and s = %p.

We can once again consider introducing relaxation into (4.22). This can be performed as
in section 4.1, by the addition of our novel RTA to the total collision integral. In particular,
we can very easily introduce momentum relaxation when we assume that elastic scattering
with impurities cannot change the chirality. In that case, including the collision integral (4.6)
in the non-mixing terms of the total collision integral (one for each chirality) we find the
momentum relaxation terms we saw in 3.2 and as they were first found in [29].

As far as relaxing the rest of the charges is concerned, there are several possible mod-
ifications of the RTA we can use:

Intra-valley scattering. We start with the simplest RTA, that does not mix chirali-
ties, namely

0) _ #(0)
Icoll = _M 5 (4.26)
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where again f)(\o) is the LTE at zero velocity and the bar means global thermodynamic
equilibrium. This collision integral relaxes all three charges at the same rate 7, which is
indeed one of the possible solutions to the Onsager constraints (3.6) — see section 3.2. From
a physical perspective, this kind of RTA mimics the intra-valley scattering, i.e. scattering
within each Weyl cone. Microscopically, this collision integral should have a justification
similar to the single current case: electrons of a specific Weyl node interact with phonons
without scattering to the other node.

As before, we can allow for a generic energy dependence of the relaxation time 7 = 7(gp)
and again find generalized relaxations upon linearization. The resulting equations satisfy
Onsager reciprocity identically.

Inter-valley scattering. In the presence of two particles species, we can also consider
more generic collision integrals. In particular, we can consider impurity-mediated inter-
valley scattering. These RTA are usually implemented out of equilibrium (away from the
hydrodynamic regime) by subtracting from f;, its average over the angular directions, see
e.g. [30, 56]. In the present case the f§0) are isotropic and we must follow a different route,
but we can nonetheless write an expression resembling inter-valley scattering

Ieon = — (4.27)

This inter-valley RTA can be argued [15] to follow from an impurity-mediated inter-valley
scattering from a collision integral of the form

D= [ P Womrprlfon = foralé(er = ). (428)

The above RTA (4.27), when 7 is constant, conserves energy and charge, while it relaxes
axial charge to zero. This means only the chiral charge equation is modified to

Oy + -+ = —2 (4.29)

T

We thus see that the collision integral (4.27) tries to destroy any imbalance between the left
and right components. This is essentially put into the RTA by hand, since the collision integral
for inter-valley scattering vanishes only when the densities for both chiralities are equal to each
other. This forces the chiral chemical potential and, hence, the chiral charge density to zero.

One might naively believe that (4.27) fails the Onsager relations test as the Onsager
relations (3.6) tell us that when 7'n_5ln5 # 0, we should also relax energy and charge at the
same rate around a generic equilibrium. In our case, however, we are not around a generic
equilibrium, but around an equilibrium with ns = us = 0. This means that we must apply
our Onsager constraints in the same limit (remember that we are linearising in hydrodynamics
around an equilibrium state that sets to zero all the collision integrals). If we do this, we
indeed find that time-reversal invariance is preserved in this case as well.

Going further and allowing for a generic energy dependence of 7 in (4.27) once again
induces generalised relaxations in the equations of motion but only for the chiral charge
conservation equation. Once again, the linearized equations obey Onsager reciprocity in
the limit pus = 0.

,17,



As we noted above, electric charge is not conserved by the intra-valley scattering
RTA (4.26) similarly to what we found for the single current model. We can again re-
solve this issue in exactly the same way as we did at the end of section 4.1; we can impose

constraints on the microscopic times 7; such that charge is conserved (1.1

_ -1 _ -1 _
nn_Tna_T _O)

nns
We thus have three equations which need to be solved in terms of an arbitrary number of 7;. As
before we cannot always guarantee a (non-fine tuned) solution exists, but otherwise we do not
expect any issue with enforcing charge conservation. In order to avoid the issue of fine tuning
altogether, we can search for an alternate modified RTA, that conserves charge identically. We

discuss this alternate theory, also referred to as the BKG model [49, 57, 58] in the next section.

4.3 A priori conserved charge: The BKG model

In this section, we apply our RTA approach to a particular kinetic theory model, the BKG
model [49, 57, 58]. The advantage of the BKG model over other RTAs is the fact that it enforces
charge conservation at the level of the Boltzmann equation, i.e. it leads to relaxation times
that automatically respect Onsager reciprocity even when the charge relaxation time vanishes.

The BKG model is usually employed to simplify the electron-electron collision integral,
while maintaining some important properties. First we express the distribution function
in terms of an auxiliary function hp,

fo =1+ 8fp = 1O+ hp). (4.30)
Subsequently, we linearize the electron-electron collision integral in hp such that
Toe =~ Lechp + O*(3), (4.31)

where Lee is a linear operator acting on hy. Explicit derivations show that Le. has three
zero modes

Leel =0, Leep =0, Leep=0, (4.32)

which upon integrating over momentum space lead to the conservation of charge, momentum
and energy, respectively. These properties (4.32) are not shared by the widely employed
standard RTA approximation of Le, where one approximates

h
Leehp ~ Lrrahp = —f(o)jp : (4.33)

The BKG model consists of modifying this naive Lrra so that charge, energy and momentum
conservation are restored. This fact was used in [58] to derive first order hydrodynamics
in a generic hydrodynamic frame.

The procedure for motivating the BKG model goes thusly: within this linearization
approximation of (4.31), we may think of Lee as a linear operator in the Hilbert space spanned
by the real functions hp, whose inner product is defined via

(h,g) = / d*p fOhpgp. (4.34)
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With respect to this inner product, Lee is Hermitian and negative-semidefinite
(9, Leeh) = (Leeg, h), (h,Leeh) <0, (4.35)

where the inequality is saturated when h is a zero mode (conserved quantity), Lech = 0.
From this, we see that the Lra in (4.33) is proportional to the identity in this Hilbert space.
We can therefore seek another RTA-like operator which differs from the standard one (4.33)
such that it is automatically zero on the quantities we want to conserve. We allow ourselves
to decompose the identity operator into the orthonormal eigenmodes of Le., denoted °.
Such a resolution contains the projector to the zero modes of Lee, which we can express as

PO = Y ybgt, (4.36)

Lee"pbzo

where ¢’ is thought of as a linear functional on the s (a bra in Dirac’s bra-ket notation)
defined via ()%, ¥?) = ¥*(?).!! The BKG model then amounts to removing the projector
to the zero modes one wants to keep conserved.

We can now follow the same reasoning for other collision integrals. In particular, consider
the case of linearized electron-phonon interactions Lep. This time the linearization is around
the global equilibrium state defined by f(©

f(O) — f(O) +0f = J?(O)(l +h), (4.37)

and the inner product is given by

(h.9) = (hg)o = [ dp FOhg. (4.39

The I}, collision integral does not conserve energy or momentum, hence we expect only one
zero mode associated with charge conservation. As we saw in section 4, such a zero mode
is missing from the equivalent, standard RTA

o h
Leph ~ Lrrah = —fO = (4.39)

T

As such, we must first consider a generic RTA operator of the form

£(0 £(0
Y Lt L S R AU FRTED
,] 2Y)

where a; ; is a matrix of momentum-independent coefficients. This amounts to assuming
that the full linear Boltzmann operator L., and the RTA operator are no longer diagonal
in the same basis. This is equivalent to the process described in section 4.1 to move the
equilibrium from a generic LTE f©) to the global equilibrium f(©.

We now impose that L, of (4.40) should conserve charge identically, i.e. we must ensure
that (!, L.h) = 0 for any function h, where 1! denotes the charge zero mode of Lep. We
achieve this by setting a1 ; of (4.40) to zero. However a;; (note the order of indices) has no

"We assume the ¢® form an orthonormal basis for the degenerate subspace of L.
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such constraint. This allows for 1! to not be a zero mode of L, resulting in a non-conserved
phase space charge density. We consider this an indication that a system described by L, is
weakly open. This is further confirmed by the fact that L, may not enjoy any other property
of the full linearized collision operator, such as Hermiticity or being negative semi-definite.
Consequently, except for electric charge, it might not conserve any other charge or obey
the second law of thermodynamics and the associated relaxation times stemming from L,
need not be positive.

For an initial foray, using all the modes of L¢y, in L, seems excessive since we are only
interested in the first moments of the conserved quantities. So, we restrict a; j~5 = 0 = a;>5 j,
where we assume that i, = 1,2,3,4,5 denote the modes related to charge, energy and
momentum conservation respectively. That is ¢! ~ 1, 9% ~ €p and P~ T2, i =3,4,5 up
to orthonormalization. Furthermore, we can decouple charge and energy relaxation from
momentum relaxation by requiring a; ; to take a block diagonal form. Doing so allows treating
momentum relaxation independently from energy and charge relaxation as in section 3.3.
Thus, we assume that a;; is simply a 2 X 2 matrix which reads

00 -10
a@i=:<a2(“> :>ani:(MJ&j=:<cm a1>' (4.41)

To show this explicitly, we construct an orthonormal basis out of 1 and ep, which reads

1 € —ne
Pt = 7 P = ———L. (4.42)
" n%e? — &2n

This leads to an L, of the form

. fO 271 279\ _ fo 171 271 2 7
Li= =" (0ot 4 arg?) = = [1-¢"9 f o Far™?] . (443)
4,J
When as = 0 and a3 = —1 we recover the BKG model used for electron-electron collisions.

These two extra parameters, while ad hoc, give us enough freedom to make the relaxation
times of the linearized hydrodynamic equations satisfy Onsager reciprocity. Upon substituting
h in terms of Boltzmann distributions via (4.30) and the s via (4.42), we find that the
linearized Boltzmann equation becomes

fO 4= L[y _ % 7O 4+ a0 fO(n —a) 4 a1 O (en — 7‘15)} , (4.44)
T
where
Gl=a—— P Gy =y R (4.45)
n2e? — &2n P3e2 _ 2272

Note that é; and é@s are functions of momenta, in contrast to oy and a.'? In this way, (4.44)
resembles the expansion in the energy-dependent relaxation time (4.15). Enforcing the
right-hand side of (4.44) to vanish identically whenever £ = (%) Jeads to the constraints
n =n and € = &, i.e. it fixes the equilibrium charge densities to take their expected form.

120f course, a; and a2 maybe functions of temperature and chemical potential.
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We can now derive the hydrodynamic equations of motion. Charge is identically conserved,
as can be seen by integrating (4.44) over momentum,'® while the energy equation reads

= Ea_m 22502 7 2 _5c2) En—1
e—€ Eén—n og(E°—ne?) n—n a1(é*—ne?)En—ne
Ot =—°4 % _ o _ ) - _12(_2 _ﬂ> (4.46)
T.onT nse2_z2p2 T ne?—né T

Upon linearization, we obtain two relaxation times that depend on either a; or ag. Thus
we can fix the relaxation times to take Onsager reciprocal values at will. Note that this
is also possible if at least one of the «; is non-zero. It would be interesting to understand
whether the values of @y and ag can be constrained from fundamental principles or they
should be regarded as phenomenological parameters.

We thus see that the novel RTA we introduced in 4.1 and which leads to generalized
relaxation times can also account for an identically conserved charge. This is achieved via
two possible independent mechanisms, i) the introduction of phase space interactions between
the energy and charge modes of the linearized Boltzmann operator, as # 0 and/or ii) the
violation of energy conservation a; # —1.

5 Conclusions

There are two main conclusions arising from this paper. First, generalized relaxations are
necessary for a hydrodynamics of anomalous fluids consistent with Onsager reciprocity,
charge conservation and phenomenological constraints on the fluid’s DC conductivities. This,
however, always comes at the expense of violating the second law of thermodynamics. A
system exhibiting generalized relaxations is necessarily open. The relaxation times themselves
are not arbitrary, but fall into certain families of solutions, some of which where presented
explicitly in section 3.3.

The second main conclusion of our paper is that these generalized relaxations can be
derived directly from kinetic theory, upon using a novel RTA. In particular, our RTA works
at zero order in the hydrodynamic derivative expansion and presumes that the relaxation
times themselves are energy-dependent and pick out their “preferred” equilibrium distribution
function f(©). We have shown that the families of relaxation times found in 3.3 can be
found directly from microscopic considerations. In addition, charge conservation may or
may not be imposed a priori, depending on whether the RTA of section 4.1 or of section 4.3
is used, respectively.

There are several possible directions that open up based on our results; from the purely
hydrodynamic point of view, we can ask ourselves what happens to the Ward identities
obeyed by the hydrodynamic Green’s functions in the presence of generalized relaxations.
Does the Wiedermann-Franz law change because of the dependence of the DC conductivities
on the generalized relaxation times? Additionally, we should also understand whether the
discrepancy on the magnetoconductivities of WSMs we found in 3.3 can be remedied or
certified by modifying our theory of hydrodynamics or from direct experimental observation.

From the kinetic theory point of view, we must understand whether our prescription
for obtaining generalized relaxation times works for spectra besides the linear one of WSMs,

13Tt is easy to show (d2)g = 0 = (G1)5.
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for suitable non-analytic energy-dependence of the microscopic relaxation time 7(ep), or
choices of collision integral (i.e. via a mechanism not fixing the reference distribution O by
hand). In addition, we should confirm from direct computation that there exist relaxation
times that exhibit the energy-dependence we have assumed in section 4. Furthermore, we
should investigate whether it is possible to modify the inter-valley RTA (4.27) such that the
WSM fluid relaxes to an equilibrium with ps # 0 and a non-trivial chiral charge density
ns. It might also be interesting to understand the effect of generalised relaxations for other
particle statistics and dimensions, such as two spatial dimensions where interesting additional
phenomena occur such as non-integer spin (see [59, 60] and references therein). Finally,
as we mentioned, it would be interesting to understand whether the arbitrary coefficients
in our charge-preserving RTA of section 4.3 can be constrained by additional fundamental
principles besides Onsager reciprocity, such as linear stability, which could provide some
bounds for the parameters.
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